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Î ÏÎÑÒÐÎÅÍÈÈ ÎÁËÀÑÒÅÉ ÑÈÍÕÐÎÍÈÇÀÖÈÈ
ÍÅÀÂÒÎÍÎÌÍÎÃÎ ÓÐÀÂÍÅÍÈß ÂÀÍ-ÄÅÐ-ÏÎËß

À.Â. Àáäóëëèí
a.v.abdullin@gmail.com

ÓÄÊ 517.91

Â äîêëàäå îáñóæäàþòñÿ âîïðîñû î ñèíõðîíèçàöèè ïåðèîäè÷åñêèõ
êîëåáàíèé íåàâòîíîìíîãî óðàâíåíèÿ Âàí-äåð-Ïîëÿ. Ïðåäëàãàþòñÿ
íîâûå ôîðìóëû ïðèáëèæåííîãî ïîñòðîåíèÿ îáëàñòåé ñèíõðîíèçà-
öèè â ïëîñêîñòè ïàðàìåòðîâ ñèñòåìû.

Êëþ÷åâûå ñëîâà: ïåðèîäè÷åñêèå êîëåáàíèÿ, ñèíõðîíèçàöèÿ, óñòîé-
÷èâîñòü.

Periodic solutions of the non-autonomous Van-der-Pol
equation

Synchronization of oscillations (phase synchronization) is the process
of establishing and maintaining the oscillation mode of two or more
coupled oscillators, in which the frequencies of these oscillators are close
to each other (or their ratio is close to the ratio of two small integers).
Synchronization of oscillations is possible only in the case of nonlinear
oscillators. The report discusses questions about periodic solutions of
the non-autonomous Van-der-Pol equation.

Keywords: periodic fluctuations, synchronization, stability.

Ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå:

x′ = A(α)x+ a(x, α) + βg(t), x ∈ R2, (1)

çàâèñÿùåå îò äâóõ ïàðàìåòðîâ α è β. Çäåñü A(α) � êâàäðàòíàÿ âåùå-
ñòâåííàÿ ìàòðèöà, íåëèíåéíîñòü a(x, α) óäîâëåòâîðÿåò óñëîâèþ: a(x, α) =
O(‖x‖2) ïðè x→ 0; ôóíêöèÿ g(t) ÿâëÿåòñÿ T -ïåðèîäè÷åñêîé: g(t+ T ) =
g(t). Ïðåäïîëàãàåòñÿ, ÷òî ïðè íåêîòîðîì α = α0 ìàòðèöà A0 = A(α0)
èìååò ïàðó ÷èñòî ìíèìûõ ñîáñòâåííûõ çíà÷åíèé λ = ±iw0; çäåñü w0 > 0.

Ïðè β = 0 ñèñòåìà (1) ÿâëÿåòñÿ àâòîíîìíîé âèäà

x′ = A(α)x+ a(x, α), x ∈ R2 . (2)

Â ñèëó íàøèõ ïðåäïîëîæåíèé çíà÷åíèå α = α0 ÿâëÿåòñÿ òî÷êîé áè-
ôóðêàöèè Àíäðîíîâà�Õîïôà ñèñòåìû (2), òî åñòü ïðè ïåðåõîäå α ÷åðåç
α0 â ñèñòåìå (2) â îêðåñòíîñòè ðåøåíèÿ x = 0 âîçíèêàþò íåíóëåâûå
ïåðèîäè÷åñêèå ðåøåíèÿ ìàëîé àìïëèòóäû. Ïåðèîä T (α) ýòèõ ðåøåíèé

íåïðåðûâíî çàâèñèò îò α, ïðè÷åì T (α0) = T0 =
2π

w0
.

Ïóñòü ïåðèîä T ôóíêöèè g(t) ðàâåí èëè áëèçîê ê ÷èñëó T0. Â ýòîì
ñëó÷àå (ñì., íàïðèìåð, [1]) âîçìîæíà ñèíõðîíèçàöèÿ ïåðèîäè÷åñêèõ êî-
ëåáàíèé â ñèñòåìå (1). À èìåííî, â ñèñòåìå (1) ïðè α, áëèçêèõ ê α0, è β,

Àáäóëëèí Àéðàò Âàëèåâè÷, ÁàøÃÓ (Óôà, Ðîññèÿ)
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áëèçêèõ ê β = 0, â îêðåñòíîñòè òî÷êè x = 0 âîçíèêàþò íåíóëåâûå ïåðèî-
äè÷åñêèå ðåøåíèÿ ìàëîé àìïëèòóäû ñ ïåðèîäîì T âíåøíåãî âîçäåéñòâèÿ
g(t).

Â äîêëàäå îáñóæäàþòñÿ âîïðîñû îïèñàíèÿ îáëàñòåé ñèíõðîíèçàöèè
ñèñòåìû (1) â ïëîñêîñòè ïàðàìåòðîâ (α, β). Â êà÷åñòâå îñíîâíîãî îáúåêòà
ðàññìàòðèâàåòñÿ íåàâòîíîìíîå óðàâíåíèå Âàí-äåð-Ïîëÿ.

Ëèòåðàòóðà
1. Þìàãóëîâ Ì.Ã., Èìàíãóëîâà Ý.Ñ. Ìåòîä ôóíêöèîíàëèçàöèè ïàðàìåòðà

â çàäà÷å î ñåäëî-óçëîâûõ áèôóðêàöèÿõ äèíàìè÷åñêèõ ñèñòåì. // Àâòîìàòèêà
è òåëåìåõàíèêà. 4 (2017), 63�77.

Î ÑÓÙÅÑÒÂÎÂÀÍÈÈ È ÅÄÈÍÑÒÂÅÍÍÎÑÒÈ
ÏÎËÎÆÈÒÅËÜÍÎÃÎ ÐÅØÅÍÈß ÊÐÀÅÂÎÉ ÇÀÄÀ×È

ÄËß ÎÄÍÎÃÎ ÍÅËÈÍÅÉÍÎÃÎ
ÔÓÍÖÈÎÍÀËÜÍÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ

ÓÐÀÂÍÅÍÈß ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ
Ã.Ý. Àáäóðàãèìîâ
gusen_e@mail.ru

ÓÄÊ 517.927

Ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à äëÿ îäíîãî íåëèíåéíîãî ôóíöèî-
íàëüíî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ îäíîðîä-
íûìè ãðàíè÷íûìè óñëîâèÿìè. Íà îñíîâå òåîðèè ïîëóóïîðÿäî÷åí-
íûõ ïðîñòðàíñòâ ñ ïîìîùüþ ñïåöèàëüíûõ òîïîëîãè÷åñêèõ ñðåäñòâ
äîêàçàíî ñóùåñòâîâàíèå åäèíñòâåííîãî ïîëîæèòåëüíîãî ðåøåíèÿ èñ-
ñëåäóåìîé çàäà÷è.

Êëþ÷åâûå ñëîâà: ïîëîæèòåëüíîå ðåøåíèå, êðàåâàÿ çàäà÷à, êîíóñ

On the existence and uniqueness of a positive solution to a
boundary value problem for one nonlinear functional -

differential equation of the second order

We consider a boundary value problem for one nonlinear functional -
differential equation of the second order with homogeneous boundary
conditions. Based on the theory of semi-ordered spaces using special
topological tools, the existence of a unique positive solution to the prob-
lem under study is proved.

Keywords: positive solution,boundary value, cone

Àáäóðàãèìîâ Ãóñåí Ýëüäåðõàíîâè÷, ê.ô.-ì.í., äîöåíò, ÄÃÓ (Ìàõà÷êàëà, Ðîññèÿ);
Gusen Abduragimov (Dagestan State University of Makhachkala, Russia)
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Îáîçíà÷èì ÷åðåç C � ïðîñòðàíñòâî C[0, 1], ÷åðåç Lp (1 < p < ∞) �
ïðîñòðàíñòâî Lp(0.1) è ÷åðåç W2 � ïðîñòðàíñòâî âåùåñòâåííûõ ôóíê-
öèé, îïðåäåëåííûõ íà [0, 1], ñ àáñîëþòíî íåïðåðûâíîé ïðîèçâîäíîé.

Ïóñòü K̃ � êîíóñ íåîòðèöàòåëüíûõ ôóíêöèé x(t) ïðîñòðàíñòâà C.

Ðàññìîòðèì êðàåâóþ çàäà÷ó

x′′(t) + f (t, (Tx) (t)) = 0, 0 < t < 1, (1)

x(0) = 0, x(1) = 0, (2)

ãäå T : C → Lp (1 < p < ∞) � ëèíåéíûé ïîëîæèòåëüíûé íåïðåðûâ-
íûé îïåðàòîð, ôóíêöèÿ f(t, u) íåîòðèöàòåëüíà, âîçðàñòàåò ïî âòîðîìó
àðãóìåíòó, óäîâëåòâîðÿåò óñëîâèþ Êàðàòåîäîðè è f(·, 0) ≡ 0.

Ïîä ïîëîæèòåëüíûì ðåøåíèåì çàäà÷è (1)�(2) áóäåì ïîíèìàòü ôóíê-
öèþ x ∈W2, ïîëîæèòåëüíóþ â èíòåðâàëå (0, 1), óäîâëåòâîðÿþùóþ ïî÷òè
âñþäó óðàâíåíèþ (1) è êðàåâûì óñëîâèÿì (2).

Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî T : C → Lp � ïîëîæèòåëüíûé íà
êîíóñå [1, c.59] K̃ îïåðàòîð è âûïîëíåíû óñëîâèÿ.

1. p > q > 1;

2. ψ(u) ≤ f(t, u) ≤ bup/q, t ∈ [0, 1], u ≥ 0,
ãäå b > 0, 1 < q <∞, ψ(u) �òàêàÿ íåîòðèöàòåëüíàÿ íåóáûâàþ-

ùàÿ ôóíêöèÿ, ÷òî limu→∞
ψ(u)
u =∞

Òîãäà êðàåâàÿ çàäà÷à (1)�(2) èìååò ïî êðàéíåé ìåðå îäíî ïîëîæèòåëü-
íîå ðåøåíèå.

Òåîðåìà 2. Ïðè âûïîëíåíèè óñëîâèé òåîðåìû 1 êðàåâàÿ çàäà÷à (1)-
(2) èìååò åäèíñòâåííîå ïîëîæèòåëüíîå ðåøåíèå, åñëè ôóíêöèÿ f(t, u)
äèôôåðåíöèðóåìà ïî u, ïðîèçâîäíàÿ f ′u(t, u) âîçðàñòàåò ïî âòîðîìó àð-
ãóìåíòó è

‖θ‖Lp′γ < 4,

ãäå θ(t) ≡ f ′u (t, σ (T1) (t)), σ =

(
1

bγ
p
q

) q
p−q

, γ � íîðìà îïåðàòîðà T : C →

Lp è 1
p′ + 1

p = 1.

Ëèòåðàòóðà
1.Êðàñíîñåëüñêèé Ì.À.Ïîëîæèòåëüíûå ðåøåíèÿ îïåðàòîðíûõ óðàâíåíèé. �

Ôèçìàòãèç, Ì., 1962
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ÓÑÒÎÉ×ÈÂÎÑÒÜ È ÁÈÔÓÐÊÀÖÈÈ
ÍÅÏÐÅÐÛÂÍÎ-ÄÈÑÊÐÅÒÍÛÕ ÄÈÍÀÌÈ×ÅÑÊÈÕ

ÑÈÑÒÅÌ
Ñ.Â. Àêìàíîâà

svet.akm_74@mail.ru

ÓÄÊ 517.938

Èññëåäóþòñÿ âîïðîñû óñòîé÷èâîñòè è áèôóðêàöèé íåïðåðûâíî-äèñê-
ðåòíûõ äèíàìè÷åñêèõ ñèñòåì. Âûÿâëåíû óñëîâèÿ óñòîé÷èâîñòè, îñ-
íîâíûå ñöåíàðèè áèôóðêàöèé â îêðåñòíîñòÿõ òî÷åê ðàâíîâåñèÿ â
çàâèñèìîñòè îò êîýôôèöèåíòîâ ñèñòåìû è ïàðàìåòðà âðåìåíè.

Êëþ÷åâûå ñëîâà: íåïðåðûâíî-äèñêðåòíàÿ ñèñòåìà, òî÷êà ðàâíîâå-
ñèÿ, óñòîé÷èâîñòü, áèôóðêàöèÿ

Stability and bifurcations of continuous-discrete dynamical
systems

The questions of stability and bifurcations of continuous-discrete dy-
namical systems are investigated. The conditions of stability, the main
scenarios of bifurcations and bifurcation points of these systems are
revealed, taking into account their coefficients and the time parameter.

Keywords: continuous-discrete system, the equilibrium point, the sta-
bility of the system, the scenario of bifurcation

Ðàññìàòðèâàåòñÿ íåïðåðûâíî-äèñêðåòíàÿ ñèñòåìà{
x′(t) = f(x(t)) + y(tk),

y(tk+1) = ax(tk+1) + by(tk),
(1)

ãäå a, b ∈ R, t ∈ [tk, tk+1), k = 0, 1, ..., n−1, n ∈ N , f(x) - íåïðåðûâíî äèô-
ôåðåíöèðóåìàÿ ôóíêöèÿ òàêàÿ, ÷òî f(0) = 0. Òîãäà ñèñòåìà (1) èìååò
òî÷êó ðàâíîâåñèÿ x∗ = y∗ = 0. Âåëè÷èíà h = tk+1− tk > 0 ïðåäïîëàãàåò-
ñÿ ïîñòîÿííîé, ò.å. íå çàâèñèò îò k. Ïðè èçó÷åíèè âîïðîñîâ óñòîé÷èâîñòè
è áèôóðêàöèé ñèñòåìû (1) â îêðåñòíîñòè ýòîé òî÷êè â êà÷åñòâå áèôóðà-
öèîííîãî ïàðàìåòðà ðàññìàòðèâàåòñÿ âåëè÷èíà h.

Ïóñòü f ′(0) 6= 0; áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî f ′(0) =
1 èëè f ′(0) = −1. Äàëåå äëÿ îïðåäåëåííîñòè áóäåì ïîëàãàòü, ÷òî f ′(0) =
−1.

Äëÿ èçó÷åíèÿ ïîñòàâëåííîé çàäà÷è îñóùåñòâëÿåòñÿ ëèíåàðèçàöèÿ ñè-
ñòåìû (1) â îêðåñòíîñòè òî÷êè x = y = 0 è ïåðåõîä îò ïîëó÷åííîé ëè-
íåéíîé ñèñòåìû ê äèñêðåòíîé ñèñòåìå{

xk+1 = e−hxk + (1− e−h)yk,
yk+1 = ae−hxk + [a(1− e−h) + b]yk.

(2)

Àêìàíîâà Ñâåòëàíà Âëàäèìèðîâíà, ê.ï.í., äîöåíò, Ìàãíèòîãîðñêèé ãîñóäàð-
ñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èì. Ã.È.Íîñîâà (Ìàãíèòîãîðñê, Ðîññèÿ); Svetlana
Akmanova (Nosov Magnitogorsk State Technical University, Magnitogorsk, Russia)
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Íà îñíîâå àíàëèçà ëèíåéíîé äèñêðåòíîé ñèñòåìû (2) ïîëó÷åíû íîâûå
òåîðåìû îá óñëîâèÿõ óñòîé÷èâîñòè è îñíîâíûõ ñöåíàðèÿõ áèôóðêàöèè
ñèñòåìû (1). Ñ ó÷¼òîì [1, 2] ïîêàçàíî, ÷òî â çàâèñèìîñòè îò êîýôôèöè-
åíòîâ a è b âîçìîæíû ðàçíîâèäíîñòè ñöåíàðèåâ áèôóðêàöèè Àíäðîíîâà
-Õîïôà.

Ëèòåðàòóðà
1. Øèëüíèêîâ Ë.Ï., Øèëüíèêîâ À.À.,Òóðàåâ Ä.Â.,×óà Ë. Ìåòîäû êà÷å-

ñòâåííîé òåîðèè â íåëèíåéíîé äèíàìèêå. ×àñòü 2. −Ìîñêâà-Èæåâñê: Èíñòèòóò
êîìïüþòåðíûõ èññëåäîâàíèé, 2009. − 548.

2. Þìàãóëîâ Ì.Ã., Ãóñàðîâà Í.È., Ìóðòàçèíà Ñ.À., Ôàëûòäèíîâ Ì.Ô.
Îïåðàòîðíûå ìåòîäû âû÷èñëåíèÿ ëÿïóíîâñêèõ âåëè÷èí â çàäà÷àõ î ëîêàëü-
íûõ áèôóðêàöèÿõ äèíàìè÷åñêèõ ñèñòåì // Óôèìñê. ìàòåì. æóðí. . Òîì 10.
�1. 2018.− 25-49.

ÊÐÈÒÅÐÈÉ ÎÄÍÎÇÍÀ×ÍÎÉ ÐÀÇÐÅØÈÌÎÑÒÈ
ÑÏÅÊÒÐÀËÜÍÎÉ ÑÌÅØÀÍÍÎÉ ÇÀÄÀ×È ÄËß

ÌÍÎÃÎÌÅÐÍÎÃÎ ÓÐÀÂÍÅÍÈß
ËÀÂÐÅÍÒÜÅÂÀ-ÁÈÖÀÄÇÅ

Ñ.À. Àëäàøåâ
aldash51@mail.ru

ÓÄÊ 517.956

Â ðàáîòå èçó÷àåòñÿ ñïåêòðàëüíàÿ ñìåøàííàÿ çàäà÷à äëÿ ìíîãîìåð-
íîãî óðàâíåíèÿ Ëàâðåíòüåâà-Áèöàäçå. Ïðèâîäÿòñÿ ñîáñòâåííûå çíà-
÷åíèÿ è ñîîòâåòñòâóþùèå èì ñîáñòâåííûå ôóíêöèè ýòîé çàäà÷è.

Êëþ÷åâûå ñëîâà: cïåêòðàëüíàÿ çàäà÷à, ñîáñòâåííûå çíà÷åíèÿ, ñîá-
ñòâåííûå ôóíêöèè, ôóíêöèè Áåññåëÿ.

The criterion of the unique solvability of the spectral mixed
problem for the multi-dimensional Lavrentiev-Bitsadze

equation

We study the spectral mixed problem for the multi-dimensional Lavrentiev-
Bitsadze equation. We find the eigenvalues and the corresponding eigen-
functions of this problem.

Keywords: spectral problem, eigenvalues, eigenfunctions, Bessel func-
tions.
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Ââåäåíèå Äâóìåðíûå ñïåêòðàëüíûå çàäà÷è äëÿ óðàâíåíèé ãèïåðáî-
ëî-ýëëèïòè÷åñêîãî òèïà õîðîøî èçó÷åíû ([1-3]). Îäíàêî èõ ìíîãîìåðíûå
àíàëîãè ìàëî èññëåäîâàíû ([4,5]). Â äàííîé ðàáîòå ïîëó÷åí êðèòåðèé
îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è äëÿ ìíîãîìåðíîãî óðàâíåíèÿ Ëàâ-
ðåíòüåâà-Áèöàäçå.

Ïîñòàíîâêà çàäà÷è è ðåçóëüòàò Ïóñòü Ωα - êîíå÷íàÿ îáëàñòü åâ-
êëèäîâà ïðîñòðàíñòâà Em+1 òî÷åê (x1, ..., xm, t), îãðàíè÷åííàÿ ïðè t > 0
ñôåðè÷åñêîé ïîâåðõíîñòüþ σ : |x|2 + t2 = 1 à ïðè t < 0 öèëèíäðîì
Γ = {(x, t) : |x| = 1} è ïëîñêîñòüþ t = 0, ãäå |x| - äëèíà âåêòîðà
x = (x1, ..., xm),m ≥ 2. Îáîçíà÷èì ÷åðåç Ω+ è Ω−α ÷àñòè îáëàñòè Ωα,
ëåæàùèå â ïîëóïðîñòðàíñòâàõ t > 0 è t < 0. Ïóñòü äàëåå Γα - ÷àñòü öè-
ëèíäðà, îãðàíè÷èâàþùàÿ îáëàñòü Ω−α . Â îáëàñòè Ωα ðàññìîòðèì ìíîãî-
ìåðíîå óðàâíåíèå Ëàâðåíòüåâà-Áèöàäçå ñî ñïåêòðàëüíûì äåéñòâèòåëü-
íûì ïàðàìåòðîì µ

∆xu− (sgn t)utt = µu

ãäå ∆x - îïåðàòîð Ëàïëàñà ïî ïåðåìåííûì x1, ..., xm. Ðàññìîòðèì ñëåäó-
þùóþ ñïåêòðàëüíóþ ñìåøàííóþ çàäà÷ó.

Çàäà÷à 1. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Ωα ïðè t 6= 0 èç
êëàññà C(Ωα)∩C1(Ωα)∩C2(Ω+

α∪Ω−α ) óäîâëåòâîðÿþùåå êðàåâîìó óñëîâèþ

u
∣∣∣
σ∪Γα

= 0.

Ñïðàâåäëèâà
Òåîðåìà. Çàäà÷à 1 îäíîçíà÷íî ðàçðåøèìà ⇔ µ 6= −γ2

ε

Ñëåäñòâèå. Çàäà÷à 1 èìååò ñîáñòâåííûå çíà÷åíèÿ µ = −γ2
ε è ñî-

îòâåòñòâóþùèå èì ñîáñòâåííûå ôóíêöèè, ãäå γε - ïîëîæèòåëüíûå íóëè
ôóíêöèè Áåññåëÿ ïåðâîãî ðîäà Jv(z) öåëîãî ïîðÿäêà ε ≥ m+1

2 .
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Î ÍÅÊÎÒÎÐÛÕ ÎÁÎÁÙ�EÍÈßÕ ÏÎÒÅÍÖÈÀËÎÂ
ÊÀËÎÄÆÅÐÎ, ÌÎÐÇÅ È Ï�EØËß-ÒÅËËÅÐÀ

Å.Ñ. Àëåêñååâà, À.Ý. Ðàññàäèí
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Â ðàáîòå ïðåäëîæåíû îáîáùåíèÿ ðÿäà õîðîøî èçâåñòíûõ ïîòåí-
öèàëîâ, ïðèâîäÿùèå ê èíòåãðèðóåìûì â òåðìèíàõ ýëëèïòè÷åñêèõ
ôóíêöèé ßêîáè îäíîìåðíûì ãàìèëüòîíîâûì ñèñòåìàì. Ïðèìåíå-
íèÿ ýòèõ ïîòåíöèàëîâ â ðàçëè÷íûõ ðàçäåëàõ ìåõàíèêè è ôèçèêè
òàêæå îáñóæäåíû.

Êëþ÷åâûå ñëîâà: êëàññè÷åñêàÿ ìåõàíèêà, êâàíòîâàÿ ìåõàíèêà, ôóíê-
öèÿ Ãàìèëüòîíà, óðàâíåíèå Øð�eäèíãåðà, íåëèíåéíûå âîëíû.

On some generalizations of Calogero, Morse and
Pöschl-Teller potential wells

In the paper, generalizations of a number of well-known potentials car-
rying into one-dimensional Hamiltonian systems integrated in terms of
Jacobian elliptic functions have been proposed. Applications of these
potentials in various branches of mechanics and physics have been also
discussed.

Keywords: classical mechanics, quantum mechanics, Hamiltonian, Schrödinger
equation, nonlinear waves.

Ïðè îáó÷åíèè ñòóäåíòîâ óíèâåðñèòåòîâ êàê êëàññè÷åñêîé, òàê è êâàí-
òîâîé ìåõàíèêå íà ïðîòÿæåíèè ìíîãèõ äåñÿòèëåòèé áîëüøîé ïîïóëÿð-
íîñòüþ ïîëüçóåòñÿ öåëûé ðÿä îäíîìåðíûõ ïîòåíöèàëîâ [1, 2], à èìåííî,
ïîòåíöèàë Êàëîäæåðî:

UC(x) = x2 +
1

x2
, (1)

ïîòåíöèàë Ìîðçå:

UM (x) = exp(−2x)− 2 exp(−x) (2)

è ïîòåíöèàë Ï�eøëÿ-Òåëëåðà:

UPT (x) = tan2 x . (3)

Àëåêñååâà Åëåíà Ñåðãååâíà, ÷ëåí Íèæåãîðîäñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà
(Íèæíèé Íîâãîðîä, Ðîññèÿ); Elena Alekseeva (Nizhny Novgorod Mathematical Society,
Nizhny Novgorod, Russia)

Ðàññàäèí Àëåêñàíäð Ýäóàðäîâè÷, ÷ëåí Ïðàâëåíèÿ Íèæåãîðîäñêîãî ìàòåìàòè÷å-
ñêîãî îáùåñòâà (Íèæíèé Íîâãîðîä, Ðîññèÿ); Alexander Rassadin (Nizhny Novgorod
Mathematical Society, Nizhny Novgorod, Russia)
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Òàêàÿ ïîïóëÿðíîñòü îáóñëîâëåíà òåì ôàêòîì, ÷òî â êëàññè÷åñêîé
ìåõàíèêå äëÿ ãàìèëüòîíîâîé ñèñòåìû âèäà:

H(p, x) =
p2

2
+ U(x) (4)

ïðè âûáîðå â êà÷åñòâå ïîòåíöèàëà U(x) ëþáîãî èç ïîòåíöèàëîâ (1), (2)
èëè (3) íåëèíåéíîé çàìåíîé ïåðåìåííûõ y = f(x) ñèñòåìà (4) ñâîäèòñÿ
ê ãàðìîíè÷åñêîìó îñöèëëÿòîðó [1], à â êâàíòîâîé ìåõàíèêå äëÿ ñòàöèî-
íàðíîãî óðàâíåíèÿ Øð�eäèíãåðà ñ ãàìèëüòîíèàíîì (4) è ïîòåíöèàëàìè
(1)-(3) ÿâíî âûïèñûâàþòñÿ è ñîáñòâåííûå ôóíêöèè, è ñîáñòâåííûå çíà-
÷åíèÿ ýíåðãèè [2].

Èñïîëüçóÿ î÷åâèäíûå çàìåíû îáîáù¼ííîé êîîðäèíàòû, íåñëîæíî äî-
êàçàòü ñëåäóþùóþ òåîðåìó:

Òåîðåìà. Äëÿ ãàìèëüòîíîâîé ñèñòåìû (4) ñ ïîòåíöèàëàìè âèäà:

UCg (x) = UC(x) + a x4 + b x6 , (5)

UMg (x) = UM (x) + a exp(x) + b exp(2x) , (6)

UPTg (x) = UPT (x) + a sinx+ b sin2 x (7)

ïðè a, b ∈ R ðåøåíèÿ óðàâíåíèé äâèæåíèÿ âûðàæàþòñÿ ÷åðåç ýëëèï-
òè÷åñêèå ôóíêöèè ßêîáè.

Òàêèå îáîùåíèÿ ïîòåíöèàëîâ (1)-(3) ïîëåçíû íå òîëüêî ïðè ïîñòðî-
åíèè ìîäèôèöèðîâàííîé òåîðèè ìîäóëÿöèè Óèçåìà [3] äëÿ íåëèíåéíûõ
óðàâíåíèé Êëåéíà-Ãîðäîíà-Ôîêà ñ ïîòåíöèàëàìè (5)-(7), íî è ïðè îïðå-
äåëåíèè õàðàêòåðèñòèê íåëèíåéíûõ ýëåìåíòîâ îäíîðîäíûõ öåïî÷åê [4]
ïî ýêñïåðèìåíòàëüíûì äàííûì ñ ïîìîùüþ ìåòîäà íàèìåíüøèõ êâàäðà-
òîâ.

Ìåòîäîì, ðàçâèòûì â ðàáîòå [5], ìîæíî îïèñàòü ñëàáîå çàòóõàíèå
äâèæåíèÿ ÷àñòèöû â ïîòåíöèàëüíûõ ÿìàõ (5)-(7).

Íàêîíåö, ñëåäóåò îæèäàòü ïðîãðåññà â ðåøåíèè çàäà÷è Êîøè íà ïðÿ-
ìîé äëÿ íåñòàöèîíàðíîãî óðàâíåíèÿ Øð�eäèíãåðà ñ ãàìèëüòîíèàíîì (4)
è ïîòåíöèàëàìè (5)-(7) â ðàìêàõ ïðåäëîæåííîãî â ñòàòüå [6] ôîðìàëèçìà
êâàçèôåéíìàíîâñêèõ ôîðìóë .
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Integration of the modified Korteweg-de Vries equation with
the loaded term

Short abstract. In this paper, the method of the inverse spectral prob-
lem is applied to the integration of the modified Korteweg-de Vries
equation with the loaded term in the class of periodic (not necessarily
finite-gap) functions.

Keywords: Modified Korteweg-de Vries equation, Dirac’s operator, in-
verse spectral problem, trace formulas, Dubrovin system of equation.
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Îáðàòíûå ñïåêòðàëüíûå çàäà÷è èãðàþò çíà÷èòåëüíóþ ðîëü ïðè èí-
òåãðèðîâàíèè íåêîòîðûõ âàæíûõ ýâîëþöèîííûõ óðàâíåíèé ìàòåìàòè-
÷åñêîé ôèçèêè.

Ðàññìîòðèì çàäà÷à Êîøè äëÿ ìîäèôèöèðîâàííîãî óðàâíåíèÿ Êîðòåâåãà-
äå Ôðèçà ñ íàãðóæåííûìè ÷ëåíàìè âèäà

qt = a (t) q (x0, t)
[
6q2qx − qxxx

]
+ b(t)q (x1, t) , (1)

ïðè íà÷àëüíûõ óñëîâèÿõ

q (x, t)|t=0 = q0 (x) , x ∈ R (2)

â êëàññå äåéñòâèòåëüíûõ π - ïåðèîäè÷åñêèõ ïî x (íå îáÿçàòåëüíî êîíå÷-
íîçîííûõ) ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèÿì ãëàäêîñòè

q (x+ π, t) = q (x, t) ∈ C3
x (t > 0)

⋂
C1
t (t > 0)

⋂
C (t ≥ 0) . (3)

Â óðàâíåíèå (1) êîýôôèöèåíòû a (t) , b (t) ∈ C [0,∞) - çàäàííàÿ äåéñòâè-
òåëüíàÿ îãðàíè÷åííàÿ ôóíêöèÿ, à x0, x1 ∈ R.

Öåëü íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ àëãîðèòì ïîñòðîåíèÿ ðåøåíèÿ q (x, t),
x ∈ R, t > 0 çàäà÷è (1)-(3) â ðàìêàõ îáðàòíîé ñïåêòðàëüíîé çàäà÷è äëÿ
îïåðàòîðà Äèðàêà:

L (τ, t) y ≡ By′ + Ω (x+ τ, t) y = λy, τ ∈ R (4)

ãäå

B =

(
0 1
−1 0

)
, Ω (x, t) =

(
0 q (x, t)

q (x, t) 0

)
, y =

(
y1

y2

)
.

Îáîçíà÷èì ÷åðåç c (x, λ, τ, t) = (c1 (x, λ, τ, t) , c2 (x, λ, τ, t))T ès (x, λ, τ, t) =
(s1 (x, λ, τ, t) , s2 (x, λ, τ, t))T ðåøåíèÿ óðàâíåíèÿ (4) ñ íà÷àëüíûìè óñëî-
âèÿìè c (0, λ, τ, t) = (1, 0)T è s (0, λ, τ, t) = (0, 1)T . Ôóíêöèÿ ∆ (λ) =
c1 (π, λ, τ, t) + s2 (π, λ, τ, t) íàçûâàåòñÿ ôóíêöèé Ëÿïóíîâà äëÿ óðàâíåíèÿ
(4).

Ñïåêòð îïåðàòîðà L ÷èñòî íåïðåðûâíî è ñîñòîèò èç ñëåäóþùåãî ìíî-
æåñòâà:

σ (L) ≡ {λ ∈ R : |∆ (λ)| ≤ 2} = R\
∞⋃

n=−∞
(λ2n−1, λ2n) ,

ïðè ýòîì èíòåðâàëû (λ2n−1, λ2n) , n ∈ Z íàçûâàþòñÿ ëàêóíàìè, ãäå λ4k−1, λ4k

ñîáñòâåííûå çíà÷åíèÿ ïåðèîäè÷åñêîé çàäà÷è (y (0, τ, t) = y (π, τ, t) = 0), à
λ4k+1, λ4k ñîáñòâåííûå çíà÷åíèÿ àíòèïåðèîäè÷åñêîé çàäà÷è

(y (0, τ, t) = −y (π, τ, t))
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äëÿ óðàâíåíèÿ (4).

Êîðíè óðàâíåíèÿ s1 (π, λ, τ, t) = 0 îáîçíà÷èì ÷åðåç ξn = ξn (τ, t) , n ∈
Z. Îíè ñîâïàäàþò ñ ñîáñòâåííûìè çíà÷åíèÿìè çàäà÷è Äèðèõëå (y1 (0, τ, t) =
0, y1 (π, τ, t) = 0) äëÿ ñèñòåìû (4).

Íàáîð {λn(τ, t), ξn(τ, t), σn(τ, t), n ∈ Z} - íàçûâàþòñÿ ñïåêòðàëüíû-
ìè äàííûìè îïåðàòîðà L(τ, t), ãäå

σn = σn (τ, t) = sign {s2 (π, ξn, τ, t)− c1 (π, ξn, τ, t)} = ±1.

Îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû ñîäåðæèòñÿ â ñëåäóþùåé òåî-
ðåìå.

Òåîðåìà 1. Ïóñò q (x, t) , x ∈ R, t > 0 ðåøåíèå çàäà÷è (1)-(3).
Òîãäà λn (τ, t) , n ∈ Z - ãðàíèöû ñïåêòðà îïåðàòîðà Äèðàêà L (τ, t) íå
çàâèñÿò îò ïàðàìåòðîâ τ è t, ò.å. λn(τ, t) = λn, n ∈ Z à ñïåêòðàëüíûå
ïàðàìåòðû ξn (τ, t) , σn (τ, t) , n ∈ Z óäîâëåòâîðÿþò àíàëîãó ñèñòåìû
óðàâíåíèé Äóáðîâèíà

ξ̇n (τ, t) = 2 (−1)n σn (τ, t)hn (ξ) {−2ξna (t) q (x0, t) ·

·
[
q2 (τ, t) + q′τ (τ, t) + 2ξ2

n

]
− b(t)ξnq (x1, t)}, n ∈ Z. (5)

Çäåñü çíàê σn (τ, t) = ±1 ìåíÿåòñÿ íà ïðîòèâîïîëîæíûé ïðè êàæäîì
ñòîëêíîâåíèé òî÷êè ξn (τ, t) ñ ãðàíèöàìè ñâîåé ëàêóíû [λ2n−1, λ2n] . Êðî-
ìå òîãî, âûïîëíÿþòñÿ ñëåäóþùèå íà÷àëüíûå óñëîâèÿ

ξn (τ, t)|t=0 = ξ0
n (τ) , σn (τ, t)|t=0 = σ0

n (τ) , n ∈ Z, (6)

ïðè ýòîì ξ0
n (τ) , σ0

n (τ) , λn, n ∈ Z - ñïåêòðàëüíûå ïàðàìåòðû îïåðàòîðà
Äèðàêà L (τ, 0) ñ êîýôôèöèåíòàì q0 (x+ τ) , τ ∈ R.

Çàìå÷àíèå 1. Èñïîëüçóÿ ôîðìóëû ñëåäîâ

q2 (τ, t) + qτ (τ, t) =

∞∑
k=−∞

(
λ2

2k−1 + λ2
2k

2
− ξ2

k (τ, t)

)
, (7)

q (τ, t) =
∞∑

k=−∞
(−1)k−1 σk (τ, t)hk (ξ (τ, t)) (8)

ñèñòåìó (5) ìîæíî ïåðåïèñàòü â çàìêíóòîé ôîðìå.

ξ̇n (τ, t) = 2 (−1)n σn (τ, t)hn (ξ (τ, t)) {−2a (t) ξn (τ, t)

∞∑
k=−∞

(−1)k−1σk (x0, t) ·

·hk (ξ (x0, t)) [
∞∑

k=−∞
(
λ2

2k−1 − λ2
2k

2
− ξ2

k(τ, t)) + 2a(t)ξ2
k(τ, t)]− (9)
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−b(t)ξn(τ, t)

∞∑
k=−∞

(−1)k−1σk (x1, t)hk (ξ (x1, t))},

ãäå

hn (ξ) =
√

(ξn − λ2n−1) (λ2n − ξn)

√√√√√√√
∞∏

k = −∞
k 6= n

(λ2k−1 − ξn) (λ2k − ξn)

(ξk − ξn)2 .

Çàìå÷àíèå 2. Ýòî òåîðåìà äàåò ìåòîä ðåøåíèÿ çàäà÷è (1)-(3).
Äëÿ ýòîãî, ñíà÷àëà íàéäåì ñïåêòðàëüíûå äàííûå λn, ξ

0
n (τ) , σ0

n (τ) , n ∈
Z îïåðàòîðà Äèðàêà L (τ, 0) ñîîòâåòñòâóþùèå êîýôôèöèåíòó q0 (x+ τ).
Òåïåðü â óðàâíåíèå (9) è íà÷àëüíûì óñëîâèÿì (6) ïîñëåäîâàòåëüíî ïî-
ëîæèì τ = x0 è τ = x1. Ðåøàÿ ïîëó÷åííóþ çàäà÷ó Êîøè, íàõîäèì
ξn (x0, t), σn (x0, t) è ξn (x1, t), σn (x1, t). Çàòåì èç ôîðìóëû (8) îïðåäå-
ëèì ôóíêöèè q (x0, t) è q (x1, t) Ïîñëå ýòîãî, ïîäñòàâëÿÿ ýòè äàííûå â
ñèñòåìó óðàâíåíèé (5), è ðåøàÿ çàäà÷ó Êîøè (5), (6) ïðè ïðîèçâîëü-
íîì çíà÷åíèè τ , íàõîäèì ξn (τ, t), σn (τ, t) , n ∈ Z. Èç ôîðìóë ñëåäîâ (8)
ïîëó÷àåì q (τ, t), ò.å. ðåøåíèå çàäà÷è.
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ÍÅËÈÍÅÉÍÛÅ ÈÍÒÅÃÐÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß ÒÈÏÀ
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Ìåòîäàìè òåîðèè ìîíîòîííûõ îïåðàòîðîâ äîêàçàíû òåîðåìû ñóùå-
ñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ äëÿ ðàçëè÷íûõ êëàññîâ óðàâ-
íåíèé òèïà ñâåðòêè ñ ìîíîòîííîé íåëèíåéíîñòüþ â êîìïëåêñíûõ
ïðîñòðàíñòâàõ Ëåáåãà Lp(R). Ïîêàçàíî, ÷òî ðåøåíèÿ ìîãóò áûòü
íàéäåíû â ïðîñòðàíñòâå L2(R) ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëè-
æåíèé.

Êëþ÷åâûå ñëîâà: íåëèíåéíûå èíòåãðàëüíûå óðàâíåíèÿ, ñâåðòêà, ìî-
íîòîííûé îïåðàòîð

Nonlinear integral equations of convolution type in complex
spaces

By methods of monotone operators theory, existence and uniqueness
theorems are proved for some classes convolution type equations with
monotone nonlinearity in complex Lebesgue spaces Lp(R). It is shown
that the solutions can be found in space L2(R) by a Picard’s type suc-
cessive approximations method.

Keywords: nonlinear integral equations, convolution, monotone operator

Ìíîãèå çàäà÷è ñîâðåìåííîé ìàòåìàòèêè, ôèçèêè, ìåõàíèêè è áèî-
ëîãèè ïðèâîäÿò ê íåëèíåéíûì èíòåãðàëüíûì óðàâíåíèÿì òèïà ñâåðòêè.
Òàê, íàïðèìåð, îáùèé êëàññ íåëèíåéíûõ ñåðâîìåõàíèçìîâ (ñëåäÿùèõ ñè-
ñòåì) îïèñûâàåòñÿ íåëèíåéíûì èíòåãðàëüíûì óðàâíåíèåì òèïà ñâåðòêè
âèäà

u(x) +

∞∫
−∞

h(x− t) · F [t, u(t)]dt = f(x), (1)

ãäå íåîäíîðîäíîñòü f(x) åñòü âõîäíîé ñèãíàë, à ÿäðî h(x) åñòü îòâåò-
íûé èìïóëüñ ñèñòåìû. Óðàâíåíèå (1) âîçíèêàåò òàêæå â òåîðèè ýëåê-
òðè÷åñêèõ ñåòåé (ñèãíàëüíîé òðàíñìèññèè ÷åðåç îáùóþ ýëåêòðè÷åñêóþ
ñåòü), ñîäåðæàùèõ íåëèíåéíûå ýëåìåíòû (íåëèíåéíûé ðåçèñòîð). Ïðè
f(x) ≡ 0 óðàâíåíèå âèäà (1) îïèñûâàåò äåòåðìåíèñòè÷åñêèå ìîäåëè ïðî-
ñòðàíñòâåííîãî ðàñïðîñòðàíåíèÿ ýïèäåìèè, à òàêæå èñïîëüçóåòñÿ êàê

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 18-41-200001) è
ïóáëèêóåòñÿ â ðàìêàõ âûïîëíåíèÿ ãîñóäàðñòâåííîãî çàäàíèÿ â ñîîòâåòñòâèè ñ Äî-
ïîëíèòåëüíûì ñîãëàøåíèåì îò 07.07.2020 � 075-03-2020-239/2 ðååñòð �248 ÊÁÊ
01104730290059611 (ïðîåêò ¾Íåëèíåéíûå ñèíãóëÿðíûå èíòåãðî-äèôôåðåíöèàëüíûå
óðàâíåíèÿ è êðàåâûå çàäà÷è¿).
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Ðîññèÿ); Sultan Askhabov (Chechen State Pedagogical University, Chechen State
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ìàòåìàòè÷åñêàÿ ìîäåëü íåêîòîðûõ èíôåêöèîííûõ çàáîëåâàíèé èëè êàê
óðàâíåíèå ðîñòà íåêîòîðûõ âèäîâ ïîïóëÿöèè (ïîäðîáíåå ñì. [1] è ïðèâå-
äåííóþ â íåé áèáëèîãðàôèþ).

Â äàííîé ðàáîòå ìåòîäàìè òåîðèè ìîíîòîííûõ (ïî Áðàóäåðó-Ìèíòè)
îïåðàòîðîâ óñòàíîâëåíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðå-
øåíèÿ äëÿ ðàçëè÷íûõ êëàññîâ èíòåãðàëüíûõ óðàâíåíèé òèïà ñâåðòêè ñ
ìîíîòîííîé íåëèíåéíîñòüþ â êîìïëåêñíûõ ïðîñòðàíñòâàõ Ëåáåãà Lp(R),
p > 1, â ïðåäïîëîæåíèè, ÷òî ÿäðî h(x) ∈ L1(R) è óäîâëåòâîðÿåò óñëîâèþ:

Re

∞∫
−∞

h(t) · exp(−ixt)dt ≥ 0 , ∀x ∈ (−∞,∞). (2)

Ââåäåì â ðàññìîòðåíèå íåëèíåéíûé îïåðàòîð ñóïåðïîçèöèè (îïåðà-
òîð Íåìûöêîãî) (Fu)(x) = F [x, u(x)], ïîðîæäåííûé êîìïëåêñíîçíà÷íîé
ôóíêöèåé F (x, z) : R×C→ C, óäîâëåòâîðÿþùåé óñëîâèÿì Êàðàòåîäîðè:
îíà èçìåðèìà ïî x ∈ R ïðè êàæäîì ôèêñèðîâàííîì z ∈ C è íåïðåðûâ-
íà ïî z ïî÷òè äëÿ âñåõ x ∈ R. Îáîçíà÷èì ÷åðåç L+

p (R) ìíîæåñòâî âñåõ
íåîòðèöàòåëüíûõ ôóíêöèé èç Lp(R) è ïîëîæèì q = p/(p− 1) ïðè p > 1.

Òåîðåìà 1. Ïóñòü p ≥ 2, h(x) ∈ L1(R) ∩ Lp(R) è óäîâëåòâîðÿåò
óñëîâèþ (2). Åñëè íåëèíåéíîñòü F (x, z) óäîâëåòâîðÿåò óñëîâèÿì:

1). Ñóùåñòâóþò c(x) ∈ L+
q (R) è d1 > 0 òàêèå, ÷òî äëÿ ïî÷òè âñåõ

x ∈ R è ëþáîãî z ∈ C âûïîëíÿåòñÿ íåðàâåíñòâî:

|F (x, z)| ≤ c(x) + d1 · |z|p−1, d1 > 0;

2). Äëÿ ïî÷òè âñåõ x ∈ R è âñåõ z1, z2 ∈ C âûïîëíÿåòñÿ íåðàâåí-
ñòâî:

Re
{

[F (x, z1)− F (x, z2)] · (z1 − z2)
}
> 0 ïðè z1 6= z2;

3). Ñóùåñòâóþò D(x) ∈ L+
1 (R) è d2 > 0 òàêèå, ÷òî äëÿ ïî÷òè âñåõ

x ∈ R è âñåõ z ∈ C âûïîëíÿåòñÿ íåðàâåíñòâî:

Re {F (x, z) · z} ≥ d2 · |z|p −D(x).

Òîãäà óðàâíåíèå (1) èìååò åäèíñòâåííîå ðåøåíèå u∗(x) ∈ Lp(R) ïðè
ëþáîì f(x) ∈ Lp(R). Êðîìå òîãî, åñëè óñëîâèÿ 1) è 3) âûïîëíÿþòñÿ
ïðè c(x) = 0 è D(x) = 0, òî ñïðàâåäëèâà îöåíêà:

‖u∗‖p ≤
d1

d2
· ‖f‖p. (3)

Òàêæå â ðàáîòå, êîìáèíèðîâàíèåì ìåòîäà ìîíîòîííûõ îïåðàòîðîâ è
ïðèíöèïà ñæèìàþùèõ îòîáðàæåíèé, ïîêàçàíî, ÷òî ðåøåíèÿ ðàññìàòðè-
âàåìûõ óðàâíåíèé ìîãóò áûòü íàéäåíû â ïðîñòðàíñòâå L2(R) ìåòîäîì
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ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ïèêàðîâñêîãî òèïà è äîêàçàíû îöåíêè
ñêîðîñòè ñõîäèìîñòè ýòèõ ïðèáëèæåíèé. Âñå ïîëó÷åííûå ðåçóëüòàòû â
ðàìêàõ ïðîñòðàíñòâà L2(R) îõâàòûâàþò, â ÷àñòíîñòè, ëèíåéíûå èíòå-
ãðàëüíûå óðàâíåíèÿ òèïà ñâåðòêè. Äîêàçàòåëüñòâî àíàëîãè÷íûõ ðåçóëü-
òàòîâ â ñëó÷àå âåùåñòâåííûõ ïðîñòðàíñòâ Lp(R) è Lp(−π, π) ïðèâåäåíî
â [1].

Â çàêëþ÷åíèå îòìåòèì, ÷òî èìåþò ìåñòî äèñêðåòíûå àíàëîãè äîêà-
çàííûõ òåîðåì êàê â ñëó÷àå âåùåñòâåííûõ [2], òàê è â ñëó÷àå êîìïëåêñ-
íûõ [3] ïðîñòðàíñòâ `p.
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Â äàííîé ðàáîòå ïðåäëàãàåòñÿ ïðîöåäóðà, îáîáùàþùàÿ ëèíåàðèçà-
öèþ, â òîì ñìûñëå ÷òî â ðàçëîæåíèè ïî ôîðìóëå Òåéëîðà íå÷åòíîé
îòíîñèòåëüíî ïîëîæåíèÿ ðàâíîâåñèÿ ôóíêöèè ñèëû âäîáàâîê ó÷è-
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About non-linear oscillations

In this article, a procedure supplementing the linearization method is
suggested. More exactly, in the Taylor expansion of the retracting force
function the cubic term is taken into account.

Keywords: differential equations, oscillations, linearization
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Ðàññìîòðèì ñëåäóþùåå äèôôåðåíöèàëüíîå óðàâíåíèå

ẍ = f(x); x(0) = x0; ẋ(0) = y0. (1)

Åñëè ïðè ïåðåõîäå ÷åðåç êàêóþ íèáóäü òî÷êó (ïîëîæåíèå ðàâíîâåñèÿ)
ôóíêöèÿ f(x) ìåíÿåò çíàê ñ ïëþñà íà ìèíóñ, òî äàííîå óðàâíåíèå îïè-
ñûâàåò êîëåáàíèÿ âîêðóã ïîëîæåíèÿ ðàâíîâåñèÿ. Èçâåñòíî, ÷òî â äàííîé
çàäà÷å ñîõðàíÿåòñÿ ñëåäóþùàÿ âåëè÷èíà (ýíåðãèÿ) (ñì. [1, � 2] èëè [2])

E = ẋ2(t)/2 + U(x) = ẋ2(0)/2 + U(0), U(x) = −
∫
f(x)dx.

Ñëåäîâàòåëüíî,

t =

∫
dx√

2(E − U(x))
. (2)

Òî, ÷òî ñëó÷àé ëèíåéíîé âîçâðàùàþùåé ñèëû (f(x) = kx, k < 0) íå ÿâ-
ëÿåòñÿ åäèíñòâåííûì ñëó÷àåì, êîãäà ðåøåíèå óäàåòñÿ âûïèñàòü â ÿâíîì
âèäå äîêàçûâàåò ñëåäóþùèé ïðèìåð:

x(t) = arcsin

(√
E

1 + E
sin
(√

2(1 + E)t
))

êîòîðîå ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

ẍ = −2 sinx

cos3 x
; x(0) = 0; ẋ(0) = y0 > 0; −π/2 < x(t) < π/2. (3)

Îòìåòèì, ÷òî óðàâíåíèþ (3) ñîîòâåòñòâóåò ïîòåíöèàë U(x) = tg2x.
Óðàâíåíèå (3) ìîæíî îáîáùèòü ââåäÿ ïàðàìåòðû:

ẍ = −2α sinβx

cos3 βx
; α, β > 0; x(0) = 0; ẋ(0) = y0 > 0; −π/(2β) < x(t) < π/(2β)

(4)
îíî èìååò ñâîèì ðåøåíèåì ôóíêöèþ

x(t) =
1

β
arcsin

√ Ĕ

1 + Ĕ
sin

(√
2αβ(1 + Ĕ)t

) . (5)

Çäåñü Ĕ íå åñòü ýíåðãèÿ â äàííîé çàäà÷å. Îíà ñâÿçàíà ñ íåé ñîîòíîøåíè-
åì Ĕ = βE/α, â ÷åì ëåãêî óáåäèòüñÿ ïðîäèôôåðåíöèðîâàâ (5) è âûðàçèâ
E ÷åðåç ẋ(0).

Ðàçëîæèì òåïåðü ôóíêöèþ èç ïðàâîé ÷àñòè óðàâíåíèÿ (4) ïî ôîð-
ìóëå Òåéëîðà

−2α sinβx

cos3 βx
= (−2αβ)x− 8αβ3

3
x3 + o(x4) ïðè x→ 0.
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Åñëè íå÷åòíàÿ ôóíêöèÿ èç ïðàâîé ÷àñòè óðàâíåíèÿ (1) òàêæå ðàçëàãà-
åòñÿ ïî ôîðìóëå Òåéëîðà f(x) = ax+ bx3 + o(x4) ïðè x→ 0 è ìû õîòèì,
÷òîáû êîýôôèöèåíòû ïðè ñîîòâåòñòâóþùèõ ñòåïåíÿõ x ñîâïàäàëè, òî
ñëåäóåò ðåøèòü àëãåáðàè÷åñêóþ ñèñòåìó óðàâíåíèé{

−2αβ = a,
−8αβ3 = 3b.

Ïðè ëþáûõ îòðèöàòåëüíûõ a è b îíà èìååò åäèíñòâåííîå ðåøåíèå

α = −a
√

a

3b
> 0, β =

1

2

√
3b

a
> 0.

Ïîäñòàâèì íàéäåííûå âûðàæåíèÿ äëÿ α è β â (5). Ìîæíî óòâåðæäàòü,
÷òî ôóíêöèÿ

x(t) = 2

√
a

3b
arcsin

√ Ĕ

1 + Ĕ
sin

(√
−a(1 + Ĕ)t

)∣∣∣∣∣
Ĕ=− 3

2
b
a2
E=−

3by20
4a2

=

= 2

√
a

3b
arcsin

(√
3by2

0

3by2
0 − 4a2

sin

(√
4a2 − 3by2

0

2
√
|a|

t

))
(6)

äàåò õîðîøåå ïðèáëèæåííîå ðåøåíèå óðàâíåíèÿ

ẍ = f(x) = ax+ bx3 + . . . ; x(0) = 0; ẋ(0) = y0 > 0.

Îòìåòèì, ÷òî îïèñàííóþ ïðîöåäóðó ìîæíî èñïîëüçîâàòü äëÿ ðàçâèòèÿ
è óòî÷íåíèÿ ðåçóëüòàòîâ ïîëó÷åííûõ â [3].
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ÈÑÑËÅÄÎÂÀÍÈÅ ËÎÊÀËÜÍÛÕ ÁÈÔÓÐÊÀÖÈÉ
ÃÀÌÈËÜÒÎÍÎÂÛÕ ÀÂÒÎÍÎÌÍÛÕ ÄÈÍÀÌÈ×ÅÑÊÈÕ

ÑÈÑÒÅÌÀÕ
À.Ñ. Áåëîâà
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Â ðàáîòå ðàññìàòðèâàþòñÿ îñíîâíûå ñöåíàðèè ëîêàëüíûõ áèôóðêà-
öèé ãàìèëüòîíîâûõ àâòîíîìíûõ äèíàìè÷åñêèõ ñèñòåì, çàâèñÿùèõ
îò ìàëîãî ïàðàìåòðà. Èçó÷åíèå ýòèõ çàäà÷ áàçèðóåòñÿ íà íîâûõ
ôîðìóëàõ òåîðèè âîçìóùåíèé ëèíåéíûõ ãàìèëüòîíîâûõ îïåðàòî-
ðîâ.

Êëþ÷åâûå ñëîâà: áèôóðêàöèÿ, äèíàìè÷åñêèå ñèñòåìû, ãàìèëüòîíî-
âû ñèñòåìû, óñòîé÷èâîñòü

Investigation of local bifurcations of Hamiltonian
autonomous dynamical systems

In the work we consider basic scenarios of local bifurcations of Hamilto-
nian autonomous dynamical systems, depending on a small parameter.
The study of these problems is based on new formulas of the perturba-
tion theory of linear Hamiltonian operators.

Keywords: bifurcation, dynamical systems, Hamiltonian systems, equi-
librium point, stability.

Ðàññìàòðèâàåòñÿ ãàìèëüòîíîâà ñèñòåìà

dx

dt
= JA(ε)x+ Ja(x , ε) , x ∈ R2N , (1)

çàâèñÿùàÿ îò ñêàëÿðíîãî èëè âåêòîðíîãî ïàðàìåòðà ε . Çäåñü J � êîñî-
ñèììåòðè÷åñêàÿ áëî÷íàÿ ìàòðèöà ðàçìåðíîñòè 2N×2N , A(ε) � ñèììåò-
ðè÷åñêàÿ áëî÷íàÿ ìàòðèöà ðàçìåðíîñòè 2N × 2N .

Ïîëîæèì, ÷òî ñèñòåìà (1) èìååò òî÷êó ðàâíîâåñèÿ x = 0 ïðè âñåõ
çíà÷åíèÿõ ïàðàìåòðà ε.

Ïóñòü ìàòðèöà JA(0) èìååò ñîáñòâåííîå çíà÷åíèå ñ íóëåâîé âåùå-
ñòâåííîé ÷àñòüþ, òîãäà çíà÷åíèå ε = 0 ÿâëÿåòñÿ òî÷êîé áèôóðêàöèè â
îêðåñòíîñòè x = 0 ñèñòåìû (1).

Â äîêëàäå îáñóæäàåòñÿ çàäà÷à îá îñíîâíûõ ñöåíàðèÿõ ëîêàëüíûõ
áèôóðêàöèé ñèñòåìû (1) â ñëåäóþùèõ îñíîâíûõ ñëó÷àÿõ:

10 ìàòðèöà JA(0) èìååò ïðîñòîå ñîáñòâåííîå çíà÷åíèå âèäà±iω0 , ω0 >
0 ;

20 ìàòðèöà JA(0) èìååò ïîëóïðîñòîå (íåïîëóïðîñòîå) íóëåâîå ñîáñòâåí-
íîå çíà÷åíèå êðàòíîñòè 2;

Áåëîâà Àííà Ñåðãååâíà, àñïèðàíò, ÁàøÃÓ (Óôà, Ðîññèÿ); Belova Anna Sergeevna
(Bashkir State University, Ufa, Russia)
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30 ìàòðèöà JA(0) èìååò ïîëóïðîñòîå (íåïîëóïðîñòîå) ÷èñòî ìíèìîå
ñîáñòâåííîå çíà÷åíèå ±iω0 , ω0 > 0 êðàòíîñòè 2.

Èññëåäîâàíèå ñèñòåìû (1) áàçèðóåòñÿ íà ìåòîäàõ òåîðèè âîçìóùåíèÿ
[1] è ðàçâèòèåì íåêîòîðûõ ðåçóëüòàòîâ, ïîëó÷åííûå â [2].
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Çäåñü èçëàãàþòñÿ äâà ïðîñòåéøèõ ìåòîäà ðåøåíèÿ ïîèíîìèàëüíûõ
óðàâíåíèé, îñíîâàííûõ íà ïîñòðîåíèè âûïóêëîãî ìíîãîóãîëüíèêà.
Ïåðâûé ìåòîä ïîçâîëÿåò íàõîäèòü ïðèáëèæ¼ííûå êîðíè ìíîãî÷ëå-
íà ñ ïîìîùüþ ìíîãîóãîëüíèêà Àäàìàðà. Âòîðîé ìåòîä ïîçâîëÿåò
íàõîäèòü âåòâè àëãåáðàè÷åñêîé êðèâîé âáëèçè å¼ îñîáîé òî÷êè ñ ïî-
ìîùüþ ìíîãîóãîëüíèêà Íüþòîíà è ñòðîèòü ýñêèçû âåùåñòâåííûõ
àëãåáðàè÷åñêèõ êðèâûõ íà ïëîñêîñòè. Óêàçàíû àëãîðèòìû êîìïüþ-
òåðíîé àëãåáðû, êîòîðûå óïðîùàþò ýòè âû÷èñëåíèÿ.

Êëþ÷åâûå ñëîâà: âûïóêëûé ìíîãîóãîëüíèê, êîíóñ çàäà÷è, ïîëèíîì,
ëîìàíàÿ Àäàìàðà, àëãåáðàè÷åñêàÿ êðèâàÿ, ìíîãîóãîëüíèê Íüþòîíà

Introduction to nonlinear nanlysis of algebraic equations

Here we demonstrate two simplest methods of solution of polynomial
equations, based on constructing a convex polygon. The first method al-
lows to find approximate roots of a polynomial by means of the Hadamard
polygon. The second one allows to compute branches of an algebraic
curve near its singular point and near infinity by means of the New-
ton polygon and to draw sketches of real algebraic curves in the plane.
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Computer algebra algorithms are specified, which essentially simplify
these calculations.

Keywords: convex polygon, polynomial, Hadamard’s open polygon, al-
gebraic curve, Newton polygon]

Äëÿ ìíîãî÷ëåíà

fm(x) =

m∑
k=0

akx
k (1)

ñ âåùåñòâåííûìè èëè êîìïëåêñíûìè êîýôôèöèåíòàìè ak åãî êîðíè âñå-
ãäà âûðàæàþòñÿ â ðàäèêàëàõ åñëè m ≤ 4 (ôîðìóëû Êàðäàíî è Ôåððàðè
� XVI âåê).

Îïèøåì íîâûé ñïîñîá [1, Ãë. 4, ï. 2.1] âû÷èñëåíèÿ ïðèáëèæ¼ííûõ
çíà÷åíèé êîðíåé ìíîãî÷ëåíà (1). Äëÿ ýòîãî íà âåùåñòâåííóþ ïëîñêîñòü
q1, q2 íàíîñÿòñÿ òî÷êè

Q̌k(q1, q2) = (k, ln |ak|), k = 0, . . . ,m,

îáðàçóþùèå ñóïåðíîñèòåëü S =
{
Q̌0, . . . , Q̌m

}
, è ñòðîèòñÿ èõ âûïóêëàÿ

îáîëî÷êà

H =

{
Q̌ = µ0Q̌0 + . . .+ µmQ̌m, µk ≥ 0,

m∑
k=0

µk = 1

}
,

êîòîðàÿ íàçûâàåòñÿ ìíîãîãðàííèê Àäàìàðà [2]. Ãðàíèöà ∂H ÿâëÿåòñÿ

ëîìàíîé ëèíèåé. Êàæäîìó ðåáðó Γ
(1)
j è âåðøèíå Γ

(0)
j ýòîé ãðàíèöû ∂H

ñîîòâåòñòâóåò ãðàíè÷íîå ïîäìíîæåñòâî S
(d)
j òî÷åê Q̌k, ëåæàùèõ íà Γ

(d)
j ,

è óêîðî÷åííûé ìíîãî÷ëåí

f̌
(d)
j (x) =

∑
akx

k ïî Q̌k ∈ S
(d)
j . (2)

Â óêîðî÷åííûé ìíîãî÷ëåí âõîäÿò òå è òîëüêî òå ñëàãàåìûå akx
k, ó êîòî-

ðûõ ìîäóëü |akxk| íàèáîëüøèé ïðè ôèêñèðîâàííîì |x| : ln |x| = p1, èáî
òîãäà ∣∣∣akxk∣∣∣ = exp

〈
Q̌, (p1, 1)

〉
,

à ýêñïîíåíòà � ìîíîòîííàÿ ôóíêöèÿ. Ïîñêîëüêó âåêòîð (p1, 1) ëåæèò â
âåðõíåé ïîëóïëîñêîòè äâîéñòâåííîé ïëîñêîñòè R2

∗, òî êîíóñ çàäà÷è åñòü
K = {P = (p1, p2) : p2 > 0}, à ñîîòâåòñòâóþùàÿ ÷àñòü ∂H(K) ãðàíèöû ∂H
� ýòî å¼ âåðõíÿÿ ÷àñòü, íàçûâàåìàÿ ëîìàíîé Àäàìàðà [2] è îáîçíà÷àåìàÿ
H̃.

Åñëè Γ
(d)
j � âåðøèíà, òî óêîðî÷åííûé ìíîãî÷ëåí (2) ÿâëÿåòñÿ ìîíî-

ìîì, êîòîðûé íå èìååò íåíóëåâîãî êîðíÿ. Åñëè Γ
(d)
j � ðåáðî, òî óêîðî-

÷åííûé ìíîãî÷ëåí (2) èìååò íåíóëåâûå êîðíè, êîòîðûå äàþò ïðèáëèæ¼í-
íûå çíà÷åíèÿ äëÿ êîðíåé ïîëíîãî ìíîãî÷ëåíà (1). Êðîìå èñêëþ÷èòåëü-
íûõ ñëó÷àåâ, óêîðî÷åííûå ìíîãî÷ëåíû (2) ñóùåñòâåííî ïðîùå èñõîäíîãî
ìíîãî÷ëåíà (1) è èõ êîðíè âû÷èñëÿþòñÿ ëåã÷å.
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Âòîðîé ìåòîä ïîçâîëÿåò íàõîäèòü âåòâè àëãåáðàè÷åñêîé êðèâîé âáëè-
çè å¼ îñîáîé òî÷êè è âáëèçè áåñêîíå÷íîñòè ñ ïîìîùüþ ìíîãîóãîëüíèêà
Íüþòîíà. Îí òàêæå ïîçâîëÿåò ñòðîèòü ýñêèçû âåùåñòâåííûõ àëãåáðàè-
÷åñêèõ êðèâûõ íà ïëîñêîñòè. Ýòè ìåòîäû îáîáùàþòñÿ íà áîëüøèå ðàç-
ìåðíîñòè [1].

Âñå ïðåäëàãàåìûå â ðàáîòå àëãîðèòìû ñîïðîâîæäàþòñÿ èõ ðåàëè-
çàöèåé â íàèáîëåå ðàñïðîñòðàí¼ííûõ ñèñòåìàõ êîìïüþòåðíîé àëãåáðû.
Èçëîæåíèå ñíàáæåíî ïðèìåðàìè è óïðàæíåíèÿìè.
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Perturbation of a nonlinear elliptic operator potentials from
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Existence, uniqueness and stability of solutions to the Dirichlet problem
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Â ðàáîòå [1] ðàññìàòðèâàëñÿ îïåðàòîð âèäà

L =
∑

|α|,|β|≤m

Dαcα,β(x)Dβ

â Rn. Ãëàâíàÿ ÷àñòü îïåðàòîðà L ñèëüíî ýëëèïòè÷åñêàÿ, à ìëàäøèå êî-
ýôôèöèåíòû cα,β , |α|+ |β| ≤ 2m, ÿâëÿþòñÿ ðàñïðåäåëåíèÿìè. Ïðè íåêî-
òîðûõ óñëîâèÿõ íà íèõ óñòàíîâëåíî, ÷òî îïåðàòîð L êîððåêòíî îïðåäå-
ëåí â ñìûñëå êâàäðàòè÷íûõ ôîðì.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à Äèðèõëå â îãðàíè÷åííîé
îáëàñòè Ω:

−∆pu+ µu+ λu = f, f ∈W−1
p′ (Ω), u ∈ W̊ 1

p (Ω), λ ≥ 0. (1)

Óñëîâèÿ íà ðàñïðåäåëåíèå µ ∈ D′(Ω) ïðèâåäåíû íèæå.
Ñëåäóÿ [1], íàçîâåì ìóëüòèïëèêàòîðîì òàêîé ýëåìåíò µ ∈ D′(Ω), äëÿ

êîòîðîãî âûïîëíåíî íåðàâåíñòâî

‖µϕ‖p′,−1 ≤ C‖ ϕ‖p,1, ∀ϕ ∈ D(Ω).

Ìèíèìóì ïîñòîÿííîé C â ýòîì íåðàâåíñòâå íàçîâåì íîðìîé ìóëüòèïëè-
êàòîðà µ ∈Mp(Ω).

Áóäåì ãîâîðèòü, ÷òî ìóëüòèïëèêàòîð îáëàäàåò áåñêîíå÷íî ìàëîé ñó-
ùåñòâåííîé ÷àñòüþ, åñëè âûïîëíåíî íåðàâåíñòâî

∀ε > 0 ‖µϕ‖p′,−1 ≤ ε‖ ϕ‖p,1 + C(ε)‖ ϕ‖p , ∀ϕ ∈ D(Ω).

Áóäåì ãîâîðèòü, ÷òî ìóëüòèïëèêàòîð íåîòðèöàòåëåí â ãëàâíîì, åñëè
âûïîëíåíî íåðàâåíñòâî

〈µϕ, ϕ〉 ≥ −λ‖ ϕ‖22, ∀ϕ ∈ D(Ω).

Òåîðåìà 1. Ïóñòü p > 2. Ïóñòü ìóëüòèïëèêàòîð µ ∈Mp(Ω) îáëà-
äàåò áåñêîíå÷íî ìàëîé ñóùåñòâåííîé ÷àñòüþ è íåîòðèöàòåëåí â ãëàâ-
íîì.

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è Äèðèõëå è îíî óñòîé-
÷èâî.

Ïîä óñòîé÷èâîñòüþ çäåñü ïîíèìàåòñÿ ñõîäèìîñòü ðåøåíèé un çàäà-
÷è [1] c µn âìåñòî µ ê ðåøåíèþ u ïðè óñëîâèè ñõîäèìîñòè µn → µ â
ïðîñòðàíñòâå Mp(Ω).
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Â ðàáîòå ðàññìîòðåí êëàññ íåëèíåéíûõ ãèïåðáîëè÷åñêèõ óðàâíå-
íèé ñ y�èíòåãðàëîì âòîðîãî ïîðÿäêà, ñâîäÿùèõñÿ äèôôåðåíöèàëü-
íîé ïîäñòàíîâêîé ê óðàâíåíèÿì ñ y�èíòåãðàëîì ïåðâîãî ïîðÿäêà.
Ñ èñïîëüçîâàíèåì èíâàðèàíòîâ Ëàïëàñà îïèñàí ñïåöèàëüíûé êëàññ
ãèïåðáîëè÷åñêèõ óðàâíåíèé, îáëàäàþùèõ y�èíòåãðàëîì ïåðâîãî ïî-
ðÿäêà è x�èíòåãðàëàìè âòîðîãî è òðåòüåãî ïîðÿäêîâ. Ïðèâåäåíû
x�èíòåãðàëû.

Êëþ÷åâûå ñëîâà: èíâàðèàíòû Ëàïëàñà, x� è y�èíòåãðàëû, äèôôå-
ðåíöèàëüíûå ïîäñòàíîâêè

Classification of nonlinear hyperbolic equations of a special
class with integrals of the second and third orders

The work considered class of nonlinear hyperbolic equations with y -
integral of the second order, which are reduced by differential substitu-
tion to equations with y - integral first order. Using Laplace invariants,
we describe a special class of hyperbolic equations with y - integrals of
the first order and x - integrals of the second and third orders. The x -
integrals are given.

Keywords: Laplace invariants, x - and y-integrals, differential substitu-
tions

Èçâåñòíî (ñì. [1]), ÷òî óðàâíåíèÿ âèäà

uxy =
p− ϕu
ϕuy

ux +
q

uy

√
ux, (1)

îáëàäàþùèå y�èíòåãðàëîì âòîðîãî ïîðÿäêà äèôôåðåíöèàëüíîé ïîäñòà-
íîâêîé ñâîäÿòñÿ ê óðàâíåíèÿì âèäà

uxy = px + puux, p = p(x, y, u). (2)

Ëýíå ñîäåðæàòñÿ â êëàññå óðàâíåíèé (2). Â ðàáîòå äîêàçàíà ñëåäóþùàÿ
Òåîðåìà 1. Åñëè óðàâíåíèå (2) îáëàäàåò x-èíòåãðàëîì òðåòüåãî ïî-
ðÿäêà è y-èíòåãðàëîì ïåðâîãî ïîðÿäêà, òî ðåàëèçóåòñÿ îäèí èç ñëåäó-
þùèõ ÷åòûðåõ ñëó÷àåâ:
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Ufa Federal Research Centre, RAS, Ufa, Russia)
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p = eu + a(x, y),

W =
1

axx − axz
·
{
ax

(
u3

u1
− u1(2u1 + 3z)

)
− axxx

}
− 3

∫
ax(x, y)dy,

çäåñü z = u2
u1
− u1, à óäîâëåòâîðÿåò óðàâíåíèþ axy + 2a · ax = axε(y)

ëèáî

p =
1

2
u2,

W =
u3

u1
− 3

2

(
u2

u1

)2

.

ëèáî
p = a(x, y) · u,

W = e−bu3 −
E

axF
e−b (axu2 − axxu1)− e−baxxx

ax
u1,

ãäå by = a, E = 6axx − ∂
∂y

(
axxx
ax

)
, F = 2ax − ∂2

∂x∂y ln ax è âûïîëíåíî
óñëîâèå

D

[
Fy
F
− 3a+

2axy
ax

]
= 0,

ëèáî
p = eu −H(y)e−u,

W =
u3

u1
− 3

2

(
u2

u1

)2

− 1

2
u2

1.

Òàêæå â ðàáîòå íàéäåíû âñå óðàâíåíèÿ âèäà (1), îáëàäàþùèå x-
èíòåãðàëîì òðåòüåãî ïîðÿäêà è y-èíòåãðàëîì âòîðîãî ïîðÿäêà, à èìåííî:

uxy =
(F +Buuy)

B − a

[
ux ±

√
ax
Bu

ux

]
− ux (Fu +Buuuy)

Bu
(3)

è

uxy = ±2

{
1− f(F +Buuy)±

√
1− f(F +Buuy)

}
(a−B)f

[
ux +

√
ax
Bu

ux

]
−

−ux (Fu +Buuuy)

Bu
, (4)

ãäå f(y) 6= 0,
F (y, u) = By +B2 − µ(y)− ε(y)B,

ay + a2 − µ(y)− ε(y)a = 0.

Ïîêàçàíî (ñì. [2]�[4]), ÷òî èçâåñòíûå óðàâíåíèÿ Ëýíå ÿâëÿþòñÿ ÷àñòíûì
ñëó÷àåì óðàâíåíèé (3), (4).

27



Ëèòåðàòóðà
1. Zhiber A.V., Yur'eva A.M. Special Class of Liouville-Type Hyperbolic Equations //

J. Math. Sci. (N. Y.), 236:6 (2019), 594�602.
2.Æèáåð À.Â., Þðüåâà À.Ì. Îá îäíîì êëàññå ãèïåðáîëè÷åñêèõ óðàâíåíèé

ñ èíòåãðàëàìè âòîðîãî ïîðÿäêà // Èòîãè íàóêè è òåõíèêè. Ñåð. Ñîâðåì. ìàò.
è åå ïðèë. Òåìàò. îáç., 2018, òîì 152, 46-52.

3. Laine M. E. Sur l'application de la methode de Darboux aux equations
s = f( x, y, z, p, q) // Comptes rendus. V.182, 1926. � 1126�1127.

4. Êàïöîâ Î.Â. Î ïðîáëåìå êëàññèôèêàöèè Ãóðñà // Ïðîãðàììèðîâàíèå. �
2012. � 2. � 68�71.

ÁÅÃÓÙÈÅ ÂÎËÍÛ Â SIR ÌÎÄÅËÈ Ñ ÍÅËÈÍÅÉÍÛÌ
ÓÐÎÂÍÅÌ ÇÀÁÎËÅÂÀÅÌÎÑÒÈ È
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Â ðàáîòå ðàññìàòðèâàåòñÿ âîïðîñ ñóùåñòâîâàíèÿ áåãóùèõ âîëí â
ýïèäåîìîëîãè÷åñêîé SIR ìîäåëè ñ íåëèíåéíûì óðîâíåì çàáîëåâàå-
ìîñòè è ïðîñòðàíñòâåííîé äèôôóçèåé. Äàíà íèæíÿÿ îöåíêà ñêîðî-
ñòè ðàñïðîñòðàíåíèÿ âîëíû.

Êëþ÷åâûå ñëîâà: óåäèí¼ííàÿ âîëíà, SIR ìîäåëü, ðåàêöèîííî-äèô-
ôóçèîííàÿ ìîäåëü, covid-19

Travelling Waves of a SIR Model with Nonlinear Incidence
Rate and Spatial Diffusion

This work is concerned with the existence of travlelling waves to a SIR
epidemic model with nonlinear incidence rate and spatial diffusion. An
velocity lower-bound estimate is given.

Keywords: solitary wave, SIR model, reaction-diffusion model, covid-19
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(a) (b)

Ðèñ. 1: ×èñëåííîå ìîäåëèðîâàíèå áåãóùèõ âîëí ïðè c > c∗. (a) äèíàìèêà
âîñïðèèì÷èâûõ (b) äèíàìèêà èíôèöèðîâàííûõ.

Áåãóùèå âîëíû â ðåàêöèîííî-äèôôóçèîííûõ ìîäåëÿõ èìåþò îãðîì-
íîå ïðèêëàäíîå çíà÷åíèå â õèìèè, ýïèäåìèîëîãèè, òåïëîôèçèêå, êîððî-
çèè ìåòàëëîâ [1-3]. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ðåàêöèîííî-äèô-
ôóçèîííàÿ SIR ìîäåëü:

∂ts = ∂x

[
ds

1 + σi2
∂xs

]
− αsi

1 + δi2
,

∂ti = di∂
2
xi+

αsi

1 + δi2
− γi,

s(x, 0) = φ(x), i(x, 0) = ψ(x), x ∈ R, t ∈ [0,+∞),

ãäå âñå ïàðàìåòðû äåéñòâèòåëüíû è ïîëîæèòåëüíû. Â ðàìêàõ ýïèäåìèî-
ëîãèè s è i ïëîòíîñòè âîñïðèèì÷èâûõ è èíôèöèðîâàííûõ ñîîòâåòñòâåí-
íî, σ õàðàêòåðèçóåò âåëè÷èíó îãðàíè÷åíèé íà ïåðåìåùåíèå âîñïðèèì÷è-
âûõ â îáëàñòè ñ ïîâûøåííîé èíôèöèðîâàííîñòüþ, à δ îïèñûâàåò âåëè-
÷èíó ïðèíÿòûõ ëîêàëüíûõ êàðàíòèííûõ ìåð (ñðåäñòâà èíäèâèäóàëüíîé
çàùèòû è ò.ä.).

Âîïðîñ íàëè÷èÿ áåãóùèõ âîëí s(x, t) = s(ξ), i(x, t) = i(ξ), ξ = x − ct
â ìîäåëè ñâîäèòñÿ ê èçó÷åíèþ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé:

dss
′′

1 + σi2
+ cs′ − 2dsσii

′s′

(1 + σi2)2 −
αis

1 + δi2
= 0,

dii
′′ + ci′ +

αis

1 + δi2
− γi = 0,

Àíàëèç õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ äàííîé ñèñòåìû ïðè ãðàíè÷íûõ
óñëîâèÿõ s(−∞) = s0 > 0, s(+∞) = s1 < s0, i(−∞) = i(+∞) = 0 ïîêà-
çûâàåò, ÷òî ñóùåñòâóåò c∗ = 2

√
di(s0α− γ), òàêîé ÷òî äëÿ âñåõ c < c∗

ðåàêöèîííî-äèôôóçèîííàÿ ìîäåëü íå ïîääåðæèâàåò áåãóùèõ âîëí. Äî-
ïîëíèòåëüíî ïðè c ≥ c∗ ÷èñëåííîå ìîäåëèðîâàíèå óêàçûâàåò íà íàëè÷èå
òàêîãî ðîäà ðåøåíèé (ñì. Ðèñ. 1).
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ÏÎËÈÍÎÌ ÊÀÊ ÎÏÐÅÄÅËÈÒÅËÜ ÌÀÒÐÈ×ÍÎÃÎ
ÎÏÅÐÀÒÎÐÀ

Î.Ã. Ãàéäàìàê, Î.Ã. Êîðîá÷èíñêàÿ, Â.È. Ëóöåíêî, Å.Â. Ñèëîâà
lutsenko_v_i@mail.ru
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Â ïóáëèêàöèè [1] áûë îïóáëèêîâàí ðåçóëüòàò î ïðåäñòàâëåíèè ìíî-
ãî÷ëåíà äâóõ ïåðåìåííûõ âòîðîãî ïîðÿäêà îïðåäåëèòåëåì ìàòðèöû

Êëþ÷åâûå ñëîâà: ìàòðè÷íûé îïåðàòîð. ïîëèíîìèàëüíûå óðàâíåíèÿ

Polynomial as a determinant of a matrix operator

The publication [1] published a result on the representation of a poly-
nomial of two second-order variables by a matrix determinant

Keywords: matrix operator, polynomial equations

Â äàííîé ðàáîòå ðåøàåòñÿ ñëåäóþùàÿ çàäà÷à: ïóñòü äàí ìíîãî÷ëåí
îò äâóõ ïåðåìåííûõ ïîðÿäêà n

P (x, y) =

∫ n

k=0,m=0
akmx

kym

Íàéòè ìàòðèöó ñ ëèíåéíûìè êîýôôèöèåíòàìè âèäà ax+by+c, îïðå-
äåëèòåëü êîòîðîé ðàâåí P (x, y).

Ãàéäàìàê Îëüãà Ãðèãîðüåâíà, ê.ô.-ì.í., äîöåíò, ÁàøÃÓ (Óôà, Ðîññèÿ); Gaidamak
Olga Grigorievna (Bashkir State University, Ufa, Russia)

Êîðîá÷èíñêàÿ Îëüãà Ãåííàäüåâíà, ê.ô.-ì.í., äîöåíò, ÁàøÃÓ (Óôà, Ðîññèÿ); Olga
Gennadevna Korobchinskaya (Bashkir State University, Ufa, Russia)
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Ðåøåíèå ýòîé çàäà÷è íóæíî äëÿ ñâåäåíèÿ ñèñòåìû ïîëèíîìèàëüíûõ
óðàâíåíèé âèäà {

P (x, y) =
∫ n
i=0,j=0 pijx

iyj = 0

Q (x, y) =
∫m
i=0,j=0 qijx

iyj = 0

ê âèäó {
V (x) =

∫ N
i=0 vix

i = 0

Q (y) =
∫M
j=0 ujy

j = 0

Ïðè ýòîì èñïîëüçóåòñÿ, íà ïåðâîì ýòàïå, ïðåäñòàâëåíèå ïîëèíîìà â
âèäå îïðåäåëèòåëÿ, à íà âòîðîì ðåøåíèå îáðàòíîé çàäà÷è, íàïðèìåð êàê
â ðàáîòå [2]. Â äàííîì ñîîáùåíèè îïèñàíî íîâîå ïðåäñòàâëåíèå ïîëèíîìà
â âèäå îïðåäåëèòåëÿ P (x, y) =

∫ n
k=0,m=0 akmx

kym=

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x 1 0 0 0 0 0 0 0 0 0 0 0
0 x 1 0 0 0 0 0 0 0 0 0 0
0 0 x 1 0 0 0 0 0 0 0 0 0
0 0 0 x 1 0 0 0 0 0 0 0 0
...

...
...

...
. . .

...
...

...
...

...
...

...
...

0 0 0 0 . . . x 1 0 0 0 0 0 0
0 0 0 0 . . . 0 1 1 0 0 0 0 0
a0n a1n a2n a3n . . . an−1n ann y 1 0 0 0 0
...

...
...

...
...

...
...

...
. . .

...
...

...
...

a03 a13 a23 a33 . . . an−13 an3 0 . . . y 1 0 0
a02 a12 a22 a32 . . . an−12 an2 0 . . . 0 y 1 0
a01 a11 a21 a31 . . . an−11 an1 0 . . . 0 0 y 1
a00 a10 a20 a30 . . . an−10 an0 0 . . . 0 0 0 y

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Ïîñòðîåí âû÷èñëèòåëüíûé àëãîðèòì ïî ðåøåíèþ ïîäîáíûõ çàäà÷.
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Î ÑÏÅÊÒÐÀËÜÍÛÕ ÑÂÎÉÑÒÂÀÕ ÏÐßÌÎËÈÍÅÉÍÛÕ
ÒÎ×ÅÊ ËÈÁÐÀÖÈÈ

ÎÃÐÀÍÈ×ÅÍÍÎÉ ÇÀÄÀ×È ÒÐÅÕ ÒÅË
Ý.Â. Äàâûäîâà
markwella@inbox.ru

ÓÄÊ 517.51

Ðàññìàòðèâàåòñÿ ïëîñêàÿ îãðàíè÷åííàÿ ýëëèïòè÷åñêàÿ çàäà÷à òðåõ
òåë. Èçó÷àþòñÿ ñïåêòðàëüíûå ñâîéñòâà ïðÿìîëèíåéíûõ òî÷åê ëèá-
ðàöèè â çàâèñèìîñòè îò ïàðàìåòðà ìàññ è ýêñöåíòðèñèòåòà.

Êëþ÷åâûå ñëîâà: çàäà÷à òð¼õ òåë, òî÷êè ëèáðàöèè, ãàìèëüòîíîâàÿ
ñèñòåìà.

Linear Hamiltonian systems of celestial mechanics

We consider a planar bounded elliptic three-body problem in Hamilto-
nian form. Properties of rectilinear libration points depending on the
mass parameter are studied.

Keywords: three-body problem, libration points, Hamiltonian mechan-
ics.

Äâèæåíèå òåëà ìàëîé ìàññû â ïëîñêîé îãðàíè÷åííîé ýëëèïòè÷åñêîé
çàäà÷å òðåõ òåë (ñì., íàïðèìåð, [1]) îïèñûâàåòñÿ äèôôåðåíöèàëüíûì
óðàâíåíèåì

z” + 2iz′ = ρ

(
z − µ+

µ− 1

|z|3
− µ

|z − 1|3
− µ

|z − 1|3
z

)
, (1)

â êîòîðîì µ =
m2

m1 +m2
� ïàðàìåòð ìàññ, ρ =

1

1 + ε cos t
, ε � ýêñöåí-

òðèñèòåò. Óðàâíåíèå (1) èìååò ïÿòü ïîñòîÿííûõ ðåøåíèé - òî÷åê ëèá-

ðàöèè. Äâà èç íèõ - ýòî òðåóãîëüíûå òî÷êè ëèáðàöèè z0 =
1

2
+

√
3

2
i è

z0 =
1

2
−
√

3

2
i. Òðè äðóãèå íàçûâàþòñÿ ïðÿìîëèíåéíûìè òî÷êàìè ëèá-

ðàöèè; îíè â ÿâíîì âèäå íå âûïèñûâàþòñÿ.

Âàæíûìè (êàê ñ òåîðåòè÷åñêîé, òàê è ïðàêòè÷åñêîé òî÷åê çðåíèÿ)
ïðåäñòàâëÿþòñÿ âîïðîñû î ñïåêòðàëüíûõ ñâîéñòâàõ ïðÿìîëèíåéíûõ òî-
÷åê ëèáðàöèè. Îñîáûé èíòåðåñ âûçûâàåò ñëåäóþùèé âîïðîñ. Ïðè îïðå-
äåëåííûõ çíà÷åíèÿõ ïàðàìåòðà ìàññ µ è ε ïðÿìîëèíåéíûå òî÷êè ëèáðà-
öèè ìîãóò îêàçàòüñÿ êàê ãèïåðáîëè÷åñêèìè, òàê è íåãèïåðáîëè÷åñêèìè.
Âîçíèêàåò âîïðîñ î ãðàíèöå îáëàñòè ãèïåðáîëè÷íîñòè â ïëîñêîñòè ïàðà-
ìåòðîâ (µ, ε). Â äîêëàäå ïðåäëàãàþòñÿ íîâûå ïðèáëèæåííûå ôîðìóëû
äëÿ îïðåäåëåíèÿ ãðàíèö îáëàñòè ãèïåðáîëè÷íîñòè.

Äàâûäîâà Ýìèëèÿ Âëàäèìèðîâíà, ìàãèñòðàíò 2-ãî ãîäà îáó÷åíèÿ ÔÌèÈÒ, Áàø-
ÃÓ (Óôà, Ðîññèÿ); Emiliya Davydova (Bashkir State University, Ufa, Russia)
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Ì. Èëîëîâ, Â.Í. Êîçîáðîä, Ñ.Ì. Ëàøêàðáåêîâ
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Óñòàíîâëåíû óñëîâèÿ ñóùåñòâîâàíèÿ, åäèíñòâåííîñòè, àññèìïòîòè-
÷åñêîé óñòîé÷èâîñòè, è àññèìïòîòè÷åñêîé óñòîé÷èâîñòè ïî÷òè íà-
âåðíîå ñòàöèîíàðíûõ ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïî-
ñëåäåéñòâèåì â ãèëüáåðòîâîì ïðîñòðàíñòâå.

Êëþ÷åâûå ñëîâà: ñòàöèîíàðíûå ðåøåíèÿ, ñëó÷àéíûé ïðîöåññ, àñ-
ñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü, àññèìïòîòè÷åñêàÿ óñòîé÷èâîñòü ïî-
÷òè íàâåðíîå

On the stability of stationary solutions of stochastic
differential equations with delay

Conditions for the existence, uniqueness, asymptotic stability, and asymp-
totic stability almost surely of stochastic differential equations with a
delay in a Hilbert Space are established.

Keywords: stationary solution, random process, asymptotic stability,
asymptotic stability almost surely

Ïóñòü H - ãèëüáåðòîâî ïðîñòðàíñòâî, R - ÷èñëîâàÿ îñü è ïóñòü U(t) :
R → H ñòîõàñòè÷åñêèé ïðîöåññ, Buv(U) ìèíèìàëüíàÿ áåðåëåâñêàÿ àë-
ãåáðà îòíîñèòåëüíî êîòîðîé U(t) èçìåðèìà äëÿ êàæäîãî t ∈ [u, v]. ×åðåç
W (t)(W (0) = 0) îáîçíà÷èì H - çíà÷íûé âèíåðîâñêèé ïðîöåññ ñ ñîîòâåò-
ñòâóþùåé àëãåáðîé Buv(dW ) îòíîñèòåëüíî êîòîðîéW (s)−W (t) èçìåðè-
ìà äëÿ êàæäîãî (t, s) ñ u ≤ t < s ≤ ω. Äàëåå, ïóñòü äàíû ñòîõàñòè÷åñêèé
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ïðîöåññ X(t), t ∈ R è ëþáîå ôèêñèðîâàííîå ÷èñëî s. Ñòîõàñòè÷åñêèé
ïðîöåññ

V (θ) = πsU = U(s+ θ), θ ≤ 0

íàçûâàåòñÿ ïðåäèñòîðèåé ïðîöåññà U â ìîìåíò s. ×åðåç C− îáîçíà÷èì
ìåòðè÷åñêîå ïðîñòðàíñòâî âñåõ íåïðåðûâíûõ ôóíêöèé, îïðåäåëåííûõ íà
(−∞, 0] ñî çíà÷åíèÿìè â H. Ïóñòü a(f) è b(f) - íåïðåðûâíûå îïåðàòî-
ðû îïðåäåëåííûå íà C− îòîáðàæåíèÿ ñî çíà÷åíèÿìè â H è L(H,H) -
ïðîñòðàíñòâî âñåõ ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ èç H â H.

Ðàññìîòðèì â H ñòîõàñòè÷åñêîå óðàâíåíèå

du(t) = (Au(t) + a(πtU))dt+ b(πtU)dW (t), t ∈ R (1)

ïðè óñëîâèè, ÷òî àëãåáðà

B−∞t(U) ∪B−∞t(dW )

íåçàâèñèìà îò Bt∞(dW ) äëÿ êàæäîãî t ∈ R. Çäåñü A ÿâëÿåòñÿ ïðîèçâî-
äÿùèì îïåðàòîðîì C0 - ïîëóãðóïïû S(t).

Ðåøåíèå U(t) íàçûâàåòñÿ ñòàöèîíàðíûì, åñëè U(t) è W (t) ñèëüíî
ñòàöèîíàðíî ñâÿçàíû, ò.å. åñëè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ñèñòåìû

(U, dW ) = U(t), t ∈ R,W (v)−W (u), t ∈ R

èíâàðèàíòíî ïðè ñäâèãàõ âðåìåíè.

Óðàâíåíèþ (1) ñîîòâåòñòâóåò ñòîõàñòè÷åñêîå èíòåãðàëüíîå óðàâíåíèå

U(t) = S(t)U(0) +

t∫
0

S(t− s)a(πSU)ds+

t∫
0

S(t− s)b(πSU)ds (2)

ñ óñëîâèåì íà ïðîøëîå

U(t) = U−(t), t ≤ 0 (3)

ãäå U−(t), t ≤ 0 - çàäàííûé ïðîöåññ.

Â ðàáîòå íàéäåíû óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè îäíîñòî-
ðîííèõ è ñòàöèîíàðíûõ ðåøåíèé çàäà÷è (2)-(3). Óñòàíîâëåíû òàêæå ïðè-
çíàêè àññèìïòîòè÷åñêîé óñòîé÷èâîñòè, àññèìïòîòè÷åñêîé óñòîé÷èâîñòè
ïî÷òè íàâåðíîå ñòàöèîíàðíûõ ðåøåíèé.

Îòìåòèì, ÷òî áëèçêèå âîïðîñû äëÿ ñêàëÿðíûõ ñòîõàñòè÷åñêèõ óðàâ-
íåíèé èçó÷åíû â ðàáîòå [1]. Âîïðîñàì óñòîé÷èâîñòè ðåøåíèé ýâîëþöè-
îííûõ ñòîõàñòè÷åñêèõ óðàâíåíèé ñî ñîñðåäîòî÷åííûìè çàïàçäûâàíèÿìè
ïîñâÿùåíû ðàáîòû [2, 3].
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ÐÅÇÎÍÀÍÑÍÛÅ ÊÈÍÊ-ÏÐÈÌÅÑÍÛÅ
ÂÇÀÈÌÎÄÅÉÑÒÂÈß Â ÌÎÄÅËÈ ÑÈÍÓÑ-ÃÎÐÄÎÍÀ Ñ

Ó×ÒÎÌ ÂÍÅØÍÅÉ ÑÈËÛ È ÍÅÎÄÍÎÐÎÄÍÎÃÎ
ÇÀÒÓÕÀÍÈß

Ð.Â. Êóäðÿâöåâ, À.Ì. Ãóìåðîâ, Å.Ã. Åêîìàñîâ, Ê.Þ. Ñàìñîíîâ

Óðàâíåíèå ñèíóñ-Ãîðäîíà (ÓÑÃ) èìååò ðåøåíèÿ â âèäå ñîëèòîíîâ � óåäè-
í¼ííûõ âîëí, ñîõðàíÿþùèõ ñâîþ ôîðìó è ñêîðîñòü âî âðåìåíè, â òîì ÷èñëå
ïðè âçàèìîäåéñòâèè äðóã ñ äðóãîì. ÓÑÃ ïðèìåíÿåòñÿ â ðàçëè÷íûõ ðàçäåëàõ
ôèçèêè äëÿ îïèñàíèÿ ìíîãî÷èñëåííûõ ÿâëåíèé. Äëÿ áîëåå àäåêâàòíîãî ìî-
äåëèðîâàíèÿ ðåàëüíûõ ôèçè÷åñêèõ ñèñòåì â ÓÑÃ ââîäÿòñÿ äîïîëíèòåëüíûå
êîýôôèöèåíòû è ôóíêöèè. Âî ìíîãèõ ïóáëèêàöèÿõ èçó÷àåòñÿ âçàèìîäåéñòâèå
òîïîëîãè÷åñêîãî ñîëèòîíà � êèíêà � ñ ïðîñòðàíñòâåííîé íåîäíîðîäíîñòüþ
ïàðàìåòðà â âèäå ïðèìåñè, ïðèâîäÿùåå ê âîçáóæäåíèþ íà íåé ïðèìåñíîé ìî-
äû [1�2]. Äëÿ êà÷åñòâåííîãî ïîíèìàíèÿ èçó÷àåìîãî ïðîöåññà è äëÿ êîíòðî-
ëÿ ïðàâèëüíîñòè ÷èñëåííûõ ðàñ÷¼òîâ ñîõðàíÿþò àêòóàëüíîñòü àíàëèòè÷åñêèå
èññëåäîâàíèÿ. Â íàøåé ðàáîòå ñ ïîìîùüþ ìåòîäà êîëëåêòèâíûõ ïåðåìåííûõ
ïîëó÷åíà ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé, êà÷åñòâåííî îïèñûâàþùàÿ
îäíîìåðíóþ ðåçîíàíñíóþ äèíàìèêó êèíêà ÓÑÃ è êîëåáàíèÿ âîçáóæäàåìûõ
èì ïðèìåñíûõ ìîä â ìîäåëè ñ ïðîèçâîëüíûì ÷èñëîì ðàçíûõ òî÷å÷íûõ ïðèìå-
ñåé, ðàñïîëîæåííûõ íà ïðîèçâîëüíîì ðàññòîÿíèè äðóã îò äðóãà, â ïðèñóòñòâèè
âíåøíåé ñèëû è íåîäíîðîäíîé äèññèïàöèè. Ñ ïîìîùüþ ïîëó÷åííûõ óðàâíåíèé
ïîñòðîåíû è ïðîàíàëèçèðîâàíû çàâèñèìîñòè êîîðäèíàòû öåíòðà êèíêà è àì-
ïëèòóä ïðèìåñíûõ ìîä îò âðåìåíè â ÷àñòíûõ ñëó÷àÿõ: êîëåáàíèÿ ïðèìåñíûõ
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ìîä ïðè íàëè÷èè îäíîé, äâóõ èëè òð¼õ ïðèìåñåé â îòñóòñòâèè êèíêà, äèíàìèêà
êèíêà â îòñóòñòâèè ïðèìåñíûõ ìîä, ñîâìåñòíàÿ äèíàìèêà êèíêà è ïðèìåñíûõ
ìîä ïðè íàëè÷èè îäíîé èëè äâóõ ïðèìåñåé ïðè ðàçëè÷íûõ ïàðàìåòðàõ ñèñòå-
ìû.
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Ñ ïîìîùüþ ìåòîäà êîëëåêòèâíûõ ïåðåìåííûõ èññëåäóåòñÿ äèíà-
ìèêà ñâÿçàííûõ ëîêàëèçîâàííûõ íåëèíåéíûõ âîëí â ìîäåëè ñèíóñ-
Ãîðäîíà äëÿ ñëó÷àÿ òð¼õ îäèíàêîâûõ òî÷å÷íûõ ïðèìåñåé è ìàëûõ
àìïëèòóä êîëåáàíèé. Äëÿ îïèñàíèÿ ïîâåäåíèÿ ëîêàëèçîâàííûõ âîëí
ïîëó÷åíà ñèñòåìà òð¼õ ãàðìîíè÷åñêèõ îñöèëëÿòîðîâ ñî ñâÿçüþ óïðó-
ãîãî òèïà. Ïðîâåäåí àíàëèç âëèÿíèÿ ïàðàìåòðîâ ñèñòåìû è íà÷àëü-
íûõ óñëîâèé íà ÷àñòîòó è âèä âîçìîæíûõ ðåøåíèé.

Êëþ÷åâûå ñëîâà: óðàâíåíèå ñèíóñ-Ãîðäîíà, ëîêàëèçîâàííûå íåëè-
íåéíûå âîëíû, ïðèòÿãèâàþùàÿ ïðèìåñü, ïðèìåñíàÿ ìîäà

Nonlinear localized waves of the sine-Gordon equation in the
impurity model

The dynamics of coupled localized nonlinear waves in the sine-Gordon
model is studied using the method of collective variables for the case
of three identical point impurities and small oscillation amplitudes. To
describe the behavior of localized waves, a system of three harmonic
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oscillators with elastic coupling is obtained. The analysis of the influence
of system parameters and initial conditions on the frequency and type
of possible solutions is carried out.

Keywords: sine-Gordon equation, localized nonlinear waves, attracting
impurity, impurity mode

Óðàâíåíèå ñèíóñ-Ãîðäîíà (ÓÑÃ) ÿâëÿåòñÿ îäíèì èç èíòåíñèâíî èçó-
÷àåìûõ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ìàòåìàòè÷åñêîé ôè-
çèêè. Äàííîå óðàâíåíèå îïèñûâàåò âîëíîâûå ïðîöåññû â ñàìûõ ðàçíîîá-
ðàçíûõ îáëàñòÿõ åñòåñòâîçíàíèÿ [1]. Íàéäåíû ðàçëè÷íûå òî÷íûå ðåøå-
íèÿ ÓÑÃ òèïà êèíêà, áðèçåðà è íåêîòîðûå äðóãèå ðåøåíèÿ áîëåå ñëîæ-
íîãî ìóëüòèñîëèòîííîãî òèïà. Îáû÷íî äëÿ èñïîëüçîâàíèÿ â ðåàëüíûõ
ôèçè÷åñêèõ ìîäåëÿõ òðåáóåòñÿ ìîäèôèêàöèÿ ÓÑÃ, íàïðèìåð, ïóòåì äî-
áàâëåíèÿ äîïîëíèòåëüíûõ ñëàãàåìûõ è ôóíêöèé. Îíè ìîãóò îïèñûâàòü
íàëè÷èå âíåøíåé ñèëû, äèññèïàöèè â ñèñòåìå, íåîäíîðîäíîñòü ïàðàìåò-
ðîâ ñðåäû è äð. Õîòÿ ïîëó÷àåìîå â ðåçóëüòàòå ìîäèôèöèðîâàííîå óðàâ-
íåíèå ñèíóñ-Ãîðäîíà (ÌÓÑÃ) óæå íå èìååò òî÷íûõ àíàëèòè÷åñêèõ ðå-
øåíèé, ðàçðàáîòàí è øèðîêî ïðèìåíÿåòñÿ ðÿä àíàëèòè÷åñêèõ ìåòîäîâ
(íàïðèìåð, òåîðèÿ âîçìóùåíèé äëÿ ñîëèòîíîâ èëè ìåòîä êîëëåêòèâíûõ
êîîðäèíàò). Ñ ïîìîùüþ äàííûõ ìåòîäîâ èññëåäîâàí øèðîêèé ñïåêòð
ðàçëè÷íûõ çàäà÷. Èíòåðåñíî ñ òî÷êè çðåíèÿ ôèçè÷åñêèõ ïðèëîæåíèé
èçó÷åíèå âëèÿíèÿ ïðîñòðàíñòâåííîé ìîäóëÿöèè ïåðèîäè÷åñêîãî ïîòåí-
öèàëà (èëè ïðèìåñè) íà äèíàìèêó ñîëèòîíîâ ÓÑÃ. Âîçáóæäåíèå ëîêà-
ëèçîâàííîé íà ïðèìåñè âîëíû (ïðèìåñíîé ìîäû) â ðåçóëüòàòå ðàññåÿíèÿ
êèíêà ïðèâîäèò ê çíà÷èòåëüíîìó èçìåíåíèþ åãî äèíàìèêè. Ðàíåå áûëè
ïðîàíàëèçèðîâàíû ñòðóêòóðà è ñâîéñòâà ëîêàëèçîâàííûõ íåëèíåéíûõ
âîëí, âîçáóæäåííûõ íà îäíîé è äâóõ ïðèìåñÿõ [2,3]. Áûëî ïîêàçàíî,
÷òî ïðèòÿãèâàþùàÿ ïðèìåñü ìîæåò áûòü èñïîëüçîâàíà äëÿ âîçáóæäå-
íèÿ ìóëüòèñîëèòîíîâ ÓÑÃ. Â ñëó÷àå, êîãäà íà äâóõ ïðèìåñÿõ âîçáóæäà-
þòñÿ ëîêàëèçîâàííûå ïðèìåñíûå âîëíû, àíàëèòè÷åñêè ïîêàçàíî, ÷òî èõ
êîëåáàíèÿ ìîæíî îïèñàòü ñèñòåìîé äâóõ ãàðìîíè÷åñêèõ îñöèëëÿòîðîâ
ñî ñâÿçüþ óïðóãîãî òèïà. Àíàëèòè÷åñêèå ðåçóëüòàòû êà÷åñòâåííî ñîâ-
ïàäàþò ñ ðåçóëüòàòàìè ÷èñëåííîãî ìîäåëèðîâàíèÿ ÓÑÃ (êàê äëÿ äâóõ
òî÷å÷íûõ, òàê è äëÿ äâóõ ïðîòÿæåííûõ ïðèìåñåé). Ñëó÷àé äâóõ ïðèìå-
ñåé äàåò áîëüøåå ðàçíîîáðàçèå íîâûõ ìóëüòèñîëèòîííûõ ðåøåíèé è äè-
íàìè÷åñêèõ ýôôåêòîâ ïî ñðàâíåíèþ ñî ñëó÷àåì îäíîé ïðèìåñè. Ìîæíî
îæèäàòü åùå áîëüøåãî ðàçíîîáðàçèÿ ðåøåíèé è ýôôåêòîâ ïðè íàëè÷èè
òð¼õ è áîëåå ïðèìåñåé â ñèñòåìå. Â äàííîé ðàáîòå èññëåäîâàíà äèíàìèêà
ïðèìåñíûõ ìîä â ìîäåëè ñèíóñ-Ãîðäîíà ñ òðåìÿ îäèíàêîâûìè òî÷å÷íû-
ìè ïðèòÿãèâàþùèìè ïðèìåñÿìè, íàõîäÿùèìèñÿ íà îäèíàêîâîì ðàññòî-
ÿíèè äðóã îò äðóãà. Ñ ïîìîùüþ ìåòîäà êîëëåêòèâíûõ ïåðåìåííûõ ïî-
ëó÷åíà ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé, ïðèáëèæåííî îïèñûâà-
þùàÿ êîëåáàíèÿ ïðèìåñíûõ ìîä. Ïîëó÷åííûå óðàâíåíèÿ ïðåäñòàâëÿþò
ñîáîé óðàâíåíèÿ êîëåáàòåëüíîé ñèñòåìû ñ òðåìÿ ñòåïåíÿìè ñâîáîäû èëè
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òð¼õ ñâÿçàííûõ ãàðìîíè÷åñêèõ îñöèëëÿòîðîâ. Êîëåáàíèÿ ñèñòåìû ïðåä-
ñòàâëÿþò ñîáîé ñóììó òð¼õ òèïîâ ãàðìîíè÷åñêèõ êîëåáàíèé: ñèíôàçíî-
ãî, ñèíôàçíî-àíòèôàçíîãî è àíòèôàçíîãî. Íàéäåíà çàâèñèìîñòü ÷àñòîò
ãàðìîíè÷åñêèõ êîëåáàíèé è èõ êîýôôèöèåíòîâ, îïðåäåëÿþùèõ, íàðÿäó ñ
íà÷àëüíûìè óñëîâèÿìè, âêëàä êàæäîé ãàðìîíèêè â êîëåáàíèÿ ïðèìåñ-
íûõ ìîä, îò âåëè÷èí íåîäíîðîäíîñòè è ðàññòîÿíèÿ ìåæäó ïðèìåñÿìè.
Âû÷èñëåíû ïðåäåëû êâàäðàòîâ ÷àñòîò è êîýôôèöèåíòîâ ïðè áåñêîíå÷-
íîì ðàññòîÿíèè ìåæäó ïðèìåñÿìè, ñîîòâåòñòâóþùåì ñëó÷àþ íåâçàèìî-
äåéñòâóþùèõ ïðèìåñíûõ ìîä. Ïðè óìåíüøåíèè ðàññòîÿíèÿ ìåæäó ïðè-
ìåñÿìè ÷àñòîòà ñèíôàçíûõ êîëåáàíèé óìåíüøàåòñÿ, ÷àñòîòà ñèíôàçíî-
àíòèôàçíûõ êîëåáàíèé óâåëè÷èâàåòñÿ, ÷àñòîòà àíòèôàçíûõ êîëåáàíèé
óâåëè÷èâàåòñÿ íå òàê áûñòðî ïî ñðàâíåíèþ ñ ñèíôàçíî-àíòèôàçíûì ñëó-
÷àåì. Íàéäåíû çàâèñèìîñòè àìïëèòóä ïðèìåñíûõ ìîä îò âðåìåíè. Â
ñëó÷àå âîçáóæäåíèÿ îäíîé ãàðìîíèêè íàáëþäàåìûå êîëåáàíèÿ ãàðìîíè-
÷åñêèå. Ïðè âîçáóæäåíèè äâóõ ãàðìîíèê âîçíèêàþò áèåíèÿ, êîëåáàíèÿ
ïîõîæè íà êîëåáàíèÿ â ñëó÷àå äâóõ îäèíàêîâûõ ïðèìåñåé. Ïðè âîçáóæ-
äåíèè òð¼õ ãàðìîíèê ôîðìà êîëåáàíèé ñèëüíî óñëîæíÿåòñÿ. Ïîêàçàíî,
÷òî ðàññìîòðåííàÿ ìîäåëü ìîæåò áûòü èñïîëüçîâàíà, íàïðèìåð, äëÿ îïè-
ñàíèÿ è óïðàâëåíèÿ äèíàìèêîé âîëí íàìàãíè÷åííîñòè â ìóëüòèñëîéíûõ
ìàãíåòèêàõ.
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Ðàññìàòðèâàåòñÿ ñèíãóëÿðíî âîçìóùåííîå óðàâíåíèå ñ ÷àñòíûìè
ïðîèçâîäíûìè è ñ áûñòðî îñöèëëèðóþùèìè êîýôôèöèåíòàìè. Äî-
êàçûâàåòñÿ ðàçðåøèìîñòü èòåðàöèîííûõ çàäà÷.

Êëþ÷åâûå ñëîâà: ñèíãóëÿðíîå âîçìóùåíèå, èíòåãðî-äèôôåðåíöèàëüíîå
óðàâíåíèå, ðåãóëÿðèçàöèÿ

Regularized asymptotics of solutions of a singularly
perturbed partial differential equation with rapidly

oscillating coefficients

A singularly perturbed partial differential equation with rapidly oscil-
lating coefficients is considered. The solvability of iterative problems is
proved.

Keywords: singular perturbation, integro-differential equation, regular-
ization.

Ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ ñèíãóëÿðíî âîçìóùåííîãî èíòåã-
ðî-äèôôåðåíöèàëüíîãî óðàâíåíèå ñ ÷àñòíûì ïðîèçâîäíûì:

Lεy(x, t, ε) ≡ ε ∂y∂x −A(x)y −
x∫
x0

K(x, t, s)y(s, t, ε)ds− εg(x)×

× cos β(x)
ε By = h(x, t), y(x0, t, ε) = y0 (t) , ((x, t) ∈ [x0, X]× [0, T ]) ,

(1)
ãäå A(x), g(x), h(x, t), y0 (t) , β′(x) > 0 (x ∈ [x0, X]) � èçâåñòíûå ñêàëÿð-
íûå ôóíêöèè, B = const, y = y (x, t, ε) � íåèçâåñòíàÿ ôóíêöèÿ, ε > 0 �
ìàëûé ïàðàìåòð. Ñòàâèòñÿ çàäà÷à ïîñòðîåíèÿ ðåãóëÿðèçîâàííîãî àñèìï-
òîòè÷åñêîãî ðåøåíèÿ [1] çàäà÷è (1). Ïðåäåëüíûé îïåðàòîð A(x) èìååò
ñïåêòð λ1(x) = A (x) , β′(x) � ÷àñòîòà áûñòðî îñöèëëèðóþùåãî êîñèíó-
ñà, ôóíêöèè λ2(x) = −iβ′(x), λ3(x) = +iβ′(x) ñïåêòð áûñòðî îñöèëëèðó-
þùåãî êîýôôèöèåíòà.
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1) g(x), β(x), A(x) ∈ C∞ ([x0, X],R) , h(x, t) ∈ C∞ ([x0, X]× [0, T ],R) ,
y0 (t) ∈ C∞ ([0, T ],R) , K(x, t, s) ∈ C∞ ({x0 ≤ s ≤ x ≤ X, 0 ≤ t ≤ T},R) ;

2) A(x) < 0 (∀x ∈ [x0, X]).

Îáîçíà÷èì ÷åðåç σj = σj (ε) , íå çàâèñÿùèå îò t âåëè÷èíû σ1 =

e−
i
ε
γ(t0), σ1 = e+ i

ε
γ(t0), è ïåðåïèøåì ñèñòåìó (1) â âèäå

Lεy(x, t, ε) ≡ ε ∂y∂x −A(x)y −
x∫
x0

K(x, t, s)y(s, t, ε)ds− h(x, t) =

= εg(x)
2

e− i
ε

x∫
x0

β′(θ)dθ

σ1 + e
+ i
ε

x∫
x0

β′(θ)dθ

σ2

By, y(x0, t, ε) = y0(t).

(2)

Ââåäåì ðåãóëÿðèçèðóþùèå ïåðåìåííûå τj = 1
ε

x∫
x0

λj(θ)dθ ≡ ψj(x)
ε , j =

1, 3, è âìåñòî çàäà÷è (2) ðàññìîòðèì çàäà÷ó

ε ∂ỹ∂x +
3∑
j=1

λj(x) ∂ỹ∂τj −A(x)ỹ −
x∫
x0

K(x, t, s)ỹ(s, t, ψ(s)
ε , ε)ds+

+εg(x)
2 (eτ2σ1 + eτ3σ2)Bỹ = h(x, t), ỹ(x, t, τ, ε)|x=x0,τ=0 = y0(t),

(3)

äëÿ ôóíêöèè ỹ = ỹ(x, t, τ, ε), ãäå îáîçíà÷åíî: τ = (τ1, τ2, τ3) , ψ = (ψ1, ψ2, ψ3).
ßñíî, ÷òî åñëè ỹ = ỹ(x, t, τ, ε) � ðåøåíèå çàäà÷è (3), òî ôóíêöèÿ ỹ =

ỹ(x, t, ψ(x)
ε , ε) ÿâëÿåòñÿ òî÷íûì ðåøåíèåì çàäà÷è (2), ïîýòîìó çàäà÷à (3)

ÿâëÿåòñÿ ðàñøèðåííîé ïî îòíîøåíèþ ê çàäà÷å (2).

Ïðîèçâåäÿ ðåãóëÿðèçàöèè èíòåãðàëüíîãî ÷ëåíà

Jỹ =

x∫
x0

K(x, t, s)ỹ(s, t,
ψ(s)

ε
, ε)ds,

ðàçëîæèâ êîýôôèöèåíòû ðàñøèðåííîé çàäà÷è â ñòåïåííîé ðÿä ïî ñòå-
ïåíÿì ε, ïîëó÷èì îáùåèòåðàöèîííóþ çàäà÷ó âèäà:

Ly(x, t, τ) ≡
3∑
j=1

λj(x)
∂y

∂τj
−A(x)y −R0y = H(x, t, τ), y(x0, t, 0) = y∗ (t) ,

(4)

ãäå H(x, t, τ) = H0(x, t) +
3∑
i=1

Hi(x, t)e
τi +

∗∑
2≤|m|≤NH

Hm(x, t)e(m,τ) ∈ U,

y∗(t) � èçâåñòíàÿ ôóíêöèÿ êîìïëåêñíîãî ïðîñòðàíñòâà C, à îïåðàòîð
R0 èìååò âèä

R0y(x, t, τ) ≡ R0

y0(x, t) +
3∑
i=1

yi(x, t)e
τi +

∗∑
2≤|m|≤Ny

ym(x, t)e(m,τ)

 =
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=

∫ x

x0

K(x, t, s)y0(s, t)ds.

Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà Ïóñòü âûïîëíåíû óñëîâèÿ 1), 2) è ïðàâàÿ ÷àñòü H(x, t, τ) =

H0(x, t) +
3∑
i=1

Hi(x, t)e
τi +

∗∑
2≤|m|≤NH

Hm(x, t)e(m,τ) óðàâíåíèÿ (4) ïðèíàä-

ëåæèò ïðîñòðàíñòâó U . Òîãäà óðàâíåíèå (4) ðàçðåøèìî â U, òîãäà è
òîëüêî òîãäà, êîãäà

< H(x, t, τ), eτ1 >≡ 0, ∀ (x, t) ∈ [x0, X]× [0, T ] .
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In this paper, we consider a system with a rapidly oscillating right-hand
side. The aim of this work is to generalize the Lomov regularization
method and identify the rapidly oscillating right - hand side to the
asymptotics of the solution of the original problem.

Keywords: singular perturbation, integro-differential equation, regular-
ization.

Ðàññìàòðèâàåòñÿ íà÷àëüíàÿ çàäà÷à äëÿ ñèíãóëÿðíî âîçìóùåííîé èí-
òåãðî-äèôôåðåíöèàëüíîé ñèñòåìû

ε
dy

dt
−A(t)y−

t∫
t0

K(t, s)y(s, ε)ds = h1(t)+εh2(t) sin
β(t)

ε
, y(t0, ε) = y0, (1)

ãäå A(t), h1(t), h2(t), β(t) - ñêàëÿðíûå ôóíêöèè, β′(t) � ÷àñòîòà áûñòðî
îñöèëëèðóþùåãî ñèíóñà, y0 � ïîñòîÿííîå ÷èñëî, ε - ìàëûé ïàðàìåòð.

Ôóíêöèÿ λ1(t) = A(t) ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì ïðåäåëüíîãî
îïåðàòîðà A(t), à ôóíêöèè λ2(t) = −iβ′(t) è λ3(t) = +iβ′(t) ñâÿçàíû ñ
íàëè÷èåì â óðàâíåíèÿ (1) áûñòðî îñöèëëèðóþùåãî ñèíóñà.

Ïîñòðîèì ðåãóëÿðèçîâàííóþ àñèìïòîòè÷åñêóþ ðåøåíèþ [1,2], çàäà÷è
(1) ïðè ñëåäóþùèõ óñëîâèÿõ:

1) A(t), β(t), µ(t) ∈ C∞ ([t0, T ] , R) , h1(t), h2(t) ∈ C∞ ([t0, T ] , C) ,
K(t, s) ∈ C∞ {t0 ≤ s ≤ t ≤ T,C} ;

2) A(t) < 0, t ∈ [t0, T ] ,

Îáîçíà÷èì, ÷åðåç σj = σj (ε) íå çàâèñÿùèå îò t âåëè÷èíû σ1 =

e−
i
ε
β(t0), σ2 = e+ i

ε
β(t0), è ïåðåïèøåì óðàâíåíèþ (1) â âèäå

εdydt −A(t)y −
∫ t
t0
K(t, s)y(s, ε)ds = h1(t)+

+ 1
2ih2(t)

(
e
− i
ε

∫ t
t0
β′(θ)dθ

σ1 − e
+ i
ε

∫ t
t0
β′(θ)dθ

σ2

)
, y(t0, ε) = y0.

(2)

Ââåäåì ðåãóëÿðèçèðóþùèå ïåðåìåííûå:

τj =
1

ε

∫ t

t0

λj(θ)dθ ≡
ψj(t)

ε
, j = 1, 3,

è âìåñòî çàäà÷è (2) ðàññìîòðèì çàäà÷ó

ε∂ỹ∂t +
∑3

j=1 λj(t)
∂ỹ
∂τj
−A(t)ỹ −

∫ t
t0
K(t, s)ỹ

(
s, ψ(s)

ε , ε
)
ds = h1(t)+

+ 1
2ih2(t) (eτ2σ1 − eτ3σ2) , ỹ(t, τ, ε)|t=t0,τ=0 = y0, t ∈ [t0, T ],

(3)

äëÿ ôóíêöèè ỹ = ỹ (t, τ, ε) , ãäå τ = (τ1, ..., τ3) , ψ = (ψ1, ..., ψ3) . ßñ-
íî, ÷òî åñëè ỹ = ỹ (t, τ, ε) ðåøåíèå çàäà÷è (3), òî âåêòîð-ôóíêöèÿ y =

ỹ
(
t, ψ(t)

ε , ε
)
ÿâëÿåòñÿ òî÷íûì ðåøåíèåì çàäà÷è (2), ïîýòîìó çàäà÷à (3)

ÿâëÿåòñÿ ðàñøèðåííîé ïî îòíîøåíèþ ê çàäà÷å (2).
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Ðåãóëÿðèçàöèè èíòåãðàëüíîãî ÷ëåíà

Jỹ =

∫ t

t0

K(t, s)ỹ

(
s,
ψ(s)

ε
, ε

)
ds

çàäà÷è (3) è ðàçëîæåíèå êîýôôèöèåíòîâ ïîëó÷åííîé ðàñøèðåííîé çà-
äà÷è â ñòåïåííîé ðÿä ïî ñòåïåíÿì ε, ïîçâîëÿþò ïîëó÷èòü èòåðàöèîííûå
çàäà÷è â âèäå:

Ly(t, τ) ≡
3∑
j=1

λj(t)
∂y

∂τj
−A(t)y −R0y = H(t, τ), y(t0, 0) = y∗, (4)

ãäå H (t, τ) = H0 (t) +
∑3

i=1Hi (t) eτi - èçâåñòíàÿ ôóíêöèÿ ïðîñòðàíñòâà
U:

y (t, τ) = y0 (t) +

3∑
i=1

yi (t) eτi , y0 (t) , yi (t) ∈ C∞ ([t0, T ] ,C) , i = 1, 3,

à îïåðàòîð R0 èìååò âèä

R0y ≡ R0

(
y0 (t) +

3∑
i=1

yi (t) eτi

)
def
=

∫ t

t0

K (t, s) y0 (s) ds.

Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1.Ïóñòü âûïîëíåíû óñëîâèÿ 1) è 2) è ïðàâàÿ ÷àñòü H (t, τ) =
H0 (t)+

∑3
i=1Hi (t) eτi óðàâíåíèÿ (4) ïðèíàäëåæèò ïðîñòðàíñòâó U . Òî-

ãäà äëÿ ðàçðåøèìîñòè óðàâíåíèÿ (4) â U íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû èìåëè ìåñòî òîæäåñòâà

H1(t, τ) ≡ 0, ∀t ∈ [t0, T ] .
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Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ ïîïóëÿöèè íåêîòîðûõ îáúåê-
òîâ íàøåé ðåàëüíîé ïðèðîäû, â ñèòóàöèè. Òàêæå ðàññìàòðèâàþòñÿ
íåêîòîðûå çàäà÷è áèîëîãèè,è ýêîëîãèè, êîòîðûå ïðèâîäÿòñÿ â ðåøå-
íèè íåêîòîðûõ çàäà÷ ÎÄÓ, è ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé
â ïîëíûõ äèôôåðåíöèàëàõ â äåéñòâèòåëüíîé ïëîñêîñòè.

Êëþ÷åâûå ñëîâà: ïîïóëÿöèÿ, íåïðåðûâíîñòü ôóíêöèè, ¾õèùíèê- æåðò-
âà¿, ïðèðîäíûå ÿâëåíèÿ, ñêîðîñòü äâèæåíèé è ïîëåòà

Application of differential equations to some problems of
ecology

In this paper, we consider populations of some objects of our real na-
ture, in a situation. Also some problems of biology and ecology, which
are given in the solution of some problems of ODE, and systems of dif-
ferential equations in total differentials in the real plane are considered.

Keywords: population, continuity of function, ”predator-prey”, natural
phenomena, speed of movement and flight

Â ðàáîòàõ [1]-[3] áûëè èçó÷åíû ïðèëîæåíèå îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé (ÎÄÓ), è íåêîòîðûå êëàññû ñèñòåìû óðàâíå-
íèé â ïîëíûõ äèôôåðåíöèàëàõ (ï.ä.- ñèñòåì) [4]-[6], èìåþùèå íåêîòîðûå
âçàèìîñâÿçè ñ çàäà÷àìè ýêîëîãèè. Èìè íàéäåíû ìíîãîîáðàçèÿ ðåøåíèé
ñèñòåì ÎÄÓ, è ï.ä.- ñèñòåì â îïðåäåë¼ííûõ ôîðìàõ, ïðè÷¼ì, â ÿâíîì
âèäå.

Ïðåæäå âñåãî, çàìåòèì, ÷òî íàóêà îá ýêîëîãèè èçó÷àåò âçàèìîîòíî-
øåíèå ÷åëîâåêà ñ æèâûìè îðãàíèçìàìè ïðèðîäû, è âñÿ ÷åëîâå÷åñêàÿ
æèçíü ñ ïðèðîäíûõ ôàêòîðîâ, ýêîíîìèêè è äðóãèõ ôàêòîðîâ, êîòîðûå
çàâèñÿò îò ýêîëîãè÷åñêè ÷èñòîé íàøåé ïðèðîäû. Îñíîâíûì ïðåäìåòîì
ýêîëîãèè ÿâëÿåòñÿ ïîïóëÿöèÿ æèâûõ îðãàíèçìîâ ïðèðîäû, íà÷èíàÿ èç
ìàëåíüêèõ íàñåêîìûõ äî ëþäåé, êàê âûñøåé êàòåãîðèè ýëåìåíòà ïðèðî-
äû

1. Ïóñòü y = y(x) ïðåäñòàâëÿåò ÷èñëî îñîáåé â ïîïóëÿöèè â ìîìåíò
âðåìåíè x. Òîãäà ÷èñëî a ìîæåì îáîçíà÷àòü êàê ÷èñëî îñîáåé ïðè ðîæ-
äàþùèõñÿ â ïîïóëÿöèè, b- êàê ÷èñëîì îñîáåé, âûìèðàþùèõ â òå÷åíèå
ìîìåíòîâ âðåìåíè x. Òîãäà ñêîðîñòü èçìåíåíèÿ ÷èñëà óêàçàííûõ îñî-
áåé ðîæäàþùèéñÿ è óìèðàþùèõ â ìîìåíò âðåìåíè ïîïóëÿöèè, ìîæíî
çàïèñàòü ñëåäóþùåé ôîðìóëîé

dy

dx
= a− b (1)

Êàðîìàòóëîè À., ÒÃÔÝÓ (Äóøàíáå, Òàäæèêèñòàí); Alexander Abanin (Southern
Federal University, Rostov-na-Donu, Russia)
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Çàìåòèì, ÷òî ðàçíîñòü îñîáåé (à - b) ïðåäñòàâëÿþòñÿ êàê ïîñòîÿííûì
÷èñëîì, ëèáî êàê ôóíêöèè çàâèñÿùåé îò õ, ëèáî îò (x, y) � â ëèíåéíûõ
ôîðìàõ, ëèáî íåëèíåéíûì âèäàì. Íåêîòîðûå ýòè ñëó÷àè, ðàññìîòðèì â
îòäåëüíîñòè;

1. Ïóñòü â óðàâíåíèè (1) a, b = const., (a−b) = const. Òîãäà â ðåçóëü-
òàòå èíòåãðèðîâàíèÿ óðàâíåíèé ñèñòåìû (1) áóäåì èìåòü y(x) =
y0 + (a− b) · (x− x0).

2. Åñëè ðàçíîñòü (a − b)- ïðåäñòàâëÿåòñÿ êàê ëèíåéíîé ôóíêöèè, ò.å.
îáú¼ìíî, òî óðàâíåíèå (1) ïðèíèìàåò âèä

dy
dx = (a− b) · x · y, ëèáî

dy

dx
=
a− b
x
· y . (2)

Èíòåãðèðóÿ ýòîãî óðàâíåíèÿ, áóäåì èìåòü:

y(x) = y0 · exp

{
a− b

2
· (x2 − x2

0)

}
. (3

Â ïðîöåññå èíòåãðèðîâàíèÿ âòîðîãî óðàâíåíèÿ èç (2), íàõîäèì

y(x) = y0 · (xa−b − xa−b0 ) . (4)

Åñëè æå óðàâíåíèå çàïèñûâàåòñÿ â âèäå dy
dx = a−b

xk
·yn, òî â ðåçóëüòàòå

åå èíòåãðèðîâàíèÿ áóäåì èìåòü y1−n − y1−n
0 = (1−n)(a−b)

1−k · (x1−k − x1−k
0 ),

ëèáî

y(x) =

[
y1−n

0 +
(1− n)(a− b)

1− k
· (x1−k − x1−k

0 )

]1/ (1−k)

. (5)

Åñëè â ïðåäûäóùèõ çàäà÷àõ ÷èñëî ðîæäàþùèõñÿ áóäåò ìåíüøå, ÷åì
÷èñëî âûìèðàþùèõ îñîáåé, òî íà íåêîòîðîì èíòåðâàëå ïîëó÷èì ìîäåëè
óáèâàþ-ùèõñÿ ôóíêöèé, êàê ïîêàçàòåëüíîé, ëèáî ñòåïåííîé è äðóãèõ
ôóíêöèé.

ñ) Ïóñòü a, b ÿâëÿþòñÿ îñîáåé, íî íå êàê ïîñòîÿííûå ÷èñëà, à
íåïðåðûâíûõ ôóíêöèé çàâèñÿùèå îò ïåðåìåííûõ, êàê: a = a(x), b =
b(x); a = a(x, y), b = b(x, y), è äðóãèõ âèäîâ ôóíêöèé îò îäíîãî, ëèáî
ìíîãèõ ïåðåìåííûõ, òàê íàïðèìåð;

dy
dx = a(x)− b(x) ëèáî

dy

dx
= a(x) · yk − b(x) · y . (6)

Òîãäà â ðåçóëüòàòå èíòåãðèðîâàíèÿ ýòèõ óðàâíåíèé, ñîîòâåòñòâåííî
èìååì:

45



y(x) = y0 +A(x)−B(x), ëèáî

y(x) = exp(−B(x)) ·
[
y0 + (1− k)

∫ x

x0

a(t) · exp(1− k)B(t)dt

]1/ (k−1)

. (7)

Ïðè ýòîì, ôîðìóëà âèäà (7) ïðåäñòàâëÿåòñÿ êàê ìàòåìàòè÷åñêàÿ ìî-
äåëü íåêîòîðîé çàäà÷è ýêîëîãèè, ïðåäñòàâëÿåòñÿ êàê íåïðåðûâíîé ôóíê-
öèè.

Ïóñòü ìîäåëü íåêîòîðîé çàäà÷è ýêîëîãèè ïðåäñòàâëÿþòñÿ â âèäàõ
ôóíêöèè íåñêîëüêèõ äåéñòâèòåëüíûõ ïåðåìåííûõ, êàê íàïðèìåð;

∂u

∂x
= a(x, y) · u, ∂u

∂ y
= b(x, y) · u

, ëèáî
∂ u

∂ x
= a(x, y) ·m(u),

∂ u

∂ y
= b(x, y) ·m(u) . (8)

∂ u

∂ x
= (a(x, y)− f(x, y)) ·m(u),

∂ u

∂ y
= (b(x, y − g(x, y)) ·m(u) , (9)

ëèáî

∂ u

∂ x
= (a(x, y)− f(x, y)) ·m(u),

∂ u

∂ y
= (b(x, y − g(x, y)) · n(u) , (10)

ãäå a, b, f, g, m, n ∈ C1(D̄), u = u(x, y) ∈ C2(D̄×R1), a, b, f, g ≥
0, 0 ≤ u ≤ k. Óñëîâèå ñîâìåñòíîñòè ñîîòâåòñòâóþùèõ ñèñòåì (8)- (10)
ñîîòâåòñòâåííî èìåþò âèä:

a′y = b′x äëÿ ñèñòåì (8), (a−f)′y = (b−g)′x äëÿ ñèñòåìû (9), è ñèñòåìû
(10)

(a−f)′y ·m+(a−f) ·(b−g) ·m′ ·n = (b−g)′x ·n+(a−f) ·(b−g) ·m ·n . (11)

Êîãäà óñëîâèå ñîâìåñòíîñòè ñèñòåì (8) âûïîëíÿþòñÿ òîæäåñòâåííî,
ò.å., ïî âñåì ïåðåìåííûì, òîãäà ìíîãîîáðàçèå ðåøåíèé ýòèõ ñèñòåì îïðå-
äåëÿþòñÿ íåïðåðûâíûìè âî âñåé îáëàñòè, ñîîòâåòñòâóþùèìè ôîðìóëà-
ìè:

u(x, y) = C · exp {A(x, y) +B(0 = a(x, }, ëèáî

u(x, y) = u0 · exp {A(x, y) +B(0, y)} . (12)

Ðåøåíèåì 2-é ñèñòåìû èç (9), îïðåäåëÿåòñÿ ïî àíàëîãèè ïðåäûäóùè-
ìè ôîðìóëàìè ñëåäóþùèì îáðàçîì:

u(x, y) = M−1 {C +A(x, y) +B(0, y)}, ëèáî

u(x, y) = M−1 {u0 +A(x, y) +B(0, y)} . (13)
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Ïóñòü óñëîâèå ñîâìåñòíîñòè (11) äëÿ ï.ä.- ñèñòåìû 10) âûïîëíÿåòñÿ,
íî íå òîæäåñòâåííî, òîãäà ðåøàÿ åå êàê ëèíåéíîå íåîäíîðîäíîå óðàâíå-
íèå àëãåáðàè÷åñêèì ñïîñîáîì (ñì.[6]), îòíîñèòåëüíî íåèçâåñòíîé ôóíê-
öèè, èìååì u = H(x, y). Åñëè íàéäåííàÿ ôóíêöèÿ óäîâëåòâîðÿåò êàæäûå
óðàâíåíèÿ ñèñòåìû (9), òîãäà îíà ïðåäñòàâëÿþùåå êàê ïðîèçâîäñòâåííîé
ôóíêöèè, áóäåò ÷àñòíûì ðåøåíèåì ñèñòåìû (9). Óñëîâèåì ñîâìåñòíîñòè
(11) ïî àíàëîãèþ ñ ïðåäûäóùèìè ñëó÷àÿìè âûïîëíÿåòñÿ òîæäåñòâåííî,
åñëè

n(u) =
[
1 + e−M(u)

]
·m(u), b(x, y)− g(x, y) = β(y) · eA(x,y)−F (x,y) . (14)

Òîãäà èñõîäíàÿ ñèñòåìà (10) ðàçðåøèìà â êâàäðàòóðàõ, è ìíîãîîáðà-
çèÿ åå ðåøåíèé íàéä¼òñÿ ñëåäóþùåé ÿâíîé ôîðìóëîé

u(x, y) = M−1

{
y;A(x, y) +

1

λ
ln
[
u0 + λ

(
B̃(y)− G̃(y)

)]}
. (15)

Òåîðåìà 1.Ïóñòü â ï.ä.- ñèñòåìàõ (8) � (10) äàííûå ôóíêöèé óäî-
âëåòâîðÿþò óñëîâèé a, b, f, g, m, n ∈ C1(D̄), u = u(x, y) ∈ C2(D̄ × R1),
a, b, f, g ≥ 0, 0 ≤ u ≤ k. Åñëè äëÿ ñèñòåì âèäà (8) è (9) èõ óñëîâèå
ñîâìåñòíîñòè a′y = b′x, (a − f)′y =, (b − g)′x ïî âñåì ïåðåìåííûì âû-
ïîëíÿþòñÿ, òî ýòè ñèñòåìû ðàçðåøèìûå, è ìíîãîîáðàçèÿ èõ ðåøåíèé
îïðåäåëÿþòñÿ ôîðìóëàìè âèäà (12) è (13). Äëÿ ñîâìåñòíîñòè ñèñòåìû
âèäà (10) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âçàèìîñâÿçü ìåæäó ôóíê-
öèè n(u), m(u) è b(x, y), g(x, y), a(x, y), f(x, y) îïðåäåëÿëèñü ôîðìóëàìè
âèäà (14). Òîãäà ï.ä.- ñèñòåìà (10) ðàçðåøèìà, è ìíîãîîáðàçèå, ëèáî
åäèíñòâåííîå åå ðåøåíèé îïðåäåëÿåòñÿ ôîðìóëîé âèäà (15), íåïðåðûâ-
íîé âî âñåé äàííîé îáëàñòè.

2. Çàìåòèì, ÷òî ïîïóëÿöèè ïòèö, íàïðèìåð; çîëîòàÿ ùóðêà (ï÷åëî-
åä), êîòîðàÿ ïåðåëåòàþò íà òåððèòîðèþ Òàäæèêèñòàí â êîíöå àïðåëÿ
ìåñÿöà, è ïðîæèâàþò äî ïîëîâèíå ñåíòÿáðÿ åæåãîäíî. Îíè ïåðåëåòàþò
èç ñòðàí þæíîé Àçèè è ñåâåðíîé Àôðèêè. Çäåñü â íàøåé ñòðàíå îíè â
ïðîöåññå ïîïóëÿöèè, ðàçìíîæàþòñÿ. Ýòè ïòèöû ïèòàþòñÿ íàñåêîìûìè,
îñÿìè, øìåëÿìè, êóçíå÷èêàìè, ï÷åëàìè è äðóãèìè âèäàìè íàñåêîìûìè.
Äî âòîðîé ïîëîâèíå ñåíòÿáðå ìåñÿöå åæåäíåâíî, îíè ñúåäàþò äî 200-300
îñîáîé ï÷åë, î÷åíü ñèëüíî âðåäÿò ýêîíîìèêó ï÷åëîâîäàì, à òàêæå õîçÿé-
ñòâàì. Íàáèðàÿ ñèëó, ñ ïèòîìöàìè ïåðåëåòàþò îáðàòíî íà ñâîþ âòîðóþ
ðîäèíó. Ïðè ýòîì, äèôôåðåíöèàëüíûå ìîäåëè çàäà÷è (1), êàê ñêîðîñòü
ðàçìíîæåíèÿ ïòåíöîâ, ïðèíèìàåò âèä ñèñòåìû óðàâíåíèé â ïîëíûõ äèô-
ôåðåíöèàëîâ (ï.ä.- ñèñòåì) ðàçëè÷íûõ ñòåïåíåé, ñ íåïðåðûâíûìè êîýô-
ôèöèåíòàìè:

∂ u

∂ x
= a(x, y) · uk − f(x, y) · u, ∂ u

∂ y
= b(x, y) · um − g(x, y) · u . (16)
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{ ∂ u
∂ x = [a(x, y)− h(x, y)] · uk − [f(x, y)− q(x, y)] · u,
∂ u
∂ y = [b(x, y)− p(x, y)] · um − [g(x, y)− s(x, y)] · u. (17)

ãäå a, b, f, g ∈ C1(D̄), u = u(x, y) ∈ C2(D̄×R1), a, b, f, g ≥ 0, 0 ≤
u ≤ k. Óñëîâèþ ñîâìåñòíîñòè ñèñòåìû (16) ïðåäñòàâèì ôîðìóëîé:[

a′y − (k − 1)a · g
]
· uk −

[
b′x − (m− 1)b · f

]
· um+

+ab(k −m) · uk+m−1 + (g′x − f ′y) · u = 0 (18)

Åñëè óñëîâèå (18) âûïîëíÿåòñÿ, ïî âñåì ïåðåìåííûì, íî íå òîæäå-
ñòâåííî, òî ðåøàÿ (18), àëãåáðàè÷åñêèì ñïîñîáîì, èìååì u(x, y) = 0, u =
h(x, y). Î÷åâèäíî, ÷òî u = 0 áóäåò òðèâèàëüíûì ðåøåíèåì ñèñòåìû (17).
Åñëè æå u = h(x, y) óäîâëåòâîðÿåò êàæäûå óðàâíåíèÿ ñèñòåìû (17), òî
îíà òàêæå áóäåò, òîëüêî ëèøü íåêîòîðûì ÷àñòíûì ðåøåíèåì ñèñòåìû.
Â ïðîòèâíîì ñëó÷àå, ñèñòåìà (17) êðîìå òðèâèàëüíîãî, äðóãèå ðåøåíèÿ
íå èìååò. Ïóñòü óñëîâèå (18) ïî âñåì ïåðåìåííûì âûïîëíÿåòñÿ òîæäå-
ñòâåííî, ò.å.:

a′y − (k− 1)a · g = 0, b′x− (m− 1)b · f = 0, k = m, g′x− f ′y = 0 . (19)

Ïðè ýòîì, ïðåäûäóùàÿ ï.ä.-ñèñòåìà ïðèíèìàåò âèä:

∂u

∂x
= α(x) · exp [(k − 1)G(x, y)] · um − f(x, y) · u,

∂u

∂y
= β(y) · exp [(k − 1)F (x, y)] · um − g(x, y) · u.

Ïîñêîëüêó äëÿ ïîñëåäíåé ñèñòåìû óñëîâèÿ (19) âûïîëíÿåòñÿ ïî âñåì ïå-
ðåìåííûì, ïîýòîìó èíòåãðèðóÿ åå, ïîëó÷èì ìíîãîîáðàçèå ðåøåíèé, ëèáî
åäèíñòâåííîå ðåøåíèå èñõîäíîé çàäà÷è, ñëåäóþùåé íåïðåðûâíî ôóíêöè-
åé:

u(x, y) = exp [−G(x, y)] · [u0 + (1−m)Ω(x, y)] 1/ (1−m) (20)

ω′x = f(x, y), ω′y = g(x, y),

Ω′x = α(x) exp {(m− 1)(G− ω)} , Ω′x = β(y) exp {(m− 1)(F − ω)} .

Òàêèì îáðàçîì, ôîðìóëà (20) áóäåò ìàòåìàòè÷åñêèé ìîäåëü íåêîòîðîé
çàäà÷è ýêîëîãèè.

Òåîðåìà 2. Ïóñòü â ï.ä.- ñèñòåìå (17) a, b, f, g ∈ C1(D̄), u =
u(x, y) ∈ C2(D̄ × R1), a, b, f, g ≥ 0, 0 ≤ u ≤ k. Åñëè óñëîâèå
(18) âûïîëíÿåòñÿ, íî íå òîæäåñòâåííî, òî èç íåãî íàéä¼òñÿ íåêîòî-
ðàÿ ôóíêöèÿ, ÷òî âîçìîæíî ÿâëÿþùèåñÿ ÷àñòíûì ðåøåíèåì ñèñòåìû
(17). Åñëè óñëîâèå ñîâìåñòíîñòè (18) ïî âñåì ïåðåìåííûì âûïîëíÿåò-
ñÿ òîæäåñòâåííî, òîãäà ñèñòåìà (17) ðàçðåøèìà, è ìíîãîîáðàçèÿ åå
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ðåøåíèé, ëèáî åäèíñòâåííîå ðåøåíèå ñèñòåìû (17) îïðåäåëÿåòñÿ ÿâ-
íîé ôîðìóëîé (20), íåïðåðûâíîé âî âñåé äàííîé îáëàñòè.

3. Äàëåå, ðàññìîòðèì ñëó÷àè, êîãäà ìàòåìàòè÷åñêàÿ ìîäåëü íåêîòî-
ðîé çàäà÷è ýêîëîãèè äà¼òñÿ â âèäå

∂ u

∂ x
= a(x, y) · u, ∂ u

∂ y
= b(x, y) · u− h(x, y) · uk . (21)

ãäå ôóíêöèè a, b, h ∈ C1(D̄), u = u(x, y) ∈ C2(D̄ × R1), a, b, h ≥ 0,
0 ≤ u ≤ k. Óñëîâèå ñîâìåñòíîñòè ñèñòåìû (21) èìååò âèä:[

b′x − a′y
]
· u− (h′x + (k − 1)a · h) · uk = 0 . (22)

Äîïóñòèì, ÷òî óñëîâèå (22) âûïîëíÿåòñÿ, íî íå òîæäåñòâåííî, òîãäà ðå-
øàÿ åå àëãåáðàè÷åñêèì ìåòîäîì, ïîëó÷èì: u = 0, u = h(x, y). Î÷åâèä-
íî, ÷òî u = 0 ÿâëÿåòñÿ òðèâèàëüíûì ðåøåíèåì ñèñòåìû, ò.å. ïðèðîäà
íàøåé ðåñïóáëèêè, ðåàëüíà ÷èñòà. Ïðè ýòîì ôóíêöèÿ u = h(x, y) êàê
íåêîòîðûì äðóãèì ÷àñòíûì ðåøåíèåì ñèñòåìû îçíà÷àåò, ÷òî íåêîòîðîå
ÿâëåíèå ïðèðîäû â íàøåé ðåñïóáëèêè (êàê óðàãàí, ëèáî àôãàíñêàÿ áóðÿ)
íàáëþäàåòñÿ, è îíè îòðèöàòåëüíî âëèÿþò â ýêîëîãè÷åñêóþ ÷àñòü ïðèðî-
äû. Äëÿ òîãî ÷òîáû óñëîâèå ñîâìåñòíîñòè (21) ïî âñåì ïåðåìåííûì âû-
ïîëíÿëàñü òîæäåñòâåííî, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âçàèìîñâÿçü
ìåæäó ôóíêöèÿìè a(x, y) c b(x, y), h(x, y) îïðåäåëÿëàñü ôîðìóëàìè

b(x, y) = α(y) +A′y(x, y), h(x, y) = β(y) · exp {(1− k) ·A(x, y)} . (23)

Òîãäà ñèñòåìà (21) ðàçðåøèìà, è ìíîãîîáðàçèå åå ðåøåíèé îïðåäåëÿåòñÿ
ñëåäóþùåé ôîðìóëîé:

u(x, y) = eA(x,y)+Ã(y) [u0 + Ω(y)]1/ (1−k) . (24)

Òåîðåìà 3. Ïóñòü â ñèñòåìå óðàâíåíèé (21) a, b, h ∈ C1(D̄ × R1),
u = u(x, y) ∈ C2(D̄), a, b, h ≥ 0, 0 ≤ u ≤ k. Åñëè óñëîâèå ñîâìåñòíî-
ñòè (22) âûïîëíÿåòñÿ, íî íå òîæäåñòâåííî, òî ñóùåñòâóåò íåêîòî-
ðûå ÷àñòíûå ðåøåíèÿ èñõîäíîé ñèñòåìû. Äëÿ òîæäåñòâåííîãî âûïîë-
íåíèÿ óñëîâèå ñîâìåñòíîñòè ñèñòåìû (21) íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû âçàèìîñâÿçü ìåæäó ôóíêöèÿìè a(x, y), b(x, y), h(x, y) îïðåäåëÿ-
ëèñü ôîðìóëàìè âèäà (23). Òîãäà ï.ä.- ñèñòåìà (21) ðàçðåøèìà ÿâíî, è
ìíîãîîáðàçèå åå ðåøåíèé îïðåäåëÿåòñÿ ôîðìóëîé (24), íåïðåðûâíîé âî
âñåé îáëàñòè.

Çàìå÷àíèå. Åñëè ïî àíàëîãèþ ñ ñèñòåìîé (21) ðàññìàòðèâàòü ñèñòå-
ìó { ∂ u

∂ x = [a(x, y)− f(x, y)] · u,
∂ u
∂ y = [b(x, y)− g(x, y)] · u+ [h(x, y)− q(x, y)] · uk,

òî çàïèñûâàÿ óñëîâèå ñîâìåñòíîñòè ýòîé ñèñòåìû â âèäå (22), ïðîâåðèì
åå âûïîëíåíèå, ëèáî òîæäåñòâåííîãî âûïîëíåíèÿ, îïðåäåëÿåì íåêîòî-
ðûå ÷àñòíûå, ëèáî ìíîãîîáðàçèå ðåøåíèé ñèñòåìû. À òàêæå äëÿ ýòîé
ñèñòåìû âûïîëíÿåòñÿ ðàâíîñèëüíîå ïðåäëîæåíèå òåîðåìîé 3.
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Â ðàáîòå ðàññìàòðèâàåòñÿ âîïðîñ ñóùåñòâîâàíèÿ ðåøåíèé çàäà÷è
Äèðèõëå äëÿ íåëèíåéíûõ ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿä-
êà â íåîãðàíè÷åííûõ îáëàñòÿõ. Íåëèíåéíîñòè îïðåäåëÿþòñÿ ôóíê-
öèÿìè Ìóçèëàêà-Îðëè÷à M òàêèõ, ÷òî M íå óäîâëåòâîðÿåò ∆2-
óñëîâèþ, à äîïîëíèòåëüíàÿ ê íåé ôóíêöèÿM ïîä÷èíÿåòñÿ ∆2-óñëîâèþ.
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Existence of solutions of quasilinear elliptic equations in
Muzilak-Orlicz-Sobolev spaces for unbounded domains

The paper considers the existence of solutions to the Dirichlet prob-
lem for second-order nonlinear elliptic equations in unbounded domains.
Nonlinearities are determined by the Muzilak-Orlicz functions M such
that M does not satisfy the ∆2 -condition, and the additional function
M obeys the ∆2 -condition.

Keywords: Muzilak-Orlicz-Sobolev space, Dirichlet problem, non-reflexive
space

Ïóñòü Ω � ïðîèçâîëüíàÿ íåîãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Rn =
{x = (x1, x2, . . . , xn)}, n ≥ 2. Ðàññìàòðèâàåòñÿ çàäà÷à Äèðèõëå äëÿ
êâàçèëèíåéíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà âèäà

−div a(x, u,∇u) + a0(x, u,∇u) = F (x), x ∈ Ω; (1)

ñ îäíîðîäíûì êðàåâûì óñëîâèåì

u
∣∣∣
∂Ω

= 0. (2)

Îãðàíè÷åíèÿ íà ôóíêöèè

a(x, s0, s) = (a1(x, s0, s), · · · , an(x, s0, s)), a0(x, s0, s),

âõîäÿùèå â óðàâíåíèå (1), ôîðìóëèðóþòñÿ â òåðìèíàõ ñïåöèàëüíîãî
êëàññà âûïóêëûõ ôóíêöèé, íàçûâàåìûõ îáîáùåííûìè N -ôóíêöèÿìè.

Â ðàáîòå äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è (1), (2)
äëÿ ïðîèçâîëüíîé íåîãðàíè÷åííîé îáëàñòè Ω â íåðåôëåêñèâíîì ïðî-
ñòðàíñòâå Ìóçèëàêà-Îðëè÷à-Ñîáîëåâà.

Äëÿ ðàññìàòðèâàåìîãî êëàññà óðàâíåíèé äîêàçàòåëüñòâî òåîðåìû ñó-
ùåñòâîâàíèÿ ïðîâîäèòñÿ íà îñíîâå àáñòðàêòíîé òåîðåìû äëÿ äîïîëíè-
òåëüíûõ ñèñòåì [2]. Âàæíûì èíñòðóìåíòîì, êîòîðûé ïîçâîëèë îáîáùèòü
èìåþùèåñÿ ðåçóëüòàòû ñóùåñòâîâàíèÿ ðåøåíèé ðàññìàòðèâàåìûõ óðàâ-
íåíèé äëÿ îãðàíè÷åííûõ îáëàñòåé íà íåîãðàíè÷åííûå îáëàñòè, ÿâëÿåòñÿ
òåîðåìà âëîæåíèÿ ïðîñòðàíñòâ Ìóçèëàêà-Îðëè÷à-Ñîáîëåâà [1].

Ïóñòü ôóíêöèÿ Ìóçèëèêà-Îðëè÷àM(x, z) óäîâëåòâîðÿåò ñëåäóþùèì
óñëîâèÿì: ∫ ∞

1

M−1(x, z)

z
n+1
n

dz =∞,
∫ 1

0

M−1(x, z)

z
n+1
n

dz <∞. (3)

Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèè a(x, s0, s), a0(x, s0, s) èçìåðèìû ïî x ∈
Ω äëÿ s = (s0, s) = (s0, s1, . . . , sn) ∈ Rn+1, íåïðåðûâíû ïî s ∈ Rn+1 äëÿ
ïî÷òè âñåõ x ∈ Ω.

Óñëîâèÿ M. Ïóñòü ω ∈ W̊ 1EM è ñóùåñòâóþò íåîòðèöàòåëüíûå
ôóíêöèè Ψ,Ψ0, φ ∈ L1(Ω) è ïîëîæèòåëüíûå êîíñòàíòû Â, Â0, a, d, d̂
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òàêèå, ÷òî äëÿ ï.â. x ∈ Ω è äëÿ ëþáûõ s0 ∈ R, s, t ∈ Rn, s 6= t,
ñïðàâåäëèâû íåðàâåíñòâà:

a(x, s0, s) · (s−∇ω)+a0(x, s0, s)(s0−ω) ≥ aM(x, ds0)+aM(x, d|s|)−φ(x);
(4)

M(x, |a(x, s0, s)|) ≤ Ψ(x) + ÂM(x, d|s|) + ÂP (x, d̂s0); (5)

M(x, |a0(x, s0, s)|) ≤ Ψ0(x) + Â0P (x, d̂|s|) + Â0M(x, d̂s0); (6)

(a(x, s0, s)− a(x, s0, t)) · (s− t) > 0. (7)

Çäåñü ôóíêöèÿ Ìóçèëàêà-Îðëè÷à M(x, z) èíòåãðèðóåìàÿ â Ω, äî-
ïîëíèòåëüíàÿ ê íåé ôóíêöèÿ M óäîâëåòâîðÿåò ∆2-óñëîâèþ, P (x, z) �
ôóíêöèÿ Ìóçèëàêà-Îðëè÷à èíòåãðèðóåìàÿ â Ω òàêàÿ, ÷òî P ≺≺ M ,

s · t =
∑n

i=1 siti, |s| =
(∑n

i=1 s
2
i

) 1
2
.

Îïðåäåëåíèå. Îáîáùåííûì ðåøåíèåì çàäà÷è (1), (2) c F = f0 −
div f ∈ W−1LM (Ω) íàçîâåì ôóíêöèþ u ∈ W̊ 1LM (Ω), óäîâëåòâîðÿþùóþ
èíòåãðàëüíîìó òîæäåñòâó∫

Ω
(a(x, u,∇u) · ∇v + a0(x, u,∇u)v)dx =

∫
Ω

(f · ∇v + f0v)dx

äëÿ ëþáîé ôóíêöèè v ∈ W̊ 1LM (Ω).
Â ðàáîòå äîêàçàíà ñëåäóþùàÿ
Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ M , (3), òîãäà äëÿ ëþáîãî F ∈

W−1LM (Ω) ñóùåñòâóåò õîòÿ áû îäíî ðåøåíèå çàäà÷è (1), (2).
Òàêèì îáðàçîì, â ðàáîòå íàéäåíû óñëîâèÿ íà ñòðóêòóðó êâàçèëè-

íåéíûõ óðàâíåíèé â òåðìèíàõ ôóíêöèé Ìóçèëàêà-Îðëè÷à, äîñòàòî÷íûå
äëÿ ðàçðåøèìîñòè çàäà÷è Äèðèõëå â íåîãðàíè÷åííûõ îáëàñòÿõ.
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ON THE INVISCID LIMIT OF STATIONARY MEASURES
FOR THE STOCHASTIC SYSTEM OF THE

QUASI-SOLENOIDAL LORENZ MODEL FOR A
BAROCLINIC ATMOSPHERE

Yu.Yu. Klevtsova
yy_klevtsova@ngs.ru

It was obtained the sufficient conditions on the right-hand side and
the parameters of the Lorenz model for a baroclinic atmosphere with
white noise perturbation for existence of a unique stationary measure of
Markov semigroup defined by solutions of the Cauchy problem for this
system, for the exponential convergence of the distributions of solutions
to the stationary measure as t → +∞ and for the existence a limiting
point for any sequence of the stationary measures for this system when
any sequence of the kinematic viscosity coefficients goes to zero. A
similar result was obtained for the equation of a barotropic atmosphere
and the two-dimensional Navier-Stokes equation.

Keywords: the two-layer quasi-solenoidal Lorenz model for a baroclinic
atmosphere, white noise perturbation, existence of a unique station-
ary measure, exponential convergence of distributions of solutions to
the stationary measure, inviscid limit of stationary measures, the two-
dimensional Navier-Stokes equation

We consider the system of equations for the quasi-solenoidal Lorenz
model for a baroclinic atmosphere

∂

∂t
A1u+ νA2u+A3u+B(u) = g, t > 0, (1)

on the two-dimensional unit sphere S centered at the origin of the spherical
polar coordinates (λ, ϕ), λ ∈ [0, 2π), ϕ ∈

[
−π

2 ,
π
2

]
, µ = sinϕ. Here ν > 0 is

the kinematic viscosity, u(t, x, ω) = (u1(t, x, ω), u2(t, x, ω))T is an unknown

vector function and g(t, x, ω) = (g1(t, x, ω), g2(t, x, ω))T is a given vector
function, x = (λ, µ), ω ∈ Ω, (Ω, P, F ) is a complete probability space,

A1 =

(
−∆ 0
0 −∆ + γI

)
, A2 =

(
∆2 0
0 ∆2

)
,

A3 =

(
−k0∆ 2k0∆
k0∆ −(2k0 + k1 + νγ)∆ + ρI

)
,

B(u) =
(
J(∆u1 + 2µ, u1) + J(∆u2, u2), J(∆u2 − γu2, u1) + J(∆u1 + 2µ, u2)

)T
.

Also, γ, ρ, k0, k1 ≥ 0 are numerical parameters, I is the identity operator,
J(ψ, θ) = ψλθµ − ψµθλ is the Jacobi operator and ∆ψ = ((1 − µ2)ψµ)µ +
(1− µ2)−1ψλλ is the Laplace-Beltrami operator on the sphere S. A random

Kletsova Yulia (Federal State Budgetary Institution Siberian Regional Hydrome-
teorological Research Institute, Siberian State University of Telecommunications and
Information Sciences, Novosibirsk, Russia)
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vector function g = f + η is taken as the right-hand side of (1); here f(x)=
(f1(x), f2(x))T and η(t, x, ω) = (η1(t, x, ω), η2(t, x, ω))T is a white noise in
t. In [1] and in the present work it was obtained for existence of a unique
stationary measure of Markov semigroup de�ned by solutions of the Cauchy
problem for (1) and for the exponential convergence of the distributions of
solutions to the stationary measure as t → +∞ the su�cient conditions on
the right-hand side of (1) and the parameters ν, γ, ρ, k0, k1:

k0 < min
i=1,2,...,i∗

ς(i), (2)

ς(i) =
2

(j(i)− γ)2

(
3νj2(i)(j(i) + γ) + χ(j(i))

+

√
(3νj2(i)(j(i) + γ) + χ(j(i)))

2
+ (j(i)− γ)2 (ν2j3(i)(j(i) + γ) + νj(i)χ(j(i)))

)
,

χ(y) = (k1 + νγ)(y2 + γy) + ρ(γ + y), j(y) = y(y + 1), y > 0,

i∗ =

[
c∗

(1 +
√

2)ν

(√
1 +

2c∗

(1 +
√

2)ν
+ 1

)−1]
> 1,

c∗ =

{
ς(1), if γ 6= 2,
ς(2), if γ = 2,

[r] - the integer part of r.

In the present work it was also proven the theorem (for de�nitions of
{bi}∞i=1, l

+
2 , H

p, p ∈ Z, P (X) see the third paragraph of [1], for de�nitions
of Hp for all p ∈ R, see publication [30] in [1]).

Let
f = νf ′, bi =

√
νb′i, i = 1, 2, . . . ,

f ′ and {b′i}∞i=1 are independent of ν.

Theorem. Let γ, ρ, k0, k1 ≥ 0 be such that inequality

k0 ≤ min

{
4k1,

4(2 + γ)

(2− γ)2
(2k1 + ρ)

}
(3)

is satis�ed, let {b′i}∞i=1 ∈ l
+
2 and let f ′ ∈ H−1. Then there exits a stationary

measure µν ∈ P (H2) such that µν(H3) = 1 for system (1) for all ν > 0
and for any sequence of the probability measures {µνn , νn−→0, n → +∞}
there exits a limiting point µ in the sense of weak-* convergence in P (H3−ε),
where ε ∈ (0, 1] is an arbitrary real number and µ

(
H3
)

= 1.

Note that if (3) is satis�ed and ν > 0 then (2) is also satis�ed.
A similar result is obtained for the equation of a barotropic atmosphere

and the two-dimensional Navier-Stokes equation. A comparative analysis
with some of the available related results is given for the latter.
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Î C1-ÑÕÎÄÈÌÎÑÒÈ ÊÓÑÎ×ÍÎ-ÏÎÈÍÎÌÈÀËÜÍÛÕ
ÐÅØÅÍÈÉ ÂÀÐÈÀÖÈÎÍÍÎÃÎ ÓÐÀÂÍÅÍÈß 4-ÃÎ
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Â íàñòîÿùåé ðàáîòå ïîëó÷åíû óñëîâèÿ ñõîäèìîñòü êóñî÷íî-ïîèíî-
ìèàëüíûõ ðåøåíèé ðàâíåíèÿ 4-ãî ïîðÿäêà, ïîñòðîåííûõ íà ïðîèç-
âîëüíîé òðåóãîëüíîé ñåòêå.

Êëþ÷åâûå ñëîâà: áèãàðìîíè÷åñêèå ôóíêöèè, òðåóãîëüíàÿ ñåòêà, êóñî÷íî-
ïîëèíîìèàëüíûå ôóíêöèè, ïîãðåøíîñòü âû÷èñëåíèÿ.

On the C1-convergence of piecewise polynomial solutions of a
fourth-order variational equatio

In this paper, we obtain conditions for the convergence of piecewise poly-
nomial fourth-order solutions of equations constructed on an arbitrary
triangular grid.

Keywords: biharmonic functions, triangular mesh, piecewise polynomial
functions, computation error

Ìû ðàññìàòðèâàåì ôóíêöèîíàë âèäà

I(f) =

∫
Ω

G(x, f,∇f,D2f)dx, D2f =

(
∂2f

∂xi∂xj

)n
i,j=1

, (1)

êîòîðûé îïðåäåëåí äëÿ ôóíêöèé f ∈ C2(Ω) è ôóíêöèÿ G èìååò âèä

G = G(x, u, ξ1, ..., ξn, η11, η12, ..., ηnn).

Äëÿ ôóíêöèîíàëà I(f) ìîæíî çàïèñàòü ñîîòâåòñòâóþùåå óðàâíåíèå Ýéëå-
ðà-Ëàãðàíæà âàðèàöèîííîé çàäà÷è

Q[f ] ≡
n∑

i,j=1

(
G′ηij (x, f,∇f,D

2f)
)′′
xixj
−

−
n∑
i=1

(
G′ξi(x, f,∇f,D

2f)
)′
xi

+G′u(x, f,∇f,D2f) = 0, (2)

f |∂Ω = ϕ|∂Ω, ∇f |∂Ω = ∇ϕ|∂Ω (3)

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìàòåìàòè÷åñêîãî Öåíòðà â Àêàäåìãîðîäêå,
ñîãëàøåíèå ñ Ìèíèñòåðñòâîì íàóêè è âûñøåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè
íîìåð 075-15-2019-1613.

Êëÿ÷èí Àëåêñåé Àëåêñàíäðîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÂîëÃÓ (Âîëãîãðàä, Ðîñ-
ñèÿ); Alexey Klyachin (Volgograd State University, Volgograd, Russia)
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Ìû ïðåäïîëàãàåì, ÷òî îáëàñòü Ω åñòü ìíîãîóãîëüíèê, êîòîðûé ðàçáèò
íà òðåóãîëüíèêè {Tk}Nk=1 (òðåóãîëüíàÿ ñåòêà).

Â íàñòîÿùåé ðàáîòå ìû ïîëó÷àåì óñëîâèÿ, â òîì ÷èñëå íà òðåóãîëü-
íóþ ðàñ÷åòíóþ ñåòêó, êîòîðûå ãàðàíòèðîâàëè áû ðàâíîìåðíóþ îãðàíè-
÷åííîñòü, êàê ìèíèìóì, âòîðûõ ïðîèçâîäíûõ ïðèáëèæåííûõ ðåøåíèé â
ÿ÷åéêàõ ñåòêè ïðè ñòðåìëåíèè ê íóëþ ðàçìåðîâ ýòèõ ÿ÷ååê. Èñïîëüçóÿ
äàííûé ôàêò íàì óäàåòñÿ äîêàçàòü C1-ñõîäèìîñòü êóñî÷íî-ïîèíîìèàëü-
íûõ ðåøåíèé ê òî÷íîìó ðåøåíèþ ñîîòâåòñòâóþùåé êðàåâîé çàäà÷è.

Äàëåå, áóäåì ÷åðåç α > 0 îáîçíà÷àòü ìèíèìóì óãëîâ âî âñåõ òðå-
óãîëüíèêàõ Tk. Ìû ñ÷èòàåì, ÷òî α îòäåëåíà ïîëîæèòåëüíîé ïîñòîÿííîé,
íåçàâèñÿùåé îò h = max1≤k≤N diamTk. Ñôîðìóëèðóåì åùå îäíî óñëîâèå
íà òðåóãîëüíóþ ñåòêó. Áóäåì ñ÷èòàòü, ÷òî íàéäåòñÿ ïîñòîÿííàÿ C1 > 0,
íåçàâèñÿùàÿ îò h è òàêàÿ, ÷òî

h ·
∑
Γl

|Γl| ≤ C1, (4)

ãäå ñóììà áåðåòñÿ ïî âñåì âíóòðåííèì ñòîðîíàì Γl òðåóãîëüíèêîâ òðè-
àíãóëÿöèè. Ýòî óñëîâèå ñôîðìóëèðîâàíî â ðàáîòå [1] è äàåò íóæíóþ ñòå-
ïåíü ïîãðåøíîñòè âû÷èñëåíèÿ èíòåãðàëà I(f) ïðè çàìåíå f íà êóñî÷íî-
ïîëèíîìèàëüíóþ ôóíêöèþ.

Ââåäåì â ðàññìîòðåíèå âåëè÷èíó

δ(u′, u′′, ξ′, ξ′′, η′, η′′) = G(x, u′′, ξ′′, η′′)−

−G(x, u′, ξ′, η′)−G′u(x, u′, ξ′, η′)(u′′ − u′)−

−
2∑
i=1

G′ξi(x, u
′, ξ′, η′)(ξ′i − ξ′′i )−

2∑
i,j=1

G′ηij (x, u
′, ξ′, η′)(η′ij − η′′ij).

Áóäåì ïðåäïîëàãàòü, ÷òî äëÿ íåêîòîðîé ïîñòîÿííîé µ > 0 ñïðàâåä-
ëèâî íåðàâåíñòâî

δ(u′, u′′, ξ′, ξ′′, η′, η′′) ≥ µ

(
2∑
i=1

(η′′ii − η′ii)

)2

(5)

äëÿ âñåõ u′, u′′, ξ′, ξ′′, η′, η′′.

Ìíîæåñòâî m ðàç íåïðåðûâíî äèôôåðåíöèðóåìûõ êóñî÷íî-ïîèíî-
ìèàëüíûõ ôóíêöèé ñ íóëåâûìè êðàåâûìè óñëîâèÿìè îáîçíà÷èì ÷åðåç
Pm0,4m+1, òî åñòü v ∈ Pm0,4m+1, åñëè v ∈ Cm(Ω), â êàæäîì òðåóãîëüíèêå
Tk ôóíêöèÿ v ÿâëÿåòñÿ ìíîãî÷ëåíîì ñòåïåíè 4m + 1 è óäîâëåòâîðÿåò
óñëîâèÿì v = 0, ∇v = 0 íà ∂Ω.

Åñëè íà ôóíêöèè v∗ ∈ Pm0,4m+1 äîñòèãàåòñÿ ìèíèìóì èíòåãðàëà I(ϕ+
v), ñðåäè âñåõ v ∈ Pm0,4m+1, òî ôóíêöèþ f∗ = ϕ + v∗ áóäåì íàçûâàòü
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êóñî÷íî-ïîëèíîìèàëüíûì ðåøåíèåì óðàâíåíèÿ (2), óäîâëåòâîðÿþùåå ãðà-
íè÷íûì óñëîâèÿì

f∗|∂Ω = ϕ|∂Ω, ∇f∗|∂Ω = ∇ϕ|∂Ω.

Òåîðåìà 1. Ïóñòü f ∈ C4m+2(Ω) � ðåøåíèå óðàâíåíèÿ (2), óäî-
âëåòâîðÿþùåå êðàåâûì óñëîâèÿì (3) è f∗ � ïðèáëèæåííîå êóñî÷íî-
ïîëèíîìèàëüíîå ðåøåíèå ñ òåìè æå êðàåâûìè óñëîâèÿìè. Åñëè âûïîë-
íåíî óñëîâèÿ (4) è (5), òî

lim
h→0

max
Ω
|f∗(x)− f(x)| = 0, lim

h→0

2∑
i=1

max
Ω
|f∗xi − fxi | = 0.
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Existence of entropy solutions of quasilinear elliptic
equations in Muzilak-Orlicz-Sobolev spaces

The paper considers nonlinear elliptic equations of the second order
with the right-hand side in the form of a diffuse measure. In arbitrary
domains, the existence of entropy solutions to the Dirichlet problem in
nonreflexive Muzilak-Sobolev-Orlicz spaces is proved.

Keywords: quasilinear elliptic equation, Dirichlet problem, Muzilak-
Orlicz-Sobolev space, entropy solution, non-reflexive space, measure

Ïóñòü Ω � ïðîèçâîëüíàÿ íåîãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Rn =
{x = (x1, x2, . . . , xn)}, n ≥ 2. Ðàññìàòðèâàåòñÿ çàäà÷à Äèðèõëå äëÿ
êâàçèëèíåéíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà âèäà

−div a(x, u,∇u) + a0(x, u,∇u) = µ, x ∈ Ω; (1)

ñ îäíîðîäíûì êðàåâûì óñëîâèåì

u
∣∣∣
∂Ω

= 0. (2)

Äëÿ êâàçèëèíåéíûõ ýëëèïòè÷åñêèõ óðàâíåíèé âèäà (1) ñ íåëèíåéíîñòÿìè,
îïðåäåëÿåìûìè ôóíêöèÿìè Ìóçèëàêà-Îðëè÷à, è µ ∈ L1(Ω) â îãðàíè÷åí-
íûõ îáëàñòÿõ Ω áûëî äîêàçàíî ñóùåñòâîâàíèå ýíòðîïèéíûõ (ñì. [1]) è
ðåíîðìàëèçîâàííûõ (ñì. [2]) ðåøåíèé çàäà÷è (1), (2). Â íàñòîÿùåé ðàáî-
òå âûäåëåí íåêîòîðûé êëàññ íåëèíåéíûõ ýëëèïòè÷åñêèõ óðàâíåíèé âèäà
(1) ñ ìåðîé Ðàäîíà µ ñïåöèàëüíîãî âèäà äëÿ êîòîðûõ ïîñòðîåíû ýíòðî-
ïèéíûå ðåøåíèÿ çàäà÷è Äèðèõëå äëÿ ïðîèçâîëüíûõ íåîãðàíè÷åííûõ îá-
ëàñòåé Ω â íåðåôëåêñèâíûõ ïðîñòðàíñòâàõ Ìóçèëàêà-Îðëè÷à-Ñîáîëåâà.

Îãðàíè÷åíèÿ íà êàðàòåîäîðèåâû ôóíêöèè

a(x, s0, s) = (a1(x, s0, s), . . . , an(x, s0, s)) : Ω× R× Rn → Rn,

a0(x, s0, s) : Ω× R× Rn → R,

âõîäÿùèå â óðàâíåíèå (1), ôîðìóëèðóþòñÿ â òåðìèíàõ ñïåöèàëüíîãî
êëàññà âûïóêëûõ ôóíêöèé Ìóçèëàêà-Îðëè÷à. Óñëîâèÿ Ì. Ïðåäïîëà-

ãàåòñÿ, ÷òî ôóíêöèÿ Ìóçèëàêà-Îðëè÷à M(x, z) èíòåãðèðóåìàÿ â Ω, äî-
ïîëíèòåëüíàÿ ê íåé ôóíêöèÿ M óäîâëåòâîðÿåò ∆2-óñëîâèþ, P (x, z) �
ôóíêöèÿ Ìóçèëàêà-Îðëè÷à èíòåãðèðóåìàÿ â Ω òàêàÿ, ÷òî P ≺≺ M , è
âûïîëíåíû ñëåäóþùèå óñëîâèÿ:∫ ∞

1
M−1(x, z)z−(n+1)/ndz =∞,

∫ 1

0
M−1(x, z)z−(n+1)/ndz <∞.

Ïóñòü w ∈ W̊ 1EM (Ω) è ñóùåñòâóþò íåîòðèöàòåëüíûå ôóíêöèè Ψ, φ, Φ0 ∈
L1(Ω), íåïðåðûâíàÿ íåóáûâàþùàÿ ôóíêöèÿ b̂ : R+ → R+, ïîëîæèòåëü-
íûå ÷èñëà Â, a, d, d̂ òàêèå, ÷òî äëÿ ï.â. x ∈ Ω è äëÿ ëþáûõ s0 ∈ R, s, t ∈
Rn, s 6= Γ :
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(a(x, s0, s)−∇w) · s ≥ aM(x, ds0)− φ(x),

M(x, |a(x, s0, s)|) ≤ Ψ(x) + ÂM(x, d̂|s|) + ÂP (x, d̂s0),

(a(x, s0, s)− a(x, s0, t)) · (s− t) > 0,

a0(x, s0, s) = M ′(x, s0)+b(x, s0, s), |b(x, s0, s)| ≤ b̂(|s0|) (M(x, s) + Φ0(x)) ,

b(x, s0, s)s0 ≥ 0,

ãäå s · t =
∑n

i=1 siti, |s| =
(∑n

i=1 s
2
i

)1/2
.

Áóäåì ñ÷èòàòü, ÷òî ìåðà µ èìååò âèä

µ = f + f0 − div f, f ∈ L1(Ω), f0 ∈ EM (Ω), f ∈ (EM (Ω))n. (3)

Îïðåäåëèì ôóíêöèþ Tk(r) = max(−k,min(k, r)). Ââåäåì îáîçíà÷åíèå
〈u〉 =

∫
Ω

udx. ×åðåç T̊ 1
M (Ω) îáîçíà÷èì ìíîæåñòâî èçìåðèìûõ ôóíêöèé u :

Ω→ R òàêèõ, ÷òî Tk(u) ∈ W̊ 1LM (Ω) ïðè ëþáîì k > 0.

Îïðåäåëåíèå. Ýíòðîïèéíûì ðåøåíèåì çàäà÷è (1)�(3) íàçûâàåòñÿ
ôóíêöèÿ u ∈ T̊ 1

M (Ω) òàêàÿ, ÷òî

1) B(x) = b(x, u,∇u) ∈ L1(Ω);

2) ïðè âñåõ k > 0, ξ ∈ C1
0 (Ω) ñïðàâåäëèâî íåðàâåíñòâî:

〈(b(x, u,∇u)+M ′(x, u)−f−f0)Tk(u−ξ)〉+〈(a(x, u,∇u)−f)·∇Tk(u−ξ)〉 ≤ 0.

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ
Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ M, òîãäà ñóùåñòâóåò ýíòðîïèé-

íîå ðåøåíèå çàäà÷è (1)�(3).
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STURM�LIOUVILLE DIFFERENTIAL OPERATORS ON
TIME SCALES AND PROPERTIES OF THEIR SPECTRAL

CHARACTERISTICS
M.A. Kuznetsova
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We study Sturm–Liouville differential operators on the time scales con-
sisting of a finite number of isolated points and segments. Such opera-
tors unify differential and difference operators. It is previously proved
that the operators on time scales are uniquely determined by their spec-
tral characteristics. We obtain properties of the spectral characteristics
including asymptotic formulae for eigenvalues and weight numbers. It is
also proved that eigenvalues of two boundary value problems with one
common boundary condition alternate.

Keywords: differential operators, Sturm–Liouville operators, time scales,
closed sets, inverse spectral problems, asymptotic formulae

We consider the Sturm�Liouville equation with ∆-derivatives

`y := −y∆∆(x) + q(x)y(σ(x)) = λy(σ(x)), x ∈ T 02 , (1)

where the potential q(x) ∈ C(T 02) is real-valued. The de�nitions of ∆-
derivative, σ(x), and T 02 are given in [1; 2]. The closed set T ⊆ R in (1) is
called a time scale. Depending on the structure of T, equation (1) can be the
classical Sturm�Liouville equation or the di�erence equation, see [3].

Let L0 and L1 be the boundary value problems for equation (1) with the
following conditions:

L0 : y(minT ) = y(maxT ) = 0; L1 : y∆(minT ) = y(maxT ) = 0.

Denote the eigenvalues of Lj by {λnj}n≥1, j = 0, 1. We also introduce the
Weyl solution Φ(x, λ) of equation (1) under the conditions

Φ∆(minT, λ) = 1, Φ(maxT, λ) = 0

and the Weyl function M(λ) := Φ(minT, λ).
We assume that the time scale is a �nite union of N segments and M

points:

T =

N+M⋃
l=1

[al, bl], al−1 ≤ bl−1 < al ≤ bl, l = 2, N +M, al < bl ⇔ l ∈ {lk}Nk=1.

Then, equation (1) is equivalent to the system of N classical Sturm�
Liouville equations

−y′′(xk) + q(xk)y(xk) = λy(xk), xk ∈ (alk , blk), k = 1, N,

This work was supported by the Russian Science Foundation (project 19-71-00009).
Maria Kuznetsova, PhD student, Saratov State University (Saratov, Russia)
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equipped with the jump conditions

y(al+1) = y(bl) + βly
∆(bl), , l = 1, N +M − 1

y∆(al+1) = βl(q(bl)− λ)y(bl) + [1 + β2
l (q(bl)− λ)]y∆(bl),

l = 1, N +M − 1− µ1,

where βl := al+1 − bl and µ1 = 1 if aN+M = bN+M , otherwise µ1 = 0. Using
this fact, we proved the following properties of the eigenvalues and the Weyl
function.

Proposition 1. 1. For j = 0, 1, all eigenvalues λnj are real and simple.
2. For j = 0, 1, the spectrum {λnj}n≥1 is in�nite if N > 0, otherwise it
consists of M − 2 elements.
3. The Weyl function M(λ) is a meromorphic function with simple poles at
λn1.

For each j = 0, 1, assume that eigenvalues λnj are numbered in the
increasing order:

λnj < λn+1,j , n = 1,ΘNM − 1, ΘNM :=

{
+∞, N > 0,
M − 2, N = 0.

Theorem 1. The eigenvalues alternate in the following way:

λn1 < λn0 < λn+1,1, n = 1,ΘNM ,

where we put λM−1,1 := +∞ if ΘNM = M − 2.

Based on the last paragraph of Proposition 1, we introduce the weight
numbers as

αn = Res
λ=λn1

M(λ).

The following asymptotic formulae are hold for the eigenvalues and the
weight numbers.

Theorem 2. Each spectrum {λnj}n≥1, j = 0, 1, can be subdivided into
N + 1 parts:

{λnj}n≥1 = Λj
⋃( N⋃

k=1

{
(ρ

(k)
nj )2

}
n≥1

)
, j = 0, 1,

where Λj contains N +M + j(1−µ0)sign(N − 1 +µ1)−µ1− 1 elements and

ρ
(k)
nj = π

n− δjk
dk

+ o(1), n ∈ N, δjk ∈
{

0,
1

2

}
, dk := blk − alk , 1 ≤ k ≤ N,

while µ0 = 0 if a1 < b1 and µ0 = 1 otherwise.
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Theorem 3. The weight numbers are positive and bounded: αn > 0,
αn = O(1), n ≥ 1.

In [2] it was proved by the method of spectral mappings that q can be
uniquely determined from the following sets of the spectral characteristics:
1) M(λ); 2) {λnj}n≥1, j = 0, 1; 3) {λn1}n≥1 and {αn}n≥1.

The obtained properties of the spectral characteristics can be used in
further studies of the corresponding inverse problems.
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äðîáíî-äèôôåðåíöèàëüíîì îáîáùåíèè óðàâíåíèÿ íåëèíåéíîé ôèëü-
òðàöèè.

Êëþ÷åâûå ñëîâà: óðàâíåíèå íåëèíåéíîé ôèëüòðàöèè, äðîáíàÿ ïðî-
èçâîäíàÿ, ïðèáëèæåííûå ñèììåòðèè

Approximate point symmetries of a nonlinear fractional
differential equation of filtration

The problem of finding approximate Lie point symmetries of a nonlinear
fractional differential equation describing filtration processes is consid-
ered. The coresponding equation with a small parameter is obtained by
expanding the Riemann – Liouville time-fractional derivative in a series
with respect to the order of fractional differentiation.

Keywords: nonlinear filtration, fractional derivative, approximate sym-
metries
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Ðàññìàòðèâàåòñÿ äðîáíî-äèôôåðåíöèàëüíîå îáîáùåíèå óðàâíåíèÿ íå-
ëèíåéíîé ôèëüòðàöèè

Dα
t ut + f(u)ut = uσxuxx, u = u(x, t), α ∈ (0, 1), (1)

ñ äðîáíîé ïðîèçâîäíîé Ðèìàíà-Ëèóâèëëÿ ïî âðåìåíè [1]:

Dα
t ut =

1

Γ(1− α)

∂

∂t

t∫
0

uτ (τ, x)

(t− τ)α
dτ,

ãäå Γ(1−α)-ãàììà-ôóíêöèÿ. Ôóíêöèÿ f(u) â óðàâíåíèè (1) ïðîèçâîëüíî-
ãî âèäà, à σ � ïðîèçâîëüíàÿ êîíñòàíòà, íå ðàâíàÿ íóëþ. Ïðåäïîëàãàåòñÿ,
÷òî âëèÿíèå ïàìÿòè ñðåäû ìàëî, ïîýòîìó α = 1− ε, òî åñòü èç ïîðÿäêà
äðîáíîãî äèôôåðåíöèðîâàíèÿ âûäåëÿåòñÿ ìàëûé ïàðàìåòð 0 < ε � 1,
ïî êîòîðîìó ïðîèñõîäèò ðàçëîæåíèå â ðÿä äðîáíîé ïðîèçâîäíîé [2]. Â
ðåçóëüòàòå èñõîäíîå óðàâíåíèÿ (1) ïðèáëèæàåòñÿ óðàâíåíèåì ñ ìàëûì
ïàðàìåòðîì:

utt + ε[(ln(t) + γ − 1)utt +
ut
t

+
∞∑
s=1

(−1)sts

s(s+ 1)!
Ds+2
t u] + f(u)ut ≈ uσxuxx, (2)

ãäå γ � ïîñòîÿííàÿ Ýéëåðà.

Ïðè ε → 0 óðàâíåíèå (2) ïåðåõîäèò â óðàâíåíèå íåëèíåéíîé ôèëü-
òðàöèè ãèïåðáîëè÷åñêîãî òèïà

utt + f(u)ut = uσxuxx.

Äëÿ íàõîæäåíèÿ ñèììåòðèé óðàâíåíèÿ (2) ñíà÷àëà âûïîëíÿëîñü ïîñòðî-
åíèå äîïóñêàåìîé ãðóïïû íåâîçìóùåííîãî óðàâíåíèÿ.

Â äàííîé ðàáîòå, ñëåäóÿ [3], íàéäåíû ïðèáëèæåííûå ñèììåòðèè óðàâ-
íåíèÿ (2). Ïîêàçàíî, ÷òî åñëè σ 6= 0,−2, à f(u) � ïðîèçâîëüíàÿ ôóíêöèÿ,
òî óðàâíåíèå (2) äîïóñêàåò òðåõïàðàìåòðè÷åñêóþ ãðóïïó ïðèáëèæåííûõ
òî÷å÷íûõ ïðåîáðàçîâàíèé. Ïðè f(u) � ñòåïåííàÿ èëè ýêïîíåíöèàëüíàÿ
ôóíêöèÿ, òî ïðèáëèæåííàÿ ãðóïïà ðàñøèðÿåòñÿ äî ïÿòèïàðàìåòðè÷å-
ñêîé; ïðè f(u) � êîíñòàíòå, îòëè÷íîé îò íóëÿ, ðàñøèðÿåòñÿ äî ñåìè ïàðà-
ìåòðè÷åñêîé; ïðè f(u) = 0 � äî äåâÿòèïàðàìåòðè÷åñêîé. Åñëè σ = −2 è
f(u) � ïðîèçâîëüíàÿ ôóíêöèÿ, òî óðàâíåíèå (2) ïðèáëèæåííî äîïóñêàåò
ïÿòèïàðàìåòðè÷åêóþ ãðóïïó, êîòîðàÿ ðàñøèðÿåòñÿ äî ñåìèïàðàìåòðè-
÷åñêîé ïðè f(u) ðàâíîé êîíñòàíòå, îòëè÷íîé îò íóëÿ, è äî äåâÿòèïàðà-
ìåòðè÷åñêîé ïðè f(u) = 0.
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Â íàñòîÿùåé ðàáîòå äëÿ âîëíîâîãî óðàâíåíèÿ ðàññìàòðèâàåòñÿ ïðè-
ìåíåíèå ìåòîäà Ôóðüå â òð¼õìåðíîì ïðîñòðàíñòâå. Äîêàçàíî ñóùå-
ñòâîâàíèå åäèíñòâåííîãî êëàññè÷åñêîãî ðåøåíèÿ íåñàìîñîïðÿæåí-
íîé ñìåøàííîé çàäà÷è, óäîâëåòâîðÿþùåé åå íà÷àëüíûì è ãðàíè÷-
íûì óñëîâèÿì.

Êëþ÷åâûå ñëîâà: íåëîêàëüíàÿ çàäà÷à, ñîïðÿæåííàÿ ñìåøàííàÿ çà-
äà÷à, âîëíîâîå óðàâíåíèå â ìíîãîìåðíîì ïðîñòðàíñòâå.

Solution of a self-adjoint mixed problem for the wave
equation in a multidimensional space

In this paper, for the wave equation is considered use of the Fourier
method in a multidimensional space. It proved the existence of a unique
classical solution of the mixed problem nonselfadjoint satisfying its ini-
tial and boundary conditions.

Keywords: djoint mixed problem, the wave equation in a multidimen-
sional space, non-local problem.

Â ðàáîòàõ [2]-[4] áûëè ðàññìîòðåíû íåëîêàëüíûå çàäà÷è äëÿ âîëíî-
âîãî óðàâíåíèå â îäíîìåðíûõ è äâóìåðíûõ ñëó÷àÿõ. Èìè íàéäåííûé
åäèíñòâåííîå ðåøåíèå ñ íà÷àëüíûìè äàííûìè.

Â íàñòîÿùèå ðàáîòà êàê â [5]-[6] ðàññìàòðèâàåòñÿ íåëîêàëüíàÿ ñìå-
øàííàÿ çàäà÷à äëÿ âîëíîâîãî óðàâíåíèå â R3 è íàéä¼òñÿ åäèíñòâåííîå åå
ðåøåíèå ñ íà÷àëüíûìè äàííûìè. À òàêæå äîêàçûâàåòñÿ åäèíñòâåííîñòü
êëàññè÷åñêîãî ðåøåíèÿ íåëîêàëüíîé ñìåøàííîé çàäà÷è ((1)).

Ðàññìîòðèì ñëåäóþùóþ ñìåøàííóþ çàäà÷ó:
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ïðè Ïðåçèäåíòå Ðåñïóáëèêè Òàäæèêèñòàí (Äóøàíáå, Òàäæèêèñòàí); Mirzorakhimov
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

∂2u
∂t2

= ∂2u
∂x2

+ ∂2u
∂y2

+ ∂2u
∂z2

+ f(x, y, z, t), (x, y, z, t) ∈ Qt = Ω× [0,T]

u (x, y, z, 0) = ϕ(x, y, z), (x, y, z) ∈ R×R×R,R = [0, 1]

ut (x, y, z, 0) = ψ(x, y, z), (x, y, z) ∈ R×R×R,R = [0, 1]

u (0, y, z, t) = 0, ux(0, y, z, t) = ux(1, y, z, t), (y, z, t) ∈ R×R× [0, T ] , t ∈ [0, T ]

u (x, 0, z, t) = 0, uy(x, 0, z, t) = uy(x, 1, z, t), (x, z, t) ∈ R×R× [0, T ] , t ∈ [0, T ]

u (x, y, 0, t) = 0, uz(x, y, 0, t) = uz(x, y, 1, t), (x, y, t) ∈ R×R× [0, T ] , t ∈ [0, T ]
(1)

Çàäà÷à ((1)) ÿâëÿåòñÿ íåëîêàëüíîé ñìåøàííîé çàäà÷åé. Êðîìå òîãî,
îíà ÿâëÿåòñÿ íåñàìîñîïðÿæ¼ííîé çàäà÷åé.

Ñëåäóÿ Èëüèíà Â.À. [1], äàäèì ñëåäóþùåå.
Îïðåäåëåíèå. Ôóíêöèè u(x, y, z, t) íàçûâàåì êëàññè÷åñêèì ðåøåíè-

åì ñìåøàííîé çàäà÷è (1), åñëè îíà óäîâëåòâîðÿåò ñëåäóþùèì òðåáîâà-
íèÿì:

1.Ôóíêöèÿ u(x, y, z, t) ∈ (1)(ΩT )∩C(2)(ΩT ) è óäîâëåòâîðÿåò âîëíîâîìó
óðàâíåíèþ çàäà÷è (1) âíóòðè ïàðàëëåëåïèïåäà ΩT ;

2. óäîâëåòâîðÿåò íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿì çàäà÷è (1) â
îáû÷íîì êëàññè÷åñêîì ñìûñëå.

Èç íàøåãî èññëåäîâàíèå ïîñòàâëåííîé çàäà÷è ñëåäóåò, ÷òî êëàññè÷å-
ñêîå ðåøåíèå çàäà÷è (1) èìååò ïðåäñòàâëåíèå â âèäå ñóììû áèîðòîãî-
íàëüíîãî ðÿäà óêàçàííîãî â [5]-[6]. È äëÿ íåãî ñïðàâåäëèâî ñëåäóþùàÿ
òåîðåìà.

Òåîðåìà. Ïóñòü íà÷àëüíûå ôóíêöèè ϕ(x, y, z), ψ(x, y, z) è ïðàâàÿ
÷àñòü f(x, y, z, t) çàäà÷è (1) ñîîòâåòñòâåííî óäîâëåòâîðÿþò óñëîâèÿì:

1.Ôóíêöèÿ ϕ (x, y, z) èìååò â ïàðàëëåëåïèïåäåR = [0, 1]× [0, 1]× [0, 1]
íåïðåðûâíûå ïðîèçâîäíûå äî ÷åòâåðòîãî ïîðÿäêà è ôóíêöèè, ϕ,∆ϕ è
∆2ϕóäîâëåòâîðÿþò êðàåâûì óñëîâèÿì çàäà÷è (1) â îáû÷íîì ñìûñëå.

2.Ôóíêöèÿ ψ (x, y, z) èìååò íåïðåðûâíûå ïðîèçâîäíûå äî òðåòüåãî
ïîðÿäêà âR è ψ,∆ψ óäîâëåòâîðÿþò êðàåâûì óñëîâèÿì çàäà÷è (1).

Òîãäà äëÿ ëþáîãî îòðåçêà âðåìåíè t ∈ [0, T ] ñóììà áèîðòîãîíàëüíîãî
ðÿäà (2) (èç [5]-[6]) äàåò êëàññè÷åñêîå â ñìûñëå Â.À. Èëüèíà ðåøåíèå
ñìåøàííîé (1). Ïðè ýòîì ðÿä (2) (èç [5]-[6]) è ðÿäû ut, ux è ïîëó÷åí-
íûå èç íåãî îäíîêðàòíûì è äâóêðàòíûì ïî÷ëåííûì äèôôåðåíöèðîâà-
íèåì ïî t ñõîäÿòñÿ àáñîëþòíî è ðàâíîìåðíî âî âñåé çàìêíóòîé îáëàñòè
R× [0, T ] = QT . Êðîìå òîãî, ðÿäû ïîëó÷åííûå èç (2) (èç [5]-[6]) äâóêðàò-
íûì ïî÷ëåííûì äèôôåðåíöèðîâàíèåì uxit, uxixj (i, j = 1, 2) ñõîäÿòñÿ àá-
ñîëþòíî è ðàâíîìåðíî â ëþáîé ñòðîãî âíóòðåííåé ïîäîáëàñòè Q′T ⊂ QT
ïðè t> 0. Òîãäà çàäà÷à (1) èìååò íå áîëåå îäíîãî êëàññè÷åñêîãî ðåøåíèÿ.

Â õîäà äîêàçàòåëüñòâà òåîðåìû óêàçûâàþòñÿ, ÷òî êîýôôèöèåíòû Cn,
m, k îáðàùàþòñÿ â íóëü, ÷òî ïîêàçûâàòü ñóùåñòâîâàíèå åäèíñòâåííîñòü
ðåøåíèè çàäà÷è ñ íà÷àëüíûìè äàííûìè (1).
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Â íàñòîÿùåé ðàáîòå äëÿ âîëíîâîãî óðàâíåíèÿ ðàññìàòðèâàåòñÿ ïðè-
ìåíåíèå ìåòîäà Ôóðüå â ìíîãîìåðíîì ïðîñòðàíñòâå. Äîêàçàíî ñóùå-
ñòâîâàíèå åäèíñòâåííîãî êëàññè÷åñêîãî ðåøåíèÿ íåñàìîñîïðÿæåí-
íîé ñìåøàííîé çàäà÷è, óäîâëåòâîðÿþùåé åå íà÷àëüíûì è ãðàíè÷-
íûì óñëîâèÿì.

Êëþ÷åâûå ñëîâà: íåëîêàëüíàÿ çàäà÷à, ñîïðÿæåííàÿ ñìåøàííàÿ çà-
äà÷à, âîëíîâîå óðàâíåíèå â ìíîãîìåðíîì ïðîñòðàíñòâå.

Solution of one non-self-adjoint mixed problem for a
homogeneous wave equation in multidimensional space

In this paper, for the wave equation is considered use of the Fourier
method in a multidimensional space. It proved the existence of a unique
classical solution of the mixed problem nonselfadjoint satisfying its ini-
tial and boundary conditions.

Keywords: djoint mixed problem, the wave equation in a multidimen-
sional space, non-local problem.
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Ðàññìàòðèâàåòñÿ çàäà÷à îá îïèñàíèè êîìïîíåíò ñâÿçíîñòè ñåìåéñòâà
(âåñîâûõ) êîìïîçèöèîííûõ îïåðàòîðîâ â ïðîñòðàíñòâàõ Áåðãìàíà ãîëî-
ìîðôíûõ â åäèíè÷íîì êðóãå ôóíêöèé ñ ðàâíîìåðíîé è èíòåãðàëüíîé âå-
ñîâûìè íîðìàìè. Íà÷àëî äàííîé òåìàòèêå ïîëîæèëà ðàáîòà Å. Áåðêñî-
íà [1], â êîòîðîé áûëî óñòàíîâëåíî ñóùåñòâîâàíèå èçîëèðîâàííûõ òî÷åê
â ìíîæåñòâå C(Hp) âñåõ êîìïîçèöèîííûõ îïåðàòîðîâ â ïðîñòðàíñòâàõ
Õàðäè Hp, ñíàáæåííîì îïåðàòîðíîé íîðìîé. Âïîñëåäñòâèè îíà èçó÷à-
ëàñü ìíîãèìè àâòîðàìè [2]�[7] äëÿ äâóõ îñíîâíûõ êëàññîâ ïðîñòðàíñòâ,
êîòîðûå â çàâèñèìîñòè îò òåõíèêè èññëåäîâàíèÿ ìîæíî ðàçäåëèòü íà äâå
ãðóïïû, îòíîñÿùèåñÿ ê ãèëüáåðòîâûì ïðîñòðàíñòâàì èëè ê ïðîñòðàí-
ñòâó H∞ âñåõ îãðàíè÷åííûõ ãîëîìîðôíûõ â åäèíè÷íîì êðóãå ôóíêöèé.

Â äîêëàäå áóäåò ïðåäñòàâëåí íîâûé ìåòîä, ðàçðàáîòàííûé àâòîðîì
ñîâìåñòíî ñ Ëå Õàé Õîåì è Ôàì Òðîíã Òèåíîì, êîòîðûé ïîçâîëÿåò, ñ îä-
íîé ñòîðîíû, èçáåæàòü èñïîëüçîâàíèÿ ñïåöèôèêè ãèëüáåðòîâà ñëó÷àÿ,
à ñ äðóãîé, � ñóùåñòâåííî ðàñøèðèòü êëàññ ïðîñòðàíñòâ, ìíîæåñòâî
êîìïîçèöèîííûõ îïåðàòîðîâ â êîòîðûõ èìååò òîïîëîãè÷åñêóþ ñòðóêòó-
ðó, ïîäîáíóþ C(H2) èëè C(H∞). Èìåííî, ðå÷ü ïîéäåò î ïðîñòðàíñòâàõ
Áåðãìàíà

Hv := {f ∈ H(D) : ‖f‖v = sup
z∈D

|f(z)|
v(z)

<∞}

ñ ðàâíîìåðíîé íîðìîé, çàäàâàåìîé ðàäèàëüíûì âåñîì v(z) îáùåãî âèäà
(ýòîò ñëó÷àé èññëåäîâàí â ðàáîòå [8]), è

Apα :=

{
f ∈ H(D) : ‖f‖p,α =

(∫
D
|f(z)|p(1− |z|2)α dλ(z)

) 1
p

<∞

}
,

ãäå dλ � ìåðà Ëåáåãà â D.
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Îáúåêòîì èññëåäîâàíèÿ ÿâëÿåòñÿ öåïî÷êà âëîæåííûõ ïîäàëãåáð 11-
ìåðíîé àëãåáðû Ëè äëÿ èäåàëüíîé ìîäåëè ãèäðîäèíàìè÷åñêîãî òè-
ïà. Äëÿ ïîäàëãåáð âûáèðàþòñÿ ñîãëàñîâàííûå èíâàðèàíòû. Íà èõ
îñíîâå ñòðîèòñÿ öåïî÷êà èíâàðèàíòíûõ ïîäìîäåëåé. Ðåøåíèÿ ïîä-
ìîäåëè, ïîñòðîåííîé ïî ïîäàëãåáðå áîëüøåé ðàçìåðíîñòè, áóäóò ÿâ-
ëÿòüñÿ ðåøåíèÿìè ïîäìîäåëåé, ïîñòðîåííûõ ïî ïîäàëãåáðàì ìåíü-
øèõ ðàçìåðíîñòåé èç ðàññìàòðèâàåìîé öåïî÷êè. Ïîñòðîåíû èíâà-
ðèàíòíûå ïîäìîäåëè, âëîæåííûå äðóã â äðóãà. Öåëü ðàáîòû � äëÿ
ïîäìîäåëè ðàíãà 1 äåôåêòà 1 4-ìåðíîé ïîäàëãåáðû âûÿñíèòü, âîç-
ìîæíà ëè ðåäóêöèÿ ê èíâàðèàíòíûì ïîäìîäåëÿì, è êëàññèôèöèðî-
âàòü ÷àñòè÷íî-èíâàðèàíòíûå ðåøåíèÿ ïîäìîäåëè.

Êëþ÷åâûå ñëîâà: öåïî÷êà âëîæåííûõ ïîäàëãåáð, ñîãëàñîâàííûå èí-
âàðèàíòû, èíâàðèàíòíûå ïîäìîäåëè, ÷àñòè÷íî èíâàðèàíòíûå ðåøå-
íèÿ

About simple waves of conic motions

We considered the chain of embedded subalgebras of 11-dimensional Lie
algebra for the models of the continuous medium mechanics. We chose
coordinared invariants for each subalgebra from the chain. Based on
chosen invariants, the chain of invariant submodels is built. It is proved
that solutions of a submodel constructed from a subalgebra of higher
dimension are part of solutions of submodels constructed on subalgebra
of smaller dimensions from the considered chain. Embedded submodels
are constructed. The aim of the work is to find out whether it is possible
to reduce the submodel of rank 1 defect 1 of the 4-dimensional subalge-
bra to invariant submodels, and to classify partially-invariant solutions
for the submodel.

Keywords: the chain of embedded subalgebras, coordinated invariants,
invariant submodels, partially invariant solutions
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îïåðàòîðîâ äèôôåðåíöèðîâàíèÿ

1.6 = {X7 +X10} ,
2.5 = {X7, X10} ,
3.2 = {X7, X10, X11} ,
4.3 = {X1, X7, X10, X11}.

Âûáåðåì ñîãëàñîâàííûå èíâàðèàíòû ýòîé öåïî÷êè. Èíâàðèàíòû ïîäàë-
ãåáðû ìåíüøåé ðàçìåðíîñòè äîëæíû ñîäåðæàòü èíâàðèàíòû ïîäàëãåáðû
áîëüøåé ðàçìåðíîñòè. Ýòî âñåãäà ìîæíî ñäåëàòü [2].

Ïîëó÷åíî ïðåäñòàâëåíèå ðåøåíèÿ, êîòîðîå ïîäñòàâëÿåì â óðàâíåíèÿ
ãàçîâîé äèíàìèêè â óäîáíîé ñèñòåìå êîîðäèíàò. Äîêàçàíî, ÷òî ïîñëå
èñêëþ÷åíèÿ ôóíêöèé îáùåãî âèäà ïîëó÷èòñÿ ñèñòåìà óðàâíåíèé òîëüêî
äëÿ íîâûõ ôóíêöèé [1]. Åñëè âûáðàíû ñîãëàñîâàííûå èíâàðèàíòû äëÿ
öåïî÷êè ïîäàëãåáð, òî âñÿêîå ðåøåíèå ïîäìîäåëè ñ ìåíüøèì ÷èñëîì
íåçàâèñèìûõ ïåðåìåííûõ áóäåò òî÷íûì ðåøåíèåì ïîäìîäåëè ñ áîëüøèì
÷èñëîì íåçàâèñèìûõ ïåðåìåííûõ äëÿ ïîäìîäåëåé îäíîãî äåôåêòà.

Èíâàðèàíòíàÿ ïîäìîäåëü 4-ìåðíîé ïîäàëãåáðû áóäåò èìåòü òîëü-
êî òðèâèàëüíûå ðåøåíèÿ. Íåòðèâèàëüíûå ðåøåíèÿ ÿâëÿþòñÿ ÷àñòè÷íî-
èíâàðèàíòíûìè. Çàäà÷åé ðàáîòû ÿâëÿåòñÿ âûÿñíèòü, âîçìîæíà ëè ðå-
äóêöèÿ ïîäìîäåëè ðàíãà 1 äåôåêòà 1 4-ìåðíîé ïîäàëãåáðû ê èíâàðèàíò-
íûì ïîäìîäåëÿì è êëàññèôèöèðîâàòü íàéäåííûå ÷àñòè÷íî-èíâàðèàíòíûå
ðåøåíèÿ ýòîé ïîäàëãåáðû.

Ñîãëàñîâàííûå èíâàðèàíòû â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò
Óäîáíî âû÷èñëåíèå ïîäìîäåëåé öåïî÷êè ïîäàëãåáð ïðîâîäèòü â öè-

ëèíäðè÷åñêèõ êîîðäèíàòàõ t, x, y = r cos θ, z = r sin θ, 0 ≤ r ≤ ∞,
0 ≤ θ < 2π,
u = U , v = V cos θ −W sin θ, w = V sin θ +W cos θ,
ãäå t � âðåìÿ, ~x = (x, y, z), ~u = (u, v, w) � äåêàðòîâû êîîðäíàòû.

Îïåðàòîðû öåïî÷êè ïîäàëãåáð ïðèìóò âèä

X1 = ∂x, X4 = t∂x + ∂u, X7 = ∂θ,
X10 = ∂t, X11 = t∂t + x∂x + r∂r.

Óðàâíåíèÿ ãàçîâîé äèíàìèêè (çàêîíû ñîõðàíåíèÿ èìïóëüñà, ìàññû è
ýíåðãèè)

~ut + (~u · ∇)~u+ ρ−1∇p = 0,
ρt + ~u · ∇ρ+ ρ∇ · ~u = 0,
εt + ~u · ∇ε+ pρ−1∇ · ~u = 0

çàìûêàþòñÿ óðàâíåíèåì ñîñòîÿíèÿ ε = ε(ρ, p).

Äëÿ ìåõàíèêè ñïëîøíîé ñðåäû òåðìîäèíàìè÷åñêèå õàðàêòåðèñòèêè
òàêîâû: ρ � ïëîòíîñòü, p � äàâëåíèå, T � òåìïåðàòóðà, ε � óäåëüíàÿ
âíóòðåííÿÿ ýíåðãèÿ, S � ýíòðîïèÿ. Îíè ñâÿçàíû òîæäåñòâîì TdS = dε+
pdV , ãäå V = ρ−1.
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Èíâàðèàíòû ïîäàëãåáðû {X1 = ∂x, X4 = t∂x + ∂u, X7 = ∂θ, X10 = ∂t,
X11 = t∂t + x∂x + r∂r} âû÷èñëÿþòñÿ èç ñèñòåìû óðàâíåíèé XiI = 0.
Âèäíî, ÷òî I íå çàâèñèò îò x, θ, t, r, U . Íåçàâèñèìûå èíâàðèàíòû V , W ,
p, ρ.

Èíâàðèàíòû ïîäàëãåáðû {X1, X7, X10 =, X11} íå çàâèñÿò îò x, θ, t,
r. Íåçàâèñèìûå èíâàðèàíòû U , V , W , p, ρ.

Äëÿ ïîäàëãåáðû {X7, X10, X11} èíâàðèàíòû íå çàâèñÿò îò θ, t. Èí-

âàðèàíò äëÿ X11 ðàâåí
x

r
= Φ. Îñòàëüíûå èíâàðèàíòû U , V , W , p, ρ.

Äëÿ {X7, X10} èíâàðèàíòû íå çàâèñÿò îò θ è t. Ñîãëàñîâàííûå èíâà-
ðèàíòû òàêîâû: r, Φ, U , V , W , p, ρ.

Äëÿ {X7 + X10} ñîãëàñîâàííûå èíâàðèàíòû òàêîâû: τ = θ − t, r,

Φ =
x

r
, U , V , W , p, ρ.

Òàêèì îáðàçîì, ïîëó÷åíà öåïî÷êà ñîãëàñîâàííûõ èíâàðèàíòîâ:

{U, V, W, p, ρ} ⊂ {Φ, U, V, W, p, ρ} ⊂
⊂ {r, Φ, U, V, W, p, ρ} ⊂ {τ, r, Φ, U, V, W, p, ρ}.

×àñòè÷íî èíâàðèàíòíûå ðåøåíèÿ
Â ðàáîòå [3] äëÿ êàæäîé ïîäàëãåáðû èç âûáðàííîé öåïî÷êè ïîñòðî-

åíû èíâàðèàíòíûå ïîäìîäåëè. Ïîäàëãåáðà 4.3 íå èìååò èíâàðèàíòà, çà-
âèñÿùåãî îò èñõîäíûõ íåçàâèñèìûõ ïåðåìåííûõ, ïîýòîìó ïðåäñòàâëå-
íèå èíâàðèàíòíîãî ðåøåíèÿ U , V , W , p, ρ � ïîñòîÿííûå. Íåòðèâèàëüíîå
ðåøåíèå ïîäàëãåáðû 4.3 åñòü ÷àñòè÷íî èíâàðèàíòíîå ðåøåíèå ðàíãà 1
äåôåêòà 1 ñ ïðåäñòàâëåíèåì

U = U(α), V = V (α), W = W (α), p = p(α), ρ = ρ(α), α = α(t, τ , r,
Φ).

Áûëà âûâåäåíà ñèñòåìà

U ′Dα+ ρ−1r−1p′αΦ = 0,

V ′Dα+ ρ−1p′(αr −
Φ

r
αΦ) = r−1W 2,

W ′Dα+ ρ−1r−1p′ατ = −r−1VW,
ρ′Dα+ ρ[(U ′ − ΦV ′)r−1αΦ + V ′αr + r−1(V +W ′ατ )] = 0,
S′Dα = 0,
p = f(ρ, S),

ãäå D = ∂t + (
W

r
− 1)∂τ + V ∂r +

1

r
(U − V Φ)∂Φ.

Èññëåäîâàíèå ñèñòåìû ìîæåò ïðèâåñòè ê åå ðåäóêöèè íà èíâàðèàíò-
íûå ïîäìîäåëè â çàâèñèìîñòè îò âèäà α.

Ôóíêöèÿ α îïðåäåëÿåòñÿ ñ òî÷íîñòüþ äî ôóíöèîíàëüíîãî ïðîèçâîëà
α = ϕ (α) (ïðåîáðàçîâàíèå ýêâèâàëåíòíîñòè). Åñëè α = α(Φ), òî ïîëó-
÷èì èíâàðèàíòíóþ ïîäìîäåëü ðàíãà 1. Ýòî êîíè÷åñêèå äâèæåíèÿ, îïè-
ñàííûå â [4]. Åñëè α = α(Φ, r), òî ñðåäè ðåøåíèé ñèñòåìû ìîãóò íàéòèñü
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ðåøåíèÿ ïîäìîäåëè ðàíãà 2. Åñëè α = α(τ , r, Φ), òî ìîãóò ïîëó÷èòüñÿ
ðåøåíèÿ ïîäìîäåëè ðàíãà 3.

Çàêëþ÷åíèå
Ðàññìîòðåíà öåïî÷êà âëîæåííûõ ïîäàëãåáð 11-ìåðíîé àëãåáðû Ëè

äëÿ èäåàëüíîé ìîäåëè ãèäðîäèíàìè÷åñêîãî òèïà. Äëÿ ïîäàëãåáð âûáðà-
íû ñîãëàñîâàííûå èíâàðèàíòû. Íà èõ îñíîâå ïîñòðîåíà öåïî÷êà èíâàðè-
àíòíûõ ïîäìîäåëåé è ðàññìîòðåíû èõ ðåøåíèÿ. Äîêàçàíî, ÷òî ðåøåíèÿ
ïîäìîäåëè, ïîñòðîåííîé ïî ïîäàëãåáðå áîëüøåé ðàçìåðíîñòè, áóäóò ÿâ-
ëÿòüñÿ ðåøåíèÿìè ïîäìîäåëåé, ïîñòðîåííûõ ïî ïîäàëãåáðàì ìåíüøèõ
ðàçìåðíîñòåé èç ðàññìàòðèâàåìîé öåïî÷êè.

Íà îñíîâå ñîãëàñîâàííûõ èíâàðèàíòîâ ïîñòðîåíà ïîäìîäåëü ðàíãà 1
äåôåêòà 1. Ïîëó÷åíû ÷àñòíûå ðåøåíèÿ, êîòîðûå ìîãóò áûòü èíâàðèàíò-
íûìè îòíîñèòåëüíî ïîäàëãåáð, âëîæåííûõ â ÷åòûðåõìåðíóþ ïîäàëãåáðó
èç ðàññìàòðèâàåìîé öåïî÷êè.

Ëèòåðàòóðà
1. ×èðêóíîâ Þ.À., Õàáèðîâ Ñ.Â. Ýëåìåíòû ñèììåòðèéíîãî àíàëèçà äèô-

ôåðåíöèàëüíûõ óðàâíåíèé ìåõàíèêè ñïëîøíîé ñðåäû. � Íîâîñèáèðñê: ÍÃÒÓ,
2012, 659 ñ.

2. Õàáèðîâ Ñ.Â. Èåðàðõèÿ ïîäìîäåëåé äèôôåðåíöèàëüíûõ óðàâíåíèé //
ÑÌÆ, 54:6 (2013), 1396�1406.

3. Ìóêìèíîâ Ò.Ô. Öåïî÷êà âëîæåííûõ èíâàðèàíòíûõ ïîäìîäåëåé êîíè÷å-
ñêèõ äâèæåíèé // Ìíîãîôàçíûå ñèñòåìû, 14:4 (2019), 270�275.

4. Õàáèðîâ Ñ.Â. Ëåêöèè àíàëèòè÷åñêèå ìåòîäû â ãàçîâîé äèíàìèêå. � Óôà:
ÁÃÓ, 2013, 224 ñ.

71



ÈÑÑËÅÄÎÂÀÍÈÅ ÔÀÇÎÂÛÕ ÏÅÐÅÕÎÄÎÂ Â
ÔÐÓÑÒÐÈÐÎÂÀÍÍÎÉ ÌÎÄÅËÈ ÈÇÈÍÃÀ Ñ

ÌÀÃÍÈÒÍÛÌ ÏÎËÅÌ
Ê.Ø. Ìóðòàçàåâ , À.Ê. Ìóðòàçàåâ, Ì.Ê. Ðàìàçàíîâ, Ì.À.

Ìàãîìåäîâ

ÓÄÊ 538.9

Èññëåäîâàíèå ôàçîâûõ ïåðåõîäîâ (ÔÏ) è êðèòè÷åñêèõ ÿâëåíèé ôðóñò-
ðèðîâàííûõ ñïèíîâûõ ñèñòåì â íàñòîÿùåå âðåìÿ ÿâëÿåòñÿ îäíèì èç
íàèáîëåå àêòóàëüíûõ è ñëîæíûõ çàäà÷ â îáëàñòè ôèçèêè êîíäåí-
ñèðîâàííûõ ñðåä [1,2]. Ýòî ñâÿçàíî ñ òåì, ÷òî îñíîâíîå ñîñòîÿíèå
ñèñòåìû ñèëüíî âûðîæäåíî ïðè íàëè÷èè ôðóñòðàöèé. [3-7]. Ðåïëè÷-
íûé àëãîðèòì ìåòîäà ÌÊ áåçóñëîâíî ÿâëÿåòñÿ ìîùíûì àïïàðàòîì
äëÿ ðåøåíèÿ òàêèõ çàäà÷. Ïîýòîìó â äàííîì èññëåäîâàíèè áûë èñ-
ïîëüçîâàí âûñîêîýôôåêòèâíûé ðåïëè÷íûé îáìåííûé àëãîðèòì ìå-
òîäà ÌÊ.

Êëþ÷åâûå ñëîâà: ôðóñòðèðîâàííàÿ ìîäåëü Èçèíãà

Study of phase transitions in a frustrated Ising model with a
magnetic field

Investigation of phase transitions (PT) and critical phenomena of frus-
trated spin systems is currently one of the most urgent and complex
problems in the field of condensed matter physics [1, 2]. This is due
to the fact that the ground state of the system is strongly degener-
ate in the presence of frustrations. [3-7]. The replica algorithm of the
MK method is undoubtedly a powerful tool for solving such problems.
Therefore, in this study, a highly efficient replica exchange algorithm of
the MC method was used.

Keywords: frustrated Ising model

Ãàìèëüòîíèàí àíòèôåððîìàãíèòíîé ìîäåëè Èçèíãà íà îáúåìíî-öåí-
òðèðîâàííîé êóáè÷åñêîé (ÎÖÊ) ðåøåòêå ñ ó÷åòîì âçàèìîäåéñòâèÿ ïåð-
âûõ è âòîðûõ áëèæàéøèõ ñîñåäåé, à òàêæå âíåøíåãî ìàãíèòíîãî ïîëÿ
èìååò ñëåäóþùèé âèä:

H = −J1

∑
〈i,j〉

(Si · Sj)− J2

∑
〈i,l〉

(Si · Sl)−H
∑
〈i〉

Si (1)
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ãäå J1 è J2 � êîíñòàíòû îáìåííîãî àíòèôåððîìàãíèòíîãî âçàèìîäåé-
ñòâèÿ ïåðâûõ (J1<0 ) è âòîðûõ (J2<0 ) áëèæàéøèõ ñîñåäåé, Si, j, l = ± 1
� èçèíãîâñêèé ñïèí, H - âåëè÷èíà ìàãíèòíîãî ïîëÿ (âåëè÷èíà ìàãíèòíîãî
ïîëÿ ïðèâîäèòñÿ â åäèíèöàõ H/|J1|). Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ
ñëó÷àé, êîãäà r=|J2 |/|J1|=1.0.

Ðàñ÷åòû ïðîâîäèëèñü äëÿ ñèñòåì ñ ïåðèîäè÷åñêèìè ãðàíè÷íûìè óñëî-
âèÿìè è ëèíåéíûìè ðàçìåðàìè 2×L×L×L=N, L=18÷90, ãäå L èçìåðÿ-
åòñÿ â ðàçìåðàõ ýëåìåíòàðíîé ÿ÷åéêè.

Âåëè÷èíà çíà÷åíèé âíåøíåãî ìàãíèòíîãî ïîëÿ ìåíÿëîñü â èíòåðâàëå
0.0 < H ≤ 6.0. Äëÿ àíàëèçà ïðèðîäû è õàðàêòåðà ÔÏ èñïîëüçîâàëèñü
ãèñòîãðàììíûé ìåòîä è ìåòîä êóìóëÿíòîâ Áèíäåðà.

Çàâèñèìîñòè êóìóëÿíòà Áèíäåðà UL îò òåìïåðàòóðû ïðè H=6 äëÿ
ðàçíûõ çíà÷åíèé L ïðåäñòàâëåíû íà ðèñóíêå 1. Íà ðèñóíêå âèäíà ÷åòêî
âûðàæåííàÿ òî÷êà ïåðåñå÷åíèÿ (TN=3.510), êîòîðàÿ ÿâëÿåòñÿ êðèòè÷å-
ñêèé òåìïåðàòóðîé è ñâèäåòåëüñòâóåò î ÔÏ âòîðîãî ðîäà [8].

Âûïîëíåíî èññëåäîâàíèå òðåõìåðíîé àíòèôåððîìàãíèòíîé ìîäåëè
Èçèíãà íà îáúåìíî-öåíòðèðîâàííîé êóáè÷åñêîé ðåøåòêå ñ ó÷åòîì âçà-
èìîäåéñòâèÿ ïåðâûõ è âòîðûõ áëèæàéøèõ ñîñåäåé, à òàêæå âíåøíåãî
ìàãíèòíîãî ïîëÿ. Ðàññìîòðåí èíòåðâàë çíà÷åíèé âåëè÷èíû ìàãíèòíîãî
ïîëÿ 0.0 < H ≤ 6.0.. Óñòàíîâëåíî, ÷òî äëÿ âñåõ çíà÷åíèé ìàãíèòíûõ ïî-
ëåé â ðàññìîòðåííîì èíòåðâàëå íàáëþäàåòñÿ ôàçîâûé ïåðåõîä âòîðîãî
ðîäà.
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Ðàññìàòðèâàåòñÿ íåëèíåéíàÿ ïåðèîäè÷åñêàÿ ñèñòåìà, çàâèñÿùàÿ îò
äâóõ ìàëûõ ñêàëÿðíûõ ïàðàìåòðîâ. Èçó÷àþòñÿ âîïðîñû ïîñòðîåíèÿ
ãðàíèö îáëàñòåé óñòîé÷èâîñòè òî÷åê ðàâíîâåñèÿ â ïëîñêîñòè ïàðà-
ìåòðîâ.

Êëþ÷åâûå ñëîâà: òî÷êà ðàâíîâåñèÿ, óñòîé÷èâîñòü, ìàòðèöà ìîíî-
äðîìèè, ìóëüòèïëèêàòîð.

On approximate constructions of the boundary of the
stability domain of nonlinear periodic systems

A nonlinear periodic system depending on two small scalar parameters is
considered. The problems of constructing the boundaries of the stability
regions of equilibrium points in the parameter plane are studied.

Keywords: equilibrium point, stability, monodromy matrix, multiplier.

Ðàññìîòðèì íåëèíåéíóþ ïåðèîäè÷åñêóþ ñèñòåìó

dx

dt
= [A0 + S(t, α, β)]x+ a(x, t, α, β), x ∈ R2N , (1)

ãäå α è β- ñêàëÿðíûå ïàðàìåòðû, A0 - âåùåñòâåííàÿ ìàòðèöà, à S(t, α, β)
è âåêòîð�ôóíêöèÿ a(x, t, α, β) ÿâëÿþòñÿ íåïðåðûâíûìè è T�ïåðèîäè÷åñ-
êèìè ïî t, ãëàäêî (íåïðåðûâíî äèôôåðåíöèðóåìî) çàâèñÿùèå îò ñêà-
ëÿðíûõ ïàðàìåòðîâ α è β, ïðè ýòîì a(x, t, α, β) ãëàäêî çàâèñèò îò x è
óäîâëåòâîðÿåò ñîîòíîøåíèþ:

||a(x, t, α, β)|| = O(||x||2)
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ïðè ||x|| → 0 ðàâíîìåðíî ïî t, α è β. Ïðè ýòîì âûïîëíÿåòñÿ óñëîâèå

S(t, 0, 0) ≡ 0. (2)

Óðàâíåíèå (1) ïðè âñåõ çíà÷åíèÿõ ïàðàìåòðîâ α è β èìååò òî÷êó ðàâ-
íîâåñèÿ x = 0, êîòîðàÿ ïðè îäíèõ çíà÷åíèÿõ ïàðàìåòðîâ ìîæåò áûòü
óñòîé÷èâîé, à ïðè äðóãèõ - íåóñòîé÷èâîé. Ìíîæåñòâî G â ïëîñêîñòè
Π ïàðàìåòðîâ (α, β) áóäåì íàçûâàòü îáëàñòüþ óñòîé÷èâîñòè (îáëàñòüþ
íåóñòîé÷èâîñòè) òî÷êè ðàâíîâåñèÿ x = 0 ñèñòåìû (1), åñëè äëÿ ëþáîãî
(α, β) ∈ G òî÷êà ðàâíîâåñèÿ x = 0 ÿâëÿåòñÿ óñòîé÷èâîé (íåóñòîé÷èâîé).
Òî÷êó (α0, β0) ∈ Π áóäåì íàçûâàòü ãðàíè÷íîé òî÷êîé îáëàñòè óñòîé÷è-
âîñòè G, åñëè â ëþáîé åå îêðåñòíîñòè ñîäåðæàòñÿ òî÷êè êàê èç îáëàñòè
óñòîé÷èâîñòè G, òàê è èç îáëàñòè íåóñòîé÷èâîñòè. Ñîâîêóïíîñòü ãðà-
íè÷íûõ òî÷åê ìíîæåñòâà G áóäåì íàçûâàòü ãðàíèöåé Γ ìíîæåñòâà G.

Îáîçíà÷èì ÷åðåç X(t, α, β) ôóíäàìåíòàëüíóþ ìàòðèöó ðåøåíèé ñè-
ñòåìû (1), à ÷åðåç V (α, β) = X(T, α, β) - ìàòðèöó ìîíîäðîìèè ñèñòåìû
(1). Òîãäà âåðíû ðàâåíñòâà X(t, 0, 0) = eA0t è V (0, 0) = eA0T .

Ñîáñòâåííûå çíà÷åíèÿ µi, ãäå i = 1, 2N , ìàòðèöû V (α, β) íàçûâàþò
ìóëüòèïëèêàòîðàìè ñèñòåìû (1).

Â äàííîé ðàáîòå îñíîâíûì ÿâëÿåòñÿ ïðåäïîëîæåíèå:
P1 Ìàòðèöà A0 èìååò â òî÷íîñòè îäíó ïàðó ïðîñòûõ ÷èñòî ìíèìûõ

ñîáñòâåííûõ çíà÷åíèé ±ω0i, ãäå ω0 = πk0
T ïðè íåêîòîðîì íàòóðàëüíîì

k0, à îñòàëüíûå åå ñîáñòâåííûå çíà÷åíèÿ ÿâëÿþòñÿ ÷èñòî ìíèìûìè è
äëÿ ëþáûõ äâóõ äðóãèõ ðàçëè÷íûõ ñîáñòâåííûõ çíà÷åíèé ±ω1i è ±ω2i
âûïîëíÿåòñÿ óñëîâèå ω1 − ω2 6= 2πk

T ïðè öåëûõ k.
Â òàêîì ñëó÷àå ñèñòåìà (1) ïðè α = 0 è β = 0 èìååò ïîëóïðîñòûå

ìóëüòèïëèêàòîðû ðàâíûå 1 â ñëó÷àå, êîãäà k0 � ÿâëÿåòñÿ ÷åòíûì ÷èñ-
ëîì; è −1 â ñëó÷àå, êîãäà k0 � ÿâëÿåòñÿ íå÷åòíûì ÷èñëîì; è òî÷êà (0, 0)
ïëîñêîñòè ïàðàìåòðîâ (α, β) ÿâëÿåòñÿ ãðàíè÷íîé òî÷êîé îáëàñòè óñòîé-
÷èâîñòè.

Òàê êàê ìàòðèöà A0 èìååò ïàðó ïðîñòûõ ÷èñòî ìíèìûõ ñîáñòâåííûõ
çíà÷åíèé ±ω0i, ãäå ω0 = πk0

T ïðè íåêîòîðîì íàòóðàëüíîì k0, òî íàéäóòñÿ
òàêèå íåíóëåâûå âåêòîðû e , g , e∗ , g∗ ∈ R2N , ÷òî âûïîëíÿþòñÿ ðàâåíñòâà

A0(e+ ig) = ωi(e+ ig), A∗0(e∗ + ig∗) = −ωi(e∗ + ig∗). (3)

Áóäåì ïðåäïîëàãàòü, ÷òî âåêòîðû e , g , e∗ , g∗ íîðìèðîâàíû ðàâåíñòâàìè

(e, e∗) = (g, g∗) = 1, (e, g∗) = (g, e∗) = 0. (4)

Òåîðåìà 1. Ïóñòü âûïîëíåíî ïðåäïîëîæåíèå P1. Òîãäà ÷åðåç òî÷êó
(0, 0) ïëîñêîñòè ïàðàìåòðîâ (α, β) ïðîõîäÿò â òî÷íîñòè äâå ãðàíè÷íûå
êðèâûå γ1,2 îáëàñòè óñòîé÷èâîñòè ñèñòåìû (1), ïðè ýòîì ïðÿìûå, çà-
äàííûå ôîðìóëàìè

β = β0 + β1
1α, β = β0 + β1

2α,
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ÿâëÿþòñÿ êàñàòåëüíûìè â òî÷êå (0, 0) ê ãðàíè÷íûì êðèâûì γ1,2 îáëà-
ñòè óñòîé÷èâîñòè, â êîòîðûõ β1

1 è β1
2 îïðåäåëÿþòñÿ èç ðàâåíñòâà

(V1e, e
∗)2 + (V1g, e

∗)(V1e, g
∗) = 0,

ãäå

V1 =

T∫
0

e−A0τ (S
′
α(τ, 0, 0) + βj1S

′
β(τ, 0, 0))eA0τdτ, j = (1, 2N).
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Ïðåäñòàâëåí îáçîð ñâåæèõ ðåçóëüòàòîâ î êà÷åñòâåííûõ ñâîéñòâàõ
ðåøåíèé, ïîëó÷åííûõ (â ðàìêàõ åäèíîãî ïîäõîäà) äëÿ ñèíãóëÿðíûõ
ýëëèïòè÷åñêèõ è ïàðàáîëè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ êâà-
çèëèíåéíûìè ÷ëåíàìè KPZ-òèïà â íåèçîòðîïíûõ (öèëèíäðè÷åñêèõ)
îáëàñòÿõ.
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Problems in cylindrical domains
for singular quasilinear elliptic and parabolic equations

A review of recent results on qualitative properties of solutions, ob-
tained (from a unique viewpoint) for singular elliptic and parabolic
second-order equations with quasilinear KPZ-type terms in nonisotropic
(cylindrical) domains, is presented.

Keywords: quasilinear equations, elliptic equations, parabolic equations,
singular equations
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1. Ñòàöèîíàðíûé ñëó÷àé
Äëÿ çàäà÷è

∆u+
α

u
|∇u|2 − a(x′)up = 0, x′ := (x1, . . . , xn) ∈ Ω, xn+1 ≥ 0, (1)

uα
∂u

∂n
= 0, x′ ∈ ∂Ω, xn+1 ≥ 0, (2)

ãäå Ω� îãðàíè÷åííàÿ îáëàñòü ñ ëèïøèöåâîé ãðàíèöåé â Rn, à a� îãðà-
íè÷åííàÿ èçìåðèìàÿ ôóíêöèÿ, íàéäåíû óñëîâèÿ, ïðè êîòîðûõ äëÿ ëþ-
áîãî ïîëîæèòåëüíîãî ðåøåíèÿ u(x) = u(x′, xn+1) çàäà÷è (1)-(2) ïðåäåë

lim
xn+1→∞

x
2(α+1)
p−1

n+1 uα+1(x) ñóùåñòâóåò äëÿ ëþáîãî x′ èç Ω, ÿâëÿåòñÿ ðàâíî-

ìåðíûì îòíîñèòåëüíî x′ èç Ω è ðàâåí ëèáî íóëþ, ëèáî ïîñòîÿííîé 2(2α+ p+ 1)mesΩ

(α+ 1)2

∫
Ω

a(y)dy
[
(α+ 1)a(x′)− 1

]2


α+1
p−1

.

2. Íåñòàöèîíàðíûé ñëó÷àé
Çàäà÷à

∂u

∂t
= ∆u+

α

u
|∇u|2 − a(x)up, x ∈ Ω, 0 < t < T, (3)

uα
∂u

∂n
= 0, x ∈ ∂Ω, 0 < t < T, (4)

ðàññìàòðèâàåòñÿ ïðè ñëåäóþùèõ ïðåäïîëîæåíèÿõ: T �ïîëîæèòåëüíàÿ
(êîíå÷íàÿ èëè áåñêîíå÷íàÿ) ïîñòîÿííàÿ, Ω� îãðàíè÷åííàÿ îáëàñòü ñ ëèï-
øèöåâîé ãðàíèöåé â Rn, ôóíêöèÿ a îãðàíè÷åíà è èçìåðèìà, à ïîñòîÿííàÿ
α îòëè÷íà îò −1.

Ïîêàçûâàåòñÿ ÷òî â ïàðàáîëè÷åñêîì ñëó÷àå êà÷åñòâåííûå ñâîéñòâà

ðåøåíèé ñóùåñòâåííî çàâèñÿò îò çíàêà ïðîèçâåäåíèÿ (p− 1)

∫
Ω

a(x)dx :

• åñëè îíî îòðèöàòåëüíî, òî èìååò ìåñòî ìãíîâåííîå (ëîêàëüíîå, ïîë-
íîå) ðàçðóøåíèå ïîëîæèòåëüíûõ ðåøåíèé;

• åñëè îíî ðàâíî íóëþ (î÷åâèäíî, ýòî âîçìîæíî òîëüêî ïðè îáðàùå-
íèè â íóëü èíòåãðàëüíîãî ñîìíîæèòåëÿ), òî íå ñóùåñòâóåò ãëîáàëü-
íûõ ïîëîæèòåëüíûõ ðåøåíèé;

• åñëè îíî ïîëîæèòåëüíî, òî èìååò ìåñòî ðàâíîìåðíàÿ ñòàáèëèçàöèÿ
êàæäîãî ãëîáàëüíîãî ïîëîæèòåëüíîãî ðåøåíèÿ (åñëè îíî ñóùåñòâó-
åò) ê ïîñòîÿííîé.
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2.1. Ïîâåäåíèå ðåøåíèé ïðè t→∞
Äëÿ ñëó÷àÿ, êîãäà T = ∞, íàéäåíî óñëîâèå, îáåñïå÷èâàþùåå ñïðàâåä-
ëèâîñòü ñëåäóþùèõ óòâåðæäåíèé äëÿ ëþáîãî ïîëîæèòåëüíîãî ðåøåíèÿ

u(x, t) çàäà÷è (3)-(4): ñóùåñòâóåò lim
t→∞

t
α+1
p−1 uα+1(x, t), îí ðàâíîìåðåí â Ω

è ðàâåí ëèáî íóëþ, ëèáî ïîñòîÿííîé

 p− 1

mes Ω

∫
Ω

a(y)dy

 1+α
1−p

.

2.2. Îòñóòñòâèå ðåøåíèé
Ïðåäúÿâëÿþòñÿ äâà íàáîðà óñëîâèé. Ïåðâûé îáåñïå÷èâàåò îòñóòñòâèå
ïîëîæèòåëüíûõ îãðàíè÷åííûõ ðåøåíèé çàäà÷è (3)-(4) â ñëó÷àå áåñêî-
íå÷íîãî T , ò. å. óñòàíàâëèâàåòñÿ ðàçðóøåíèå ãëîáàëüíûõ ðåøåíèé. Âòî-
ðîé îáåñïå÷èâàåò îòñóòñòâèå ïîëîæèòåëüíûõ îãðàíè÷åííûõ ðåøåíèé çà-
äà÷è (3)-(4) äëÿ ëþáîãî (ñêîëü óãîäíî ìàëîãî) ïîëîæèòåëüíîãî T , ò. å.
óñòàíàâëèâàåòñÿ ìãíîâåííîå ðàçðóøåíèå ðåøåíèé.
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Äëÿ òðåõìåðíûõ àâòîíîìíûõ ñèñòåì ñ âûäåëåííîé ãëàâíîé ãðà-
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î ñóùåñòâîâàíèè îãðàíè÷åííûõ òðàåêòîðèé. Ïîñòðîåí ïðèìåð òðåõ-
ìåðíîé àâòîíîìíîé ñèñòåìû, èìåþùåé ìíîæåñòâî íåñòàöèîíàðíûõ
îãðàíè÷åííûõ òðàåêòîðèé. Äëÿ ïîñòðîåííîé àâòîíîìíîé ñèñòåìû
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About the bounded trajectories of three-dimensional
autonomous systems with the main gradient part

For three-dimensional autonomous systems with a dedicated main gra-
dient part is investigated the question of the existence and behavior of
bounded trajectories. Theorems on the existence of bounded trajec-
tories are formulated and proved. Is constructed example of a three-
dimensional an autonomous system with many non-stationary bounded
trajectories. For the constructed autonomous system, stable and un-
stable closed trajectories are studied and surfaces consisting of open
bounded trajectories are identified.

Keywords: autonomous system, bounded trajectory, rotation of vector
field

Äîêëàä ïîñâÿùåí èññëåäîâàíèþ îãðàíè÷åííûõ òðàåêòîðèé òðåõìåð-
íûõ àâòîíîìíûõ ñèñòåì ñëåäóþùåãî âèäà:

x′ = ∇f(x) + h(x), x ∈ R3. (1)

Çäåñü ∇f � ãðàäèåíò ãëàäêîé ôóíêöèè f : R3 7→ R1. Ïðåäïîëàãàåòñÿ, ÷òî
ôóíêöèÿ f ïîëîæèòåëüíî îäíîðîäíà ïîðÿäêàm > 2, ò. å. f(λx) ≡ λmf(x)
ïðè ëþáîì λ > 0, êðîìå òîãî, ∇f(x) 6= 0 ïðè x 6= 0. Îòîáðàæåíèå
h : R3 7→ R3 íåïðåðûâíî è óäîâëåòâîðÿåò óñëîâèþ

lim
|x|→∞

|x|−m|h(x)| = 0. (2)

Âîïðîñû ñóùåñòâîâàíèÿ ïåðèîäè÷åñêèõ è îãðàíè÷åííûõ òðàåêòîðèé ñè-
ñòåì âèäà (1) èññëåäîâàíû â ðàáîòàõ [1, 2]. Â ñâÿçè ñ ðåçóëüòàòàìè óêà-
çàííûõ ðàáîò ïðåäñòàâëÿåò èíòåðåñ âîïðîñ î ñóùåñòâîâàíèè ïåðèîäè÷å-
ñêèõ è îãðàíè÷åííûõ òðàåêòîðèé äëÿ òàêèõ ñèñòåì, ó êîòîðûõ âåêòîðíîå
ïîëå ∇f èìååò íóëåâîå âðàùåíèå γ(∇f) íà åäèíè÷íîé ñôåðå |x| = 1.

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà î ñóùåñòâîâàíèè ïåðèîäè÷åñêèõ
òðàåêòîðèé.

Òåîðåìà 1. Äëÿ íåêîòîðîãî ω > 0 è ëþáîãî îòîáðàæåíèÿ h, óäî-
âëåòâîðÿþùåãî óñëîâèþ (2), ñóùåñòâóåò ω-ïåðèîäè÷åñêàÿ òðàåêòîðèÿ
àâòîíîìíîé ñèñòåìû (1) òîãäà è òîëüêî òîãäà, êîãäà γ(∇f) 6= 0.

Â âîïðîñå ñóùåñòâîâàíèÿ îãðàíè÷åííûõ òðàåêòîðèé ó àâòîíîìíîé
ñèñòåìû (1) ðåøàþùóþ ðîëü èãðàåò ñòðóêòóðà íóëåâîé ëèíèè óðîâíÿ
ôóíêöèè f íà åäèíè÷íîé ñôåðå |x| = 1. À èìåííî èìååò ìåñòî ñëåäóþùàÿ
òåîðåìà.

Òåîðåìà 2. Äëÿ ëþáîãî îòîáðàæåíèÿ h, óäîâëåòâîðÿþùåãî óñëîâèþ
(2), ñóùåñòâóåò îãðàíè÷åííàÿ òðàåêòîðèÿ àâòîíîìíîé ñèñòåìû (1)
òîãäà è òîëüêî òîãäà, êîãäà ìíîæåñòâî

K(f) := {x : f(x) = 0, |x| = 1}

ïóñòî èëè ñîäåðæèò áîëåå îäíîé ñâÿçíîé êîìïîíåíòû.
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Â ñëó÷àå γ(∇f) = 0 ïðåäñòàâëÿåò èíòåðåñ âîïðîñ î ïîñòðîåíèè îòîá-
ðàæåíèÿ h, óäîâëåòâîðÿþùåãî óñëîâèþ (2) è äëÿ êîòîðîãî àâòîíîìíàÿ
ñèñòåìà (1) èìååò íåñòàöèîíàðíûå îãðàíè÷åííûå òðàåêòîðèè. Äàííûé
âîïðîñ àêòóàëåí òåì, ÷òî àâòîíîìíàÿ ñèñòåìà (1) â îáùåì ñëó÷àå ÿâ-
ëÿåòñÿ ãèïåðáîëè÷åñêîé: îäíà ÷àñòü òðàåêòîðèé óõîäèò â áåñêîíå÷íîñòü
ïðè âîçðàñòàíèè âðåìåíè, à äðóãàÿ ÷àñòü òðàåêòîðèé óõîäèò â áåñêîíå÷-
íîñòü ïðè óáûâàíèè âðåìåíè. Â îáùåèçâåñòíûõ ðàáîòàõ ñóùåñòâîâàíèå
îãðàíè÷åííûõ òðàåêòîðèé èññëåäóåòñÿ â îñíîâíîì â òåõ ñëó÷àÿõ, êîãäà
íåò òðàåêòîðèé, óõîäÿùèõ â áåñêîíå÷íîñòü ïðè óáûâàíèè èëè âîçðàñòà-
íèè âðåìåíè. Íàïðèìåð, â ñèñòåìå Ëîðåíöà íåò òðàåêòîðèé, óõîäÿùèõ
â áåñêîíå÷íîñòü ïðè âîçðàñòàíèè âðåìåíè.

Â íàñòîÿùåé ðàáîòå ïîñòðîåí ïðèìåð àâòîíîìíîé ñèñòåìû âèäà (1),
ó êîòîðîé γ(∇f) = 0 è ñóùåñòâóþò íåñòàöèîíàðíûå çàìêíóòûå îãðà-
íè÷åííûå òðàåêòîðèè. Èññëåäóÿ óñòîé÷èâûå è íåóñòîé÷èâûå çàìêíóòûå
òðàåêòîðèè, âûÿâëåíû ïîâåðõíîñòè, ñîñòîÿùèå èç íåçàìêíóòûõ îãðàíè-
÷åííûõ òðàåêòîðèé. Ïðèâîäÿòñÿ ãðàôè÷åñêèå èëëþñòðàöèè îãðàíè÷åí-
íûõ òðàåêòîðèé, ïîëó÷åííûå ñ ïðèìåíåíèåì ïàêåòà MatLab.
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On spectral radii and norms of integral operators in the
Dirichlet problem on a square

The Dirichlet problem for the Laplace equation on a square is consid-
ered. The spectral radius and norm of integral operators are found.
Some properties of these operators are given. The unique solvability
of homogeneous and inhomogeneous systems of integral equations is
stated.

Keywords: Laplace equation, Dirichlet problem, integral operator, spec-
tral radius, norm

Ðàññìîòðèì çàäà÷ó Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà

4u = 0, (x, y) ∈ G, u|Γ = Ψ(x, y),

ãäå G = (0, 1)× (0, 1), Γ � ãðàíèöà îáëàñòè G, Ψ � çàäàííàÿ ôóíêöèÿ íà
Γ.

Ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è, êîãäà G � îòêðûòûé êðóã, Γ åãî
ãðàíèöà, ÿâíî âûðàæàåòñÿ ÷åðåç ñâîå ãðàíè÷íîå çíà÷åíèå ñ ïîìîùüþ
èíòåãðàëà Ïóàññîíà. Â îáùåì ñëó÷àå, êîãäà äàííàÿ çàäà÷à ðàññìàòðèâà-
åòñÿ â îáëàñòè ñ ãëàäêîé ãðàíèöåé, òî èíòåãðàëüíîå óðàâíåíèå, ïîëó÷à-
åìîå äëÿ îïðåäåëåíèÿ íåèçâåñòíîé ïëîòíîñòè, ÿâëÿåòñÿ óðàâíåíèåì òè-
ïà Ôðåäãîëüìà è äëÿ åãî ðåøåíèÿ ïðèìåíèìà òåîðèÿ Ôðåäãîëüìà. Äëÿ
îáëàñòè ñ óãëîâûìè òî÷êàìè ïîëó÷àþòñÿ èíòåãðàëüíûå óðàâíåíèÿ òè-
ïà Ôðåäãîëüìà ñ èíòåãðàëüíûìè îïåðàòîðàìè, íå ÿâëÿþùèìèñÿ âïîëíå
íåïðåðûâíûìè. Ïîýòîìó, ïðèìåíåíèå èçâåñòíûõ ðåçóëüòàòîâ òåîðèè èí-
òåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà íå ïðåäñòàâëÿåòñÿ âîçìîæíûì [1].
Íèæå ïðåäëàãàåòñÿ ìåòîä ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è, îñíîâàí-
íûé íà ñâîéñòâàõ íåêîòîðûõ èíòåãðàëüíûõ îïåðàòîðîâ, îäíîçíà÷íîé è
êîððåêòíîé ðàçðåøèìîñòè ñèñòåì èíòåãðàëüíûõ óðàâíåíèé, ñîäåðæàùèå
ýòè èíòåãðàëüíûå îïåðàòîðû.

Ïóñòü ôóíêöèÿ ϕ(x) èçìåðèìà íà ÷èñëîâîé îñè (−∞,+∞), äëÿ êî-
òîðîé ïðè y > 0 ñóùåñòâóåò èíòåãðàë

u(x, y) =
y

π

∫ +∞

−∞

ϕ(ξ)dξ

(x− ξ)2 + y2
,

íàçûâàåìûé èíòåãðàëîì Ïóàññîíà. Íà ïîëóïëîñêîñòè y > 0 èíòåãðàë
Ïóàññîíà ÿâëÿåòñÿ ãàðìîíè÷åñêîé ôóíêöèåé.

Ïðåäïîëàãàÿ Ψ ∈ C(Γ), ïîëîæèì

ψ1(x) = Ψ(x, 0), ψ2(y) = Ψ(1, y), ψ3(x) = Ψ(x, 1), ψ4(y) = Ψ(0, y);

‖Ψ‖C(Γ) = max
{
‖ψi‖C[0,1] : i = 1, . . . , 4

}
.

Ðåøåíèå çàäà÷è Äèðèõëå áóäåì èñêàòü â âèäå ñóììû ÷åòûðåõ ãàðìî-
íè÷åñêèõ ôóíêöèé:

u = u1 + u2 + u3 + u4;
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u1(x, y) =
y

π

∫ 1

0

ϕ1(ξ)dξ

(x− ξ)2 + y2
, u2(x, y) =

1− x
π

∫ 1

0

ϕ2(η)dη

(1− x)2 + (y − η)2
,

u3(x, y) =
1− y
π

∫ 1

0

ϕ3(ξ)dξ

(x− ξ)2 + (1− y)2
, u4(x, y) =

x

π

∫ 1

0

ϕ4(η)dη

x2 + (y − η)2
,

ãäå ϕ1, . . . , ϕ4 � íåèçâåñòíûå ïëîòíîñòè èíòåãðàëîâ Ïóàññîíà. Ýòè ïëîò-
íîñòè îïðåäåëÿþòñÿ èç ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé

(I +A)Φ = Ψ,

ãäå I � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà 4; C = C[0, 1],

A =


0 SK K0 K
KS 0 SKS K0

K0 SKS 0 KS
K K0 SK 0

 : C 7→ C, Φ =


ϕ1

ϕ2

ϕ3

ϕ4

 , Ψ =


ψ1

ψ2

ψ3

ψ4

 ,

(Kϕ)(x) =
x

π

∫ 1

0

ϕ(η)dη

x2 + η2
, 0 < x ≤ 1, (Kϕ)(0) =

1

2
ϕ(0);

(K0ϕ)(x) =
1

π

∫ 1

0

ϕ(ξ)dξ

1 + (x− ξ)2
, (Sϕ)(x) = ϕ(1− x), 0 ≤ x ≤ 1.

Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:
1. Äëÿ ëþáîãî íàòóðàëüíîãî n îïåðàòîð K0 äåéñòâóåò èç ïðîñòðàí-

ñòâà ñóììèðóåìûõ ôóíêöèé L1[0, 1] â ïðîñòðàíñòâî n ðàç íåïðåðûâíî
äèôôåðåíöèðóåìûx ôóíêöèé Cn[0, 1] è ÿâëÿåòñÿ âïîëíå íåïðåðûâíûì.

2. Îïåðàòîð K äåéñòâóåò íåïðåðûâíî â ïðîñòðàíñòâå C[0, 1], íî íå
ÿâëÿåòñÿ âïîëíå íåïðåðûâíûì è åãî ñïåêòðàëüíûé ðàäèóñ è íîðìà ðàâ-
íû:

ρ(K) = ||K||C 7→C =
1

2
.

3. ×èñëî λ = 1 ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îïåðàòîðîâ A è A2,
äåéñòâóþùèõ â ïðîñòðàíñòâå C[0, 1], à ïîñòîÿííàÿ âåêòîð-ôóíêöèÿ Φ0 =
(ϕ0, ϕ0, ϕ0, ϕ0), ϕ0(x) ≡ 1 � åäèíñòâåííàÿ ñîáñòâåííàÿ âåêòîð-ôóíêöèÿ
ýòèõ îïåðàòîðîâ ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ.

4. Äëÿ ëþáîãî íàòóðàëüíîãî n: ρ(A) = ||An||C 7→C = 1.
5. Îäíîðîäíîå óðàâíåíèå (I +A)Φ = 0 â ïðîñòðàíñòâå C èìååò òîëü-

êî òðèâèàëüíîå ðåøåíèå. à íåîäíîðîäíîå óðàâíåíèå (I + A)Φ = Ψ äëÿ
êàæäîé ôóíêöèè Ψ ∈ C èìååò åäèíñòâåííîå ðåøåíèå â C.

Ëèòåðàòóðà
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Îäíèì èç íàèáîëåå ýôôåêòèâíûõ ìåòîäîâ èññëåäîâàíèÿ óñòîé÷è-
âîñòè òðèâèàëüíîãî ðåøåíèÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé
ÿâëÿåòñÿ âòîðîé ìåòîä Ëÿïóíîâà. Îäíàêî çäåñü ïîÿâëÿåòñÿ îïðåäå-
ëåííûå òðóäíîñòè íàõîæäåíèÿ ôóíêöèè Ëÿïóíîâà. Â ðàáîòå óêàçû-
âàåòñÿ ïîäõîä ê îòûñêàíèþ ýòîé ôóíêöèè.

Êëþ÷åâûå ñëîâà: Èññëåäîâàíèÿ óñòîé÷èâîñòè, ñèñòåìû äèôôåðåí-
öèàëüíûõ óðàâíåíèé, óñòîé÷èâîñòè òðèâèàëüíîãî ðåøåíèÿ

Investigation of stability of the zero solution of a system of
differential equations

One of the most effective methods for studying the stability of trivial
solutions of systems of differential equations is the second Lyapunov
method. However, certain difficulties arise in finding the Lyapunov
function. The paper indicates an approach to finding this function.

Keywords: Studies of stability, systems of differential equations, stability
of a trivial solution

Èññëåäóåì óñòîé÷èâîñòü òðèâèàëüíîãî ðåøåíèÿ ñèñòåìû{
ẋ = f (x) + f1 (y) ,
ẏ = ϕ (x) + ϕ1 (y) ,

(1)

ãäå f (0) = f1 (0) = ϕ (0) = ϕ1 (0) = 0 è f (x) , f1 (y) , ϕ (x) , ϕ1 (y) íåïðå-
ðûâíûå ôóíêöèè.

Ôóíêöèþ Ëÿïóíîâà âîçüìåì â âèäå

ϑ =

∫ x

0
[f (x)− ϕ(x)] dx+

∫ y

0
[f1 (y)− ϕ1(y)] dy

è ó÷èòûâàÿ, ÷òî â ñèëó ñèñòåìû (1) áóäåì èìåòü

ϑ = f2 (x) + f (x) f1 (y)− ϕ (x) f (x) + f1 (y)ϕ1 (y)− ϕ1 (x)ϕ (x)− ϕ2
1(y)

è îòñþäà ïîëó÷èì äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè òðèâèàëüíîãî
ðåøåíèÿ ñèñòåìû (1) â öåëîì:

Ìóõòàðîâ ßõ¼, ê.ô.-ì.í., äîöåíò, ÑàìÃÓ (Ñàìàðêàíä, Óçáåêèñòàí); Mukhtarov
Yakhyo (SamarkandState University, Samarkand, Uzbekistan)

Áóðèåâ Òîëèá Ýãàøåâè÷, ê.ô.-ì.í., äîöåíò, ÑàìÃÓ (Ñàìàðêàíä, Óçáåêèñòàí);
Buriyev Tolib Eshonkulovich (SamarkandState University, Samarkand, Uzbekistan)
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à) [f (x)− ϕ (x)]x > 0, [f1 (y)− ϕ1 (y)] y > 0 ïðè xy 6= 0;
á) ϑ < 0 ïðè xy 6= 0;
ñ)
∫ x

0 [f (x)− ϕ (x)] dx→∞ ïðè |x| → ∞ èëè∫ y
0 [f1 (y)− ϕ1 (y)] dy →∞ ïðè |y| → ∞ .

Ëèòåðàòóðà
1. Ø.Ð. Øàðèïîâ Îá îäíîì ìåòîäå ïîñòðîåíèÿ ôóíêöèè Ëÿïóíîâà // Ñá.

ICSTM, Ñàìàðêàíä, (1996).

ÏÐÈÌÅÍÅÍÈÅ ÌÎÄÈÔÈÖÈÐÎÂÀÍÍÎÃÎ ÓÐÀÂÍÅÍÈß
ÑÈÍÓÑ-ÃÎÐÄÎÍÀ ÄËß ÎÏÈÑÀÍÈß ÄÈÍÀÌÈÊÈ

ËÎÊÀËÈÇÎÂÀÍÍÛÕ ÌÀÃÍÈÒÍÛÕ
ÍÅÎÄÍÎÐÎÄÍÎÑÒÅÉ Â ÌÓËÜÒÈÑËÎÉÍÛÕ

ÑÒÐÓÊÒÓÐÀÕ
Â.Í. Íàçàðîâ, À.Ò. Õàðèñîâ, Ê.Þ. Ñàìñîíîâ, Å.Ã. Åêîìàñîâ

nazarovvn@gmail.com, khantaf@mail.ru, k.y.samsonov@gmail.com,
ekomasoveg@gmail.com

ÓÄÊ 517.957, 51-73
Ðàññìîòðåíà âîçìîæíîñòü ïðèìåíåíèÿ ìîäèôèöèðîâàííîãî óðàâíå-
íèÿ ñèíóñ-Ãîðäîíà äëÿ îïèñàíèÿ ìàãíèòíûõ íåîäíîðîäíîñòåé òèïà
áðèçåðà è ñîëèòîíà. Èçó÷åíà ýâîëþöèÿ ïîä äåéñòâèåì âíåøíèõ ìàã-
íèòíûõ ïîëåé ñòðóêòóðû ìàãíèòíîãî áðèçåðà è ñîëèòîíà, îáðàçóþ-
ùèåñÿ â òîíêîì ñëîå òðåõñëîéíîãî ôåððîìàãíåòèêà, ïðè íàëè÷èè
äèññèïàöèè â ñèñòåìå. Íàéäåíû óñëîâèÿ àâòîðåçîíàíñíîãî óïðàâëå-
íèÿ àìïëèòóäàìè ìàãíèòíîãî áðèçåðà è ñîëèòîíà ïåðåìåííûì âíåø-
íèì ìàãíèòíûì ïîëåì.

Êëþ÷åâûå ñëîâà: óðàâíåíèå ñèíóñ-Ãîðäîíà, áðèçåð, ñîëèòîí

Application of the modified sine-Gordon equation to describe
the dynamics of localized magnetic inhomogeneities in

multilayer structures

The possibility of using the modified sine-Gordon equation to describe
magnetic inhomogeneities of the breather and soliton type is consid-
ered. The evolution under the action of external magnetic fields of the
structure of a magnetic breather and a soliton formed in a thin layer of
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a three-layer ferromagnet in the presence of dissipation in the system is
studied. The conditions for autoresonant control of the amplitudes of
the magnetic breather and soliton by an alternating external magnetic
field are found.

Keywords: sine-Gordon equation, breather, soliton

Ðàññìîòðåíà òð¼õñëîéíàÿ ôåððîìàãíèòíàÿ ñòðóêòóðà, ñîñòîÿùàÿ èç
äâóõ øèðîêèõ îäèíàêîâûõ ñëî¼â, ðàçäåë¼ííûõ òîíêèì ñëîåì ñ èçìåí¼í-
íûìè çíà÷åíèÿìè ïàðàìåòðà ìàãíèòíîé àíèçîòðîïèè. Ïðè ïðîõîæäåíèè
äîìåííîé ãðàíèöû ñ ïîñòîÿííîé ñêîðîñòüþ ÷åðåç òîíêèé ñëîé â çàâèñè-
ìîñòè îò ïàðàìåòðîâ ýòîãî ñëîÿ îáðàçóåòñÿ ìàãíèòíàÿ íåîäíîðîäíîñòü â
âèäå ìàãíèòíîãî áðèçåðà èëè ñîëèòîíà [1]. Â îòñóòñòâèè âíåøíåãî ìàã-
íèòíîãî ïîëÿ ìàãíèòíûå íåîäíîðîäíîñòè ñî âðåìåíåì çàòóõàþò. Äëÿ çà-
äà÷ óïðàâëåíèÿ äèíàìè÷åñêîé ñòðóêòóðîé ìàãíèòíûõ íåîäíîðîäíîñòåé
íàèáîëåå èíòåðåñåí ñëó÷àé ïðèìåíåíèÿ ïåðåìåííîãî âíåøíåãî ìàãíèò-
íîãî ïîëÿ, êîãäà ñ ïîìîùüþ ðåçîíàíñíûõ ýôôåêòîâ ìîæíî äîáèòüñÿ
ëîêàëèçîâàííûõ êîëåáàíèé íàìàãíè÷åííîñòè äîñòàòî÷íî áîëüøîé àì-
ïëèòóäû. Äëÿ ýòîãî ÷èñëåííî ðåøàëîñü ìîäèôèöèðîâàííîå óðàâíåíèå
ñèíóñ-Ãîðäîíà [2]:

∆θ − θ̈ − 1

2
f(r) sin 2θ = h sin θ + αθ̇,

âêëþ÷àþùåå â ñåáÿ ñëàãàåìûå, îïðåäåëÿþùèå ïðîñòðàíñòâåííóþ ìîäó-
ëÿöèþ ïàðàìåòðà îáìåííîãî âçàèìîäåéñòâèÿ è êîíñòàíòû àíèçîòðîïèè
f(r), äèññèïàòèâíûå ÷ëåíû è ñëàãàåìûå, çàäàþùèå âèä ôóíêöèè âíåø-
íåãî ìàãíèòíîãî ïîëÿ. Ôóíêöèÿ f(r) ìîäåëèðóåòñÿ â âèäå ïðÿìîóãîëüíè-
êà, ÿâëÿþùåãîñÿ äëÿ äîìåííîé ãðàíèöû ïîòåíöèàëüíîé ÿìîé, θ - óãîë,
îïèñûâàþùèé âûõîä âåêòîðà íàìàãíè÷åííîñòè èç ïëîñêîñòè äîìåííîé
ãðàíèöû, âíåøíåå ïîëå çàäàåòñÿ â âèäå

h = h0 cos(ωt),

ãäå ÷àñòîòà ÿâëÿåòñÿ ëèíåéíîé ôóêöèåé âðåìåíè ω = ω0 − µt [3]. Çäåñü
ω0 - ðàññ÷èòàííàÿ ðàíåå â [1] ñîáñòâåííàÿ ÷àñòîòà ìàãíèòíîãî áðèçåðà,
ëîêàëèçîâàííîãî â îáëàñòè ìàãíèòíîãî ñëîÿ, µ - ìàëûé ïàðàìåòð. Ïîëó-
÷åííîå óðàâíåíèå äâèæåíèÿ äëÿ íàìàãíè÷åííîñòè ðåøàëîñü ÷èñëåííî ñ
èñïîëüçîâàíèåì ÿâíîé ñõåìû èíòåãðèðîâàíèÿ. Àíàëèç ðåøåíèé óðàâíå-
íèÿ äâèæåíèÿ â ïåðåìåííîì ïîëå ïîêàçûâàåò âîçìîæíîñòü ïðè îïðåäå-
ëåííûõ óñëîâèÿõ óâåëè÷åíèå ñî âðåìåíåì àìïëèòóäû ìàãíèòíîãî áðèçå-
ðà. Äëÿ êàæäîãî ñëó÷àÿ çíà÷åíèé ïàðàìåòðîâ ìàãíèòíîé àíèçîòðîïèè
èìååòñÿ ïîðîãîâîå çíà÷åíèå àìïëèòóäû ìàãíèòíîãî ïîëÿ ïðèâîäÿùåå ê
ðåçîíàíñó. Íà ðåçîíàíñíûé ýôôåêò âëèÿþò òàêæå ãåîìåòðè÷åñêèå ïàðà-
ìåòðû òîíêîãî ñëîÿ: ïðè óìåíüøåíèè øèðèíû ñëîÿ ðîñò àìïëèòóäû áðè-
çåðà ïðîèñõîäèò ìåäëåííåå ïî âðåìåíè. Ïðè áîëüøîé øèðèíå ñëîÿ âîç-
áóæäàåòñÿ åùå è òðàíñëÿöèîííàÿ ìîäà êîëåáàíèé áðèçåðà [4]. Â ñëó÷àå
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ìàãíèòíîé íåîäíîðîäíîñòè òèïà ñîëèòîíà ìîæíî íàáëþäàòü ïåðåêëþ÷å-
íèå íàïðàâëåíèÿ íàìàãíè÷åííîñòè â öåíòðå ñîëèòîíà, åñëè ïðèëîæèòü
ïîñòîÿííîå âíåøíåå ìàãíèòíîå ïîëÿ ïðîòèâ íàïðàâëåíèÿ íàìàãíè÷åííî-
ñòè â öåíòðå ìàãíèòíîãî ñîëèòîíà. Â ïåðåìåííîì ìàãíèòíîì ïîëå ìîæíî
äîáèòüñÿ óâåëè÷åíèå íà ïîðÿäîê àìïëèòóäû ñîëèòîíà. Êàê è â ñëó÷àå
ñ áðèçåðîì, ïðè äîñòàòî÷íî áîëüøîé øèðèíå ñëîÿ âîçáóæäàåòñÿ åùå è
òðàíñëÿöèîííàÿ ìîäà êîëåáàíèé.

Ëèòåðàòóðà
1. Ekomasov E.G., Gumerov A.M., Kudryavtsev R.V. Journal of Computational

and Applied Mathematics, 312 (2017), 198-208.
2. Íàçàðîâ Â.Í., Åêîìàñîâ Å.Ã. Ïèñüìà î ìàòåðèàëàõ, 8:2 (2018), 158-164.
3. Êàëÿêèí Ë.À. Óñïåõè ìàòåìàòè÷åñêèõ íàóê, 63:5 (2008), 3�72.
4. Åêîìàñîâ Å.Ã., Íàçàðîâ Â.Í., Ãóìåðîâ À.Ì., Ñàìñîíîâ Ê.Þ., Ìóðòàçèí

Ð.Ð. Ïèñüìà î ìàòåðèàëàõ, 10:2 (2020), 141�146.

ÎÁ ÀÑÈÌÏÒÎÒÈ×ÅÑÊÎÌ ÐÀÇËÎÆÅÍÈÈ ÐÅØÅÍÈÉ
ÑÈÑÒÅÌÛ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ 1-ÃÎ

ÏÎÐßÄÊÀ Ñ ÑÈËÜÍÎ-ÎÑÖÈËËÈÐÓÞÙÈÌ
ÊÎÝÔÔÈÖÈÅÍÒÎÌ

Ý.À.Íàçèðîâà, À.Ð.Ñàãèòîâà, ß.Ò.Ñóëòàíàåâ
ellkid@gmail.com

ÓÄÊ 517.518

Â äîêëàäå ïðåäëàãàåòñÿ ìåòîä ïîñëåäîâàòåëüíûõ ïðåîáðàçîâàíèé
ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé 1-ãî ïîðÿäêà ñ
áûñòðî-îñöèëëèðóþùèì êîýôôèöèåíòîì, ïîçâîëÿþùèé ïîëó÷èòü àñèìï-
òîòè÷åñêèå ôîðìóëû ðåøåíèÿ ïðè áîëüøèõ çíà÷åíèÿõ àðãóìåíòà

Êëþ÷åâûå ñëîâà: ñïåêòðàëüíûå çàäà÷è, äèôôåðåíöèàëüíûå îïåðà-
òîðû
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On the asymptotic expansion of solutions of a system of 1st
order differential equations with a strongly oscillating

coefficient.

The talk proposes a method of sequential transformations of a system of
1st order linear differential equations with a fast oscillating coefficient,
which allows one to obtain asymptotic formulas for the solution for large
values of the argument

Keywords: spectral problems, differential operators

Õîðîøî èçâåñòíî [1,2], ÷òî îäíèì èç ýôôåêòèâíûõ ñïîñîáîâ èçó÷åíèÿ
àñèìïòîòè÷åñêèõ ðàçëîæåíèé ðåøåíèé ñèñòåì ëèíåéíûõ ÎÄÓ ïåðâîãî
ïîðÿäêà âèäà

dY

dx
= A(x)Y, x ∈ [0,+∞) (1)

ãäå y(x) = colon(y1(x), y2(x), ..., yn(x)) -íåèçâåñòíàÿ âåêòîð-ôóíêöèÿ,A(x)
-êâàäðàòíàÿ ìàòðèöà ïîðÿäêà n, óäîâëåòâîðÿþùàÿ ðÿäó óñëîâèé íà ýëå-
ìåíòû aij(x), ÿâëÿåòñÿ ïðèâåäåíèå ñèñòåìû (1) ê òàê íàçûâàåìîé L-
äèàãîíàëüíîé ôîðìå , [1].

Ñôîðìóëèðóåì òåîðåìó èç [1] â áîëåå îáùåé ôîðìå äëÿ ñëó÷àÿ n = 2.
Òåîðåìà 1. Ïóñòü

1) ôóíêöèÿ w(x) ñóììèðóåìà íà êàæäîì èíòåðâàëå [0, b], b > 0,
2) ôóíêöèè c11(x), c12(x), c21(x), c22(x) ñóììèðóåìû íà èíòåðâàëå [0,+∞),
3) äëÿ äîñòàòî÷íî áîëüøîãî x ôóíêöèÿ Re w(x) íå ìåíÿåò çíàê.
Òîãäà ñèñòåìà{

dy1
dx = c11(x)y1 + c12(x)y2,
dy2
dx = w(x)y2 + c21(x)y1 + c22(x)y2

(2)

èìååò åäèíñòâåííîå ðåøåøåíèå, óäîâëåòâîðÿþùåå ñëåäóþùåìó óñëîâèþ:

lim
x→∞

y1(x) = 1, lim
x→∞

y2(x) = 0. (3)

Çàìåòèì, ÷òî óñëîâèÿ íà êîýôôèöèåíòû cij(x) ñëèøêîì æåñòêèå.
Íàø ãëàâíûé ðåçóëüòàò ñôîðìóëèðîâàí â ñëåäóþùåé òåîðåìå.

Òåîðåìà 2. 1) ôóíêöèÿ w(x) ñóììèðóåìà íà êàæäîì èíòåðâàëå [0, b], b >
0,

2) ôóíêöèè c12(x), c21(x), c22(x) ñóììèðóåìû íà èíòåðâàëå [0,+∞),
3) äëÿ äîñòàòî÷íî áîëüøîãî x ôóíêöèÿ Re w(x) íå ìåíÿåò çíàê.
Òîãäà ñèñòåìà{

dy1
dx = sin(ex)y1 + c12(x)y2,
dy2
dx = w(x)y2 + c21(x)y1 + c22(x)y2

èìååò åäèíñòâåííîå ðåøåíèå, óäîâëåòâîðÿþùåå ñëåäóþùåìó óñëîâèþ (3).
Çàìå÷àíèå 1. Òåîðåìà, àíàëîãè÷íàÿ Òåîðåìå 2 ñïðàâåäëèâà äëÿ ñè-

ñòåìû ñ áûñòðîîñöèëëèðóþùèìè êîýôôèöèåíòàìè ëþáîé ðàçìåðíîñòè.
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Çàìå÷àíèå 2. Òàê êàê äèôôåðåíöèàëüíîå óðàâíåíèå ïîðÿäêà n ìî-
æåò áûòü ñâåäåíî ê ñèñòåìå ïåðâîãî ïîðÿäêà, äëÿ ÎÄÓ òàê æå ìîæåò
áûòü ïîëó÷åí àíàëîã òåîðåìû 2, è ìû èññëåäóåì ýòîò ñëó÷àé â îòäåëü-
íûõ ðàáîòàõ.

Çàìå÷àíèå 3. Òåîðåìà 2 îñòàåòñÿ â ñèëå, åñëè ïîëîæèòü c11(x) =
xα sin(xβ), ãäå α > 0, β > α+ 1 .
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Â íàñòîÿùåé ñîîáùåíèè, ðàññìàòðèâàåòñÿ íåêîòîðûå ñèñòåìû äèô-
ôåðåíöèàëüíûõ óðàâíåíèé ñ ëèíåéíûìè ïðàâûìè ÷àñòÿìè ñ ñèíãó-
ëÿðíûìè êîýôôèöèåíòàìè öåëîãî ïîðÿäêà. Ó÷èòûâàÿ òîæäåñòâåí-
íîãî âûïîëíåíèÿ óñëîâèè ñîâìåñòíîñòè ñèñòåì, íàõîäÿòñÿ íåêîòî-
ðûå ðåøåíèÿ ñèñòåì. Òàêæå ïðèìåíÿÿ èì òåîðåìû îá èíòåãðàëàõ
Êîøè, à òàêæå òåîðåì âû÷åòîâ íàõîäÿòñÿ ðåøåíèå èçó÷àåìûõ ñè-
ñòåì íåïðåðûâíîå âî âñåé äàííîé îáëàñòè.

Êëþ÷åâûå ñëîâà: ëèíåéíàÿ ïðàâàÿ ÷àñòü ñ ñèíãóëÿðíûìè êîýôôè-
öèåíòàìè

Representation of solutions of one class of a system of
differential equations in the complex plane

In this post, we consider some systems of differential equations with lin-
ear right-hand sides with singular coefficients of integer order. Taking
into account the identical fulfillment of the compatibility condition of
the systems, some solutions of the systems are found. Also, using theo-
rems on Cauchy integrals, as well as theorems of residues, he finds the
solution of the studied systems continuous in the entire given domain.

Keywords: linear right-hand side with singular coefficients
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1.Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà

∂W

∂ z
=

p(z1, z2)(
z1 − z(0)

1

)n ·Wn,
∂W

∂z2
=

q(z1, z2)(
z2 − z(0)

2

)n ·Wn , (1)

ãäå p, q ∈ C1
⋂
A
(
D̄
)
, W ∈ C2

⋂
A (D0) ,

D̄(a, b) =
{

(zk, z
(0)
k )
∣∣∣ ∣∣∣zk − z(??)

k

∣∣∣ ≤ R, |W | ≤ b} , (k = 1, 2) .

Åñëè ìíîæåñòâî òî÷åê (zk, z
(0)
k )
∣∣∣ ∣∣∣zk − z(??)

k

∣∣∣ ≤ a ≤ R ÿâëÿåòñÿ êðóãà

ðàäèóñîì R, òî âíóòðè ýòîé îáëàñòè â ïðîöåññå èíòåãðèðîâàíèå ñèñòåìû
(1) ìîæåì ïðèìåíÿòü òåîðåì Êîøè äëÿ ïðîñòîãî, è âûñøåãî ïîðÿäêà
ïîëþñîâ.

Íà÷àëüíîå óñëîâèå äëÿ ñèñòåìû (1) ñòàâèòñÿ â âèäå
W = W0ïðè óñëîâèè zj = aj , (j = 1, 2). (M)
Óñëîâèå ñîâìåñòíîñòè ñèñòåìû (1) çàïèñûâàåòñÿ â âèäå

∂

∂z1

 q(
z2 − z(0)

2

)n
− ∂

∂z2

 p(
z1 − z(0)

1

)n
 = 0, (2)

Äîïóñòèì, ÷òî íåèçâåñòíîé ôóíêöèè W è åå ÷àñòíûå ïðîèçâîäíûå ïî
êàæäûì ïåðåìåííûì íà äàííîé îáëàñòè ÿâëÿþòñÿ îãðàíè÷åííûìè, è

ñóùåñòâóþò ïðåäåëû â îñîáûõ òî÷êàõ äàííîé îáëàñòè, ïðè÷¼ì êàæäûå

îíè ðàâíû ê íóëþ: lim
zk→z

(??)
k

(
(zk − z

(0)
k )n · ∂W∂ zk

)
= 0, (k = 1, 2).

Òîãäà èç ñèñòåìû (1) íàõîäèì òðèâèàëüíîå ðåøåíèå èñõîäíîé ñèñòå-
ìû. Òàêæå çàìåòèì, ÷òî åñëè óñëîâèå ñîâìåñòíîñòè (2) íå âûïîëíÿåòñÿ,
òî ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (1) íå ñîâìåñòíî. Ïóñòü óñëî-
âèå (2) âûïîëíÿåòñÿ ïî êàæäûì ïåðåìåííûì. Òîãäà ñ÷èòàÿ â (1) ôóíê-
öèþ p(z1, z2) âïîëíå îïðåäåë¼ííîé èëè äàííîé ôóíêöèåé, îïðåäåëÿåì
âèä ôóíêöèè q(z1, z2)

q(z1, z2) = (z2−z(0)
2 )n·

(
ϕ(z2) +A′z2(z1, z2)

)
, A(z1, z2) =

∫ z1

0

p(t, z2)

(t− z(0)
1 )n

dt .

(3)
Ïðè ýòîì, ñ ó÷¼òîì íàéäåííûì çíà÷åíèåì ôóíêöèè q- óñëîâèå ñîâ-

ìåñòíîñòè ñèñòåìû (6) âûïîëíÿåòñÿ òîæäåñòâåííî, è òîãäà â ïðîöåññå
ýòîé äàííîé ôóíêöèè, â ïðîöåññå èíòåãðèðîâàíèå ñèñòåìû, ïîëó÷àåì
ìíîãîîáðàçèå ðåøåíèé èñõîäíîé ñèñòåìû â âèäå (3) W (z1, z2) = C ·

exp

{∫ z1
0

p(t,z2)

(t−z(0)1 )n
dt+

∫ z2
0 [ϕ(ς) +A′ς(0, ς)]dς

}1/ (1−n)

. (2)

Ïîëó÷åííîå ðåøåíèå äàííîé ñèñòåìû (1) ñ ïðèìåíåíèåì òåîðåìû âû-
÷åòîâ íà âñåé äàííîé îáëàñòè, âêëþ÷àÿ îñîáûõ òî÷åê, íåïðåðûâíî.

2. Ïî àíàëîãèþ ñèñòåìîé (1) ìîæíî ðàññìàòðèâàòü ñèñòåìó äèôôå-
ðåíöèàëüíûõ óðàâíåíèé âèäà
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∂W

∂ z1
=

p(z1, z2)(
z1 − z(0)

1

)n ·m(W ),
∂W

∂z2
=

q(z1, z2)(
z1 − z(0)

1

)n ·m(W ), (3)

ãäå p, q,m ∈ C1
⋂
A
(
D̄
)
, W ∈ C2

⋂
A (D0) ,

D̄(a, b) =
{

(zk, z
(0)
k )
∣∣∣ ∣∣∣zk − z(??)

k

∣∣∣ ≤ a, |W | ≤ b} , (k = 1, 2) . Óñëîâèå ñîâ-

ìåñòíîñòè ñèñòåìû óðàâíåíèé (3) ïðèíèìàåò âèä (2). Åñëè ýòî óñëîâèå
âûïîëíÿåòñÿ, òî ìíîãîîáðàçèå åå ðåøåíèé ïðåäñòàâëÿåòñÿ ôîðìóëîé âè-
äà

W (z1, z2) = C ·M−1

{∫ z1

0

p(t, z2)

(t− z(0)
1 )n

dt+

∫ z2

0
[ϕ(ς) +A′ς(0, ς)]dς

}
,

M(W ) =

∫ W

0

dτ

m(τ)
. (4)

Çàìåòèì, ôóíêöèè Ì è åå îáðàòíîãî âîçìîæíî â íåêîòîðûõ òî÷êàõ
äàííîé îáëàñòè ñîõðàíÿåò îäíîçíà÷íîñòè. Â ÷àñòíîñòè, ðàññìîòðèì ïðè-
ìåðà ∂W

∂ z1
= z1z2−z2+4z1

z1−1 · cos2W, ∂W
∂z2

= z1z2−2z1+6z2
z2−2 · cos2W.

Óñëîâèåì ñîâìåñòíîñòè ýòîé ñèñòåìû âûïîëíÿåòñÿ òîæäåñòâåííî, è
ìíîãîîáðàçèå åå ðå ðåøåíèé íàõîäèòñÿ ñëåäóþùåé ôîðìóëîé:W (z1, z2) =
arctg

{
z1z2 + 4z1 + (4− z2) ln |z1 − 1|+ 6z2 + 6 ln

∣∣ z2−2
2

∣∣} .
Ïîëó÷åííîå ðåøåíèå ýòîé ñèñòåìû, êðîìå óêàçàííûõ îñîáûõ òî÷êàõ,

ïî÷òè âñþäó â îáëàñòè íåïðåðûâíî, à â äàííûõ îñîáûõ òî÷êàõ îáëàñòè
èìååò ëîãàðèôìè÷åñêóþ îñîáåííîñòü, ïðè÷¼ì îíî â ýòèõ òî÷êàõ ìíîãî-
çíà÷íî.

3. Áóäåì ðàññìàòðèâàòü ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé âè-
äà

∂W

∂ z1
=

p(z1, z2)(
z1 − z(0)

1

)n ·m(W ),
∂W

∂z2
=

q(z1, z2)(
z1 − z(0)

1

)n · n(W ), (5)

ãäå p, q,m, n ∈ C1
⋂
A
(
D̄
)
, W ∈ C2

⋂
A (D0) ,

D̄(a, b) =
{

(zk, z
(0)
k )
∣∣∣ ∣∣∣zk − z(??)

k

∣∣∣ ≤ a, |W | ≤ b} , (k = 1, 2) .

Â äàííîé ñèñòåìå (5) òðåáóåòñÿ íàõîæäåíèå íåïðåðûâíîé ðåøåíèè
ñèñòåìû äèôôåðåíöèàëüíûå óðàâíåíèÿ. Íåîáõîäèìîé óñëîâèè ñèñòåìû
âûïîëíÿåòñÿ, åñëè ïðè îãðàíè÷åííîñòè íåèçâåñòíîé ôóíêöèè, è åå ÷àñò-
íûå ïðîèçâîäíûå ïî êàæäûì ïåðåìåííûì, ñóùåñòâóþò ñëåäóþùèå ïðå-
äåëû è ðàâíû íóëþ

lim
z1→0

(
z1 − z(0)

1

)n
· ∂W
∂ z1

= 0, lim
z2→0

(
z1 − z(0)

1

)n
· ∂W
∂z2

= 0.
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Îòêóäà èìååì, ÷òî W=C áóäåò òðèâèàëüíûì ðåøåíèåì äàííîé ñè-
ñòåìû.

Óñëîâèå ñîâìåñòíîñòè ñèñòåìû (5) ïðèíèìàåò âèä

(
z1 − z(0)

1

)n (
z2 − z(0)

2

)n ∂

∂z2

 p(
z1 − z(0)

1

)n
− ∂

∂z1

 q(
z2 − z(0)

2

)n
+

+pq · (m′ · n− n′ ·m) = 0.(6)

Âûïîëíåíèå óñëîâèå (6) ìîæíî ðàññìàòðèâàòü â ðàçëè÷íûõ ñëó÷àÿõ:

Ïóñòü â ñîîòíîøåíèå (6) ∂
∂z2

(
p(

z1−z(0)1

)n
)

= 0, ∂
∂z1

(
q(

z2−z(0)2

)n
)

= 0,,

m′ · n − n′ ·m = 0.Òîãäà ïîëó÷àåì íåêîòîðûé âèä âçàèìîñâÿçü êàæäîé
èç äàííûõ ôóíêöèé p,q,m,n â ñëåäóþùèõ âèäàõ

n(W ) = λ·m(W ), p(z1, z2) = (z1−z(0)
1 )n·r(z1), q(z1, z2) = (z2−z(0)

2 )n·r(z2) .

À òàêæå â ñëó÷àè ∂
∂z2

(
p(

z1−z(0)1

)n
)
− ∂

∂z1

(
q(

z2−z(0)2

)n
)
6= 0, m′ · n −

n′ ·m 6= 0 ìîæåì îïðåäåëèòü âçàèìîñâÿçü ìåæäó äàííûìè ôóíêöèÿìè
îïðåäåë¼ííûìè ôîðìóëàìè, è ìíîãîîáðàçèå ðåøåíèé, ëèáî åäèíñòâåííîå
ðåøåíèå èñõîäíîé ñèñòåìû ìîæåì ïðåäñòàâèòü ôîðìóëîé

W (z1, z2) = exp {A(z1, z2)− ϕ(z2)} · [C + (1− k)H(z2)]1/ (1−k) ,

(4)W (z1, z2) = exp {A(z1, z2)− ϕ(z2)} · [W0 + (1− k)H(z2)]1/ (1−k) , (5)

ãäå â ýòîé ôîðìóëå H, ϕ, ψ-ÿâëÿþòñÿ âïîëíå îïðåäåë¼ííûìè ôóíê-
öèÿìè, âîçìîæíî íåïðåðûâíûìè. Íî â ýòîé ïîëó÷åííûõ ôîðìóëàõ íåèç-
âåñòíàÿ ôóíêöèÿ âîçìîæíî áóäåò ìíîãîçíà÷íûì. Ñïðàâåäëèâà ñëåäóþ-
ùàÿ

Òåîðåìà 1. Ïóñòü â ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé (1) äàí-
íûå è íåèçâåñòíàÿ ôóíêöèÿ óäîâëåòâîðÿþò óñëîâèåì a, b, p ∈ A

(
D̄
)
,ïî

W è

W ∈ A (D0) , D̄(a, b) =
{
zk, z

(0)
k )
∣∣∣ ∣∣∣zk − z(0)

k

∣∣∣ ≤ a, |W | ≤ b} , (k = 1, 2) .

Åñëè óñëîâèå ñîâìåñòíîñòè (2) âûïîëíÿåòñÿ, íî íå òîæäåñòâåííî,
òî ñèñòåìà âîçìîæíî èìååò íåêîòîðûå ÷àñòíûå ,ëèáî îñîáûå ðåøå-
íèÿ. Åñëè âûïîëíÿåòñÿ óñëîâèè (Ì0), òî ñèñòåìà èìååò ëèøü òðè-
âèàëüíîå ðåøåíèå W=0. Åñëè â äàííîé ñèñòåìå êîýôôèöèåíòû èìåþò
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ñëàáóþ îñîáåííîñòü, òî â ñëó÷àè òîæäåñòâåííîãî âûïîëíåíèÿ óñëîâèå
ñîâìåñòíîñòè, èñõîäíàÿ ñèñòåìà ðàçðåøèìà, è ìíîãîîáðàçèå åå ðåøå-
íèé , ëèáî åå åäèíñòâåííîå ðåøåíèå îïðåäåëÿåòñÿ ôîðìóëîé âèäà (4),
(5) íåïðåðûâíîå âî âñåé äàííîé îáëàñòè, âîçìîæíî ìíîãîçíà÷íîå.
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Îáñóæäàþòñÿ ëîêàëèçîâàííûå ñïèíîâûå ìîäû â ìîäåëè ìîíîàêñè-
àëüíîãî õèðàëüíîãî ãåëèìàãíåòèêà, â ôàçå âûíóæäåííîãî ôåððî-
ìàãíåòèçìà, ãäå ñïèíû âûñòðîåíû âäîëü ïîëÿ íàïðàâëåííîãî ïàðàë-
ëåëüíî ãåëèêîèäàëüíîé îñè. Èññëåäóåòñÿ âëèÿíèå âçàèìîäåéñòâèÿ
Äçÿëîøèíñêîãî-Ìîðèÿ íà ñâîéñòâà äèñêðåòíûõ áðèçåðîâ.

Êëþ÷åâûå ñëîâà: áðèçåðû, ãåëèìàãíåòèêè

Discrete magnetic breathers in monoaxial chiral helimagnet

We address the so-called phase of forced ferromagnetism, where in the
ground state all spins align with an external magnetic field applied along
the chiral axis. We investigate an effect of Dzyaloshinskii-Moryia (DM)
interaction on the properties of the discrete breathers.
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Ìû ðàññìàòðèâàåì ñïèíîâûé ãàìèëüòîíèàí õèðàëüíîãî ãåëèìàãíåòè-
êà, âêëþ÷àþùèé ãåéçåíáåðãîâñêîå îáìåííîå âçàèìîäåéñòâèå, ëåãêîïëîñ-
êîñòíóþ àíèçîòðîïèþ, çååìàíîâñêîå âçàèìîäåéñòâèå ñïèíîâ ñ âíåøíèì
ìàíãíèòíûì ïîëåì, íàïðàâëåííûì âäîëü õèðàëüíîé îñè, è âçàèìîäåé-
ñòâèå Äçÿëîøèíñêîãî-Ìîðèÿ, ñòàáèëèçèðóþùåå ãåëèêîèäàëüíîå ñïèíî-
âîå óïîðÿäî÷åíèå. Ïðåäïîëàãàåòñÿ, ÷òî âíåøíåå ïîëå ïðåâîñõîäèò êðè-
òè÷åñêîå ïîëå ïåðåõîäà â âûíóæäåííîå ôåððîìàãíèòíîå ñîñòîÿíèå. Èñ-
ïîëüçóÿ óðàâíåíèÿ äâèæåíèÿ ñïèíîâûõ îïåðàòîðîâ äëÿ êîíå÷íîé öå-
ïî÷êè, ìû íàõîäèì ïðèáëèæåííîå ðåøåíèå äëÿ äèñêðåòíûõ áðèçåðîâ
è óñòàíàâëèâàåì óñëîâèÿ èõ âîçíèêíîâåíèÿ â âèäå îãðàíè÷åíèé íà ÷à-
ñòîòó è ñèëó ëåãêîïëîñêîñòíîé àíèçîòðîïèè. Äèñêðåòíûå áðèçåðû àêêó-
ìóëèðóþò íå òîëüêî ìàãíîííóþ ïëîòíîñòü, íî è òîïîëîãè÷åñêèé çàðÿä.
Âåëè÷èíà òîïîëîãè÷åñêîãî çàðÿäà îïðåäåëÿåòñÿ êîíêóðåíöèåé ìàñøòà-
áà ïðîñòðàíñòâåííîé ëîêàëèçàöèè áðèçåðà è øàãà ìàãíèòíîé ñïèðàëè,
ôèêñèðóåìîãî âçàèìîäåéñòâèåì Äçÿëîøèíñêîãî-Ìîðèÿ. Ìû âû÷èñëÿåì
ýíåðãèþ äèñêðåòíûõ áðèçåðîâ, è ïîêàçûâàåì, ÷òî îíà âêëþ÷àåò ñëàãàå-
ìîå, ïîëó÷àåìîå â êîíòèíóàëüíîì ïðåäåëå, è ýíåðãèþ ïèííèíãà, ó÷èòû-
âàþùóþ äèñêðåòíîñòü ñïèíîâîé öåïî÷êè.

Î ÏÐÅÄÅËÜÍÎÌ ÏÅÐÅÕÎÄÅ Â ÍÅÊÎÒÎÐÛÕ
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Ðàññìàòðèâàòñÿ äâå ãàìèëüòîíîâû ñèñòåìû Êèìóðû. Â ðàáîòå áóäåò
íàéäåí ïðåäåëüíûé ïåðåõîä îò îäíîé ñèñòåìû ê äðóãîé ñèñòåìå. À
èìåííî äèôôåðåíöèàëüíûå óðàâíåíèÿ îäíîé ñèñòåìû ïåðåõîäÿò â
äèôôåðåíöèàëüíûå óîàâíåíèÿ äðóãîé ñèñòåìû, òàêæå èõ ðåøåíèÿ
ïðè ýòîì ïðååëüíîì ïåðåõîäå ïåðåõîäÿò äðóã â äðóãà.
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íåíèÿ, ãàìèëüòîíèàí, íåëèíåéíûå óðàâíåíèÿ Øðåäèíãåðà, ïðåäåëü-
íûé ïåðåõîä

Passage to the limit in some Hamiltonian Kimura systems

We study two Hamiltone systems of Kimura. We find limited transfor-
mation from one system to another system. So, diffentional equations
of one system goes to diffentional equations of another system and so-
lutions trasform to each other by this lomited transformation.

Keywords: Hamiltone system, differential equations, nonlinear Shredinger’s
equations, limited transformation
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Â ïðåäûäóùèõ ðàáîòàõ ìû ãîâîðèëè, ÷òî â íàñòîÿùåå âðåìÿ âîçðàñ-
òàåò àêòóàëüíîñòü èññëåäîâàíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé, êîòî-
ðûå èíòåãðèðóþòñÿ ìåòîäîì èçîìîíîäðîìíîé äåôîðìàöèè (ÈÄÌ). Ñó-
ùåñòâóåò êîíå÷íûé ñïèñîê òàêèõ óðàâíåíèé. Ê èõ ÷èñëó îòíîñÿòñÿ ðåøå-
íèÿ èåðàðõèè ãàìèëüòîíîâûõ âûðîæäåíèé ñèñòåìû Ãàðíüå, âûïèñàííîé
â èçâåñòíîé ñòàòüå Êèìóðû [1]. Â íàñòîÿùèé ìîìåíò àâòîðîì áûëè ðàñ-
ñìîòðåíû íåêîòîðûå èç íèõ. Â êàæäîé ïðåäûäóùåé ðàáîòå àâòîðà áûëè
ðàññìîòðåíû ïî äâà ëèíåéíõ ýâîëþöèîííûõ óðàâíåíèÿ ñ âðåìåíàìè t1
è t2, êîòîðûå çàâèñåëè îò äâóõ ïðîñòðàíñòâåííûõ ïåðåìåííûõ. Òàêèå
ýâîëþöèîííûå óðàâíåíèÿ ìîæíî ðàññìàòðèâàòü êàê àíàëîãè óðàâíåíèé
Øðåäèíãåðà, êîòîðûå îïðåäåëÿëèñü ãàìèëüòîíèàíàìè Êèìóðû. Â òåð-
ìèíàõ ðåøåíèé ñîîòâåñòâóþùèõ ëèíåéíûõ ÎÄÓ ìåòîäîì ÈÄÌ áûëè
ïîñòðîåíû ðåøåíèÿ äàííûõ ýâîëþöèîííûõ óðàíåíèé.

Â ýòîé ðàáîòå áóäåò ïðåäñòàâëåí ïðåäåëüíûé ïåðåõîä ìåæäó ãàìèëü-
òîíîâûìè ñèñòåìàìè Êèìóðû. Êèìóðà âûïèñûâàë ñâîè ñèñòåìû â ðàç-
íûõ âèäàõ. Êèìóðà óêàçàë òîëüêî ïðåäåëüíûé ïåðåõîä â ðàöèîíàëüíîì
âèäå. Àâòîðó óäàëîñü íàéòè ïåðåõîä è â äðóãèõ âèäàõ. Ñ ïîìîùüþ ýòî-
ãî ïðåäåëüíîãî ïåðåõîäà òàêæå ïåðåõîäÿò è ðåøåíèÿ ñîîòâåñòâóþùèõ
óðàâíåíèé Øðåäèíãåðà.
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Ìû ðàññìàòðèâàåì ðàçðåøèìîñòü àíòèïåðèîäè÷åñêîé çàäà÷è äëÿ
ïîëóëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé äðîáíîãî ïîðÿäêà 1 <
q < 2 â áàíàõîâîì ïðîñòðàíñòâå, íà îñíîâå ìåòîäà ôóíêöèè Ãðèíà.
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On the solvability of the antiperiodic problem for semilinear
differential equations of fractional order 1 < q < 2

We consider the solvability of the antiperiodic problem for a semilinear
differential equation of fractional order 1 < q < 2 in Banach space based
on the Green’s function method.

Keywords: fractional differential equation, semilinear differential equa-
tion, antiperiodic problem, measure of noncompactness, condensing op-
erator

For a semilinear fractional-order 1 < q < 2 di�erential equation in a
separable Banach space E of the form

CDqx(t) = λx(t) + f(t, x(t)), t ∈ [0, T ], (1)

we consider the problem of existence of a mild solution satisfying the following
antiperiodic boundary value conditions

x(0) = −x(T ), x′(0) = −x′(T ), (2)

where CDqx denotes the Caputo fractional derivative, λ < 0, nonlinearity
f : [0, T ]× E → E obeys the following conditions:

(f1) for each ξ ∈ E the function f (·, ξ) : [0, T ]→ E is measurable;
(f2) for a.e. t ∈ [0, T ] the map f(t, ·) : E → E is continuous;
(f3) for each r > 0 there exist functions ωr ∈ L∞+ ([0, T ]) such that, for

each ‖ξ‖E ≤ r, we have

‖f(t, ξ)‖E ≤ ωr(t) for a.e. t ∈ [0, T ],

(f4) there exists a function µ ∈ L∞([0, T ]) such that for each bounded
set ∆ ⊂ E we have:

χ(f(t,∆)) ≤ µ(t)χ(∆),

for a.e. t ∈ [0, T ], χ is the Hausdor� MNC in E.
Theorem 1. Under conditions (f1), (f2), f(4), suppose that condition

(f3) has the following form:
(f3′) there exists a function α ∈ L∞+ [0, T ] such that

‖f(t, x(t))‖E ≤ α(t)(1 + ‖x(t)‖E).

If

L
k

λ
< 1, (3)

where

L =
E2
q (λT q)− 1 + 3Eq,0(λT q)Eq(λT

q)Eq,2(λT q)

|(1 + Eq(λT q))2 − Eq,0(λT q)Eq,2(λT q)|
+ Eq(λT

q)− 1,

k = max {‖α‖∞, ‖µ‖∞} , functions α and µ are from conditions (f3′) and
(f4) respectively, then problems (1)�(2) have a solution.
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Ðàáîòà âêëþ÷àåò â ñåáÿ èññëåäîâàíèÿ íåêîòîðûõ ïåðåîïðåäåë¼ííûõ
ñèñòåì óêàçàííûå â çàãëàâèè òèïîâ. Íàéäåíû ÿâíûå óñëîâèè ñîâ-
ìåñòíîñòè îáåñïå÷èâàþùèå ñóùåñòâîâàíèÿ ìíîãîîáðàçèé ñîäåðæà-
ùèå íå áîëåå øåñòü ïðîèçâîëüíûõ ôóíêöèè îò z.

Êëþ÷åâûå ñëîâà: ïåðåîïðåäåëåííûå ñèñòåìû, óñëîâèÿ ñîâìåñòíîñòè,
ìíîãîîáðàçèÿ ðåøåíèé, îïåðàöèÿ ïðåêðåñòíîãî äèôôåðåíöèðîâà-
íèÿ (î.ï.ä), ñèñòåìà â ïîëüíèõ äèôôåðåíöèàëàõ (ï.ä-ñèñòåìà)

The work inclades studies of some overriden systems of the type in-
dicated in the title. Expelicit compatibility conditions are found that
ensure the existence of varieties contarning no more thau six arbitrary
functions of z.

Keywords: compatibility conditon, overdetermined systems, manifold
solition, cross differentiation operation, full differential sustem

Åñëè â ìíîãðàôèè Å.Ãóðñà [1] ðàñìàòðèâàëèñü óðàâíåíèÿ â ÷àñòíûõ
ïðîèçâîäíûõ ñ îäíîé èñêîìîé ôóíêöèåé, òî â ìíîãðàôèè [2] è ðàáîòû [3]
èçó÷àëèñü íåêîòîðûå ñèñòåìû ñ äâóìÿ íåèçâåñòíûìè ôóíêöèÿìè. Îáðà-
ùàåìñÿ ê ñèñòåìàì ñ òðåìÿ íåèçâåñòíûìè U, V,W îò òð¼õ íåçàâèñèìûõ
ïåðåìåííûõ x, y, z [4− 7], êîòîðûå ìîãóò îêàçàòüñÿ âåñüìà âîñòðåáîâàí-
íûìè â òð¼õìåðíîé òåîðèè ïîëÿ è ìåõàíèêè äåôîðìèðóåìîãî òâ¼ðäîãî
òåëà.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ òîëüêî äâà òèïà ñèñòåì à èìåííî

Ux, Uy, Vx,Wy = f i(x, y, z;U, V,W,Wx), i = 1, 4, x, y, zεR3, (1)

Ux, Uy, Vx,Wy = f i(x, y, z;U, V,W,Wx, Vy), i = 1, 4, x, y, zεR3. (2)

Îäèíàêîâûå îáîçíà÷åíèÿ f i â (1) è (2) çàâèñÿùèõ îò ðàçëè÷íîãî
÷èñëà àðãóìåíòîâ (7 è 8 ñîîòâåòñòâåííî) îïðàâäàíî òåì, ÷òî ýòè ñèñòå-
ìû èçó÷àþòñÿ íåçàâèñèìî äðóã îò äðóãà. Â íèõ íåèçâåñòíûå ôóíêöèè
U, V,W èùóòñÿ â êëàññå C3(

∏
0), ãäå

∏
0 = {(x, y, z) : |x−x0| ≤ a, |y−y0| ≤

a, |z − z0| ≤ a} ïðè íåêîòîðîì a > 0.

Ïèðîâ Ðàõìîí, äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîð ÒÃÏÓ
èì.Ñ.Àéíè (Òàäæèêèñòàí) (Pirov Rahmon, doctor phujicaland mathematical sciencej,
professjh, Tajik state pedagogical University named atter S.Aini
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1. Ïóñòü äàíà ñèñòåìà (1). Ñ ïîìîùüþ çàìåí Wx = R(x, y, z) , Vy =
θ(x, y, z) è î.ï.ä. ïðèõîäèì ê êâàçèëèíåéíîé ñèñòåìû ñîñòàâëÿþùåå óêî-
ðî÷åííóþ ï.ä.-ñèñòåìó ñ ïÿòüþ íåèçâåñòíûìè ôóíêöèÿàìè U, V,W,R, θ,
ñîâìåñòíîñòü êîòîðîé òåñíî ñâÿçàíà ñ òîæäåñòâåííûì âûïîëíåíèåì (èëè
íå âûïîëíåíèåì) óñëîâèÿ

H(x, y, z : U, V,W,R, θ) ≡ f7
y −f8

x +f7
U ·f2−f8

U ·f1 +f7
V ·θ−f8

V ·R+f7
W ·f4−

−f8
W ·R+ f7

R · f6 − f8
R · f5 + f7

θ · f8 − f8
θ · f7 = 0. (3)

(f i(x, y, z : U, V,W,R, θ), i = 5, 8 ÿâíî âûðàæàþòñÿ ÷åðåç f1 − f4 è èõ
ïåðâûå è âòîðûå ÷àñòíûå ïðîèçâîäíûå, òàê ÷òî f i ñ÷èòàþòñÿ äàëåå óæå
èçâåñòíûìè.

Òåîðåìà 1. Ïóñòü äàíà ñèñòåìà (1), ãäå

f i, i = 1, 4, UεC2(Π), V,WεC3(Π);

(Π = Π(a; b)-ïðÿìîóãîëüíèê â R7 çàäàííûå íåðàâåíñòâàìè:|x − x0| ≤
a, |y − y0| ≤ a, |z − z0| ≤ a, |U − U0| ≤ b, |V − V0| ≤ b, |W − W0| ≤
b, |Wx − W 0

x | ≤ b) è êðîìå òîãî f1
R · f4

R − f2
R 6= 0, f5

0 − f3
0 · f6

0 6= 0.
Åñëè α < min(a, b

M ),M = max|f i| è â íåêîòîðîé îêðåñòíîñòè òî÷êè
(x0, y0, z0 : U0, V0,W0,W

0
x , V

0
y ) áóäåò èìååò ìåñòî

à) óñëîâèå (3) âûïîëíÿåòñÿ òîæäåñòâåííî, òîãäà íà Π(α, b) îäíîçíà÷-
íî ðàçðåøèìà çàäà÷à

[U ]x=x0,y=y0 = ϕ1(z), [V ]x=x0,y=y0 = ϕ2(z), [W ]x=x0,y=y0 = ϕ3(z)

[Wx]x=x0,y=y0 = ϕ4(z), [Vy]x=x0,y=y0 = ϕ5(z). (4)

â êëàññå C3(Π0);

á) ñîîòíîøåíèå (3) (â êîòîðîì θ = Vy) ðàçðåøèìî â âèäå θ = Ψ(x, y, z :
U, V,W,R),ΨεC1(Π) è âûïîëíÿþòñÿ óñëîâèÿ

Ψx + ΨU · f1 + ΨV · f3 + ΨW ·R+ ΨR · f5 ≡ f7(x, y, z : U, V,W,R,Ψ)

,

Ψy + ΨU · f2 + ϕ2 · θ + ΨW · f4 + ΨR · f6 ≡ f8(x, y, z : U, V,W,R,Ψ)

òîãäà íà Π(α; b) çàäà÷à (1) è

[U ]x=x0,y=y0 = ϕ1(z), [V ]x=x0,y=y0 = ϕ2(z),

[W ]x=x0,y=y0 = ϕ3(z), [Wx]x=x0,y=y0 = ϕ4(z). (5)

â êëàññå C3(Π0) èìååò åäèíñòâåííîå ðåøåíèå.
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Òåîðåìà 2. Ïóñòü â ñèñòåìå (1) f i, i = 1, 4, UεC2(Π), V,WεC3(Π), f1
R ·

f4
R − f2

R ≡ 0, f3
R · f4

R − f̃5
R 6= 0, f1

V 6= 0 è α < min(a, b
M ),M = max|f i|. Åñ-

ëè â íåêîòîðîé îêðåñòíîñòè òî÷êè (x0, y0, z0;U0, V0,W0,W
0
x ) èìååò ìåñòî:

à) ñîîòíîøåíèå H̃(x, y, z;U, V,W,R) ≡ Dy ·f̃6−Dxf̃
7 ≡ 0, òî íà Π(α, b)

çàäà÷à (1) (5) â êëàññå C3(Π) èìååò åäèíèñòâåííîå ðåøåíèå.

á) åñëè ñîîòíîøåíèå H̃(x, y, z;U, V,W,R) = 0 íå âûïîëíÿåòñÿ òîæäå-
ñòâåííî, à ðàçðåøèìî â âèäå R(≡ Wx) = Φ(x, y, z : U, V,W ) è âûïîëíÿ-
þòñÿ äâà óñëîâèÿ

Φx + ΦU · f1 + ΦV · f3 + ΦW ·R ≡ f̃6(x, y, z;U, V,W,Φ),

Φy + ΦU · f2 + ΦV · f̃5 + ΦW · f4 ≡ f̃7(x, y, z;U, V,W,Φ)

òîãäà íà
∏

(α, b) çàäà÷à (1) è

[U ]x=x0,y=y0 = ϕ1(z1, [V ]x=x0,y=y0 = ϕ2(z), [W ]x=x0,y=y0 = ϕ3(z)

â êëàññå C3(Π0) èìååò åäèíåñòâåííîå ðåøåíèå.

2. Ïåðåõîäèì ê ñèñòåìå (2), ñîäåðæàùàÿ â ïðàâîé ÷àñòè äâå ïðî-
èçâîäíûå (Wy, Vy). Èññëåäóåìàÿ ñèñòåìà ïîñëå îñóùåñòâëåíèÿ çàìåíû
Wx = R(x, y, z), Vy = p(x, y, z) è py = Vyy = q(x, y, z) î.ï.ä. è íåñëîæíûå
ïðåîáðàçîâàíèÿ ïðèâîäèòñÿ ê óêîðî÷åííîé ï.ä.-ñèñòåìîé îòíîñèòåëüíî
øåñòü íåèçâåñòíûõ U, V,W,R, p, q äëÿ êîòîðîé óñëîâèåì ñîâìåñòíîñòè
áóäóò ñëåäóþùèå ñîîòíîøåíèÿ

f̃8
y − f̃9

x + f̃8
U ·f2− f̃9

U ·f1 + f̃8
V ·p− f̃9

V ·f3 + f̃8
W ·f4− f̃9

W ·R+ f̃8
R · f̃6− f̃9

R · f̃5+

+f̃8
p · q − f̃9

p · f̃7 + f̃8
q · f̃9 − f̃9

q · f̃8(≡ H̃(x, y, z : U, V,W,R, p, q)) = 0. (6)

Òåîðåìà 3. Ïóñòü â ñèñòåìà (2) f i, i = 1, 4, V,WεC3(Π), UεC2(Π),
f2
R · f3

R · f4
P + f1

R · f4
R + f1

R · f4
R− f2

P · f3
R · f4

R− f2
R 6= 0, f̃5

P 6= 0. Åñëè â íåêîòî-
ðîé îêðåñòíîñòè òî÷êè (x0, y0, z0 : U0, V0,W0,W

0
x , V

0
y , V

0
yy) òîæäåñòâåííî

âûïîëíÿåòñÿ óñëîâèå (6) (ò.å. H̃(x, y, z : U, V,W,R, P, q) ≡ 0), à òàêæå
α < min(a, b

M ),M = max|f i|, òî íà
∏

(α, b) çàäà÷à (2) è [U ]x=x0,y=y0 =
ϕ1(z), [V ]x=x0,y=y0 = ϕ2(z), [W ]x=x0,y=y0 = ϕ3(z), [Wx]x=x0,y=y0 = ϕ4(z),
[Vy]x=x0,y=y0 = ϕ5(z),[Vyy]x=x0,y=y0 = ϕ6(z) â êëàññå C3(Π0) îäíîçíà÷íî
ðàçðåøèìà.

Íåòîæäåñòâåííîå âûïîëíåíèå H̃ = 0 (èëè å¼ ðàçðåøèìîñòü â âèäå
q(q = py = Vyy) = Φ(x, y, z : U, V,W,R, p),ΦεC1(Π) â êîíå÷íîì èòîãå
ïðèâîäèò ê ìíîãîîáðàçèþ ñ ïÿòüþ ïðîèçâîëüíûìè ôóíêöèÿìè îò z (ò.å.
íà îäíó ìåíüøå).
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Â ðàáîòå äîêàçàíà ëîêàëüíàÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü êîýôôè-
öèåíòíîé îáðàòíîé çàäà÷è äëÿ êâàçèëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâ-
íåíèÿ â êëàññå ãëàäêèõ îãðàíè÷åííûõ ôóíêöèé. Íàéäåíî óñëîâèå
çàâèñèìîñòè âåðõíåé ãðàíèöû ìàëîãî âðåìåííîãî îòðåçêà îò ïîñòî-
ÿííûõ îãðàíè÷èâàþùèõ âõîäíûå äàííûå. Ïðèâåäåí ïðèìåð âõîä-
íûõ äàííûõ, óäîâëåòâîðÿþùèõ óñëîâèÿì äîêàçàííûõ òåîðåì ñóùå-
ñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ îáðàòíîé çàäà÷è.

Êëþ÷åâûå ñëîâà: êîýôôèöèåíòíàÿ îáðàòíàÿ çàäà÷à, êâàçèëèíåéíîå
ïàðàáîëè÷åñêîå óðàâíåíèå, óñëîâèå ïåðåîïðåäåëåíèÿ, çàäà÷à Êîøè,
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Solvability of the coefficient inverse problem for a quasilinear
parabolic equation

Theorems of existence and uniqueness for the solution of the coeffi-
cient inverse problem for a quasilinear parabolic equation in the class
of smooth bounded functions are proved. The condition for the depen-
dence of the upper boundary of a small time interval on the constants
limiting the input data is found. An example of input data satisfying
the conditions of the proved existence and uniqueness theorems for the
solution of the inverse problem is given.

Keywords: coefficient inverse problem, quasilinear parabolic equation,
Cauchy problem, weak approximation method

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îïðåäåëåíèÿ ôóíêöèè èñòî÷íèêà è
êîýôôèöèåíòà ïðè ïðîèçâîäíîé ïî âðåìåíè â êâàçèëèíåéíîì ïàðàáîëè-
÷åñêîì óðàâíåíèè. Îòìåòèì, ÷òî êîýôôèöèåíòíûå îáðàòíûå çàäà÷è äëÿ
êâàçèëèíåéíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé ïðèìåíÿþòñÿ: â èññëåäîâà-
íèè âûñîêîòåìïåðàòóðíûõ ïðîöåññîâ, â êîòîðûõ ó÷èòûâàåòñÿ çàâèñè-
ìîñòü òåïëîôèçè÷åñêèõ õàðàêòåðèñòèê îò òåìïåðàòóðû, â èññëåäîâàíèè
íåñòàöèîíàðíûõ ïðîöåññîâ ôèëüòðàöèè â ïîäçåìíîé ãèäðîäèíàìèêå, ïðè
ìîäåëèðîâàíèè íåëèíåéíûõ ïðîöåññîâ äèôôóçèè è ò.ä. Äàííûå çàäà÷è
èññëåäîâàëèñü â ðàáîòàõ [1-4] è äð.

Ðàññìîòðèì çàäà÷ó Êîøè

a1(t, x)ut = α1(t, x)uxx + α2(t, x)ux + b1(t, x)uuzz + b2(t, x)uz + b3(t, x)u2+

+a2(t, x)f(t, x, z), (1)

u(0, x, z) = u0(x, z), (x, z) ∈ E2. (2)

Ôóíêöèè f(t, x, z) è u0(x, z) çàäàíû â G[0;T ] = {(t;x; z)|0 ≤ t ≤ T,
x ∈ E1, z ∈ E1} è E2 ñîîòâåòñòâåííî. Êîýôôèöåíòû αi(t, x), bj(t, x)
íåïðåðûâíî äèôôåðåíöèðóåìûå äåéñòâèòåëüíîçíà÷íûå ôóíêöèè, ïðè-
÷åì α1(t, x) ≥ a0 > 0, b1(t, x) ≥ b0 > 0, ãäå 0 ≤ t ≤ T, T > 0, a0, b0, T −
const, j = 1, 2, 3, i = 1, 2, En−n-ìåðíîå åâêëèäîâîå ïðîñòðàíñòâî, n ∈ N .

Ïðåäïîëîæèì,÷òî âûïîëíÿþòñÿ óñëîâèÿ ïåðåîïðåäåëåíèÿ

u(t, x, a(t)) = ϕ1(t, x), u(t, x, b(t)) = ϕ2(t, x), (t, x) ∈ Π[0,T ], (3)

ãäå Π[0,T ] = {(t, x)| 0 ≤ t ≤ T, x ∈ E1}; a(t) 6= b(t), a(t), b(t) ∈ C1[0, T ];
ϕ1(t, x), ϕ2(t, x)-çàäàííûå ôóíêöèè, óäîâëåòâîðÿþùèå óñëîâèÿì ñîãëà-
ñîâàíèÿ ϕ1(0, x) = u0(x, a(0)), ϕ2(0, x) = u0(x, b(0)), x ∈ E1.

Ðåøåíèåì çàäà÷è (1)-(3) â ïîëîñå G[0,t∗] áóäåì ñ÷èòàòü òðîéêó ôóíê-
öèé u(t, x, z), a1(t, x), a2(t, x), êîòîðûå óäîâëåòâîðÿþò óðàâíåíèþ (1) â
G[0,t∗], 0 < t∗ ≤ T è óñëîâèÿì (2)-(3), ïðè÷åì óñëîâèÿ (3) âûïîëíÿþòñÿ
ïðè (t, x) ∈ Π[0,t∗].

Äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà-
÷è (1)-(3) â êëàññå Z(t∗) = {u(t, x, z),a1(t, x), a2(t, x)| u ∈ C1,2,4

t,x,z (G[0;t∗]),
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a1(t, x), a2(t, x) ∈ C0,2
t,x (G[0;t∗])}, ãäå C

1,2,4
t,x,z (G[0;t∗]) = {f(t, x, z)|f, ft ∈ C(G[0;t∗]),

∂k+l

∂zk∂xl
∈ C(G[0;t∗]),l = 0, 2, k = 0, 4}, C0,2

t,x (G[0;t∗]) ={a(t,x)| ∂p

∂xpa(t, x) ∈
C(Π[0;t∗]), p = 0, 1, 2}, ïðè÷åì u(t, x, z), a1(t, x), a2(t, x) óäîâëåòâîðÿþò

íåðàâåíñòâàì
2∑
l=0

4∑
k=0

| ∂l+k
∂xl∂zk

u(t, x, z)| ≤ C1,
2∑
l=0

| ∂l
∂xl
a1(t, x)|+

2∑
l=0

| ∂l
∂xl
a2(t, x)| ≤

C2, C1, C2 − const > 0; (t, x) ∈ Π[0;t∗], (t, x, z) ∈ G[0;t∗]. Âûïèñàíî óñëî-
âèå çàâèñèìîñòè t∗ îò ïîñòîÿííûõ, îãðàíè÷èâàþùèõ äîñòàòî÷íî ãëàäêèå
âõîäíûå äàííûå. Äîêàçàòåëüñòâî òåîðåìû ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà-
÷è (1)-(3) îñíîâàíî íà ñâåäåíèè ñ ïîìîùüþ óñëîâèé ïåðåîïðåäåëåíèÿ (3)
èñõîäíîé îáðàòíîé çàäà÷è (1)-(3) ê âñïîìîãàòåëüíîé ïðÿìîé çàäà÷å. Äî-
êàçàòåëüñòâî ðàçðåøèìîñòè ïðÿìîé çàäà÷è ïðîâåäåíî ñ ïîìîùüþ ìåòîäà
ñëàáîé àïïðîêñèìàöèè [5]. Ðåøåíèå çàäà÷è (1)-(3) âûïèñàíî â ÿâíîì âè-
äå ÷åðåç ðåøåíèå ïðÿìîé çàäà÷è. Ïðèâåäåí ïðèìåð âõîäíûõ äàííûõ,
óäîâëåòâîðÿþùèõ óñëîâèÿì äîêàçàííûõ òåîðåì ñóùåñòâîâàíèÿ è åäèí-
ñòâåííîñòè ðåøåíèÿ çàäà÷è (1)-(3).
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Ïóòåì ðåøåíèÿ óðàâíåíèÿ Ëàíäàó-Ëèôøèöà ìîäåëèðîâàëîñü ïåðå-
êëþ÷åíèå ñëîÿ ñïèðàëüíîãî ìàãíåòèêà îò îäíîãî íàïðàâëåíèÿ ìàã-
íèòíîé ñïèðàëè ê äðóãîìó. Ýòî íóæíî äëÿ óïðàâëåíèÿ ñîñòîÿíèÿìè
ñâåðõïðîâîäíèêîâîãî ñïèíîâîãî âåíòèëÿ

Êëþ÷åâûå ñëîâà: ñâåðõïðîâîäíèêîâûé ñïèíîâûé âåíòèëü, ñïèðàëü-
íûé ìàãíåòèê

The modeling of behavior of spiral magnetic layer of
superconducting spin valve

Solving Lanau-Lifshits equation we modelled the svich of spiral magnetic
layer from one spiral direction to other one. This is a method of control
of a superconducting spin valve.

Keywords: mathematics, differential equations, spectral theory

Ñâåðõïðîâîäíèêîâàÿ ñïèíòðîíèêà ÿâëÿåòñÿ íîâîé îáëàñòüþ â íàíî-
ýëåêòðîíèêå êâàíòîâûõ ñèñòåì, êîòîðàÿ ïîÿâèëàñü â 21 âåêå è àêòèâíî
ðàçâèâàåòñÿ ïîñëåäíèå ãîäû. Å¼ îñíîâíîé èäååé, êàê è â îáû÷íîé ñïèí-
òðîíèêå, ÿâëÿåòñÿ èñïîëüçîâàíèå ïåðåíîñà ñïèíà ýëåêòðîíîâ äëÿ õðà-
íåíèÿ è îáðàáîòêè èíôîðìàöèè, íî ðåàëèçîâàííàÿ â ñâåðõïðîâîäÿùèõ
êîíòóðàõ ïðè íèçêîé òåìïåðàòóðå.

Ðåøåíèåì ïðîáëåì ýíåðãîñáåðåæåíèÿ è áûñòðîäåéñòâèÿ ñîâðåìåííûõ
íàíîýëåêòðîííûõ óñòðîéñòâ ïîñëå íàñûùåíèÿ çàêîíà Ìóðà, ìîã áû áûòü
îòêàç îò èñïîëüçîâàíèÿ äåñÿòèëåòèÿìè îòðàáîòàííûõ ìåòîäîâ ÊÌÎÏ
(êîìïëåìåíòàðíàÿ ñòðóêòóðà ìåòàëë-îêñèä-ïîëóïðîâîäíèê), è ïåðåõî-
äîì íà ñâåðõïðîâîäÿùèå ìàòåðèàëû [1].

Ýòà íîâàÿ îáëàñòü ïðèçâàíà ðåøàòü ñëåäóþùèå çàäà÷è: ýíåðãîñáåðå-
æåíèå, ìèíèàòþðèçàöèÿ ýëåìåíòîâ, èõ áûñòðîäåéñòâèå, è íàêîíåö, îáåñ-
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ïå÷åíèå ðàáîòû ïðèíöèïèàëüíî íîâîãî òèïà óñòðîéñòâ � êâàíòîâîé ëî-
ãèêè. Îñíîâíûìè, õîðîøî ðàçðàáîòàííûìè íà ñåãîäíÿøíèé äåíü ýëå-
ìåíòàìè ñâåðõïðîâîäíèêîâîé ñïèíòðîíèêè ÿâëÿþòñÿ ñâåðõïðîâîäÿùèå
ñïèíîâûå âåíòèëè. Áóäóò îáñóæäàòüñÿ ïåðñïåêòèâû è ïðîáëåìû èõ ïðè-
ìåíåíèÿ â êà÷åñòâå ñîâìåñòèìîé ìàãíèòíîé ïàìÿòè äëÿ ñâåðõïðîâîäíè-
êîâûõ êëàññè÷åñêèõ è êâàíòîâûõ ëîãè÷åñêèõ óñòðîéñòâ. Íåäàâíî íàìè
áûëè ðàçðàáîòàíû ñâåðõïðîâîäíèêîâûå ñïèíîâûå âåíòèëè íîâîãî òèïà,
áàçèðóþùèåñÿ íà ñïèðàëüíî-óïîðÿäî÷åííîì ìàãíèòíîì ñëîå [2].

Â äàííîé ðàáîòå ñ ïîìîùüþ ðåøåíèÿ óðàâíåíèÿ Ëàíäàó-Ëèôøèöà
ìîäåëèðîâàëîñü ïåðåêëþ÷åíèå ñëîÿ ñïèðàëüíîãî ìàãíåòèêà îò îäíîãî
íàïðàâëåíèÿ ìàãíèòíîé ñïèðàëè ê äðóãîìó èìïóëüñíûì ìàãíèòíûì ïî-
ëåì. Òàêîå ïåðåêëþ÷åíèå äîëæíî îáåñïå÷èâàòü óïðàâëåíèå ïðîöåññîì
çàïèñè ýëåìåíòà ïàìÿòè ÌÐÀÌ, íà îñíîâå ñïèðàëüíîãî ñâåðõïðîâîäÿ-
ùåãî ñïèíîâîãî âåíòèëÿ.
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Bounded on the whole plane solutions of quasilinear
overdetermined systems of two partial differential equations

The report considers a quasilinear overdetermined system of two linear
first-order partial differential equations with one unknown function of
two real variables.

Keywords: overdetermined system of partial differential equations, bounded
on the whole plane solutions

Ìíîãèå çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè ïðèâîäÿò ê ïåðåîïðåäåëåí-
íûì ñèñòåìàì óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè (ñì., íàïðèìåð, [1]).
Íàïðèìåð, ê òàêèì ñèñòåìàì îòíîñÿòñÿ ñèñòåìû óðàâíåíèé ìàãíåòîãèä-
ðîäèíàìèêè, òåðìîóïðóãîñòè è äð. Ïåðåîïðåäåëåííûì ñèñòåìàì óðàâ-
íåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè ïîñâÿùåíî îãðîìíîå êîëè÷åñòâî ðàáîò
(ñì., íàïðèìåð, [2-3]).

Ðàññìîòðèì êâàçèëèíåéíóþ ïåðåîïðåäåëåííóþ ñèñòåìó äâóõ óðàâíå-
íèé ñ ÷àñòíûìè ïðîèçâîäíûìè{

ux = au+ f(x, y, u),

uy = bu+ g(x, y, u),
(1)

ãäå a, b - ïîñòîÿííûå, ôóíêöèè f , g îïðåäåëåíû è íåïðåðûâíû â R3,
îãðàíè÷åííû ïî x, y è ñóùåñòâóþò ÷àñòíûå ïðîèçâîäíûå fy, gx, fu, gu
ïðèíàäëåæàùèå L1,loc(R

3). Äëÿ ñèñòåìû (1) ðàññìîòðåíà çàäà÷à îá îãðà-
íè÷åííûõ âî âñåé ïëîñêîñòè ðåøåíèÿõ. Èññëåäîâàíèå ýòîé çàäà÷è ïðî-
âîäèëîñü ìåòîäàìè ôóíöèîíàëüíîãî àíàëèçà.

Óñëîâèå ïîëíîé ðàçðåøèìîñòè ñèñòåìû (1) èìååò âèä

(bfu − agu)u+ fy − gx + (a+ fu)g − (b+ gu)f = 0 ∀(x, y, u) ∈ R3. (2)

Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü âûïîëíåíî óñëîâèå (2) è õîòÿ áû îäíî èç ñëåäó-
þùèõ óñëîâèé:

1. a 6= 0 è ôóíêöèÿ f(x, y, u) ðàâíîìåðíî ïî x, y, óäîâëåòâîðÿåò
óñëîâèþ Ëèïøèöà ïî ïåðåìåííîé u

|f(x, y, u1)− f(x, y, u2)| ≤ K|u1 − u2|,

ãäå K > 0 íå çàâèñèò îò x, y, u1, u2, ïðè÷åì K < |a|;
2. b 6= 0 è ôóíêöèÿ g(x, y, u) ðàâíîìåðíî ïî x, y, óäîâëåòâîðÿåò

óñëîâèþ Ëèïøèöà ïî ïåðåìåííîé u

|g(x, y, u1)− g(x, y, u2)| ≤ L|u1 − u2|,

ãäå L > 0 íå çàâèñèò îò x, y, u1, u2, ïðè÷åì L < |b|.
Òîãäà ñèñòåìà (1) èìååò åäèíñòâåííîå îãðàíè÷åííîå íà R2 ðåøåíèå.
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Â ïðåäëàãàåìîé ðàáîòå ðàññìàòðèâàåòñÿ îäèí êëàññ ñèñòåìû íåëè-
íåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ïîëíûõ äèôôåðåíöèàëàõ
(ï.ä. ñèñòåì) ôóíêöèé òð¼õ íåçàâèñèìûõ ïåðåìåííûõ, ñ ñèíãóëÿð-
íîé òî÷êîé â òð¼õìåðíîì ïðîñòðàíñòâå. Ó÷èòûâàÿ âçàèìîñâÿçè äàí-
íûõ ôóíêöèé, îïðåäåëÿåòñÿ çàêîíîìåðíîñòü ìåæäó äàííûìè ôóíê-
öèÿìè, êîòîðûå îáåñïå÷èâàþò òîæäåñòâåííîãî âûïîëíåíèÿ óñëîâèÿ
ñîâìåñòíîñòè ñèñòåì è åå ðåøåíèå íàõîäèòñÿ îïðåäåë¼ííûìè ôîð-
ìóëàìè âíóòðè è âíå äàííîé îáëàñòè.

Êëþ÷åâûå ñëîâà: ñèíãóëÿðíàÿ òî÷êà, íåëèíåéíûå äèôôåðåíöèàëü-
íûå óðàâíåíèÿ

Boundary-value problems for one class of system in total
differentials with singular points

This work considers one class systems of nonlinear differential equations
in complete differentials (pd - systems) functions of three independent
variables, with a singular point in three-dimensional space. Taking into

Ñàèäîâ Áàõòè¼ð Áîáîêàëîíîâè÷, ê.ô.-ì.í., äîöåíò, Òàäæèêñêèé Ãîñóäàðñòâåííûé
ôèíàíñîâî-ýêîíîìè÷åñêèé óíèâåðñèòåò (Äóøàíáå, Òàäæèêèñòàí); Saidov Bakhtiyor
Bobokalonovich, Tajik State University of Finance and Economics (Dushanbe, Tajikistan)

Øàäìàíîâ Ìèðàëè Óðàêáàåâè÷, ê.ô.-ì.í., äîöåíò, Òàäæèêñêèé Ãîñóäàðñòâåííûé
ôèíàíñîâî-ýêîíîìè÷åñêèé óíèâåðñèòåò (Äóøàíáå, Òàäæèêèñòàí); Shadmanov Mirali
Urakbaevich, Tajik State University of Finance and Economics (Dushanbe, Tajikistan)
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account the relationship of these functions, it is determined the pattern
between these functions, which ensure the identical fulfillment of the
compatibility condition systems and its solution is found by certain
formulas inside and outside of this area.

Keywords: singular point, nonlinear differential equations

1. Ðàññìîòðèì ñèñòåìó óðàâíåíèé â ïîëíûõ äèôôåðåíöèàëàõ âèäà
∂u
∂ρ = a(ρ, ϕ, θ)h(ϕ, θ, u)
∂u
∂ϕ = b(ρ,ϕ,θ,u)

(ρ−ρ0)n−1

∂u
∂θ = c(ρ,ϕ,θ,u)

(ρ−ρ0)n−1 ,

(1)

ãäå a, b, c, h ∈ C1(D̄ = D±UL), u ∈ C2(D0), L− ìíîæåñòâà òî÷åê ãðàíè-
öû øàðà.

Óñëîâèÿìè ñîâìåñòíîñòè ñèñòåìû áóäóò:
ah

(ρ−ρ0)n−1
∂b
∂u + ∂

∂ρ

(
b

(ρ−ρ0)n−1

)
− ab

(ρ−ρ0)n−1
∂h
∂ϕ − h

∂a
∂ϕ = 0

ah
(ρ−ρ0)n−1

∂c
∂u + ∂

∂ρ

(
c

(ρ−ρ0)n−1

)
− ac

(ρ−ρ0)n−1
∂h
∂u −

1
(ρ−ρ0)n

(
h ∂c∂θ + a∂h∂θ

)
= 0,

(ρ− ρ0)n−1 ∂c
∂ϕ + b ∂c∂u − (ρ− ρ0)n−1 ∂b

∂u − c
∂b
∂u = 0 .

(2)
Ïîñêîëüêó ñèñòåìó (1) â òî÷êàõ ëèíèè âûðîæäåíèÿ ρ = ρ0 èíòåãðèðî-
âàòü íåëüçÿ, ïîýòîìó ó÷èòûâàÿ àíàëîãè ðàáîòû Ë.Ã.Ìèõàéëîâà- [1-2],
íàéä¼ì íåïðåðûâíîå ðåøåíèå äàííîé ñèñòåìû âñþäó â îáëàñòè, âêëþ-
÷àÿ ëèíèè âûðîæäåíèÿ, è òðåáóåì, ÷òîáû âûïîëíÿëèñü óñëîâèå Ëåì-
ìà. Ïóñòü â ï.ä.- ñèñòåìå (1) a, b, c, h ∈ C1(D±UL), u ∈ C2(D0). Åñ-
ëè â ñëó÷àå îãðàíè÷åííîñòè ÷àñòíûå ïðîèçâîäíûå u ïî âñåì íåçàâè-
ñèìûì ïåðåìåííûì, ñóùåñòâóþò è ðàâíû ê íóëþ ñëåäóþùèå ïðåäåëû:

lim
ρ→0

(
ρ− ρ0)n−1 ∂u

∂ϕ

)
= 0, lim

ρ→0

(
ρ− ρ0)n−1 ∂u

∂θ

)
= 0, òî íåîáõîäèìî âûïîëíå-

íèè óñëîâèé b(0, ϕ, θ, u) = b0 = 0, h(ϕ, θ, u) = h0 = 0, c(0, ϕ, θ, u) = c0 =
0. Ïðè ýòîì, ñóùåñòâóþò ôóíêöèè âèäà u = hk(ϕ, θ), (k = 1, 2), êîòî-
ðûå âîçìîæíî áóäóò íåêîòîðûìè ÷àñòíûìè, ëèáî îñîáûìè ðåøåíèÿìè
äàííîé ï.ä. -ñèñòåìû (1).

Åñëè õîòÿ áû îäíà èç ýòèõ ôóíêöèé óäîâëåòâîðÿåò ñèñòåìå (1), òî
îíà áóäåò íåêîòîðûì åå ÷àñòíûì ëèáî îñîáûì ðåøåíèåì. Çàìåòèì, ÷òî
òîæäåñòâåííîå âûïîëíåíèå óñëîâèé (2) ìîæíî ðàññìàòðèâàòü ÷àñòè÷-
íî, ëèáî â ñëó÷àå: b(ρ, ϕ, θ) ≡ (ρ − ρ0)n−1β(ϕ, θ), A(ρ, ϕ, θ, u) ≡ (ρ −
ρ0)n−1γ(ϕ, θ), m = const, c = const.

Â ýòîì ñëó÷àå â ñëó÷àè òîæäåñòâåííîãî âûïîëíåíèÿ óñëîâèé ñîâ-
ìåñòíîñòè ïîëó÷åííîå ðåøåíèå ñèñòåìû (1) âî âñåé ðàñøèðåííîé îáëàñòè
D̄±UL ÿâëÿåòñÿ íåïðåðûâíûìè [2,3], è îïðåäåëÿþòñÿ ôîðìóëàìè âèäà

a)u±(ρ, ϕ, θ) = S−1 {C +A(ρ, ϕ, θ) + λ B(ϕ, θ) + λ C (ϕ, θ)} (3)

b)u±(ρ, ϕ, θ) = H−1 {θ; V (ϕ, θ, C) +A(ρ, ϕ, θ)} .
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2. Ðàññìîòðèì ñèñòåìó óðàâíåíèé â ïîëíûõ äèôôåðåíöèàëàõ âèäà
∂u
∂ρ = a(ρ,ϕ,θ)

(ρ−ρ0)n p(θ, u),
∂u
∂ϕ = b(ρ,ϕ,θ)

(ρ−ρ0)n−1 q(θ, u)
∂u
∂θ = c(ρ,ϕ,θ,u)

(ρ−ρ0)n−1

(4)

ãäå a, b, c, p, q ∈ C1(D̄ = D±UL), u ∈ C2(D0), L−ìíîæåñòâà òî÷åê ãðà-
íèöû øàðà.

Óñëîâèÿìè ñîâìåñòíîñòè ñèñòåìû (4) áóäóò:
∂
∂ϕ

(
a

(ρ−ρ0)n

)
· p+ q·ab

(ρ−ρ0)2n−1
∂p
∂u = ∂

∂ρ

(
b

(ρ−ρ0)n−1

)
· q + p·ab

(ρ−ρ0)2n−1
∂q
∂u

∂
∂ρ

(
c

(ρ−ρ0)n−1

)
+ ap

(ρ−ρ0)n−1
∂c
∂u = ac

(ρ−ρ0)2n−1
∂p
∂u +

(
p∂a∂θ + a∂p∂ρ

)
= 0

∂
∂ϕ

(
c

(ρ−ρ0)n−1

)
+ bq

(ρ−ρ0)n−1
∂c
∂u = bq

(ρ−ρ0)2n−1
∂q
∂u +

(
q ∂b∂θ + b∂q∂ρ

)
= 0

(5)
Àíàëîãè÷íî ïðåäûäóùèì ñëó÷àÿì, çàìåòèì, ÷òî ñèñòåìó (4) â òî÷êå
ρ = 0 èíòåãðèðîâàòü íåëüçÿ. Ïîýòîìó ó÷èòûâàÿ ðåçóëüòàòû ðàáîòû [1],
òðåáóåì, ÷òîáû âûïîëíÿëèñü ñëåäóþùèå ðàâåíñòâà:

lim
ρ→0

(
ρn
∂u

∂ρ

)
= 0, lim

ρ→0

(
ρn−1 ∂u

∂ϕ

)
= 0, lim

ρ→0

(
ρn−1∂u

∂θ

)
= 0 , (6)

Òîãäà èìååì íåêîòîðûå ÷àñòíûå ëèáî îñîáûå ðåøåíèÿ ñèñòåìû (4). Òå-
ïåðü äîïóñòèì, ÷òî óñëîâèÿ (5) âûïîëíÿþòñÿ òîæäåñòâåííî. Òîãäà, â
ðåçóëüòàòå èíòåãðèðîâàíèå ïåðâîé ïàðû óðàâíåíèé ñèñòåìû (4) èìååì:
H(θ, u) = V (θ) + ω0(ρ, ϕ, θ) èëè H(θ, u)− ω0(ρ, ϕ, θ) = V (θ).

Ïðè ýòîì ïîñëåäíèå äâà ðàâåíñòâà óñëîâèé (6) âûïîëíÿþòñÿ òîæäå-
ñòâåííî, åñëè ôóíêöèÿ ñ(ρ, ϕ, θ;u) ïðèíèìàåò âèä:

c(ρ, ϕ, θ;u) =

{
∂ω0

∂θ
− ∂H

∂θ
+ f [θ; H(θ, u)− ω0(ρ, ϕ, θ)]

}
h(θ, u) .

Òîãäà ìíîãîîáðàçèÿ ðåøåíèé èñõîäíîé ñèñòåìû, ïî àíàëîãèè ï.1, â îá-
ëàñòÿõ D± çàïèñûâàþòñÿ ÿâíûìè ôîðìóëàìè u±(ρ, ϕ, θ), íåïðåðûâíûìè
ôóíêöèÿìè.
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Èçó÷àþòñÿ àíàëîãè ïðîñòðàíñòâ Ñîáîëåâà â êëàññàõ ïîòåíöèàëüíûõ
è âèõðåâûõ ïîëåé, îïðåäåëÿåìûõ îïåðàòîðàìè ãðàäèåíò äèâåðãåí-
öèè è ðîòîð â A è B, - ïîäïðîñòðàíñòâàõ L2(G).

Êëþ÷åâûå ñëîâà: îïåðàòîðû ãðàäèåíò äèâåðãåíöèè è ðîòîð â ïîä-
ïðîñòðàíñòâàõ A è B, êëàññû ïîòåíöèàëüíûõ è âèõðåâûõ ïîëåé,
øêàëà ïðîñòðàíñòâ Ñîáîëåâà.

Sobolev spaces in the classes of potential and vortex fields

We study analogues of Sobolev spaces in the classes of potential and
vortex fields defined by the operators gradient of divergence and curl in
mathcalA and mathcalB, - subspaces mathbfL2(G).

Keywords: operators gradient divergence and curl in subspaces mathcalA
and mathcalB, classes of potential and vortex fields, the scale of
Sobolev spaces

Ïðîñòðàíñòâî Ëåáåãà L2(G) (òðåõ êîìïîíåíòíûõ ïîëåé â îãðàíè÷åí-
íîé îáëàñòè G â R3) ðàçëàãàåòñÿ íà îðòîãîíàëüíûå ïîäïðîñòðàíñòâà A
è B. Íàçîâåì èõ êëàññàìè. Â êëàññå A íàõîäÿòñÿ ñîáñòâåííûå ïîëÿ
qj(x) îïåðàòîðà ∇div, èç êîòîðûõ ñîñòàâëÿåì îðòîíîðìèðîâàííûé áàçèñ
â Aγ . Ïðîåêöèÿ ïîëÿ f ∈ L2 íà Aγ ïðåäñòàâëÿåòñÿ â âèäå ðÿäà Ôóðüå:
fA = limn→∞(fnA) =

∑∞
j=1(f ,qj)qj(x). Îïåðàòîð

NdfA = lim
n→∞

∇div (fnA) = −
∞∑
j=1

ν2
j (f ,qj)qj

ñ îáëàñòüþ îïðåäåëåíèÿ A2
γ(G) = {fA ∈ Aγ : NdfA ∈ Aγ} ÿâëÿåòñÿ

ñîìîñîïðÿæåííûì ðàñøèðåíèåì îïåðàòîðà ∇divv â A. Äîêàçàíî, ÷òî
fA ∈ A2

γ , åñëè f ∈ H2 è ÷òî Nd èìååò åäèíñòâåííûé îáðàòíûé îïåðàòîð:
N−1
d fA = −

∑∞
j=1 ν

−2
j (f ,qj)qj , èçAγ âA2

γ . Îïåðàòîð N−1
d - êîìïàêòåí.

Ââîäÿòñÿ ïðîñòðàíñòâà

A2k
γ = { f ∈ Aγ , ..., (∇div)k f ∈ Aγ}, k ≥ 1,

A2k
γ ⊂ H2k è ÿâëÿåòñÿ ïðîåêöèÿìè H2k íà A. Îíè îáðàçóþò ëåâóþ ÷àñòè

øêàëû Ñîáîëåâà â êëàññå ïîòåíöèàëüíûõ ïîëåé. ×òîáû ñîñòàâèòü âñþ
øêàëó, ïðèâëå÷åì ïðîñòðàíñòâà A−2k(G) = (A2k

0 )∗ è îòìåòèì âëîæåíèÿ:

A2k
γ ⊂ ... ⊂ A2

γ ⊂ A ⊂ A−2 ⊂ ... ⊂ A−2k

Ñàêñ Ðîìýí Ñåìåíîâè÷, ñòàðøèé íàó÷íûé ñîòðóäíèê, Èíñòèòóò Ìàòåìàòèêè ñ
ÂÖ ÓÔÈÖ ÐÀÍ (Óôà, Ðîññèÿ);
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Ýòà öåïü èìååò ñèììåòðèþ. Îòîáðàæåíèÿ N 2k
d : A2k

γ → A−2k, äëÿ

ëþáîãî k > 1, îáðàòèìû:N−2k
d : A−2k → A2k

γ è {u,u}2k = (N k
d u,N k

d u) =

(N−kd v,N−kd v) = {v,v}−2k.
Êëàññ B ñîñòîèò èç äâóõ îðòîãîíàëüíûõ ïîäïðîñòðàíñòâ V0 è BH .
Ïîäêëàññ V0 âèõðåâûõ ïîëåé èìååò îðòîíîðìèðîâàííûé áàçèñ èç

ñîáñòâåííûõ ïîëåé q±j (x) ðîòîðà c íåíóëåâûìè ñîáñòâåííûìè çíà÷åíè-
ÿìè ±λj , à êîíå÷íîìåðíîå ïðîñòðàíñòâî BH ñîñòîèò èç áåçâèõðåâûõ
ñîëåíîèäàëüíûõ ïîëåé.

Ïðîåêöèÿ ïîëÿ f ∈ L2 íàV
0 ïðåäñòàâëÿåòñÿ â âèäå ñõîäÿùåãîñÿ ðÿäà

Ôóðüå PV f ≡ fV =

lim
n→∞

(fnV) =

∞∑
j=1

[(f ,q+
j )q+

j + (f ,q−j )q−j ],

à îïåðàòîðû S è S−1 -ïðåîáðàçîâàíèÿìè ýòèõ ðÿäîâ: SfV = limn→∞ rot(fnV) =

∞∑
j=1

λj [(f ,q
+
j )q+

j − (f ,q−j )q−j ],

S−1fV =

∞∑
j=1

λ−1
j [(f ,q+

j )q+
j − (f ,q−j )q−j ].

Ââîäÿòñÿ ïðîñòðàíñòâà

Wm = { f ∈ V0, ..., (rot)mf ∈ V0}, m ≥ 1.

Wm ⊂ Hm è ÿâëÿþòñÿ ïðîåêöèÿìè Hm íà V0. Îíè îáðàçóþò ëåâóþ
÷àñòè øêàëû Ñîáîëåâà â êëàññå âèõðåâûõ ïîëåé. ×òîáû ñîñòàâèòü âñþ
øêàëó, ïðèâëå÷åì ïðîñòðàíñòâà W−m = (Wm

0 )∗ è îòìåòèì âëîæåíèÿ:

Wm ⊂ ... ⊂W1 ⊂ V0 ⊂W−1 ⊂ ... ⊂W−m

Ýòà öåïü òàêæå èìååò ñèììåòðèþ: îòîáðàæåíèÿ S2m : Wm → W−m,
äëÿ ëþáîãîm ≥ 1, îáðàòèìû: S−2m : W−m →Wm è {u,u}m = (Sm u, Sm u) =
(S−m v, S−m v) = {v,v}−m .

Òî÷íåå, äîêàçàíî, ÷òî ïðè çàäàííîì v ∈ B/BH è m ≥ 1 óðàâíåíèå
rot2m u = v ðàçðåøèìî â ïðîñòðàíñòâå Wm òîãäà è òîëüêî òîãäà, êî-
ãäà v ∈W−m. Åãî ðåøåíèå çàäàåòñÿ ðÿäîì: u = S−2mv.
Â êëàññå ñìåæíîñòè B(G)/BH ïîëå u = S−2mv îïðåäåëÿåòñÿ îäíîçíà÷-
íî.

Ïðÿìûå ñóììû C(2k,m) ≡ A2k
γ ⊕Wm îáðàçóþò ïàðû â ñåòè âåêòîð-

íûõ ïîäïðîñòðàíñòâ â L2(G). Äîêàçàíî, ÷òî ïðè λ 6= Sp(rot) îïåðàòîð
rot+λ I îòîáðàæàåò ïàðó C(2k,m+1) íà C(2k,m) âçàèìíî îäíîçíà÷íî
è íåïðåðûâíî; à ïðè λ 6= Sp(∇div) îïåðàòîð ∇div+λ I îòîáðàæàåò ïà-
ðó C(2(k+ 1),m) íà C(2k,m), ñîîòâåòñòâåííî. Ðàáîòà åñòü ïðîäîëæåíèå
èññëåäîâàíèé àâòîðà [?]-[?], [?]
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ÏÐÅÄÑÒÀÂËÅÍÈÅ ÐÅØÅÍÈß ÑÈÑÒÅÌÛ ÓÐÀÂÍÅÍÈÉ
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Ðàññìîòðèì ïðîñòðàíñòâî ðåøåíèé ñèñòåìû óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ, u′x − v′y = 0 , u′y + v′x = 0, â åäèíè÷íîì êðóãå, ãäå
f (x, y) = u (x, y)+iv (x, y) óäîâëåòâîðÿåò ñëåäóþùèì îãðàíè÷åíèÿì:

α+ 1

π

∫ 1

0

∫ 2π

0

(
1− ρ2

)α ∣∣f (ρeiθ)∣∣p ρdρd ,
θ <∞, p > 0, α > −1 .

Êëþ÷åâûå ñëîâà: ðåøåíèå, óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ

Partial differential system solution representation

Consider the space of solutions of a system of partial differential equa-
tions, u′x − v′y = 0 , u′y + v′x = 0, in the unit circle, where

α+ 1

π

∫ 1

0

∫ 2π

0

(
1− ρ2

)α ∣∣f (ρeiθ)∣∣p ρdρd ,
θ <∞, p > 0, α > −1 .

Keywords: solution, partial differential equation

Â ðàáîòå (1) íàéäåíî ïðåäñòàâëåíèå ðåøåíèé â âèäå:

f(z) =
α+ 1

π

∫ 1

0

∫ 2π

0

(
1− ρ2

)α f
(
ρeiθ

)
(1− zρe−iθ)α+2 ρdρdθ <∞ .

Â ñòàòüå (2) ðåçóëüòàò îáîáùèëè íà ïðîñòðàíñòâî ñ óñëîâèåì∫ 1

0

∫ 2π

0
w(1− ρ)

∣∣∣f (ρeiθ)∣∣∣p ρdρdθ <∞ ,

ãäå âåñîâàÿ ôóíêöèÿ ÿâëÿåòñÿ ìåäëåííî ìåíÿþùåéñÿ ôóíêöèåé.
Â äàííîé ïóáëèêàöèè óäàëîñü ñóùåñòâåííî ñíèçèòü îãðàíè÷åíèÿ íà

ïîëîæèòåëüíûé âåñ. À, èìåííî,∫ 1

0
w(t)dt <∞ .
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Åñëè ðåøåíèå ïðèíàäëåæèò ïðîñòðàíñòâó, ñî ñëåäóþùèì îãðàíè÷å-
íèåì ∫ 1

0

∫ 2π

0
w
(
ρ2
) ∣∣∣f (ρeiθ)∣∣∣p ρdρdθ <∞

òî ðåøåíèå èìååò âèä

f(z) =

∫ 1

0

∫ 2π

0
w
(
ρ2
)
W
(
zρe−iθ

)
f
(
ρeiθ

)
ρdρdθ

ãäå

W (z) =
1

π

∞∑
k=0

2zk∫ 1
0 w(t)tkdt

.
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Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ íåëîêàëüíàÿ çàäà÷à ñî ñâîáîä-
íîé ãðàíèöåé òèïà Ôëîðèíà äëÿ êâàçèëèíåéíîãî óðàâíåíèÿ äèôôó-
çèè ñ ó÷åòîì íåëèíåéíîé êîíâåêöèè. Óñòàíàâëèâàþòñÿ àïðèîðíûå
îöåíêè Øàóäåðñêîãî òèïà. Èçó÷àåòñÿ ïîâåäåíèå ñâîáîäíîé ãðàíèöû
è äîêàçûâàåòñÿ ñóùåñòâîâàíèå è åäèíñòâåííîñòè ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: Çàäà÷à Ôëîðèíà, íåëèíåéíàÿ êîíâåêöèÿ, óðàâíå-
íèÿ äèôôóçèè, àïðèîðíûå îöåíêè Øàóäåðîâñêîãî òèïà.

Nonlocal problem with a free boundary for a quasilinear
diffusion equation taking into account nonlinear convection

In this paper, we consider a nonlocal problem with a free boundary of
the Florin type for a quasilinear diffusion equation taking into account
nonlinear convection. A priori estimates of the Schauder type are estab-
lished. The behavior of the free boundary is studied and the existence
and uniqueness of the solution is proved.

Keywords: Florin problem, nonlinear convection, diffusion equations, a
priori estimates of the Schauder type.
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Ïîñëåäíèå ãîäû â ñîâðåìåííîé íàóêå çàäà÷è ñî ñâîáîäíîé ãðàíèöåé
øèðîêî ïðèìåíÿþòñÿ ïðè èññëåäîâàíèè ðàçëè÷íûõ ïðîáëåì áèîëîãèè,
ýêîëîãèè, ìåäèöèíû è äð. Íàïðèìåð, ÿâëÿþòñÿ ìàòåìàòè÷åñêèìè ìîäå-
ëÿìè îíëàéí ñåòè [1], ìàòåìàòè÷åñêèìè ìîäåëÿìè áèîëîãèè [2], ýêîëîãèè
[3], ìåäèêî-áèîëîãè÷åñêîé ìîäåëè çàæèâëåíèÿ ðàí [4], à òàêæå ìàòåìà-
òè÷åñêèìè ìîäåëÿìè íåêîòîðûõ äèôôóçèîííûõ ïðîöåññîâ [5].

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ íåëîêàëüíàÿ çàäà÷à ñî ñâîáîäíîé ãðà-
íèöåé òèïà Ôëîðèíà äëÿ êâàçèëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ
ó÷åòîì íåëèíåéíîé êîíâåêöèè.

Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ íàéòè íà íåêîòîðîì îòðåçêå 0 < t ≤
T íåïðåðûâíî äèôôåðåíöèðóåìóþ ôóíêöèþ s(t), òàêóþ, ÷òî s(0) = s0 >
0, 0 < ṡ(t) ≤ N , s(t)−óäîâëåòâîðÿåò óñëîâèþ Ãåëüäåðà, à ôóíêöèÿ u(t, x)
â îáëàñòè D = {(t, x) : 0 < t ≤ T, 0 < x < s(t)} óäîâëåòâîðÿåò óðàâíåíèþ

ut(t, x) = a(t, x, ux)uxx(t, x) + bu2
x(t, x), (t, x) ∈ D, (1)

è ñëåäóþùèì íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿì

u(0, x) = ϕ(x), 0 ≤ x ≤ s0, (2)

ux(t, 0) = ψ(t), 0 ≤ t ≤ T, (3)

αu(t, 0) = u(t, s(t)), 0 ≤ t ≤ T, (4)

ux(t, s(t)) = ω(t), 0 ≤ t ≤ T. (5)

ãäå s(t)-ñâîáîäíàÿ (íåèçâåñòíàÿ) ãðàíèöà, êîòîðàÿ îïðåäåëÿåòñÿ âìåñòå
ñ ôóíêöèåé u(t, x). a(t, x, ux)-êîýôôèöèåíò äèôôóçèè, b-êîýôôèöèåíò
êîíâåêòèâíîãî ïîòîêà.

Â îäíîìåðíîì ïðîñòðàíñòâå óðàâíåíèÿ äèôôóçèè ðåàêöèè êîíâåê-
öèè ñ íåëèíåéíûì ÷ëåíîì ìîæåò áûòü çàïèñàíî â ñëåäóþùåì îáùåì
âèäå [6]:

ut = auxx + (b(u))x + c(u).

Â ýòîé ôîðìóëèðîâêå ïðåäñòàâëåíû êîýôôèöèåíò äèôôóçèè, b(u) - íå-
ëèíåéíàÿ ôóíêöèÿ êîíâåêòèâíîãî ïîòîêà, b′(u)- ìîæåò ðàññìàòðèâàòüñÿ
êàê íåëèíåéíàÿ ñêîðîñòü, c(u)- îáîçíà÷àåò ÷ëåí ðåàêöèè.

Íåëèíåéíûå çàäà÷è äèôôóçèè ñî ñâîáîäíûìè ãðàíè÷íûìè óñëîâèÿ-
ìè îáû÷íî èñïîëüçóþòñÿ äëÿ îïèñàíèÿ ðàñøèðåíèÿ è ðàñïðîñòðàíåíèÿ
áèîëîãè÷åñêèõ âèäîâ èëè õèìè÷åñêèõ âåùåñòâ, à ñâîáîäíàÿ ãðàíèöà èñ-
ïîëüçóåòñÿ äëÿ ïðåäñòàâëåíèÿ ãðàíèöû ýòîãî ðàñøèðåíèÿ [6].

Èññëåäîâàíèå ïðîâîäèòñÿ ïî ñëåäóþùåé ñõåìå. Ñíà÷àëà óñòàíàâëè-
âàþòñÿ íåêîòîðûå àïðèîðíûå îöåíêè äëÿ ðåøåíèé s(t), u(t, x) è èõ ïðî-
èçâîäíûå â íîðì Ãåëüäåðà. ×òîáû îöåíèòü ux(t, x), à òàêæå èññëåäî-
âàòü õàðàêòåð è ãëàäêîñòü ñâîáîäíîé ãðàíèöû s(t), ìû ïåðåéäåì ê çà-
äà÷å òèïà Ñòåôàíà. Ïðîäèôôåðåíöèðîâàâ óðàâíåíèå (1) â D ïî x, äëÿ
ux(t, x) = v(t, x) ïîëó÷èì ñëåäóþùóþ çàäà÷ó

vt(t, x) = a(t, x, v)vxx(t, x) + a′v(t, x, v) · v2
x(t, x)+
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+a′x(t, x, v)vx(t, x) + 2bv(t, x) · vx(t, x), (t, x) ∈ D, (6)

v(0, x) = ϕ′(x), 0 ≤ x ≤ s0, (7)

v(t, 0) = ψ(t), 0 ≤ t ≤ T, (8)

v(t, s(t)) = ω(t), 0 ≤ t ≤ T, (9)

ω(t) · ṡ(t) = αa(t, 0, ψ(t))vx(t, 0) + αψ2(t)− a(t, s(t), ω(t))vx(t, s(t))−

−bω2(t), 0 ≤ t ≤ T. (10)

Äàëåå, íà îñíîâå óñòàíîâëåííûõ îöåíîê èññëåäóåòñÿ ïîâåäåíèå ñâî-
áîäíîé ãðàíèöû â ðàññìàòðèâàåìîì ïðîìåæóòêå âðåìåíè, äîêàçûâàåòñÿ
åäèíñòâåííîñòè ðåøåíèÿ ïåðâîíà÷àëüíîé çàäà÷è. È â èòîãå, äîêàçûâà-
åòñÿ ñóùåñòâîâàíèå ðåøåíèÿ ïîëó÷åííûé è ïåðâîíà÷àëüíîé çàäà÷è ïðè
ïîìîùè ìåòîäîì íåïîäâèæíîé òî÷êè Øàóäåðà.
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Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ íåëîêàëüíàÿ çàäà÷à ñî ñâîáîäíîé
ãðàíèöåé òèïà Ôëîðèíà äëÿ íàãðóæåííîãî êâàçèëèíåéíîãî óðàâíå-
íèÿ äèôôóçèè. Óñòàíîâëåíû àïðèîðíûå îöåíêè Øàóäåðñêîãî òèïà.
Íà îñíîâå óñòàíîâëåííûõ îöåíîê èññëåäóåòñÿ ïîâåäåíèå íåèçâåñò-
íîé ãðàíèöû â ðàññìàòðèâàåìîì ïðîìåæóòêå âðåìåíè, äîêàçûâàåò-
ñÿ åäèíñòâåííîñòü ðåøåíèÿ ïåðâîíà÷àëüíîé çàäà÷è. È â èòîãå äî-
êàçûâàåòñÿ ñóùåñòâîâàíèå ðåøåíèÿ ïîëó÷åííîé è ïåðâîíà÷àëüíîé
çàäà÷è ïðè ïîìîùè ìåòîäà íåïîäâèæíîé òî÷êè Øàóäåðà.

Êëþ÷åâûå ñëîâà: Çàäà÷à Ôëîðèíà, íàãðóæåííîãî êâàçèëèíåéíîãî
óðàâíåíèÿ äèôôóçèè,àïðèîðíûå îöåíêè Øàóäåðîâñêîãî òèïà.

The nonlocal Florin problem for a loaded quasilinear
diffusion equation

In this paper, we study a nonlocal problem with a free boundary of
Florin type for a quasilinear parabolic equation taking into account
nonlinear convection. A priori estimates of the Schauder type are estab-
lished. Based on established estimates, the behavior of the free bound-
ary in the considered time interval, the uniqueness of the solution is
proved the original task. And in the end the existence is proved solv-
ing the obtained and original problem using the method Schauder fixed
point.

Keywords: Florin problem, loaded with quasilinear diffusion equations,
a priori estimates of Schauder type.

Â íàñòîÿùåå âðåìÿ â ñîâðåìåííîé íàóêå êðóã ðàññìàòðèâàåìûõ çà-
äà÷ äëÿ íàãðóæåííûõ ïàðàáîëè÷åñêèõ óðàâíåíèé çíà÷èòåëüíî ðàñøè-
ðèëîñü. Ýòî îáúÿñíÿåòñÿ òåì, ÷òî ìíîãèå ïðàêòè÷åñêè âàæíûå çàäà÷è,
ñâÿçàííûå ñ äèíàìèêîé ïî÷âåííîé âëàãè, ñ ïðîöåññîì äèôôóçèè ÷àñòèö
â òóðáóëåíòíîé ïëàçìå, ñ îõëàæäåíèåì íåîäíîðîäíîãî èçîãíóòîãî ñòåðæ-
íÿ, ìîäåëèðîâàíèåì ïðîöåññà èçëó÷åíèÿ ëàçåðà, ïðèâîäÿò ê ëîêàëüíûì
è íåëîêàëüíûì êðàåâûì óñëîâèÿì. Èññëåäîâàíèÿ ïîñëåäíèõ ëåò óáåäè-
òåëüíî ïîêàçûâàþò, ÷òî â ìàòåìàòè÷åñêîé áèîëîãèè âåñüìà ÷àñòî âîçíè-
êàþò êàê ëîêàëüíûå êðàåâûå, òàê è íåëîêàëüíûå êðàåâûå çàäà÷è [1].
Òðåáîâàíèÿ ñîâðåìåííîé íàóêè è òåõíèêè ïðèâîäÿò ê íåîáõîäèìîñòè

Òóðàåâ Ðàñóë Íîðòîæèåâè÷, ê.ô.-ì.í., äîöåíò, Èíñòèòóò ìàòåìàòèêè ÀÍ ÐÓç
(Òàøêåíò, Óçáåêèñòàí); Rasul Turaev (Institut matematiki AN RUz, Tashkent,
Uzbekistan)

Òóðàåâ Êàõðàìîí Íîðòîæèåâè÷, ñò.ïðåäïîäàâàòåëü, Òåðìåçñêèé Ãîñóäàðñòâåí-
íûé óíèâåðñèòåò (Òåðìåç, Óçáåêèñòàí); Turaev Kaxramon (Termezskiy Gos.Universitet,
Uzbekistan)
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ðàññìàòðèâàòü íåëîêàëüíûå çàäà÷è äëÿ íàãðóæåííûõ ïàðàáîëè÷åñêèõ
óðàâíåíèé.

Çàäà÷è ñî ñâîáîäíîé ãðàíèöåé äëÿ íàãðóæåííûõ ïàðàáîëè÷åñêèõ óðàâ-
íåíèé ðàññìîòðåíû â ðàáîòàõ [2,3]. Çàäà÷è ñî ñâîáîäíîé ãðàíèöåé ñ íåëî-
êàëüíûìè ãðàíè÷íûìè óñëîâèÿìè äëÿ íàãðóæåííûõ êâàçèëèíåéíûõ ïà-
ðàáîëè÷åñêèõ óðàâíåíèé ïî÷òè íå èçó÷åíû.

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ íåëîêàëüíàÿ çàäà÷à ñî ñâîáîäíîé ãðà-
íèöåé äëÿ íàãðóæåííîãî êâàçèëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ.

Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ íàéòè ïàðó ôóíêöèé s(t), u(t, x),
òàêóþ ÷òî íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ s(t) îïðåäåëåíà íà
îòðåçêå 0 < t ≤ T, s(0) = s0 > 0, 0 < ṡ(t) ≤ N , à ôóíêöèÿ u(t, x) â
îáëàñòè D = {(t, x) : 0 < t ≤ T, 0 < x < s(t)} óäîâëåòâîðÿåò óðàâíåíèå

ut(t, x)− a(ux)uxx(t, x) = F (u(t, 0)), (t, x) ∈ D (1)

è ñëåäóþùèì íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿì

u(0, x) = ϕ(x), 0 ≤ x ≤ s0, (2)

ux(t, 0) = f(t), 0 ≤ t ≤ T, (3)

αu(t, x0) = u(t, s(t)), 0 ≤ t ≤ T, (4)

ux(t, s(t)) = ψ(t), 0 ≤ t ≤ T, (5)

ãäå s(t)-ñâîáîäíàÿ (íåèçâåñòíàÿ) ãðàíèöà, êîòîðàÿ îïðåäåëÿåòñÿ âìåñòå
ñ ôóíêöèÿì u(t, x). a(ux)-êîýôôèöèåíò äèôôóçèè.

Êîýôôèöèåíò äèôôóçèè a(ux) ÿâëÿþùèéñÿ îäíîé èç íàèáîëåå âàæ-
íûõ âåëè÷èí, îïðåäåëÿþùèõ ñêîðîñòü äèôôóçèè, çàâèñèò îò ïðèðîäû
ðàñòâîðèòåëÿ è ðàñòâîðåííîãî âåùåñòâà, îò ñòðóêòóðíûõ ôàêòîðîâ [4].

Îòíîñèòåëüíî äàííûõ çàäà÷ â ðàáîòå ïðåäïîëàãàåì, ÷òî äëÿ çàäàí-
íûõ ôóíêöèé âûïîëíåíû ñëåäóþùèå îñíîâíûå óñëîâèÿ:

1. Ôóíêöèè a(ux) è a′ux(ux) îïðåäåëåíû è íåïðåðûâíû äëÿ ëþáîãî
çíà÷åíèÿ àðãóìåíòà è îãðàíè÷åíû íà ëþáîì çàìêíóòîì ìíîæåñòâå àð-
ãóìåíòà, ïðè÷åì a(ux) ≥ a0 > 0.

2. Ïîñòîÿííûå s0, x0 óäîâëåòâîðÿþò íåðàâåíñòâàì

s(0) = s0 > 0, 0 < x0 < s0.

3. ϕ(x) òðèæäû, ψ(t) è f(t) îäèí ðàç íåïðåðûâíî äèôôåðåíöèðóåìûå
ôóíêöèè, ϕ′′′(x), ψ′(t), f ′(t)-óäîâëåòâîðÿþò óñëîâèþ Ãåëüäåðà.

4. Âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ â óãëîâûõ òî÷êàõ (â ò.÷. â ðàñ-
ñìàòðèâàåìûõ âñïîìîãàòåëüíûõ çàäà÷àõ). Â ÷àñòíîñòè ϕ′(0) = f(0), ϕ′(s0) =
0, ϕ′(s0) = ψ(0), αϕ(x0) = ϕ(s0).

Èññëåäîâàíèå ïðîâîäèòñÿ ïî ñëåäóþùåé ñõåìå. Ñíà÷àëà çàäà÷à ñâî-
äèòñÿ òèïà çàäà÷à Ñòåôàíà è äîêàçûâàåòñÿ èõ ýêâèâàëåíòíîñòü. Óñòà-
íàâëèâàþòñÿ àïðèîðíûå îöåíêè ñâîáîäíîé ãðàíèöåé è ðåøåíèé è èõ ïðî-
èçâîäíûõ â íîðì Ãåëüäåðà. Äàëåå, íà îñíîâå óñòàíîâëåííûõ îöåíîê èñ-
ñëåäóåòñÿ ïîâåäåíèå ñâîáîäíîé ãðàíèöû â ðàññìàòðèâàåìîì ïðîìåæóòêå
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âðåìåíè, äîêàçûâàåòñÿ åäèíñòâåííîñòè ðåøåíèÿ ïåðâîíà÷àëüíîé çàäà÷è.
À òàêæå, äîêàçûâàåòñÿ ñóùåñòâîâàíèå ðåøåíèÿ ïîëó÷åííûé è ïåðâîíà-
÷àëüíîé çàäà÷è.
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ÖÅÍÒÐÀËÜÍÎÅ ÌÍÎÃÎÎÁÐÀÇÈÅ Â ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ
ÌÎÄÅËÜ ÐÅÀÊÖÈÈ ÁÅËÎÓÑÎÂÀ-ÆÀÁÎÒÈÍÑÊÎÃÎ

Ì.Ô. Ôàçëûòäèíîâ
fazlitdin_marat@mail.ru

ÓÄÊ 517.93

Â ðàáîòå ðàññìàòðèâàåòñÿ ñöåíàðèé âîçíèêíîâåíèÿ ìàëîàìïëèòóä-
íûõ êîëåáàòåëüíûõ ðåøåíèé â ìîäåëè ðåàêöèè Áåëîóñîâà-Æàáîòèíñêîãî,
íàçûâàåìîé îðåãîíàòîð. Ïðèìåíÿåòñÿ ñõåìà ïîñòðîåíèÿ öåíòðàëü-
íîãî ìíîãîîáðàçèÿ, êîòîðàÿ ñîäåðæèò âîçíèêàþùèå êîëåáàòåëüíûå
ðåøåíèÿ â îêðåñòíîñòè òî÷êè ðàâíîâåñèÿ.

Êëþ÷åâûå ñëîâà: ðåàêöèÿ Áåëîóñîâà-Æàáîòèíñêîãî, Îðåãîíàòîð, ëÿ-
ïóíîâñêèå âåëè÷èíû, óñòîé÷èâîñòü, ïåðèîäè÷åñêèå ðåøåíèÿ, öåí-
òðàëüíîå ìíîãîîáðàçèå

Central manifold in the mathematical model of the
Belousov-Zhabotinsky reaction

The paper considers the case of the low-amplitude vibrational solu-
tions appearance in the Belousov-Zhabotinsky reaction model, called
the oregonator. The scheme for constructing the central manifold is
applied, in which contains the vibrational solutions that arise in the
vicinity of the equilibrium point.

Keywords: BZ-reaction, Oregonator, Lyapunov quantity, stability, peri-
odic solutions, central manifold
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Ìàòåìàòè÷åñêàÿ ìîäåëü ðåàêöèè Áåëîóñîâà-Æàáîòèíñêîãî â áåçðàç-
ìåðíîé ôîðìå ïðåäëîæåííàÿ Ôèëäîì è Íîéåñîì èìååò ñëåäóþùèé âèä
[1]: 

x′ = s(y − xy + x− qx2)
y′ = 1

s (−y − xy + fz)
z′ = w(x− z)

, (1)

ãäå x ∼ [HBrO2], y ∼ [Br−], z ∼ [M (n+1)+]. À ïàðàìåòðû s = 77, 27,
q = 8, 375 · 10−6, w = 0.161, 0 < f < 2.

Ïðè ëþáîì f > 0 åäèíñòâåííûì ñòàöèîíàðíûì ðåøåíèåì â ïîëîæè-
òåëüíîì îêòàíå ïðîñòðàíñòâ x, y, z ÿâëÿåòñÿ òî÷êà

x0 = (1− f − q +
√

(1− f − q)2 + 4q(f + 1))/2q
y0 = fx0/(1 + x0)
z0 = x0

.

Çàïèøåì ìàòðèöó ßêîáè ñèñòåìû (2) â òî÷êå ðàâíîâåñèÿ (x0, y0, z0)

A0 =

 s(1− 2qx0 − y0) s(1− x0) 0
−y0/s −(1 + x0)/s f/s
w 0 −w

 .

Ïðè çíà÷åíèè ïàðàìåòðà f0 ≈ 1.52672725 ìàòðèöà ßêîáè A0 èìååò
ñîáñòâåííûå çíà÷åíèå λ1 ≈ −20.5908 è λ2,3 ≈ ±i 0.1406. Òî÷êà ðàâíîâå-
ñèÿ (x0, y0, z0) ñèñòåìû (1) ÿâëÿåòñÿ íåãèïåðáîëè÷åñêîé. Ïðè ïðîõîæäå-
íèè ïàðàìåòðà f ÷åðåç f0 ðåàëèçóåòñÿ ñöåíàðèé áèôóðêàöèè Àíäðîíîâà-
Õîïôà. Â ðàáîòå ïðèìåíÿåòñÿ ñõåìà ïîñòðîåíèÿ öåíòðàëüíîãî ìíîãîîá-
ðàçèÿ â ñöåíàðèè áèôóðêàöèè Àíäðîíîâà-Õîïôà, êîòîðàÿ áûëà ïðåäëî-
æåíà â ðàáîòå [2].
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ÑÈÌÌÅÒÐÈÉÍÛÉ ÀÍÀËÈÇ ÑÈÑÒÅÌÛ ÓÐÀÂÍÅÍÈÉ
ÁÀÅÐÀ � ÍÀÍÇÈÀÒÎ

Í.Â. Ôèëèí
nikolay_�lin@inbox.ru

ÓÄÊ 517.95

Èçó÷åíà ãðóïïîâàÿ ñòðóêòóðà ñèñòåìû óðàâíåíèé Áàåðà � Íàíçèà-
òî. Ñ ïîìîùüþ ñèììåòðèé ñèñòåìû, îáðàçóþùèõ åå ãëàâíóþ àëãåáðó
Ëè, íàéäåíû ðåøåíèÿ è ïîäìîäåëè ñèñòåìû â îáùåì ñëó÷àå, à òàêæå
ïðè çàäàííûõ äàâëåíèÿõ.

Êëþ÷åâûå ñëîâà: äâóõôàçíàÿ ñðåäà, ãðóïïîâîé àíàëèç, ïîäìîäåëü,
èíâàðèàíòíîå ðåøåíèå

Symmetric analysis of the Baer — Nunziato system of
equations

The group structure of the Baer — Nunziato system of equations is
studied. Using the symmetries of the system forming its principal Lie
algebra, solutions and submodels of the system are found in the general
case, as well as for given pressures.

Keywords: two-phase medium, group analysis, submodel, invariant so-
lution

Äàííàÿ ðàáîòà ïîñâÿùåíà ñèñòåìå óðàâíåíèé Áàåðà � Íàíçèàòî

∂ρ1

∂t
+
∂(ρ1u1)

∂x
= 0,

∂ρ2

∂t
+
∂(ρ2u2)

∂x
= 0,

∂(ρ1u1)

∂t
+
∂
(
ρ1u

2
1 +m1P1

)
∂x

= P1
∂m1

∂x
− m1ρ2(u1 − u2)

τ
,

∂(ρ2u2)

∂t
+
∂
(
ρ2u

2
2 +m2P2

)
∂x

= P1
∂m2

∂x
+
m1ρ2(u1 − u2)

τ
,

∂m2

∂t
+ u2

∂m2

∂x
= −am1m2(P1 − P2),

êîòîðàÿ îïèñûâàåò äèíàìèêó äâóõôàçíîé ñðåäû. Â ïðåäïîëîëîæåíèè êî-
íå÷íîñòè îáúåìíîé êîíöåíòðàöèè äèñêðåòíûõ ÷àñòèö è îòñóòñòâèÿ òåì-
ïåðàòóðíûõ ýôôåêòîâ äàííàÿ ñèñòåìà ñîñòîèò èç óðàâíåíèé ñîõðàíåíèÿ

ìàññû è èìïóëüñà êàæäîé èç ôàç. Ïðàâàÿ ÷àñòü P1
∂m1

∂x
−m1ρ2(u1 − u2)

τ
îòâå÷àåò çà ñèëó âÿçêîãî òðåíèÿ ìåæäó ôàçàìè. Êðîìå òîãî ρi = miρii �
ñðåäíÿÿ ïëîòíîñòü i-é ôàçû, mi, ρii, ui, Pi � îáúåìíàÿ êîíöåíòðàöèÿ,
èñòèííàÿ ïëîòíîñòü, ñêîðîñòü, äàâëåíèå i-é ôàçû.
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Òåîðåìà 1. Àëãåáðà Ëè ãðóïï ïðåîáðàçîâàíèé ýêâèâàëåíòíîñòè ñè-
ñòåìû óðàâíåíèé Áàåðà � Íàíçèàòî ïîðîæäàåòñÿ îïåðàòîðàìè

Y1 =
∂

∂t
, Y2 =

∂

∂x
, Y3 = t

∂

∂x
+

∂

∂u
+

∂

∂v
, Y4 =

∂

∂P
+

∂

∂Q
.

Òåîðåìà 2. ßäðî îñíîâíûõ àëãåáð Ëè ñèñòåìû óðàâíåíèé Áàåðà �
Íàíçèàòî ïîðîæäàåòñÿ îïåðàòîðàìè

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 = t

∂

∂x
+

∂

∂u
+

∂

∂v
.

Â ÷àñòíîñòè, ðàññìîòðåí ñëó÷àé ñ äàâëåíèÿìè P1 = ρ1
m1
− 1, P2 =

a1

(
ρ2

1−m1
− r
)
, êîòîðûå èñïîëüçóþòñÿ â ïðèëîæåíèÿõ [1]. Ê ïðèìåðó,

ïîëó÷åíî ðåøåíèå äëÿ îïåðàòîðà X2 ïðè a1r 6= 1

ρ1(t) =
ρ0

t
, σ1(t) =

σ0

t
, ρ0 6= 0, σ0 6= 0,

u1(t, x) =
x

t
−bσ0c1

ρ0
e
−
∫

1
t
+bm1(t)

(
1+

σ0
ρ0

)
dt
∫
m1(t)

t
e
−
∫

1
t
+bm1(t)

(
1+

σ0
ρ0

)
dt
dt+

c1

t
,

u2(t, x) =
x

t
+ bc1e

−
∫

1
t
+bm1(t)

(
1+

σ0
ρ0

)
dt
∫
m1(t)

t
e
−
∫

1
t
+bm1(t)

(
1+

σ0
ρ0

)
dt
dt,

m1(t) =
ρ0Φ1(t)− c2Ψ1(t)

aa1σ0c2Ψ2(t) + a1σ0Φ2(t) + ρ0Φ1(t)− c2Ψ1(t)
,

ãäå

Φ1(t) = ϕ (aa1σ0, 1 + a(a1σ0 + ρ0), a(1− ra1)t) ,

Ψ1(t) = ψ (aa1σ0, 1 + a(a1σ0 + ρ0), a(1− ra1)t) ,

Φ2(t) = ϕ (aa1σ0 + 1, 1 + a(a1σ0 + ρ0), a(1− ra1)t) ,

Ψ2(t) = ψ (aa1σ0 + 1, 1 + a(a1σ0 + ρ0), a(1− ra1)t) ,

à ϕ è ψ ýòî ôóíêöèè Êóììåðà.
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Àñèìïòîòèêà ðåøåíèé ìíîãîìåðíûõ óðàâíåíèé ñâåðòêè, àñèìïòî-
òèêà ïàññèâíûõ îïåðàòîðîâ è èõ ôóíäàìåíòàëüíûõ ðåøåíèé èçó÷à-
ëàñü â ðàáîòàõ Â.Ñ.Âëàäèìèðîâà,Þ.Í.Äðîææèíîâà, Á.È.Çàâüÿëîâà.

Ðàáîòà ïîñâÿùåíà âîïðîñó ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøå-
íèÿ çàäà÷è Êîøè äëÿ ìàòðè÷íî-ñâåðòî÷íîãî îïåðàòîðà.

Êëþ÷åâûå ñëîâà: îáîáùåííàÿ ôóíêöèÿ, îïåðàòîð ñâåðòêè, çàäà÷à
Êîøè, ôóíäàìåíòàëüíîå ðåøåíèå

Generalized task Cauchy for matrix-convolute operator

Asymptoty of decisions of multmeasure equations of convolution, asymp-
toty of passive operators and theis fundamental decisions studied by
V.S. Vladimirov, Y.N.Drozhzhinov, V.I.Zavialov.

This article is devoted to the problem of existence and unique of decision
of Cauchy problem for matrix-convolute operator.

Keywords: generalized function, operator of convolution, Cauchy prob-
lem, fundamental decision

Ðàññìîòðèì ñèñòåìó

Z ∗ q = f, (1)

ãäå Z = (zkj) , k = 1, N, j = 1, N, zkj ∈ D′ (Rn) , q = (q1, ..., qN ), f =
(f1, · · · fN ), qk ∈ D′, k = 1, N, fj ∈ D′, j = 1, N.

Ïóñòü Γ - çàìêíóòûé îñòðûé òåëåñíûé êîíóñ â Rn ñ âåðøèíîé â O.
Ìàòðèöà Z îïðåäåëÿåò ïàññèâíûé îòíîñèòåëüíî êîíóñà Γ îïåðàòîð, åñëè
äëÿ ëþáîé âåêòîð-ôóíêöèè ϕ = (ϕ1, ..., ϕN ), ϕj ∈ D, j = 1, N , âûïîëíåíî
íåðàâåíñòâî

Re

∫
−Γ

< Z ∗ ϕ,ϕ > dξ ≥ 0. (2)

Îáîçíà÷èì Γ∗ êîíóñ, ñîïðÿæåííûé ê êîíóñó Γ, è C = intΓ∗.

Îáîáùåííîé çàäà÷åé Êîøè äëÿ ïàññèâíîãî îòíîñèòåëüíî êîíóñà Γ
îïåðàòîðà Z íàçûâàåòñÿ çàäà÷à î íàõîæäåíèè ðåøåíèÿ q èç D′

(
S+

)
ñè-

ñòåìû (1) äëÿ fj ∈ D′
(
S+

)
, j = 1, N .

Ïàññèâíûé îòíîñòèòåëüíî îñòðîãî êîíóñà Γ îïåðàòîð Z íàçûâàåòñÿ íåâû-
ðîæäåííûì, åñëè

detẐ(z) 6= 0, z ∈ T c, (3)

Ôèëèïïîâ Âèêòîðèé Íèêîëàåâè÷, ê.ô.-ì.í., äîöåíò, ÍÍÃÓ èìåíè
Í.È.Ëîáà÷åâñêîãî (Íèæíèé Íîâãîðîä, Ðîññèÿ); Filippov Victoriy (Lobachevsky
State University of Nizhni Novgorod, Russia)
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ãäå Ẑ(z) - ïðåîáðàçîâàíèå Ëàïëàñà ìàòðèöû Z.
Â [1] äîêàçàíà ñëåäóþùàÿ

Òåîðåìà. Åñëè Z - ïàññèâíûé îòíîñèòåëüíî êîíóñà Γ íåâûðîæäåííûé

îïåðàòîð, òî ðåøåíèå îáîáùåííîé çàäà÷è Êîøè ñóùåñòâóåò äëÿ ëþáîé
f = (f1, · · · fN ), fj ∈ D′

(
S+

)
, j = 1, N , åäèíñòâåííî è âûðàæàåòñÿ

ôîðìóëîé
q = A ∗ f, (4)

ãäå À - ôóíäàìåíòàëüíîå ðåøåíèå îïåðàòîðà Z, S+ - îáëàñòü, ëåæàùàÿ
íàä C-ïîäîáíîé ïîâåðõíîñòüþ S. Ïðè ýòîì, åñëè S - ñòðîãî C-ïîäîáíàÿ
ïîâåðõíîñòü è fj ∈ S ′ (S+

)
, òî ðåøåíèå îáîáùåííîé çàäà÷è Êîøè ñó-

ùåñòâóåò è åäèíñòâåííî â êëàññå S ′ (S+

)
.

Äîêàçàíà ñïðàâåäëèâîñòü àíàëîãè÷íîãî óòâåðæäåíèÿ â ñëó÷àå, êîãäà
Z åñòü N ×K - ìàòðèöà (N ≥ K).
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Äëÿ íåêîòîðîãî êëàññà ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíå-
íèé ïîñòàâëåíà íà÷àëüíî-êðàåâàÿ çàäà÷à ñ íà÷àëüíûìè è âòîðûìè
êðàåâûìè óñëîâèÿìè. Äëÿ ýòîãî êëàññà óðàâíåíèé äàåòñÿ îïðåäåëå-
íèå îáîáùåííîãî ðåøåíèÿ, íå ïðîòèâîðå÷àùåå àíàëîãè÷íûì îïðå-
äåëåíèÿì äëÿ ïîäîáíûõ çàäà÷. Äîêàçàíî, ÷òî åå îáîáùåíííîå ðå-
øåíèå ñâÿçàíî ñ îáîáùåííûì ðåøåíèåì ëèíåéíîé âòîðîé íà÷àëüíî-
êðàåâîé çàäà÷è ãèïåðáîëè÷åñêîãî òèïà. Ïðåäëîæåí àíàëîã ýíåðãåòè-
÷åñêîãî íåðàâåíñòâà äëÿ âñïîìîãàòåëüíîé ëèíåéíîé çàäà÷è. Íà åãî
îñíîâå äåëàåòñÿ âûâîä åäèíñòâåííîñòè ïîëó÷åííîãî ðåøåíèÿ èñõîä-
íîé çàäà÷è.

Êëþ÷åâûå ñëîâà: ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå óðàâíåíèå, âòî-
ðàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à, ãèïåðáîëè÷åñêîå óðàâíåíèå, òåîðåìà
ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
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Generalized solution of an initial-boundary value problem for
a class of functional differential equations

For a certain class of functional differential equations, an initial-boundary
value problem with initial and second boundary conditions is set. For
this class of equations, we define a generalized solution that does not
contradict similar definitions for similar problems. It is proved that its
generalized solution is related to the generalized solution of a linear sec-
ond initial-boundary value problem of hyperbolic type. An analog of
the energy inequality for the auxiliary linear problem is proposed. It is
based on the conclusion about the uniqueness of the obtained solution
of the original problem.

Keywords: functional differential equation, second initial boundary value
problem, hyperbolic equation, existence and uniqueness theorem

Â ðàáîòàõ [1], [2] ðàññìîòðåí âîïðîñ î êëàññè÷åñêîì ðåøåíèè äëÿ äàí-
íîãî êëàññà ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ íà÷àëüíû-
ìè è êðàåâûìè óñëîâèÿìè. Ïåðåõîä ê îáîáùåííîìó ðåøåíèþ äëÿ ïîäîá-
íûõ óðàâíåíèé ïîçâîëÿåò ïåðåéòè ê çàäà÷àì òåîðèè óïðàâëåíèÿ, îïòè-
ìàëüíîãî óïðàâëåíèÿ, ñâÿçàííûõ ñ íèìè, â êîòîðûõ, êàê ïðàâèëî, óñëî-
âèÿ íà ðåøåíèå çàäà÷è äîëæíû áûòü ñëàáåå êëàññè÷åñêèõ. Áîëåå ÷åòêîå
ïðåäñòàâëåíèå î ïîíÿòèè è ñâîéñòâàõ îáîáùåííûõ ðåøåíèé ðàçëè÷íûõ
îïåðàòîðíûõ óðàâíåíèé èìååòñÿ â ðàáîòå [3].

Ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ ôóíêöèîíàëüíî-äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ: íà ìíîæåñòâå Q = (0, l) × [0, T ] ñ ãðàíèöåé
Σ, íàéòè ôóíêöèþ y(x, t) ∈W 1

2 (Q), � ðåøåíèå óðàâíåíèÿ:

y′′tt(x, t) = a2y′′xx(x, t) + b(x, t)y(x, t) + β(t)y′t(x, t)−R[y]y(x, t) (1)

ñ êðàåâûìè è íà÷àëüíûìè óñëîâèÿìè

y′x(0, t) = y′x(l, t) = 0, y(x, 0) = ϕ(x), y′t(x, 0) = ψ(x). (2)

Íà÷àëüíûå ôóíêöèè ϕ(x) ∈ W 1
2 (0, l), ψ(x) ∈ L2(0, l), ôóíêöèè b(x, t) ∈

L2(Q), β(t) ∈ L2(0, T ). R[y] � èíòåãðàëüíûé îïåðàòîð âèäà

R[y] =

l∫
0

F (y(x, t)) dx,

ãäå ôóíêöèÿ y(x, t) ∈ W 1
2 (Q), F � ôóíêöèÿ íåïðåðûâíî äèôôåðåíöè-

ðóåìàÿ îòíîñèòåëüíî ñâîåãî àðãóìåíòà, òàêàÿ, ÷òî èíòåãðàë Ëåáåãà ñó-
ùåñòâóåò äëÿ ëþáîé y(x, t) ∈ W 1

2 (Q) � àðãóìåíòà îïåðàòîðà R[y]. Âñå
êîýôôèöèåíòû-ïàðàìåòðû, âõîäÿùèå â êà÷åñòâå ôóíêöèé â (1) è (2),
îãðàíè÷åíû. Èõ ñâîéñòâà îòíîñèòåëüíî íåðàâåíñòâ (òî èëè èíîå ñðàâ-
íåíèå, îãðàíè÷åííîñòü, ïîëîæèòåëüíîñòü è ò. ï.) òðàêòóþòñÿ â ñìûñëå
"ïî÷òè âñþäó".
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Àíàëîãè÷íî [4] ïîä îáîáùåííûì ðåøåíèåì çàäà÷è (1), (2) áóäåì ïîíè-
ìàòü ôóíêöèþ y(x, t) � ýëåìåíò ïðîñòðàíñòâà W 1

2 (Q), êîòîðûé ïðè t = 0
ðàâåí ϕ(x) è äëÿ ëþáîé ôóíêöèè Φ(x, t) ∈ W 1

2 (Q), óäîâëåòâîðÿþùåé
óñëîâèþ Φ(x, T ) = 0, ñïðàâåäëèâî òîæäåñòâî:∫ l

0
Φ(x, 0)ψ(x) dx+

∫ T

0

∫ l

0
Φ′t(x, t)y

′
t(x, t) dx dt−

∫ T

0

∫ l

0
Φ′x(x, t)×

×a2y′x(x, t) dx dt+

∫ T

0

∫ l

0
Φ(x, t)(b(x, t)y(x, t) + β(t)y′t(x, t)) dx dt−

−
∫ T

0

∫ l

0
Φ(x, t)y(x, t)R[y] dx dt = 0.

Äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè îáîáùåííîãî ðåøå-
íèÿ çàäà÷è (1), (2). Ïîêàçàíà ñâÿçü ýòîãî ðåøåíèÿ è îáîáùåííîãî ðåøå-
íèÿ ëèíåéíîé âñïîìîãàòåëüíîé çàäà÷è, ÷òî äàëåå ïîçâîëÿåò âîñïîëüçî-
âàòüñÿ ìåòîäàìè ðåøåíèé ëèíåéíûõ çàäà÷, â ÷àñòíîñòè, ìåòîäîì Ôóðüå.

ÍÅÊÎÒÎÐÛÅ ÏÐÈËÎÆÅÍÈß ÎÁÎÁÙÅÍÍÛÕ
ÈÍÂÀÐÈÀÍÒÍÛÕ ÌÍÎÃÎÎÁÐÀÇÈÉ
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Â íàñòîÿùåé ðàáîòå îáñóæäàþòñÿ ïðèëîæåíèÿ ïîíÿòèÿ îáîáùåííî-
ãî èíâàðèàíòíîãî ìíîãîîáðàçèÿ â òåîðèè èíòåãðèðóåìîñòè. Îáîá-
ùåííûì èíâàðèàíòíûì ìíîãîîáðàçèåì (ÎÈÌ) äèôôåðåíöèàëüíîãî
óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ íàçûâàåòñÿ îáûêíîâåííîå äèô-
ôåðåíöèàëüíîå óðàâíåíèå ñîâìåñòíîå ñ ëèíåàðèçîâàííûì óðàâíå-
íèåì íà ëþáîì ðåøåíèè ðàññìàòðèâàåìîãî óðàâíåíèÿ. Ïîêàçàíî,
÷òî ïîäõîäÿùèì îáðàçîì ïîäîáðàííîå ÎÈÌ ïîçâîëÿåò ñòðîèòü ïà-
ðó Ëàêñà, îïåðàòîð ðåêóðñèè è ÷àñòíûå ðåøåíèÿ äëÿ çàäàííîãî èí-
òåãðèðóåìîãî óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà: íåëèíåéíûå èíòåãðèðóåìûå óðàâíåíèÿ, ëèíåàðè-
çîâàííîå óðàâíåíèå, èíâàðèàíòíîå ìíîãîîáðàçèå
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Some applications of generalized invariant manifolds

In this paper discusses applications of the notion of a generalized invari-
ant manifold in integrability theory. The generalized invariant manifold
(GIM) of a partial differential equation is an ordinary differential equa-
tion compatible with the linearized equation on any solution of the
considered equation. It is shown that an appropriately selected GIM
allows us to construct a Lax pair, a recursion operator, and particular
solutions for a given integrable equation.

Keywords: nonlinear integrable equations, linearized equation, invariant
manifold

Ðàññìîòðèì íåëèíåéíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ âèäà

ut = f(x, t, u, ux, uxx, . . . , uk), uj =
∂ju

∂xj
. (1)

Ëèíåàðèçóåì ýòî óðàâíåíèå

Ut =

(
∂f

∂u
+

∂f

∂ux
Dx +

∂f

∂uxx
D2
x + · · ·+ ∂f

∂uk
Dk
x

)
U. (2)

Íàéäåì îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

Um = F (x, t, U, Ux, Uxx, . . . , Um−1;u, ux, uxx, . . . , un), (3)

ñîâìåñòíîå ñ (2), íà ïðîèçâîëüíîì ðåøåíèè u = u(x, t) óðàâíåíèÿ (1).
Ïîä ñîâìåñòíîñòüþ óðàâíåíèé (2) è (3) ìû ïîäðàçóìåâàåì ñóùåñòâîâà-
íèå ôóíêöèè U = U(x, t), óäîâëåòâîðÿþùåé îáîèì óðàâíåíèÿì. Êðîìå
òîãî ìû òðåáóåì, ÷òîáû U = U(x, t) áûëî îáùèì ðåøåíèåì óðàâíåíèÿ
(3).

Îïðåäåëåíèå. Óðàâíåíèå (3) îïðåäåëÿåò îáîáùåííîå èíâàðèàíòíîå
ìíîãîîáðàçèå (ÎÈÌ) äëÿ óðàâíåíèÿ (1), åñëè óñëîâèå

Dm
x Ut −DtUm|(1),(2),(3) = 0

âûïîëíÿåòñÿ òîæäåñòâåííî äëÿ âñåõ çíà÷åíèé ïåðåìåííûõ {uj} è U ,
Ux, . . . , Um−1.

Çäåñü ïåðåìåííûå ut, Ut è èõ ïðîèçâîäíûå ïî x çàìåíÿþòñÿ â ñè-
ëó óðàâíåíèé (1) è (2), à ïåðåìåííûå Um, Um+1, . . . � â ñèëó ðàâåíñòâà
(3). Ïîñêîëüêó ïåðåìåííûå x, t, U , Ux, Uxx, . . . , Um−1, u, ux, uxx, . . . ,
un, un+1, . . . â óðàâíåíèè (3) ÿâëÿþòñÿ íåçàâèñèìûìè, çàäà÷à îòûñêà-
íèÿ ôóíêöèè F (x, t, U, Ux, . . . , Um−1;u, ux, . . . , un) ÿâëÿåòñÿ ïåðåîïðåäå-
ëåííîé è ýôôåêòèâíî ðåøàåòñÿ.

Â íàøèõ ðàáîòàõ (ñì. [1]-[6]) ïîêàçàíî, ÷òî îáîáùåííûå èíâàðèàíò-
íûå ìíîãîîáðàçèÿ ìîãóò áûòü ïðèìåíåíû äëÿ ïîñòðîåíèÿ ïàð Ëàêñà,
îïåðàòîðîâ ðåêóðñèè è ðåøåíèé íåëèíåéíûõ èíòåãðèðóåìûõ óðàâíåíèé.
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Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷è Êîøè äëÿ íàãðóæåííîãî
óðàâíåíèÿ ÊäÔ ñ èñòî÷íèêîì èíòåãðàëüíîãî òèïà

qt = a(t)q(x0, t)[qxxx − 6qqx] + b(t)q(x1, t)qx+

+2

∫ ∞
0

β(λ, t)s(π, λ, t)[ψ+(x, λ, t)ψ−(x, λ, t)]′xdλ (1)

q(x, t)|t=0 = q0(x), x ∈ R, t > 0, (2)

â êëàññå π - ïåðèîäè÷åñêèõ ïî x ôóíêöèé

q(x+ π, t) = q(x, t) ∈ C3
x(t > 0)

⋂
C1
t (t > 0)

⋂
C(t ≥ 0). (3)

Â óðàâíåíèå (1), êîýôôèöèåíòû a(t), b(t) ∈ C[0,∞) è îãðàíè÷åííûå è
äåéñòâèòåëüíûå ôóíêöèè, à x0, x1 ∈ R. Êðîìå òîãî β(λ, t) ∈ C([0,∞) ×
[0,∞)) - çàäàííàÿ äåéñòâèòåëüíàÿ ôóíêöèÿ, èìåþùàÿ ðàâíîìåðíóþ àñèìï-
òîòèêó

β(λ, t) = O(
1

λ
), λ→∞.

×åðåç ψ± = ψ±(x, λ, t) îáîçíà÷åíî ðåøåíèå Ôëîêå (íîðìèðîâàííûå óñëî-
âèåì ψ±(0, λ, t) = 1) óðàâíåíèÿ Õèëëà

L(t) ≡ −y′′ + q(x, t)y = λy, x ∈ R, t > 0, (4)

à s(x, λ, t) - ðåøåíèå óðàâíåíèÿ (4), óäîâëåòâîðÿþùåå íà÷àëüíûì óñëî-
âèÿì s(0, λ, t) = 0, s′(0, λ, t) = 1.

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà àëãîðèòìà ïîñòðîå-
íèÿ ðåøåíèÿ q(x, t), ψ±(x, λ, t), x ∈ R, t > 0 çàäà÷è (1)-(3) â ðàìêàõ
ìåòîäà îáðàòíîé ñïåêòðàëüíîé çàäà÷è äëÿ îïåðàòîðà Õèëëà (4).

Îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû ñîäåðæèòñÿ â ñëåäóþùåé òåî-
ðåìå.

Îáîçíà÷èì ÷åðåç λn, n ≥ 0, ξ0
n(τ), σ0

n(τ) = ±1, n ≥ 1 ñïåêòðàëüíûå
äàííûå îïåðàòîðà L(τ) ≡ −y′′ + q0(x+ τ)y, x ∈ R.

Òåîðåìà. Ïóñòü q(x, t), ψ±(x, λ, t), x ∈ R, t > 0 ðåøåíèå çàäà-
÷è (1)-(3). Òîãäà ñïåêòðàëüíûå äàííûå λn(τ, t), n ≥ 0, ξn(τ), σn(τ) =
±1, n ≥ 1 îïåðàòîðà L(τ, t) ≡ −y′′+ q(x+ τ, t)y, x ∈ R, t > 0 óäîâëåòâî-
ðÿþò àíàëîãó ñèñòåìû óðàâíåíèé Äóáðîâèíà

λn(τ, t) = λn, n ≥ 0,

∂ξn(τ, t)

∂t
= 2(−1)nσn(τ, t)hn(ξ){a(t)q(x0, t)[2q(τ, t)+

+4ξn(τ, t)]− b(t)q(x1, t) +

∫ ∞
0

β(λ, t)s(π, λ, t)

ξn(τ, t)− λ
dλ}, n ≥ 1 (5)
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ãäå s(x, λ, t) ðåøåíèå óðàâíåíèÿ L(t) = λy ñ íà÷àëüíûì óñëîâèÿìè
s(0, λ, t) = 0, s′(0, λ, t) = 1, à çíàê σn(τ, t) = ±1 ìåíÿåòñÿ íà ïðîòè-
âîïîëîæíûé ïðè êàæäîì ñòîëêíîâåíèè òî÷êè ξn(τ, t) ñ ãðàíèöàìè ñâî-
åé ëàêóíû [λ2n−1, λ2n]. Êðîìå òîãî âûïîëíÿþòñÿ ñëåäóþùèå íà÷àëüíûå
óñëîâèÿ

ξn(τ, t)|t=0 = ξ0
n(τ), σn(τ, t)|t=0 = σ0

n(τ) = ±1, n ≥ 1 (6)

Çäåñü

hn(ξ) =
√

(ξn − λ2n−1)(λ2n − ξn) h̄n(ξ),

h̄n(ξ) =

√√√√√√√(ξk − λ0)

∞∏
k = 1
k 6= n

(λ2k−1 − ξk)(λ2k − ξk)
(ξk − ξn)2

. (7)

Çàìå÷àíèå. Èñïîëüçóÿ ôîðìóëó ïåðâîãî ñëåä

q(τ, t) = λ0 +
∞∑
k=1

(λ2k−1 + λ2k − 2ξk(τ, t)) (8)

ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé (8) ìîæåì ïåðåïèñàòü â çàìêíó-
òîé ôîðìå

∂ξn(τ, t)

∂t
= 2(−1)nσn(τ, t)hn(ξ){a(t)[λ0 +

∞∑
k=1

(λ2k−1 + λ2k − 2ξk(x0, t))]·

·[2λ0+2

∞∑
k=1

(λ2k−1+λ2k−2ξk(τ, t))]−b(t)[λ0+

∞∑
k=1

(λ2k−1+λ2k−2ξk(x1, t))]+

(9)

+

∫ ∞
0

β(λ, t)s(π, λ, t, τ)

ξn(τ, t)− λ
dλ}, n ≥ 1.

Ñëåäñòâèå. Ýòà òåîðåìà äàåò ìåòîä ðåøåíèÿ çàäà÷è (1)-(3). Äëÿ
ýòîãî ñíà÷àëà íàéäåì ñïåêòðàëüíûå äàííûå λn, n ≥ 0, ξ0

n(τ), σ0
n(τ) =

±1, n ≥ 1 îïåðàòîðà L(τ). Îáîçíà÷èì ÷åðåç λn, n ≥ 0, ξn(τ, t), σn(τ, t) =
±1, n ≥ 1 ñïåêòðàëüíûå äàííûå îïåðàòîðà L(τ, t). Òåïåðü â óðàâíåíèå
(9) è íà÷àëüíûì óñëîâèÿì (6) ïîñëåäîâàòåëüíî ïîëîæèì τ = x0 è
τ = x1. Ðåøàÿ ïîëó÷åííóþ çàäà÷ó Êîøè, íàõîäèì ξn(x0, t) è ξn(x1, t).
Çàòåì èç ôîðìóëû (8) îïðåäåëèì ôóíêöèè q(x0, t) è q(x1, t). Ïîñëå ýòî-
ãî ïîäñòàâëÿåì ýòè äàííûå â ñèñòåìó óðàâíåíèé (5), è ðåøàÿ çàäà÷ó
Êîøè (5)-(6) ïðè ïðîèçâîëüíîì çíà÷åíèè τ , íàõîäèì ξn(τ, t), n ≥ 1. Èç
ôîðìóëû ñëåäîâ (8), ïîëó÷èì q(τ, t). Ñëåäóåò îòìåòèò, ÷òî ðåøåíèÿ
Ôëîêå ψ±(x, λ, t) óðàâíåíèÿ (4), ìîæíî íàéòè îáû÷íûì ñïîñîáîì.
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Integration of the loaded Korteweg-de Vries equation in the
class of rapidly decreasing functions

In this work, the inverse scattering method is applied to the integration
of the loaded Korteweg-de Vries equation with a self-consistent source
in the class of rapidly decreasing functions.

Keywords: loaded Korteweg-de Vries equation, Sturm-Liouville opera-
tor, Jost solutions, scattering data, inverse problem of scattering theory,
Gelfand-Levitan-Marchenko integral equation.

Ìåòîä îáðàòíîé çàäà÷è ðàññåÿíèÿ âåäåò ñâîå íà÷àëà ñ ðàáîòû Ãàðäíå-
ðà, Ãðèíà, Êðóñêàëà è Ìèóðà [1]. Èì óäàëîñü íàéòè ãëîáàëüíîå ðåøåíèå
çàäà÷è Êîøè äëÿ óðàâíåíèÿ Êîðòåâåãà-äå Ôðèçà (KäÔ), ñâåäåíèåì åå ê
îáðàòíîé çàäà÷è ðàññåÿíèÿ äëÿ ñàìîñîïðÿæåííåãî îïåðàòîðà Øòóðìà-
Ëèóâèëëÿ. Ýòà îáðàòíàÿ çàäà÷à ðàññåÿíèÿ âïåðâûå áûëà ðåøåíà â ðà-
áîòå Ë.Ä.Ôàääååâà [2], çàòåì â ðàáîòàõ Â.À.Ìàð÷åíêî [3], Á.Ì.Ëåâèòàíà
[4] è äð. Â ðàáîòå [5] Ï.Ëàêñ ïîêàçàë óíèâåðñàëüíîñòü ìåòîäà îáðàòíîé
çàäà÷è ðàññåÿíèÿ è îáîáùèë óðàâíåíèå KäÔ, ââåäÿ ïîíÿòèå âûñøåãî
óðàâíåíèÿ KäÔ.

Çà ïîñëåäíèå ãîäû â ñâÿçè ñ èíòåíñèâíûì èññëåäîâàíèåì çàäà÷ îï-
òèìàëüíîãî óïðàâëåíèÿ àãðîýêîñèñòåìîé ñóùåñòâåííî ïîâûñèëñÿ èíòå-
ðåñ ê íàãðóæåííûì óðàâíåíèÿì. Íàãðóæåííûìè äèôôåðåíöèàëüíûìè
óðàâíåíèÿìè â ëèòåðàòóðå ïðèíÿòî íàçûâàòü óðàâíåíèÿ, ñîäåðæàùèå â
êîýôôèöèåíòàõ èëè â ïðàâîé ÷àñòè êàêèå-ëèáî ôóíêöèîíàëû îò ðåøå-
íèÿ, â ÷àñòíîñòè çíà÷åíèÿ ðåøåíèÿ èëè åãî ïðîèçâîäíûõ íà ìíîãîîá-
ðàçèÿõ ìåíüøåé ðàçìåðíîñòè. Ñðåäè ðàáîò, ïîñâÿùåííûõ íàãðóæåííûì
óðàâíåíèÿì, ñëåäóåò îñîáî îòìåòèòü ðàáîòû À. Ì. Íàõóøåâà [7], À.È.
Êîæàíîâà [8] è äðóãèõ.

Â äàííîé ðàáîòå èçó÷àåòñÿ íàãðóæåííîå óðàâíåíèå ÊäÔ, à èìåííî,
ðàññìîòðèì ñëåäóþùåå óðàâíåíèå:

ut + β(t)u(x0, t)(uxxx − 6uux) + γ(t)u(x1, t)ux = 0, (1)

ãäå β(t) è γ(t) � çàäàííûå íåïðåðûâíûå ôóíêöèè, à x0, x1 ∈ R. Óðàâíåíèå
(1) ðàññìàòðèâàåòñÿ ïðè íà÷àëüíîì óñëîâèè

u(x, 0) = u0(x), x ∈ R, (2)

ãäå íà÷àëüíàÿ ôóíêöèÿ u0(x) îáëàäàåò ñâîéñòâàìè:
1) ∫ ∞

−∞
(1 + |x|) |u0(x)| dx <∞; (3)

2) îïåðàòîð L(0) := − d2

dx2
+ u0(x), x ∈ R èìååò ðàâíî N îòðèöàòåëü-

íûõ ñîáñòâåííûõ çíà÷åíèé λ1(0), λ2(0), . . . , λN (0).
Òðåáóåòñÿ íàéòè ôóíêöèþ u(x, t), êîòîðàÿ îáëàäàåò äîñòàòî÷íîé ãëàä-

êîñòüþ è äîñòàòî÷íî áûñòðî ñòðåìèòñÿ ê ñâîèì ïðåäåëàì ïðè x→ ±∞,
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ò.÷. ∫ ∞
−∞

(
(1 + |x|) |u(x, t)|+

∣∣∣∣∂ju(x, t)

∂xj

∣∣∣∣) dx <∞, j = 1, 2, 3. (4)

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà àëãîðèòìà ïîñòðîå-
íèÿ ðåøåíèÿ u(x, t) çàäà÷è (1)-(4) ñ ïîìîùüþ ìåòîäà îáðàòíîé çàäà÷è
ðàññåÿíèÿ äëÿ ñàìîñîïðÿæåííåãî îïåðàòîðà Øòóðìà-Ëèóâèëëÿ.

Îñíîâíûì ðåçóëüòàòîì äàííîé ðàáîòû ÿëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Åñëè ôóíêöèÿ u(x, t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1)-(4),
òî äàííûå ðàññåÿíèÿ

{
r+(k, t), λn(t), Bn(t), n = 1, N

}
îïåðàòîðà L(t) ñ

ïîòåíöèàëîì u(x, t) ìåíÿþòñÿ ïî t ñëåäóþùèì îáðàçîì

dλj(t)

dt
= 0,

dr+(k, t)

dt
=
(
8ik3β(t)u(x0, t)− 2ikγ(t)u(x1, t)

)
r+(k, t).

dBn(t)

dt
=
(
8χ3

nβ(t)u(x0, t) + 2χnγ(t)u(x1, t)
)
Bn(t), n = 1, 2, . . . , N.

Ïðèìåð 1. Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó

ut + β(t)u(0, t)(uxxx − 6uux) + γ(t)u(1, t)ux(x, t) = 0, (5)

u(x, 0) = − 2

ch2x
, x ∈ R, (6)

ãäå

β(t) = t2 + 1 +

√
t2 + 1

8
, γ(t) = −

(√
t2 + 1 + t

e
+

e√
t2 + 1 + t

)2

.

Â ýòîì ñëó÷àå ðåøåíèå çàäà÷è Êîøè (5)-(6) èìååò ñëåäóþùèé âèä:

u(x, t) = − 2

ch2(x− arcsht)
.

Èçâåñòíî, ÷òî ðåøåíèå óðàâíåíèÿ ÊäÔ, óäîâëåòâîðÿþùåå íà÷àëüíîìó
óñëîâèþ (6), âûãëÿäèò ñëåäóþùèì îáðàçîì:

u(x, t) = − 2

ch2(x− 4t)
.

Ðàçíèöà ýòèõ äâóõ ðåøåíèé ïðåäñòàâëåíà íà ñëåäóþùåì ðèñóíêå:
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Òàêèì îáðàçîì, îáíàðóæåí ñëåäóþùèé ýôôåêò: ïðè íàëè÷èè íàãðó-
æåííåãî êîýôôèöèåíòà èëè ÷ëåíà â óðàâíåíèè ÊäÔ ñêîðîñòü ðàñïðî-
ñòðàíåíèÿ ñîëèòîíà, â çàâèñèìîñòè îò êîýôôèöèåíòîâ β(t) è γ(t), óâå-
ëè÷èòñÿ èëè óìåíøèòñÿ, à àìïëåòóäà íå ìåíÿåòñÿ. Îäíàêî, åñëè èìïóëüñ
ðàñïðîñòðàíÿåòñÿ â âèäå ñîëèòîíà íàãðóæåííîãî óðàâíåíèÿ ÊäÔ âèäà
(1), òî îí ìîæåò ïåðåíîñèòü èíôîðìàöèþ íà áîëüøèå ðàññòîÿíèÿ áåç
èñêàæåíèé è áåç çàìåòíîé ïîòåðè èíòåíñèâíîñòè ÷åì îáû÷íûé ñîëèòîí.
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Êðàòêàÿ àííîòàöèÿ. Â äàííîé ðàáîòå ìåòîä îáðàòíîé ñïåêòðàëü-
íîé çàäà÷è ïðèìåíÿåòñÿ ê èíòåãðèðîâàíèþ íàãðóæåííîãî óðàâíå-
íèÿ Êîðòåâåãà-äå Ôðèçà ñ ñâîáîäíûì ÷ëåíîì íåçàâèñÿùèì îò ïðî-
ñòðàíñòâåííîé ïåðåìåííîé â êëàññå ïåðèîäè÷åñêèõ ôóíêöèé.

Êëþ÷åâûå ñëîâà: Óðàâíåíèå Êîðòåâåãà-äå Ôðèçà, îïåðàòîð Õèëëà,
îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à, ôîðìóëû ñëåäîâ, ñèñòåìà óðàâíåíèé
Äóáðîâèíà.

Integration of the loaded Korteweg-de Vries equation with an
integral type source

Short abstract. In this paper, the method of the inverse spectral prob-
lem is applied to the integration of the loaded Korteweg-de Vries equa-
tion with a free term independent of the spatial variable in the class of
periodic functions.

Keywords: Korteweg-de Vries equation, Hill’s operator, inverse spectral
problem, trace formulas, Dubrovin system of equation.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷è Êîøè äëÿ íàãðóæåííîãî
óðàâíåíèÿ ÊäÔ ñî ñâîáîäíûì ÷ëåíîì âèäà

qt = a(t)q(x0, t)(qxxx − 6qqx) + b(t)q(x1, t)qx + f(t), t > 0 (1)

q(x, t)|t=0 = q0(x), x ∈ R (2)

Â êëàññå äåéñòâèòåëüíûõ π - ïåðèîäè÷åñêèõ ïî x (íå îáÿçàòåëüíî êîíå÷-
íîçîííûõ) ôóíêöèé

q (x+ π, t) = q (x, t) ∈ C3
x (t > 0)

⋂
C1
t (t > 0)

⋂
C (t ≥ 0) . (3)

Êîýôôèöèåíòû a (t) , b (t) ∈ C [0,∞) è îãðàíè÷åííûå ôóíêöèè, à
x0, x1 ∈ R, f(t) - çàäàííàÿ íåïðåðûâíàÿ îãðàíè÷åííàÿ ôóíêöèÿ.

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà ïðîöåäóðû ïîñòðîå-
íèÿ ðåøåíèÿ q(x, t), q(xj , t), j = 0, 1 çàäà÷è (1)-(3) ñ ïîìîùüþ îáðàòíîé
ñïåêòðàëüíîé çàäà÷è äëÿ îïåðàòîðà Õèëëà

L(τ, t) ≡ −y′′ + q(x+ τ, t)y = λy, x ∈ R, t > 0, (4)

Õàñàíîâ Òåìóð Ãàôóðæàíîâè÷, 2 êóðñ ìàãèñòð, ÓðÃÓ (Óðãåí÷, Óçáåêèñòàí);
Khasanov Temur (Urgench State University, Urgench, Uzbekistan)

Íîðìóðîäîâ Õîæèìóðîä Íîðìóìèíîâè÷, àññèñòåíò êàôåäðû äèôôåðåíöèàëü-
íûå óðàâíåíèå, ÑàìÃÓ (Ñàìàðêàíä, Óçáåêèñòàí); Normurodov Hojimurod (Samarkand
State University, Samarkand, Uzbekistan)
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Îáîçíà÷èì ÷åðåç c(x, λ, τ, t) è s(x, λ, τ, t) ðåøåíèÿ óðàâíåíèÿ (4) ñ
íà÷àëüíûì óñëîâèÿìè c(0, λ, τ, t) = 1, c′(0, λ, τ, t) = 0 è s(0, λ, τ, t) =
0, s′(0, λ, τ, t) = 1. Ôóíêöèÿ ∆(λ) = c(π, λ, τ, t) + s′(π, λ, τ, t) íàçûâàåòñÿ
ôóíêöèé Ëÿïóíîâà äëÿ óðàâíåíèÿ (4). Ñïåêòð îïåðàòîðà L ÷èñòî íåïðå-
ðûâíà è ñîñòîèò èç ñëåäóþùåãî ìíîæåñòâà

σ(L) = {λ ∈ R : |∆(λ)| ≤ 2} = R\((−∞, λ0)
∞⋃
n=1

(λ2n−1, λ2n)),

ïðè ýòîì èíòåðâàëû (−∞, λ0), (λ2n−1, λ2n), n ≥ 1 íàçûâàþòñÿ ëàêó-
íàìè, ãäå λ0, λ4k−1, λ4k - ñîáñòâåííûå çíà÷åíèÿ ïåðèîäè÷åñêîé çàäà÷è
(y(0) = y(π), y′(0) = y′(π)), à λ4k−3, λ4k−2 - ñîáñòâåííûå çíà÷åíèÿ àí-
òèïåðèîäè÷åñêîé çàäà÷è (y(0) = −y(π), y′(0) = −y′(π)) äëÿ óðàâíåíèÿ
(4).

×åðåç ξn, n ≥ 1 îáîçíà÷èì ñîáñòâåííûå çíà÷åíèÿ çàäà÷è Äèðèõëå
(y(0) = 0, y(π) = 0) äëÿ óðàâíåíèÿ (4), ïðè ýòîì âûïîëíÿåòñÿ ñëåäóþ-
ùèå âêëþ÷åíèÿ ξn ∈ [λ2n−1, λ2n], n ≥ 1.

Îïðåäåëåíèå.×èñëà ξn, n ≥ 1 âìåñòî ñî çíàêàìè

σn = sign{s′(π, ξn, τ, t)− c(π, ξn, τ, t)} = ±1, n ≥ 1

è ãðàíèöû λn, n ≥ 0 ñïåêòðà íàçûâàþòñÿ ñïåêòðàëüíûìè äàííûìè îïå-
ðàòîðà L.

Îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû ñîäåðæèòñÿ â ñëåäóþùåé òåî-
ðåìå.

Òåîðåìà. Ïóñòü q(x, t), x ∈ R, t > 0 ðåøåíèå çàäà÷è (1)-(3). Òîãäà
λn(τ, t), n ≥ 0 -ãðàíèöû ñïåêòðà îïåðàòîðà L(τ, t) óäîâëåòâîðÿþò ñè-
ñòåìå óðàâíåíèé

λ̇n(τ, t) = f(t), λn(τ, t)|t=0 = λ0
n, n ≥ 0, (5)

à ñïåêòðàëüíûå ïàðàìåòðû ξn = ξn(τ, t), σn = σn(τ, t), n ≥ 1 îïåðàòîðà
L(τ, t) óäîâëåòâîðÿþò àíàëîãó ñèñòåìû óðàâíåíèé Äóáðîâèíà

∂ξn(τ,t)
∂t = 2(−1)nσn(τ, t)hn(ξ){a(t)q(x0, t)[2q(τ, t)+

+4ξn(τ, t)]− b(t)q(x1, t)}+ f(t), n ≥ 1
(6)

ξn(τ, t)|t=0 = ξ0
n(τ), σn(τ, t)|t=0 = σ0

n(τ), n ≥ 1 (7)

ãäå λ0
n, n ≥ 0, ξ0

n(τ), σ0
n(τ) = ±1, n ≥ 1 ñïåêòðàëüíûå äàííûå îïåðàòîðà

L(τ, 0) ñ êîýôôèöèåíòîì q0(x+ τ), τ ∈ R.
Çàìå÷àíèå 1. Èñïîëüçóÿ ôîðìóëó ïåðâîãî ñëåäà

q(τ, t) = λ0(t) +

∞∑
k=1

(λ2k−1(t) + λ2k(t)− 2ξk(τ, t)) (8)
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ñèñòåìó (6) ìîæåì ïåðåïèñàòü â çàìêíóòîé ôîðìå

∂ξn(τ, t)

∂t
= 2(−1)nσn(τ, t)hn(ξ){a(t)[λ0(t)+

∞∑
k=1

(λ2k−1(t)+λ2k(t)−2ξk(x0, t))]·

·[2λ0(t) + 2
∞∑
k=1

(λ2k−1(t) + λ2k(t)− 2ξk(τ, t)) + 4ξn(τ, t)]−

−b(t)[λ0(t) +

∞∑
k=1

(λ2k−1(t) + λ2k(t)− 2ξk(x1, t))]}+ f(t) (9)

ãäå

hn(ξ) =
√

(ξn − λ2n−1)(λ2n − ξn) h̄n(ξ),

h̄n(ξ) =

√√√√√√√(ξn − λ0)
∞∏

k = 1
k 6= n

(λ2k−1 − ξk)(λ2k − ξk)
(ξk − ξn)2

. (10)

Ñëåäñòâèå 1. Ýòà òåîðåìà äàåò ìåòîä ðåøåíèÿ çàäà÷è (1)-(3).
Äëÿ ýòîãî ñíà÷àëà íàéäåì ñïåêòðàëüíûå äàííûå λ0

n, n ≥ 0, ξ0
n(τ), σ0

n(τ), n ≥
1 äëÿ óðàâíåíèÿ L(τ, 0)y ≡ −y′′+q0(x+τ)y = λy, x ∈ R. Ðåøàÿ óðàâíåíèÿ
(5), íàõîäèì

λn(t) = λ0
n +

∫ t

0
f(s)ds, n ≥ 0. (11)

Òåïåðü â óðàâíåíèÿ (9) è íà÷àëüíûì óñëîâèÿì (6) ïîñëåäîâàòåëüíî
ïîëîæèì τ = x0 è τ = x1. Ðåøàÿ ïîëó÷åííóþ çàäà÷ó Êîøè íàõîäèì
ξn(x0, t) è ξn(x1, t). Çàòåì èç ôîðìóëû (8) ó÷èòûâàÿ (11) îïðåäåëèì
ôóíêöèè q(x0, t) è q(x1, t). Ïîñëå ýòîãî ïîäñòàâëÿåì ýòè äàííûå â ñè-
ñòåìó óðàâíåíèé (6), è ðåøàÿ çàäà÷ó Êîøè (6), (7) ïðè ïðîèçâîëüíîì
çíà÷åíèè τ , íàõîäèì ξn(τ, t), n ≥ 1. Èç ôîðìóë ñëåäîâ (8) ïîëó÷àåì
q(τ, t), ò.å. ðåøåíèå çàäà÷è (1)-(3).

Çàìå÷àíèå 2. Èç ðàâåíñòâ (11) âèäíî, ÷òî ñïåêòð îïåðàòîðà Õèë-
ëà, äàèãàåòñÿ íà îñè ñîõðàíÿÿ íà÷àëüíóþ ñòðóêòóðó, ò.å. äëèíû ëàêóí
íå ìåíÿåòñÿ.
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Îïèñàíà êàòàñòðîôà òèïà ãèïåðáîëè÷åñêîé îìáèëèêè ôîðìàëüíîãî
ðåøåíèÿ ñèñòåìû óðàâíåíèé îäíîìåðíîé ãàçîâîé äèíàìèêè.
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Umbilic catastrophe of the formal solution of one gas
dynamics system

Hyperbolic umbilic catastrophe of the formal solution of the one-dimensional
gas flow system is described.
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Èçó÷àåòñÿ òèïè÷íàÿ (ñ òî÷êè çðåíèÿ ìàòåìàòè÷åñêîé òåîðèè êàòà-
ñòðîô) îñîáåííîñòü îìáèëè÷åñêîãî òèïà ôîðìàëüíîãî àñèìïòîòè÷åñêî-
ãî ðåøåíèÿ ñèñòåìû óðàâíåíèé òå÷åíèÿ îäíîìåðíîãî èçîýíòðîïè÷åñêîãî
ãàçà {

ut + uux + 3Aρρx = 0,
ρt + (ρu)x = 0,

(1)

Øàâëóêîâ Àçàìàò Ìàâëåòîâè÷, àñïèðàíò 2 êóðñà ôàêóëüòåòà ìàòåìàòèêè è èí-
ôîðìàöèîííûõ òåõíîëîãèé ÁàøÃÓ (Óôà, Ðîññèÿ)); Azamat Shavlukov, (Bashkir State
University, Ufa, Russia)
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ñîîòâåòñòâóþùåé ãàçîâîé ïîëèòðîïå p = A(ρ3−ρ3
0). Çäåñü A � âåùåñòâåí-

íàÿ êîíñòàíòà, ρ0 � íà÷àëüíàÿ ïëîòíîñòü ãàçà. Â óðàâíåíèå òå÷åíèÿ âõî-
äèò ρ−1 ∂p

∂ρ = 3Aρ. Óêàçàííàÿ ñèñòåìà � ÷àñòíûé ñëó÷àé îáùåé ìîäåëè
îäíîìåðíîé ãàçîâîé äèíàìèêè{

ut + uux + α(ρ)ρx = 0,
ρt + (ρu)x = 0,

(2)

ãäå ôóíêöèÿ äàâëåíèÿ α(ρ) ðàñêëàäûâàåòñÿ â ðÿä Òåéëîðà â îêðåñòíîñòè
òî÷êè ρ∗ > 0.

Ñèñòåìà (1) â èíâàðèàíòàõ Ðèìàíà r = u +
√

3Aρ, l = u −
√

3Aρ
ïåðåïèñûâàåòñÿ êàê ñèñòåìà óðàâíåíèé Õîïôà:{

rt + rrx = 0,
lt + llx = 0.

(3)

Âûäâèãàåòñÿ ãèïîòåçà î íåòî÷íîñòè ïðåäñòàâëåííîé â ðàáîòå [1] êëàñ-
ñèôèêàöèè îñîáåííîñòåé èíâàðèàíòîâ Ðèìàíà â ñèëó îòëè÷èÿ âîçìóùå-
íèÿ ðîñòêà êàòàñòðîôû îò íàøåãî ðåçóëüòàòà. Âûäâèãàåòñÿ ãèïîòåçà î
íàñëåäîâàíèè îñîáåííîñòåé ðåøåíèé ãèïåðáîëè÷åñêèõ óðàâíåíèé âòîðî-
ãî ïîðÿäêà îò ëèíåéíîãî îäíîðîäíîãî âîëíîâîãî óðàâíåíèÿ.

Èññëåäîâàíèå âûïîëíåíî ñîâìåñòíî ñ Á.È. Ñóëåéìàíîâûì.
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The representation formular solutions of an elliptic system of
second order equations class

In this paper is considered a class of elliptic systems of second order
equations with two independent variables.

Keywords: elliptic systems, second order equations, singular coefficients,
generalized Cauchy-Riemann systems.

Ââåä¼ì îáîçíà÷åíèÿ: Ckz - êëàññ k-ðàç (k = 1, 2) íåïðåðûâíî-äèôôå-
ðåíöèðóåìûõ ôóíêöèé; A - êëàññ àíàëèòè÷åñêèõ ôóíêöèé ïî íåçàâèñè-
ìîé êîìïëåêñíîé ïåðåìåííîé z.

Â ðàáîòàõ È. Í. Âåêóà [1], Ë. Ã. Ìèõàéëîâà [2],[3] è äðóãèå, áûëè
èçó÷åíû îáîáù¼ííûå ñèñòåìû Êîøè-Ðèìàíà (î.ñ.Ê.-Ð.) ïåðâîãî ïîðÿäêà,
äëÿ íåèçâåñòíîé ôóíêöèè W = u + iv îò îäíîãî, ëèáî äâóõ, è ìíîãèõ
íåçàâèñèìûõ êîìïëåêñíûõ ïåðåìåííûõ êëàññàõ C(D), L(D), C1

z (D),Cnz .
Â ÷àñòíîñòè âèäà:

∂W

∂z
= f(z, z;W ), (1)

ãäå f(z, z;W ) ∈ C1(D), f(z, z;W ) = a(z) · W + b(z) · W + c(z), ∂
∂z =

1
2( ∂
∂x + i ∂∂y ), ∂

∂z = 1
2( ∂
∂x − i

∂
∂y ), D = {z||z − z(0)| ≤ a, |W | ≤ R}.

Âûøåóêàçàííûìè àâòîðàìè ðàññìàòðèâàëèñü è îáîáùàëèñü óñëîâèÿ
àíàëèòè÷íîñòè ôóíêöèèW = u+iv ïî èçâåñòíîé ôîðìóëå Êîøè-Ðèìàíà:
∂zW = 0, ëèáî íåîäíîðîäíîãî óðàâíåíèÿ (1). Â [3] èññëåäîâàíû âîïðîñû
í¼òåðîâîñòè îáîáù¼ííûõ óðàâíåíèé Êîøè-Ðèìàíà.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ ýëëèïòè÷åñêàÿ ñèñòåìà òàê íà-
çûâàåìîé îáîáù¼ííîé ñèñòåìû Êîøè-Ðèìàíà âòîðîãî ïîðÿäêà âèäà:

∂2W

∂z2 =
zm

|z|2k
{a(z, z)

∂W

∂z
+ b(z, z)

∂W

∂z
+ c(z, z)

∂W

∂z
+

+p(z, z)
∂W

∂z
+ q(z, z)W + r(z, z)W + f(z, z)}. (2)

Çàìåòèì, ÷òî â óðàâíåíèå (2) ôóíêöèè a, b, ..., f ∈ C1
z (D),W ∈ C2

z (D).
Èíòåãðèðóÿ óðàâíåíèå (2) â ðàçëè÷íûõ ñëó÷àÿõ, óáåäèìñÿ â òîì, ÷òî
ìíîãîîáðàçèÿ åå ðåøåíèé âûðàæàåòñÿ ÷åðåç äâå ïðîèçâîëüíûå àíàëèòè-
÷åñêèå ôóíêöèè îäíîé ïåðåìåííîé z, ò.å. Φ1(z),Φ2(z).

Ðàññìîòðèì íåêîòîðûå ñëó÷àè îáîáù¼ííîé ñèñòåìû Êîøè-Ðèìàíà
(2).

1. Ïóñòü ïðàâàÿ ÷àñòü î.ñ. Ê.-Ð. (2) òîæäåñòâåííî ðàâíî íóëþ, ò.å.
∂2W
∂z2

= 0. Òîãäà èíòåãðèðóÿ ýòî óðàâíåíèå, ïîñëåäîâàòåëüíî äâà ðàçà,
ïîëó÷èì ôóíêöèþ:W (z, z) = Φ2(z)+Φ1(z) ·z. Ïðè÷åì ôóíêöèÿW (z, z),
ñîäåðæàùàÿ äâå ïðîèçâîëüíûå àíàëèòè÷åñêèå ôóíêöèè, ÿâëÿåòñÿ íåïðå-
ðûâíîé ôóíêöèåé âî âñåé äàííîé îáëàñòè.
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2. Ðàññìîòðèì íåîäíîðîäíûé ñëó÷àé î.ñ. Ê.-Ð. âèäà

∂2W

∂z2 =
1

|z|2
f(z, z), k = 1, f(z, z) ∈ C1

z ,W ∈ C2(D). (3)

Ðåøåíèå óðàâíåíèÿ (3) âûðàæàåòñÿ ôîðìóëîé

W (z, z) = Φ2(z) + Φ1(z) · z +
1

R2
T2(T1(f)),

ãäå T (f)- ôóíäàìåíòàëüíûé èíòåãðàë, à Φ1(z) è Φ2(z) ïðîèçâîëüíûå àíà-
ëèòè÷åñêèå ôóíêöèè.

3. Ðàññìîòðèì î.ñ.Ê.-Ð. âèäà

∂2W

∂z2 =
a(z, z)

z
· ∂W
∂z

, a(z, z) ∈ C1
z ,W ∈ C2

z (D). (4)

Íåïðåðûâíîå ðåøåíèå óðàâíåíèÿ (4) äàåòñÿ ôîðìóëîé:

W (z, z) = Φ2(z) + exp{Φ1(z)} · T2(exp{ 1

R2
T1(z · a)}).
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Èçó÷àåòñÿ çàäà÷à î íåêîòîðûõ ïåðåîïðåäåë¼ííûõ ñèñòåìàõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà

Êëþ÷åâûå ñëîâà: ïåðåîïðåäåë¼ííûå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâ-
íåíèé

On some overdetermined systems of second order differential
equations

We study the problem of some overdetermined systems of second-order
differential equations

Keywords: overridden systems of differential equations

Â ðÿäå èçâåñòíûõ ðàáîò È.Í.Âåêóà [1], Ë.Ã.Ìèõàéëîâà [2, 3] è äðó-
ãèõ áûëè èçó÷åíû îáîáù¼ííûå ñèñòåìû Êîøè-Ðèìàíà (î.ñ. Ê.- Ð.) îäíîé
íåèçâåñòíîé ôóíêöèè W îò îäíîé è ìíîãèõ íåçàâèñèìûõ êîìïëåêñíûõ
ïåðåìåííûõ êëàññàõ Ñ1

z (D̄), C2
z , · · · , íàïðèìåð, â ÷àñòíîñòè óðàâíåíèé

âèäà: ∂W∂z = f(z, z̄,W ) ãäå

f(z, z;W ) ∈ C1
~z (D̄), f(z, z̄,W ) = a(z, z̄) ·W + b(z, z̄) · W̄ + c(z, z̄) (1)

Ó÷èòûâàÿ îïðåäåë¼ííûå ìåòîäû, àâòîðàìè â óêàçàííûõ êëàññàõ íàé-
äåíû ìíîãîîáðàçèÿ ðåøåíèé óêàçàííûõ çàäà÷, è èññëåäîâàíû ïîâåäåíèÿ
ðåøåíèé âíóòðè è âî âíå äàííîé îáëàñòè.

Àíàëîãè÷íî ýëëèïòè÷åñêîé ñèñòåìå óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-
íûõ ïåðâîãî ïîðÿäêà, â äåéñòâèòåëüíîé ïëîñêîñòè, áóäåì ðàññìàòðèâàòü
ñèñòåìó óðàâíåíèé ýëëèïòè÷åñêîãî òèïà âòîðîãî ïîðÿäêà, äâóõ äåéñòâè-
òåëüíûõ ïåðåìåííûõ, íàïðèìåð âèäà;

{
∂2u
∂x2
− ∂2v

∂y2
− ∂2(u+v)

∂x∂y = a1
∂u
∂x + b1

∂u
∂y + c1

∂v
∂x + d1

∂v
∂y + p1u+ q1v + f1

∂2u
∂y2

+ ∂2v
∂x2
− ∂2(u−v)

∂x∂y = a2
∂u
∂x + b2

∂u
∂y + c2

∂v
∂x + d2

∂v
∂y + p2u+ q2v + f2

(2)
ãäå êîýôôèöèåíòû óðàâíåíèé ñèñòåìû êàê ôóíêöèè äâóõ äåéñòâè-

òåëüíûõ ïåðåìåííûõ ïðèíàäëåæàò êëàññó C2(D) ïî äåéñòâèòåëüíûì ïå-
ðåìåííûì (x, y) ïðåîáðàçîâàííîãî â êîìïëåêñíîé ïëîñêîñòè, êàê î.ñ. Ê.
� Ð. îäíîãî óðàâíåíèÿ ïåðåìåííûõ z, z̄.

Øàðèïîâ Áîáîàëè, ê.ô.-ì.í., äîöåíò ÒÃÔÝÓ, (Äóøàíáå, Òàäæèêèñòàí);
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Äóøàíáå (Äóøàíáå, Òàäæèêèñòàí); Alexander Abanin (Southern Federal University,
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Â ñëó÷àå, êîãäà â ñèñòåìå (2) íåèçâåñòíûå ôóíêöèé è èõ êîýôôèöè-
åíòîâ çàâèñÿò îò ÷åòûð¼õ äåéñòâèòåëüíûõ íåçàâèñèìûõ ïåðåìåííûõ, òî
îíà ïðåîáðàçóåòñÿ â ïåðåîïðåäåë¼ííîé îáîáù¼ííûõ ñèñòåì Êîøè- Ðè-
ìàíà (ï.î.ñ. Ê. � Ð.) äâóõ êîìïëåêñíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé,
êîìïëåêñíûõ íåçàâèñèìûõ ïåðåìåííûõ ôóíêöèé îò z1, z̄1, z2, z̄2, âèäà


∂2W
∂z̄21

= A1 (z1, z1) ∂W∂z̄1 +B1 (z1, z2) ∂W∂z1 + C1 (z1, z2) ∂W̄∂z1 + · · ·+
+Q1 (z1, z2)W +R1 (z1, z2) W̄

∂2W
∂z̄1∂z̄2

= A2 (z1, z2) ∂W∂z̄1 +B2 (z1, z2) ∂W∂z1 + C2 (z1, z2) ∂W̄∂z1 + · · ·+
Q2 (z1, z2)W +R2 (z1, z2)

(3)

ãäåAk(z1, z2), Bk, Hk, · · · , Fk ∈ C1
z̄k

(D̄),W ∈ C2
z̄ (D̄), zk = xk+iyk, (k =

1, 2).
Ïðè ýòîì, äëÿ ï.î.ñ. Ê.-Ð. äîëæíî çàïèñàòüñÿ óñëîâèå ñîâìåñòíîñòè

ñèñòåìû (3). Åñëè ýòî óñëîâèå âûïîëíÿåòñÿ, íî íå òîæäåñòâåííî, òî ïî
íåé îïðåäåëÿåòñÿ íåêîòîðûå ÷àñòíûå, ëèáî îáùèå ðåøåíèÿ ñèñòåì. Òîãäà
â ñëó÷àå ïðèðàâíèâàíèÿ ïåðåêðåñòíîãî äèôôåðåíöèðîâàíèÿ ñìåøàííûå
ïðîèçâîäíûå òðåòüåãî ïîðÿäêà, ïðèáàâèì ñèñòåìó (3), òðåòüèì óðàâíå-

íèåì ïî ∂2W
∂ z̄22

, à ïðàâóþ åå ÷àñòü êàê â îñòàëüíûõ óðàâíåíèÿõ ïðåäûäó-

ùåé ñèñòåìû. Ïðè ýòîì, ïîëó÷àåì ïîëíóþ ñèñòåìó óðàâíåíèé âòîðîãî
ïîðÿäêà. Äåëàÿ çàìåíó â ñèñòåìå, ââîäèì íîâóþ ôóíêöèþ, ïðåîáðàçóåì
ñèñòåìó (3) ê ïîëíîé ñèñòåìå óðàâíåíèé ïåðâîãî ïîðÿäêà, è ïî âîçìîæ-
íîñòè, íàõîäèì ðåøåíèå èñõîäíîé çàäà÷è.

Â ÷àñòíîñòè, ðàññìîòðèì îäíîé èç ÷àñòüþ ñèñòåìû óðàâíåíèé (3) â
âèäå

∂2W

∂ z̄2
1

= A1(z1, z1)
∂W

∂ z̄1
+ F1(z1, z2),

∂2W

∂ z̄1∂ z̄2
= A2(z1, z1)

∂W

∂ z̄1
+ F2(z1, z2).

(4)
1. Ïóñòü â ñèñòåìå (4) Ak ≡ 0, Fk = 0, òî äàííàÿ ñèñòåìà ïðèíèìàåò

âèä ñèñòåìû ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé ∂2W
∂ z̄21

= 0, ∂2W
∂ z̄1∂ z̄2

= 0.

Èíòåãðèðóÿ ýòó îäíîðîäíóþ ñèñòåìó, ïîëó÷àåì ôóíêöèè âèäà:

W1(z1, z̄1, z2, z̄2) = F2(z1, z2) + F1(z1, z2) · z̄1,

ëèáî
W2(z1, z̄1, z2, z̄2) = F1(z1, z2) + F2(z1, z2) · z̄2,

ãäå F1(z1, z2), , F2(z1, z2) � ïðîèçâîëüíûå àíàëèòè÷åñêèå ôóíêöèè äâóõ
êîìïëåêñíûõ ïåðåìåííûõ.

2.Åñëè â äàííîé ñèñòåìå Ak ≡ 0, Fk 6= 0, òî èìååì ñèñòåìó âè-
äà ∂2W

∂z̄21
= F1(z1, z2), ∂2W

∂ z̄1z̄2
= F2(z1, z2). Â ñëó÷àå âûïîëíåíèÿ óñëîâèÿ

ñîâìåñòíîñòè ∂F1
∂z̄2

= ∂F2
∂z̄1

, èñõîäíàÿ ñèñòåìà èíòåãðèðóåìà, è ïî àíàëî-
ãèè [2-3], ìíîãîîáðàçèÿ åå ðåøåíèé îïðåäåëÿåòñÿ ñëåäóþùåé ôîðìóëîé:
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W1(z1, z̄1, z2, z̄2) = F2(z1, z2) + F1(z1, z2) · z̄1 + T [T1F2 + S(T2F1)] ëèáî

W2(z1, z̄1, z2, z̄2) = F1(z1, z2) + F2(z1, z2) · z̄2 + T [T2F1 + S(T1F2)] . (5)

Ïðè ýòîì, W1, W2- ÿâëÿÿñü ðåøåíèÿìè äàííîé ñèñòåìû, ïîëó÷àþòñÿ
â ïðîöåññå èíòåãðèðîâàíèÿ ïåðâîãî óðàâíåíèÿ äàííîé ñèñòåìû, è ïîä-
ñòàíîâêè åå çíà÷åíèÿ âî âòîðîå óðàâíåíèå ñèñòåìû, è íàîáîðîò. À òàêæå
â ôîðìóëàõ (5) T, T1, T2, S- ñîîòâåòñòâåííî ÿâëÿþòñÿ èíòåãðàëüíûìè
îïåðàòîðàìè Êîøè-Âåêóà, ëèáî Ãóðñà - Âåêóà, è èíòåãðàë òèïà Êîøè.

2. Ïóñòü â ñèñòåìå (5) Fk = 0, Ak 6= 0, (k = 1, 2).

∂2W

∂ z̄2
1

= A1(z1, z1)
∂W

∂ z̄1
,

∂2W

∂ z̄1∂ z̄2
= A2(z1, z1)

∂W

∂ z̄1
. (6)

Ïî àíàëîãèþ ïðåäûäóùåãî ñëó÷àÿ, ó÷èòûâàÿ âûïîëíåíèå óñëîâèå
ñîâìåñòíîñòè ñèñòåìû (6), è åå èíòåãðèðîâàíèÿ, ïî àíàëîãèþ ï. 1, ïî-
ëó÷àåì:

W (z1, z̄1, z2, z̄2) = F2(z1, z2) + ϕ1(z1, z2) · T {exp[T1F2 + S(T2F1)]}

ëèáî

W (z1, z̄1, z2, z̄2) = F1(z1, z2) + ϕ2(z1, z2) · T {exp[T1F1 + S(T2F2)]}

ϕk = exp[Fk(z1, z2).
3.Òåïåðü ñ÷èòàåì, ÷òî â ñèñòåìå (4) Ak 6= 0, Fk 6= 0. Äåëàÿ çàìåíó

∂W
∂ z̄1

= U , ïðåîáðàçóåì óðàâíåíèé ñèñòåìû (5) ê ñëåäóþùåìó âèäó:

∂U

∂ z̄1
= A1(z1, z1) · U + F1(z1, z2),

∂U

∂ z̄2
= A2(z1, z1 · U + F2(z1, z2) . (7)

Ïóñòü óñëîâèå ñîâìåñòíîñòè ñèñòåìû (7), ò.å. P (z1, z2)·U+Q(z1, z2) =
0 âûïîëíÿåòñÿ, íî íåòîæäåñòâåííî. Òîãäà ðåøàÿ åå àëãåáðàè÷åñêèì ñïî-
ñîáîì, ïîëó÷àåì U = h(z1, z2). Ó÷èòûâàÿ ïðåäûäóùóþ çàìåíó, è â ðå-
çóëüòàòå èíòåãðèðîâàíèÿ ∂W

∂ z̄ = h(z1, z2), ïîëó÷èì

W (z1, z̄1, z2, z̄2) = F1(z1, z2) + T (h) .

Ïðè ýòîì ïîëó÷àåì, ÷òî åñëè ïîñëåäíÿÿ ôóíêöèÿ óäîâëåòâîðÿåò äàííóþ
ñèñòåìó, òî îíà áóäåò íåêîòîðûì ÷àñòíûì åå ðåøåíèåì. Â ïðîòèâíîì
ñëó÷àå ñèñòåìà (8) è (5) ñîîòâåòñòâåííî íå ìîãóò áûòü ñîâìåñòíûìè.
Òàêæå, åñëè â óñëîâèå ñîâìåñòíîñòè ñèñòåìû õîòÿ áû îäíà èç ôóíêöèé
P (z1, z2), Q(z1, z2) ðàâíà íóëþ, à äðóãàÿ îòëè÷àåòñÿ îò íóëÿ, òî äàííàÿ
ñèñòåìà íåñîâìåñòíàZ.

Â ñëó÷àå òîæäåñòâåííîãî âûïîëíåíèÿ óñëîâèÿ P (z1, z2) ≡ 0, Q(z1, z2) ≡
0, ñèñòåìà (7) ðàçðåøèìà, è ìíîãîîáðàçèÿ åå ðåøåíèé îïðåäåëÿåòñÿ ôîð-
ìóëîé
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W (z1, z̄1, z2, z̄2) = F2(z1, z2)+

+F1(z1, z2)Te[T2(ω0)] + T (e[T2(ω0)]T1(ϕ1)) + T (e[T2ω0]S(T1(ϕ2)) (8)

Ïðè ýòîì, ìíîãîîáðàçèå ðåøåíèé ñèñòåìû (7), íàéä¼òñÿ ôîðìóëîé
(8), ÿâëÿþùèåñÿ âî âñåé äàííîé îáëàñòè áóäåò íåïðåðûâíîé, íî íå àíà-
ëèòè÷åñêîé ïî âñåì íåçàâèñèìûì ïåðåìåííûì.

Òàêæå äëÿ ñèñòåìû (7) ìîæíî äîêàçàòü àíàëîã òåîðåìû åäèíñòâåí-
íîñòè Êàðëåìàíà â ìíîãîñâÿçíîé îáëàñòè D̄.

4. Äîïóñòèì, ÷òî â ñèñòåìå (3) äàíà (ïåðåîïðåäåë¼ííàÿ) ï.î.ñ. Ê.-Ð.
âèäà

∂2W

∂z̄2
1

= A1 (z1, z1)
∂W

∂z̄1
+B1 (z1, z2)

∂W

∂z1
,

∂2W

∂z̄1∂z̄2
= A2 (z1, z2)

∂W

∂z̄1
+B2 (z1, z2)

∂W

∂z1
(9)

Äåëàÿ çàìåíó ∂W
∂ z̄1

= U, ïðåîáðàçóåì óðàâíåíèé ñèñòåìó (9) ê âèäó:

∂U

∂ z̄1
= A1(z1, z1) ·U +B1(z1, z2) · Ū , ∂U

∂ z̄2
= A2(z1, z1 ·U +B2(z1, z2) · Ū .

(10)
Ïî àíàëîãèè ïðåäûäóùèì ñëó÷àÿì, ïðîâåðÿÿ âûïîëíåíèÿ óñëîâèå

ñîâìåñòíîñòè ñèñòåìû (9), ïîëó÷àåì, ÷òî â ñëó÷àå ïðîñòîãî âûïîëíå-
íèÿ óñëîâèå ñîâìåñòíîñòè, íàõîäèòñÿ íåêîòîðîå ÷àñòíîå ðåøåíèå ñèñòå-
ìû. À â ñëó÷àå òîæäåñòâåííîãî âûïîëíåíèÿ óñëîâèå ñîâìåñòíîñòè ñè-
ñòåìû (10), ìíîãîîáðàçèå ðåøåíèé èñõîäíîé ñèñòåìû âûðàæàåòñÿ ÷åðåç
äâå ïðîèçâîëüíûå àíàëèòè÷åñêèå ôóíêöèé.
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Èññëåäóåòñÿ àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü ñòàöèîíàðíîãî ñîñòîÿ-
íèÿ íåëèíåéíîé äèíàìè÷åñêîé ñèñòåìû.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíîå óðàâíåíèå, ñòàöèîíàðíîå ðåøå-
íèå, óñòîé÷èâîñòü, àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü, ìàòðèöà ßêîáè.

About stability of the stationary solution of the nonlinear
system differential equation

The researched asymptotic stability of a stationary solution of the dy-
namical systems.

Keywords: differential equation, stationary solution, stability, asymp-
totic stability, matrix Jacoby.

Íàñòîÿùèé äîêëàä ïîñâÿùåí èññëåäîâàíèþ óñòîé÷èâîñòè íåëèíåéíîé
ñèñòåìû îïèñûâàþùèé ôîòîñèíòåç. Òî åñòü,



dx
dt = −k1bx(1− y − z) + k−1b(1− x)y − k2bxy + k−2b(1− x)z + k0(1− x),

dy
dt = k1ax(1− y − z)− k−1a(1− x)y − k2axy + k−2a(1− x)z,

dz
dt = k2axy − k−2az(1− x)− k3z,

(1)
ãäå êîýôôèöèåíòû a, b, k0, k−1, k−2, k2, k3, k0- ïîëîæèòåëüíûå êîíñòàí-

òû, à x, y, z - èñêîìûå ôóíêöèè. Ñèñòåìà (1) áûëà ïðåäëîæåíà ïðîôåññî-
ðîì Ðèçíè÷åíêî Ã.Þ. êàê ìàòåìàòè÷åñêàÿ ìîäåëü, îïèñûâàþùàÿ êëþ÷å-
âîé ýòàï âçàèìîäåéñòâèÿ ñèñòåì ïåðâè÷íûõ ïðîöåññîâ ôîòîñèíòåçà ñ ñè-
ñòåìîé ìåòàáîëè÷åñêèõ ðåàêöèé â àâòîòðîôíûõ (ôîòîñèíòåçèðóþùèõ)
ñèñòåìàõ è ÿâëÿåòñÿ ðàçâèòèåì ìîäåëåé, èçó÷åííûõ â ðàáîòàõ [1-2].

Â ðàáîòå [2] ïîêàçàíî, ÷òî ñèñòåìà (1) â ìíîæåñòâå

M = (x, y, z) : x ≥ 0, y ≥ 0, z ≥ 0

èìååò åäèíñòâåííîå ñòàöèîíàðíîå ðåøåíèå, ïðèíàäëåæàùèé îáëàñòè

Π = {(x, y, z) : 0 < x < 1, y > 0, z > 0, y + z < 1}, (2)

Øàðèôçîäà Çåáîíèñî Èáðîõèì, àñïèðàíò, ÒÍÓ (Äóøàíáå, Òàäæèêèñòàí);
Sharifzoda Zeboniso (Tajik national University, Dushanbe, Tajikistan)

Íóðîâ Èñõîêáîé Äæóìàåâè÷, ä.ô.-ì.í., ïðîôåññîð, ÒÍÓ (Äóøàíáå, Òàäæèêè-
ñòàí); Nurov Ishokboy (Tajik national University, Dushanbe, Tajikistan)
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êîòîðàÿ èíâàðèàíòíà îòíîñèòåëüíî äâèæåíèÿ âäîëü òðàåêòîðèè ñèñòåìû
(1) ïðè âîçðàñòàíèè âðåìåíè t.

Òåîðåìà 1. Ïóñòü òî÷êà (x,y,z) ïðèíàäëåæèò îáëàñòè (2). Òîãäà
âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû ßêîáè èìåþò îòðèöàòåëüíóþ âå-
ùåñòâåííóþ ÷àñòü ïðè âñåõ ïîëîæèòåëüíûõ çíà÷åíèé êîýôôèöèåíòîâ
a, b, k0, k−1, k−2, k2, k3, k0.

Òåîðåìà 2. Ñòàöèîíàðíîå ðåøåíèå ñèñòåìû (1) (x0, y0, z0) ïðèíàä-
ëåæàùèé îáëàñòè (2) ÿâëÿåòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûì ïî Ëÿ-
ïóíîâó.

Óñòàíîâëåíî, ÷òî ñòàöèîíàðíîå ðåøåíèå ñèñòåìû (1) ÿâëÿåòñÿ àñèìï-
òîòè÷åñêè óñòîé÷èâûì áåç äîïîëíèòåëüíûõ îãðàíè÷åíèé íà ïàðàìåò-
ðû a, b, k0, k−1, k−2, k2, k3, k0 ñèñòåìà (1) ïðè åäèíñòâåííîì óñëîâèè èõ
ïîëîæèòåëüíîñòè. Áîëåå òîãî, äîêàçàíî, ÷òî ñâîéñòâî àñèìïòîòè÷åñêîé
óñòîé÷èâîñòè ñòàöèîíàðíîãî ðåøåíèÿ ñèñòåìû (1) ÿâëÿåòñÿ ñëåäñòâèåì
áîëåå îáùåãî ñâîéñòâà ñèñòåìû (1), à èìåííî, ÷òî âñå ñîáñòâåííûå çíà÷å-
íèÿ ìàòðèöû ßêîáû âåêòîð-ôóíêöèè, ïîðîæäåííîé ïðàâîé ÷àñòüþ ñè-
ñòåìû (1) â ëþáîé òî÷êå îáëàñòè (2), èìåþò îòðèöàòåëüíóþ âåùåñòâåí-
íóþ ÷àñòü.
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Â ðàáîòå ïðèâîäèòñÿ ìåòîä ïîñòðîåíèÿ îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà, äîïóñêàþùèõ òð¼õìåðíîãî
àëãåáðà Ëè. Âûâîäèòñÿ îáùèé âèä òàêèõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà: àëãåáðà Ëè, äèôôåðåíöèàëüíûå óðàâíåíèÿ, ãðóï-
ïà Ëè, îïðåäåëÿþùåå óðàâíåíèå, èíâàðèàíò, îïåðàòîð.

Ordinary differential equations admitting a three-dimensional
Lie algebra

The paper presents a method for constructing second-order ordinary
differential equations admitting a three-dimensional Lie algebra. The
general form of such equations is derived.

Keywords: Lie algebra, differential equations, Lie group, defining equa-
tion, invariant, operator.

Ãðóïïû Ëè èìåþò áîëüøîå çíà÷åíèå ïðè íàõîæäåíèÿ ðåøåíèé äèô-
ôåðåíöèàëüíûõ óðàâíåíèé è ïðè èõ êà÷åñòâåííîì àíàëèçå. Çíàíèÿ îá-
ùåãî âèäà äèôôåðåíöèàëüíûõ óðàâíåíèé, äîïóñêàþùèõ ãðóïïó èëè àë-
ãåáðó Ëè, äà¼ò âîçìîæíîñòü ïðèìåíèòü ìåòîäû ãðóïïîâîãî àíàëèçà ê
èññëåäîâàíèÿì òàêèõ óðàâíåíèé. Îñíîâíûå ïîíÿòèÿ è ôàêòû î ãðóïïàõ
è àëãåáðàõ Ëè ìîæíî íàéòè â ðàáîòàõ [1] è [2].

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå, ðàçðåø¼ííîå îòíîñèòåëü-
íî y′′ ñëåäóþùåãî âèäà

y′′ = f(x, y, y′). (1)

Îïðåäåëÿþùåå óðàâíåíèå èìååò âèä

ηxx + (2ηxy − ξxx)y′ − (ηyy − 2ξxy)y
′2 − y′3ξyy + (ηy − 2ξx − 3y′ξy)f−

−[ηx + (ηy − ξx)y′ − y′2ξy]fy′ − ξfx − ηfy = 0, (2)

ãäå ξ(x, y) è η(x, y) ôóíêöèè èíôèíèòåçèìàëüíîãî îïåðàòîðà

X = ξ
∂

∂x
+ η

∂

∂y
. (3)
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Åñëè çàäàíà îäíîïàðàìåòðè÷åñêàÿ ãðóïïà ïðåîáðàçîâàíèé

(x, y) = Ta(x, y) = (ϕ(x, y, a), ψ(x, y, a)),

ãäå ϕ|a=0 = x è ψ|a=0 = y, òî

ξ(x, y) =
∂ϕ

∂a
|a=0, η(x, y) =

∂ψ

∂a
|a=0.

Ìíîæåñòâî âñåõ îïåðàòîðîâ âèäà (3) îáðàçóåò âåêòîðíîå ïðîñòðàí-
ñòâî. Åñëè â ýòîì ïðîñòðàíñòâå ââåñòè êîììóòàòîðû äâóõ ýëåìåíòîâ, òî
ïîëó÷åííîå ïðîñòðàíñòâî íàçûâàåòñÿ àëãåáðîé Ëè ([2], ñ.5).

Ðàññìàòðèâàåòñÿ â îñíîâíîì äâå çàäà÷è:

1) Ïî çàäàííîé àëãåáðû Ëè ïîñòðîèò äèôôåðåíöèàëüíîå óðàâíåíèå,
äîïóñêàþùåå ýòó àëãåáðó.

2) Ïî çàäàííîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ ïîñòðîèò àëãåáðó
Ëè, (åñëè ýòî âîçìîæíî) îòíîñèòåëüíî êîòîðîé ýòî óðàâíåíèå èíâàðè-
àíòíî.

Â ýòîé ðàáîòå ìû ïðèâåä¼ì ïðèìåð ïîñòðîåíèÿ îáûêíîâåííîãî äèô-
ôåðåíöèàëüíîãî óðàâíåíèå âòîðîãî ïîðÿäêà âèäà (1), ïî çàäàííîé òð¼õ-
ìåðíîé àëãåáðû Ëè.

Ïðèìåð. Ïóñòü çàäàíà òð¼õìåðíàÿ àëãåáðà Ëè

X1 =
∂

∂y
, X2 = x

∂

∂y
, X3 = (1− k)x

∂

∂x
+ y

∂

∂y
(k 6= 1).

Ïóñòü f(x, y, y′)−èñêîìàÿ ôóíêöèÿ â óðàâíåíèå (1).
Âîçüì¼ì îïåðàòîð X1. Äëÿ íåãî ξ = 0, η = 1 ò.å. J11 = x åñòü èíâà-

ðèàíò. Èç îïðåäåëÿþùåãî óðàâíåíèÿ (2) èìååì ηfy = 0. Òîãäà fy = 0 è
f = f(x, y′).

Äëÿ îïåðàòîðà X2, ξ = 0, η = x è îïðåäåëÿþùåå óðàâíåíèå èìååò âèä
f ′y − xfy = 0, îòñþäà f ′y = 0 è f = ϕ(x). Èç îïðåäåëÿþùåãî óðàâíåíèÿ
äëÿ X3 íàõîäèì

ϕ′

ϕ
=

2k − 1

(1− k)x
=⇒ ϕ(x) = Cx

2k−1
1−k .

Òàêèì îáðàçîì äèôôåðåíöèàëüíîå óðàâíåíèå âèäà (1) äîïóñêàþùåå
çàäàííóþ àëãåáðó Ëè èìååò âèä

y′′ = Cx
2k−1
1−k (k 6= 1).

Ïîëüçóÿñü ñëó÷àåì âûðàæàåì íàøè áëàãîäàðíîñòè ïðîôåññîðó Íàèëü
Õàéðóëëîåâè÷ó Èáðàãèìîâó çà åãî ðàáîòû ïî ãðóïïîâîìó àíàëèçó. Áëà-
ãîäàðÿ åãî ðàáîòàì [1] è [2] ìû ñìîãëè ñäåëàòü ñêðîìíûå øàãè ïðè èçó-
÷åíèèè ãðóïïîâîãî àíàëèçà äèôôåðåíöèàëüíûõ óðàâíåíèé.
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Ïðåäëàãàþòñÿ îñíîâàííûå íà ìåòîäàõ òåîðèè âîçìóùåíèé ëèíåé-
íûõ îïåðàòîðîâ íîâûå ôîðìóëû â çàäà÷å ïðèáëèæåííîãî ïîñòðîå-
íèÿ ìóëüòèïëèêàòîðîâ ëèíåéíûõ ïåðèîäè÷åñêèõ ãàìèëüòîíîâûõ ñè-
ñòåì, çàâèñÿùèõ îò ìàëîãî ïàðàìåòðà. Ïîëó÷åííûå ôîðìóëû ïðè-
âîäÿò ê íîâûì ïðèçíàêàì óñòîé÷èâîñòè ïî Ëÿïóíîâó òàêèõ ñèñòåì
â êðèòè÷åñêèõ ñëó÷àÿõ. Ðàññìàòðèâàþòñÿ ïðèëîæåíèÿ â çàäà÷å î
ïàðàìåòðè÷åñêîì ðåçîíàíñå äëÿ ëèíåéíûõ ïåðèîäè÷åñêèõ ãàìèëü-
òîíîâûõ ñèñòåì â îñíîâíûõ ðåçîíàíñàõ.

Êëþ÷åâûå ñëîâà: ãàìèëüòîíîâà ñèñòåìà, óñòîé÷èâîñòü, ïàðàìåòðè-
÷åñêèé ðåçîíàíñ

Perturbation theory formulas in the problem of parametric
resonance for Hamiltonian systems

Perturbation theory methods based on linear operators, new formulas in
the problem of approximate construction of multipliers of linear periodic
Hamiltonian systems depending on a small parameter. The formulas
obtained lead to new criteria for the Lyapunov stability of such systems
in critical cases. Applications in the problem of parametric resonance
for linear periodic Hamiltonian systems in fundamental resonances.

Keywords: Hamiltonian system, stability, parametric resonance

Ðàññìàòðèâàåòñÿ çàâèñÿùàÿ îò ñêàëÿðíîãî èëè âåêòîðíîãî ìàëîãî
ïàðàìåòðà ε ëèíåéíàÿ ïåðèîäè÷åñêàÿ ãàìèëüòîíîâà ñèñòåìà (ËÏÃÑ) âè-
äà:

dx

dt
= JA(t, ε)x , x ∈ R2N , (1)
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â êîòîðîé A(t, ε) � âåùåñòâåííàÿ ñèììåòðè÷åñêàÿ è T -ïåðèîäè÷åñêàÿ ïî
t ìàòðèöà (ò.å. A(t+T, ε) ≡ A(t, ε)), à ìàòðèöà J îïðåäåëåíà ðàâåíñòâîì:

J =

[
0 I
−I 0

]
; çäåñü I � åäèíè÷íàÿ (N ×N) ìàòðèöà.

Ïðåäïîëàãàåòñÿ, ÷òî A(t, 0) ≡ A0 , ãäå A0 � ïîñòîÿííàÿ ñèììåòðè÷åñêàÿ
ìàòðèöà. Äðóãèìè ñëîâàìè, ËÏÃÑ (1) ïðè ε = 0 ÿâëÿåòñÿ ëèíåéíîé
àâòîíîìíîé ãàìèëüòîíîâîé ñèñòåìîé (ËÀÃÑ):

dx

dt
= JA0x , x ∈ R2N . (2)

Ïóñòü âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû JA0 ÿâëÿþòñÿ ÷èñòî ìíè-
ìûìè, à èìåííî, èìè ÿâëÿþòñÿ ÷èñëà:

±iω1 , ±iω2 , . . . , ±iωN , (3)

ãäå ωj > 0. Åñëè ñðåäè ñîáñòâåííûõ çíà÷åíèé (3) ìàòðèöû JA0 èìååòñÿ
õîòÿ áû îäíî iωm0 òàêîå, ÷òî

ωm0 =
πk0

T
(4)

ïðè íåêîòîðîì öåëîì íåîòðèöàòåëüíîì k0, èëè õîòÿ áû îäíà ïàðà iωm0

è iωl0 (m0 6= l0) òàêàÿ, ÷òî

ωm0 − ωl0 =
2πk0

T
(5)

ïðè íåêîòîðîì öåëîì k0, òî ñèñòåìà (1) ìîæåò óæå íå îáëàäàòü ñâîéñòâîì
óñòîé÷èâîñòè ïðè âñåõ ìàëûõ |ε|.

Çàäà÷ó èññëåäîâàíèÿ óñòîé÷èâîñòè ñèñòåìû (1) â óñëîâèÿõ, êîãäà
èìååòñÿ ñîîòíîøåíèå òèïà (4) èëè (5), ÷àñòî íàçûâàþò (ñì., íàïðèìåð,
[1]) çàäà÷åé î ïàðàìåòðè÷åñêîì ðåçîíàíñå, à ñàìè ýòè ñîîòíîøåíèÿ íà-
çûâàþò ïàðàìåòðè÷åñêèìè ðåçîíàíñàìè.

Â äîêëàäå îáñóæäàþòþòñÿ âîïðîñû î ïðèáëèæåííîì ïîñòðîåíèè ìóëü-
òèïëèêàòîðîâ ëèíåéíûõ ïåðèîäè÷åñêèõ ãàìèëüòîíîâûõ ñèñòåì è ñâÿçàí-
íûå ñ íèìè âîïðîñû îá óñòîé÷èâîñòè ïî Ëÿïóíîâó òàêèõ ñèñòåì â êðè-
òè÷åñêèõ ñëó÷àÿõ. Îñíîâíîå âíèìàíèå óäåëÿåòñÿ èññëåäîâàíèþ çàäà÷è î
ïàðàìåòðè÷åñêîì ðåçîíàíñå äëÿ ËÏÃÑ (1) â óñëîâèÿõ, êîãäà âûïîëíåíî
îäíî èç ñîîòíîøåíèé (4) èëè (5).
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ÄÈÐÈÕËÅ ÄËß ÇÀÄÀ×È ÄÂÓÕÔÀÇÍÎÉ ÔÈËÜÒÐÀÖÈÈ
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Äàííàÿ ðàáîòà ïîñâÿùåíà ïðîáëåìàì ðàçðàáîòêè ãèäðîäèíàìè÷å-
ñêîãî ñèìóëÿòîðà. Íà îñíîâå çàêîíà Äàðñè è óðàâíåíèé íåðàçðûâ-
íîñòè ïîëó÷åíà ñèñòåìà óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Ñ ïîìî-
ùüþ äàííîé ñèñòåìû âîçìîæíî ñìîäåëèðîâàòü öèêëè÷åñêîå çàâîä-
íåíèå.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ íåðàçðûâíîñòè, öèêëè÷åñêîå çàâîäíå-
íèå, çàêîí Äàðñè, ñèñòåìà óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

Cyclic waterflooding modeling by setting periodic Dirichlet
conditions for a two-phase filtration problem

This work is devoted to the problems of developing a hydrodynamic
simulator. Based on Darcy’s law and continuity equations there was
constructed partial differential equation system. This system can be
used for the modelling cyclic waterflooding.

Keywords: continuity equations, cyclic waterflooding, Darcy’s law, par-
tial differential equations system

Öèêëè÷åñêîå çàâîäíåíèå îäèí èç ãèäðîäèíàìè÷åñêèõ ìåòîäîâ äëÿ ïî-
âûøåíèÿ êîýôôèöèåíòà èçâëå÷åíèÿ íåôòè. Îí ïðèìåíÿåòñÿ êàê íà ðàí-
íåé, òàê è íà ïîçäíåé ñòàäèè ðàçðàáîòêè ìåñòîðîæäåíèÿ. Äàííîìó ìå-
òîäó ïîñâÿùåíû ñîâðåìåííûå ñòàòüè [1-2]. Äëÿ ïðîãíîçèðîâàíèÿ ðàçðà-
áîòêè ìåñòîðîæäåíèÿ èñïîëüçóþòñÿ ãèäðîäèíàìè÷åñêèå ñèìóëÿòîðû. Â
èõ îñíîâå ëåæèò ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðî-
èçâîäíûõ (ÄÓ×Ï), êîòîðàÿ ïîëó÷àåòñÿ èç óðàâíåíèé íåðàçðûâíîñòåé è
çàêîíà Äàðñè [3-4].

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ðåàëèçàöèÿ äâóìåðíîãî ãèäðîäèíà-
ìè÷åñêèé ñèìóëÿòîð â ñèñòåì íåôòü+âîäà, êîòîðîì ñâîéñòâà ïîðîäû è
ôèçèêî-õèìè÷åñêèå ñâîéñòâà ïîñòîÿííû.

Â áîëüøèíñòâå êîììåð÷åñêèõ ñèìóëÿòîðîâ òàêèõ êàê Eclipse, Roxar,
îòå÷åñòâåííûé ¾ÐÍ-ÊÈÌ¿ íåîáõîäèìî ìîäåëèðîâàòü äàííûé ïðîöåññ
÷åðåç çàäàíèå ãðàíè÷íûõ óñëîâèé â âèäå èñòîðèè ñêâàæèí, êîíòðîëè-
ðóÿ èõ ðåæèì ðàáîòû è äðóãèå ïàðàìåòðû. Â ñèìóëÿòîðå, îïèñûâàåìîì
â äàííîé ðàáîòå, âîçìîæíî çàäàíèå ãðàíè÷íûå óñëîâèé ÿâíî êàê óñëî-
âèÿ Äèðèõëå ÷åðåç ïåðèîäè÷åñêóþ ôóíêöèþ. Äàííûé ñïîñîá çàäàíèÿ
ãîðàçäî ïðîùå è óäîáíåå äëÿ ïåðâè÷íîãî àíàëèçà ïðîåêòíîãî ðåøåíèÿ.

Àáäðàõìàíîâ Àéäàð Ðàäèêîâè÷, ìàãèñòðàíò 2 êóðñà êàô. ìàòåìàòèêè, ÓÃÀÒÓ
(Óôà, Ðîññèÿ); Aydar Abdrakhmanov (Ufa State Aviation Technical University, Ufa,
Russia)
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Äëÿ äîñòèæåíèÿ äàííîé öåëè ñèñòåìà ÄÓ×Ï, ÿâëÿþùàÿñÿ îñíîâîé
âû÷èñëèòåëüíîãî ÿäðà ñèìóëÿòîðà, ñîñòîÿùàÿ èç óðàâíåíèé íåðàçðûâ-
íîñòåé, äîïîëíåííîãî óðàâíåíèåì Äàðñè, áûëà äèñêðåòèçîâàíà ñ ïîìî-
ùüþ äâóõ êîíå÷íî-ðàçíîñòíûõ ñõåì. Ïåðâîé ñõåìîé áûëà ñõåìà ¾ïðå-
äèêòîð-êîððåêòîð¿ [5]. Äàííàÿ ñõåìà óñëîâíî óñòîé÷èâà, è åå ðåøåíèå
êîððåêòíî ïðè âûïîëíåíèè óñëîâèÿ Êóðàíòà τ/h2 > 1, ãäå τ - øàã ïî
âðåìåíè, h - øàã ïî ïðîñòðàíñòâó. Âòîðîé ñõåìîé áûëà ïîëíàÿ íåÿâíàÿ
ñõåìà [3-4]. Äàííàÿ ñõåìà óæå áåçóñëîâíî óñòîé÷èâà, èìåííî îíà èñïîëü-
çîâàëàñü âî âñåõ ðàñ÷¼òàõ.

Ðåøåíèå ñîçäàííîãî ñèìóëÿòîðà áûëî âåðèôèöèðîâàíî ñèìóëÿòîðîì
¾ÐÍ-ÊÈÌ¿ ñ ïîìîùüþ íåñêîëüêèõ ñèíòåòè÷åñêèõ ìîäåëåé.
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Òåõíîëîãè÷åñêèå îáúåêòû íåôòåïåðåðàáàòûâàþùåé îòðàñëè îòíî-
ñÿòñÿ ê õèìèêî-òåõíîëîãè÷åñêèì ïðîöåññàì. Äëÿ èõ àíàëèçà è îïòè-
ìèçàöèè èñïîëüçóåòñÿ òåîðèÿ ãðàôîâ: ïîòîêîâûå, èíôîðìàöèîííî-
ïîòîêîâûå, ñèãíàëüíûå ãðàôû è ãðàôû íàäåæíîñòè.

Êëþ÷åâûå ñëîâà: ïðîöåññ êàòàëèòè÷åñêîãî ðèôîðìèíãà

Representation of the catalytic process graph reforming

Technological facilities of the oil refining industry belong to chemical-
technological processes. Graph theory is used to analyze and optimize
them: streaming, information-streaming, signal graphs and graphs of
reliability.

Keywords: catalytic process reforming

Ê ïîòîêîâûì ãðàôàì îòíîñÿòñÿ ìàòåðèàëüíûå, ïàðàìåòðè÷åñêèå è
òåïëîâûå ãðàôû, êîòîðûì ñîîòâåòñòâóþò ôèçèêî-õèìè÷åñêèå ïðåâðàùå-
íèÿ âåùåñòâ è ýíåðãèè â õèìèêî-òåõíîëîãè÷åñêîé ñèñòåìå. Ïðåäñòàâèì
óñòàíîâêó êàòàëèòè÷åñêîãî ðèôîðìèíãà â ñòàöèîíàðíîì ñëîå êàòàëèçà-
òîðà íà îñíîâå òåîðèè ãðàôîâ. Óñòàíîâêà êàòàëèòè÷åñêîãî ðèôîðìèíãà
(ðèñ. 1) çàâèñèò â ïåðâóþ î÷åðåäü îò ðàáîòû ðåàêöèîííîãî áëîêà, êîòî-
ðûé ñîñòîèò èç òðåõ ïîñëåäîâàòåëüíî ðàáîòàþùèõ ðåàêòîðîâ. Îïèøåì
èõ ñ ïîìîùüþ òåïëîâîãî (ðèñ. 2) è ìàòåðèàëüíîãî ïîòîêîâîãî ãðàôàìè
(ðèñ. 3).

Íà ïåðâè÷íîì ýòàïå äàííûå ãðàôû íîñÿò êà÷åñòâåííûé õàðàêòåð, íî
ïðåäñòàâëåííûå ìàòåðèàëüíûå è òåïëîâûå ïîòîêîâûå ãðàôû ïîçâîëÿþò
îïðåäåëèòü ïîðÿäîê ðàñ÷åòîâ àïïàðàòóðû è ñîñòàâèòü ìàòåìàòè÷åñêèå
àâòîìàòèçèðîâàííûå ïðîãðàììíûå àëãîðèòìû ðåøåíèÿ óðàâíåíèé ñâÿ-
çàííûõ ñ ïðîöåññîì êàòàëèòè÷åñêîãî ðèôîðìèíãà â ñòàöèîíàðíîì ñëîå
êàòàëèçàòîðà ñ ïîëó÷åíèåì ïðîäóêòîâ ñ áîëåå íèçêîé ñåáåñòîèìîñòüþ.

Íèæå ïðåäñòàâëåíû ðèñ 1., ðèñ 2. è ðèñ. 3.
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Ðèñóíîê 1. Òåõíîëîãè÷åñêàÿ ñõåìà óñòàíîâêè êàòàëèòè÷åñêîãî ðè-
ôîðìèíãà: 1 � áëîê ãèäðîî÷èñòêè; 2 � ïå÷ü; 3,4,5 � ðåàêòîðû ðèôîð-
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Ðèñóíîê 2. Ìàòåðèàëüíûé ïîòîêîâûé ãðàô ïðîöåññà êàòàëèòè÷åñêî-
ãî ðèôîðìèíãà ñî ñòàöèîíàðíîì ñëîåì êàòàëèçàòîðà: I � áëîê ãèäðî-
î÷èñòêè; II � ïå÷ü; III � ðåàêòîð ðèôîðìèíãà; VI � ñåïàòàòîð; VII � áëîê
ñòàáèëèçàöèè; i � ïîòîê ñûðüÿ; S � ïîòîê ÂÑÃ; S1 � ãàç; S2 � êàòàëèçàò;
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ôîðìèíãà â ñòàöèîíàðíîì ñëîå êàòàëèçàòîðà: 1-7 íîìåðà âåðøèí, ÿâ-
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Â äîêëàäå áóäåò ïðåäñòàâëåí ñïîñîá ðåøåíèÿ îáðàòíûõ çàäà÷ îïðå-
äåëåíèÿ âåñà ïðîìåæóòî÷íûõ ìàññ íà îäíîðîäíîé áàëêå ïî èçâåñò-
íûì òðåì ñîáñòâåííûì ÷àñòîòàì. Áóäåò ïîêàçàíî âëèÿíèå ãåîìåò-
ðè÷åñêîé ñèììåòðèè ðàñïîëîæåíèÿ ïåðâîé è òðåòüåé ìàññû îòíîñè-
òåëüíî ñåðåäèíû áàëêè, êîòîðîå èãðàåò âàæíóþ ðîëü äëÿ îïðåäå-
ëåíèÿ âåñà ïðîìåæóòî÷íûõ ìàññ. Ïîëó÷åííûå ðåçóëüòàòû ïîäòâåð-
æäàþòñÿ ïðèìåðàìè.

Êëþ÷åâûå ñëîâà: ñîñðåäîòî÷åííûé ýëåìåíò, îáðàòíàÿ çàäà÷à, ñîá-
ñòâåííûå ÷àñòîòû

A method for solving the inverse problem of a beam with
lumped elements
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The report will present a method for solving inverse problems of deter-
mining the weight of intermediate masses on a homogeneous beam from
the known three natural frequencies. The influence of the geometric
symmetry of the arrangement of the first and third masses relative to
the middle of the beam will be shown. It plays an important role in de-
termining the weight of the intermediate masses. The obtained results
will be support by examples.

Keywords: a lumped element, an inverse problem, natural frequencies

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå ïîïåðå÷íûõ êîëåáàíèé áàë-
êè äëèíû ` ñ øàðíèðíûì çàêðåïëåíèåì íà îáåèõ êîíöàõ:

EJyIV (λ, x) = ω2ρAy(λ, x), − `
2
< x <

`

2
, x 6= a− `

2
, x 6= b− `

2
, x 6= c− `

2
,

(1)
ñ òðåìÿ ñîñðåäîòî÷åííûìè ýëåìåíòàìè. Ïåðâàÿ, âòîðàÿ è òðåòüÿ ñîñðå-
äîòî÷åííûå ýëåìåíòû ðàñïîëàãàþòñÿ îò ëåâîãî êîíöà áàëêè íà ðàññòî-
ÿíèè a, b è c, ñîîòâåòñòâåííî. Çäåñü y(λ, x) � ñîáñòâåííûå ôóíêöèè ïî-
ïåðå÷íîãî ñòàòè÷åñêîãî îòêëîíåíèÿ áàëêè; E � ìîäóëü óïðóãîñòè ìà-

òåðèàëà; J � ìîìåíò èíåðöèè ïîïåðå÷íîãî ñå÷åíèÿ áàëêè; λ4 = ρAω2

EJ �
ñîáñòâåííîå çíà÷åíèå; ω � ÷àñòîòíûé ïàðàìåòð; ρ � ïëîòíîñòü ìàòåðèàëà;
A � ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ.

Ïîñêîëüêó èçìåíåíèÿ âåëè÷èí ñîñðåäîòî÷åííûõ ìàññ íà áàëêå ìîãóò
õàðàêòåðèçîâàòü ñòåïåíü èçíîøåííîñòè äèñêîâ, òî àêòóàëüíî èññëåäî-
âàòü ìåõàíè÷åñêèå ñèñòåìû ñ n (1 < n <∞) ýëåìåíòàìè (ïðè n = 2) [1].
Â ðàáîòå [1] ìàññû íàõîäÿòñÿ îäíîçíà÷íî ñ òî÷íîñòüþ äî ïåðåñòàíîâêè
èõ ìåñòàìè.

Â äàííîì äîêëàäå áóäåò ðàññêàçàíî î âûÿâëåííûõ çàêîíîìåðíîñòÿõ,
èñõîäÿ èç êîòîðûõ áûë ðàçðàáîòàí ìåòîä äëÿ ðåøåíèÿ îáðàòíûõ çàäà÷
ïî îïðåäåëåíèþ âåñà ñîñðåäîòî÷åííûõ ýëåìåíòîâ íà îäíîðîäíîé áàëêå
ïî èçâåñòíûì òðåì ñîáñòâåííûì ÷àñòîòàì.

Ëèòåðàòóðà
1. Àõòÿìîâ À. Ì., Àþïîâà À. Ð. Äèàãíîñòèðîâàíèå äâóõ ìàññ, ñîñðåäîòî-

÷åííûõ íà áàëêå // Ïðèáîðû è ñèñòåìû. Óïðàâëåíèå, êîíòðîëü, äèàãíîñòèêà,
1 (2010), 42-44.

157



ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ ÏÐÎÖÅÑÑÀ
ÑÅÐÍÎÊÈÑËÎÒÍÎÃÎ ÀËÊÈËÈÐÎÂÀÍÈß ÈÇÎÁÓÒÀÍÀ

ÎËÅÔÈÍÀÌÈ
È.À. Àðåôüåâ, Ë.Â. Åíèêååâà

purgonga@gmail.com, leniza.enikeeva@yandex.ru

ÓÄÊ 66.011

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà ìàòåìàòè÷åñêîé ìîäå-
ëè ñåðíîêèñëîòíîãî àëêèëèðîâàíèÿ èçîáóòàíà îëåôèíàìè, ó÷èòû-
âàþùåé ôèçèêî-õèìè÷åñêèå çàêîíîìåðíîñòè ïðîòåêàíèÿ ïðîöåññà.
Âûÿâëåíû çíà÷èìûå îñîáåííîñòè òåõíîëîãèè, êîòîðûå íåîáõîäèìî
ó÷åñòü ïðè ìîäåëèðîâàíèè. Ðàññìîòðåíû îñíîâíûå ñõåìû ïðåâðàùå-
íèé ñåðíîêèñëîòíîãî àëêèëèðîâàíèÿ èçîáóòàíà îëåôèíàìè. Ïî çíà-
÷åíèþ ýíåðãèè Ãèááñà îöåíåíà âåðîÿòíîñòü ïðîòåêàíèÿ âñåõ ðåàê-
öèé. Çàëîæåíû îñíîâû äëÿ äàëüíåéøåãî ìîäåëèðîâàíèÿ âñåãî õèìèêî-
òåõíîëîãè÷åñêîãî ïðîöåññà.

Êëþ÷åâûå ñëîâà: àëêèëèðîâàíèå, ìàòåìàòè÷åñêàÿ ìîäåëü, êèíåòè-
÷åñêàÿ ìîäåëü

Mathematical modeling of the process of sulfuric acid
alkylation of isobutane with olefins

The purpose of this work is to develop a mathematical model of sulfuric
acid alkylation of isobutane by olefins, taking into account the physical
and chemical laws of the process. Significant features of the technology
that need to be taken into account when modeling are identified. The
main schemes of transformations of sulfuric acid alkylation of isobutane
by olefins are considered. The probability of all reactions is estimated
from the Gibbs energy value. The foundations for further modeling of
the entire chemical-technological process are laid.

Keywords: alkylation, mathematical model, kinetic model

Â íàñòîÿùåå âðåìÿ, â ñâÿçè ñ òåíäåíöèåé ê óëó÷øåíèþ ýêîëîãè÷å-
ñêèõ õàðàêòåðèñòèê òîïëèâà ïðè îäíîâðåìåííîì ñîõðàíåíèè âûñîêîãî
îêòàíîâîãî ÷èñëà, ñåðíîêèñëîòíîå àëêèëèðîâàíèå èçîáóòàíà îëåôèíàìè
ÿâëÿåòñÿ çíà÷èìûì ïðîöåññîì ñîâðåìåííîãî íåôòåïåðåðàáàòûâàþùåãî
êîìïëåêñà. Ïîòîìó êàê íàçíà÷åíèåì ýòîãî ïðîöåññà ÿâëÿåòñÿ ïåðåðàáîò-
êà áóòàí-áóòèëåíîâîé ôðàêöèè ñ ïîëó÷åíèåì âûñîêîîêòàíîâîãî êîìïî-
íåíòà áåíçèíà � àëêèëàòà [1].

Ê ÷èñëó äîñòîèíñòâ àëêèëàòà, â ïåðâóþ î÷åðåäü, ñòîèò îòíåñòè åãî
âûñîêîå îêòàíîâîå ÷èñëî: 96 � ïî èññëåäîâàòåëüñêîìó ìåòîäó, 92 � ïî
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ìîòîðíîìó. Ïðîäóêò àëêèëèðîâàíèÿ íå òîêñè÷åí, íå ñîäåðæèò áåíçîëà,
è èìååò íèçêîå äàâëåíèå íàñûùåííûõ ïàðîâ, ñëåäîâàòåëüíî, ìàëî èñïà-
ðÿþòñÿ ïðè õðàíåíèè è òðàíñïîðòèðîâêå.

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå óæå äàâíî èñïîëüçóåòñÿ äëÿ èññëå-
äîâàíèÿ ñëîæíûõ òåõíîëîãè÷åñêèõ îáúåêòîâ â íåôòåïåðåðàáàòûâàþùåé
è íåôòåõèìè÷åñêîé ïðîìûøëåííîñòè. Ïðè ýòîì âàæíî ó÷åñòü òîò ôàêò,
÷òî ëþáàÿ ìàòåìàòè÷åñêàÿ ìîäåëü õèìèêî-òåõíîëîãè÷åñêîãî ïðîöåññà
ñòðîèòñÿ íà ôèçèêî-õèìè÷åñêîé îñíîâå è ó÷èòûâàåò òåðìîäèíàìèêó è
õèìè÷åñêóþ êèíåòèêó. Òàêèì îáðàçîì, äëÿ óñïåøíîãî ìîäåëèðîâàíèÿ
ïðîöåññà íåîáõîäèìî òùàòåëüíîå èçó÷åíèå åãî õèìèçìà è ñîñòàâëåíèå
äåòàëèçèðîâàííîé êèíåòè÷åñêîé ìîäåëè [2,3].

Ïðè ìîäåëèðîâàíèè äàííîãî ïðîöåññà ñòîèò ïðèíÿòü âî âíèìàíèå
ñâîéñòâà êèñëîòíûõ êàòàëèçàòîðîâ, îáëàäàþùèõ âûñîêîé êîððîçèîííîé
àêòèâíîñòüþ è íèçêîé ñåëåêòèâíîñòüþ, âåäóùåé ê òîìó, ÷òî íàðÿäó ñ
öåëåâûìè ðåàêöèÿìè àëêèëèðîâàíèÿ, ïðîòåêàåò áîëüøîå êîëè÷åñòâî ïî-
áî÷íûõ ðåàêöèé. Îíè ïðèâîäÿò ê ïîòåðå àêòèâíîñòè è óâåëè÷åíèþ ðàñ-
õîäà êàòàëèçàòîðà, à òàêæå ê îáðàçîâàíèþ áîëåå ëåãêèõ è áîëåå òÿæåëûõ
óãëåâîäîðîäîâ, ÷åì öåëåâîé ïðîäóêò [1,4].

Íàèáîëåå ïîëíûé ó÷¼ò òåðìîäèíàìè÷åñêèõ è êèíåòè÷åñêèõ çàêîíî-
ìåðíîñòåé öåëåâûõ è ïîáî÷íûõ ðåàêöèé, ïðè ìîäåëèðîâàíèè ïîçâîëèò
ñ íàèáîëüøåé ñòåïåíüþ äîñòîâåðíîñòè ïðîãíîçèðîâàòü âûõîä öåëåâîãî
ïðîäóêòà. ×òî â áóäóùåì ìîæíî èñïîëüçîâàòü äëÿ ïîèñêà îïòèìàëüíûõ
òåõíîëîãè÷åñêèõ óñëîâèé è èíòåíñèôèêàöèè ïðîöåññà [5].

Íàìè ðàçðàáîòàíà äåòàëèçèðîâàííàÿ êèíåòè÷åñêàÿ ìîäåëü ñåðíîêèñ-
ëîòíîãî àëêèëèðîâàíèÿ, ó÷èòûâàþùàÿ ñëåäóþùèå ðåàêöèè: àëêèëèðî-
âàíèå èçîáóòàíà îëåôèíàìè, ðåàêöèè ïîëèìåðèçàöèè îëåôèíîâ, äèñïðî-
ïîðöèîíèðîâàíèÿ, ñàìîàëêèëèðîâàíèÿ ñ H-ïåðåíîñîì è äåñòðóêòèâíîãî
àëêèëèðîâàíèÿ.
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Â äàííîé ðàáîòå ïðåäñòàâëåí îáçîð ñóùåñòâóþùèõ êîìïüþòåðíûõ
ïðîãðàìì äëÿ ìîäåëèðîâàíèÿ ïåòëåâîé èçîòåðìè÷åñêîé àìïëèôèêà-
öèè (LAMP) è ïîäáîðà ïðàéìåðîâ. Îïèñàíû îñíîâíûå ïàðàìåòðû,
êîòîðûå íåîáõîäèìî ó÷èòûâàòü ïðè ïîäáîðå ïðàéìåðîâ.

Êëþ÷åâûå ñëîâà: äèçàéí ïðàéìåðîâ, èçîòåðìè÷åñêàÿ ïåòëåâàÿ àì-
ïëèôèêàöèÿ, LAMP, ïðîãðàììà.

Computer modeling for loop mediated isothermal
amplification

This paper provides an overview of existing computer programs for mod-
eling loop isothermal amplification (LAMP) and selection of primers.
The main parameters that must be taken into account when selecting
primers are described.

Keywords: primer design, loop mediated isothermal amplification, LAMP,
software package.

Â íàñòîÿùåå âðåìÿ îñíîâíûì ìåòîäîì ìîëåêóëÿðíîé äèàãíîñòèêè,
â òîì ÷èñëå è íîâîé êîðîíàâèðóñíîé èíôåêöèè SARS-CoV-2, âûçûâà-
þùåé çàáîëåâàíèå COVID-19 ÿâëÿåòñÿ ïîëèìåðàçíàÿ öåïíàÿ ðåàêöèÿ
(ÏÖÐ)[1]. Îäíàêî ñåé÷àñ ðàñòóò ìàñøòàáû ïðèìåíåíèÿ ìåòîäà èçîòåð-
ìè÷åñêîé ïåòëåâîé àìïëèôèêàöèè LAMP (Loop AMPli�cation), ðàçðà-
áîòàííîãî åùå â 2000 ã. [2]. Âî ìíîãèõ ðàáîòàõ îòìå÷àåòñÿ, ÷òî LAMP
ïî ÷óâñòâèòåëüíîñòè çíà÷èòåëüíî ïðåâîñõîäèò ÏÖÐ [3, 4]. Ñóùåñòâóþò
ñóùåñòâåííûå ðàçëè÷èÿ ìåæäó ìåòîäàìè ÏÖÐ è LAMP.

Â ñðàâíåíèè ñ ÏÖÐ LAMP ÿâëÿåòñÿ èçîòåðìè÷åñêîé è íå òðåáóåò
ñìåíû òåìïåðàòóðíîãî ðåæèìà, â òî âðåìÿ êàê ÏÖÐ òðåáóåò ñìåíû 3
òåìïåðàòóðíûõ ðåæèìîâ â îäíîì öèêëå. Âàæíûìè êîìïîíåíòàìè ÿâëÿ-
þòñÿ ïðàéìåðû � êîðîòêèå íóêëåîòèäíûå ôðàãìåíòû. Äëÿ ñòàíäàðòíîé

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 20-37-90091).
Àõìåòçÿíîâà Ëèàíà Óëüôàòîâíà, àñïèðàíò, Èíñòèòóò íåôòåõèìèè è êàòàëèçà

ÓÔÈÖ ÐÀÍ (Óôà, Ðîññèÿ); Liana Akhmetzianova (Institute of Petrochemistry and
Catalisys, Ufa Scienti�c Center of RAS, Ufa, Russia)

Êèðüÿíîâà Îëüãà Þðüåâíà, àññèñòåíò, Óôèìñêèé ãîñóäàðñòâåííûé íåôòÿíîé
òåõíè÷åñêèé óíèâåðñèòåò (Óôà, Ðîññèÿ); Olga Kiryanova (Ufa State Petroleum
Technological University, Ufa, Russia)

Ãóáàéäóëëèí Èðåê Ìàðñîâè÷, ä.ô.-ì.í., âåäóùèé íàó÷íûé ñîòðóäíèê Èíñòè-
òóòà íåôòåõèìèè è êàòàëèçà ÓÔÈÖ ÐÀÍ, ïðîôåññîð Óôèìñêîãî ãîñóäàðñòâåííî-
ãî íåôòÿíîãî òåõíè÷åñêîãî óíèâåðñèòåòà (Óôà, Ðîññèÿ); Irek Gubaydullin (Institute
of Petrochemistry and Catalisys, Ufa Scienti�c Center of RAS, Ufa State Petroleum
Technological University, Ufa, Russia)

160



ÏÖÐ òðåáóåòñÿ âñåãî ïàðà ïðàéìåðîâ, à äëÿ LAMP íåîáõîäèì íàáîð èç
øåñòè ïðàéìåðîâ, ÷òî óñëîæíÿåò ïðîöåññ ïîäáîðà ïðàéìåðîâ.

Ïîäáîð ïðàéìåðîâ ìîæíî ðàññìàòðèâàòü êàê çàäà÷ó êëàññèôèêàöèè
áîëüøîãî íàáîðà äàííûõ. Íàïðèìåð, åñëè äëèíà ïðàéìåðà 20 íóêëåîòè-
äîâ, òî êîìáèíàöèé ìîæåò áûòü áîëåå òðèëëèîíà (420, ãäå 4 � êîëè÷åñòâî
àçîòèñòûõ îñíîâàíèÿ (À, G, Ñ, Ò), à 20 � äëèíà ïðàéìåðà) è ïðîàíàëèçè-
ðîâàòü èõ âðó÷íóþ ïðàêòè÷åñêè íåâîçìîæíî. È åñëè äëÿ äèçàéíà ïðàé-
ìåðîâ ÏÖÐ ñóùåñòâóåò áîëåå ïîëóòîðà ñîòåí ðàçëè÷íûõ ïðîãðàìì [5],
òî äëÿ ìîäåëèðîâàíèÿ LAMP òàêèõ ïðîãðàìì íå áîëüøå äåñÿòè.

Â ðåçóëüòàòå ïðîâåäåííîãî îáçîðà ðàññìîòðåíà ïðîãðàììà Primer-
Explorer (âåðñèè 4 è 5), à òàêæå äâå êîììåð÷åñêèå ïðîãðàììû LAMP
Designer è ïðîãðàììà FastPCR, ïðîãðàììà GLAPD, ðàññ÷èòàííàÿ íà
äèçàéí êëàññè÷åñêîé ñèñòåìû LAMP [6]. Èìååòñÿ òàêæå ïàêåò Electric
LAMP, ïðåäñòàâëÿþùèé ñîáîé ýëåêòðîííóþ ñèìóëÿöèþ ïðîòåêàíèÿ LAMP.
Îäíàêî, äàííûå ïðîãðàììû äîâîëüíî æåñòêî ¾çàøèòû¿ è íå ïîçâîëÿþò
ââîäèòü ñïåöèôè÷åñêèå ïàðàìåòðû ïðè âûáîðå ïðàéìåðîâ. Îñíîâíûå ïà-
ðàìåòðû, êîòîðûå íåîáõîäèìî ó÷èòûâàòü ïðè ïîäáîðå ïðàéìåðîâ:

1) äèàïàçîí äëèí ïðàéìåðà: îò 15 äî 30 íóêëåîòèäîâ (äëÿ âíóòðåííèõ
îò 30 äî 50);

2) òåìïåðàòóðà ïëàâëåíèÿ Òm, çàâèñèò îò GC-ñîñòàâà (55�65◦Ñ);

3) ðàññòîÿíèÿ ìåæäó ïðàéìåðàìè;

4) ñðåäíèé ðàçìåð àìïëèêîíà;

5) GC-ñîñòàâ, çàâèñèò îò äëèíû ïðàéìåðà: îò 40% äî 60%.

Â äàííîé ðàáîòå áûë ïðîâåäåí òåñòîâûé ïîäáîð ïðàéìåðîâ â ïðî-
ãðàììå Lamprim [7]. Îäíàêî îíà íå ïîçâîëÿåò ó÷èòûâàòü íàëè÷èå ãèáðè-
äèçàöèîííîãî çîíäà, êàê ñàìîñòîÿòåëüíîãî ýëåìåíòà êîìïëåêòà ïðàéìå-
ðîâ. Äëÿ ðåøåíèÿ çàäà÷è ïîèñêà ïîçèöèè îòæèãà ïðàéìåðà íà öåïè ÄÍÊ
áûë ïðèìåíåí àëãîðèòì Áîéåðà-Ìóðà. Ýòî íåîáõîäèìî äëÿ îïðåäåëåíèÿ
óñïåøíîñòè ïëàíèðóåìîãî íàòóðíîãî ýêñïåðèìåíòà.

Ïåðâîíà÷àëüíûé âàðèàíò ïðîãðàììû äèçàéíà ïðàéìåðîâ ðåàëèçîâàí
íà ÿçûêå ïðîãðàììèðîâàíèÿ Python ñ ïðèìåíåíèåì áèáëèîòåêè BioPython.

Â äàëüíåéøåì ïëàíèðóåòñÿ ïðèìåíåíèå ìåòîäîâ ìàøèííîãî îáó÷å-
íèÿ, êîòîðûå ïîçâîëÿò çíà÷èòåëüíî óëó÷øèòü ïðîâåäåíèå ïîäáîðà ïðàé-
ìåðîâ ñ ó÷åòîì ãèáðèäèçàöèîííîãî çîíäà äëÿ LAMP.
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MODELING THE BASIS OF HOMODESMIC REACTIONS OF
CHEMICAL COMPOUNDS

A.I. Akhmetyanova
ai-albina@mail.ru

ÓÄÊ 524.882

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà îïèñàíèþ ìàòåìàòè÷åñêîãî àïïàðà-
òà, îáåñïå÷èâàþùåãî ãîìîäåñìè÷åñêèé ìåòîä ðàñ÷åòà ýíåðãåòè÷å-
ñêèõ õàðàêòåðèñòèê öèêëè÷åñêèõ õèìè÷åñêèõ ñîåäèíåíèé. Ðàçðà-
áîòêà ïðîãðàììû îñíîâàíà íà òåîðåòèêî-ãðàôè÷åñêîì ìåòîäå. Ïðî-
ãðàììà ãåíåðèðóåò íàáîð íåçàâèñèìûõ ãîìîäåñìè÷åñêèõ ðåàêöèé
äëÿ èññëåäóåìîãî ñîåäèíåíèÿ, ÷òî ïîâûøàåò íàäåæíîñòü òåîðåòè-
÷åñêîãî îïðåäåëåíèÿ ñòàíäàðòíîé ýíòàëüïèè îáðàçîâàíèÿ.

Êëþ÷åâûå ñëîâà: õèìè÷åñêèå ðåàêöèè, òåðìîäèíàìè÷åñêèé àíàëèç,
îáðàçîâàíèå ýíòàëüïèè

This work is devoted to the description of the mathematical apparatus
for providing a homodesmic method for calculating the energy charac-
teristics of cyclic chemical compounds. The development of the program
is based on the graph-theoretic method. The program generates a set
of independent homodesmic reactions for the test compound, which in-
creases the reliability of the theoretical determination of the standard
enthalpy of formation

Keywords: chemical reactions, thermodynamic analysis, enthalpy for-
mation
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Determination of the energy content of chemical compounds is necessary
in various branches of industry and science. Formation of the relationship
between the structure of a substance and its properties is a fundamental task
of modern physical organic chemistry. The results can be used to determine
the quantitative characteristics of organic compounds and processes for the
analysis of chemical transformations. Quantitative information of this kind
is constantly used in the practice of scienti�c research. The results can
�nd their application when used in thermal calculations in the development
of technologies for the production of practically signi�cant products, for
example, in petrochemical production or the development of high-energy
fuels. The aim of the work is to develop mathematical and software for deter-
mining the energy characteristics of cyclic organic compounds using modern
concepts of molecular energy. These calculations provide a comparative asses-
sment and allow you to �nd the optimal conditions for the reaction. Earlier,
the GDR method was applied in [2-4] to determine the standard enthalpy of
formation of acyclic compounds representing the classes of alcohols, ethers
and esters, carbonyl compounds. The calculation results turned out to be
insensitive to the level of complexity of the quantum chemical method.
This makes it possible to apply the GDR method, develop mathematical
and software support for more complex molecular systems, including cyclic
compounds. The algorithm for calculating the stress energy of cycles in
organic compounds of various classes is based on the design of homodesmic
reactions. Homodesmic reaction is a formal thermochemical equation, in the
construction of which the material balance, isogyric balance, bond balance,
group balance and non-valence e�ects balance are taken into account [3].
Revealing the basic set of group separation reactions is based on the graph-
theoretic representation of the analyzed structures. This makes it possible
to perform transformations on the adjacency matrix of the vertices of the
molecular graph, which uniquely describes a chemical compound, and, thus,
to rewrite the algorithm into machine language. An algorithm for calculating
the stress energy of cycles in organic compounds of various classes has been
developed [1]. The analysis of the dependence of the in�uence of structural
features on the energetics of compounds, non-bonded interactions, calculation
of the stress energy of the cycles of compounds, free from other non-bonded
interactions (gauche, intramolecular hydrogen bonds, e�ects of small molecules)
in reference compounds.
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Â ðàáîòå ïðåäñòàâëåíà øåñòíàäöàòèêîìïîíåíòíàÿ êèíåòè÷åñêàÿ ìî-
äåëü ïðîöåññà êàòàëèòè÷åñêîãî êðåêèíãà. Äàííàÿ ìîäåëü ó÷èòûâàåò
ìàññîâûé è ñòðóêòóðíûé ñîñòàâ êîìïîíåíòîâ, ÷òî ïîçâîëÿåò îöåíè-
âàòü âûõîä áåíçèíà, è èõ îñíîâíûå êà÷åñòâåííûå ïîêàçàòåëè.

Êëþ÷åâûå ñëîâà: áåíçèí, êîíñòàíòû ðàâíîâåñèÿ, êàòàëèòè÷åñêèé êðå-
êèíã, êèíåòè÷åñêàÿ ìîäåëü, êîêñ, ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå

Sixteen-lump kinetic model of catalytic cracking process

The paper presents a sixteen-component kinetic model of the catalytic
cracking process. This model takes into account the mass and structural
composition of the components, which makes it possible to assess the
yield of gasoline and their main quality indicators.

Keywords: gasoline, equilibrium constants, catalytic cracking, kinetic
model, coke, mathematical modeling

Íà ñåãîäíÿøíèé äåíü âî âñåì ìèðå ñóùåñòâóåò áîëüøàÿ ïîòðåáíîñòü
â ïîëó÷åíèè àâòîìîáèëüíûõ áåíçèíîâ âûñîêîãî êà÷åñòâà. Ïðîöåññ êàòà-
ëèòè÷åñêîãî êðåêèíãà ÿâëÿåòñÿ îäíèì èç îñíîâíûõ ïðîöåññîâ íåôòåïåðå-
ðàáîòêè, â ñâÿçè ñ ÷åì ðàçðàáîòêà ìàòåìàòè÷åñêîé ìîäåëè äàííîãî ïðî-
öåññà ÿâëÿåòñÿ âàæíîé è àêòóàëüíîé çàäà÷åé. Èñõîäÿ èç ðàññìîòðåííûõ
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íàìè ìàòåìàòè÷åñêèõ ìîäåëåé [1-5], ìû ïðåäëàãàåì øåñòíàäöàòèêîìïî-
íåíòíóþ ìîäåëü ïðîöåññà êàòàëèòè÷åñêîãî êðåêèíãà. Ïðèíöèïèàëüíàÿ
ñõåìà ïðåâðàùåíèé ïðåäñòàâëåíà íà ðèñóíêå 1.

Ðèñóíîê 1 � Ñõåìà ïðåâðàùåíèé øåñòíàäöàòèêîìïîíåíòíîé êèíåòè-
÷åñêîé ìîäåëè ïðîöåññà êàòàëèòè÷åñêîãî êðåêèíãà

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé, õàðàêòåðèçóþùàÿ êèíåòè-
÷åñêóþ ìîäåëü êàòàëèòè÷åñêîãî êðåêèíãà:
d[y1]/dt= -k1[y1]-k8[y1]
d[y2]/dt= -k2[y2]- k9[y2]
d[y3]/dt=-k3[y3]-k10[y3]-k15[y3]
d[y4]/dt= k1[y1]-k4[y4]-k11[y4]
d[y5]/dt=k2[y2]-k5[y5]-k12[y5]-k30[y5]
d[y6]/dt=k3[y3]-k6[y6]-k13[y6]-k16[y6]
d[y7]/dt=k8[y1]+k9[y2]+k10[y3]-k7[y7]-k14[y7]
d[y8]/dt=k4[y4]-k18[y8]-k19[y8]-k20[y8]
d[y9]/dt=k5[y5]+k14[y7]-k21[y9]-k22[y9]+k23[y9]+k31[y9]
d[y10]/dt=k6[y6]-k17[y10]-k24[y10]-k25[y10]-k26[y10]
d[y11]/dt=k7[y7]+k11[y4]+k12[y5]+k13[y6] -k27[y11]-k28[y11]-k29[y11]
d[y12]/dt=k15[y3]+k16[y6]+k17[y10] d[y13]/dt=k18[y8]+k21[y9]+
+k24[y10]+k27[y11]+k33[y16]
d[y14]/dt=k19[y8]+k22[y9]+k25[y10]+k28[y11]+k34[y16]
d[y15]/dt=k20[y8]+k23[y9]+k26[y10]+k29[y11]+k35[y16]
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d[y16]/dt=k30[y5]+k32[y9]-k31[y16]-k33[y16]-k34[y16]- k35[y16]

Ðèñóíîê 2 � Êèíåòè÷åñêèå êðèâûå çàâèñèìîñòü êîíöåíòðàöèè îò âðå-
ìåíè äëÿ ñûðüÿ è ôðàêöèè ÒÊÃ È ËÊÃ

Ðèñóíîê 3 - Êèíåòè÷åñêèå êðèâûå çàâèñèìîñòü êîíöåíòðàöèè îò âðå-
ìåíè äëÿ áåíçèíîâîé ôðàêöèè è ãàçîâ

Òàêèì îáðàçîì, íà îñíîâå ãðàôèêîâ ìîæíî ñäåëàòü âûâîä, ÷òî íàøà
ìîäåëü õîðîøî îïèñûâàåò êèíåòèêó êàòàëèòè÷åñêîãî êðåêèíãà. Ðàñ÷å-
òû ïîêàçàëè àäåêâàòíîñòü ïîëó÷àåìûõ ðåçóëüòàòîâ (ðèñóíîê 2, 3). Ýòî
ïîçâîëèò íàì â äàëüíåéøåì ïîëó÷èòü ïîëíîöåííóþ ìîäåëü òåõíîëîãè-
÷åñêîãî ïðîöåññà êàòàëèòè÷åñêîãî êðåêèíãà.
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Â ðàáîòå ïðåäñòàâëåíà ðàçíîñòíàÿ ñõåìà äëÿ óðàâíåíèÿ â ÷àñòíûõ
ïðîèçâîäíûõ -óðàâíåíèÿ ïåðåíîñà. Ïîñòðîåíû ñõåìû äëÿ îäíîìåð-
íûõ óðàâíåíèé ñ èñïîëüçîâàíèåì ìåòîäà êîíå÷íûõ ðàçíîñòåé. Â êà-
÷åñòâå ïðèìåðà ðàññìàòðèâàåòñÿ çàäà÷à ìàññîïåðåíîñà æèäêîñòè â
òðåùèíîâàòî-ïîðîâîé ñðåäå â íåôòÿíîì êîëëåêòîðå ñî ñìåøàííûìè
êðàåâûìè óñëîâèÿìè.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü, äèôôåðåíöèàëüíûå óðàâ-
íåíèÿ, ðàçíîñòíàÿ ñõåìà, òðåùèíîâàòûé êîëëåêòîð

Difference scheme for solving the fluid flow processes
problem in the �fracture network-matrix� system

The paper presents an approximation of the boundary value problem for
a partial differential equation - convection–diffusion equation. Schemes
are constructed for one-dimensional equations using the finite-difference
methods. As an example, the problem of mass filtration of fluid in
a fractured-porous reservoir in an oil reservoir with mixed boundary
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conditions is considered. Computational experiments have been carried
out.

Keywords: mathematical model, differential equations, difference scheme,
fractured reservoir

Ñóùåñòâóåò âåñüìà áîëüøîå ðàçíîîáðàçèå çàäà÷ î ðàñïðîñòðàíåíèè
÷àñòèö â âåùåñòâå. Â ðàáîòå ðàññìàòðèâàþòñÿ óðàâíåíèÿ äàííîãî òèïà
íà ïðèìåðå çàäà÷è ìàññîïåðåíîñà â òðåùèíîâàòî-ïîðîâîì êîëëåêòîðå.
Èññëåäîâàíî óðàâíåíèå ïüåçîïðîâîäíîñòè, îïèñûâàþùåå îäíîôàçíîå è
îäíîìåðíîå òå÷åíèå ôëþèäà. Íàëè÷èå òðåùèí çíà÷èòåëüíî óñëîæíÿåò
ðàçðàáîòêó ìåñòîðîæäåíèÿ, òàê êàê õàðàêòåðèçóþòñÿ èíòåíñèâíûì îá-
ìåííûì ïîòîêîì æèäêîñòè ìåæäó òðåùèíàìè è ïîðèñòûìè áëîêàìè,
÷òî âíîñèò êîððåêòèâû â èçâåñòíûå ìåòîäû îïðåäåëåíèÿ ôèëüòðàöèîí-
íûõ ïàðàìåòðîâ [1].

Ðàñïðåäåëåíèå äàâëåíèÿ â ñèñòåìå ¾ñåòü òðåùèí - ìàòðèöà¿ îïèñû-
âàåòñÿ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè âòîðîãî ïîðÿäêà:

∂Pf
∂t = 1

rφf ctf
· ∂∂r (

kf
µ · r ·

∂Pf
∂r )− α · km

µ·φf ·ctf · (Pf − Pm)
∂Pm
∂t = α km

µ·φm·ctm · (Pf − Pm)
(1)

Íà ïðàêòèêå ïðèõîäèòñÿ ðåøàòü óðàâíåíèÿ ïåðåíîñà â íåêîòîðîé
îãðàíè÷åííîé îáëàñòè. Â äàííîì ñëó÷àå çàäàäèì:rw ≤ r ≤ re, 0 ≤ t ≤ tk.

Çäåñü α = 12
L2
m
, L = a, φf� ïîðèñòîñòü ñåòè òðåùèí (ä.åä), φm � ïî-

ðèñòîñòü ìàòðèöû (ä.åä),ctf�ñæèìàåìîñòü ñåòè òðåùèí (1/Ïà),ctm�ñæè-
ìàåìîñòü ìàòðèöû (1/Ïà), kf � ïðîíèöàåìîñòü ñåòè òðåùèí (ì2),km �
ïðîíèöàåìîñòü ìàòðèöû (ì2), µ � âÿçêîñòü íåôòè (Ïà· ñ), Pf� ïëàñòî-
âîå äàâëåíèå â ñåòè òðåùèí (ÌÏà), Pm � ïëàñòîâîå äàâëåíèå â ìàòðèöå
(ÌÏà), q - äåáèò æèäêîñòè (ì3/ñóò), α � êîýôôèöèåíò òðåùèíîâàòîé
ïîðîäû (1/ì2), n � ÷èñëî âçàèìíî ïåðïåíäèêóëÿðíûõ ãðóïï òðåùèí, L
� ðàçìåð áëîêîâ (ì2), a � äëèíà ñòîðîíû áëîêà ìàòðèöû (ì), rw - ðàäè-
óñ ñêâàæèíû (ì),re - ðàäèóñ êîíòóðà ïèòàíèÿ,tk � çàäàííûé êîíå÷íûé
ìîìåíò âðåìåíè (îêîí÷àíèå èññëåäîâàíèÿ) (ñóò).

Äëÿ çàäàíèÿ íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèé îáðàòèìñÿ ê ôèçè÷å-
ñêîé ïîñòàíîâêå çàäà÷è [2]. Äëÿ ëåâîãî ãðàíè÷íîãî óñëîâèÿ ðàññìàòðè-
âàåòñÿ ñëó÷àé, êîãäà â ñêâàæèíå èíòåðâàëû ïåðôîðàöèè íåîãðàíè÷åí-
íû ïàêåðîì è ïëàñòîâàÿ æèäêîñòü çàïîëíÿåò ìåæòðóáíîå ïðîñòðàíñòâî.
Ïðè çàêðûòèè ñêâàæèíû íà èññëåäîâàíèå âîçíèêàåò íåñîâïàäåíèå äå-
áèòîâ íà óñòüå è çàáîå, òàêîé ïðîöåññ íîñèò íàçâàíèå âëèÿíèå îáúåìà
ñòâîëà ñêâàæèíû è âíîñèò ñâîè êîððåêòèâû â ìîäåëü. Åùå îäèí ôàêòîð,
êîòîðûé íåîáõîäèìî ó÷èòûâàòü ýòî ñêèí-ýôôåêò, êîòîðûé îïðåäåëÿåòñÿ
äîïîëíèòåëüíûì ïåðåïàäîì äàâëåíèÿ, ïðîèñõîäÿùèì â çîíå ïðåíåáðå-
æèìî ìàëîé òîëùèíû âîêðóã ñêâàæèíû.

Äëÿ ïðàâîãî ãðàíè÷íîãî óñëîâèÿ áóäåì ñ÷èòàòü, ÷òî ñêâàæèíû åå
îêðóæåíèÿ ðàáîòàëè íà ðåæèìå èñòîùåíèÿ, ïîýòîìó, íà êîíòóðå ïèòàíèÿ
ñêâàæèíû çàäàíî óñëîâèå íåïðîòåêàíèÿ.
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Òàêèì îáðàçîì, ó÷èòûâàÿ ýôôåêòû, âëèÿþùèå íà ïðîöåññ ïåðåíî-
ñà æèäêîñòè, ãðàíè÷íûå óñëîâèÿ äëÿ ìàòåìàòè÷åñêîé ìîäåëè (1) áóäóò
âûãëÿäåòü ñëåäóþùèì îáðàçîì [3]:

Pm|t=0 = P0; Pf |t=0 = P0;

2πh
kf
µ (r

∂Pf
∂r )r=rw = −q ·B ·+Cs · (∂Pf∂t )|r=rw

∂Pf
∂r |r=re = 0

rw = rw · exp(−skin)

(2)

Â îáëàñòè G ââîäèòñÿ ðàâíîìåðíàÿ ñåòêà ïî ïðîñòðàíñòâåííîìó íà-
ïðàâëåíèþ è ïî âðåìåíè.

W̄h = {ri = rw + ih, i = 0, 1...N, h = re−rw
N }

W̄τ = {tj = jτ, j = 0, 1...M, τ = tk
M }

(3)

Òîãäà ðàçíîñòíàÿ ñõåìà äëÿ ìîäåëè (1) çàïèøåòñÿ â ñëåäóþùåì âèäå:

Pfi
n =

τkf ri+1/2

φµctf rih2
Pfn+1

i+1 + (1 +
τkf (ri+1/2+ri−1/2)

φfµctf rih2
+ τkmα

φfµctf
)Pfn+1

i −

− τkf ri−1/2

φfµctf rih2
Pfn+1

i−1 −
τkmα
φfµctf

Pmn+1
i

Pmn
i = (1 + τkmα

φµctm
)Pmn+1

i − τkmα
φµctm

Pfn+1
i

(4)

Ïðîâåäåì àïïðîêñèìàöèþ ãðàíè÷íûõ óñëîâèé. Ëåâîå ãðàíè÷íîå óñëî-
âèå áóäåò âûãëÿäåòü ñëåäóþùèì îáðàçîì:

Pfn+1
0 = 1

1+
h2r
2χτ

+ Csµγhr
2πkhrwe−s

−αχ3h
2
r

2χ1

Pf1n+ 1+

+
qBµhr

2πkhrwe−s
+
CsµhrPf0
2πkrwe−s

+
h2r

2χ1τ
Pfn0−

alphaχ3h
2
r

2χ1
Pmn+1

0

1+
h2r

2χ1τ
+ Csµγhr

2πkhrweis
−αχ3h

2
r

2χ1

(5)

Äèñêðåòèçàöèÿ ïðàâîãî ãðàíè÷íîãî óñëîâèÿ ïðåäñòàâèòñÿ â âèäå:

Pfn+1
N−1 = (

h2
r

2χ1τ
+1)Pfn+1

N − h2
r

2χ1τ
PnN−

h2
rαχ3

2χ1
·(Pfn+1

N −PmNN + 1) (6)

Â ðåçóëüòàòå àïïðîêñèìàöèè ïîëó÷åíà ÑËÀÓ, äëÿ ðåøåíèÿ êîòîðîé
èñïîëüçîâàëñÿ ìåòîä ìàòðè÷íîé ïðîãîíêè. Ïðîâåäåíû âû÷èñëèòåëüíûå
ýêñïåðèìåíòû.
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Ïðîâåäåíî ÷èñëåííîå èññëåäîâàíèå äèíàìè÷åñêèõ ïðîöåññîâ, ñîïðî-
âîæäàþùèõ óäàðíîå âîçäåéñòâèå íà âîäíûå ïåíû è ñâåðõêðèòè÷å-
ñêèå ðåæèìû ñòðóéíîãî èñòå÷åíèÿ âñêèïàþùåé âîäû ÷åðåç òîíêîå
ñîïëî, ñ èñïîëüçîâàíèåì ìîäèôèöèðîâàííûõ ðåøàòåëåé ïðîãðàìì-
íîãî êîìïëåêñà OpenFOAM. Äàí àíàëèç ýâîëþöèè óäàðíîãî èì-
ïóëüñà â âîäíîé ïåíå ñ ó÷åòîì ÿâëåíèé ñèíåðåçèñà. Èçó÷åí ïðîöåññ
îáðàçîâàíèÿ âèõðåâûõ òå÷åíèé è èõ âëèÿíèå íà ñòðóêòóðó ñòðóè.

Êëþ÷åâûå ñëîâà: ïàêåò OpenFOAM, ìàòåìàòè÷åñêîå è ÷èñëåííîå
ìîäåëèðîâàíèå, óäàðíûå âîëíû, èñòå÷åíèå âñêèïàþùåé âîäû

Modeling of spatial dynamic processes in aqueous foams and
boiling jets

Numerical study of the dynamic processes accompanying the shock im-
pact on aqueous foams and supercritical modes of the jet outflow of
boiling water through a thin nozzle has been carried out using modified
solvers of the OpenFOAM software. The analysis of the shock pulse
evolution in aqueous foam is given taking into account the syneresis
phenomena. The process of vortex flows formation and their influence
on the structure of the jet are studied.

Keywords: OpenFOAM software, mathematical and numerical model-
ing, shock waves, boiling water outflow

Â íàñòîÿùåé ðàáîòå, êàê è â èññëåäîâàíèÿõ [1-3], èçó÷åíû îñîáåí-
íîñòè óäàðíîãî âîçäåéñòâèÿ íà âîäíûå ïåíû [1] è ðàññìîòðåíû ðåæèìû
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èñòå÷åíèÿ âîäÿíîãî ïàðà ÷åðåç òîíêîå ñîïëî èç ñâåðõêðèòè÷åñêîãî ñîñòî-
ÿíèÿ [2, 3], ÿâëÿþùèåñÿ âàæíûìè íàïðàâëåíèÿìè íàó÷íûõ èññëåäîâàíèé
â îáëàñòè ýêîëîãè÷åñêîé çàùèòû è âçðûâîáåçîïàñíîñòè.

Ìîäåëèðîâàíèå èçó÷àåìûõ ÿâëåíèé ïðîâåäåíî íà îñíîâå ñèñòåìû òðåõ-
ìåðíûõ óðàâíåíèé äâóõôàçíîé ïàðî- ãàçîæèäêîñòíîé ñðåäû, âêëþ÷àþ-
ùåé óðàâíåíèÿ íåðàçðûâíîñòè ôàç è äèíàìèêè ìåæôàçíûõ ìàññîîáìåí-
íûõ ïðîöåññîâ, çàêîíû ñîõðàíåíèÿ èìïóëüñà è ýíåðãèè ôàç:

∂(αiρi)

∂t
+ div(αiρi~vi) = Γi,

∂(αiρiΓi)

∂t
+ div(αiρiΓi~vi) = div(αi

µi
Sci
∇Γi),

∂(αiρi~vi)

∂t
+ div(αiρi~vi~vi) = −αi∇p+ div(αi~τi) + ~Fi,drag + ~Fi,vm + Γi~vi,

∂(αiρi(ei +Ki))

∂t
+ div(αiρi(ei +Ki)~vi) = −p∂αi

∂t
− div(αi~vip)+

+ div(αiγi,eff (∇hi)) +Kht(Ti − Tj) + LiΓi.

Îñíîâíûå îáîçíà÷åíèÿ, èñïîëüçîâàííûå â ïðèâåäåííûõ âûøå óðàâíå-
íèÿõ: αi � îáúåìíîå ñîäåðæàíèå; Γi � ñêîðîñòü ìàññîîáìåíà; Sci � ÷èñ-
ëî Øìèäòà; ~τi � òåíçîð âÿçêèõ íàïðÿæåíèé; ~Fi,drag, ~Fi,vm � ñèëû ìåæ-
ôàçíîãî ñîïðîòèâëåíèÿ è ïðèñîåäèíåííûõ ìàññ; γi,eff � ýôôåêòèâíàÿ
òåìïåðàòóðîïðîâîäíîñòü; Kht � êîýôôèöèåíò òåïëîîáìåíà; Li � ñêðû-
òàÿ òåïëîòà ïàðîîáðàçîâàíèÿ; îñòàëüíûå îáîçíà÷åíèÿ � îáùåïðèíÿòûå.
Íèæíèé èíäåêñ i = 1, 2 ñîîòâåòñòâóåò æèäêîé è ãàçîâîé ôàçàì. Òåðìîäè-
íàìè÷åñêèå ñâîéñòâà ôàç îïèñàíû ñ ïðèìåíåíèåì ðåàëèñòè÷åñêèõ óðàâ-
íåíèé ñîñòîÿíèÿ æèäêîñòè è ãàçà. ×èñëåííàÿ ðåàëèçàöèÿ ìîäåëè âûïîë-
íåíà â íîâûõ ðåøàòåëÿõ, ïîñòðîåííûõ àâòîðàìè â ñðåäå OpenFOAM.

Ïðè èññëåäîâàíèè äåìïôèðóþùèõ ñâîéñòâ âîäíîé ïåíû â óñëîâè-
ÿõ óäàðíîãî íàãðóæåíèÿ ó÷èòûâàëîñü âëèÿíèå âÿçêîóïðóãèõ ñâîéñòâ è
ñèíåðåçèñà (îñàæäåíèÿ) ïåíû ïîä äåéñòâèåì ãðàâèòàöèîííûõ ñèë. Óñòà-
íîâëåíî ñóùåñòâåííîå ñíèæåíèå àìïëèòóäû è ñêîðîñòè óäàðíîé âîëíû
ïðè åå ðàñïðîñòðàíåíèè âãëóáü ïåíû. Ïðîöåññ ñèíåðåçèñà ïðèâîäèò ê
óâåëè÷åíèþ ñêîðîñòè óäàðíîãî èìïóëüñà è ñíèæåíèþ èíòåíñèâíîñòè ñè-
ëû ìåæôàçíîãî ñîïðîòèâëåíèÿ. Ðåçóëüòàòû ðàñ÷åòîâ ñîãëàñóþòñÿ ñ ýêñ-
ïåðèìåíòàìè [4].

Ïîëó÷åííûå ðåøåíèÿ â çàäà÷å î ñòðóéíîì èñòå÷åíèè âñêèïàþùåé âî-
äû èç òîíêîãî ñîïëà äëÿ óñëîâèé ýêñïåðèìåíòîâ [5] äåìîíñòðèðóþò äè-
íàìèêó îáðàçîâàíèÿ âèõðåâûõ òå÷åíèé â ãàçîâîé îáëàñòè, âîçíèêàþùèõ
âñëåäñòâèå èíòåíñèâíî ðàñøèðÿþùåéñÿ ïàðîâîäÿíîé ñòðóè. Ñ òå÷åíèåì
âðåìåíè âçàèìíîå âëèÿíèå îòìå÷åííûõ ÿâëåíèé ïðèâîäèò ê îñöèëëèðó-
þùåé ñòðóêòóðå ñòðóéíîãî òå÷åíèÿ ñ ñîõðàíåíèåì ïîëîñòè âíóòðè ñòðóè
è ñîïðîâîæäàåòñÿ ôîðìèðîâàíèåì ïåðåä ñòðóåé ñôåðè÷åñêèõ âîëíîâûõ
èìïóëüñîâ ïåðèîäè÷åñêîé ñòðóêòóðû.
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ÒÐÅÕÌÅÐÍÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ ÄÈÍÀÌÈÊÈ
ÎÄÈÍÎ×ÍÛÕ ÏÓÇÛÐÜÊÎÂ Â ÒÐÅÓÃÎËÜÍÎÌ

ÌÈÊÐÎÊÀÍÀËÅ
Áóëàòîâà À.Ç., Ñîëíûøêèíà Î.À., Ôàòêóëëèíà Í.Á.

Ìíîãîôàçíûé ïîòîê íàáëþäàåòñÿ âî ìíîãèõ õèìè÷åñêîé, íåôòÿíîé, ñòðî-
èòåëüíîé, ýíåðãåòè÷åñêîé ïðîìûøëåííîñòÿõ. Êàê èçâåñòíî ìàêðîñêîïè÷åñêîå
ïîâåäåíèå äèñïåðñíûõ âî ìíîãîì ñèñòåì îïðåäåëÿåòñÿ èõ äèíàìèêîé íà ìèêðî-
óðîâíå, ïîýòîìó ìîäåëèðîâàíèå ìíîãîôàçíûõ ïîòîêîâ â ìèêðîìàñøòàáàõ ïîç-
âîëÿåò ðåøàòü ìíîãèå ïðèêëàäíûå çàäà÷è.

Ðèñ. 1. Îòíîñèòåëüíàÿ ñêîðîñòü öåíòðà ìàññ ïóçûðüêîâ ðàäèóñà a=0.007 â
òðåóãîëüíîì êàíàëå

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 18-38-20102).
Áóëàòîâà À.Ç., Ñîëíûøêèíà Î.À., Ôàòêóëëèíà Í.Á. Áàøêèðñêèé ãîñóäàðñòâåí-

íûé óíèâåðñèòåò, ã. Óôà, Ðîññèÿ
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Â äàííîé ðàáîòå ïðèâåäåíî ìíîãîïàðàìåòðè÷åñêîå èññëåäîâàíèå äèíàìèêè
íåñæèìàåìûõ ïóçûðüêîâ âÿçêîé æèäêîñòè ïðè ìåäëåííîì ïåðèîäè÷åñêîì òå÷å-
íèè â ìèêðîêàíàëå ñ ïîïåðå÷íûì ñå÷åíèåì ôîðìû òðåóãîëüíèêà. Ðàññìîòðåíî
âëèÿíèå ïîëîæåíèÿ ïóçûðüêà îòíîñèòåëüíî îñåâîé ëèíèè êàíàëà íà äåôîðìà-
öèþ è îòíîñèòåëüíóþ ñêîðîñòü öåíòðà ìàññ.

Íà ðèñ. 1 ïðåäñòàâëåíû ãðàôèêè èçìåíåíèÿ îòíîñèòåëüíûõ ñêîðîñòåé öåí-
òðà ìàññ ïóçûðüêîâ ðàâíûõ ðàäèóñîâ, èìåþùèõ ðàçëè÷íûå ïîëîæåíèÿ â êàíà-
ëå.
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Íà îñíîâå ýêñïåðèìåíòàëüíûõ äàííûõ, ïîëó÷åííûõ ïðè ðàçëè÷íûõ
òåìïåðàòóðàõ, ïðåäëîæåíà ìàòåìàòè÷åñêàÿ ìîäåëü ðåàêöèè ñèíòå-
çà áåíçèëáóòèëîâîãî ýôèðà ÷åðåç ìåæìîëåêóëÿðíóþ äåãèäðàòàöèþ
áåíçèëîâîãî è í-áóòèëîâîãî ñïèðòîâ ïîä äåéñòâèåì êàòàëèçàòîðà
(áðîìèäà ìåäè (II)). Ðàçðàáîòàííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü â ïðå-
äåëàõ äîïóñòèìîé ïîãðåøíîñòè ïîçâîëÿåò àäåêâàòíî îïèñàòü ýêñïå-
ðèìåíòàëüûå äàííûå.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, äèôôåðåíöèàëü-
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Mathematic modeling of reaction of benzyl butyl ether
synthesize

On the basis of experimental data obtained at different temperatures
mathematical model for benzyl butyl ester synthesis reaction ether by
the dehydration of benzyl and n-butyl alcohols in the presence of the
catalyst (copper (II) bromide) is proposed. The developed mathemati-
cal model, within the permissible error, allows to describe experimental
data adequately.

Keywords: mathematical modeling, differential equation,chemical reac-
tion, ethers
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Áåíçèëáóòèëîâûé ýôèð, îáëàäàþùèé ôðóêòîâûì è öâåòî÷íûì çàïà-
õàìè ÿâëÿåòñÿ öåííûì äóøèñòûì âåùåñòâîì è øèðîêî èñïîëüçóåòñÿ äëÿ
àðîìàòèçàöèè ïðîäóêòîâ ïàðôþìåðíîé, êîñìåòè÷åñêîé è ïèùåâîé ïðî-
ìûøëåííîñòè.Ïðèìåíåíèå áåíçèëáóòèëîâîãî ýôèðà ðàçðåøåíî âî ìíî-
ãèõ ñòðàíàõ, â êà÷åñòâå àðîìàòèçàòîðà ïèùåâûõ ïðîäóêòîâ (äëÿ ìîðîæå-
íîãî, ëüäà, íàïèòêîâ, äåñåðòîâ, âûïå÷êè è ò.ä.). Áåíçèëáóòèëîâûé ýôèð �
êðóïíîòîííàæíûé ïðîìûøëåííûé ïðîäóêò [1,2]. Íàèáîëåå ïîäõîäÿùèì
è ïåðñïåêòèâíûì ñïîñîáîì ïîëó÷åíèÿ áåíçèëáóòèâîãî ýôèðà ÿâëÿåòñÿ
ñîâìåñòíàÿ ìåæìîëåêóëÿðíàÿ äåãèäðàòàöèÿ áåíçèëîâîãî è í-áóòèëîâîãî
ñïèðòîâ â ïðèñóòñòâèè êàêîãî-ëèáî ãàëîãåíèäîâ. Íàèëó÷øèå ðåçóëüòàòû
áûëè äîñòèãíóòû ïðè èñïîëüçîâàíèè áðîìèäà ìåäè (II) [3]. Ñèíòåç áåí-
çèëáóòèëîâîãî ýôèðà ïðîâîäèëè âçàèìîäåéñòâèåì áåíçèëîâîãî ñïèðòà ñ
í-áóòàíîëîì â ïðèñóòñòâèè âûøåóêàçàííîãî êàòàëèçàòîðà, ïðè òåìïåðà-
òóðå â ïðåäåëàõ 140-175◦Ñ â òå÷åíèå 2-10 ÷ ïðè ìîëüíîì ñîîòíîøåíèè
[CuBr2]:[ÂnÎÍ]:[í-Ñ4Í9ÎÍ] = 1-5:100:100-400 [4]. Îïðåäåëåíèå êèíåòè-
÷åñêèõ ïàðàìåòðîâ äëÿ ìîäåëè ðåàêöèè ïðîâîäèëîñü íà îñíîâå ïîäõîäà,
îïèñàííîãî â [4], êîãäà èññëåäîâàòåëÿìè ñîñòàâëÿåòñÿ ñèñòåìà äèôôå-
ðåíöàëüíûõ óðàâíåíèé, îïèñûâàþùèõ ïðîöåññ, è ðåøàÿ çàòåì ïðÿìóþ è
îáðàòíûå êèíåòè÷åñêèå çàäà÷è. Â äàííîì ñëó÷àå äëÿ ðåøåíèÿ ïðÿìîé çà-
äà÷è èñïîëüçîâàëèñü ìåòîäû Ðîçåíáðîêà è Ðóíãå-Êóòòû. Äëÿ ðåøåíèÿ
îáðàòíîé çàäà÷è èñïîëüçîâàëñÿ ãåíåòè÷åñêèé àëãîðèòì. Ñ èñïîëüçîâà-
íèåì äàííîãî ïîäõîäà áûëè ïîëó÷åíû ðåçóëüòàòû � ïàðàìåòðû ìàòåìà-
òè÷åñêîé ìîäåëè, ïîçâîëÿþùèå àäåêâàòíî îïèñûâàòü ðàññìàòðèåâàåìûé
ïðîöåññ.
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Îïòèìèçàöèÿ â íàøå âðåìÿ èãðàåò èñêëþ÷èòåëüíî âàæíóþ ðîëü.
Ïîýòîìó îïòèìèçàöèîííûå àëãîðèòìû àêòèâíî ðàçðàáàòûâàþòñÿ è
ïîëüçóþòñÿ ïîïóëÿðíîñòüþ. Îäíèì èç òàêèõ àëãîðèòìîâ ÿâëÿåòñÿ
àëãîðèòì ãàðìîíè÷åñêîãî ïîèñêà. Åãî ðàáîòà îñíîâàíà íà ìàòåìà-
òè÷åñêîé ìîäåëè èìïðîâèçàöèè ìóçûêàíòà.

Êëþ÷åâûå ñëîâà: îïòèìèçàöèîííûå àëãîðèòìû, ìåòàýâðèñòèêà, ãàð-
ìîíè÷åñêèé ïîèñê

Review of the Harmonic Search Algorithm, history of the
creation of the algorithm, scheme of its operation, examples

of application

Optimization plays an extremely important role in our time. Therefore,
optimization algorithms are actively developed and popular. One of
such algorithms is the Harmonic Search algorithm. It’s work is based
on a mathematical model of a musician’s improvisation.

Keywords: optimization algorithms, metaheuristics, harmony search

Îïòèìèçàöèÿ íåîáõîäèìà âî âñåõ ñôåðàõ æèçíè ÷åëîâåêà, òàê êàê
îíà ñïîñîáñòâóåò îáåñïå÷åíèþ ìàêñèìàëüíîãî êîìôîðòà (à òàêæå ýêîëî-
ãè÷íîñòè, áåçîïàñíîñòè è ìíîãèõ äðóãèõ êðèòåðèåâ) äëÿ ïîòðåáèòåëåé è
ïîâûøåíèå âûãîäû äëÿ ïðîèçâîäèòåëåé.

Îïòèìèçàöèÿ â îáùåì ñëó÷àå � ïðîöåññ ìàêñèìèçàöèè âûãîäíûõ õà-
ðàêòåðèñòèê, ñîîòíîøåíèé è ìèíèìèçàöèè ðàñõîäîâ. Çàäà÷è, êîòîðûå
ðåøàåò îïòèìèçàöèÿ, êàê ïðàâèëî î÷åíü ñëîæíû è èìåþò ìíîæåñòâî
óñëîâèé.

Ìåòîäû ðåøåíèé îïòèìèçàöèîííûõ çàäà÷ ïîäðàçäåëÿþò íà äâå áîëü-
øèå ãðóïïû: òî÷íûå ìåòîäû (ïðÿìîãî ïåðåáîðà, äèíàìè÷åñêîãî ïðîãðàì-
ìèðîâàíèÿ âåòâåé è ãðàíèö) è ïðèáëèæåííûå ìåòîäû (ìåòàýâðèñòè÷å-
ñêèé ìåòîä).

Òî÷íûå ìåòîäû äîñòàòî÷íî ãðîìîçäêè, îñîáåííî ìåòîä ïðÿìîãî ïåðå-
áîðà. Ïîýòîìó èñïîëüçóþòñÿ àëãîðèòìû ñîêðàùåííîãî ïåðåáîðà, êîòî-
ðûå áàçèðóþòñÿ ãëàâíûì îáðàçîì íà ìåòîäå äèíàìè÷åñêîãî ïðîãðàììè-
ðîâàíèÿ, ïðåäóñìàòðèâàþùåì ïðîâåäåíèå ïîøàãîâîé îïòèìèçàöèè. Äëÿ
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âûñîêîíàäåæíûõ ñèñòåì, ê êîòîðûì îòíîñèòñÿ ýëåêòðîýíåðãåòè÷åñêîå
îáîðóäîâàíèå, â ðÿäå ñëó÷àåâ ìîæíî èñïîëüçîâàòü ïðèáëèæåííûå ìåòî-
äû. Îíè äàþò äîñòàòî÷íî òî÷íûå ðåçóëüòàòû.

Ìåòàýâðèñòèêè ÿâëÿþòñÿ ìîùíûì êëàññîì îïòèìèçàöèîííûõ ìåòî-
äîâ, êîòîðûå ïîçâîëÿþò íàõîäèòü ðåøåíèÿ äëÿ øèðîêîãî êðóãà çàäà÷
èç ðàçëè÷íûõ ïðèëîæåíèé. Ñèëà ìåòàýâðèñòèê ñîñòîèò â èõ ñïîñîáíî-
ñòè ðåøåíèÿ ñëîæíûõ çàäà÷ áåç çíàíèÿ ïðîñòðàíñòâà ïîèñêà, èìåííî
ïîýòîìó ýòè ìåòîäû äàþò âîçìîæíîñòü ðåøàòü òðóäíîðàçðåøèìûå çàäà-
÷è îïòèìèçàöèè. Â óïðîùåííîì âèäå ìåòàýâðèñòèêè ìîæíî ïðåäñòàâèòü
êàê ïðÿìîé ñëó÷àéíûé ïîèñê âîçìîæíûõ ðåøåíèé çàäà÷è, îïòèìàëüíûõ
èëè íàèáîëåå áëèçêèõ ê îïòèìàëüíûì, ïîêà íå áóäåò âûïîëíåíî îïðåäå-
ëåííîå óñëîâèå èëè äîñòèãíóòî çàäàííîå êîëè÷åñòâî èòåðàöèé [1].

Harmony Search (äàëåå HS, Ãàðìîíè÷åñêèé ïîèñê) � ýòî ìåòàýâðåñòè-
÷åñêèé àëãîðèòì îïòèìèçàöèè, âäîõíîâëåííûé ïðîöåññîì ïîèñêà ìóçû-
êàíòàìè ãàðìîíèè â ìóçûêå. Áûë ïðåäëîæåí Ãèìîì (Zong Woo Geem) â
2001 ãîäó.

Êàê è ëþáîé àëãîðèòì, îí îáëàäàåò ñâîèìè äîñòîèíñòâàìè è íåäî-
ñòàòêàìè. ê ñàìûì ÿâíûì íåäîñòàòêàì ìîæíî îòíåñòè ñëîæíîñòü ïîä-
áîðà çíà÷åíèé ñâîáîäíûõ ïàðàìåòðîâ àëãîðèòìà. Ìîäèôèêàöèè HS ïðè-
çâàíû óñòðàíèòü ýòè íåäîñòàòêè. Ïîýòîìó äëÿ èçó÷åíèÿ áûëà âûáðàíà
ìîäèôèêàöèÿ HS global optimization algorithm.

Öåëü ñòîèò ñëåäóþùàÿ: èçó÷èòü âñå âîçìîæíîñòè, äîñòîèíñòâà è íåäî-
ñòàòêè HS è ïðèìåíèòü åãî â äàëüíåéøåì äëÿ ðåøåíèÿ õèìè÷åñêèõ çàäà÷
è äëÿ êèíåòè÷åñêîãî ìîäåëèðîâàíèÿ ïðîöåññà êàòàëèòè÷åñêîé èçîìåðè-
çàöèè ïðîïàí-ãåêñàíîâîé ôðàêöèè. Äëÿ ðåøåíèÿ ïîñëåäíåé çàäà÷è HS
áóäåò ïðèìåíåí âïåðâûå.

Ëèòåðàòóðà
1. Ùåðáèíà Î.À. Ìåòàýâðèñòè÷åñêèå àëãîðèòìû äëÿ çàäà÷ êîìáèíàòîðíîé

îïòèìèçàöèè(îáçîð)/ Î.À. Ùåðáèíà. � Ñèìôåðîïîëü: Òàâðè÷åñêèé âåñòíèê
èíôîðìàòèêè è ìàòåìàòèêè, 2014. � 72 ñ.

176



ÐÀÑÏÎÇÍÀÂÀÍÈÅ ÑÔÅÐ ÌÅÇÎÔÀÇÛ ÈÃÎËÜ×ÀÒÎÃÎ
ÊÎÊÑÀ ÍÀ ÈÇÎÁÐÀÆÅÍÈÈ Ñ ÏÎÌÎÙÜÞ
ÀËÃÎÐÈÒÌÎÂ ÌÀØÈÍÍÎÃÎ ÎÁÓ×ÅÍÈß

À.Ø. Ãàëèí, Ì.Ð. Åíèêååâ
aidar.galins@gmail.com, enikeev.marat.rus@gmail.com

ÓÄÊ 004.852

Èãîëü÷àòûé êîêñ ÿâëÿåòñÿ ñîðòîì íåôòÿíîãî êîêñà, êîòîðûé íà-
øåë øèðîêîå ïðèìåíåíèå â ìåòàëëóðãèè. Â óãëåâîäîðîäíîì ñûðüå â
èíòåðâàëå òåìïåðàòóð 400�500Ñ ïðîèñõîäèò ôîðìèðîâàíèå æèäêî-
êðèñòàëëè÷åñêèõ ñòðóêòóð, íàçûâàåìûõ ìåçîôàçîé. Ðàçìåðû ìåçî-
ôàçû îïðåäåëÿþò ìèêðîñòðóêòóðíûå õàðàêòåðèñòèêè êîêñîâ, ïðî÷-
íîñòíûå è äðóãèå ñâîéñòâà. Ðàñïîçíàâàÿ ìåçîôàçó, èñïîëüçóÿ àëãî-
ðèòìû ìàøèííîãî îáó÷åíèÿ, íà èçîáðàæåíèè è ñ÷èòûâàÿ ðàçìåð,
ìîæíî êîíòðîëèðîâàòü ïðîöåññ ôîðìèðîâàíèÿ èãîëü÷àòîãî êîêñà.

Êëþ÷åâûå ñëîâà: èãîëü÷àòûé êîêñ, ìåçîôàçà, ãèñòîãðàììà íàïðàâ-
ëåííûõ ãðàäèåíòîâ, ìåòîä îïîðíûõ âåêòîðîâ, ìàøèííîå îáó÷åíèå.

Recognition of the coke mesophase in the image using
machine learning algorythms

Needle coke is a type of petroleum coke that has found widespread use
in metallurgy. In hydrocarbon raw materials in the temperature range
400–500C, the formation of liquid crystal structures called mesophase
occurs. The sizes of the mesophase determine the microstructural char-
acteristics of cokes, strength and other properties. Recognizing the
mesophase, using machine learning algorithms in the image and reading
the size, it is possible to control the process of the formation of needle
coke.

Keywords: needle coke, mesophase, histogram oriented gradients, sup-
port vector machine, machine learning

Ðàñïîçíàâàíèå îáðàçîâ � ýòî îòíåñåíèå èñõîäíûõ äàííûõ ê îïðå-
äåëåííîìó êëàññó ñ ïîìîùüþ âûäåëåíèÿ ñóùåñòâåííûõ ïðèçíàêîâ, õà-
ðàêòåðèçóþùèõ ýòè äàííûå, èç îáùåé ìàññû íåñóùåñòâåííûõ äàííûõ. Â
êà÷åñòâå îáúåêòà ðàñïîçíàâàíèÿ âûñòóïàåò ìåçîôàçà èãîëü÷àòîãî êîêñà.
Äëÿ âûäåëåíèÿ ïðèçíàêîâ ìåçîôàçû ïðèìåíÿåòñÿ àëãîðèòì ¾Ãèñòîãðàì-
ìà íàïðàâëåííûõ ãðàäèåíòîâ¿, à êëàññèôèêàòîðîì ÿâëÿåòñÿ àëãîðèòì
îáó÷åíèÿ ñ ó÷èòåëåì ¾Ìåòîä îïîðíûõ âåêòîðîâ¿.

Âàæíûì ýòàïîì â ïðîèçâîäñòâå èãîëü÷àòîãî êîêñà ÿâëÿåòñÿ ðåãóëè-
ðîâàíèå ñêîðîñòè ðîñòà è êîàëåñöåíöèè ìåçîôàçíûõ ñôåð, ôàêòîðîâ,
âëèÿþùèõ íà ïðîõîäÿùèå ïðîöåññû è ìåõàíèçìîâ, ïî êîòîðûì îñóùåñòâ-
ëÿåòñÿ ýòî âëèÿíèå. Â äàííîé ðàáîòå îïèñàíû àëãîðèòìû è ïðîãðàììà,
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íàïèñàííàÿ íà îñíîâå ýòèõ àëãîðèòìîâ, ñ ïîìîùüþ êîòîðîé âîçìîæíî
ðàñïîçíàâàíèå ìåçîôàçíûõ ñôåð íà èçîáðàæåíèè èãîëü÷àòîãî êîêñà.

Öåëüþ ïðîåêòà ÿâëÿåòñÿ ñîçäàíèå àëãîðèòìîâ ðàñïîçíàâàíèÿ è ïðî-
ãðàììû, îñíîâàííîé íà ýòèõ àëãîðèòìàõ, êîòîðàÿ äàâàëà áû ïðèåìëåìîå
êà÷åñòâî äëÿ ðàñïîçíàâàíèÿ îáúåêòîâ íà èçîáðàæåíèè. Êëàññèôèêàöèÿ
â ïåðâóþ î÷åðåäü äîëæíà ðàçäåëÿòü èñõîäíîå èçîáðàæåíèå íà ôîí è
îáúåêò ðàñïîçíàâàíèÿ.

Â ïðîåêòå ðåøàþòñÿ ñëåäóþùèå çàäà÷è:

1. Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè ðàñïîçíàâàíèÿ ìåçîôàç êîêñà è
å¼ ðåàëèçàöèÿ ñ ïîìîùüþ HOG-àëãîðèòìà è SVM-êëàññèôèêàòîðà
íà ÿçûêå ïðîãðàììèðîâàíèÿ Python.

2. Ïîäãîòîâêà èçîáðàæåíèé ìåçîôàç êîêñà äëÿ ðàñïîçíàâàíèÿ è ïî-
äà÷à íà îáó÷åíèå êëàññèôèêàòîðîì.

3. Îöåíêà ðàáîòû êëàññèôèêàòîðà è òî÷íîñòè ðàñïîçíàâàíèÿ îáúåê-
òîâ íà èçîáðàæåíèÿõ.

1. Ãèñòîãðàììà íàïðàâëåííûõ ãðàäèåíòîâ.

Â õîäå ïðåäâàðèòåëüíîé îáðàáîòêè äàííûõ, èç èñõîäíûõ èçîáðàæå-
íèé ïîëó÷àåì íàáîðû ïîëîæèòåëüíûõ è îòðèöàòåëüíûõ âûáîðîê, íà îñ-
íîâå êîòîðûõ áóäåò ðàññ÷èòûâàòüñÿ äåñêðèïòîð. Äëÿ âû÷èñëåíèÿ äå-
ñêðèïòîðà íåîáõîäèìî âû÷èñëèòü ãîðèçîíòàëüíûé è âåðòèêàëüíûé ãðà-
äèåíòû, ïðåäñòàâëÿþùèå ñîáîé âåêòîð ÷àñòíûõ ïðîèçâîäíûõ. Íà ïðî-
èçâîäíûå èçîáðàæåíèÿ ïðèìåíÿåòñÿ ñâåðòêà ñ ïîìîùüþ ôèëüòðóþùèõ
ÿäåð. Â êàæäîì ïèêñåëå ãðàäèåíò èìååò âåëè÷èíó è íàïðàâëåíèå. Íà
ýòàïå ôîðìèðîâàíèÿ ãèñòîãðàìì ãðàäèåíòîâ â ÿ÷åéêàõ èçîáðàæåíèå äå-
ëèòñÿ íà ÿ÷åéêè ðàçìåðîì 8 x 8, è ãèñòîãðàììà ãðàäèåíòîâ ðàññ÷è-
òûâàåòñÿ äëÿ êàæäûõ 8 x 8 ÿ÷ååê. Ãèñòîãðàììà ïðåäñòàâëÿåò ñîáîé
âåêòîð (èëè ìàññèâ) èç 9 ñòîëáöîâ (÷èñåë), ñîîòâåòñòâóþùèõ óãëàì 0,
20, 40, 60, 80, 100, 120, 140, 160. Äëÿ òîãî ÷òîáû äåñêðèïòîð íå çàâè-
ñåë îò âàðèàöèé îñâåùåíèÿ ãèñòîãðàììà íîðìàëèçóåòñÿ ñ ïîìîùüþ L2-
íîðìàëèçàöèè. Ïðè âû÷èñëåíèè îêîí÷àòåëüíîãî âåêòîðà ïðèçíàêîâ âñå-
ãî ó÷àñòêà èçîáðàæåíèÿ, âåêòîðû îáúåäèíÿþòñÿ â îäèí âåêòîð áîëüøåãî
ðàçìåðà.

2. Êëàññèôèêàòîð Ìåòîä îïîðíûõ âåêòîðîâ.

Íà äàííîì ýòàïå èñïîëüçóåòñÿ âèä àëãîðèòìà ìåòîäà îïîðíûõ âåêòî-
ðîâ, íàçûâàåìûé SVM ñ ìÿãêèì çàçîðîì (soft-margin SVM), òàê êàê ëè-
íåéíàÿ ðàçäåëèìîñòü îáúåêòîâ âûáîðêè íà ïðàêòèêå íå ïðåäñòàâëÿåòñÿ
âîçìîæíûì. Ê çàäà÷å SVM ïðèìåíÿåòñÿ óñëîâèå Êàðóøà-Êóíà-Òàêêåðà,
êîòîðîå ñâîäèòñÿ ê ïîèñêó ñåäëîâîé òî÷êè ôóíêöèè Ëàãðàíæà. Íåîáõî-
äèìûì óñëîâèåì ñåäëîâîé òî÷êè ÿâëÿåòñÿ ðàâåíñòâî íóëþ ïðîèçâîäíûõ
Ëàãðàíæà. Îïðåäåëÿþòñÿ îïîðíûå îáúåêòû. Âûâîä: Ïîñòðîåííàÿ ìàòå-
ìàòè÷åñêàÿ ìîäåëü HOG-àëãîðèòìà è SVM-êëàññèôèêàòîðà áûëà ðåà-
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ëèçîâàíà íà ÿçûêå ïðîãðàììèðîâàíèÿ Python è îáó÷åíà êëàññèôèêàòî-
ðîì íà ïðåäâàðèòåëüíî ïîäãîòîâëåííûõ èçîáðàæåíèÿõ ìåçîôàç êîêñà c
ðåçóëüòàòîì ðàñïîçíàâàíèÿ 97%.

Ëèòåðàòóðà
1. Vapnik V. Statistical Learning // John Wiley & Sons, (1998).
2. Chapelle O., Vapnik V., Bousquet O., Mukherjee S. Machine Learning, 2002,

131�159.
3. Yu L., Wang S., Lai K. K., Zhou L. Bio-Inspired Credit Risk Analysis.

Computational Intelligence with Support Vector Machines.// Springer-Verlag, 2008.
4. Raikwal J. S., Saxena K. International Journal of Computer Applications,

2012, 35�39.

ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÌÎÄÅËÜ ÃÎÐÅÍÈß ÃÈÄÐÀÒÀ Â
ÇÀÌÊÍÓÒÎÌ ÎÁÚÅÌÅ

È.Ê. Ãèìàëòäèíîâ, Ì.Â. Ñòîëïîâñêèé, À.Ñ. ×èãëèíöåâà

Èññëåäóåòñÿ ïðîöåññ ãîðåíèÿ ãèäðàòîâ â çàìêíóòîì îáúåìå. Ïðîöåññ ãîðå-
íèÿ ãàçîãèäðàòîâ (ÃÃ) î÷åíü ñëîæíûé ïðîöåññ, ïðè êîòîðîì ïðîèñõîäèò îäíî-
âðåìåííîå ïðîòåêàíèå ðÿäà ôèçèêî-õèìè÷åñêèõ ïðîöåññîâ: ðàçëîæåíèå ÃÃ íà
ãàç è âîäó, îáðàçîâàíèå ãàçîæèäêîñòíîé ïåíû, ñòåêàíèå æèäêîñòè ñ ïîâåðõíî-
ñòè ÃÃ, ïðîöåññ ãîðåíèÿ â ãàçîâîé ôàçå, ëó÷èñòûé òåïëîîáìåí è ò.ä. Ãîðåíèå ÃÃ
ÿâëÿåòñÿ óíèêàëüíûì ïðîöåññîì, ïîòîìó ÷òî ìàññîâîå ñîäåðæàíèå âîäû â ãèä-
ðàòå ñîñòàâëÿåò 87,1%. Íî, êàê ïîêàçûâàþò ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ
ïðè îïðåäåëåííûõ óñëîâèÿõ ÃÃ ãîðèò. Äëÿ èññëåäîâàíèÿ ïðèìåíÿþòñÿ ìåòîäû
ìåõàíèêè ìíîãîôàçíûõ ñðåä. Çàïèñûâàåòñÿ ñèñòåìà óðàâíåíèé, ñîñòîÿùàÿ èç
óðàâíåíèé ñîõðàíåíèÿ ìàññ, èìïóëüñà è ýíåðãèè. Íà ãðàíèöå ÃÃ çàïèñûâàþòñÿ
ñîîòâåòñòâóþùèå ãðàíè÷íûå óñëîâèÿ. ×èñëåííûå ðàñ÷åòû ïðîâåäåíû ñ èñïîëü-
çîâàíèåì ìåòîäà êðóïíûõ ÷àñòèö. Ïî ðåçóëüòàòàì èññëåäîâàíèé ðàçðàáîòàíà
ìàòåìàòè÷åñêàÿ ìîäåëü ãîðåíèÿ ãèäðàòà â çàìêíóòîì îáúåìå â ïðåäïîëîæåíèè
ïîëíîãî èñïàðåíèÿ âîäû íà ãðàíèöå ÃÃ. Ïðîàíàëèçèðîâàíû ïîëÿ òåìïåðàòóð,
êîíöåíòðàöèè ñîñòàâëÿþùèõ ãàçîâîé ôàçû. Ïîêàçàíà äèíàìèêà ìàêñèìàëü-
íîé òåìïåðàòóðû è ìàêñèìàëüíîãî äàâëåíèÿ â îáëàñòè, òåìïåðàòóðû ïîâåðõ-
íîñòè ãèäðàòà, èçìåíåíèÿ ëèíåéíîãî ðàçìåðà ãèäðàòà è ò.ä. Óñòàíîâëåíî, ÷òî
äëÿ óñòîé÷èâîãî ãîðåíèÿ ãèäðàòà íåîáõîäèìà èíòåíñèâíàÿ ïåðåäà÷à òåïëà èç
ãàçîâîé ôàçû. Îñíîâíàÿ ÷àñòü òåïëîòû ãîðåíèÿ ðàñõîäóåòñÿ íà äèññîöèàöèþ
ãèäðàòà è èñïàðåíèþ âûäåëèâøåéñÿ ïðè ðàçëîæåíèè âîäû.
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Èññëåäóåòñÿ âëèÿíèå ñîñòàâà èñõîäíîãî ñûðüÿ íà êà÷åñòâî ïîëó-
÷àåìîé âûñîêîîêòàíîâîé äîáàâêè (ìåòèë-òðåò-áóòèëîâîãî ýôèðà),
à òàêæå òåõíîëîãè÷åñêèõ ïàðàìåòðîâ ïðîöåññà ïðè åå ïîëó÷åíèè.
Ïðåäëàãàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü, îïèñûâàþùàÿ ïðîöåññ ñèí-
òåçà ìåòèë-òðåò-áóòèëîâîãî ýôèðà, äëÿ ñðàâíåíèÿ ñ ýìïèðè÷åñêèìè
äàííûìè.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, ÌÒÁÝ

Optimization of the synthesis of methyl tert-butyl ether by
developing a mathematical model

The influence of the feedstock on the quality of high-octane additives
(methyl tert-butyl ether) and process parameters when it is received
is studied. A mathematical model describing the synthesis of methyl
tert-butyl ether is proposed for comparison with empirical data.

Keywords: mathematical modeling, methyl tert-butyl ether

Ìåòèë-òðåò-áóòèëîâûé ýôèð (ÌÒÁÝ) � ýôôåêòèâíûé íåòîêñè÷íûé
âûñîêîîêòàíîâûé êîìïîíåíò, îêòàíîâîå ÷èñëî ñìåøåíèÿ êîòîðîãî äîõî-
äèò äî 135 ïóíêòîâ ïî èññëåäîâàòåëüñêîìó ìåòîäó. Ïðèìåíåíèå ÌÒÁÝ
ïîçâîëÿåò ïðîèçâîäèòü âûñîêîîêòàíîâûé áåíçèí íà îñíîâå øèðîêîé ãàì-
ìû áàçîâîãî áåíçèíà. Ïåðâîíà÷àëüíàÿ öåëü âíåäðåíèÿ ÌÒÁÝ � èñêëþ-
÷åíèå òåòðàýòèëñâèíöà êàê äîáàâêè ê áåíçèíó. Ïðè èñïîëüçîâàíèè ÌÒ-
ÁÝ ñîêðàùàåòñÿ ðàñõîä íåôòè íà ïðîèçâîäñòâî çàäàííîãî êîëè÷åñòâà
òîâàðíîãî áåíçèíà, à òàêæå äîñòèãàåòñÿ åå çàìåòíàÿ ýêîíîìèÿ áëàãî-
äàðÿ ñìÿã÷åíèþ òðåáîâàíèé ê îêòàíîâîé õàðàêòåðèñòèêå òðàäèöèîííûõ
óãëåâîäîðîäíûõ êîìïîíåíòîâ áåíçèíà [1]. Â íàñòîÿùåå âðåìÿ ÌÒÁÝ ÿâ-
ëÿåòñÿ îñíîâíîé âûñîêîîêòàíîâîé äîáàâêîé â Ðîññèè.

Îñíîâíîé öåëüþ ñîâðåìåííûõ èññëåäîâàíèé ÿâëÿåòñÿ ñòðåìëåíèå ðå-
øèòü çàäà÷ó ýôôåêòèâíîé îïòèìèçàöèè ïðîöåññà ñèíòåçà ÌÒÁÝ. Äëÿ
îïðåäåëåíèÿ ïàðàìåòðîâ, îêàçûâàþùèõ íàèáîëüøåå âëèÿíèå íà êà÷åñòâî
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è âûõîä öåëåâîãî ïðîäóêòà, íåîáõîäèìî ñîñòàâèòü ìàòåìàòè÷åñêóþ ìî-
äåëü ïðîöåññà è îöåíèòü åå ñîîòâåòñòâèå ýìïèðè÷åñêèì äàííûì.

Òåõíîëîãèÿ ïðîèçâîäñòâà ÌÒÁÝ çàêëþ÷àåòñÿ â ïðèñîåäèíåíèè ìåòè-
ëîâîãî ñïèðòà CH3OH ê èçîáóòèëåíó C4H8. ÌÒÁÝ ïîëó÷àþò â îäíó ñòà-
äèþ, ïðè ¾ìÿãêèõ¿ óñëîâèÿõ ïðîâåäåíèÿ ïðîöåññà (íåâûñîêèå òåìïåðà-
òóðû è äàâëåíèÿ). Ðåàêöèþ îñóùåñòâëÿþò íà ñïåöèàëüíîì êàòàëèçàòîðå
(÷àùå âñåãî ýòî èîíîîáìåííûå ñìîëû) ñ âûñîêîé ñåëåêòèâíîñòüþ è ïî-
÷òè ïîëíîé êîíâåðñèåé çà ïðîõîä. Ñûðüåì ÿâëÿåòñÿ áóòàí-áóòèëåíîâàÿ
ôðàêöèÿ (ÁÁÔ) êàòàëèòè÷åñêîãî êðåêèíãà, ñîäåðæàíèå öåëåâîãî èçîáó-
òèëåíà, âñòóïàþùåãî â ðåàêöèþ ñèíòåçà, â êîòîðîé ñîñòàâëÿåò äî ∼ 17
% ìàññ. Ðåàêöèÿ ïðîõîäèò ïðè òåìïåðàòóðå 50-80 ◦C è äàâëåíèè 4-12
àòì.

Òåõíîëîãè÷åñêàÿ ñõåìà ñîäåðæèò äâà óçëà. Â ïåðâîì óçëå ïðîèñõîäèò
íåïîñðåäñòâåííî ñèíòåç è âûäåëåíèå ýôèðà, âî âòîðîì óçëå � î÷èùåíèå
íåïðîðåàãèðîâàíûõ óãëåâîäîðîäîâ îò ñïèðòà è âîçâðàò ñïèðòà îáðàòíî
â ïðîöåññ. Â òåõíîëîãè÷åñêîé ñõåìå ñèíòåç è âûäåëåíèå ýôèðîâ ïðîâî-
äÿò â ðåàêöèîííî-ðåêòèôèêàöèîííîì àïïàðàòå, êîòîðûé ñîñòîèò èç äâóõ
çîí, â ïåðâîé îñóùåñòâëÿåòñÿ ïðîöåññ ðåêòèôèêàöèè, à âî âòîðîé � ðå-
àêöèÿ. Óãëåâîäîðîäíàÿ ôðàêöèÿ ïåðåìåøèâàåòñÿ ñî ñâåæèì ñïèðòîì è
ïîäàåòñÿ â ðåàêòîð èñïàðèòåëüíî-àäèàáàòè÷åñêîãî òèïà. Ýòî ïîëûé öè-
ëèíäðè÷åñêèé àïïàðàò, êîòîðûé çàïîëíåí êàòàëèçàòîðîì. Åãî îòëè÷èå
â òîì, ÷òî ïðîèñõîäèò ñíÿòèå òåïëà çà ñ÷åò íàãðåâà ðåàêöèîííîé ìàññû
îò 30-45 ◦C äî 70-80 ◦C çà ñ÷åò èñïàðåíèÿ ÷àñòè ðåàêöèîííîé ìàññû.
Äàâëåíèåì â ðåàêòîðå ðåãóëèðóåòñÿ ïðîöåññ èñïàðåíèÿ.

Äëÿ ïðîâåðêè àäåêâàòíîñòè îïèñàíèÿ áûëè ïðîâåäåíû ýêñïåðèìåí-
òàëüíûå èññëåäîâàíèÿ. Äëÿ ýòîãî â òå÷åíèå 2 ñóòîê ðåãèñòðèðîâàëèñü
ïîêàçàòåëè ñîäåðæàíèÿ èçîáóòèëåíà â èñõîäíîì ñûðüå (ÁÁÔ), ñîäåð-
æàíèÿ ìåòàíîëà â òîâàðíîì ÌÒÁÝ, à òàêæå òåõíîëîãè÷åñêèå ïàðàìåò-
ðû ïðîâåäåíèÿ ïðîöåññà: òåìïåðàòóðà êîíòðîëüíîé òàðåëêè ðåàêöèîííî-
ðåêòèôèêàöèîííîãî óçëà, ðàñõîä ìåòàíîëà â óçåë ñìåøåíèÿ è ðåàêòîð
ñèíòåçà, ðàñõîä ÁÁÔ â óçåë ñìåøåíèÿ [2].

Ñîñòàâèì óðàâíåíèå ìàòåðèàëüíîãî áàëàíñà ñîãëàñíî ìîäåëè ðåàêòî-
ðà èäåàëüíîãî âûòåñíåíèÿò ïî ðåàãåíòó A [3]. Ïîñòóïëåíèå ðåàãåíòà A
â ýëåìåíòàðíûé îáúåì dVp îñóùåñòâëÿåòñÿ ñî âõîäíûì ïîòîêîì, ðàñõîä
� ñ âûõîäíûì ïîòîêîì è â ðåçóëüòàòå õèìè÷åñêîãî ïðåâðàùåíèÿ â ýòîì
îáúåìå. Â ñîîòâåòñòâèè ñ ýòèì

nA|l = nA|l+dl +WA(C)dVp,

îòêóäà dnA/dVp = −WA(C), èëè ñ ó÷åòîì dVp = Sdl

dnA/dl = −WA(C)S,

ãäå nA � ìîëüíàÿ ñêîðîñòü ïîòîêà ðåàãåíòà A.
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Åñëè îáúåì ðåàêöèîííîé ñìåñè â õîäå ðåàêöèè íå èçìåíÿåòñÿ (V =
const), òî è îáúåìíàÿ ñêîðîñòü ïîòîêà v = const. Ó÷èòûâàÿ, ÷òî nA =
vCA è Vp = vτ , â ýòèõ óñëîâèÿõ ïîëó÷èì dCA/dτ = −WA(C).
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ÏÐÎÃÍÎÇÈÐÎÂÀÍÈÅ ÒÅÌÏÅÐÀÒÓÐ ÂÑÏÛØÅÊ
ÓÃËÅÂÎÄÎÐÎÄÎÂ ÌÅÒÎÄÎÌ QSPR

Ì.Þ. Äîëîìàòîâ, Î.Ñ. Êîëåäèí, Ê.Ð. Àõòÿìîâà

Òåìïåðàòóðà âñïûøêè ÿâëÿåòñÿ âàæíûì ïîêàçàòåëåì â òåîðèè ãîðåíèÿ.
Îíà õàðàêòåðèçóåò íàèìåíüøóþ òåìïåðàòóðó, ïðè êîòîðîé îáðàçóþùèåñÿ íàä
ïîâåðõíîñòüþ âåùåñòâà ïàðû ñïîñîáíû âñïûõèâàòü â âîçäóõå îò âíåøíåãî èñ-
òî÷íèêà òåïëà áåç ïåðåõîäà â ïðîöåññ ãîðåíèÿ. [1].

Äëÿ îïðåäåëåíèÿ òåìïåðàòóðû âñïûøêè íàèáîëåå ÷àñòî ïðèìåíÿåòñÿ ëà-
áîðàòîðíûé ìåòîä â îòêðûòîì òèãëå, ÷òî ÿâëÿåòñÿ òðóäîåìêèì ïðîöåññîì, íà
òî÷íîñòü êîòîðîãî âëèÿåò ìíîæåñòâî ôàêòîðîâ [2].

Ñóùåñòâóþò çàâèñèìîñòè [3], èñïîëüçóþùèå âåëè÷èíó òåïëîòû ñãîðàíèÿ
ñîåäèíåíèé äëÿ ïðîãíîçèðîâàíèÿ òåìïåðàòóðû âñïûøêè âåùåñòâ.

Ñëîæíîñòü îöåíêè òåìïåðàòóð âñïûøêè ïðèâåëà ê íåîáõîäèìîñòè ïîèñêà
QSPR ìîäåëè íà îñíîâå ñâÿçè òåìïåðàòóðû âñïûøêè è ñòðóêòóðû âåùåñòâ.

Â êà÷åñòâå õàðàêòåðèñòèêè ðàçâåòâëåííîñòè è ïðîòÿæåííîñòè óãëåðîäíîãî
ñêåëåòà ìîëåêóëû, èñïîëüçóåì èíäåêñ ìîëåêóëÿðíîé ñâÿçíîñòè (èíäåêñ Ðàíäè-
÷à) è èíäåêñ Âèíåðà ñîîòâåòñòâåííî [4]:

ρ =
∑

ïî âñåì ðåáðàì

1
√
vi · vj

ãäå ρ � èíäåêñ Ðàíäè÷à;
i è j � íîìåðà àòîìîâ ìîëåêóëû, ôîðìàëüíî ñâÿçàííûõ ðàññìàòðèâàåìîé

ñâÿçüþ;
νi� ÷èñëî ðåáåð ãðàôà îòõîäÿùèõ îò i-îé âåðøèíû;
νj� ÷èñëî ðåáåð ãðàôà îòõîäÿùèõ îò j-îé âåðøèíû.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � � 20-38-90085).
Äîëîìàòîâ Ì.Þ., Êîëåäèí Î.Ñ., Àõòÿìîâà Ê.Ð., Óôèìñêèé ãîñóäàðñòâåííûé

íåôòÿíîé òåõíè÷åñêèé óíèâåðñèòåò (Óôà, Ðîññèÿ); Ufa State Petroleum Technical
University (Ufa, Russia)

182



W = 0.5

n∑
i=1

n∑
j=1

di j (1)

ãäå W � èíäåêñ Âèíåðà;
n � ÷èñëî âåðøèí â ñîîòâåòñòâóþùåì ìîëåêóëå ãðàôå;
dij� êðàò÷àéøåå ðàññòîÿíèå ìåæäó âåðøèíàìè i è j.
Ââåäåì äåñêðèïòîð N - ïîëíîå ÷èñëî ýëåêòðîíîâ â ìîëåêóëå. Â ðÿäó íîð-

ìàëüíûõ àëêàíîâ è èçîàëêàíîâ CnH2n+2, èìååì:

N = 6n + 1∗ (2n + 2) = 8n + 2

ãäå n � ÷èñëî àòîìîâ óãëåðîäà;
N � ïîëíîå ÷èñëî ýëåêòðîíîâ, ðàâíîå ÷èñëó ïðîòîíîâ â ìîëåêóëå.
Ñ ó÷åòîì çíà÷èìûõ êîýôôèöèåíòîâ ðåãðåññèè ìîäåëü QSPR èìååò âèä:

Tâñï. = a0+a1 ·N+a2 ·R+a3 ·W+a4 ·N2+a5R
2+a6W

2+a7NR++a8NW+a9RW

ãäå i, (i = 0, . . . , 9)� êîýôôèöèåíòû ìîäåëè QSPR, ïîëó÷åííûå ìåòîäîì
íàèìåíüøèõ êâàäðàòîâ.

Tâñï � òåìïåðàòóðà âñïûøêè
Äëÿ òîãî, ÷òîáû îïðåäåëèòü òî÷íîñòü ðåãðåññèîííîãî óðàâíåíèÿ (1) áûë

âû÷èñëåí êîýôôèöèåíò äåòåðìèíàöèè R2 = 0.998. Ïîñêîëüêó R2 > 0.9, ìîæ-
íî óòâåðæäàòü, ÷òî ìîäåëü àäåêâàòíî ïîçâîëÿåò ïðîãíîçèðîâàòü òåìïåðàòóðó
âñïûøêè.

Âûâîäû: Ïîëó÷åíà ïîëóýìïèðè÷åñêàÿ íåëèíåéíàÿ ìíîãîôàêòîðíàÿ ðåãðåñ-
ñèîííàÿ ìîäåëü ¾Ñòðóêòóðà-ñâîéñòâî¿, êîòîðàÿ ïîçâîëÿåò àäåêâàòíî ïðîãíîçè-
ðîâàòü òåìïåðàòóðó âñïûøêè àëêàíîâ îò òîïîëîãè÷åñêèõ õàðàêòåðèñòèê ìîëå-
êóë. Â êà÷åñòâå òîïîëîãè÷åñêèõ èíäåêñîâ èñïîëüçóþòñÿ èíäåêñû, õàðàêòåðèçó-
þùèå ïðîòÿæåííîñòü è ðàçâåòâëåííîñòü óãëåðîäíîãî ñêåëåòà, à òàêæå èíäåêñ,
ðàâíûé ïîëíîìó ÷èñëó ýëåêòðîíîâ â ìîëåêóëå.

Àäåêâàòíîñòü ìîäåëåé ïîäòâåðæäåíà ñòàòèñòè÷åñêîé îáðàáîòêîé äàííûõ.
Ìàêñèìàëüíûå àáñîëþòíàÿ è îòíîñèòåëüíàÿ îøèáêè äëÿ òåñòîâîé âûáîðêè
òåìïåðàòóð âñïûøåê ñîñòàâëÿþò 7,09 åä. è 3,1 % ñîîòâåòñòâåííî.
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äëÿ ðåøåíèÿ îáðàòíûõ çàäà÷ õèìè÷åñêîé êèíåòèêè ñ öåëüþ ïîñòðî-
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Heuristic methods for building kinetic models of chemical
processes

The paper considers the application of a number of heuristic methods
for solving inverse problems of chemical kinetics in order to build kinetic
models of chemical processes.

Keywords: mathematical modeling, chemical kinetics, heuristic methods

Îäíèì èç íàïðàâëåíèé ëàáîðàòîðèè ìàòåìàòè÷åñêîé õèìèè Èíñòè-
òóòà íåôòåõèìèè è êàòàëèçà ÓÔÈÖ ÐÀÍ ÿâëÿåòñÿ èññëåäîâàíèå õèìè-
÷åñêèõ ðåàêöèé ìåòîäàìè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Íà äàííûé
ìîìåíò èçó÷åíî áîëüøîå êîëè÷åñòâî ñëîæíûõ õèìè÷åñêèõ ïðîöåññîâ �
ðåàêöèÿ öèêëîàëþìèíèðîâàíèÿ àëêåíîâ òðèýòèëàëþìèíèåì â àëþìà-
öèêëîïåíòàíû, ðåàêöèÿ ãèäðîàëþìèíèðîâàíèÿ îëåôèíîâ àëþìèíèéîð-
ãàíè÷åñêèìè ñîåäèíåíèÿìè, ðåàêöèÿ ñïèðòîâ ñ äèìåòèëêàðáîíàòîì è
äð. Ìàòåìàòè÷åñêîå îïèñàíèå õèìè÷åñêèõ ðåàêöèé íåîáõîäèìî äëÿ ïî-
ñòðîåíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé õèìè÷åñêîé êèíåòèêè, êîòîðûå íà-
çûâàþòñÿ êèíåòè÷åñêèìè ìîäåëÿìè. Êèíåòè÷åñêàÿ ìîäåëü ÿâëÿåòñÿ îñ-
íîâîé ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ õèìè÷åñêèõ ðåàêöèé è èñõîä-
íûì óðîâíåì ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè õèìè÷åñêèõ ðåàêòî-
ðîâ. Ïðè ðàçðàáîòêå êèíåòè÷åñêîé ìîäåëè ìíîãîñòàäèéíîé õèìè÷åñêîé
ðåàêöèè ðåøàåòñÿ îáðàòíàÿ çàäà÷à õèìè÷åñêîé êèíåòèêè (ÕÊ). Îáðàò-
íîé çàäà÷åé ÕÊ â îáùåì ñëó÷àå íàçûâàþò ïðîöåññ âûáîðà ìåõàíèç-
ìà ñëîæíîãî ïðîöåññà è îïðåäåëåíèå åãî êîëè÷åñòâåííûõ õàðàêòåðè-
ñòèê � êîíñòàíò ñêîðîñòè îäíîñòàäèéíûõ ðåàêöèé íà îñíîâå îïûòíûõ
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äàííûõ î äèíàìèêå ïðîòåêàíèÿ ïðîöåññà. Â ëàáîðàòîðèè ðàçðàáîòàíà
èíôîðìàöèîííî-àíàëèòè÷åñêàÿ ñèñòåìà îáðàòíûõ çàäà÷ õèìè÷åñêîé êè-
íåòèêè (ÈÀÑ ÎÇÕÊ), êîòîðàÿ âêëþ÷àåò â ñåáÿ: áàçû äàííûõ êèíåòè÷å-
ñêèõ èññëåäîâàíèé, ìåòîäû îáðàáîòêè êèíåòè÷åñêèõ êðèâûõ è ìåõàíèç-
ìîâ ñëîæíûõ õèìè÷åñêèõ ðåàêöèé [1].

Äàííàÿ ðàáîòà íàïðàâëåíà íà ïîïîëíåíèå áàíêà ìåòîäîâ ðåøå-
íèÿ îáðàòíûõ êèíåòè÷åñêèõ çàäà÷à ÈÀÑ ÎÇÊÕ ýâðèñòè÷åñêèìè ìåòî-
äîìè îïòèìèçàöèè. Ýâðèñòè÷åñêèå ìåòîäû îïòèìèçàöèè íàøëè øèðî-
êîå ðàñïðîñòðàíåíèå ïðè ðåøåíèè èíæåíåðíûõ îïòèìèçàöèîííûõ çàäà÷
â ðàçíûõ îáëàñòÿõ íàóêè è òåõíèêè, îäíàêî íà ñåãîäíÿøíèé äåíü äî-
ñòàòî÷íî ìàëîå êîëè÷åñòâî ðàáîò ïîñâÿùåíî ïðèìåíåíèþ ñîâðåìåííûõ
ýâðèñòè÷åñêèõ ìåòîäîâ ê çàäà÷àì ìîäåëèðîâàíèÿ ïðîìûøëåííûõ õèìè-
÷åñêèõ ïðîöåññîâ. Òàêèì îáðàçîì, ðåøåíèå îáðàòíûõ çàäà÷ õèìè÷åñêîé
êèíåòèêè ñîâðåìåííûìè ýâðèñòè÷åñêèìè ìåòîäàìè ÿâëÿåòñÿ àêòóàëüíîé
çàäà÷åé.

Ýâðèñòè÷åñêèìè àëãîðèòìàìè íàçûâàþò àëãîðèòìû, äëÿ êîòîðûõ
ñõîäèìîñòü ê ãëîáàëüíîìó ðåøåíèþ íå äîêàçàíà, íî ýêñïåðèìåíòàëüíî
óñòàíîâëåíî, ÷òî â áîëüøèíñòâå ñëó÷àåâ îíè äàþò äîñòàòî÷íî õîðîøåå
ðåøåíèå [2].

Íà äàííûé ìîìåíò áàíê àëãîðèòìîâ ýâðèñòè÷åñêèõ ìåòîäîâ âêëþ-
÷àåò â ñåáÿ ãåíåòè÷åñêèé àëãîðèòì, àëãîðèòì ãðàâèòàöèîííîãî ïîèñêà
è àëãîðèòì ãàðìîíè÷åñêîãî ïîèñêà. Ãåíåòè÷åñêèé àëãîðèòì (ÃÀ) � ýòî
ýâðèñòè÷åñêèé ìåòîäâ ïîèñêà, èìèòèðóþùèé ïðèíöèïû áèîëîãè÷åñêîé
àäàïòàöèè. Îí îñíîâàí íà òåîðèè Äàðâèíà î âûæèâàíèè íàèáîëåå ïðè-
ñïîñîáëåííûõ îñîáåé. Â ÃÀ êàíäèäàòû ðåøåíèé ÿâëÿþòñÿ èíäèâèäàìè â
ïîïóëÿöèè, êîòîðàÿ ýâîëþöèîíèðóåò ñî âðåìåíåì â çàðàíåå îïðåäåëåí-
íîé ñðåäå. Â íàñòîÿùåé ðàáîòå êàíäèäàòîì ðåøåíèÿ èëè èíäèâèäóóìîì
ÿâëÿåòñÿ íàáîð êèíåòè÷åñêèõ ïàðàìåòðîâ ïðè ðåøåíèè îáðàòíîé çàäà-
÷è õèìè÷åñêîé êèíåòèêè. Àëãîðèòì ãðàâèòàöèîííîãî ïîèñêà èñïîëüçóåò
àíàëîãèþ äâèæåíèÿ òÿæåëûõ òåë âñëåäñòâèå èõ ãðàâèòàöèîííîãî âçà-
èìîäåéñòâèÿ. Âñå îáúåêòû ïðèòÿãèâàþò äðóã äðóãà ïîñðåäñòâîì ñèëû
ãðàâèòàöèè, òåì ñàìûì ïîðîæäàÿ äâèæåíèå âñåé ñèñòåìû ê ñàìûì òÿæå-
ëûì îáúåêòàì.Êàæäîìó îáúåêòó ñîîòâåòñâóåò ïîëîæåíèå â ïðîñòðàíñòâå
è íåêîòîðàÿ ìàññà. Ïîëîæåíèå îáúåêòà ñîîòâåòñâóåò ðåøåíèþ (íàáîð
êèíåòè÷åñêèõ ïàðàìåòðîâ ðåàêöèè), à ìàññà îòðàæàåò íàñêîëüêî ðåøå-
íèå ÿâëÿåòñÿ áëèçêèì ê îïòèìàëüíîìó (íàñêîëüêî õîðîøî äàííûé íàáîð
ïàðàìåòðîâ îïèøåò ýêñïåðèìåíòàëüíûå äàííûå). Ãàðìîíè÷åñêèé ïîèñê
(ÃÏ) èíèöèèðîâàí ïðîöåññîì ïîèñêà ìóçûêàíòàìè ãàðìîíèè â ìóçûêå.
Ñèòóàöèè èäåàëüíîé ãàðìîíèè çâóêîâ àëãîðèòì ÃÏ ñòàâèò â ñîîòâåò-
ñòâèå ãëîáàëüíûé ýêñòðåìóì â çàäà÷å ìíîãîìåðíîé îïòèìèçàöèè, à ïðî-
öåññó èìïðîâèçàöèè ìóçûêàíòà � ïðîöåäóðó ïîèñêà ýòîãî ýêñòðåìóìà.

Îáúåêòàìè èññëåäîâàíèÿ â äàííîé ðàáîòå ÿâëÿþòñÿ ðÿä ïðîìûøëåííî-
âàæíûõ ïðîöåññîâ:
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• êàòàëèòè÷åñêàÿ èçîìåðèçàöèÿ ïåíòàí-ãåêñàíîâîé ôðàêöèè,

• ïðåä-ðèôîðìèíã óãëåâîäîðîäîâ â ñèíòåç-ãàç ñ âûñîêèì ñîäåðæàíè-
åì ìåòàíà,

• ñèíòåç ìåòèë-òðåò-áóòèëîâîãî ýôèðà,

• ñåðíîêèñëîå àëêèëèðîâàíèå èçîáóòàíà îëåôèíàìè.
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ÌÎÄÅËÈÐÎÂÀÍÈÅ ÍÅÑÒÀÖÈÎÍÀÐÍÛÕ ÑÏÅÊÒÐÎÂ
ÔËÓÎÐÅÑÖÅÍÖÈÈ ÌÎËÅÊÓË Â ÏÎËßÐÍÛÕ

ÐÀÑÒÂÎÐÈÒÅËßÕ
Åðìîëåíêî È.Ï., Ìèõàéëîâà Â.À., Èâàíîâ À.È.

Îïèñàíèå îïòè÷åñêîãî âîçáóæäåíèÿ ìîëåêóëû è àíàëèç äèíàìèêè âîçáóæ-
äåííîãî ñîñòîÿíèÿ ïðåäñòàâëÿåò íåìàëûé íàó÷íûé èíòåðåñ. Äëÿ ìîäåëèðîâà-
íèÿ ñïåêòðàëüíîé äèíàìèêè â ðåàëüíûõ ñèñòåìàõ ìîæíî îïèðàòüñÿ íà õîðîøî
ðàçâèòóþ è óñïåøíî ïðèìåíÿåìóþ òåîðèþ ñïåêòðîñêîïèè ñ âðåìåííûì ðàç-
ðåøåíèåì [1]. Ñîâðåìåííûå ìåòîäû ìîäåëèðîâàíèÿ ñïåêòðîâ íåñòàöèîíàðíîé
ôëóîðåñöåíöèè îñíîâàíû íà ïðèìåíåíèè ïðîñòûõ ôóíêöèîíàëüíûõ çàâèñèìî-
ñòåé [2]. Îíè íå âêëþ÷àþò â ñåáÿ êàêèå-ëèáî õàðàêòåðèñòèêè ôèçè÷åñêîãî ïðî-
öåññà (ëîãíîðìàëüíîå ðàñïðåäåëåíèå, ïåðâûé è âòîðîé êîððåëÿöèîííûå ìîìåí-
òû). Òàêîé ïîäõîä ê ìîäåëèðîâàíèþ ñïåêòðàëüíîé äèíàìèêè çàòðóäíÿåò ðàçäå-
ëåíèå ýôôåêòîâ âíóòðèìîëåêóëÿðíîé êîëåáàòåëüíîé ðåëàêñàöèè è ðåëàêñàöèè
ðàñòâîðèòåëÿ â äèíàìèêå ñòîêñîâà ñäâèãà. Êàê ñëåäñòâèå, ïîäãîíêà áåç òàêî-
ãî ðàçäåëåíèÿ ìîæåò ïðèâåñòè ê íåïðàâèëüíûì îöåíêàì âðåìåí ðåëàêñàöèè
ðàñòâîðèòåëÿ.

Ñâåðõáûñòðûå ôîòîõèìè÷åñêèå ðåàêöèè ïåðåíîñà çàðÿäà, èíèöèèðóåìûå
êîðîòêèì ëàçåðíûì èìïóëüñîì (ñ íåñóùåé ÷àñòîòîé ωe è äëèòåëüíîñòüþ τe),
ïðîòåêàþò âî âðåìÿ ðåëàêñàöèè ðàñòâîðèòåëÿ. Ñðàçó ïîñëå ôîòîâîçáóæäå-
íèÿ, ôîðìèðóåòñÿ ñîñòîÿíèå Ôðàíêà-Êîíäîíà ñ íåðàâíîâåñíîé êîíôèãóðàöèåé
ÿäåðíîé ïîäñèñòåìû. Â ðàáîòå [3] â ðàìêàõ ñïèí-áîçîííîé ìîäåëè ïîëó÷åíî

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 20-53-00021).
Åðìîëåíêî È.Ï., Ìèõàéëîâà Â.À., Èâàíîâ À.È., Âîëãîãðàäñêèé ãîñóäàðñòâåííûé

óíèâåðñèòåò, ã. Âîëãîãðàä, Ðîññèÿ
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îáùåå àíàëèòè÷åñêîå âûðàæåíèå äëÿ íåñòàöèîíàðíûõ ñïåêòðîâ ôëóîðåñöåí-
öèè ìîëåêóëÿðíûõ ñèñòåì, ó÷èòûâàþùåå ðåîðãàíèçàöèþ ðåëàêñàöèîííûõ ìîä
è âûñîêî÷àñòîòíûõ âíóòðèìîëåêóëÿðíûõ êîëåáàíèé. Â îòñóòñòâèè ïîñëåäíèõ
åãî ìîæíî çàïèñàòü â âèäå:

I(ω, t) ∼ ω3Z−1e

∫ t

−∞
dξ exp

{
− [y1(ω)− 2ErmX(t)]

2

2b
− 2ξ2

τ2e
− ~2δω2

e(t)

2σ2
e(t)

}
(1)

Çäåñü ~ � ïîñòîÿííàÿ Ïëàíêà, kB � ïîñòîÿííàÿ Áîëüöìàíà T � òåìïåðàòóðà,
∆G � ïàðàìåòð ýêçåðãîíè÷íîñòè ðåàêöèè, Erm � ýíåðãèÿ ðåîðãàíèçàöèè ñðåäû,

σ2
e(t) = b

[
1−X2(t)

]
+ ~2τ−2e , b = 2EmkBT

Ze = τe

√
π2b

(
b+ ~2τ−2e

)−1
exp

{
−y21 (ωe)

(
2b+ 2~2τ−2e

)−1}
íîðìèðîâî÷íûé ìíîæèòåëü, y1(ω) = ~ω+∆G−Erm, ~δωe(t) = y1 (ωe)−y1(ω)X(t)+
2ErmX(t)2 è

X(t) = (πEmm)
−1
∫ ∞
0

(J(ω)/ω) cosωtdω

- àâòîêîðåëëÿöèîííàÿ ôóíêöèÿ ñðåäû.
Ñïåêòðàëüíàÿ ïëîòíîñòü J(ω) = x1JD(ω) +x2JG(ω) ñëàãàåòñÿ èç äâóõ êîì-

ïîíåíò, âêëàä êîòîðûõ ðåãóëèðóåòñÿ âåñîâûìè êîýôôèöèåíòàìè xi. Äëÿ îïèñà-
íèÿ ôëóêòóàöèè ïîëÿðèçàöèè ñðåäû ïðèìåíÿåòñÿ Äåáàåâñêàÿ ìîäåëü [4] JD(ω) =

2ErmτDω
(
1 + ω2τ2D

)−1
. Äëÿ îïèñàíèÿ íàèáîëåå áûñòðîé ðåëàêñàöèè, ñâÿçàííîé

ñ èíåðöèîííûì äâèæåíèåì ïîëÿðíûõ ìîëåêóë ðàñòâîðèòåëÿ, èñïîëüçóåòñÿ ìî-
äåëü Ãàóññà [2]: JG(ω) =

√
2πτGErmω exp

(
−ω2τ2G

)
. ÇäåñüτD è τG �ñîîòâåòñòâóþùèå

âðåìåíà ðåëàêñàöèè.
Âûðàæåíèå (1) îïèñûâàåò äèíàìèêó ñïåêòðîâ èçëó÷åíèÿ ìîëåêóëÿðíûõ ñè-

ñòåì â ïîëÿðíîì ðàñòâîðèòåëå. Âñÿ ñèñòåìà ïåðåâîäèòñÿ â âîçáóæäåííîå ñîñòî-
ÿíèå èìïóëüñîì íàêà÷êè, çàòåì, ñ ïîìîùüþ çîíäèðóþùèõ èìïóëüñîâ â ðàçíûå
ìîìåíòû âðåìåíè t (âðåìÿ çàäåðæêè), ìîæíî ïîëó÷èòü ñïåêòðû èçëó÷åíèÿ è
ïîãëîùåíèÿ è èññëåäîâàòü äèíàìè÷åñêèå ïðîöåññû, ïðîèñõîäÿùèå â ñèñòåìå.
Íà ðèñ. 1 ïîêàçàíà äèíàìèêà ìàêñèìóìà ñïåêòðà ôëóîðåñöåíöèè âäîëü êîîð-
äèíàòû ðåàêöèè äëÿ ðàçíûõ íàáîðîâ âåñîâ x1 è x2.

Èñïîëüçóÿ â êà÷åñòâå ñâîáîäíûõ ïàðàìåòðîâ âåñîâûå êîýôôèöèåíòû, ìîæ-
íî ðåãóëèðîâàòü âêëàä ðàçëè÷íûõ ìîä, ÷òî ðàñøèðÿåò îáëàñòü ïðèìåíèìîñòè
ìîäåëè íà ñëîæíûå ìíîãîðåæèìíûå ïðîöåññû. Ýíåðãåòè÷åñêèå è ðåëàêñàöèîí-
íûå õàðàêòåðèñòèêàìè ñðåäû, ïîëó÷åííûå èç ôèòèíãà ýìïèðè÷åñêèõ äàííûõ,

187



ïîçâîëÿò ìîäåëèðîâàòü õîä ðåàêöèè ïåðåíîñà çàðÿäà íà ìàñøòàáàõ íåäîñòóï-
íûõ äëÿ ýêñïåðèìåíòà.
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Ðàçðàáîòêà ýôôåêòèâíîé òåõíîëîãèè ïîëó÷åíèÿ ðåàêòèâíûõ òîïëèâ
äëÿ ñâåðõçâóêîâîé àâèàöèè ÿâëÿåòñÿ ïåðñïåêòèâíîé çàäà÷åé. Îäíèì èç
âàðèàíòîâ òàêîé òåõíîëîãèè ÿâëÿåòñÿ ãèäðèðîâàíèå ïîëèöèêëè÷åñêèõ
àðîìàòè÷åñêèõ óãëåâîäîðîäîâ [1]. Àêòóàëüíîé ÿâëÿåòñÿ ðàçðàáîòêà äå-
òàëèçèðîâàííîé êèíåòè÷åñêîé ìîäåëè ïðîöåññà ãèäðèðîâàíèÿ ïîëèöèê-
ëè÷åñêèõ àðîìàòè÷åñêèõ (äåàðîìàòèçàöèè) óãëåâîäîðîäîâ ñ ó÷åòîì âñåõ
íåîáõîäèìûõ ïîêàçàòåëåé, âûäåëåíèåì ñòàäèé è êèíåòè÷åñêèõ ïàðàìåò-
ðîâ, âåäóùèõ ê îáðàçîâàíèþ íàôòåíîâ. Ïîñëåäóþùàÿ ðàçðàáîòêà ìå-
òîäèêè ìíîãîêðèòåðèàëüíîé îïòèìèçàöèè (ÌÊÎ) ïðîöåññà äåàðîìàòè-
çàöèè íà îñíîâå êèíåòè÷åñêîé ìîäåëè, ïîçâîëèò îïðåäåëÿòü íàèëó÷øèå
óñëîâèÿ ïðîâåäåíèÿ, â çàâèñèìîñòè îò êðèòåðèåâ îïòèìàëüíîñòè (íàïðè-
ìåð, äëÿ áîëåå ãëóáîêîãî ãèäðèðîâàíèÿ � ïîëíîãî íàñûùåíèÿ) [2]. Òàêæå
ïðèìåíåíèå ðàçðàáîòàííîé êèíåòè÷åñêîé ìîäåëè âîçìîæíî è äëÿ äðóãèõ
ïðîìûøëåííûõ çàäà÷ (ðàñ÷åò íåîáõîäèìîãî êîëè÷åñòâà êàòàëèçàòîðà è
ãàáàðèòîâ ðåàêòîðà).

Öåëåâàÿ ðåàêöèÿ ïðîöåññà ãèäðèðîâàíèÿ íàôòàëèíîâûõ óãëåâîäîðî-
äîâ ïðèâåäåíà íèæå íà ñõåìå.

Ðåàêöèÿ ïðîòåêàåò â ïðèñóòñòâèè êàòàëèçàòîðà, îáëàäàþùåãî ãèä-
ðèðóþùåé ôóíêöèåé. Ê òàêèì êàòàëèçàòîðàì îòíîñÿòñÿ ìåòàëëû VIII
ãðóïïû (ïëàòèíà, ïàëëàäèé, íèêåëü, êîáàëüò è ò.ä.). Â íàøåì ñëó÷àå
áûë âçÿò - êàòàëèçàòîð íèêåëü íà êèçåëüãóðå.

Ãèäðèðîâàíèå íàôòàëèíà ïðîõîäèò ÷åðåç 2 ñòàäèè. Â ðåçóëüòàòå ïåð-
âîé ñòàäèè îáðàçóåòñÿ òåòðàëèí � ïðîäóêò íåïîëíîãî ãèäðèðîâàíèÿ íàô-
òàëèíà, â ðåçóëüòàòå âòîðîé ñòàäèè � äåêàëèí � öåëåâîé êîìïîíåíò âûñî-
êîïëîòíîãî ðåàêòèâíîãî òîïëèâà. Êàê ïîêàçûâàþò èññëåäîâàíèÿ, ëèìè-
òèðóþùåé ñòàäèåé ãèäðèðîâàíèÿ íàôòàëèíà äî äåêàëèíà ÿâëÿåòñÿ âòî-
ðàÿ ñòàäèÿ [3]. Ïðîâåäåíà äåòàëèçàöèÿ ñõåìû õèìè÷åñêèõ ïðåâðàùåíèé
ñ ó÷åòîì ïðîìåæóòî÷íûõ ñòàäèé ðåàêöèè ãèäðèðîâàíèÿ ñûðüÿ, ñîäåð-
æàùèõ àðîìàòè÷åñêèå óãëåâîäîðîäû (ïîëè-, è ìîíîöèêëè÷åñêèå). Äëÿ
ìîäåëèðîâàíèÿ êèíåòèêè ïðîöåññà ïðèìåíåíî ìàòåìàòè÷åñêîå îïèñàíèå
íà îñíîâå çàêîíà äåéñòâóþùèõ ìàññ, ÷òî ïðåäñòàâëÿåò ñîáîé ñèñòåìó
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ íà÷àëüíûìè äàííûìè [4].

dxi
dt

=
J∑
j=1

νijwj(kj , xi), i = 1, ...I; kj = kj(k
0
j , Ej , T ), (1)

Ñ íà÷àëüíûìè óñëîâèÿìè: ïðè t = 0, xi(0) = x0
i ; ãäå t � âðåìÿ, ìèí;

(vij) � ñòåõèîìåòðè÷åñêèå êîýôôèöèåíòû; J � êîëè÷åñòâî ñòàäèé, xi �
êîíöåíòðàöèè âåùåñòâ ó÷àñòâóþùèõ â ðåàêöèè, ìîëü/ë; I � êîëè÷åñòâî
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âåùåñòâ; wj � ñêîðîñòü j-îé ñòàäèè, 1/ìèí; kj � êîíñòàíòû ñêîðîñòåé ñòà-
äèé (ïðèâåäåííûå), 1/ìèí; Ej , � ýíåðãèè àêòèâàöèè ñòàäèé, êêàë/ìîëü;
T � òåìïåðàòóðà, K; k0

j � ïðåäýêñïîíåíöèàëüíûå ìíîæèòåëè, 1/ìèí. Ðå-
øåíèå ñèñòåìû óðàâíåíèé (1) ïðåäñòàâëÿåò ñîáîé ïðÿìóþ êèíåòè÷åñêóþ
çàäà÷ó. Äëÿ âîññòàíîâëåíèÿ êèíåòè÷åñêèõ ïàðàìåòðîâ ïðîöåññà äåàðî-
ìàòèçàöèè áóäåò ðåøåíà îáðàòíàÿ êèíåòè÷åñêàÿ çàäà÷à íà îñíîâå ýêñ-
ïåðèìåíòàëüíûõ äàííûõ [5]. Äåòàëüíî êèíåòèêà ðåàêöèè èññëåäóåòñÿ íà
îñíîâå ýêñïåðèìåíòàëüíûõ äàííûõ ïîñðåäñòâîì ïîñòðîåíèÿ ìàòåìàòè-
÷åñêîé ìîäåëè â ïðîãðàììå MatLab. Òàêèì îáðàçîì, ðàçðàáàòûâàåìàÿ
êèíåòè÷åñêàÿ ìîäåëü áóäåò ÿâëÿòüñÿ îñíîâîé îïðåäåëåíèÿ îïòèìàëüíûõ
óñëîâèé ðåàêöèè ãèäðèðîâàíèÿ ïîëèöèêëè÷åñêèõ àðîìàòè÷åñêèõ óãëå-
âîäîðîäîâ.
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Â äàííîé ðàáîòå ïðåäñòàâëåí ïëàí ïî ðàçðàáîòêå ìàòåìàòè÷åñêîé
ìîäåëè îñíîâíîãî ïîêàçàòåëÿ êà÷åñòâà àâòîìîáèëüíûõ áåíçèíîâ,òàêîãî
êàê îêòàíîâîå ÷èñëî. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ÿâëÿåòñÿ îï-
òèìàëüíûì ñïîñîáîì ïîâûøåíèÿ ýôôåêòèâíîñòè ïðîöåññà êàòàëè-
òè÷åñêîãî ðèôîðìèíãà. Íà îñíîâå äàííûõ õðîìàòîãðàìì ñûðüÿ è
ïðîäóêòîâ ïðîöåññà êàòàëèòè÷åñêîãî ðèôîðìèíãà ñîçäàíà áàçà äàí-
íûõ èíäèâèäóàëüíûõ óãëåâîäîðîäîâ ñ òàêèìè õàðàêòåðèñòèêàìè,
êàê îêòàíîâûå ÷èñëà ïî ìîòîðíîìó è èññëåäîâàòåëüñêîìó ìåòîäàì,
êîëè÷åñòâî àòîìîâ óãëåðîäà, êëàññ óãëåâîäîðîäîâ.

Êëþ÷åâûå ñëîâà: îêòàíîâîå ÷èñëî, êàòàëèòè÷åñêèé ðèôîðìèíã, ìà-
òåìàòè÷åñêîå ìîäåëèðîâàíèå

Development of a mathematical description of the octane
number of catalytic reforming gasolines with group kinetics

This paper presents a plan for the development of a mathematical model
of the main indicator of the quality of motor gasoline, such as octane
number. Mathematical modeling is the best way to imrove the effi-
ciency of the catalytic reforming process. Based on the data of chro-
matograms of raw materals and products of the catalytic reforming
process, a database of individual hydrocarbons was created with such
characteristics as octane numbers by engine and research methods, the
number of carbon elements, classes of hydrocarbons.

Keywords: octane number, catalytic reforming, math modeling
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âàæíóþ çàäà÷ó îïòèìèçèðîâàíèÿ êàòàëèòè÷åñêîãî ðèôîðìèíãà áåíçèíà
äëÿ óâåëè÷åíèÿ ðåñóðñîâ ðèôîðìàòà ñ âûñîêèì îêòàíîâûì ÷èñëîì. Âàæ-
íåéøåé õàðàêòåðèñòèêîé òîïëèâ äëÿ äâèãàòåëåé ñ èñêðîâûì çàæèãàíèåì
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ÿâëÿåòñÿ îêòàíîâîå ÷èñëî, ïîñêîëüêó èìåííî ýòîò ïîêàçàòåëü õàðàêòå-
ðèçóåò óñòîé÷èâîñòü ñìåñè ãîðþ÷åãî ñ âîçäóõîì ê äåòîíàöèè (âçðûâíî-
ìó ñãîðàíèþ â öèëèíäðå) è, êàê ñëåäñòâèå, ñïîñîáíîñòü òîïëèâà îáåñïå-
÷èâàòü ðàáîòó äâèãàòåëÿ ïðè âûñîêèõ ñòåïåíÿõ ñæàòèÿ. Î çíà÷èìîñòè
îêòàíîâîãî ÷èñëà ãîâîðèò òîò ôàêò, ÷òî îêòàíîâîå ÷èñëî âûíîñèòñÿ â
íàçâàíèå ìàðêè áåíçèíà, è èìåííî îíî â áîëüøèíñòâå ñëó÷àåâ îïðåäå-
ëÿåò öåíó ïîñëåäíåãî. Íàèáîëåå îïòèìàëüíûì è èííîâàöèîííûì ñïîñî-
áîì ïîâûøåíèÿ ýôôåêòèâíîñòè ïðîöåññà êàòàëèòè÷åñêîãî ðèôîðìèíãà
ÿâëÿåòñÿ ñîçäàíèå ìàòåìàòè÷åñêèõ è êîìïüþòåðíûõ ìîäåëåé ïðîöåññà
êàòàëèòè÷åñêîãî ðèôîðìèãà. Ñëîæíîñòü ïðè ðàñ÷åòå îêòàíîâîãî ÷èñ-
ëà áåíçèíîâ îñëîæíÿåòñÿ òåì, ÷òî ñîâðåìåííûå àâòîìîáèëüíûå áåíçè-
íû ïðåäñòàâëÿþò ñìåñè êîìïîíåíòîâ, ïîëó÷àåìûõ ðàçëè÷íûìè òåõíî-
ëîãè÷åñêèìè ïðîöåññàìè. Â áåíçèíàõ â çàâèñèìîñòè îò óãëåâîäîðîäíîãî
ñîñòàâà ñûðüÿ è òåõíîëîãèè ñèíòåçà ìîæåò ñîäåðæàòüñÿ ñâûøå 300 èíäè-
âèäóàëüíûõ óãëåâîäîðîäîâ ðàçëè÷íîãî ñòðîåíèÿ, ñîäåðæàíèå êîòîðûõ,
à òàêæå âçàèìîäåéñòâèå ìåæäó ñîáîé îïðåäåëÿþò ñâîéñòâà áåíçèíà.

Öåëüþ ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà ìàòåìàòè÷åñêîé ìîäåëè ðàñ÷åòà
îêòàíîâîãî ÷èñëà áåíçèíîâ êàòàëèòè÷åñêîãî ðèôîðìèíãà ñ ãðóïïîâîé êè-
íåòèêîé, êîòîðàÿ áóäåò ñïîñîáíà îïèñûâàòü äèíàìèêó èçìåíåíèÿ Î× ïî
ìåðå ïðîâåäåíèÿ ïðîöåññà. Ðàçðàáîòêà ìàòåìàòè÷åñêîãî îïèñàíèÿ ðàñ÷å-
òà îêòàíîâîãî ÷èñëà áåíçèíîâ äëÿ ìîäåëåé êàòàëèòè÷åñêîãî ðèôîðìèí-
ãà ñ ãðóïïîâîé êèíåòèêîé, êîòîðàÿ áóäåò ñïîñîáíà îïèñûâàòü äèíàìèêó
èçìåíåíèÿ îêòàíîâîãî ÷èñëà ïî ìåðå ïðîòåêàíèÿ ïðîöåññà, ïîçâîëèò èñ-
ïîëüçîâàòü äàííóþ ìàòåìàòè÷åñêóþ ìîäåëü äëÿ îïòèìèçàöèè ïðîöåññà
è ñîêðàòèòü âûñîêèå çàòðàòû íà îïðåäåëåíèå îêòàíîâîãî ÷èñëà áåíçèíà
ñòàíäàðòíûì ìåòîäîì íà íåôòåïåðåðàáàòûâàþùåì çàâîäå.

Çàäà÷àìè èññëåäîâàòåëüñêîé ðàáîòû ÿâëÿþòñÿ:

• ñîçäàíèå áàçû äàííûõ èíäèâèäóàëüíûõ óãëåâîäîðîäîâ, âõîäÿùèõ
â ñîñòàâ áåíçèíîâ, íà îñíîâå èñõîäíûõ õðîìàòîãðàìì;

• îïðåäåëåíèå êðèòåðèåâ ãðóïïèðîâêè èíäèâèäóàëüíûõ óãëåâîäîðî-
äîâ;

• íàïèñàíèå êîìïüþòåðíîé ïðîãðàììû äëÿ ðàñ÷åòà îêòàíîâîãî ÷èñëà
áåíçèíîâ ïî çàäàííûì ãðóïïèðîâêàì;

• ðàçðàáîòêà ìàòåìàòè÷åñêîãî óðàâíåíèÿ, àäåêâàòíî îïèñûâàþùå-
ãî îêòàíîâîå ÷èñëî áåíçèíà íà ïðîòÿæåíèè âñåãî ïðîöåññà îò èñõîäíîãî
ñûðüÿ äî êîíå÷íûõ ïðîäóêòîâ ïðè ðàçëè÷íûõ ñïîñîáàõ ãðóïïèðîâêè èí-
äèâèäóàëüíûõ óãëåâîäîðîäîâ.

Ðàçðàáîòàííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïîçâîëèò ðàññ÷èòûâàòü îê-
òàíîâîå ÷èñëî áåíçèíîâ êàòàëèòè÷åñêîãî ðèôîðìèíãà ïðèìåíèòåëüíî ê
ìîäåëÿì ïðîöåññà, êîòîðûå îáëàäàþò òîëüêî äàííûìè ñîñòàâîâ ãðóïïî-
âûõ êîìïîíåíòîâ.
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ÓÄÊ 004.852

Â ñòàòüå ïðåäñòàâëåíû ðåçóëüòàòû ðàáîòû àëãîðèòìîâ ìàøèííîãî
îáó÷åíèÿ íà îñíîâàíèè ãðàäèåíòíîãî áóñòèíãà. Îáó÷åíèÿ ìåòîäîâ
ïðîâîäèëèñü ñ èñïîëüçîâàíèåì ðàçðàáîòàííîãî ïðîãðàììíîãî ïàêå-
òà íà ÿçûêå Python. Â ðàáîòå ïðåäñòàâëåíû òî÷íîñòè ïðåäñêàçàíèÿ
àêóñòè÷åñêîãî è ïëîòíîñòîãî êàðîòàæà íà îñíîâå äðóãîé èìåþùåéñÿ
ñêâàæèííîé èíôîðìàöèè ÷åòûðåõ ìåòîäîâ ìàøèííîãî îáó÷åíèÿ.

Êëþ÷åâûå ñëîâà: êàðîòàæ, ìàøèííîå îáó÷åíèå, ãðàäèåíòíûé áó-
ñòèíã, ìåòðèêà, ñêâàæèííàÿ èíôîðìàöèÿ.

Recovery of logging curves using machine learning methods

The article presents the results of machine learning algorithms based
on gradient boosting. Training methods were conducted using a devel-
oped software package in Python. The paper presents the accuracy of
predicting acoustic and density logging based on other available well
information using four machine learning methods.

Keywords: logging, machine learning, gradient boosting, metrics, well
information.

Â äîêëàäå ðàññìàòðèâàþòñÿ àëãîðèòìû ìàøèííîãî îáó÷åíèÿ äëÿ âîñ-
ñòàíîâëåíèÿ êðèâûõ àêóñòè÷åñêîãî è ïëîòíîñòíîãî êàðîòàæà, íà îñíîâå
äðóãîé èìåþùåéñÿ ñêâàæèííîé èíôîðìàöèè.

Êàðîòàæ � ïîëíàÿ çàïèñü èíôîðìàöèè, ïîëó÷åííîé âî âðåìÿ ãåîôè-
çè÷åñêèõ èññëåäîâàíèé ñêâàæèíû. Òàêàÿ èíôîðìàöèÿ äà¼ò âîçìîæíîñòü
ïîñòðîèòü ïîëíóþ êàðòèíó ãåîëîãè÷åñêîãî ðàçðåçà, ïðîéäåííîãî äàííîé

Çàðèïîâà Ýëèçà Àëüáåðòîâíà, ñòóäåíò ÓÃÍÒÓ (Óôà, Ðîññèÿ); Eliza Zaripova
(USPTU, Ufa, Russia)

Åíèêååâ Ìàðàò Ðóñòåìîâè÷, ïðåïîäàâàòåëü ÓÃÍÒÓ (Óôà, Ðîññèÿ); Marat Enikeev
(USPTU, Ufa, Russia)
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ñêâàæèíîé ïðè áóðåíèè. Âûáîð èìåííî ýòèõ êàðîòàæåé îáîñíîâûâàåòñÿ
òåì, ÷òî íà èõ îñíîâå ìîæíî ïðåäñêàçàòü ëèòîëîãèþ ïëàñòà.

Â ñòàòèñòèêå õîðîøî èçâåñòíî èíòóèòèâíîå ñîîáðàæåíèå, ñîãëàñíî
êîòîðîìó óñðåäíåíèå ðåçóëüòàòîâ íàáëþäåíèé ìîæåò äàòü áîëåå óñòîé-
÷èâóþ è íàäåæíóþ îöåíêó, ïîñêîëüêó îñëàáëÿåòñÿ âëèÿíèå ñëó÷àéíûõ
îòêëîíåíèé â îòäåëüíîì èçìåðåíèè. Íà àíàëîãè÷íîé èäåå áûëî îñíî-
âàíî ðàçâèòèå àëãîðèòìîâ êîìáèíèðîâàíèÿ ìîäåëåé, â ðåçóëüòàòå ÷åãî
ïîñòðîåíèå èõ àíñàìáëåé îêàçàëîñü îäíèì èç ñàìûõ ìîùíûõ ìåòîäîâ
ìàøèííîãî îáó÷åíèÿ, íåðåäêî ïðåâîñõîäÿùèì ïî êà÷åñòâó ïðåäñêàçàíèé
äðóãèå ìåòîäû.

Ìåòîäîì óëó÷øåíèÿ ïðåäñêàçàíèé ÿâëÿåòñÿ áóñòèíã (boosting), èäåÿ
êîòîðîãî çàêëþ÷àåòñÿ â èòåðàòèâíîì ïðîöåññå ïîñëåäîâàòåëüíîãî ïî-
ñòðîåíèÿ ÷àñòíûõ ìîäåëåé. Êàæäàÿ íîâàÿ ìîäåëü îáó÷àåòñÿ ñ èñïîëüçî-
âàíèåì èíôîðìàöèè îá îøèáêàõ, ñäåëàííûõ íà ïðåäûäóùåì ýòàïå, à ðå-
çóëüòèðóþùàÿ ôóíêöèÿ ïðåäñòàâëÿåò ñîáîé ëèíåéíóþ êîìáèíàöèþ âñå-
ãî àíñàìáëÿ ìîäåëåé ñ ó÷åòîì ìèíèìèçàöèè ëþáîé øòðàôíîé ôóíêöèè.

Ñòàòüÿ ïîñâÿùåíà àíàëèçó ðàáîòû ÷åòûðåõ ìåòîäîâ ðåàëèçàöèè àë-
ãîðèòìà ãðàäèåíòíîãî áóñòèíãà äëÿ çàäà÷è âîññòàíîâëåíèÿ êàðîòàæíûõ
êðèâûõ.

Ïðîöåäóðà âîññòàíîâëåíèÿ êàðîòàæíûõ êðèâûõ çàêëþ÷àåòñÿ:
1. Çàãðóçêà è ïîäãîòîâêà äàííûõ,
2. Âû÷èñëåíèå êîððåëÿöèîííîé ìàòðèöû,
3. Íîðìàëèçàöèÿ êðèâûõ,
4. Ñîçäàíèå òðåíèðîâî÷íîé è òåñòîâîé âûáîðîê äëÿ âàëèäàöèè ïîëó-

÷àåìîãî ðåøåíèÿ,
5. Îáó÷åíèå GradientBoostingRegressor(), GridSearchCV(),
6. Îáó÷åíèå LGBMRegressor(), GridSearchCV(),
7. Îáó÷åíèå XGBoostRegressor(), GridSearchCV(),
8. Îáó÷åíèå CatBoostRegressor(), GridSearchCV(),
9. Ðàñ÷åò ìåòðèê è îöåíêà ðåçóëüòàòà,
10. Àíàëèç ïîëó÷åííûõ ðåçóëüòàòîâ.
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ÓÐÀÂÍÅÍÈÉ ÐÅÀÊÖÈß-ÄÈÔÔÓÇÈß Ñ ÄÂÓÌÅÐÍÛÌ

ÂÈÍÅÐÎÂÑÊÈÌ ÏÐÎÖÅÑÑÎÌ
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ÓÄÊ 519.2

Ïðåäëîæåí ñïîñîá ïîñòðîåíèÿ àíàëèòè÷åñêîãî ðåøåíèÿ äëÿ îäíî-
ãî êëàññà óðàâíåíèé ðåàêöèÿ-äèôôóçèÿ ñ äâóìåðíûì âèíåðîâñêèì
ïðîöåññîì.

Êëþ÷åâûå ñëîâà: ñèñòåìû ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé, óðàâíåíèÿ ðåàêöèÿ-äèôôóçèÿ, àíàëèòè÷åñêèå ðåøåíèÿ,âèíå-
ðîâñêèé ïðîöåññ.

On the construction of analytical solutions of
reaction-diffusion equations with a two-dimensional Wiener

process.

A method for constructing an analytical solution for a class of reaction-
diffusion equations with a two-dimensional Wiener process is proposed.

Keywords: systems of stochastic differential equations, reaction-diffu-
sion equations, analytical solutions,Wiener process.

Ðåøàåòñÿ ñëåäóþùàÿ çàäà÷à:{
u1 − u10 =

∫ t
0 (u1xx + f1) ds+

∫ t
0 g11 ∗ dW1(s) +

∫ t
0 g12 ∗ dW2(s),

u2 − u10 =
∫ t

0 (u2xx + f2) ds+
∫ t

0 g21 ∗ dW1(s) +
∫ t

0 g22 ∗ dW2(s),
(1)

ãäå ui = ui(x, t), fi = fi(t, x, u1, u2), i = 1, 2, a ôóíêöèè gij îïðåäåëÿ-
þòñÿ ñëåäóþùèì îáðàçîì:

g11 = g11(x, t, u2), g12 = g12(x, t, u2),

g21 = g21(x, t, u1), g22 = g22(x, t, u1).

Äàííàÿ ñèñòåìà áóäåò ðåøàòüñÿ ìåòîäîì, ïðåäëîæåííûì â ðàáîòå [1].
Â ðàáîòå ïîêàçûâàåòñÿ, ÷òî ðåøåíèå ñòîõàñòè÷åñêîé ñèñòåìû (1) ìîæ-
íî ïîëó÷èòü, ðåøèâ íåñêîëüêèõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé,
êîòîðûå óæå íå ñîäåðæàò ñòîõàñòè÷åñêèõ èíòåãðàëîâ ïî âèíåðîâñêîìó
ïðîöåññó.

Áóäåì èñêàòü ðåøåíèå ñèñòåìû (1) â âèäå{
u1(x, t) = φ1(x, t,W1(t),W2(t)),

u2(x, t) = φ2(x, t,W1(t),W2(t)).
(2)

Çàðÿíîâ Àðòåì Àëåêñàíäðîâè÷, ñòóäåíò, ÓÃÀÒÓ(Óôà, Ðîññèÿ); Zaryanov Artem
Aleksandrovich (USATU, Ufa, Russia).
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Ñòðîèì öåïî÷êó óðàâíåíèé, èñïîëüçóÿ (2):{
φ1v1(x, t, v1, v2) = g11(x, t, v2),

φ1v1(x, t, v1, v2) = g12(x, t, v2),
(3)

{
φ1v2(x, t, v1, v2) = g21(x, t, v1),

φ2v2(x, t, v1, v2) = g22(x, t, v1),
(4)

{
φ1(x, t, v1, v2)t|v1=W1(t),v2=W2(t) = φ1xx(x, t,W1(t),W2(t)) + f1(φ1, φ2),

φ2(x, t, v1, v2)t|v1=W1(t),v2=W2(t) = φ2xx(x, t,W1(t),W2(t)) + f2(φ1, φ2).

(5)

Ñèñòåìû (3) è (4) èíòåãðèðóþòñÿ òðèâèàëüíî. Ðåøåíèå ñèñòåìû (3)
ïîäñòàâëÿåì â ñèñòåìó (4) è ðåøèâ å¼ ïîëó÷àåì ðåøåíèÿ{

φ1(x, t, v1, v2) = g11v1 + g12v2 + C1(x, t),

φ2(x, t, v1, v2) = g21v1 + g22v2 + C2(x, t).
(6)

Äëÿ îïðåäåëåíèÿ ïðîèçâîëüíûõ ïîñòîÿííûõ C1(x, t) = C1 è C2(x, t) =
C2 ïîäñòàâèì ðåøåíèå (6) â ñèñòåìó (5). Ïîñëå àëãåáðàè÷åñêèõ ïðåîá-
ðàçîâàíèé ïîëó÷àåì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ{

C1t = C1xx +W1(g11xx − g11t) +W2(g12xx − g12t)f1(t, x, φ1, φ2),

C2t = C2xx +W1(g21xx − g21t) +W2(g22xx − g22t)f2(t, x, φ1, φ2),
(7)

êîòîðóþ ìîæíî çàïèñàòü â ìàòðè÷íîì âèäå ñëåäóþùèì îáðàçîì

Ñt = Ñxx+ ∆GW+ F,

ãäå Ñ = (C1, C2)T , W = (W1(t),W2(t))T , F = (f1, f2)T , ∆G =
(gtij − gxxij)|i,j=1,2.

Ïóñòü ∆G = 0, òî åñòü ôóíêöèè gij äîëæíû óäîâëåòâîðÿòü îäíîìåð-
íîìó óðàâíåíèþ òåïëîïðîâîäíîñòè, òîãäà, âîñïîëüçîâàâøèñü òåì, ÷òî
äëÿ òàêîé ñèñòåìû (7) ñóùåñòâóþò àíàëèòè÷åñêèå ðåøåíèÿ, íàïðèìåð
ïðè

f1 = f2 =
(u1 + u2)2

4
− (u1 + u2 − 2W ))

4
− u1u2, (8)

ïîëó÷àåì, ÷òî è èñõîäíàÿ ñèñòåìà (1) ïðè óñëîâèè ∆G = 0 è (8) èìååò
àíàëèòè÷åñêîå ðåøåíèå

C1(x, t) = 1
4

[
1 + th

(√
1
24

(
x+ 5

√
1
6 t
))]

,

u1(x, t) = g11W1(t) + g12W1(t) + C1(x, t),

u2(x, t) = g21W1(t) + g22W2(t) + 1− C1(x, t).
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Òàêèì îáðàçîì, íàéäåíû óñëîâèÿ, ïðè êîòîðûõ ñèñòåìà (1) èìååò àíà-
ëèòè÷åñêîå ðåøåíèå.
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ÏÎÑÒÐÎÅÍÈÅ ÈÍÂÀÐÈÀÍÒÍÎ-ÐÀÇÍÎÑÒÍÎÉ ÑÕÅÌÛ
ÄËß ÓÐÀÂÍÅÍÈß ÝÌÄÅÍÀ-ÔÀÓËÅÐÀ

Ð.Â. Èñõàêîâà
iskhakova.rv@ugatu.su

ÓÄÊ 519.62
Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è Êîøè äëÿ îáûêíîâåííîãî äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ ÷àñòî âàæíûì ÿâëÿåòñÿ òî÷íîñòü âûáðàí-
íîé ñõåìû. Èíâàðèàíòíî-ðàçíîñòíûå ñõåìû (ÈÐÑ), îñíîâàííûå íà
âûïîëíåíèè óñëîâèé òåîðåìû Ý. Í¼òåð, ïîçâîëÿþò ïîëó÷àòü ðåøå-
íèÿ ñ âûñîêîé òî÷íîñòüþ. Â äàííîé ðàáîòå ïîñòðîåíà è èññëåäîâà-
íà ÈÐÑ äëÿ óðàâíåíèÿ Ýìäåíà-Ôàóëåðà. Ïðîâåäåíî ñðàâíåíèå ðå-
øåíèé, ïîëó÷åííûõ ñ ïîìîùüþ ÈÐÑ è ñõåìû Ðóíãå � Êóòòû 2-ãî
ïîðÿäêà .

Êëþ÷åâûå ñëîâà: îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, ñèì-
ìåòðèÿ, ãðóïïà ïðåîáðàçîâàíèé, èíâàðèàíòíûå ðàçíîñòíûå ñõåìû,
òî÷íîå ðåøåíèå

Construction of an invariant-difference scheme for the
Emden-Fowler equation

For the numerical solution of the Cauchy problem for an ordinary differ-
ential equation, the accuracy of the chosen scheme is often important.
Invariant-difference schemes (IRS) based on Noether’s theorem allow
us to obtain solutions with high accuracy. In this paper, the IRS for
the Emden-Fowler equation is constructed and investigated. The solu-
tions obtained using the IRS and the 2-order Runge-Kutta scheme are
compared.

Keywords: ordinary differential equations, symmetry, transformation
group, invariant difference schemes, exact solution
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Èíâàðèàíòíî-ðàçíîñòíûå ñõåìû äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé
ñòðîÿòñÿ èç ïðåäñòàâëåíèÿ ýòèõ óðàâíåíèé â âèäå çàêîíà ñîõðàíåíèÿ.
Îáùèé ìåòîä ïîñòðîåíèÿ çàêîíîâ ñîõðàíåíèÿ äëÿ äèôôåðåíöèàëüíûõ
óðàâíåíèé, ñâÿçûâàþùèé çàêîíû ñîõðàíåíèÿ ñ èíâàðèàíòíîñòüþ èíòå-
ãðàëîâ, îñíîâàí íà òåîðåìå Ý. Í¼òåð.

Òåîðåìà 1.[3] Ïóñòü x∗i = xi + ξXi, u
∗ = u+ ξU - èíôèíèòåçèìàëü-

íàÿ ñèììåòðèÿ äëÿ ëàãðàíæèàíà L(x, u, ∂u∂x). Òîãäà óðàâíåíèÿ Ëàãðàí-
æà äîïóñêàþò çàêîí ñîõðàíåíèÿ

T = (T1...Tn), Ti = LXi +

U −∑
j

xj
∂u

∂xj

 ∂L

∂ui
, (1)

çäåñü ui = ∂u
∂x .

Â [1-2] ïðåäëàãàåòñÿ ìåòîäèêà ïîñòðîåíèÿ èíâàðèàíòíî-ðàçíîñòíûõ
ñõåì, êîòîðûå áóäóò ñîõðàíÿòü ñèììåòðèè äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ óðàâíåíèå Ýìäåíà � Ôàóëåðà âèäà

d2u

dx2
− u−3 = 0.

Ïðèìåíèâ ê ýòîìó óðàâíåíèþ ìåòîä, ïðåäëîæåííûé â [1], ìîæíî ïîëó-

÷èòü òî÷íóþ èíâàðèàíòíî-ðàçíîñòíóþ ñõåìó âèäà{
δ

u2u+
= ux−ux

h−

h+

uu+
= ξ, h

−

uu− = ξ, ξ = const

Íà ðèñóíêå 1 ïðåäñòàâëåíî ñðàâíåíèå ðåøåíèé, ïîëó÷åííûõ ïî ïî-
ñòðîåííîé ÈÐÑ è ìåòîäîì Ðóíãå � Êóòòû 2-ãî ïîðÿäêà ñîîòâåòñòâåííî.

Ðèñ. 2: Ðåøåíèå ÎÄÓ

Êàê âèäíî èç ãðàôèêîâ, äîñòèæåíèå ïðèåìëåìîé òî÷íîñòè ðåøåíèÿ
ïî ÈÐÑ òðåáóåò ìåíüøåå êîëè÷åñòâî óçëîâ, ÷åì ðåøåíèå ïî ñõåìå Ðóíãå
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- Êóòòû 2-ãî ïîðÿäêà. Ïðè âû÷èñëåíèè ðåøåíèÿ ìåòîäîì Ðóíãå - Êóò-
òû 2-ãî ïîðÿäêà èìååì ìàêñèìàëüíóþ ïîãðåøíîñòü 10−5, äëÿ òî÷íîé
èíâàðèàíòíîé ðàçíîñòíîé ñõåìû ïîãðåøíîñòü ñîñòàâèëà 10−10.
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Êàæäûé âèä ðåìîíòà âêëþ÷àåò â ñåáÿ îïåðàöèè, ïðîâîäèìûå ñ öå-
ëüþ ïîääåðæàíèÿ ñêâàæèíû â ñîñòîÿíèè ïîëíîé ðàáîòîñïîñîáíîñòè.
Ïîñëåäîâàòåëüíîñòü îïåðàöèé ðåãëàìåíòèðîâàíà è èìååò íåèçìåíÿ-
åìóþ ñòðóêòóðó. Âñëåäñòâèå ýòîãî, âûáðàâ ëþáóþ ïîñëåäîâàòåëü-
íîñòü ðåìîíòíûõ îïåðàöèé, ìîæíî íà åå îñíîâå îïðåäåëèòü ñëåäó-
þùóþ ðåìîíòíóþ îïåðàöèþ íåéðîííîé ñåòüþ.Â ðàáîòå ðàññìàòðè-
âàåòñÿ çàäà÷à ïðèìåíåíèÿ ðåêóððåòíîé íåéðîííîé ñåòè âèäà LSTM
(Long short-term memory) äëÿ ïðåäñêàçàíèÿ ñëåäóþùåé ðåìîíòíîé
îïåðàöèè íà îñíîâå ïîñëåäîâàòåëüíîñòè ïðåäûäóùèõ îïåðàöèé.

Êëþ÷åâûå ñëîâà: ñêâàæèíà, ðåìîíòíàÿ îïåðàöèÿ, ðåêóððåíòíàÿ íåé-
ðîííàÿ ñåòü, àëãîðèòì LSTM, ïðåäñêàçàíèå.

Calculation of the forecasting accuracy of operations in the
technological workover process of oil wells using a recurrent

neural network

Each type of repair includes operations carried out in order to maintain
the well in a state of full operability. The sequence of operations is
regulated and has an immutable structure. As a result, by choosing

Êàðàìîâà Ýëèíà Ðàëèôîâíà, ñòóäåíò, ÓÃÍÒÓ (Óôà, Ðîññèÿ); Elina Karamova
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Ìàðàò Ðóñòåìîâè÷ Åíèêååâ, ïðåïîäàâàòåëü, ÓÃÍÒÓ (Óôà, Ðîññèÿ); Marat
Enikeev (Ufa State Petroleum Technological Universityy, Ufa, Russia)

199



any sequence of repair operations, it is possible to determine the next
repair operation by a neural network on its basis. In this paper, we
consider the problem of using a recurrent neural network of the type
LSTM (Long short-term memory) to predict the next repair operation
based on the sequence of previous operations.

Keywords: well, repair operation, recurrent neural network, LSTM al-
gorithm, prediction.

Ðåìîíò íåôòÿíûõ ñêâàæèí çàêëþ÷àåòñÿ â âûïîëíåíèè ìåðîïðèÿòèé
ïî ïðåäóïðåæäåíèÿ è óñòðàíåíèþ íåïîëàäîê ðàáîòû ïîäçåìíîé ÷àñòè
îáîðóäîâàíèÿ. Êàæäûé âèä ðåìîíòà âêëþ÷àåò â ñåáÿ îïåðàöèè. Ïîñëåäî-
âàòåëüíîñòü îïåðàöèé ðåãëàìåíòèðîâàíà è èìååò íåèçìåíÿåìóþ ñòðóê-
òóðó ñîãëàñíî ïëàíó ÃÒÌ (ãåîëîãî-òåõíè÷åñêèõ ìåðîïðèÿòèé).

Àêòóàëüíîñòü äàííîé ðàáîòû ñîñòîèò â òîì, ÷òîáû ïîëó÷åííûå ïðî-
ãíîçû ñëåäóþùèõ îïåðàöèè ìîãëè ïðèìåíÿòñÿ ïðåäïðèÿòèåì äëÿ ýô-
ôåêòèâíîãî ïëàíèðîâàíèÿ äàëüíåéøèõ ðåìîíòîâ è ýêîíîìèëè âðåìÿ íà
èõ ñîñòàâëåíèå.

Öåëüþ äàííîé èññëåäîâàòåëüñêîé ðàáîòû ÿâëÿåòñÿ îïðåäåëåíèå òî÷-
íîñòè ïðîãíîçèðîâàíèÿ, ñëåäóþùåé ïîñëå âûáðàííîé ðåìîíòíîé îïåðà-
öèè íà îñíîâå ¾ïàìÿòè¿ î ïðåäûäóùèõ îïåðàöèÿõ, ïðîâîäèìûõ íà ñêâà-
æèíàõ, ñ ïîìîùüþ ðåêóððåíòíîé íåéðîííîé ñåòè âèäà LSTM (Long short-
term memory).

Äëÿ äîñòèæåíèÿ ïîñòàâëåííîé öåëè áûëè îáîçíà÷åíû ñëåäóþùèå çà-
äà÷è:

1. ïîäîáðàòü è ïîäãîòîâèòü äàííûå;

2. ðåàëèçîâàòü íåéðîííóþ ñåòü íà ÿçûêå ïðîãðàììèðîâàíèÿ Python,
îáó÷èòü å¼ íà ïîñëåäîâàòåëüíîñòÿõ îïåðàöèé;

3. ñîñòàâèòü óïðîùåííóþ ðàñ÷åòíóþ ñõåìó îïðåäåëåíèÿ ñëåäóþùåé
îïåðàöèè;

4. ñðàâíèòü ðåçóëüòàòû, ïîëó÷åííûå óïðîùåííîé ñõåìîé è íåéðîííîé
ñåòüþ.

Â ñâÿçè ñ òåì, ÷òî íà îáó÷åíèå íåéðîííîé ñåòè íåöåëåñîîáðàçíî ïîäà-
âàòü ñòðîêîâûå òèïû äàííûõ, òî äëÿ êàæäîé ðåìîíòíîé îïåðàöèè áûë
ïðèñâîåí ñâîé óíèêàëüíûé èäåíòèôèêàòîð. Äàëåå áûëè ñîçäàíû ìàñ-
ñèâû äàííûõ, ñîäåðæàùèå ïîñëåäîâàòåëüíîñòè èäåíòèôèêàòîðîâ îïåðà-
öèé. Ïîëó÷åííûé ìàññèâ ðàçáèâàëñÿ íà ïîñëåäîâàòåëüíîñòè äëèíîé ïî 5
ýëåìåíòîâ ìåòîäîì ¾ñêîëüçÿùåãî îêíà¿, ò.å. ïîñëåäîâàòåëüíîñòè ãåíåðè-
ðîâàëèñü ñî ñäâèãîì ÷åðåç 1 ýëåìåíò. Âñåãî áûëî ïîëó÷åíî îò 400000 äî
600000 ïîñëåäîâàòåëüíîñòåé â çàâèñèìîñòè îò âûáðàííîé äëèíû îêíà,
êîòîðûå ñîäåðæàëè 596 èäåíòèôèêàòîðîâ îïåðàöèé. Ïîëó÷åííûå ïîñëå-
äîâàòåëüíîñòè áûëè ðàçäåëåíû â ñîîòíîøåíèè 70% ê 30%, ãäå íà 70%

200



äàííûõ ïðîèñõîäèëî îáó÷åíèå íåéðîííîé ñåòè, à íà 30% - òåñòèðîâàíèå
îáó÷åííîé ñåòè è ïîëó÷åíèå ðåçóëüòàòà.

Äëÿ çàäà÷è îïðåäåëåíèÿ òî÷íîñòè ïðåäñêàçàíèÿ ñëåäóþùåé ðåìîíò-
íîé îïåðàöèè íà îñíîâå ¾ïàìÿòè¿ î ïðåäûäóùèõ îïåðàöèÿõ, ïðîâîäèìûõ
íà ñêâàæèíàõ, áûëà âûáðàíà ðåêóððåíòíàÿ íåéðîííîé ñåòè âèäà LSTM.
Îáó÷åíèå íåéðîííîé ñåòè ïðîèñõîäèëî â òå÷åíèå íåêîòîðîãî êîëè÷åñòâà
ýïîõ, çàòåì îñóùåñòâëÿëàñü ïðîâåðêà íà òåñòîâûõ äàííûõ. Â ðåçóëüòàòå
äëÿ êàæäîé îïåðàöèè â äèàïàçîíå èäåíòèôèêàòîðîâ îò 1 äî 600 áûëè
ïîëó÷åíû çíà÷åíèÿ òî÷íîñòåé áëèçêèå ê 90%.

Ïî óïðîùåííîé ñõåìå äëÿ ðàñ÷åòà âåðîÿòíîñòè ïðåäñêàçàíèÿ p äëÿ
ñëåäóþùåãî ýëåìåíòà, ïîâòîðÿþùèåñÿ ýëåìåíòû áûëè ñãðóïïèðîâàíû è
ñðåäè íèõ áûë íàéäåí íàèáîëåå ÷àñòî âñòðå÷àþùèéñÿ è îáîçíà÷åí êàê
max. Âåðîÿòíîñòü ïðåäñêàçàíèÿ äëÿ êàæäîé îïåðàöèè áûëà ðàññ÷èòàíà
ïî ôîðìóëå: pi = max∑

ni
, ãäå ni ÷àñòîòà ïîÿâëåíèÿ êàæäîãî ýëåìåíòà â

ñïèñêå. Â ðåçóëüòàòå äëÿ êàæäîé îïåðàöèè â äèàïàçîíå èäåíòèôèêàòî-
ðîâ îò 1 äî 600 áûëè ïîëó÷åíû çíà÷åíèÿ òî÷íîñòåé áëèçêèå ê 60%.

Òàêèì îáðàçîì, â õîäå èññëåäîâàíèÿ áûëî âûÿâëåíî, ÷òî òî÷íîñòü
îïðåäåëåíèÿ ñëåäóþùåãî ýëåìåíòà ïî âñåì ðåìîíòíûì òåõíîëîãè÷åñêèì
îïåðàöèÿì íåéðîííîé ñåòüþ âûøå, ÷åì âåðîÿòíîñòíûì óïðîùåííûì ìå-
òîäîì. Ïî èòîãàì äàííîãî èññëåäîâàíèÿ, ìîæíî ñäåëàòü âûâîä, ÷òî ñî-
çäàííàÿ íåéðîííàÿ ñåòü óäîâëåòâîðèòåëüíî ñïðàâèëàñü ñ ïîñòàâëåííîé
çàäà÷åé. Ðåãóëèðîâàíèå âåñîâ è ïàðàìåòðîâ ñåòè, ïîçâîëèò ïîëó÷èòü
ëó÷øèé ðåçóëüòàò äëÿ çàäà÷è ïðîãíîçèðîâàíèÿ îïåðàöèè â òåõíîëîãè-
÷åñêîì ðåìîíòíîì ïðîöåññå.
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Ïðåäëîæåíà ìåòîäèêà îïðåäåëåíèÿ êîýôôèöèåíòà ïîñòåëè äëÿ ñðåä-
íåãî ñëîÿ òðåõñëîéíîãî ñòåðæíÿ íà îñíîâå ñðàâíåíèÿ àíàëèòè÷åñêî-
ãî è ÷èñëåííîãî ðåøåíèé çàäà÷è îá èçãèáå áàëêè íà óïðóãîì îñíî-
âàíèè ïðè èçâåñòíûõ ãåîìåòðè÷åñêèõ è ìåõàíè÷åñêèõ ïàðàìåòðàõ.
Ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû ïî âûÿâëåíèþ çàêîíîìåðíîñòè
èçìåíåíèÿ êîýôôèöèåíòà ïîñòåëè, ïîëó÷åíà ðåãðåññèîííàÿ ôóíê-
öèÿ, ïîçâîëÿþùàÿ îïðåäåëÿòü êðèòè÷åñêóþ íàãðóçêó îò ðàçëè÷íûõ
ïàðàìåòðîâ.

Êëþ÷åâûå ñëîâà: ìîäåëü, óñòîé÷èâîñòü, êîíå÷íûé ýëåìåíò, áàëêà

Method for determining the subgrade ratio in the problem of
loss in stability of the middle layer of a three-layer rod under

tension

A method is proposed for determining the bed coefficient for the mid-
dle layer of a three-layer rod based on a comparison of analytical and
numerical solutions to the problem of bending a beam on an elastic
foundation with known geometric and mechanical parameters. Numer-
ical experiments have been carried out to reveal the regularity of the
change in the bed coefficient, a regression function has been obtained
that allows one to determine the critical load from various parameters.

Keywords: model, stability, finite element, beam

Ìíîãîñëîéíûå ýëåìåíòû êîíñòðóêöèé, áëàãîäàðÿ âûñîêèì çíà÷åíè-
ÿì óäåëüíîé æåñòêîñòè è ïðî÷íîñòè, óëó÷øåííûì çâóêî- è òåïëîèçîëÿ-
öèîííûì ñâîéñòâàì, äåìïôèðóþùèì è âèáðîïîãëàùàþùèì õàðàêòåðè-
ñòèêàì, íàøëè ñâîå øèðîêîå ïðèìåíåíèå â ñòðîèòåëüñòâå è âî ìíîãèõ
îáëàñòÿõ ïðîìûøëåííîñòè.

Íà ñåãîäíÿøíèé äåíü îñîáîå âíèìàíèå óäåëÿåòñÿ èçó÷åíèþ ñòðóêòóð-
íûõ îñîáåííîñòåé è ôèçèêî-ìåõàíè÷åñêèõ ñâîéñòâ ìíîãîñëîéíûõ ýëåìåí-
òîâ êîíñòðóêöèé, â ÷àñòíîñòè, òàêèõ êàê ìíîãîñëîéíûå ñòåðæíè è ïëà-
ñòèíû. Äëÿ îöåíêè ðàáîòîñïîñîáíîñòè ìíîãîñëîéíîé êîíñòðóêöèè íåîá-
õîäèìî èññëåäîâàòü åå íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå (ÍÄÑ).
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Äëÿ îïðåäåëåíèÿ ÍÄÑ íàðÿäó ñ ýêñïåðèìåíòàëüíûìè ìåòîäàìè èññëå-
äîâàíèÿ, âñå ÷àùå ïðèìåíÿþò ìåòîäû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
ìíîãîñëîéíûõ ýëåìåíòîâ êîíñòðóêöèè.

Ïðè èññëåäîâàíèè ìíîãîñëîéíûõ áàëîê è ïàíåëåé ÷àñòî èñïîëüçóþò
ìåòîäèêó ñâåäåíèÿ èñõîäíîé çàäà÷è ðàñ÷åòà áîëåå æåñòêèõ ñëîåâ ê çàäà-
÷å îá èçãèáå áàëêè èëè ïëàñòèíû íà óïðóãîì îñíîâàíèè. Òàê, äëÿ ðàñ÷åòà
íà ìåñòíóþ óñòîé÷èâîñòü òðåõñëîéíûõ ïàíåëåé è ïëàñòèí ñî ñïëîøíûì
ñðåäíèì ñëîåì, ìîæíî ïðèìåíÿòü óïðîùåííóþ ëèíåéíóþ òåîðèþ ðàñ-
÷åòà ïëàñòèíîê íà óïðóãîì îñíîâàíèè, â êîòîðîé ó÷èòûâàåòñÿ èçãèáíàÿ
æåñòêîñòü íàðóæíûõ ñëîåâ è ìîäóëü óïðóãîñòè ñïëîøíîãî ñðåäíåãî ñëîÿ
â íàïðàâëåíèè, íîðìàëüíîì ê âíåøíèì ñëîÿì.

Ðàññìàòðèâàåòñÿ ñòåðæåíü, ó êîòîðîãî êîýôôèöèåíò Ïóàññîíà âíóò-
ðåííåãî ñïëîøíîãî ñëîÿ ìåíüøå, ÷åì ó íàðóæíûõ ñëîåâ. Ñðåäíèé ñëîé
ñòåðæíÿ èìååò ïðåèìóùåñòâåííîå àðìèðîâàíèå ïîïåðåê îñè, à âíåøíèå
ñëîè àðìèðîâàíû âäîëü îñè ñòåðæíÿ. Ñðåäíèé ñëîé ïðè ïðîäîëüíîì ðàñ-
òÿæåíèè ñòåðæíÿ èñïûòûâàåò ñæàòèå. Îäíîé èç ïðè÷èí ðàçðóøåíèÿ
òðåõñëîéíîãî ñòåðæíÿ ìîæåò áûòü îòñëîåíèå âíóòðåííåãî ñëîÿ îò íà-
ðóæíûõ. Ðàçðóøåíèå ìîæåò ïðîèñõîäèòü íå òîëüêî â ðåçóëüòàòå ïîòåðè
ïðî÷íîñòè â ïðîäîëüíîì íàïðàâëåíèè, íî òàêæå â ðåçóëüòàòå êðîìî÷íî-
ãî ýôôåêòà, è òàêæå â ðåçóëüòàòå ïîòåðè óñòîé÷èâîñòè ñðåäíåãî ñëîÿ îò
ñæèìàþùèõ íàïðÿæåíèé. Ðàññìàòðèâàåòñÿ ïîñëåäíèé ñëó÷àé.

Îïðåäåëåíèå êîýôôèöèåíòà ïîñòåëè äëÿ ñðåäíåãî ñëîÿ â äàííîé ðà-
áîòå îñíîâûâàåòñÿ íà ìåòîäå ñðàâíåíèÿ àíàëèòè÷åñêîãî è ÷èñëåííîãî ðå-
øåíèé çàäà÷è îá èçãèáå áàëêè íà óïðóãîì îñíîâàíèè. Ïîñòðîåíà êîíå÷íî-
ýëåìåíòíàÿ ìîäåëü áàëêè íà óïðóãîì îñíîâàíèè ñ ïðèëîæåííîé ñîñðå-
äîòî÷åííîé íàãðóçêîé P. Äëÿ ðàñ÷åòà âûáðàí øåñòèóçëîâîé êîíå÷íûé
ýëåìåíò.

Ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû ïî âûÿâëåíèþ çàêîíîìåðíîñòè
èçìåíåíèÿ êîýôôèöèåíòà ïîñòåëè â çàâèñèìîñòè îò âàðüèðîâàíèÿ ãåî-
ìåòðè÷åñêèõ è ìåõàíè÷åñêèõ ïàðàìåòðîâ. Íà îñíîâå ìèíèìèçàöèè êâàä-
ðàòè÷íîé íåâÿçêè, ïîëó÷åíà ðåãðåññèîííàÿ ôóíêöèÿ äëÿ ýòîãî êîýôôè-
öèåíòà. Âûÿâëåíî, ÷òî ñ ïðîïîðöèîíàëüíûì óâåëè÷åíèåì êîýôôèöèåí-
òîâ Ïóàññîíà áàëêè è óïðóãîãî îñíîâàíèÿ êîýôôèöèåíò ïîñòåëè óâåëè-
÷èâàåòñÿ. Ïîëó÷åííàÿ ðåãðåññèîííàÿ ôóíêöèÿ ïîçâîëÿåò ïîëó÷èòü êî-
ýôôèöèåíò ïîñòåëè óïðóãîãî îñíîâàíèÿ â øèðîêîì äèàïàçîíå èçìåíåíèÿ
ãåîìåòðè÷åñêèõ è ìåõàíè÷åñêèõ ïàðàìåòðîâ çàäà÷è è îïðåäåëÿòü êðèòè-
÷åñêóþ íàãðóçêó äëÿ áàëêè â óïðóãîé ñðåäå.
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ALGORITHMIC COMPLEXITY OF LINEAR
NONASSOCIATIVE ALGEBRA
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Èçâåñòíî, ÷òî ñëîæíîñòü êîíå÷íîìåðíîé àëãåáðû - ýòî êîëè÷åñòâî
óìíîæåíèé íåñêàëÿðíûõ äåëåíèé îïòèìàëüíîãî àëãîðèòìà, âû÷èñ-
ëÿþùåãî ïðîèçâåäåíèå äâóõ ýëåìåíòîâ ýòîé àëãåáðû. Òàêæå îòìå-
òèì, ÷òî àëãîðèòìè÷åñêàÿ ñëîæíîñòü ëèíåéíûõ àëãåáð èçó÷åíà äî-
ñòàòî÷íî ïîäðîáíî, à èìåííî, ïðîñòàÿ àëãåáðà äîêàçàíà äëÿ ïðîñòîé
àëãåáðû è ïðîèçâîëüíîé àëãåáðû. Ïîçæå, êàê ñëåäñòâèå ýòèõ ðåçóëü-
òàòîâ äëÿ ïðîèçâîëüíîé êîíå÷íîìåðíîé àññîöèàòèâíîé àëãåáðû ïî-
ëó÷åíà îöåíêà ÷èñëà ìàêñèìàëüíûõ äâóñòîðîííèõ èäåàëîâ àëãåáðû.
Îöåíêà ñëîæíîñòè àëãåáð èç äðóãèõ áîëåå ñëîæíûõ êëàññîâ àêòó-
àëüíà. Â ýòîé ñòàòüå ìû âûâîäèì îöåíêó ñëîæíîñòè íåâûðîæäåííîé
ñèììåòðè÷åñêîé áèëèíåéíîé ôîðìû íàä àëãåáðàè÷åñêèì çàìêíóòîå
ïîëå äëÿ ïðîñòîé éîðäàíîâîé àëãåáðû, à òàêæå îöåíêà äëÿ òåëà
Êýëè-Äèêñîíà è äëÿ ïðîñòîãî Àëãåáðà Ëè íàä õàðàêòåðèñòè÷åñêèì
ïîëåì.

Êëþ÷åâûå ñëîâà: ñëîæíîñòü àëãåáðû, îïòèìàëüíûé àëãîðèòì, ïðî-
ñòàÿ àëãåáðà, òåëî Êýëè-Äèêñîíà, àëãåáðà Ëè, õàðàêòåðèñòè÷åñêîå
ïîëå

It is known, that the complexity of a finite-dimensional algebra is the
number of multiplications of non-scalar divisions of an optimal algo-
rithm that calculates the product of two elements of this algebra. We
also note, that the algorithmic complexity of linear algebras has been
studied in sufficient detail, namely, a simple algebra has been proved
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for a simple algebra and an arbitrary algebra. Later, as a consequence
of these results, for an arbitrary finite-dimensional associative algebra,
an estimate is obtained for the number of maximal two-sided ideals of
the algebra. Estimation of the complexity of algebras from other more
complex classes is relevant. In this paper, we derive an estimate for the
complexity of a nondegenerate symmetric bilinear form over an alge-
braic closed field for a simple Jordan algebra, as well as an estimate for
a Cayley-Dixon body and for a simple Lie algebra over a characteristic
field.

Keywords: algebra complexity, optimal algorithm, simple algebra, Cayley-
Dixon body, Lie algebra, characteristic field.

The complexity L(A) of a �nite-dimensional algebra A is a multiplication
number (non-scalar:), divisions of the optimal algorithm, computing the
production of two elements of algebra.

In the work [1] for associated algebra the results are obtained:
1)L(A) ≥ L(A/radA) + 2 ∗ dim(radA),

where radA is a radical of algebra.
2)L(A) ≥ 2 ∗ dimA− 1,

where A is a simple algebra. More general: for simple algebra A and arbitrary
algebra B it is proved, that

L(A⊕B) ≥ 2 ∗ dimA− 1 + L(B)

As a result, for arbitrary �nite-dimensional associative algebra A the �nal
estimation is obtained:

3)L(A) ≥ 2 ∗ dimA− t,
where t is a number of maximal two-sided ideal of algebra A. Naturally, the
issue about complexity of algebra from other classes is arisen.

We note, that the 1-st result, as a sequence of structural theorems [2],
are true for jordan alternative algebra.

B(f) = K1 + V is jordan algebra [2]-[3] of symmetric nondegenerated
bilinear form f : V × V → K, where K is a �eld, V is the vector space over
K dimensionality n. Multiplication in B(f) is de�ned:

(x0 ∗ 1 + x)(y0 ∗ 1 + y) = (x0y0 + f(x, y))(x0y0 + y0x).

Òåîðåìà 1. a) If K is algebraic closed �eld, then

L(B(f)) = 2n.

b) If K = < is a �eld of the real numbers, then

L(B(f)) =

{
2n+ 1, if f is negative defined;

2n, in the other case.

Let C be a Keli-Dixon body, 1, l1, . . . , l7 is a basis C.
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Òåîðåìà 2. C is a Keli-Dixon body. Then

15 ≤ L(C) ≤ 30.

Òåîðåìà 3. Let sl(2,K) is Li algebra 2×2 with zero trace over the �eld
K of characteristics 6= 2.

Then L(sl(2,K)) = 5.

A dependence on the �eld of the complexity algebra is presented in
the paper. For example, there is a di�erence between the complexity of
nondegenerate bilinear form of algebra in the �eld of the real numbers and
complex numbers.
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Â ðàáîòå ïðåäñòàâëåíû îñíîâíûå èäåè ðåøåíèÿ çàäà÷è ÷àñòè÷íî
ñîâïàäàþùèõ ïîñëåäîâàòåëüíîñòåé íà ïðèìåðå ñðàâíåíèÿ ãåíåòè-
÷åñêèõ øòðèõ-êîäîâ. Â êà÷åñòâå ìåòðèêè èñïîëüçóåòñÿ ðàññòîÿíèå
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Comparison of genetic barcodes of related plant varieties

The paper presents ideas for solving partially coinciding sequences on
test genetic barcodes. Levenshtein distance is used as a metric.

Keywords: genetic barcode, sequence comparison, Levenshtein distance.

Ðåøåíèå çàäà÷ ïðèáëèæåííîãî ñîâïàäåíèÿ è ñðàâíåíèå ïîñëåäîâà-
òåëüíîñòåé èãðàåò âàæíóþ ðîëü â âû÷èñëèòåëüíîé ìîëåêóëÿðíîé áèî-
ëîãèè. Ýòî ñâÿçàíî ñ íàëè÷èåì îøèáîê â ìîëåêóëÿðíûõ äàííûõ è îñó-
ùåñòâëåíèåì àêòèâíûõ ìóòàöèîííûõ ïðîöåññîâ, êîòîðûå íåîáõîäèìî ìî-
äåëèðîâàòü è âûÿâëÿòü. Êðîìå òîãî, â äàííîé ðàáîòå ïðåäëàãàåòñÿ ïðî-
âîäèòü ñðàâíèòåëüíûé àíàëèç òàê íàçûâàåìûõ ãåíåòè÷åñêèõ øòðèõ-êîäîâ
äëÿ âûÿâëåíèÿ ðîäñòâåííîé áëèçîñòè ãåíîìîâ.

Ñðàâíåíèå ãåíåòè÷åñêèõ øòðèõ-êîäîâ ïîçâîëèò îïðåäåëèòü ðîäñòâåí-
íûå ìåæäó ñîáîé ãåíîìû ðàñòåíèé è íàãëÿäíî óâèäåòü ñîâïàäàþùèå
ó÷àñòêè. Ìåæäó ñîáîé ñðàâíèâàþòñÿ ïîñëåäîâàòåëüíîñòè äëèíîé 450,
ñîñòîÿùèå èç 0 è 1. Äëÿ òîãî, ÷òîáû èçìåðèòü ðàçëè÷èå èëè ðàññòîÿ-
íèå ìåæäó äâóìÿ ïîñëåäîâàòåëüíîñòÿìè, ïðèìåíÿåòñÿ ðàññòîÿíèå Ëå-
âåíøòåéíà (ðåäàêöèîííîå ðàññòîÿíèå)[1]. Îíî îïðåäåëÿåòñÿ êàê ìèíè-
ìàëüíîå êîëè÷åñòâî îäíîñèìâîëüíûõ îïåðàöèé (à èìåííî âñòàâêè, óäà-
ëåíèÿ, çàìåíû), íåîáõîäèìûõ äëÿ ïðåâðàùåíèÿ îäíîé ïîñëåäîâàòåëüíî-
ñòè ñèìâîëîâ â äðóãóþ.

Â îáùåì ñëó÷àå ðàññòîÿíèå Ëåâåíøòåéíà îïðåäåëÿåòñÿ ñëåäóþùèì
îáðàçîì [2]. Ïóñòü S1 è S2 � äâå ñòðîêè äëèíîé m è n ñîîòâåòñòâåííî íàä
íåêîòîðûì àëôàâèòîì. Òîãäà ðåäàêöèîííîå ðàññòîÿíèå d(S1, S2) ìîæíî
ïîñ÷èòàòü ïî ðåêóððåíòíîé ôîðìóëå:

d(S1, S2) = D(m,n), ãäå

D(i, j) =


0, i=0, j=0

i, j=0, i>0

j, i=0, j>0

M i>0, j>0

ãäå m(a, b) ðàâíà 0, åñëè a = b, â ïðîòèâíîì ñëó÷àå ðàâíà 1,

Mmin{D(i, j − 1) + 1, D(i− 1, j) + 1, (i− 1, j − 1) + 1 +m(S1[i], S2[j])} ;

min(a, b, c) âîçâðàùàåò íàèìåíüøèé èç àðãóìåíòîâ.

Ýêñïåðèìåíòàëüíîé îñíîâîé ìåòîäà ÿâëÿåòñÿ ìîäèôèöèðîâàííàÿ ïî-
ëèìåðàçíàÿ öåïíàÿ ðåàêöèÿ, â îñíîâå êîòîðîé ëåæèò ìåòîä àìïëèôèêà-
öèè ÄÍÊ RAPD � Random Ampli�ed Polymorphic DNA. Ïîëó÷àåìûå
äàííûå ïî íàëè÷èþ / îòñóòñòâèþ ôðàãìåíòîâ ÄÍÊ â êîíêðåòíîé ÄÍÊ-
ÿ÷åéêå ïðåîáðàçóþòñÿ â áèíàðíûé êîä, ñëóæàùèé îñíîâîé äëÿ ôîðìè-
ðîâàíèÿ ãåíåòè÷åñêîãî øòðèõ-êîäà [3]. Òî åñòü â äèàïàçîíå äëèí îò 51
äî 500 íóêëåîòèäîâ ôîðìèðóåòñÿ ïîñëåäîâàòåëüíîñòü 0 è 1, 1 � â ñëó÷àå
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ïðèñóòñòâèÿ äëèíû àìïëèêîíà â íóêëåîòèäíîé ïîñëåäîâàòåëüíîñòè, 0 �
â ñëó÷àå åå îòñóòñòâèÿ. Ñîîòâåòñòâåííî ïðè ïåðåâîäå áèíàðíîé ïîñëå-
äîâàòåëüíîñòè â ôîðìàò øòðèõ-êîäà 1 ñîîòâåòñòâóåò ïîëîñå, 0 ñîîòâåò-
ñòâóåò ïðîáåëó. Íà ðèñóíêå 1 ïðåäñòàâëåíû ïðèìåðû øòðèõ-êîäîâ äëÿ
ëèíèé Arabidopsis thaliana.

Ðèñ. 3: Ãåíåòè÷åñêèå øòðèõ-êîäû ëèíèé Arabidopsis thaliana.
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Íåîáõîäèìîñòü èññëåäîâàíèÿ óñòîé÷èâîñòè çàäà÷ îïòèìèçàöèè ê âîç-
ìóùåíèÿì íåêîòîðûõ èõ ïàðàìåòðîâ âûçâàíà öåëûì ðÿäîì ôàêòî-
ðîâ, òàêèõ êàê íåòî÷íîñòü èñõîäíûõ äàííûõ, íåàäåêâàòíîñòü ìîäå-
ëåé ðåàëüíûì ïðîöåññàì, ïîãðåøíîñòü ÷èñëåííûõ ìåòîäîâ, îøèá-
êè îêðóãëåíèÿ. Â ðàáîòå ðàçðàáîòàí àëãîðèòì ïàðàìåòðè÷åñêîãî
àíàëèçà óñòîé÷èâîñòè ãðàíèöû Ïàðåòî îïòèìàëüíûõ óñëîâèé ïðîâå-
äåíèÿ êàòàëèòè÷åñêèõ ïðîöåññîâ, ïîçâîëÿþùèé îïðåäåëÿòü ðàäèóñ
óñòîé÷èâîñòè âàðüèðóåìûõ ïàðàìåòðîâ.

Êëþ÷åâûå ñëîâà: ìíîãîêðèòåðèàëüíàÿ îïòèìèçàöèÿ, êèíåòè÷åñêàÿ
ìîäåëü, ãðàíèöà Ïàðåòî, àëãîðèòì ðàñ÷åòà ðàäèóñà óñòîé÷èâîñòè

Parametric analysis of the stability of the Pareto frontier of
optimal conditions for carrying out catalytic processes

The need to study the stability of optimization problems to perturba-
tions of some of their parameters is caused by a number of factors, such
as the inaccuracy of the initial data, the inadequacy of models for real
processes, the error of numerical methods, and round-off errors. An al-
gorithm for the parametric analysis of the stability of the Pareto frontier
of the optimal conditions for carrying out catalytic processes has been
developed, which makes it possible to determine the stability radius of
the variable parameters.

Keywords: multicriteria optimization, kinetic model, Pareto frontier,
stability radius calculation algorithm

Ìíîãîêðèòåðèàëüíàÿ îïòèìèçàöèÿ (ÌÊÎ) óñëîâèé ïðîâåäåíèÿ ñëîæ-
íûõ êàòàëèòè÷åñêèõ ðåàêöèé íà îñíîâå êèíåòè÷åñêîé ìîäåëè àêòóàëüíà
êàê äëÿ ïðîìûøëåííûõ, òàê è ëàáîðàòîðíûõ ïðîöåññîâ. Äëÿ çàäà÷ õè-
ìè÷åñêîé êèíåòèêè ïðè àíàëèçå óñòîé÷èâîñòè ìíîãîêðèòåðèàëüíîé îï-
òèìèçàöèè íåîáõîäèìî îïðåäåëèòü ðàäèóñ óñòîé÷èâîñòè ïî êàæäîìó ïà-
ðàìåòðó, ñ öåëüþ âîçìîæíîãî èçìåíåíèÿ ðàññ÷èòàííûõ çíà÷åíèé ñ çà-
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äàííîé ïîãðåøíîñòüþ. Ïðèâåäåíà ïîñòàíîâêà çàäà÷è ìíîãîêðèòåðèàëü-
íîé îïòèìèçàöèè óñëîâèé ïðîâåäåíèÿ êàòàëèòè÷åñêîé ðåàêöèè íà îñíîâå
êèíåòè÷åñêîé ìîäåëè [1, 2]. Äàíî îïðåäåëåíèå óñòîé÷èâîñòè ðåøåíèÿ çà-
äà÷è ÌÊÎ è ðàäèóñà óñòîé÷èâîñòè. Ðàçðàáîòàí àëãîðèòì ðàñ÷åòà ðàäè-
óñà óñòîé÷èâîñòè ðåøåíèÿ ÌÊÎ-çàäà÷è. Ðàäèóñ óñòîé÷èâîñòè ãðàíèöû
Ïàðåòî îïðåäåëÿåòñÿ êàê [3]

ρjs(A) =

{
supPj(A), P(A) 6= �
0, P(A) = �.

(1)

Ãäå A � ìàòðèöà îïòèìàëüíûõ çíà÷åíèé âàðüèðóåìûõ ïàðàìåòðîâ, s �
ìîùíîñòü ìíîæåñòâà ðåøåíèé çàäà÷è ÌÊÎ; j = 1, . . . , n;n - ÷èñëî êðè-
òåðèåâ îïòèìàëüíîñòè çàäà÷è ÌÊÎ; P (A) - ìíîæåñòâî äîïóñòèìûõ âîç-
ìóùåíèé.

Â ðàáîòå äëÿ êàòàëèòè÷åñêîé ðåàêöèè ñèíòåçà áåíçèëáóòèëîâîãî ýôè-
ðà ðåøåíà çàäà÷à ÌÊÎ óñëîâèé ïðîâåäåíèÿ íà îñíîâå êèíåòè÷åñêîé ìî-
äåëè è ðàññ÷èòàí äîïóñòèìûé èíòåðâàë èçìåíåíèÿ îïòèìàëüíûõ çíà÷å-
íèé òåìïåðàòóðû, ìîëüíîãî ñîîòíîøåíèÿ èñõîäíûõ ðåàãåíòîâ è âðåìåíè
ðåàêöèè äëÿ íåäîïóùåíèÿ ñèëüíîãî èçìåíåíèÿ çíà÷åíèé êðèòåðèåâ îï-
òèìàëüíîñòè. Ðàçðàáîòàííûé àëãîðèòì ðàñ÷åòà óñòîé÷èâîñòè ãðàíèöû
Ïàðåòî áóäåò ïðèìåíÿòüñÿ äëÿ àíàëèçà äðóãèõ êàòàëèòè÷åñêèõ ïðîöåñ-
ñîâ, â òîì ÷èñëå ïðîìûøëåííûõ.
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Â íàñòîÿùåé ðàáîòå íà îñíîâå àëãîðèòìà Âàíãà-Ëàíäàó ìåòîäà Ìîíòå-
Êàðëî ìû èññëåäóåì âëèÿíèå êîíêóðåíöèè îáìåííîãî âçàèìîäåé-
ñòâèÿ íà ôàçîâûå ïåðåõîäû, òåðìîäèíàìè÷åñêèå ñâîéñòâà è ìàã-
íèòíûå ñòðóêòóðû îñíîâíîãî ñîñòîÿíèÿ äâóìåðíîé ìîäåëè Ïîòòñà
ñ ÷èñëîì ñîñòîÿíèé ñïèíà q = 4 íà òðåóãîëüíîé ðåøåòêå ñ âçàèìî-
äåéñòâèÿìè ïåðâûõ è âòîðûõ áëèæàéøèõ ñîñåäåé.

Êëþ÷åâûå ñëîâà: ìîäåëü Ïîòòñà

Computer simulation of the critical behavior of the
frustrated Potts model

In this paper, based on the Wang-Landau algorithm of the Monte Carlo
method, we investigate the effect of competition of exchange interaction
on phase transitions, thermodynamic properties and magnetic struc-
tures of the ground state of the two-dimensional Potts model with the
number of spin states q = 4 on a triangular lattice with interactions of
the first and second nearest neighbors.

Keywords: Potts model

Èçó÷åíèå ýôôåêòîâ ôðóñòðàöèè â ñïèíîâûõ ðåøåòî÷íûõ ìîäåëÿõ
ïðåäñòàâëÿåò áîëüøîé èíòåðåñ â òå÷åíèè ïîñëåäíèõ äåñÿòèëåòèé. Èíòå-
ðåñ ê òàêèì ñèñòåìàì îáóñëîâëåí áîãàòîé ïðèðîäîé ôàçîâûõ ïåðåõîäîâ
è îñîáåííîñòüþ èõ òåðìîäèíàìè÷åñêîãî è êðèòè÷åñêîãî ïîâåäåíèÿ.

Â íàñòîÿùåé ðàáîòå íà îñíîâå àëãîðèòìà Âàíãà-Ëàíäàó ìåòîäà Ìîíòå-
Êàðëî ìû èññëåäóåì âëèÿíèå êîíêóðåíöèè îáìåííîãî âçàèìîäåéñòâèÿ íà
ôàçîâûå ïåðåõîäû, òåðìîäèíàìè÷åñêèå ñâîéñòâà è ìàãíèòíûå ñòðóêòó-
ðû îñíîâíîãî ñîñòîÿíèÿ äâóìåðíîé ìîäåëè Ïîòòñà ñ ÷èñëîì ñîñòîÿíèé
ñïèíà q = 4 íà òðåóãîëüíîé ðåøåòêåñ âçàèìîäåéñòâèÿìè ïåðâûõ è âòî-
ðûõ áëèæàéøèõ ñîñåäåé.

Ãàìèëüòîíèàí ìîäåëè ìîæåò áûòü ïðåäñòàâëåí â ñëåäóþùåì âèäå:

H = −J1

∑
i,j

cos θi,j − J2

∑
i,k

cos θi,k

ãäå J1 è J2 � ïàðàìåòðû îáìåííûõ ôåððî- (J1>0 ) è àíòèôåððîìàã-
íèòíîãî (J2<0 ) âçàèìîäåéñòâèÿ ñîîòâåòñòâåííî äëÿ ïåðâûõ è âòîðûõ
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áëèæàéøèõ ñîñåäåé, θi,j, θi,k � óãëû ìåæäó âçàèìîäåéñòâóþùèìè ñïè-
íàìè Si−Sj è Si � Sk ; r=|J2/J1|− âåëè÷èíà âçàèìîäåéñòâèÿ âòîðûõ
áëèæàéøèõ ñîñåäåé.

Ñîãëàñíî ðåçóëüòàòàì íàøåãî èññëåäîâàíèÿ, ó÷åò àíòèôåððîìàãíèò-
íûõ âçàèìîäåéñòâèé âòîðûõ áëèæàéøèõ ñîñåäåé â èíòåðâàëå 0.5 ≤ r ≤
1.0 ïðèâîäèò ê ôðóñòðàöèè è íàðóøåíèþ ìàãíèòíîãî óïîðÿäî÷åíèÿ. Óñòà-
íîâëåíî, ÷òî â òî÷êàõ ôðóñòðàöèé â äàííîé ìîäåëè ôàçîâûé ïåðåõîä
îòñóòñòâóåò.
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Ðàññìàòðèâàåòñÿ ïðîöåññ òå÷åíèÿ ìíîãîôàçíîãî ïîòîêà â ïîðèñòûõ
ñðåäàõ. Ìíîãîôàçíûé ïîòîê ôîðìèðóåòñÿ ïóòåì ñìåøåíèÿ íåôòè,
ïëàñòîâîé âîäû è íåôòÿíîãî ãàçà. Ïåðâûì øàãîì â èññëåäîâàíèè
ÿâëÿåòñÿ ðåøåíèå ñèñòåìû óðàâíåíèé, õàðàêòåðèçóþùåé òå÷åíèå
îäíîôàçíîé æèäêîñòè, ïóòåì ïðåîáðàçîâàíèÿ â ñèñòåìó ëèíåéíûõ
óðàâíåíèé.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, äèôôåðåíöèàëü-
íûå óðàâíåíèÿ, ìåòîä êîíòðîëüíûõ îáúåìîâ

Mathematical modeling of unsteady multiphase flow in a
porous environment

The process of multiphase flow in porous environment is considered.
A multiphase flow is formed by mixing oil, formation water and oil
gas. The first step in the study is to solve the system of equations
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characterizing the flow of a single-phase liquid by transforming it into
a system of linear equations.

Keywords: mathematical modeling, differential equations, control vol-
ume method

Â ðàáîòå ðàññìàòðèâàåòñÿ ìíîãîêîìïîíåíòíîå òå÷åíèå â íåôòÿíîì
ïëàñòå.

Äîáû÷à íåôòè ñîïðîâîæäàåòñÿ ïîïóòíîé âîäîé èëè ïîïóòíûìè ãà-
çîì, êîòîðûé âûäåëÿåòñÿ èç íåôòè êàê â ïîâåðõíîñòíûõ, òàê è â ïëàñòî-
âûõ óñëîâèÿõ. Ðàçëè÷èå äàâëåíèé â ïëàñòå è íà ïîâåðõíîñòè ïðèâîäèò ê
òîìó, ÷òî ÷àñòü ãàçà, ðàñòâîðåííîãî â ñûðîé íåôòè, ïðè ïîäúåìå â ñòâîëå
ñêâàæèíû ïåðåõîäèò â ñâîáîäíîå ñîñòîÿíèå [1]. Òàêèì îáðàçîì ïðîèñõî-
äèò ïåðåìåøèâàíèå íåôòè, ïëàñòîâîé âîäû è íåôòÿíîãî ãàçà, îáðàçóÿ
ìíîãîôàçíûå ïîòîêè. Êàê ïðàâèëî ìíîãîôàçíûå ãàçîæèäêîñòíûå ïîòî-
êè õàðàêòåðíû äëÿ âñåõ ýêñïëóàòèðóåìûõ íåôòÿíûõ è ãàçîâûõ ñêâàæèí.
Â òàêèõ ïîòîêàõ êîíöåíòðàöèÿ êîìïîíåíòîâ ñìåñè èçìåíÿåòñÿ âî âðåìå-
íè è çàâèñèò îò ðàçëè÷íûõ ôàêòîðîâ, ÷òî â ñâîþ î÷åðåäü ïðèâîäèò ê
íåñòàáèëüíîñòè ñòðóêòóðû òå÷åíèÿ ïîòîêà è èçìåíåíèþ åãî ôèçè÷åñêèõ
ñâîéñòâ. Îòñþäà ìîæíî ñäåëàòü âûâîä, ÷òî õàðàêòåðèñòèêè íåôòåãàçî-
âîäÿíîé ñìåñè ÿâëÿþòñÿ ñëó÷àéíûìè âðåìåííûìè ôóíêöèÿìè.

Êà÷åñòâåííîå îïèñàíèå ìíîãîôàçíûõ ïîòîêîâ è êîëè÷åñòâåííàÿ îöåí-
êà èõ îñíîâíûõ ïàðàìåòðîâ íåîáõîäèìû äëÿ ïðîåêòèðîâàíèÿ êîíñòðóê-
öèé äîáûâàþùèõ ñêâàæèí, òðàíñïîðòèðîâêè ïðîäóêöèè, à òàêæå äëÿ
êîíòðîëÿ íàä ïîòîêàìè è äëÿ ïðîãíîçà èõ ïîêàçàòåëåé.

Èçó÷åíèå ëþáîãî îáúåêòà íåâîçìîæíî îäíèì ëèøü åãî ýêñïåðèìåí-
òàëüíûì èññëåäîâàíèåì. Ïîýòîìó, ñôîðìóëèðîâàâ öåëè è âûÿâèâ ñàìîå
ñóùåñòâåííîå â îáúåêòå, ÷àñòî ïðèáåãàþò ê ìîäåëèðîâàíèþ. Öåëüþ ðàáî-
òû ÿâëÿåòñÿ ðàçðàáîòêà ìàòåìàòè÷åñêîé ìîäåëè, êîòîðàÿ íàèáîëåå ïîë-
íî îïèñûâàåò ïðîöåññ òåïëîìàññîïåðåíîñà æèäêîñòè â ñëó÷àå ìíîãîêîì-
ïîíåíòíîãî ïîòîêà. Èçó÷åíèå çàäà÷è áóäåò ïðîõîäèòü ïîýòàïíî.

Íà ïåðâîì ýòàïå ðàññìàòðèâàåòñÿ îäíîôàçíàÿ æèäêîñòü, òå÷åíèå êî-
òîðîé îïèñûâàåòñÿ ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ:
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(λ
∂T

∂r
)− cpu(
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+ ε
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) + ηφcp
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Çäåñü φ � ïîðèñòîñòü (ä.åä.), c �ñæèìàåìîñòü (1/Ïà), k � ïðîíè-
öàåìîñòü (ì2), µ � âÿçêîñòü (Ïà·ñ), P � ïëàñòîâîå äàâëåíèå (ÌÏà), r
� ðàäèóñ (ì), t � âðåìÿ (ñóò), λ � òåïëîïðîâîäíîñòü ïîðèñòîé ñðåäû
[Âò/ì3·Ê], cp � òåïëîåìêîñòü æèäêîñòè [Äæ/ì3·Ê], T� òåìïåðàòóðà (Ê),
u � ñêîðîñòü êîíâåêòèâíîãî ïåðåíîñà òåïëà â ïîðèñòîé ñðåäå [ì/ñ], ε �
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êîýôôèöèåíò Äæîóëÿ-Òîìñîíà [Ê/Ïà], η � êîýôôèöèåíò àäèàáàòè÷å-
ñêîãî ðàñøèðåíèÿ [Ê/Ïà].

Ïåðâîå óðàâíåíèå îïèñûâàåò ïðîöåññ èçìåíåíèÿ äàâëåíèÿ â ïëàñòå.
Âòîðîå - ïðîöåññ òåïëîïåðåíîñà æèäêîñòè. Íà÷àëüíûì øàãîì ê ðåøå-
íèþ ïðåäñòàâëåííîé ñèñòåìû óðàâíåíèé ÿâëÿåòñÿ åãî ïðåîáðàçîâàíèå â
ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ïóòåì ïîëó÷åíèÿ äèñêðåò-
íûõ àíàëîãîâ èñõîäíûõ óðàâíåíèé. Äëÿ ýòîãî èñïîëüçóåòñÿ ìåòîä êîí-
òðîëüíûõ îáúåìîâ, êîòîðûé çàêëþ÷àåòñÿ â ðàçáèåíèè ðàñ÷åòíîé îáëàñòè
íà íåêîòîðîå ÷èñëî êîíòðîëüíûõ îáúåìîâ, â êàæäîì èç êîòîðûõ ñîäåð-
æèòñÿ îäíà óçëîâàÿ òî÷êà [2]. Äèôôåðåíöèàëüíûå óðàâíåíèÿ èíòåãðè-
ðóþòñÿ ïî êàæäîìó êîíòðîëüíîìó îáúåìó, äëÿ âû÷èñëåíèÿ èíòåãðàëîâ
èñïîëüçóþòñÿ êóñî÷íûå ïðîôèëè.

Ïîëó÷åííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïîçâîëèò êîëè÷åñòâåííî îïèñû-
âàòü ïîâåäåíèå òåìïåðàòóðû è äàâëåíèÿ â íåôòÿíûõ êîëëåêòîðàõ. Ðàç-
ðàáîòàííûå àëãîðèòì è ïðîãðàììà äàäóò ïîëüçîâàòåëþ óäîáíûé è ëåãêî
àäàïòèðóåìûé ê ïîòðåáíîñòÿì ïðàêòèêè èíñòðóìåíòàðèé äëÿ ðàñ÷åòà
ñëîæíûõ ïðîöåññîâ, âîçíèêàþùèõ ïðè ðàçðàáîòêå ïîðèñòûõ êîëëåêòî-
ðîâ.
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Ðàññìàòðèâàþòñÿ ëèíåéíûå äèíàìè÷åñêèå ìîäåëè â ôîðìå ôóíöèî-
íàëüíî-äèôôåðåíöèàëüíûõ ñèñòåì, âêëþ÷àþùèõ îäíîâðåìåííî óðàâ-
íåíèÿ ñ ïîñëåäåéñòâèåì è íåïðåðûâíûì âðåìåíåì è ðàçíîñòíûå óðàâ-
íåíèÿ ñ äèñêðåòíûì âðåìåíåì. Îáñóæäàåòñÿ ïîñòàíîâêà çàäà÷ óïðàâ-
ëåíèÿ ïðè íàëè÷èè ïîëèýäðàëüíûõ îãðàíè÷åíèé íà óïðàâëåíèå. Äà-
åòñÿ îïèñàíèå êîíñòðóêöèé, ïîçâîëÿþùèõ ñòðîèòü àïïðîêñèìàöèè
ìíîæåñòâ äîñòèæèìîñòè è ïðîãðàììíûå óïðàâëåíèÿ, ïðèâîäÿùèå ê
çàäàííûì äîñòèæèìûì çíà÷åíèÿì öåëåâûõ ïîêàçàòåëåé.
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Êëþ÷åâûå ñëîâà: ôóíöèîíàëüíî-äèôôåðåíöèàëüíûå óðàâíåíèÿ, çà-
äà÷è óïðàâëåíèÿ, ìíîæåñòâà äîñòèæèìîñòè

Dynamic models with continuous and discrete times

Dynamic models in the form of linear functional differential systems
are considered which include simultaneously equations with aftereffect
and continuous time and difference equations with discrete time. Some
control problems with respect to a given on-target vector-functional
and polyhedral constraints are discussed. There are proposed main
constructions for description of attainability sets and the programming
control bringing prescribed on-target attainable values.

Keywords: functional differential equations, control problems, attain-
ability sets

Â äîêëàäå íà ïðèìåðå ìîäåëè ýêîíîìè÷åñêîé äèíàìèêè ñ äèñêðåòíîé
ïàìÿòüþ [1] îáñóæäàåòñÿ ïîñòàíîâêà çàäà÷è öåëåâîãî óïðàâëåíèÿ [2] è
îñíîâíûå êîíñòðóêöèè, èñïîëüçóåìûå äëÿ åå ðåøåíèÿ. Ìîäåëü âêëþ÷à-
åò ïðîèçâîäñòâåííóþ ïîäñèñòåìó ñ îïèñàíèåì ñîñòîÿíèÿ â íåïðåðûâíîì
âðåìåíè è ôèíàíñîâóþ ïîäñèñòåìó, ñîñòîÿíèå êîòîðîé ìåíÿåòñÿ â ôèêñè-
ðîâàíûå ìîìåíòû âðåìåíè. Óïðàâëåíèå, âõîäÿùåå â ñèñòåìó, äåéñòâóåò
ïî ïðèíöèïó íàêîïëåííîãî ýôôåêòà è ñòåñíåíî ëèíåéíûìè ïîòî÷å÷íû-
ìè îãðàíè÷åíèÿìè-íåðàâåíñòâàìè. Öåëü óïðàâëåíèÿ íàçíà÷àåòñÿ ñ ïî-
ìîùüþ ëèíåéíîãî öåëåâîãî âåêòîð-ôóíêöèîíàëà îáùåãî âèäà, äëÿ êîòî-
ðîãî çàäàþòñÿ öåëåâûå çíà÷åíèÿ. Ïðåäñòàâëåíû ðåçóëüòàòû ïî îöåíêå
ìíîæåñòâà äîñòèæèìîñòè � ìíîæåñòâà òàêèõ öåëåâûõ çíà÷åíèé, äëÿ êî-
òîðûõ íàéäåòñÿ äîïóñòèìîå ïðîãðàììíîå óïðàâëåíèå, ðåøàþùåå çàäà÷ó
óïðàâëåíèÿ. Îáñóæäàþòñÿ òàêæå ñïîñîáû ïîñòðîåíèÿ òàêèõ ïðîãðàìì-
íûõ óïðàâëåíèé.
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Â ðàáîòå ïðîâîäèòñÿ àíàëèç âëèÿíèÿ òàêèõ ôàêòîðîâ, êàê: îïòè-
ìàëüíàÿ ïîçèöèÿ íà÷àëà ïðîãíîçà, äëèíà âåêòîðîâ çàäåðæêè, êîëè-
÷åñòâî âåêòîðîâ-ñîñåäåé, íà ïðîãíîçèðîâàíèå âðåìåííûõ ðÿäîâ ìå-
òîäîì ëîêàëüíîé àïïðîêñèìàöèè.

Êëþ÷åâûå ñëîâà: ëîêàëüíàÿ àïïðîêñèìàöèÿ, âðåìåííûå ðÿäû, ïðî-
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Estimation of factors influencing on the forecast boundaries
in the method of local approximation of irregular time series

In this article we analyze the effect of such factors as: the optimal
position of the beginning of the forecast, the length of the delay vectors,
the number of neighboring vectors, on the forecasting by the method of
local approximation.

Keywords: local approximation, time series, forecasting

Íà ñåãîäíÿøíèé äåíü áîëüøèíñòâî ìåòîäîâ, èñïîëüçóåìûõ äëÿ ïðî-
ãíîçèðîâàíèÿ âðåìåííûõ ðÿäîâ, òàê èëè èíà÷å ñâÿçàíû ñ ïîñòðîåíè-
åì àâòîðåãðåññèîííûõ ìîäåëåé, îòíîñÿùèõñÿ ê êëàññó ìîäåëåé ãëîáàëü-
íîé àïïðîêñèìàöèè. Ìåòîäû âûáîðà ïàðàìåòðîâ ýòèõ ìîäåëåé õîðîøî
ïðîðàáîòàíû, à ñàìè àëãîðèòìû ýòèõ ìåòîäîâ âõîäÿò â áîëüøèíñòâî
ñòàòèñòè÷åñêèõ ïðîãðàììíûõ ïàêåòîâ: EViews, STATA, R Studio, SAS,
MATLAB è ò.ä.(ñì. [1]). Ðàññìàòðèâàåìûå â äàííîé ðàáîòå ìåòîäû ëî-
êàëüíîé àïïðîêñèìàöèè (ËÀ) [2] èìåþò ìíîãî îáùåãî ñ àâòîðåãðåññèîí-
íûìè ìåòîäàìè, íî â òî æå âðåìÿ îáëàäàþò îäíèì ÿâíûì ïðåèìóùå-
ñòâîì � îíî çàêëþ÷àåòñÿ â òîì, ÷òî âìåñòî èñïîëüçîâàíèÿ åäèíîé äëÿ
âñåãî ðÿäà ãëîáàëüíîé àïïðîêñèìàöèè ïðèìåíÿåòñÿ êóñî÷íî-ëèíåéíàÿ,
÷òî ïîçâîëÿåò óñïåøíî ïðîãíîçèðîâàòü íåðåãóëÿðíûå (êâàçèïåðèîäè÷å-
ñêèå, õàîòè÷åñêèå) âðåìåííûå ðÿäû áåç äîïîëíèòåëüíîé îáðàáîòêè (âû-
äåëåíèÿ ïåðèîäè÷åñêîé, òðåíäîâîé, õàîòè÷åñêîé ñîñòàâëÿþùåé ðÿäà). Â
íàñòîÿùåå âðåìÿ òåîðèÿ ìåòîäîâ ëîêàëüíîé àïïðîêñèìàöèè ðàçâèâàåòñÿ
äîñòàòî÷íî àêòèâíî, ïîñêîëüêó â êà÷åñòâåííûõ ìîäåëÿõ ïðîãíîçà èñïû-
òûâàþò ïîòðåáíîñòü ðàçëè÷íûå ñôåðû æèçíåäåÿòåëüíîñòè.

Ìàðêîâ Ïàâåë Èëüè÷, ñòóäåíò, ÓÃÀÒÓ (Óôà, Ðîññèÿ); Pavel Markov (Ufa State
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Ãëàâíàÿ îòëè÷èòåëüíàÿ ÷åðòà ìåòîäîâ ËÀ ïðè âû÷èñëåíèè àïïðîê-
ñèìèðóþùåãî ïàðàìåòðà � ìåòîä çàäåðæåê [3]: ïåðåõîä îò ñêàëÿðíîãî
âðåìåííîãî ðÿäà ê âåêòîðíîìó ïðåäñòàâëåíèþ:

{x1, x2, . . . , xN} → Xp×(N−p+1) =

 xp . . . xN
...

. . .
...

x1 . . . xN−p+1

 .

Äàëåå âûáèðàåòñÿ âèä ëîêàëüíîãî ïðåäñòàâëåíèÿ xt+1 = f(xt, a), ò.å.
âèä ôóíêöèè, ñâÿçûâàþùåé ñëåäóþùåå çíà÷åíèÿ ðÿäà ñ ïðåäûäóùèì.
Ïðèìåð ôóíêöèè ïåðâîãî ïîðÿäêà:

f(xt, a) = a0 + xTt a.

Ïðîèñõîäèò âûáîð áëèæàéøèõ ê âåêòîðó xN−p+1 ñîñåäíèõ âåêòîðîâ
xs, óäîâëåòâîðÿþùèå óñëîâèþ:

{xs} :
∑

i∈N−p
||xN−p+1 − xi|| → min,

ãäå s ∈ ωΞ, Ξ - êîëè÷åñòâî ñîñåäåé, ωΞ - íàáîð íîìåðîâ âåêòîðîâ-ñîñåäåé,
òàêæå ïðèñóòñòâóåò íèæíÿÿ îöåíêà êîëè÷åñòâà ñîñåäåé [2]: Ξ ≥ p+ 1.

Ïîñëå âûáîðà ñîñåäåé ïðîèñõîäèò îöåíêà ïàðàìåòðîâ ëîêàëüíîãî ïðåä-
ñòàâëåíèÿ è ñîñòàâëåíèå ïðîãíîçà íà îäèí øàã âïåð¼ä. Äëÿ ïðîãíîçà íà
íåñêîëüêî øàãîâ ñóùåñòâóåò òðè âàðèàíòà ËÀ [2]: ïðÿìîé, èòåðàòèâíûé
è ìîäèôèöèðîâàííûé èòåðàòèâíûé, îòëè÷àþùèåñÿ ñïîñîáàìè âû÷èñëå-
íèÿ àïïðîêñèìèðóþùåãî ïàðàìåòðà.

Ðàññìàòðèâàÿ ôàêòîðû, âëèÿþùèå íà ãðàíèöû ïðîãíîçà ìåòîäîì ËÀ
ðàçëè÷íûõ òèïîâ âðåìåííûõ ðÿäîâ, ïîðîæäåííûõ ðåàëüíûìè ïðîöåññà-
ìè, ìîæíî ñäåëàòü íåñêîëüêî âûâîäîâ:

1. Èäåàëüíàÿ ïîçèöèÿ äëÿ ñòàðòà ïðåäñêàçàíèé � ñåðåäèíà ëèíèè
òðåíäà, ëèáî � ëîêàëüíûé ýêñòðåìóì.

2. Áîëüøàÿ äëèíà âåêòîðà çàäåðæåê è áîëüøîå ÷èñëî âåêòîðîâ-ñîñåäåé
íå ãàðàíòèðóåò óâåëè÷åíèÿ òî÷íîñòè ïðîãíîçà.

3. Ìåòîäû ËÀ ñëîæíû äëÿ àâòîìàòèçàöèè (êàæäûé ïàðàìåòð òðåáó-
åòñÿ ïîäáèðàòü âðó÷íóþ) èç-çà ýòîãî îíè îòñóòñòâóþò â ñòàòèñòè÷åñêèõ
ïàêåòàõ.

4. Ñëîæíîñòü ïðîãíîçà ýêîíîìè÷åñêèõ è êëèìàòè÷åñêèõ ïðîöåññîâ
ñâÿçàíà ñ íàëè÷èåì ñìåí õàðàêòåðèñòèê âðåìåííîãî ðÿäà (âîçäåéñòâèå
êðèçèñà, ñãîâîð è ò.ä.) è ñëîæíîñòüþ ñàìîãî ïðîöåññà (ìíîãîôàêòîð-
íîñòü). Äëÿ ïîäîáíûõ òèïîâ äàííûõ öåëåñîîáðàçíåå èñïîëüçîâàòü ìîäè-
ôèöèðîâàííûé èòåðàòèâíûé ìåòîä ËÀ [3].

5. Ñàìûìè òðóäíûìè äëÿ ïðåäñêàçàíèé ÿâëÿþòñÿ äàííûå ýïèäåìèî-
ëîãè÷åñêîãî òèïà, èìåþùèå âçðûâíîé õàðàêòåð íà ìàëîì ïðîìåæóòêå
âðåìåíè. Èòåðàòèâíûé ìåòîä ïîêàçûâàåò ëó÷øèé ðåçóëüòàò, òàê êàê èñ-
ïîëüçóåòñÿ íàèìåíüøåå ÷èñëî ïðîøëûõ çíà÷åíèé ðÿäà.
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Ãëàâíàÿ ïðè÷èíà, êîòîðàÿ îãðàíè÷èâàåò ïðèìåíåíèå ìåòîäîâ ëîêàëü-
íîé àïïðîêñèìàöèè: èõ ýôôåêòèâíîå èñïîëüçîâàíèå âîçìîæíî äëÿ ðÿ-
äîâ, çíà÷åíèÿ êîòîðûõ ôèêñèðîâàëèñü äîñòàòî÷íî ïðîäîëæèòåëüíîå âðå-
ìÿ.
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Â ðàáîòå ïðåäñòàâëåíà íåÿâíàÿ ñõåìà ìåòîäà Ãàëåðêèíà ñ ðàçðûâ-
íûìè áàçèñíûìè ôóíêöèÿìè äëÿ ðåøåíèÿ òðåõìåðíûõ óðàâíåíèé
ãàçîâîé äèíàìèêè íà íåñòðóêòóðèðîâàííûõ ñåòêàõ. Äëÿ îáåñïå÷å-
íèÿ ìîíîòîííîñòè ÷èñëåííîãî ðåøåíèÿ èñïîëüçóåòñÿ ýíòðîïèéíûé
ëèìèòåð, îáåñïå÷èâàþùèé íåîòðèöàòåëüíîå ïðîèçâîäñòâî ýíòðîïèè
â êàæäîì êîíå÷íîì ýëåìåíòå. Ïðîâåäåíû ÷èñëåííûå ðàñ÷åòû íåêî-
òîðûõ ìîäåëüíûõ çàäà÷, ïîçâîëÿþùèå îöåíèòü ýôôåêòèâíîñòü ìå-
òîäà.
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Application of the entropy limiter for solving
three-dimensional gas dynamics equations using the implicit

scheme of the discontinuous Galerkin method

The paper presents an implicit scheme of the discontinuous Galerkin
method for solving three-dimensional gas dynamics equations on un-
structured grids. To ensure the monotonicity of the numerical solution,
an entropy limiter is used, which ensures non-negative entropy pro-
duction in each finite element. Numerical calculations of some model
problems have been carried out in order to evaluate the efficiency of the
method.

Keywords: gas dynamic equations, discontinuous Galerkin method, im-
plicit scheme, entropy limiter, unstructured grids

Â ðàáîòå ðàññìàòðèâàåòñÿ òðåõìåðíàÿ ñèñòåìà óðàâíåíèé Íàâüå-Ñòîê-
ñà:

∂ρ

∂t
+∇ · (ρv) = 0, (1)

∂ (ρv)

∂t
+∇ · (ρvv) +∇p+∇ · τ = 0, (2)

∂ (ρE)

∂t
+∇ · ((ρE + p)v)−∇ · (τ · v) = 0, (3)

äîïîëíåííàÿ ïîäõîäÿùèìè íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè, êîòî-
ðûå êîíêðåòèçèðóþòñÿ äëÿ êàæäîé çàäà÷è. Â ñèñòåìå (1)�(3) ρ � ïëîò-

íîñòü, v = (u, v, w) � âåêòîð ñêîðîñòè, p - äàâëåíèå, E = ρ
(
e+ u2+v2+w2

2

)
- ïîëíàÿ ýíåðãèÿ, e - âíóòðåííÿÿ ýíåãðèÿ, τij (i, j = x, y, z) � êîìïîíåíòû
òåíçîðà âÿçêèõ íàïðÿæåíèé. Ñèñòåìà óðàâíåíèé çàìûêàåòñÿ óðàâíåíèåì
ñîñòîÿíèÿ p = ρe (γ − 1), ãäå γ � ïîêàçàòåëü àäèàáàòû.

Òåíçîð âÿçêèõ íàïðÿæåíèé ïðåäñòàâëåí â âèäå:

τ = −2

3
µ(∇ · v)I + µ(∇v + (∇v)T ),

ãäå µ � êîýôôèöèåíò äèíàìè÷åñêîé âÿçêîñòè, I � ïëîòíîñòü èìïóëüñà.
Äëÿ ïðîñòðàíñòâåííîé àïïðîêèìàöèè óðàâíåíèé èñïîëüçóåòñÿ ìåòîä

Ãàëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè. Ïðîèçâîäíûå ïî âðå-
ìåíè àïïðîêñèìèðóþòñÿ ñ èñïîëüçîâàíèåì ñõåìû Ýéëåðà.

Äëÿ íàõîæäåíèÿ çíà÷åíèé ôóíêöèé íà ãðàíÿõ â êîíâåêòèâíûõ ñëà-
ãàåìûõ èñïîëüçóåòñÿ ïîòîêîâàÿ ôóíêöèÿ Ãîäóíîâà. Çíà÷åíèÿ íà ãðàíÿõ
â äèôôóçèîííûõ ñëàãàåìûõ óðàâíåíèé íàõîäÿòñÿ êàê ñðåäíåå àðèôìå-
òè÷åñêîå ìåæäó äâóìÿ ïîâåðõíîñòíûìè ñîñòîÿíèÿìè.

Ïîñòðîåíèå íåÿâíîé ñõåìû áàçèðóåòñÿ íà ïðåäñòàâëåíèè ñèñòåìû óðàâ-
íåíèé â òàê íàçûâàåìîé ¾äåëüòà-ôîðìå¿, êîãäà ðàññìàòðèâàþòñÿ íå ñàìè
èñêîìûå ôóíêöèè, à èõ ïðèðàùåíèÿ íà êàæäîì øàãå ïî âðåìåíè [1].

Ïîëó÷åííóþ â ðåçóëüòàòå ÑËÀÓ, ðåøàåì ñ èñïîëüçîâàíèåì ðåøàòå-
ëåé èç áèáëèîòåêè NVIDIA AmgX [2].
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Äëÿ îáåñïå÷åíèÿ ìîíîòîííîñòè ÷èñëåííîãî ðåøåíèÿ íà îñíîâå èäåè
èç ðàáîò [3,4] îáîáùåí è ðåàëèçîâàí ýíòðîïèéíûé ëèìèòåð â òðåõìåðíîì
ñëó÷àå.

Äëÿ âåðèôèêàöèè ÷èñëåííîãî àëãîðèòìà ðåøåíû 2 ìîäåëüíûå çàäà-
÷è. Â ïåðâîé èç íèõ ìîäåëèðóåòñÿ òå÷åíèå íåâÿçêîãî ñæèìàåìîãî ãàçà â
ïëîñêîì êàíàëå ñ êëèíîì ïðè ÷èñëå Ìàõà ðàâíûì 2. Âî âòîðîé çàäà÷å
ìîäåëèðóåòñÿ òðàíñçâóêîâîå îáòåêíèå ñèììåòðè÷íîãî àýðîäèíàìè÷åñêî-
ãî ïðîôèëÿ NACA 0012. Ïðåäñòàâëåíû ðåçóëüòàòû ðàñ÷åòîâ.
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Â ïîñëåäíèå ãîäû èíòåíñèâíî ðàçâèâàþòñÿ àëãîðèòìû ïîèñêîâîé
îïòèìèçàöèè. Ñðåäè íèõ íàèáîëüøóþ ïîïóëÿðíîñòü íàáèðàþò ïî-
ïóëÿöèîííûå àëãîðèòìû. Èõ ýôôåêòèâíîñòü ÷àñòî ïðåâîñõîäèò ýâî-
ëþöèîííûå àëãîðèòìû. Â ðàáîòå îïèñàí ìåòîä ðîÿ ÷àñòèö.

Êëþ÷åâûå ñëîâà: ìåòîä ðîÿ ÷àñòèö

Particle Swarm Method

Search engine optimization algorithms have been intensively developing
in recent years. Among them, population algorithms are gaining the
greatest popularity. Their efficiency is often superior to evolutionary
algorithms. Much attention is paid to the particle swarm method.

Keywords: particle swarm method
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Ìåòîä ðîÿ ÷àñòèö (particle swarm optimization) � ìåòîä ÷èñëåííîé
îïòèìèçàöèè, äëÿ èñïîëüçîâàíèÿ êîòîðîãî íå òðåáóåòñÿ çíàòü òî÷íîãî
ãðàäèåíòà îïòèìèçèðóåìîé ôóíêöèè. Äàííûé ìåòîä îòíîñèòñÿ ê ãðóïïå
àëãîðèòìîâ ðîåâîãî èíòåëëåêòà (swarm intelligence), êîòîðûå îïèñûâàþò
êîëëåêòèâíîå ïîâåäåíèå äåöåíòðàëèçîâàííîé ñàìîîðãàíèçóþùåéñÿ ñè-
ñòåìû. Ñèñòåìû ðîåâîãî èíòåëëåêòà, êàê ïðàâèëî, ñîñòîÿò èç ìíîæåñòâà
àãåíòîâ, ëîêàëüíî âçàèìîäåéñòâóþùèõ ìåæäó ñîáîé è ñ îêðóæàþùåé
ñðåäîé. Ñàìè àãåíòû îáû÷íî äîâîëüíî ïðîñòû, íî âñå âìåñòå, ëîêàëüíî
âçàèìîäåéñòâóÿ, ñîçäàþò òàê íàçûâàåìûé ðîåâîé èíòåëëåêò [1].

Âïåðâûå ìåòîä áûë ñîçäàí äëÿ ñèìóëÿöèè ñîöèàëüíîãî ïîâåäåíèÿ
ñòàè ïòèö è êîñÿêîâ ðûá. Â ðåçóëüòàòå ðàçâèòèÿ ìåòîäà åãî íà÷àëè
óñïåøíî ïðèìåíÿòü ê çàäà÷àì íàõîæäåíèÿ ýêñòðåìóìîâ ôóíêöèè.

Ìåòîä ðîÿ ÷àñòèö áûë ðàçðàáîòàí Äæåéìñîì Êåííåäè è Ðàññåëîì
Ýáåðõàðòîì â 1995 ãîäó.

Ìîäåëü, ïîëîæåííàÿ â îñíîâó ýòîãî ìåòîäà, áûëà ïîëó÷åíà óïðîùå-
íèåì ìîäåëè Ðåéíîëäñà, â ðåçóëüòàòå ÷åãî îòäåëüíûå îñîáè ïîïóëÿöèè
ñòàëè ïðåäñòàâëÿòüñÿ îòäåëüíûìè îáúåêòàìè, íå èìåþùåãî ðàçìåðà, íî
îáëàäàþùèìè íåêîòîðîé ñêîðîñòüþ.

Â ñèëó êðàéíåé ñõîæåñòè ñ ìàòåðèàëüíûìè ÷àñòèöàìè ïîëó÷èâøèåñÿ
ïðîñòûå îáúåêòû ñòàëè íàçûâàòüñÿ ÷àñòèöàìè, à ïîïóëÿöèÿ � ðîåì.

Ìåòîä ðîÿ ÷àñòèö ïðåäíàçíà÷åí äëÿ ðåøåíèÿ çàäà÷ ìíîãîìåðíîé
íåïðåðûâíîé îïòèìèçàöèè è îñíîâàí íà ìîäåëèðîâàíèè ñîöèàëüíîãî ïî-
âåäåíèÿ êîëîíèé æèâîòíûõ, âûïîëíÿþùèõ êîëëåêòèâíûé ïîèñê ìåñò ñ
íàèëó÷øèìè óñëîâèÿìè ñóùåñòâîâàíèÿìè.

ÎÑÎÁÅÍÍÎÑÒÈ ÌÅÒÎÄÀ ÐÎß ×ÀÑÒÈÖ. Ìåòîä ðîÿ ÷àñòèö ÿâ-
ëÿåòñÿ, ïî ñóòè, ìåòàýâðèñòèêîé, õîðîøî çàðåêîìåíäîâàâøåé ñåáå ïðè
ðåøåíèè ðàçëè÷íûõ îïòèìèçàöèîííûõ çàäà÷.

Åãî îòëè÷èòåëüíîé îñîáåííîñòüþ îò ìíîãèõ äðóãèõ ìåòîäîâ ÿâëÿåòñÿ
òî, ÷òî äëÿ ìåòîäà ðîÿ ÷àñòèö íåîáõîäèìî óìåòü âû÷èñëÿòü òîëüêî çíà-
÷åíèÿ îïòèìèçèðóåìîé ôóíêöèè, íå îáÿçàíà áûòü äèôôåðåíöèðóåìîé,
áîëåå òîãî, îíà ìîæåò áûòü ðàçðûâíîé, çàøóìëåííîé è ò.ï. [2]

ÎÏÈÑÀÍÈÅ ÀËÃÎÐÈÒÌÀ. Èäåÿ àëãîðèòìà áûëà ÷àñòè÷íî çàèì-
ñòâîâàíà èç èññëåäîâàíèé ïîâåäåíèÿ ñêîïëåíèé æèâîòíûõ (êîñÿêîâ ðûá,
ñòàé ïòèö è ò.ï.), ìîäåëü áûëà íåìíîãî óïðîùåíà è äîáàâëåíû ýëåìåí-
òû ïîâåäåíèÿ òîëïû ëþäåé, ïîýòîìó, â îòëè÷èå, íàïðèìåð, îò àëãîðèòìà
ï÷åë àãåíòû àëãîðèòìà (âîçìîæíûå ðåøåíèÿ) è áûëè íàçâàíû íåéòðàëü-
íî � ÷àñòèöû.

×òîáû ïîíÿòü àëãîðèòì ðîÿ ÷àñòèö, ïðåäñòàâüòå ñåáå n-ìåðíîå ïðî-
ñòðàíñòâî (îáëàñòü ïîèñêà), â êîòîðîì ðûùóò ÷àñòèöû (àãåíòû àëãîðèò-
ìà). Â íà÷àëå ÷àñòèöû ðàçáðîñàíû ñëó÷àéíûì îáðàçîì ïî âñåé îáëàñòè
ïîèñêà, è êàæäàÿ ÷àñòèöà èìååò ñëó÷àéíûé âåêòîð ñêîðîñòè. Â êàæäîé
òî÷êå, ãäå ïîáûâàëà ÷àñòèöà, ðàññ÷èòûâàåòñÿ çíà÷åíèå öåëåâîé ôóíê-
öèè. Ïðè ýòîì êàæäàÿ ÷àñòèöà çàïîìèíàåò, êàêîå (è ãäå) ëó÷øåå çíà÷å-
íèå öåëåâîé ôóíêöèè îíà ëè÷íî íàøëà, à òàêæå êàæäàÿ ÷àñòèöà çíàåò
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ãäå ðàñïîëîæåíà òî÷êà, ÿâëÿþùàÿñÿ ëó÷øåé ñðåäè âñåõ òî÷åê, êîòîðûå
ðàçâåäàëè ÷àñòèöû. Íà êàæäîé èòåðàöèè ÷àñòèöû êîððåêòèðóþò ñâîþ
ñêîðîñòü (ìîäóëü è íàïðàâëåíèå), ÷òîáû, ñ îäíîé ñòîðîíû, áûòü ïîáëèæå
ê ëó÷øåé òî÷êå, êîòîðóþ ÷àñòèöà íàøëà ñàìà (àâòîðû àëãîðèòìà íàçâà-
ëè ýòîò àñïåêò ïîâåäåíèÿ "íîñòàëüãèåé"), è, â òî æå âðåìÿ, ïðèáëèçèòü-
ñÿ ê òî÷êå, êîòîðàÿ â äàííûé ìîìåíò ÿâëÿåòñÿ ãëîáàëüíî ëó÷øåé. ×åðåç
íåêîòîðîå êîëè÷åñòâî èòåðàöèé ÷àñòèöû äîëæíû ñîáðàòüñÿ âáëèçè íàè-
áîëåå õîðîøåé òî÷êè, õîòÿ âîçìîæíî, ÷òî ÷àñòü ÷àñòèö îñòàíåòñÿ ãäå-òî
â îòíîñèòåëüíî íåïëîõîì ëîêàëüíîì ýêñòðåìóìå, íî ãëàâíîå, ÷òîáû õîòÿ
áû îäíà ÷àñòèöà îêàçàëàñü âáëèçè ãëîáàëüíîãî ýêñòðåìóìà.

Ñàìîå èíòåðåñíîå â àëãîðèòìå � ýòî êîððåêöèÿ ñêîðîñòè, èìåííî îò
ýòîãî øàãà çàâèñèò ñõîäèìîñòü àëãîðèòìà. Ðàññ÷èòûâàåì çíà÷åíèå öåëå-
âîé ôóíêöèè â êàæäîé íîâîé òî÷êå, êàæäàÿ ÷àñòèöà ïðîâåðÿåò, íå ñòàëà
ëè íîâàÿ êîîðäèíàòà ëó÷øåé ñðåäè âñåõ òî÷åê, ãäå îíà ïîáûâàëà. Çàòåì
ñðåäè âñåõ íîâûõ òî÷åê ïðîâåðÿåì, íå íàøëè ëè ìû íîâóþ ãëîáàëüíî
ëó÷øóþ òî÷êó, è, åñëè íàøëè, çàïîìèíàåì åå êîîðäèíàòû è çíà÷åíèå
öåëåâîé ôóíêöèè â íåé.

ÍÅÄÎÑÒÀÒÊÈ: Âî-ïåðâûõ, îí îáëàäàåò âñåìè íåäîñòàòêàìè, ÷òî è
äðóãèå ñòîõàñòè÷åñêèå àëãîðèòìû îïòèìèçàöèè - íå ãàðàíòèðîâàíà ñõî-
äèìîñòü àëãîðèòìà ïðè êîíå÷íîì ÷èñëå ÷àñòèö, îòñþäà è óâåëè÷åíèå
íåîáõîäèìîãî êîëè÷åñòâà ðàñ÷åòîâ öåëåâîé ôóíêöèè (íî, ðàçóìååòñÿ,
ìåíüøå, ÷åì ó ïðîñòîãî ïåðåáîðà), è, ÷òî õàðàêòåðíî èìåííî äëÿ ýòî-
ãî àëãîðèòìà, - ýòî îðèåíòàöèÿ íà îäíó ëó÷øóþ òî÷êó, ÷òî óâåëè÷èâàåò
âåðîÿòíîñòü îñòàíîâêè àëãîðèòìà â íåïëîõîì, íî íå ãëîáàëüíîì ìèíè-
ìóìå. ÏÐÅÈÌÓÙÅÑÒÂÀ: ýòî åãî ïîíÿòíîñòü è âîçìîæíîñòü áûñòðî
ïåðåñòðîèòü àëãîðèòì íà äðóãóþ ôîðìóëó äëÿ ðàñ÷åòà ñêîðîñòè ÷àñòèö.
Êðîìå òîãî, îí äîâîëüíî ýôôåêòíî âûãëÿäèò ïðè âèçóàëèçàöèè [3].
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ÝÊÑÏÅÐÈÌÅÍÒÀËÜÍÎ-ÑÐÀÂÍÈÒÅËÜÍÛÉ ÀÍÀËÈÇ
ÀËÃÎÐÈÒÌÎÂ ÏÎÈÑÊÀ ÏÎÄÑÒÐÎÊÈ Â ÒÅÊÑÒÅ

Â.À. Ìèõàéëîâ, Ô.Ì. Àáëàåâ, Ò.À. Ìèõàéëîâà
v.mikhailov23@gmail.com

ÓÄÊ 004.021, 510.522

Â ñòàòüå ïðåäñòàâëåíû ðåçóëüòàòû èññëåäîâàíèÿ àëãîðèòìîâ, ðåøà-
þùèõ çàäà÷ó ïîèñêà ïîäñòðîêè â ñòðîêå. Ïóò¼ì ñðàâíèòåëüíîãî àíà-
ëèçà àñèìïòîòè÷åñêèõ îöåíîê ñëîæíîñòè äåòåðìèíèðîâàííûõ àëãî-
ðèòìîâ ïîñòðîåí âåðîÿòíîñòíûé àëãîðèòì ïîèñêà. Ñîñòàâëåíà ïðî-
ãðàììíàÿ ðåàëèçàöèÿ è ïðîâåäåíû âû÷èñëèòåëüíûå ýêñïåðèìåíòû,
ìîäåëèðóþùèå ïðàêòè÷åñêèå ïðèìåíåíèÿ èññëåäóåìûõ àëãîðèòìîâ.
Ðåçóëüòàòû ýêñïåðèìåíòîâ îòðàæàþò ðåêîìåíäóåìûå íàçíà÷åíèÿ è
ñïîñîáû ïðèìåíåíèÿ êàæäîãî àëãîðèòìà.

Êëþ÷åâûå ñëîâà: àëãîðèòì, ïîèñê, âåðîÿòíîñòíûé àëãîðèòì, îöåíêà
ñëîæíîñòè, ñðàâíèòåëüíûé àíàëèç

Experimental and comparative analysis of string-searching
algorithms in the text

The article presents the results of a study of algorithms that solve the
problem of finding the substring in the text. The probabilistic search
algorithm is constructed by a comparative analysis of asymptotic esti-
mates of the complexity of deterministic algorithms. The software im-
plementation was compiled and computational experiments were carried
out, modeling practical applications of the algorithms under study. The
experimental results reflect the recommended assignments and uses of
each algorithm.

Keywords: algorithm, search, probabilistic algorithm, complexity esti-
mation, comparative analysis

Ïîèñê ïîäñòðîêè â òåêñòå � îäíà èç ïîïóëÿðíûõ çàäà÷ ïîèñêà èíôîð-
ìàöèè, äëÿ ðåøåíèÿ êîòîðîé ñóùåñòâóåò ìíîæåñòâî àëãîðèòìîâ. Äàí-
íûé êëàññ çàäà÷ àíàëîãè÷åí ïîèñêó ¾èãîëêè â ñòîãå ñåíà¿ è îïèñûâàåòñÿ
ñëåäóþùèì îáðàçîì:

Ïóñòü çàäàí òåêñò t è øàáëîí (ñòðîêà) p. Íåîáõîäèìî îïðåäåëèòü,
âõîäèò ëè íåêîòîðûé çàäàííûé øàáëîí ñèìâîëîâ â èñõîäíûé òåêñò. Â
ñëó÷àå âõîæäåíèÿ � íàéòè ìàññèâ íîìåðîâ ñèìâîëîâ, íà÷èíàÿ ñ êîòî-
ðîãî p ñîäåðæèòñÿ â t, â ïðîòèâíîì ñëó÷àå � âûâåñòè ïóñòîé ìàññèâ.

Ìèõàéëîâ Âëàäèìèð Àíàòîëüåâè÷, ÊÔÓ (Êàçàíü, Ðîññèÿ); Vladimir Mikhailov
(Kazan Federal University, Kazan, Russia)
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Öåëüþ èññëåäîâàíèÿ ÿâëÿåòñÿ ïðîãðàììíàÿ ðåàëèçàöèÿ äåòåðìèíè-
ðîâàííûõ è âåðîÿòíîñòíîãî àëãîðèòìîâ ïîèñêà äëÿ ïðîâåäåíèÿ ýêñïåðè-
ìåíòàëüíî-ñðàâíèòåëüíîãî àíàëèçà.

Â õîäå ðàáîòû áûëè ðàññìîòðåíû 4 îñíîâíûõ àëãîðèòìà ïîèñêà ïîä-
ñòðîêè (ïðîñòåéøèé ïîñëåäîâàòåëüíûé àëãîðèòì ïîèñêà, Ðàáèíà-Êàðïà,
Êíóòà-Ìîððèñà-Ïðàòòà, Áîéåðà-Ìóðà) è áûë ïîñòðîåí âåðîÿòíîñòíûé
àëãîðèòì ïîèñêà.

Â ðåçóëüòàòàõ îöåíèâàíèÿ ñëîæíîñòè àëãîðèòìîâ (òàáëèöà 1) âûáðà-
íà ìîäåëü îäíîïðîöåññîðíîé ìàøèíû ñ ïðîèçâîëüíûì äîñòóïîì ê ïà-
ìÿòè è èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ: O(. . . ) � àñèìïòîòè÷åñêè
âåðõíÿÿ îöåíêà ñëîæíîñòè àëãîðèòìà, |Σ| � ìîùíîñòü àëôàâèòà Σ, n �
äëèíà òåêñòà, m � äëèíà øàáëîíà (ñòðîêè).

Òàáëèöà 1.
Îöåíêè ñëîæíîñòè äåòåðìèíèðîâàííûõ àëãîðèòìîâ ïîèñêà ïîäñòðîêè

Íàçâàíèå
Ñëîæíîñòü

ïðåäâàðèòåëüíûõ
âû÷èñëåíèé

Ñëîæíîñòü
ôàçû

ñðàâíåíèÿ

Ñëîæíîñòü
ñðàâíåíèÿ

â íàèõóäøåì
ñëó÷àå

Ïðîñòåéøèé
àëãîðèòì
ïîèñêà

0 O(m(n−m+ 1)) O(n2)

Àëãîðèòì
ÊÌÏ

O(m) O(n) O(n+m)

Àëãîðèòì
Áîéåðà-Ìóðà

O(m+ |Σ|) O(n) O(n+m+ |Σ|)

Àëãîðèòì
Ðàáèíà-Êàðïà

O(m) O(n) O(m(n−m+ 1))

Â õîäå èçó÷åíèÿ âûøåîïèñàííûõ àëãîðèòìîâ íà ÿçûêå ïðîãðàììèðî-
âàíèÿ Java áûëà ïîñòðîåíà ðåàëèçàöèÿ, êîòîðàÿ òåñòèðîâàëàñü íà ÝÂÌ,
èìåþùåé ñëåäóþùóþ êîíôèãóðàöèþ:
• ïðîöåññîð Intel Core i5-9300h, 2.3 GHz;
• îïåðàòèâíàÿ ïàìÿòü DDR4 16 GB DRAM 2666 MHz (äâóêàíàëüíûé

ðåæèì ïàìÿòè).
Áûëè ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû, ìîäåëèðóþùèå ïîèñê èí-

ôîðìàöèè, ñîîòâåòñòâóþùåé øàáëîíó, â ðàçëè÷íûõ íåóïîðÿäî÷åííûõ
áàçàõ äàííûõ è ó÷åáíèêàõ.
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ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ
ÃÅÒÅÐÎÃÅÍÍÎÉ ÝÊÇÎÒÅÐÌÈ×ÅÑÊÎÉ ÐÅÀÊÖÈÈ
A −→ B ÍÀ ÇÅÐÍÅ È Â ÑËÎÅ ÊÀÒÀËÈÇÀÒÎÐÀ
Ð.Ñ. Ìóãàëèìîâà, Ê.Ô. Êîëåäèíà, È.Ì. Ãóáàéäóëëèí
mugalimova.r@mail.ru, koledinakamila@mail.ru, irekmars@mail.ru

Òåîðèÿ êàòàëèòè÷åñêèõ ïðîöåññîâ íà ïîðèñòûõ çåðíàõ íà÷àëà ðàç-
âèâàòüñÿ ñ êîíöà 1930-õ ãîäîâ. Ïðèìåíåíèå êîìïüþòåðîâ äëÿ ðåøå-
íèÿ çàäà÷ ðàñøèðèëî âîçìîæíîñòè êà÷åñòâåííîãî àíàëèçà, áëàãî-
äàðÿ ñî÷åòàíèþ àíàëèòè÷åñêèõ ìåòîäîâ ñ ÷èñëåííûìè ðàñ÷åòàìè.
Â ðàáîòå ïðèâîäÿòñÿ ðåçóëüòàòû, ïîëó÷åííûå ïðè ìîäåëèðîâàíèè
ìîäåëüíîé ãåòåðîãåííîé ýêçîòåðìè÷åñêîé ðåàêöèè À → Â â íåïî-
äâèæíîì ñëîå êàòàëèçàòîðà.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, äèôôåðåíöèàëü-
íûå óðàâíåíèÿ, ýêçîòåðìè÷åñêàÿ ðåàêöèÿ, êàòàëèçàòîð, äèôôóçíàÿ
êèíåòèêà, ìåòîä ìàòðè÷íîé ïðîãîíêè

Mathematical modeling of heterogeneous exothermicreaction
A −→ B on the grain and in the catalyst layer

The theory of catalytic processes on porous grains began to develop in
the late 1930s. The use of computers to solve problems has expanded
the possibilities of qualitative analysis by combining analytical methods
with numerical calculations. The paper presents the results obtained by
modeling a model heterogeneous exothermic reaction A?B in a station-
ary catalyst layer.

Keywords: math modeling, differential equations, exothermic reaction,
catalyst, diffuse kinetics
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Â ðàáîòå ïðèâåäåíû ìàòåìàòè÷åñêèå ìîäåëè ïðîöåññà ñîãëàñíî ïðåä-
ëîæåííîìó Ì.Ã.Ñëèíüêî èåðàðõè÷åñêîìó ïîäõîäó: ñíà÷àëà ðàññìàòðè-
âàåòñÿ ïîâåäåíèå ðåàêöèîííîé ñèñòåìû íà çåðíå, à çàòåì â ñëîå êàòà-
ëèçàòîðà. Òî åñòü ìîäåëü ðàçáèâàåòñÿ íà äâå ÷àñòè � àíàëèç è ñèíòåç.
Àíàëèç � ðåøåíèå íà êàêîé-òî ýëåìåíòàðíîé ÷àñòè (çåðíî), à ñèíòåç �
îáîáùåíèå äëÿ âñåé çàäà÷è (ñëîé). Äàí êðàòêèé îáçîð ïîíÿòèÿ ýêçîòåð-
ìè÷åñêîé ðåàêöèÿ è äèôôóçèîííîé êèíåòèêè, à òàêæå íåêîòîðûå îïðå-
äåëåíèÿ è ïîíÿòèÿ òåîðèè êèíåòèêè ñëîæíûõ õèìè÷åñêèõ ðåàêöèé. Äëÿ
ìîäåëüíîé ýêçîòåðìè÷åñêîé ðåàêöèè ïåðâîãî ïîðÿäêà ðàçðàáîòàíà ìà-
òåìàòè÷åñêàÿ ìîäåëü, ó÷èòûâàþùàÿ ïðîöåññû ìàññû- è òåïëîïåðåíîñà
íà çåðíå è â ñëîå êàòàëèçàòîðà. Èç äâóõ óðàâíåíèé ìàòåðèàëüíîãî è
òåïëîâîãî áàëàíñîâ áûëî ïîëó÷åíî îäíî äèôôåðåíöèàëüíîå óðàâíåíèå,
ó÷èòûâàþùåå äèôôóçèîííûé è òåðìîäèôôóçèîííûé ïåðåíîñ â ïîðàõ
çåðíà êàòàëèçàòîðà. Òàêæå â ðàáîòå ïðèâîäèòñÿ àëãîðèòì ÷èñëåííîãî
ðåøåíèÿ ñèñòåì óðàâíåíèé ìàòåìàòè÷åñêîãî îïèñàíèÿ ìåòîäîì ìàòðè÷-
íîé ïðîãîíêè. Ïîäðîáíî îïèñûâàåòñÿ èñïîëüçóåìûé ìåòîä, ïðèâîäÿòñÿ
íåîáõîäèìûå ôîðìóëû äëÿ ðåøåíèÿ óðàâíåíèé ìàòåðèàëüíîãî è òåï-
ëîâîãî áàëàíñîâ. Ñôîðìóëèðîâàí ïîøàãîâûé àëãîðèòì ðåøåíèÿ ïîñòàâ-
ëåííîé çàäà÷è. Ïðåäëîæåí àëãîðèòì ÷èñëåííîãî ðåøåíèÿ ñèñòåìû óðàâ-
íåíèé ìàòåìàòè÷åñêîãî îïèñàíèÿ è â ïðîãðàììíîé ñðåäå Delphi ðàçðàáî-
òàíà ïðîãðàììà ðàñ÷åòà. Ïðèâîäÿòñÿ ðåçóëüòàòû ðåøåíèÿ çàäà÷è, êîòî-
ðûå ïðåäñòàâëåíû êàê â òàáëè÷íîì, òàê è ãðàôè÷åñêîì âèäå. Îòìå÷åíî
ÿâëåíèå ãèñòåðåçèñà, íàáëþäàåìîå â äàííîì ïðîöåññå. Ïðè âàðüèðîâà-
íèè ïàðàìåòðîâ ìîäåëåé (àäèàáàòè÷åñêîãî ðàçîãðåâà è ïàðàìåòðà Òè-
ëå) ïðîâåäåí âû÷èñëèòåëüíûé ýêñïåðèìåíò è îïðåäåëåíû òåìïåðàòóðû
çàæèãàíèÿ è çàòóõàíèÿ. Íàéäåíû óñëîâèÿ ñóùåñòâîâàíèÿ òðåõ ðåæè-
ìîâ ïðîòåêàíèÿ ðåàêöèè, îäèí èç êîòîðûõ ÿâëÿåòñÿ íåóñòîé÷èâûì. È â
êîîðäèíàòàõ àäèàáàòè÷åñêèé ðàçîãðåâ � îáðàòíûé ïàðàìåòð Òèëå äàíà
ãðàôè÷åñêàÿ èíòåðïðåòàöèÿ ïðîòåêàíèÿ ïðîöåññà.
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Ïîëó÷åíû óñëîâèÿ ïðè êîòîðûõ êîëåáàòåëüíûå ïðîöåññû ñî ñëîæ-
íûìè çàïàçäûâàíèÿìè ìîæíî èçó÷àòü íà îñíîâå èññëåäîâàíèÿ äèíà-
ìèêè ïðîñòåéøèõ çâåíüåâ. Ðàçðàáîòàíû àëãîðèòìû ÷èñëåííîãî èñ-
ñëåäîâàíèÿ êîëåáàòåëüíûõ ïðîöåññîâ â äèíàìè÷åñêèõ ñèñòåìàõ ñî
ñëîæíûìè çàïàçäûâàíèÿìè.

Êëþ÷åâûå ñëîâà: ìîäåëèðîâàíèå, äèíàìè÷åñêèå ñèñòåìû, çàïàçäû-
âàíèÿ, êîëåáàíèÿ, ëèíåéíûå çâåíüÿ

Modeling of pulse-frequency characteristics and oscillatory
processes in systems with complex delays.

Conditions are obtained under which oscillatory processes with complex
delays can be studied based on research dynamics of the simplest links.
Algorithms for numerical studies of oscillatory processes in dynamical
systems with complex delays.

Keywords: simulation, dynamic systems, delays, oscillations, linear links

Ïðè ìîäåëèðîâàíèè êîëåáàòåëüíûõ ïðîöåññîâ áîëåå ðåàëèñòè÷åñêàÿ
ìîäå ëü äîëæíà âêëþ÷àòü íåêîòîðûå èç ïðåäøåñòâóþùèõ ñîñòîÿíèé ñè-
ñòåìû. Áîëåå òîãî, ìíîãèå çàäà÷è òåðÿþ ñìûñë åñëè íå ó÷èòûâàòü òàêèå
ñîñòîÿíèÿ. Íà âàæíîñòü ó÷åòà çàïàçäûâàíèÿ â ìîäåëÿõ ñëîæíûõ ñèñòåì
óïðàâëåíèÿ îäíèì èç ïåðâûõ îáðàòèë âíèìàíèå Í. Ìèíîðñêèé [1]. Îí,
â ÷àñòíîñòè, â ñâîèõ ðàáîòàõ, ïîñâÿùåííûõ ñòàáèëèçàöèè êóðñà êîðàá-
ëÿ è àâòîìàòè÷åñêîìó óïðàâëåíèþ åãî äâèæåíèåì, ââåë â ðàññìîòðåíèå
çàïàçäûâàíèÿ â ìåõàíèçìå îáðàòíîé ñâÿçè. Íàèáîëåå îáùåì ìîäåëüþ
ÿâëÿåòñÿ ëèíåéíîå ñêàëÿðíîå çâåíî W , âõîä u(t) è âûõîä x(t), êîòîðûå
ñâÿçàíû óðàâíåíèåì âèäà

x(n)(t) +
n−1∑
j=0

∫ r

0
x(j)(t− s)dαj(s) =

m∑
j=0

∫ r

0
u(j)(t− s)dβj(s), (1)

ãäå n > m, αj(t) è βj(t) � ôóíêöèè îãðàíè÷åííûé âàðèàöèè íà îòðåç-
êå [0, r], à èíòåãðàëû ïîíèìàþòñÿ â ñìûñëå Ëåáåãà-Ñòèëòüåñà. Ê òàêèì
óðàâíåíèÿì ïðèâîäèòñÿ ìíîãèå äèôôåðåíöèàëüíûå óðàâíåíèÿ çàïàçäû-
âàþùåãî òèïà ñ ðàçíûìè âèäàìè çàïàçäûâàíèé. Â ÷àñòíîñòè, ìàòåìà-
òè÷åñêèå ìîäåëè ñëîæíûõ ïðîöåññîâ ñ ïîñëåäåéñòâèåì, íàïðèìåð ìà-
òåìàòè÷åñêèå ìîäåëè òåïëîòåõíè÷åñêèõ óñòàíîâîê (ïðè ìîäåëèðîâàíèè

Ìóçàôàðîâ Ñàëèõ Ìóõàððàìîâè÷, ê.ô.-ì.í, ÑÈ (ôèëèàë) ÁàøÃÓ (Ñèáàé, Ðîñèÿ);
Salikh Muzafarov (Sibay Institute (branch) of Bashkir State University, Sibay, Russia)
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íàãðåâàòåëüíûõ ïå÷åé ñ òîëñòûìè ñòåíêàìè) è ò.ï. Ïðè èçó÷åíèè óðàâ-
íåíèÿ (1) âàæíóþ ðîëü èãðàåò õàðàêòåðèñòè÷åñêèå ìíîãî÷ëåíû L(p) =
pn +

∑n−1
j=0 p

j
∫ r

0 e
−psdαj(s) è M(p) =

∑m
j=0 p

j
∫ r

0 e
−psdβj(s). Òîãäà óðàâ-

íåíèå (1) ìîæåò áûòü ôîðìàëüíî çàïèñàíî â âèäå L(p)x = M(p)u èëè

x = W (p)u, ãäå W (p) = M(p)
L(p) .

Îäíèì èç îñíîâíûõ â ïåðèîäè÷åñêîé çàäà÷å äëÿ ëèíåéíûõ ñòàöèî-
íàðíûõ çâåíüåâ ÿâëÿåòñÿ ïîíÿòèå èìïóëüñíî-÷àñòîòíîé õàðàêòåðèñòèêè
(È×Õ), îïðåäåëÿåòñÿ êàê T -ïåðèîäè÷åñêàÿ ðåàêöèÿ çâåíà íà T -ïåðèîäè-
÷åñêóþ ïîñëåäîâàòåëüíîñòü áåñêîíå÷íûõ ìãíîâåííûõ èìïóëüñîâ.

Â íàñòîÿùåé ðàáîòå îáñóæäàåòñÿ âîïðîñû ðàçëîæåíèÿ èìïóëüñíî-
÷àñòîòíîé õàðàêòåðèñòèêè (È×Õ) çâåíà W â ðÿä ïî ýêñïîíåíöèàëüíûì
ðåøåíèÿì îäíîðîäíîãî (1) óðàâíåíèÿ.

Ïóñòü ÷èñëà τ1, τ2, · · ·, τk, · · · (|τk| → ∞) � ýòî ïðîñòûå íóëè êâàçèïî-
ëèíîìà L(p), ðàñïîëîæåííûå â ïîðÿäêå âîçðàñòàíèÿ èõ ìîäóëåé.

Òåîðåìà 1. Ïóñòü αj(t) � àáñîëþòíî íåïðåðûâíàÿ ôóíêöèÿ. Òîãäà
èìïóëüñíî-÷àñòîòíàÿ õàðàêòåðèñòèêà G(t, T ) ëèíåéíîãî çâåíà ñ ïåðå-

äàòî÷íîé ôóíêöèåé W (p) = M(p)
L(p) ïðåäñòàâëÿåòñÿ â âèäå ðÿäà

G(t, T ) =
∞∑
k=1

eτk(t)

L′(τk)(1− eτkT )
(0 ≤ t ≤ T ), (2)

êîòîðûé ðàâíîìåðíî ñõîäèòüñÿ íà êàæäîì îòðåçêå 0 < α ≤ t ≤ T è
ñõîäèòñÿ ïî íîðìå ãèëüáåðòîâà ïðîñòðàíñòâà L2(0, T ) ñóììèðóåìûõ ñ
êâàäðàòîì íà (0, T ) ôóíêöèé.

Ïóñòü äëÿ ïðîñòîòû èçó÷àåòñÿ ëèíåéíàÿ ñèñòåìà

L(p)x(t) = M(p)u(t), (3)

ãäå u(t+ T ) ≡ u(t). Ïðè âûïîëíåíèå óñëîâèÿ L(±2πki
T ) 6= 0

(k = 0, 1, 2, · · ·), óðàâíåíèå (3) èìååò åäèíñòâåííûé T � ïåðèîäè÷åñêèé
âûõîä x(t).

Ìîäåëèðîâàíèå êîëåáàòåëüíûõ âûõîäîâ x(t) ìîæåò áûòü îñóùåñòâ-
ëåíî ïî ñëåäóþùåé ñõåìå.

1) Âû÷èñëÿþòñÿ (òî÷íî èëè ïðèáëèæåííî) êîðíè τk êâàçèïîëèíîìà
L(p).

2) Â çàâèñèìîñòè îò òðåáóåìîé òî÷íîñòè èìïóëüñíî-÷àñòîòíàÿ õàðàê-
òåðèñòèêà G(t, T ) çâåíà (1) ìîäåëèðóåòñÿ â âèäå

G(t, T ) ≈ G1(t, T ) + · · ·+Gn(t, T ),

ãäå Gk(t, T ) � ýòî ôóíêöèè Gk(t, T ) = eτkt

L′(τk)(1−eτkT )
.

3) Êîëåáàòåëüíûé âûõîä x(t) ìîäåëèðóåòñÿ êàê ñóììà

x(t) ≈ x1(t) + cdot · ·+ xn(t),
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ãäå xk(t) =
∫ T

0 Gk(t− s, T )u(s)ds.
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Äàííàÿ ðàáîòà ïîñâÿùåíà îáçîðó ìåòîäîâ îöåíêè ïðî÷íîñòè îáî-
ëî÷êîâûõ êîíñòðóêöèé. Àâòîðàìè èçó÷åíû 6 ðàçëè÷íûõ ìåòîäèê.
Äàíû ðåêîìåíäàöèè ïî ïðèìåíåíèþ ìåòîäèê, îñíîâàííûå íà ýêñïå-
ðèìåíòàëüíûõ äàííûõ èç îòêðûòûõ èñòî÷íèêîâ.
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Pipeline strength assessments, with corrosion defects

This work is devoted to the review of methods for assessing the strength
of shell structures. The authors have studied 6 different methods. Rec-
ommendations for application of the methods based on experimental
data from open sources are given.

Keywords: strength, shell design, pipeline

Îäíîé èç îñíîâíûõ ïðè÷èí ñíèæåíèÿ íåñóùåé ñïîñîáíîñòè òðóáîïðî-
âîäîâ ÿâëÿåòñÿ ïîÿâëåíèå ëîêàëüíûõ êîððîçèîííûõ äåôåêòîâ ïðè ýêñ-
ïëóàòàöèè. Äëÿ îöåíêè ñòåïåíè îïàñíîñòè âûÿâëåííûõ äåôåêòîâ è ïðè-
íÿòèå äàëüíåéøèõ ðåøåíèé ïî ýêñïëóàòàöèè íåîáõîäèìî îöåíèòü ïðî÷-
íîñòü è äîëãîâå÷íîñòü òðóáîïðîâîäà. Ïðî÷íîñòü è äîëãîâå÷íîñòü õà-
ðàêòåðèçóþòñÿ êîëè÷åñòâåííûìè ïîêàçàòåëÿìè. Êîëè÷åñòâåííûé ïîêà-
çàòåëü ïðî÷íîñòè - ðàçðóøàþùåå äàâëåíèå, êîëè÷åñòâåííûé ïîêàçàòåëü
äîëãîâå÷íîñòè - ïðåäåëüíûé ñðîê ýêñïëóàòàöèè òðóáîïðîâîäà.

Ñóùåñòâóþò ðàçëè÷íûå ìîäåëè äëÿ îöåíêè ðàçðóøàþùåãî äàâëå-
íèÿ. Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ ñëåäóþùèå ìîäåëè: ASME B31G,
B31Gmod, DNV, CSA, PB, Shell-92 [1-2].
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Â îñíîâå âñåõ ìåòîäèê ïðåäñòàâëåíà ôîðìóëà Áàðëîó [3] ïðåäñòàâ-
ëåííàÿ â ñðàâíåíèè (1). Óðàâíåíèå (1) îöåíèâàåò âíóòðåííåå äàâëåíèå,
êîòîðîå òðóáà ìîæåò âûäåðæàòü, ó÷èòûâàÿ åå ãåîìåòðèþ è ìàòåðèàë.

p =
2δσ

D
, (1)

ãäå p � äàâëåíèå, äåéñòâóþùåå íà òðóáîïðîâîä, D - âíåøíèé äèàìåòð
òðóáîïðîâîäà, δ � òîëùèíà ñòåíêè òðóáû, σ � êîëüöåâûå íàïðÿæåíèÿ
ïðè ðàçðóøåíèè ó÷àñòêà òðóáîïðîâîäà ñ äåôåêòîì.

Íà îñíîâå ýêñïåðåìåíòàëüíûõ äàííûõ èç îòêðûòûõ èñòî÷íèêîâ ïðî-
àíàëèçèðîâàíû êîððîçèîííûå äåôåêòû ãëóáèíîé 80% îò òîëùèíû ñòåí-
êè, îïðåäåëåíà ïîäõîäÿùàÿ ìîäåëü.
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ÔÀÇÎÂÎÉ ÄÈÍÀÌÈÊÈ
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ÓÄÊ 530.18

Â ðàáîòå ïðåäëîæåíà ìîäèôèêàöèÿ èçâåñòíîãî ìåòîäà àíàëèçà ñâÿ-
çàííîñòè äâóõ îñöèëëÿòîðîâ ïî âðåìåííûì ðÿäàì ôàç íà ñëó÷àé
àíàëèçà íàïðàâëåííûõ ñâÿçåé â àíñàìáëå èç òðåõ ñèñòåì. Íà ýòà-
ëîííûõ ìàòåìàòè÷åñêèõ ñèñòåìàõ ïðîâåäåíî òåñòèðîâàíèå ýôôåê-
òèâíîñòè ïðåäëîæåííîé ìîäèôèêàöèè ìåòîäà.

Êëþ÷åâûå ñëîâà: ôàçîâàÿ äèíàìèêà, ìîäåëèðîâàíèå ïî âðåìåííûì
ðÿäàì, àíàëèç ñâÿçàííîñòè ìåæäó îñöèëëÿòîðàìè, îöåíêà ñòàòèñòè-
÷åñêîé çíà÷èìîñòè, ïðîâåðêà íóëåâûõ ãèïîòåç

Development of a method for reconstruction of the structure
of couplings in a system of three oscillators using phase

dynamics modeling

In this paper, we propose a modification of the well-known method
for analyzing the couplings between two oscillators from time series of
phases for the case of three systems. The effectiveness of the proposed
modified method was tested on etalon mathematical systems.

Keywords: phase dynamics, modeling from time series, analysis of cou-
plings between oscillators, estimation of statistical significance, testing
of null hypotheses

Âî ìíîãèõ îáëàñòÿõ íàóêè è òåõíèêè íåðåäêî âîçíèêàåò çàäà÷à [1-3]
àíàëèçà íàëè÷èÿ/îòñóòñòâèÿ ñâÿçåé ìåæäó êîëåáàòåëüíûìè ñèñòåìàìè
ïî ñèãíàëàì îò ýòèõ ñèñòåì. Ïåðñïåêòèâíûìè ïðè ðåøåíèè ïîäîáíîãî
ðîäà çàäà÷ îêàçûâàþòñÿ ìåòîäû, îñíîâàííûå íà ââåäåíèè è àíàëèçå ôàç
êîëåáàíèé, ïîñêîëüêó ôàçà ÿâëÿåòñÿ ÷óâñòâèòåëüíîé ê âíåøíåìó âîç-
äåéñòâèþ ïåðåìåííîé. Ðàíåå â ðàáîòàõ [4,5] áûë ïðåäëîæåí ìåòîä, ïîç-
âîëÿþùèé ïî ôàçàì ñèãíàëîâ îò äâóõ îñöèëëÿòîðîâ ïîëó÷àòü îöåíêè
íàëè÷èÿ è íàïðàâëåíèÿ ñâÿçè ìåæäó íèìè. Ìåòîä çàêëþ÷àåòñÿ â ñëå-
äóþùåì. Ïóñòü èìååòñÿ äâà ñèãíàëà x 1(t) è x2(t). Ïî íèì, íàïðèìåð, ñ
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ïîìîùüþ ïðåîáðàçîâàíèÿ Ãèëüáåðòà, ðàññ÷èòûâàþòñÿ âðåìåííûå ðÿäû
ôàç êîëåáàíèé {φ1(t1), ..., φ1(tN)} è {φ2(t1), ..., φ2(tN)} , ãäå ti = i4t,4t
- èíòåðâàë âûáîðêè, N - äëèíà ðÿäà. Ïðåäïîëàãàåòñÿ, ÷òî ôàçîâàÿ äè-
íàìèêà êîððåêòíî îïèñûâàåòñÿ ñòîõàñòè÷åñêèìè äèôôåðåíöèàëüíûìè
óðàâíåíèÿìè ïåðâîãî ïîðÿäêà:

dφi/dt = ωi + Gi(φi(t), φj (t)) + ξi(t), i , j = 1 , 2 , (1)

ãäå ïàðàìåòð ωi îïðåäåëÿåò óãëîâóþ ÷àñòîòó êîëåáàíèé, ξk(t) � áåëûé
øóì ñ íóëåâûì ñðåäíèì è àâòîêîâàðèàöèîííîé ôóíêöèåé 〈ξk(t)ξk(t′)〉 =
Dξkδ(t − t′), ôóíêöèèGk 2π -ïåðèîäè÷íû ïî îáîèì àðãóìåíòàì è îïðå-
äåëÿþò âçàèìîäåéñòâèå îñöèëëÿòîðîâ è ñîáñòâåííóþ íåëèíåéíîñòü èõ
ôàçîâîé äèíàìèêè. Ïðè àíàëèçå äèñêðåòíûõ âðåìåííûõ ðÿäîâ óäîáíî
ðàññìàòðèâàòü ðàçíîñòíóþ ôîðìó óðàâíåíèé, ñîîòâåòñòâóþùóþ èíòå-
ãðèðîâàíèþ óðàâíåíèé (1) íà èíòåðâàëå øèðèíû τ :

4φi(t) = φi(t + τ)− φ(t) = Fi(φi(t), φj (t), ai) + εi(t), i , j = 1 , 2 , (2)

ãäå εi(t) ≈
∫
ξi(t
′)dt′ - ãàóññîâñêèé øóì ñ íóëåâûì ñðåäíèì è äèñïåðñèåé

Dεi = Dξiτ , èíòåðâàë τ áåðåòñÿ ðàâíûì ïîðÿäêà îäíîãî õàðàêòåðíîãî
ïåðèîäà êîëåáàíèé. Ïî âðåìåííûì ðÿäàì ôàç φ1(t) è φ2(t) îò äâóõ ñèñòåì

ñòðîèòñÿ ìîäåëü (2) ñ òðèãîíîìåòðè÷åñêèìè ìíîãî÷ëåíàìè íåâûñîêîãî
ïîðÿäêà Fi(φ1, φ2,ai) = wi +

∑
(αi,m,n cos(mφi − nφj) + βi,m,n sin(mφi −

nφj)) ãäå ai � âåêòîð êîýôôèöèåíòîâ, êîòîðûå ïîëó÷àþò ñ ïîìîùüþ
ìåòîäà íàèìåíüøèõ êâàäðàòîâ. Èíòåíñèâíîñòü âîçäåéñòâèÿ âòîðîé ñè-
ñòåìû íà ïåðâóþ γ2→1 ðàññ÷èòûâàþò íà îñíîâå îöåíîê êîýôôèöèåíòîâ
ìîäåëè: γ2→1 =

∑
(m,n)

n2(α2
i,m,n + β2

i,m,n − 2Dα̂i,m,n) , ãäå Dα̂i,m,n - îöåíêà

äèñïåðñèè êîýôôèöèåíòîâ ìîäåëè, ñì. [5]. Àíàëîãè÷íî ïîëó÷àåòñÿ îöåí-
êà èíäåêñà íàïðàâëåííîãî âîçäåéñòâèÿ ïåðâîé ñèñòåìû íà âòîðóþ. Â
ðàáîòå [5] ÷åðåç îöåíêè äèñïåðñèé êîýôôèöèåíòîâ ìîäåëè ïðåäëîæåíû
ôîðìóëû äëÿ îöåíêè 95 ïðîöåíòíûõ äîâåðèòåëüíûé èíòåðâàëîâ èíäåê-
ñîâ γj→i.

Îïèñàííûé âûøå ìåòîä ðàíåå ïîêàçàë ñâîþ ýôôåêòèâíîñòü ïðè àíà-
ëèçå ñâÿçàííîñòè ðàçëè÷íûõ ñèñòåì äâóõ îñöèëëÿòîðîâ (òàêèõ êàê, ëè-
íåéíûå ñòîõàñòè÷åñêèå îñöèëëÿòîðû, îñöèëëÿòîðû Âàí-äåð-Ïîëÿ, Ðåñ-
ñëåðà è ïð.). Íåðåäêî âîçíèêàåò çàäà÷à ïîèñêà ñâÿçåé â àíñàìáëå òðåõ è
áîëåå îñöèëëÿòîðîâ. Êàê ïîêàçàíî â ðàáîòå [6], ïîïàðíûõ àíàëèç ñâÿçåé
ìåæäó êàæäûìè ñèñòåìàìè, âõîäÿùèìè â àíñàìáëü, ñ ïîìîùüþ äàííîãî
ìåòîäà, ìîæåò äàâàòü îøèáî÷íûå âûâîäû êàê î íàëè÷èè, òàê è î íàïðàâ-
ëåíèè ñâÿçè, îñîáåííî, êîãäà âñå îñöèëëÿòîðû â àíñàìáëå èìåþò áëèçêèå
÷àñòîòû.

Â äàííîé ðàáîòå îïèñàííûé âûøå ìåòîä áûë ìîäèôèöèðîâàí äëÿ
àíàëèçà ñâÿçàííîñòè îäíîâðåìåííî òðåõ ñèñòåì. Äëÿ ýòîãî â ôóíêöèè
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ìîäåëè ôàçû áûëà ââåäåíà ôàçà òðåòüåãî îñöèëëÿòîðà. Áûëè ïðåäëî-
æåíû ìîäèôèöèðîâàííûå ôîðìóëû äëÿ îöåíêè èíäåêñîâ íàïðàâëåííî-
ãî âîçäåéñòâèÿ. Òàêæå áûëè ïðåäëîæåíû ìîäèôèöèðîâàííûå ôîðìóëû
äëÿ îöåíêè 95 ïðîöåíòíûõ äîâåðèòåëüíûõ èíòåðâàëîâ ðàçâèòûõ â ðàáîòå
èíäåêñîâ âîçäåéñòâèÿ.

Ýôôåêòèâíîñòü ðàçâèòîãî â äàííîé ðàáîòå ìåòîäà áûëà ïðîòåñòèðî-
âàíà íà ñèñòåìå òðåõ ñâÿçàííûõ îñöèëëÿòîðîâ Âàí äåð Ïîëÿ ñ øóìîì.
Çàäàâàëàñü îïðåäåëåííàÿ ñòðóêòóðà ñâÿçåé ìåæäó îñöèëëÿòîðàìè è çà-
äà÷à ñîñòîÿëà â òîì, ÷òîáû âîññòàíîâèòü èñõîäíóþ ñòðóêòóðó ñâÿçåé.
Ïàðàìåòðû îñöèëëÿòîðîâ Âàí äåð Ïîëÿ (óðîâåíü øóìà, äëèíà ðÿäà è
äð.) ìåíÿëèñü â øèðîêîì äèàïàçîíå. Áûëè ïîëó÷åíû êîëè÷åñòâåííûå
çíà÷åíèÿ ïàðàìåòðîâ òåñòîâûõ îñöèëëÿòîðîâ, ïðè êîòîðûõ ìåòîä ýô-
ôåêòèâåí - äîëÿ îøèáî÷íûõ âûâîäîâ íå ïðåâûøàåò óðîâåíü 0.05, ïðè
ýòîì ñîõðàíÿåòñÿ âûñîêàÿ ÷óâñòâèòåëüíîñòü ìåòîäà.
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PARAMETER ESTIMATION OF CHAOTIC MAPS USING
PARTICLE SWARM OPTIMIZATION

N.G. Nikolaeva, A.S. Sheludko
et1814nng42@susu.ru, sheludkoas@susu.ru

In this work, the problem of parameter estimation is considered for
discrete models of chaotic systems. The estimates of the unknown vari-
ables in the model are found using the minimization of the cost function,
which has a large number of local minima. The solution of this problem
requires the use of a global optimization algorithm. This work presents
the application of particle swarm optimization.

Keywords: chaotic map, parameter estimation, swarm intelligence

Particle swarm optimization (PSO) is one of the most widely used techni-
ques for parameter estimation of chaotic systems [1�3]. However, most of the
studies in this topic are only focused on continuous models of chaotic systems
(see review of these studies in [4]). This work considers the parameter esti-
mation problem for a class of discrete models, which are described by chaotic
maps [5].

Consider a general form of chaotic map:

xk = f(xk−1, λ),

where xk is the state variable, and k is the time step index. In parameter
estimation problem, it is assumed that the model parameter λ and initial
condition x0 are unknown, and the only available data is the sequence of
measurements:

yk = xk + vk, k = 1, 2, . . . , N,

where vk is the additive error, and N is the number of measurements.
In the context of optimization approach [1, 6], the estimates of the

unknown variables are found using the minimization of the cost function

F (p) =
N∑
k=1

(
yk − fk(x0, λ)

)2
,

where p = [ x0 λ ]T is the vector of the unknown variables, and fk is the
k-fold composition of the map f with itself. Due to the nonlinear properties
of the chaotic map, the cost function F becomes multi-extremal [6]. It means
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that F has a large number of local minima. This is the reason for the
application of global optimization algorithms, such as PSO.

PSO is based on the simulation of the swarm evolution [7]. The swarm
consist of m particles, which move in the search space to �nd the global
minimum of the cost function F . Let pi,j , p̃i, p̂ be the current position
of particle, the best individual position, and the best position among all
particles, respectively. Here, i is the particle index, and j is the iteration
index. The swarm evolution from iteration j − 1 to iteration j is described
by the following algorithm [1, 2].

Step 1. Calculation of the particle velocity:

vi,j = wjvi,j−1 + c1r1(p̃i − pi,j−1) + c2r2(p̂− pi,j−1),

wj = wmax −
wmax − wmin

M
× j,

where c1, c2 > 0 are acceleration coe�cients, r1, r2 ∈ [ 0 , 1 ] are uniformly
distributed random numbers, and wj > 0 is the inertia weight (wmax, wmin
are its maximum and minimum values, respectively).

Step 2. Calculation of the new particle position:

pi,j = pi,j−1 + vi,j .

Step 3. If the new position is better than the best position, then the last
one is updated:

F (pi,j) < F (p̃i) ⇒ p̃i = pi,j .

Step 4. If the best position of the particle was updated in the previous
step, then try to update the global best position:

F (p̃i) < F (p̂) ⇒ p̂ = p̃i.

After M iterations of the algorithm, the best position p̂ is considered as
the solution of the parameter estimation problem.

This work presents the cost function analysis, application of PSO to
di�erent data sets, and comparison of the estimation results for di�erent
control parameters of the algorithm.
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ÏÐÎÑÒÛÅ ÐÅØÅÍÈß ÓÐÀÂÍÅÍÈÉ ÄÈÍÀÌÈÊÈ
ÎÄÍÎÀÒÎÌÍÎÃÎ ÃÀÇÀ

Ð.Ô. Íèêîíîðîâà
shayakhmetova.renata@gmail.com

ÓÄÊ 517.958

Ðàññìàòðèâàþòñÿ óðàâíåíèÿ ãàçîâîé äèíàìèêè ñ óðàâíåíèåì ñîñòî-
ÿíèÿ îäíîàòîìíîãî ãàçà. Èç îïòèìàëüíîé ñèñòåìû äîïóñêàåìûõ ïî-
äàëãåáð âûáðàíû 4-õ ìåðíûå ïîäàëãåáðû, ñîäåðæàùèå ïðîåêòèâíûé
îïåðàòîð. Âû÷èñëåíû èíâàðèàíòû áàçèñíûõ îïåðàòîðîâ. Ïîëó÷åíû
èíâàðèàíòíûå ðåøåíèÿ ðàíãà 0 ("ïðîñòûå" ðåøåíèÿ).

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ ãàçîâîé äèíàìèêè, ïðîåêòèâíûé îïåðà-
òîð, èíâàðèàíòíîå ðåøåíèå

Simple solutions for the equations of monatomic gas
dynamics

We consider the gas dynamics equations with the state equation of
monatomic gas. From the optimal system of admissible subalgebras,
four-dimensional subalgebras containing the projective operator are se-
lected. The invariants of the basic operators are computed. Invariant
solutions of rank 0 are obtained(”simple solutions”).

Keywords: gas dynamics equations, projective operator, invariant solu-
tion.

Ñèñòåìà óðàâíåíèé ãàçîâîé äèíàìèêè â ñëó÷àå îäíîàòîìíîãî ãàçà
äëÿ âåêòîðà ñêîðîñòè ~u = (u, v, w), ïëîòíîñòè ρ, äàâëåíèÿ p è ýíòðîïèè
S èìååò âèä [1]:

D~u+ ρ−1∇p = 0,

Dρ+ ρ div~u = 0, (1)
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DS = 0, S = pρ−
5
3 ,

ãäå D = ∂t + ~u · ∇. Âñå çàâèñèìûå ïåðåìåííûå ñ÷èòàþòñÿ ôóíêöèÿìè
âðåìåíè t è äåêàðòîâûõ êîîðäèíàò ~x = (x, y, z).

Ñèñòåìà (1) äîïóñêàåò ãðóïïó ïðåîáðàçîâàíèé ñ 14-ìåðíîé àëãåáðîé
Ëè îïåðàòîðîâ. Îñîáåííîñòüþ óðàâíåíèÿ ñîñòîÿíèÿ îäíîàòîìíîãî ãàçà
ÿâëÿåòñÿ òî, ÷òî äîïóñêàåìàÿ àëãåáðà Ëè ñîäåðæèò ïðîåêòèâíûé X12 =
t2∂t + tx∂x + ty∂y + tz∂z + (x− tu)∂u + (y − tv)∂v + (z − tw)∂w − 3tρ∂ρ −
5tp∂p. Îïòèìàëüíàÿ ñèñòåìà ïîäàëãåáð 14-ìåðíîé àëãåáðû Ëè ïîñòðîåíà
â ðàáîòå [2].

Èç îïòèìàëüíîé ñèñòåìû íåïîäîáíûõ ïîäàëãåáð â ðàáîòå [3] âûáðà-
íû ïîäàëãåáðû, ñîäåðæàùèå ïðîåêòèâíûé îïåðàòîð X12. Ðàññìîòðåíû
âñå 24 ÷åòûðåõìåðíûå ïîäàëãåáðû ñ ïðîåêòèâíûì îïåðàòîðîì, äëÿ íèõ
âû÷èñëåíû èíâàðèàíòû áàçèñíûõ îïåðàòîðîâ. Ïîëó÷åíû âñå èíâàðèàíò-
íûå ðåøåíèÿ ðàíãà íîëü (ïðîñòûå ðåøåíèÿ), çàäàííûå ïðîñòûìè ÿâíû-
ìè ôîðìóëàìè. Èõ êîëè÷åñòâî � 8. Âñå ðåøåíèÿ íåáàðîõðîííîãî òèïà,
6 èç íèõ ñ ëèíåéíûì ïîëåì ñêîðîñòåé. Åñëè ðåøåíèå ðàíãà 0 èìååò îò-
ðèöàòåëüíîå äàâëåíèå, òî ìîæíî äîáàâèòü ìèíèìàëüíûé äåôåêò, ÷òîáû
ðåøåíèå èìåëî ôèçè÷åñêèé ñìûñë. Òàê, äëÿ ïîäàëãåáð, îòëè÷àþùèõñÿ
òîëüêî îïåðàòîðîì ðàñòÿæåíèÿ ïî òåðìîäèíàìè÷åñêèì ïàðàìåòðàì ãà-
çà X14, 4 èç 5 èíâàðèàíòîâ îäèíàêîâûå. Äëÿ òàêèõ ïîäàëãåáð ìîæíî
ðàññìîòðåòü ÷àñòè÷íî èíâàðèàíòíîå ðåøåíèå, â êîòîðûõ ïëîòíîñòü åñòü
ôóíêöèÿ îáùåãî âèäà, à îñòàëüíûå ôóíêöèè èìåþò èíâàðèàíòíîå ïðåä-
ñòàâëåíèå ðàíãà 0. Òàêèå ðåøåíèÿ îáîáùàþò èíâàðèàíòíûå ðåøåíèÿ.
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Ðàññìàòðèâàåòñÿ ïðîõîæäåíèå ïëîñêîé àêóñòè÷åñêîé âîëíû ÷åðåç
ïà÷êó ïëîñêîãîðèçîíòàëüíûõ ñëîåâ ðàçíîé ïëîòíîñòè. Èñïîëüçóÿ
ðåøåíèå ïðåîáðàçîâàííîãî ïî Ôóðüå àêóñòè÷åñêîãî óðàâíåíèÿ è ñâÿçü
ìåæäó ñëîÿìè, ðåàëèçîâàíû äâà ìåòîäà íàõîæäåíèÿ àìïëèòóäû ïðî-
øåäøåé è îòðàæåííîé âîëíû.

Êëþ÷åâûå ñëîâà: àêóñòèêà, àêóñòè÷åñêàÿ ñðåäà, ìíîãîñëîéíàÿ ñðå-
äà, ïðåîáðàçîâàíèå Ôóðüå, ïðîõîæäåíèå âîëíû

Modeling of wave propagation through a multilayer medium

In this work a problem of acoustic wave propagation through a pack of
flat horizontal layers of various desities is being addressed. Using the
solution of an accoustic equation transformed using Fourier transform
and the boundary condition between layers, two methods of finding the
amplitudes of the transmitted and reflected waves are implemented.

Keywords: acoustics, acoustic medium, mutilayer medium, Fourier trans-
form, wave propagation

Â íàñòîÿùåå âðåìÿ çàäà÷à ðàñïðîñòðàíåíèÿ âîëí â ìíîãîñëîéíûõ
ñðåäàõ ïðèâëåêàåò ìíîãèõ èññëåäîâàòåëåé, ïîñêîëüêó ïîäîáíûå çàäà÷è
âîçíèêàþò â ðÿäå èíòåíñèâíî ðàçâèâàþùèõñÿ íàó÷íûõ è ïðîèçâîäñòâåí-
íûõ îòðàñëåé [1, 2]. Íàïðèìåð, ñ ðàçâèòèåì íàíîòåõíîëîãèé âîçíèêàþò
çàäà÷è ìîäåëèðîâàíèÿ ïðîõîæäåíèÿ âîëí ÷åðåç òîíêèå ïë¼íêè è ñëî-
èñòûå ñòðóêòóðû òîëùèíîé, íå ïðåâûøàþùåé äëèíó âîëíû ïàäàþùåãî
èçëó÷åíèÿ. Â íåôòåäîáûâàþùåé îòðàñëè, ïðè äîáû÷å óãëåâîäîðîäîâ âîç-
íèêàþò çàäà÷è ìîäåëèðîâàíèÿ, ñâÿçàííûå ñ èìèòàöèåé ïðîöåññà ñåéñìè-
÷åñêîé ðàçâåäêè, êîãäà âîëíà ïðîõîäèò ÷åðåç íåñêîëüêî ãåîëîãè÷åñêèõ
ñëîåâ. È ïîäîáíûõ ïðèìåðîâ ìîæíî ïðèâåñòè ìíîæåñòâî.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ðåøåíèå çàäà÷è ðàñïðîñòðàíåíèÿ ïà-
äåíèÿ ïëîñêîé âîëíû â æèäêîé èëè ãàçîîáðàçíîé àêóñòè÷åñêîé ñðåäå íà
ïà÷êó ãîðèçîíòàëüíî ðàñïîëîæåííûõ ñëî¼â ñ ðàçíîé ïëîòíîñòüþ è ñêî-
ðîñòüþ ðàñïðîñòðàíåíèÿ â íèõ âîëíû.

Âîëíà â ïðîèçâîëüíîé ñðåäå â îáùåì ñëó÷àå çàäàåòñÿ óðàâíåíèåì

ϕtt = c2∆ϕ, (1)

ãäå c � ñêîðîñòü ðàñïðîñòðàíåíèÿ âîëíû â ñðåäå, ϕ = ϕ(z, x, t) � ïîòåí-
öèàë ñìåùåíèÿ, îïðåäåëÿåìûé âåêòîðîì ñìåùåíèÿ u = ∇ϕ.

Ïðèâàëîâ Ëàâðåíòèé Þðüåâè÷, ñòóäåíò ÓÃÀÒÓ (Óôà, Ðîññèÿ); Lavrentii Privalov
(Ufa State Aviation Technical University, Ufa, Russia)
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Âîëíîâîå óðàâíåíèå (1) ïðåîáðàçîâàíèåì Ôóðüå ïðèâîäèòñÿ ê âèäó

Φzz + k2
zΦ = 0, (2)

ãäå k2
z = ω2/c2 − k2

x. Ðåøåíèå (2) èìååò ñëåäóþùèé âèä:

Φ = c1(kx, ω)eikzz + c2(kx, ω)e−ikzz.

Ðàññìàòðèâàåòñÿ óñëîâèå ñøèâêè, êîòîðîå çàäà¼ò íåðàçðûâíîñòü ñìå-
ùåíèÿ è ïîñòîÿíñòâî äàâëåíèÿ:{

∂Φ0
∂z

∣∣
z=z0

= ∂Φ1
∂z

∣∣
z=z0

,

p0

∣∣
z=z0

= p1

∣∣
z=z0

;
(3)

Äëÿ âîëíû, èäóùåé âíèç è ââåðõ ñ êîýôôèöèåíòàìè ïðè eikzz è ïðè
e−ikzz ñîîòâåòñòâåííî, ñ ïîìîùüþ ðàçäåëåíèÿ ïðèõîäÿùåé âîëíû àìïëè-
òóäîé 1 íà ïðîøåäøóþ t è îòðàæ¼ííóþ r, îáîáùèâ äëÿ ïà÷êè èç N ñëî¼â,
ñòðîèòñÿ ìàòðèöà ïåðåõîäîâ

G = BN−1EN−1...B2E2B1E1B0,

ãäå Bi � ìàòðèöà ïåðåõîäà ÷åðåç ãðàíèöó, Ei � ìàòðèöà ñìåùåíèÿ [3].

Ñîãëàñíî óñëîâèþ ðàçäåëåíèÿ âîëíû íà ïðîøåäøóþ è îòðàæ¼ííóþ
ðàññ÷èòûâàþòñÿ àìïëèòóäû ýòèõ âîëí ñ ïîìîùüþ ðåøåíèÿ ñèñòåìû:

G

(
R↓

1

)
=

(
0
T ↓

)
.

Â äàííîì êîíòåêñòå êîýôôèöèåíòû îòðàæåíèÿ è ïðîõîæäåíèÿ âû-
ðàæàþò äîëþ îòðàæ¼ííîé èëè ïðîøåäøåé âîëíû îò ïàäàþùåé âîëíû
ñ ó÷¼òîì èçìåíåíèåì óãëà è ñêîðîñòè äâèæåíèÿ. Êîíå÷íûé âèä âîëíû,
ïîðîæäàåìûé ýòèìè âåðîÿòíîñòÿìè, íàõîäèòñÿ ñ ïîìîùüþ ðåêêóðåíòíî-
ãî âû÷èñëåíèÿ âåðîÿòíîñòåé R↓n, T

↓
n , R

↑
n, T

↑
n èç R↓n−1, T

↓
n−1, R

↑
n−1, T

↑
n−1 ñ

ïðåäâàðèòåëüíî ÿâíî çàäàííûìè íà÷àëüíûìè êîýôôèöèåíòàìè íà êðàé-
íèõ ñëîÿõ íà îñíîâå óñëîâèÿ ñøèâêè (3).

Ê îñíîâíûì ðåçóëüòàòàì ðàáîòû îòíîñÿòñÿ ñëåäóþùèå ïîëîæåíèÿ: à)
íà îñíîâå èçëîæåííîãî âûøå ïîäõîäà ðàçðàáîòàíà ïðîãðàììà, ðàññ÷èòû-
âàþùàÿ àìïëèòóäó îòðàæ¼ííîé âîëíû, ïåðåâîäÿùàÿ èñõîäíûé ñèãíàë â
÷àñòîòíîå ïðîñòðàíñòâî ïðè ïîìîùè äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå
è ïðîèçâîäÿùàÿ ðàñ÷¼ò ïî ïîëîæèòåëüíûì ÷àñòîòàì, âîññòàíàâëèâàÿ îò-
ðèöàòåëüíûå ÷àñòîòû êîìïëåêñíûì ñîïðÿæåíèåì; á) ïîêàçàíî ïîëíîå
ñîâïàäåíèå ñèãíàëîâ íà òåñòîâûõ ñëó÷àÿõ äëÿ äâóõ ðàçíûõ ñïîñîáîâ;
â) ïðîâåðåíû ýëåìåíòàðíûå ñëó÷àè ïðîõîæäåíèÿ è îòðàæåíèÿ âîëíû îò
ãðàíèöû ìåæäó âîçäóõîì è âîäîé, ïðîèçâîëüíîé ñðåäîé è âàêóóìîì, ïîä-
òâåðæäàþùèå êîððåêòíîñòü ìåòîäîâ; ã) âûÿâëåíû äîñòîèíñòâà ìåòîäîâ,
çàêëþ÷àþùèåñÿ â î÷åíü âûñîêîé ñêîðîñòè ðàáîòû è âûñîêîé òî÷íîñòè,
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íåäîñòàòêè � ñëîæíîñòü ïåðåõîäà â ìíîãîìåðíîå ïðîñòðàíñòâî, à òàêæå
îáùèå îãðàíè÷åíèÿ è ñòîðîííèå ýôôåêòû òàêîãî ïîäõîäà � íåîáõîäè-
ìîñòü áðàòü äîñòàòî÷íî áîëüøîå îêíî, ÷òîáû äîëãîâðåìåííîå ïåðåîòðà-
æåíèå íå îêàçûâàëî ÷ðåçìåðíîãî âëèÿíèÿ ïðè ïåðåõîäå ÷åðåç ãðàíèöó
âðåìåííîãî èíòåðâàëà, â ñèëó ïðåäïîëîæåíèÿ î öèêëè÷íîñòè ñèãíàëà.
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Description of the dynamics of nonlinear waves in a
one-dimensional model with three attracting impurities using

the sine-gordon equation

The sine-Gordon equation (USG) is one of the intensively studied non-
linear differential equations in mathematical physics. This equation
describes wave processes in a wide variety of areas of natural science
[1]. Various exact solutions of the USG of the kink, breather type, and
some other solutions of a more complex multisoliton type are found.

Keywords: sine-Gordon equation

Îáû÷íî äëÿ èñïîëüçîâàíèÿ â ðåàëüíûõ ôèçè÷åñêèõ ìîäåëÿõ òðåáó-
åòñÿ ìîäèôèêàöèÿ ÓÑÃ, íàïðèìåð, ïóòåì äîáàâëåíèÿ äîïîëíèòåëüíûõ
ñëàãàåìûõ è ôóíêöèé. Îíè ìîãóò îïèñûâàòü íàëè÷èå âíåøíåé ñèëû, äèñ-
ñèïàöèè â ñèñòåìå, íåîäíîðîäíîñòü ïàðàìåòðîâ ñðåäû è äð. Õîòÿ ïîëó-
÷àåìîå â ðåçóëüòàòå ìîäèôèöèðîâàííîå óðàâíåíèå ñèíóñ-Ãîðäîíà (ÌÓ-
ÑÃ) óæå íå èìååò òî÷íûõ àíàëèòè÷åñêèõ ðåøåíèé, ðàçðàáîòàí è øèðî-
êî ïðèìåíÿåòñÿ ðÿä àíàëèòè÷åñêèõ ìåòîäîâ (íàïðèìåð, òåîðèÿ âîçìó-
ùåíèé äëÿ ñîëèòîíîâ èëè ìåòîä êîëëåêòèâíûõ êîîðäèíàò). Èíòåðåñíî ñ
òî÷êè çðåíèÿ ôèçè÷åñêèõ ïðèëîæåíèé èçó÷åíèå âëèÿíèÿ ïðîñòðàíñòâåí-
íîé ìîäóëÿöèè ïåðèîäè÷åñêîãî ïîòåíöèàëà (èëè ïðèìåñè) íà äèíàìèêó
ñîëèòîíîâ ÓÑÃ. Âîçáóæäåíèå ëîêàëèçîâàííîé íà ïðèìåñè âîëíû (ïðè-
ìåñíîé ìîäû) â ðåçóëüòàòå ðàññåÿíèÿ êèíêà ïðèâîäèò ê çíà÷èòåëüíîìó
èçìåíåíèþ åãî äèíàìèêè. Ðàíåå áûëè ïðîàíàëèçèðîâàíû ñòðóêòóðà è
ñâîéñòâà ëîêàëèçîâàííûõ íåëèíåéíûõ âîëí, âîçáóæäåííûõ íà îäíîé è
äâóõ ïðèìåñÿõ [2,3]. Áûëî ïîêàçàíî, ÷òî ïðèòÿãèâàþùàÿ ïðèìåñü ìîæåò
áûòü èñïîëüçîâàíà äëÿ âîçáóæäåíèÿ ìóëüòèñîëèòîíîâ ÓÑÃ. Â ñëó÷àå,
êîãäà íà äâóõ ïðèìåñÿõ âîçáóæäàþòñÿ ëîêàëèçîâàííûå ïðèìåñíûå âîë-
íû, àíàëèòè÷åñêè ïîêàçàíî, ÷òî èõ êîëåáàíèÿ ìîæíî îïèñàòü ñèñòåìîé
äâóõ ãàðìîíè÷åñêèõ îñöèëëÿòîðîâ ñî ñâÿçüþ óïðóãîãî òèïà. Àíàëèòè-
÷åñêèå ðåçóëüòàòû êà÷åñòâåííî ñîâïàäàþò ñ ðåçóëüòàòàìè ÷èñëåííîãî
ìîäåëèðîâàíèÿ ÓÑÃ (êàê äëÿ äâóõ òî÷å÷íûõ, òàê è äëÿ äâóõ ïðîòÿæåí-
íûõ ïðèìåñåé). Ñëó÷àé äâóõ ïðèìåñåé äàåò áîëüøåå ðàçíîîáðàçèå íîâûõ
ìóëüòèñîëèòîííûõ ðåøåíèé è äèíàìè÷åñêèõ ýôôåêòîâ ïî ñðàâíåíèþ ñî
ñëó÷àåì îäíîé ïðèìåñè. Ìîæíî îæèäàòü åùå áîëüøåãî ðàçíîîáðàçèÿ
ðåøåíèé è ýôôåêòîâ ïðè íàëè÷èè òð¼õ è áîëåå ïðèìåñåé â ñèñòåìå. Â
äàííîé ðàáîòå èññëåäîâàíà äèíàìèêà ïðèìåñíûõ ìîä â ìîäåëè ñèíóñ-
Ãîðäîíà ñ òðåìÿ îäèíàêîâûìè òî÷å÷íûìè ïðèòÿãèâàþùèìè ïðèìåñÿìè,
íàõîäÿùèìèñÿ íà îäèíàêîâîì ðàññòîÿíèè äðóã îò äðóãà. Ñ ïîìîùüþ ìå-
òîäà êîëëåêòèâíûõ ïåðåìåííûõ ïîëó÷åíà ñèñòåìà äèôôåðåíöèàëüíûõ
óðàâíåíèé (1), ïðèáëèæåííî îïèñûâàþùàÿ êîëåáàíèÿ ïðèìåñíûõ ìîä.
Ïîëó÷åííûå óðàâíåíèÿ ïðåäñòàâëÿþò ñîáîé óðàâíåíèÿ êîëåáàòåëüíîé
ñèñòåìû ñ òðåìÿ ñòåïåíÿìè ñâîáîäû èëè òð¼õ ñâÿçàííûõ ãàðìîíè÷åñêèõ
îñöèëëÿòîðîâ. Êîëåáàíèÿ ñèñòåìû ïðåäñòàâëÿþò ñîáîé ñóììó òð¼õ òè-
ïîâ ãàðìîíè÷åñêèõ êîëåáàíèé: ñèíôàçíîãî, ñèíôàçíî-àíòèôàçíîãî è àí-
òèôàçíîãî. Íàéäåíà çàâèñèìîñòü ÷àñòîò ãàðìîíè÷åñêèõ êîëåáàíèé è èõ
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êîýôôèöèåíòîâ, îïðåäåëÿþùèõ, íàðÿäó ñ íà÷àëüíûìè óñëîâèÿìè, âêëàä
êàæäîé ãàðìîíèêè â êîëåáàíèÿ ïðèìåñíûõ ìîä, îò âåëè÷èí íåîäíîðîä-
íîñòè è ðàññòîÿíèÿ ìåæäó ïðèìåñÿìè. Âû÷èñëåíû ïðåäåëû êâàäðàòîâ
÷àñòîò è êîýôôèöèåíòîâ ïðè áåñêîíå÷íîì ðàññòîÿíèè ìåæäó ïðèìå-
ñÿìè, ñîîòâåòñòâóþùåì ñëó÷àþ íåâçàèìîäåéñòâóþùèõ ïðèìåñíûõ ìîä.
Ïðè óìåíüøåíèè ðàññòîÿíèÿ ìåæäó ïðèìåñÿìè ÷àñòîòà ñèíôàçíûõ êî-
ëåáàíèé óìåíüøàåòñÿ, ÷àñòîòà ñèíôàçíî-àíòèôàçíûõ êîëåáàíèé óâåëè-
÷èâàåòñÿ, ÷àñòîòà àíòèôàçíûõ êîëåáàíèé óâåëè÷èâàåòñÿ íå òàê áûñòðî
ïî ñðàâíåíèþ ñ ñèíôàçíî-àíòèôàçíûì ñëó÷àåì. Íàéäåíû çàâèñèìîñòè
àìïëèòóä ïðèìåñíûõ ìîä îò âðåìåíè. Â ñëó÷àå âîçáóæäåíèÿ îäíîé ãàð-
ìîíèêè íàáëþäàåìûå êîëåáàíèÿ ãàðìîíè÷åñêèå. Ïðè âîçáóæäåíèè äâóõ
ãàðìîíèê âîçíèêàþò áèåíèÿ, êîëåáàíèÿ ïîõîæè íà êîëåáàíèÿ â ñëó÷àå
äâóõ îäèíàêîâûõ ïðèìåñåé. Ïðè âîçáóæäåíèè òð¼õ ãàðìîíèê ôîðìà êî-
ëåáàíèé ñèëüíî óñëîæíÿåòñÿ. Ïîêàçàíî, ÷òî ðàññìîòðåííàÿ ìîäåëü ìî-
æåò áûòü èñïîëüçîâàíà, íàïðèìåð, äëÿ îïèñàíèÿ è óïðàâëåíèÿ äèíàìè-
êîé âîëí íàìàãíè÷åííîñòè â ìóëüòèñëîéíûõ ìàãíåòèêàõ.

ä1 + a1ω
2
1 + a2k12 + a3k13 = 0

ä2 + a2ω
2
2 + (a1 + a3) k21 = 0

ä3 + a3ω
2
1 + a1k13 + a2k12 = 0

ãäå 1, 2, 3 � àìïëèòóäû ïðèìåñíûõ ìîä, ëîêàëèçîâàííûõ íà ïåðâîé, âòî-
ðîé è òðåòüåé ïðèìåñÿõ ω2

1, ω
2
2, k12, k21, k13 � ïàðàìåòðû, ñâÿçàííûå ñ ðàç-

ìåðàìè ïðèìåñè è ðàññòîÿíèåì ïðèìåñåé äðóã îò äðóãà.
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Èçó÷åíà ÷óâñòâèòåëüíîñòü ìàòåìàòè÷åñêîé ìîäåëè ðåàêöèé êàòà-
ëèòè÷åñêîãî ðèôîðìèíãà áåíçèíà è êàòàëèòè÷åñêîé èçîìåðèçàöèè
ïåíòàíãåêñàíîâîé ôðàêöèè ê âàðèàöèÿì êîíñòàíò ñêîðîñòåé ñòàäèé.
Â õîäå êîìïüþòåðíîãî ýêñïåðèìåíòà âûÿâëåíû ðåàêöèè, îêàçûâàþ-
ùèå íàèáîëüøåå âëèÿíèå íà âûõîäû öåëåâûõ ïðîäóêòîâ.

Êëþ÷åâûå ñëîâà: êèíåòè÷åñêàÿ ìîäåëü, àíàëèç ÷óâñòâèòåëüíîñòè,
ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå

Mathematical modeling of chemical reactions: study of the
effect of variations in kinetic parameters on the expected

composition of products

The sensitivity of the mathematical model of the reactions of catalytic
reforming of gasoline and catalytic isomerization of the pentane-hexane
fraction to variations in the rate constants of the stages has been studied.
By means of a computer experiment, the reactions that have the greatest
influence on the yields of the target products were revealed.

Keywords: kinetic model, sensitivity analysis, mathematical modeling

Êèíåòè÷åñêèé ìåõàíèçì õèìè÷åñêîé ðåàêöèè ìîæåò áûòü èññëåäî-
âàí íà îñíîâå ñõåì ðàçëè÷íîé ñòåïåíè äåòàëèçàöèè è ñ ðàçíîé ñòåïåíüþ
àãðåãèðîâàíèÿ êîìïîíåíòîâ. Îäíàêî àäåêâàòíîñòü ìàòåìàòè÷åñêîé ìî-
äåëè, ïîñòðîåííîé ïî ýòîé ñõåìå, çàâèñèò â ïåðâóþ î÷åðåäü îò òî÷íîñòè
èñõîäíûõ ïàðàìåòðîâ, îñîáåííî êîíñòàíò ñêîðîñòè ìíîæåñòâà ÷àñòíûõ
ðåàêöèé, ïðîòåêàþùèõ â õîäå ðåàêöèè. Êîíñòàíòû ñêîðîñòè è ýíåðãèè
àêòèâàöèè ÷àñòíûõ ðåàêöèé çàðàíåå îïðåäåëÿþò â ëàáîðàòîðíûõ óñëî-
âèÿõ, à çàòåì óòî÷íÿþò, ðåøàÿ îáðàòíóþ çàäà÷ó õèìè÷åñêîé êèíåòèêè
ïðèìåíèòåëüíî ê êîíêðåòíûì óñëîâèÿì ïðîâåäåíèÿ ðåàêöèè.

Ïî ýòîé ïðè÷èíå àêòóàëüíîé ÿâëÿåòñÿ çàäà÷à îöåíêà ÷óâñòâèòåëü-
íîñòè ìàòåìàòè÷åñêîé ìîäåëè ê âàðèàöèè åå êèíåòè÷åñêèõ ïàðàìåòðîâ.
Äàííûé àíàëèç ïîêàçûâàåò êîíñòàíòû ñêîðîñòè êàêèõ ñòàäèé äîëæíû
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áûòü èçìåðåíû êàê ìîæíî òî÷íåå, òàê êàê èõ íåîïðåäåëåííîñòü â íàè-
áîëüøåé ñòåïåíè âëèÿåò íà ïðîãíîçèðóåìûé ñîñòàâ ïðîäóêòîâ. À òàêæå
ïîêàçûâàåò êîíñòàíòû ñêîðîñòè ñòàäèé ìîæíî îïðåäåëÿòü ñ áîëüøåé ïî-
ãðåøíîñòüþ, ëèáî âîâñå èñêëþ÷èòü èç ìîäåëè.

Äëÿ àíàëèçà ÷óâñòâèòåëüíîñòè ìàòåìàòè÷åñêîé ìîäåëè õèìè÷åñêèõ
ðåàêöèé àâòîðû â ðàáîòå èñïîëüçóþò ëîêàëüíûé àíàëèç ÷óâñòâèòåëüíî-
ñòè (÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà) è ãëîáàëüíûé ìåòîä Ñîáîëÿ
[1,2]. Ìåòîäàìè àíàëèçà ÷óâñòâèòåëüíîñòè èññëåäîâàíû ìàòåìàòè÷åñêèå
ìîäåëè ðåàêöèé êàòàëèòè÷åñêîãî ðèôîðìèíãà áåíçèíà è êàòàëèòè÷åñêîé
èçîìåðèçàöèè ïåíòàíãåêñàíîâîé ôðàêöèè. Îïðåäåëåíû íàèáîëåå âëèÿ-
òåëüíûå ñòàäèè ðåàêöèé, ïðîâåäåíî ôèçèêî-õèìè÷åñêîå îáîñíîâàíèå.

Ëèòåðàòóðà
1.Nurislamova L.F., Gubaydullin I.M.Mechanism reduction of chemical reaction

based on sensitivity analysis: development and testing of some new procedure //
Journal of Mathematical Chemistry, 55:9 (2017), 1779-1792.

2. Íóðèñëàìîâà Ë.Ô., Ãóáàéäóëëèí È. Ì. ×èñëåííûé àíàëèç èäåíòèôèöè-
ðóåìîñòè ïàðàìåòðîâ ìàòåìàòè÷åñêîé ìîäåëè õèìè÷åñêîé ðåàêöèè // Âû÷èñ-
ëèòåëüíûå ìåòîäû è ïðîãðàììèðîâàíèå, 15(2018), 685-696.

ÇÀÄÀ×À Î ÐÀÑÏÐÎÑÒÐÀÍÅÍÈÈ ÔÈËÜÒÐÀÖÈÎÍÍÛÕ
ÂÎËÍ Â ÏÎÐÈÑÒÎÉ ÑÐÅÄÅ, ÍÀÑÛÙÅÍÍÎÉ

ÏÓÇÛÐÜÊÎÂÎÉ ÆÈÄÊÎÑÒÜÞ
Ë.Ô. Ñèòäèêîâà

ÓÄÊ 532.546:534.1

Íà îñíîâå ïðîìûøëåííûõ äàííûõ è èññëåäîâàíèé î ìåõàíèçìå ïðî-
òåêàíèÿ îñíîâíûõ õèìè÷åñêèõ ðåàêöèé ñîñòàâëåíà ñõåìà ïðåâðàùå-
íèé êàòàëèòè÷åñêîé èçîìåðèçàöèè ïåíòàí-ãåêñàíîâîé ôðàêöèè. Ïî-
ñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü ðåàêòîðíîãî áëîêà ïðîöåññà è îïðå-
äåëåíû êèíåòè÷åñêèå ïàðàìåòðû.
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The problem of the propagation of filtration waves in a
porous medium saturated with a bubbly liquid

On the basis of industrial data and studies on the mechanism of the
main chemical reactions, a scheme of transformations of the catalytic
isomerization of the pentane-hexane fraction has been drawn up. A
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mathematical model of the reactor block of the process was built and
the kinetic parameters were determined.

Keywords: filtration wave propagation, porous medium

Èññëåäîâàíèå ðàñïðîñòðàíåíèÿ âîëí äàâëåíèÿ ðàçëè÷íîé èíòåíñèâ-
íîñòè â íàñûùåííûõ ïîðèñòûõ ñðåäàõ ÿâëÿåòñÿ àêòóàëüíûì â ñâÿçè ñ
èçó÷åíèåì ýôôåêòèâíîñòè âðåìåííûõ çàùèòíûõ ñîîðóæåíèé, âîïðîñà-
ìè àêóñòè÷åñêîãî êàðîòàæà è çîíäèðîâàíèÿ [1-3].

Â íàñòîÿùåé ðàáîòå èññëåäîâàíà ýâîëþöèÿ èìïóëüñà êîíå÷íîé äëè-
òåëüíîñòè â ïîðèñòîé ñðåäå, íàñûùåííîé ãàçîæèäêîñòíîé ñìåñüþ, ïðî-
àíàëèçèðîâàíû äâå ñèòóàöèè ðàñïîëîæåíèÿ ïóçûðüêîâ â ïîðèñòîé ñðåäå.
Ïåðâàÿ, êîãäà ïóçûðåê îõâàòûâàåò íåñêîëüêî ïîð, è âòîðàÿ ñèòóàöèÿ �
ïóçûðüêè ãàçà íàìíîãî ìåíüøå, ÷åì ðàçìåðû ïîð è íàõîäÿòñÿ íà ñòåí-
êàõ ïîð. Çàïèñàíà îáùàÿ ñèñòåìà óðàâíåíèé è ôèçè÷åñêèõ ñîîòíîøåíèé,
îïèñûâàþùàÿ ðàñïðîñòðàíåíèå âîëí â ïîðèñòîé ñðåäå, çàïîëíåííîé ïó-
çûðüêîâîé æèäêîñòüþ. Ïîëó÷åíû äèñïåðñèîííûå ñîîòíîøåíèÿ äëÿ îáî-
èõ ñëó÷àåâ, íà îñíîâå êîòîðûõ èññëåäîâàíà çàâèñèìîñòü ôàçîâîé ñêîðî-
ñòè è êîýôôèöèåíòà çàòóõàíèÿ îò ÷àñòîòû äëÿ ¾áûñòðîé¿ è ¾ìåäëåí-
íîé¿ âîëí.

Óñòàíîâëåíî, ÷òî äëÿ ¾ìåäëåííîé¿ (ôèëüòðàöèîííîé) âîëíû ñóùå-
ñòâóåò òðè äèàïàçîíà ÷àñòîò, ãäå ñóùåñòâåííî ðàçëè÷àþòñÿ íå òîëüêî
êîëè÷åñòâåííàÿ, íî è êà÷åñòâåííàÿ êàðòèíà äèñïåðñèîííûõ êðèâûõ.

Ìåòîäîì áûñòðîãî ïðåîáðàçîâàíèÿ Ôóðüå èññëåäîâàíà äèíàìèêà âîëí
êîíå÷íîé äëèòåëüíîñòè äëÿ îáîèõ ñëó÷àåâ ñîñòîÿíèÿ ãàçà â ïîðîâîì ïðî-
ñòðàíñòâå. Ïîëó÷åíî, ÷òî ¾áûñòðàÿ¿ âîëíà ñîõðàíÿåò ñâîþ àìïëèòóäó è
ôîðìó íà äîñòàòî÷íî áîëüøîì ðàññòîÿíèè, â òî âðåìÿ êàê ¾ìåäëåííàÿ¿
âîëíà ïðàêòè÷åñêèé ïîëíîñòüþ çàòóõàåò óæå íà ðàññòîÿíèè 0,1 ì.
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Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ ÷àñòîò Ñåðãååâà óðàâíåíèÿ
Õèëëà. Óñòàíîâëåíî ðàâåíñòâî ìåæäó âåðõíåé è íèæíåé ÷àñòîòà-
ìè Ñåðãååâà äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ ïå-
ðèîäè÷åñêèìè êîýôôèöèåíòàìè. Ïîëó÷åíà ôîðìóëà, ñâÿçûâàþùàÿ
ìóëüòèïëèêàòîðû óðàâíåíèÿ Õèëëà ñ íåöåëîé ÷àñòîòîé Ñåðãååâà.
Íàéäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè ÷àñòî-
òû óðàâíåíèÿ Õèëëà.

Êëþ÷åâûå ñëîâà: óðàâíåíèå Õèëëà, ÷èñëî íóëåé, ïîêàçàòåëü êîëåá-
ëåìîñòè, ÷èñëî âðàùåíèÿ, ÷àñòîòà Ñåðãååâà, ìóëüòèïëèêàòîðû

Properties of the Sergeev’s frequencies of the Hill’s equation

This paper is devoted to the study of the Sergeev’s frequencies of the
Hill’s equation. Equality between the upper and lower frequencies of
the Sergeyev’s second-order differential equation with periodic coeffi-
cients is established. A formula connecting Hill equation multipliers
with non-integer Sergeyev’s frequencies is obtained. Necessary and suf-
ficient conditions of the stability of frequency of the Hill’s equation are
derived.

Keywords: Hill’s equation, number of zeros, exponents of oscillation,
rotation number, Sergeev frequency, multiplier.

Ðàññìîòðèì ìíîæåñòâî E2 ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé âòîðîãî
ïîðÿäêà

ÿ + a1(t)ẏ + a2(t)y = 0, t ∈ R+ ≡ [0;∞),

çàäàâàåìûõ îãðàíè÷åííûìè íåïðåðûâíûìè ôóíêöèÿìè

a ≡ (a1, a2) : R+ → R2,

ñ êîòîðûìè â äàëüíåéøåì è áóäåì îòîæäåñòâëÿòü ñàìè óðàâíåíèÿ.
Îïðåäåëåíèå 1[1�3]. Âåðõíÿÿ è íèæíÿÿ ÷àñòîòû Ñåðãååâà ñêàëÿð-

íîé ôóíêöèè y : R+ → R çàäàäèì ôîðìóëîé

ν̂(y) ≡ lim
t→∞

π

t
ν(y, t), ν̌(y) ≡ lim

t→∞

π

t
ν(y, t),

ãäå ν(y, t) � ÷èñëî íóëåé y íà ïðîìåæóòêå (0, t].
Â ñëó÷àå ñîâïàäåíèÿ âåðõíåé ÷àñòîòû Ñåðãååâà ôóíêöèè y ñ íèæíåé

áóäåì íàçûâàòü åå òî÷íîé.

Ñòàø Àéäàìèð Õàçðåòîâè÷, ê.ô.-ì.í., äîöåíò, Êàâêàçñêèé ìàòåìàòè÷åñêèé
öåíòð, Àäûãåéñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (Ìàéêîï, Ðîññèÿ); Aydamir Stash
(Caucasus Mathematical Center, Adyghe State University, Maykop, Russia)
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Áóäåì èçó÷àòü óðàâíåíèå Õèëëà (0, p) ∈ E2 ñ íåïðåðûâíîé π - ïå-
ðèîäè÷åñêîé ôóíêöèåé p : R+ → R+. Èçâåñòíî [1, 4], ÷òî âñå íåíóëåâûå
ðåøåíèÿ êàêîãî-ëèáî óðàâíåíèÿ a ∈ E2 èìåþò îäíó è òó æå âåðõíþþ (êàê
è íèæíþþ) ÷àñòîòó Ñåðãååâà, ïðè÷åì äëÿ ðåøåíèé íåêîòîðîãî óðàâíå-
íèÿ a ∈ E2 âåðõíèå ÷àñòîòû Ñåðãååâà íå ñîâïàäàþò ñ íèæíèìè. Îäíàêî,
ýòî íåðàâåíñòâî íå èìååò ìåñòà äëÿ ðåøåíèé óðàâíåíèÿ Õèëëà.

Òåîðåìà 1. Äëÿ ëþáîãî íåòðèâèàëüíîãî ðåøåíèÿ óðàâíåíèÿ Õèëëà
(0, p) ∈ E2 ÷àñòîòà Ñåðãååâà ÿâëÿåòñÿ òî÷íîé.

×àñòîòó ω(p) óðàâíåíèÿ Õèëëà (0, p) ∈ E2 îïðåäåëèì êàê ÷àñòîòó
Ñåðãååâà ïðîèçâîëüíîãî åãî íåíóëåâîãî ðåøåíèÿ. Åñëè ýòà ÷àñòîòà ω(p)
óðàâíåíèÿ Õèëëà � öåëîå ÷èñëî, òî î åãî ìóëüòèïëèêàòîðàõ ïî÷òè íè÷åãî
îïðåäåëåííîãî ñêàçàòü íåëüçÿ � ðàçâå òîëüêî, ÷òî îíè âåùåñòâåííûå è
èìåþò çíàê ÷èñëà (−1)ω(p). Â ïðîòèâíîì ñëó÷àå ïî ÷àñòîòå Ñåðãååâà
îäíîçíà÷íî âîññòàíàâëèâàþòñÿ ìóëüòèïëèêàòîðû óðàâíåíèÿ Õèëëà, êàê
ïîêàçûâàåò ñëåäóþùàÿ

Òåîðåìà 2. Ïóñòü ÷àñòîòà ω(p) óðàâíåíèÿ (0, p) ∈ E2 ÿâëÿåòñÿ
íåöåëîé, òîãäà äëÿ ìóëüòèïëèêàòîðîâ µ± ýòîãî óðàâíåíèÿ ñïðàâåäëèâî
ðàâåíñòâî µ± = e±iω(p)π.

×àñòîòû Ñåðãååâà áóäåì ðàññìàòðèâàòü êàê ôóíêöèîíàëû íà ëèíåé-
íîì òîïîëîãè÷åñêîì ïðîñòðàíñòâå a ∈ E2 ñ åñòåñòâåííûìè äëÿ ôóíêöèè
ëèíåéíûìè îïåðàöèÿìè è ðàâíîìåðíîé íà R+ òîïîëîãèåé. Ýòè ÷àñòîòû
ÿâëÿþòñÿ íåïðåðûâíûìè íà âñåì ìíîæåñòâå E2 [1]. Â ñâÿçè ñ ýòèì âîçíè-
êàåò âîïðîñ: ìîæåò ëè ÷àñòîòà óðàâíåíèÿ Õèëëà â íåêîòîðûõ ñëó÷àÿõ íå
ìåíÿòüñÿ, íåñìîòðÿ íà ïðîèçâîëüíûå, íî äîñòàòî÷íî ìàëûå âîçìóùåíèÿ?

Îïðåäåëåíèå 2[5]. Áóäåì íàçûâàòü ÷àñòîòó óðàâíåíèÿ Õèëëà (0, p) ∈
E2 óñòîé÷èâîé, åñëè äëÿ íåêîòîðîãî ε > 0 è äëÿ ëþáîãî óðàâíåíèÿ Õèëëà
(0, q) ∈ E2, óäîâëåòâîðÿþùåãî îöåíêå sup

t∈R+

|q(t) − p(t)| < ε, èìååò ìåñòî

ðàâåíñòâî ω(q) = ω(p). Â ïðîòèâíîì ñëó÷àå áóäåì íàçûâàòü ÷àñòîòó
óðàâíåíèÿ Õèëëà íåóñòîé÷èâîé.

Òåîðåìà 3. Åñëè ÷àñòîòà óðàâíåíèÿ Õèëëà èððàöèîíàëüíà, òî îíà
íåóñòîé÷èâà.

Òåîðåìà 4. Åñëè ÷àñòîòà óðàâíåíèÿ Õèëëà ðàâíà s
k (s ∈ N∪{0}, k ∈

N) è äëÿ ëþáîãî åãî ðåøåíèÿ x ñïðàâåäëèâî íåðàâåíñòâî

πk∫
0

xẍ(t)− ẋ2(t)

x2(t) + ẋ2(t)
dt ≤ πs èëè

πk∫
0

xẍ(t)− ẋ2(t)

x2(t) + ẋ2(t)
dt ≥ πs,

òî ýòà ÷àñòîòà íåóñòîé÷èâà.

Òåîðåìà 5. Äëÿ òîãî ÷òîáû ÷àñòîòà óðàâíåíèÿ Õèëëà áûëà óñòîé-
÷èâà, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îíà ðàâíÿëàñü s

k (k, s ∈ N) è äëÿ
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íåêîòîðûõ åãî ðåøåíèé x, z âûïîëíÿëîñü íåðàâåíñòâî πk∫
0

xẍ(t)− ẋ2(t)

x2(t) + ẋ2(t)
dt− πs

 ·
 πk∫

0

zz̈(t)− ż2(t)

z2(t) + ż2(t)
dt− πs

 < 0.
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Àêòóàëüíîé ôèçè÷åñêîé ïðîáëåìîé ÿâëÿåòñÿ ðàçðàáîòêà íîâîãî ïîêîëåíèÿ
âûñîêîñêîðîñòíûõ è ýðãîíîìè÷íûõ ýëåêòðîííûõ óñòðîéñòâ. Ìàãíèòíûå íàíî-
ñòîëá÷àòûå ñòðóêòóðû, ñîäåðæàùèå â ñåáå âèõðü, ñ íåäàâíèõ ïîð ïðèâëåêàþò
ê ñåáå áîëüøîå âíèìàíèå áëàãîäàðÿ âîçìîæíîñòè èõ ïðàêòè÷åñêîãî ïðèìåíå-
íèÿ, â ÷àñòíîñòè, â ìàãíèòíîé ïàìÿòè èëè íàíîðàçìåðíûõ ñïèí-òîêîâûõ ãå-
íåðàòîðàõ, èçëó÷àþùèõ â ÃÃö-äèàïàçîíå, êîòîðûå ïëàíèðóåòñÿ èñïîëüçîâàòü
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ïðèâëåêàåò ñïèí-òðàíñôåðíûé íàíîãåíåðàòîð (ÑÒÍÃ) ÑÂ×, êîòîðûé îòëè÷à-
åòñÿ çíà÷èòåëüíîé âûõîäíîé ìîùíîñòüþ, íåáîëüøîé øèðèíîé è îòíîñèòåëüíî
áîëüøèì ñïåêòðîì ÷àñòîò, äàæå áåç ïðèëîæåíèÿ âíåøíåãî ìàãíèòíîãî ïîëÿ.
Íàïðèìåð, èññëåäóåòñÿ âëèÿíèå ïîëÿðèçîâàííîãî ýëåêòðè÷åñêîãî òîêà è ìàã-
íèòíîãî ïîëÿ íà äèíàìèêó ìàãíèòíûõ âèõðåé, íàõîäÿùèõñÿ â äâóõ ìàãíèòíûõ
ñëîÿõ, âõîäÿùèõ â ñîñòàâ íàíîñòîëá÷àòîé ñïèí-âåíòèëüíîé ñòðóêòóðû.
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Â ðàáîòå èññëåäóåòñÿ ÑÒÍÃ, ñîñòîÿùèé èç òð¼õ ñëî¼â (ïåðìàëëîåâûé (Py) 4
íì/Cu - 10 íì/Py -15 íì) êðóãîâîãî ñå÷åíèÿ äèàìåòðîì 120 íì. Íàìàãíè÷åííî-
ñòè îáîèõ ìàãíèòíûõ ñëîåâ íàõîäÿòñÿ â âèõðåâîì ñîñòîÿíèè. Ðàññìàòðèâàåòñÿ
ñëó÷àé, êîãäà äâà ìàãíèòíûõ ñëîÿ âçàèìîäåéñòâóþò ÷åðåç ïîëÿ ðàçìàãíè÷è-
âàíèÿ è ñïèí-ïîëÿðèçîâàííûé òîê è, ïðè ýòîì, ñèñòåìà íàõîäèòñÿ âî âíåøíåì
ìàãíèòíîì ïîëå, ïåðïåíäèêóëÿðíîì ïëîñêîñòè ñëîåâ. Ñ ïîìîùüþ ìèêðîìàã-
íèòíîãî ìîäåëèðîâàíèÿ áûëà èññëåäîâàíà äèíàìèêà äâèæåíèÿ âèõðåé, îáðà-
çîâàíèå Ñ-ñòðóêòóðû âèõðåâîãî ñîñòîÿíèÿ. Ïîñòðîåíû òðàåêòîðèè äâèæåíèÿ
âèõðåé â ðàçíûõ äèíàìè÷åñêèõ ðåæèìàõ. Äëÿ áîëüøèõ òîêîâ, ïðè âûõîäå êî-
ðà âèõðÿ íà êðàé äèñêà â òîëñòîì è òîíêîì ñëîÿõ íàáëþäàëàñü Ñ-ñòðóêòóðà
âèõðåâîãî ñîñòîÿíèÿ [1]. Äëÿ ñëó÷àÿ íåáîëüøèõ òîêîâ, êîãäà íàáëþäàåòñÿ âàæ-
íûé äëÿ ïðàêòè÷åñêèõ ïðèìåíåíèé ðåæèì ñòàöèîíàðíûõ ñâÿçàííûõ êîëåáàíèé
ìàãíèòíûõ âèõðåé, â íà÷àëüíûé ìîìåíò äâèæåíèÿ íàáëþäàåòñÿ ñèëüíî íåëè-
íåéíûé ðåæèì äâèæåíèÿ. Çàòåì òðàåêòîðèÿ äâèæåíèÿ âûõîäèò íà ðàñøèðÿþ-
ùóþñÿ ñïèðàëü è äîõîäèò äî ìàêñèìàëüíîé âåëè÷èíû.
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Ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ïàðàáîëè÷åñêîãî
òèïà íà ïðèìåðå çàäà÷è ôèëüòðàöèè æèäêîñòè â íåôòÿíîì êîëëåê-
òîðå. Â ðàáîòå ïîñòðîåíà ðàçíîñòíàÿ ñõåìà èñõîäíîé çàäà÷è. Ðàñïè-
ñàíû ãðàíè÷íûå óñëîâèÿ äëÿ ðàçëè÷íûõ óñëîâèé. Ïðîâåäåí âû÷èñ-
ëèòåëüíûé ýêñïåðèìåíò, ïîñòðîåíû çàâèñèìîñòè êðèâûõ äàâëåíèé
îò âðåìåíè è ðàäèóñà.
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MODELING THE PRESSURE DYNAMICS IN A
FRACTURED RESERVOIR DEPENDING ON THE

BOUNDARY CONDITIONS

A boundary value problem for a parabolic equation is considered by
the example of the problem of fluid filtration in an oil reservoir. In
this paper, a difference scheme of the original problem is constructed.
Boundary conditions for various conditions are described. A computa-
tional experiment was carried. The dependences of the pressure curves
on time and radius were plotted

Keywords: pressure, differential equations, sweep algorithm

Ïåðñïåêòèâû ðàçâèòèÿ íåôòåãàçîâîé îòðàñëè íóæäàþòñÿ â èçó÷åíèè
ðàçëè÷íûõ âîïðîñîâ. Ñàìûì îñíîâíûì è ñóùåñòâåííûì ÿâëÿåòñÿ îñâî-
åíèå è ýôôåêòèâíàÿ ðàçðàáîòêà ìåñòîðîæäåíèÿ. Ñîâðåìåííàÿ íàó÷íàÿ
òåõíîëîãèÿ áàçèðóåòñÿ íà òùàòåëüíîì èçó÷åíèè ñâîéñòâ ïðîäóêòèâíûõ
ïëàñòîâ è èçó÷åíèè ñëîæíûõ ïðîöåññîâ, ïðîèñõîäÿùèõ â ïëàñòàõ ïðè
ýêñïëóàòàöèè ñêâàæèí. Íà äàííîì ýòàïå âàæíî ïîíèìàòü ôèëüòðàöèîí-
íûå îñîáåííîñòè êîëëåêòîðà, õàðàêòåð äâèæåíèÿ æèäêîñòåé. Â äàííîé
ðàáîòå ïðîâîäèòñÿ ìîäåëèðîâàíèå äèíàìèêè äàâëåíèÿ â êîëëåêòîðå [1,
2]. Ðàñïðåäåëåíèå äàâëåíèÿ îïèñûâàåòñÿ äèôôåðåíöèàëüíûìè óðàâíå-
íèÿìè, êîòîðûå âûãëÿäÿò ñëåäóþùèì îáðàçîì:

∂Pf
∂t = 1

rφf ctf
· ∂∂r (

kf
µ · r ·

∂Pf
∂r )− α · km

µ·φf ·ctf · (Pf − Pm)
∂Pm
∂t = α km

µ·φm·ctm · (Pf − Pm)
(1)

Ïðîñòðàíñòâåííî-âðåìåííîé èíòåðâàë, â êîòîðîì çàäàíà ñèñòåìà óðàâ-
íåíèé, çàäàí â âèäå:

rw ≤ r ≤ re
0 ≤ t ≤ tk

(2)

Â çàäà÷å ðàññìîòðåíû ðàçíîãî òèïà íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ.
Íà ïåðâîì ýòàïå ðàññìîòðåíû ñëåäóþùèå:

Pm|t=0 = P0; Pf |t=0 = P0; Pf |r=re = Pk; Pm|r=re = Pk;

2πh
kf
µ (r

∂Pf
∂r )r=rw = −q (3)

Çäåñü φf � ïîðèñòîñòü ñåòè òðåùèí (ä.åä), φm � ïîðèñòîñòü ìàòðèöû

(ä.åä),ctf � ñæèìàåìîñòü ñåòè òðåùèí (1/Ïà),ctm � ñæèìàåìîñòü ìàòðè-
öû (1/Ïà),kf � ïðîíèöàåìîñòü ñåòè òðåùèí (ì2), km � ïðîíèöàåìîñòü
ìàòðèöû (ì2), µ � âÿçêîñòü íåôòè (Ïà·ñ), Pf� ïëàñòîâîå äàâëåíèå â ñåòè
òðåùèí (ÌÏà), Pm � ïëàñòîâîå äàâëåíèå â ìàòðèöå (ÌÏà), q - äåáèò
æèäêîñòè (ì3/ñóò), α � êîýôôèöèåíò òðåùèíîâàòîé ïîðîäû (1/ì2), rw -
ðàäèóñ ñêâàæèíû (ì),re - ðàäèóñ êîíòóðà ïèòàíèÿ, tk �êîíå÷íûé ìîìåíò
âðåìåíè (ñóò).
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Òàêèì îáðàçîì, çàìêíóâ çàäà÷ó ãðàíè÷íûìè è íà÷àëüíûìè óñëîâèÿ-
ìè, ïîëó÷àåì ìîäåëü, îïèñûâàþùóþ ïåðåðàñïðåäåëåíèå äàâëåíèÿ â ïëà-
ñòå è ñåòè òðåùèí â êîëëåêòîðå. Â ðàáîòå ïðîâåäåíà ðàçíîñòíàÿ àïïðîê-
ñèìàöèÿ çàäà÷è ÷èñòî íåÿâíîé ðàçíîñòíîé ñõåìîé [3]. Óíèâåðñàëüíûì
ìåòîäîì ðåøåíèÿ àïïðîêñèìèðóþùåé çàäà÷è ÿâëÿåòñÿ ìåòîä ñåòîê. Äëÿ
÷èñëåííîãî ðåøåíèÿ ïîëó÷åííîé ñåòî÷íîé çàäà÷è âûáðàí ìåòîä ìàòðè÷-
íîé ïðîãîíêè [4]. Ïîñ÷èòàíû íà÷àëüíûå è ïðîãîíî÷íûå êîýôôèöèåíòû
ìåòîäà, êîòîðûå âûãëÿäÿò ñëåäóþùèì îáðàçîì:

α0 = 1

1+
h2r

2τχ1
−χ3αh

2
r

2χ1

β0 =
qβµhr
2πkhrw

+
h2r
2τκPf

n
0 −

χ3αh
2
r

2χ1
Pmn+1

0

1+
h2r

2τχ1
−χ3αh

2
r

2χ1

(4)

Pfn+1
N =

h2
rPf

n
N − αh2

rχ3τPm
n+1
N + 2χ1τβN−1

2χ1τ + h2
r − h2

rχ3ατ − 2χ1ταN−1
(5)

Â ðåçóëüòàòå ðàáîòû ïðîâåäåíû âû÷èñëèòåëüíûå ýêñïåðèìåíòû. Ïî-
ëó÷åíû êðèâûå çàâèñèìîñòè äàâëåíèÿ îò âðåìåíè è ðàäèóñà â êîëëåê-
òîðå ïðè ðàçíûõ ðåæèìàõ ðàáîòû ñêâàæèíû. Òàêæå ïðîâåäåíû ðàñ÷åòû
äëÿ äðóãèõ íàáîðîâ íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèé.

Ëèòåðàòóðà
1. Ò.Ä., Ãîëô-Ðàõò. Îñíîâû íåôòåïðîìûñëîâîé ãåîëîãèè è ðàçðàáîòêè òðå-

ùèíîâàòûõ êîëëåêòîðîâ. [ðåä.] Êîâàëåâà À.Ã. [ïåðåâ.] Ãîëîâàíîâà Ï.Ê., Âëàñå-
íîâà Â.Â., Ïîêðîâñêèé Â.Â. Áàðäèíà Í.À. Ìîñêâà : Íåäðà, 1986. ñòð. 608. 2.
Ë.À., Êîòëÿð.Ìàòåìàòè÷åñêîå ìîäåëèðâîàíèå è èíòåðïðåòàöèÿ íåñòàöèîíàð-
íûõ òåðìîãèäðîäèíàìè÷åñêèõ ïðîöåññîâ â ñèñòåìå ñêâàæèíà-ïëàñò. àâò.-äèññ.
íà ñîèñêàíèå ó÷åíîé ñòåïåíè êàíäèäàòà ôèç.-ìàò. íàóê. Ìîñêâà : á.í., 2013 ã.

3. Ñàìàðñêèé À.À., Ãóëèí À.Â. ×èñëåííûå ìåòîäû. Ìîñêâà : Íàóêà, 1989
r. ñòð. 432..

4. Ñàìàðñêèé À.À., Íèêîëàåâ Å.Ñ. Ìåòîäû ðåøåíèÿ ñåòî÷íûõ óðàâíåíèé.
Ìîñêâà : Íàóêà, 1978 r.

251



ÐÀÁÎÒÀ Ñ ÁÎËÜØÈÌÈ ÄÀÍÍÛÌÈ ÏÐÈ ÀÍÀËÈÇÅ
ÏÐÈËÎÆÅÍÈÉ Ñ ÌÀÃÀÇÈÍÀ APPLE STORE
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imetonyuk@gmail.com, SayapovaEV@gmail.com

ÓÄÊ 004.62, 004.42

Â äîêëàäå îïèñàíà ðàáîòà ñ áîëüøèìè äàííûìè. Â êà÷åñòâå ïðè-
ìåðà áûëè âûáðàíû äàííûå èç ìàãàçèíà ïðèëîæåíèé Apple Store,
êîòîðûå ìîæíî íàéòè íà ñàéòå ñîîáùåñòâà ñïåöèàëèñòîâ ïî àíàëè-
çó äàííûõ kaggle.com. Àíàëèç ïðîõîäèò â äâà øàãà, ïåðâûé - ïîä-
ãîòîâêà äàííûõ, âòîðîé - âûïîëíåíèå àíàëèçà ïî òð¼ì êðèòåðèÿì,
êîòîðûå îïèñàíû â ðàáîòå. Öåëüþ àíàëèçà ÿâëÿåòñÿ âûáîð ïîïó-
ëÿðíîãî, íî ïðè ýòîì ìåíåå êîíêóðåíòíîãî æàíðà äëÿ äàëüíåéøåé
ðàçðàáîòêè ïðèëîæåíèÿ. Ðàáîòà âûïîëíåíà íà ÿçûêå Python.

Êëþ÷åâûå ñëîâà: Áîëüøèå äàííûå, àíàëèç, Apple Store

Big Data analysis of apps from Apple Store

The report describes a work with big data. Data from the Apple Store
was selected as an example, which can be found in one the world’s
largest data science community kaggle.com. The analysis takes place in
two steps, the first is preparing the data, the second is performing the
analysis according to three criteria, which are described in the work.
The purpose of the analysis is to select a popular, but less competi-
tive genre for further application development. All work was done in
Python.

Keywords: Big data, analysis, Apple Store

Äëÿ ïîäãîòîâêè àíàëèçà äàííûõ ñ ìàãàçèíà Apple Store áûëè âûïîë-
íåíû ñëåäóþùèå äåéñòâèÿ: îïðåäåëåíî êîëè÷åñòâî äàííûõ, ñ êîòîðû-
ìè ïðåäñòîèò ðàáîòà, áûëà ïðî÷èòàíà äîêóìåíòàöèÿ ïî íàáîðó äàííûõ
äëÿ òî÷íîãî ïîíèìàíèÿ êàæäîé ÿ÷åéêè â íàáîðå äàííûõ, áûëè îòñåÿ-
íû íåíóæíûå äëÿ öåëè àíàëèçà ðåçóëüòàòû, òàêèå êàê êîïèè äàííûõ,
ïðèëîæåíèÿ ñ íå ðóññêèìè èëè íå àíãëèéñêèìè íàçâàíèÿìè. Â êà÷åñòâå
ïåðâîãî àíàëèçà íóæíî áûëî âûïîëíèòü ïîèñê ñàìûõ ðàñïðîñòðàí¼ííûõ
ïðèëîæåíèé. Âòîðîé àíàëèç - ïîèñê ïðèëîæåíèé ñ áîëüøèíñòâîì êîëè-
÷åñòâîì ïîëüçîâàòåëåé ïî æàíðàì. Òðåòèé àíàëèç - âûâîä ïîïóëÿðíî
îöåíåííûõ ïðèëîæåíèé ïî æàíðàì.

Äëÿ 1 àíàëèçà: áûëà ðàçðàáîòàíà ôóíêöèÿ äëÿ ãåíåðàöèè ÷àñòîò-
íûõ òàáëèö, êîòîðàÿ òàêæå áóäóò îòîáðàæàòü ïðîöåíòû, è âòîðàÿ ôóíê-
öèÿ, êîòîðàÿ áóäåò îòîáðàæàòü ïðîöåíòû â ïîðÿäêå óáûâàíèÿ. Â ðå-
çóëüòàòå áûëè âûâåäåíû ïðèëîæåíèÿ ïî æàíðàì â ïðîöåíòàõ: Games :
58.16, Entertainment : 7.88, Photo and Video : 4.96, Education : 3.66, Social

Ôàäååâ Àíòîí Ñåðãååâè÷, ìàãèñòðàíò ÁàøÃÓ (Óôà, Ðîññèÿ); Fadeev Anton
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Sayapova (Bashkir State University, Ufa, Russia)
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Networking : 3.28, Shopping : 2.60, Utilities : 2.51, Sports : 2.14, Music : 2.04,
Health and Fitness : 2.01, Productivity : 1.73, Lifestyle : 1.58, News : 1.33,
Travel : 1.24, Finance : 1.11, Weather : 0.86, Food and Drink : 0.80 Reference
: 0.55, Business : 0.52, Book : 0.43, Navigation : 0.18, Medical : 0.18, Catalogs
: 0.12. Íà îñíîâàíèè ýòîãî ðåçóëüòàòà ìîæíî ñäåëàòü âûâîä, ÷òî áîëü-
øèíñòâî áåñïëàòíûõ ïðèëîæåíèé â Apple App Store ÿâëÿþòñÿ èãðàìè
(58,16). Âòîðîå ìåñòî çàíÿë æàíð ¾Ðàçâëå÷åíèÿ¿, äîëÿ ðûíêà êîòîðîãî
ñîñòàâëÿåò âñåãî 7,88, çà êîòîðûì ñëåäóþò ïðèëîæåíèÿ ¾Ôîòî è âèäåî¿
- 4,96. Ñ äðóãîé ñòîðîíû, íàèìåíåå ðàñïðîñòðàíåííûå ïðèëîæåíèÿ ñî-
ñòîÿò èç ïðèëîæåíèé ¾Íàâèãàöèÿ¿, ¾Ìåäèöèíà¿ è ¾Êàòàëîãè¿, êàæäîå
èç êîòîðûõ çàíèìàåò íå áîëåå 0,2 ïðèëîæåíèé â íàøåì íàáîðå äàííûõ.
Îáùåå âïå÷àòëåíèå òàêîâî, ÷òî â Apple App Store â íàñòîÿùåå âðåìÿ
äîìèíèðóþò ïðèëîæåíèÿ, ïðåäíàçíà÷åííûå äëÿ ðàçâëå÷åíèÿ, òàêèå êàê
èãðû, ðàçâëå÷åíèÿ è ò. ä. Â òî âðåìÿ êàê ïðèëîæåíèÿ ñ ïðàêòè÷åñêèìè
öåëÿìè, òàêèìè êàê ïðîèçâîäèòåëüíîñòü, ôèíàíñû è íàâèãàöèÿ, âñòðå-
÷àþòñÿ ðåæå. Îäíàêî êîëè÷åñòâî ïðèëîæåíèé äëÿ ðàçâëå÷åíèÿ íå îáÿ-
çàòåëüíî îçíà÷àåò, ÷òî ó íèõ íàèáîëüøåå êîëè÷åñòâî ïîëüçîâàòåëåé, òàê
êàê ñïðîñ ìîæåò íå ñîâïàäàòü ñ ïðåäëîæåíèåì.

Äëÿ 2 àíàëèçà: áûëè èçîëèðîâàíû ïðèëîæåíèÿ êàæäîãî æàíðà, ñóì-
ìèðîâàíû îöåíêè ïîëüçîâàòåëåé ýòîãî æàíðà, ðàçäåëåíà ñóììà íà êîëè-
÷åñòâî ïðèëîæåíèé, ïðèíàäëåæàùèõ ê ýòîìó æàíðó. Â ðåçóëüòàòå áûëî
âûâåäåíî, ÷òî æàíð êíèãè èìåþò íàèáîëüøåå ñðåäíåå êîëè÷åñòâî îöåíîê
ïîëüçîâàòåëåé ïîñëå òîãî, êàê áûëè èñêëþ÷åíû âñå îñíîâíûå ïðèëîæå-
íèÿ, çà êîòîðûìè ñëåäóþò ïðèëîæåíèÿ äëÿ ñîöèàëüíûõ ñåòåé è ìàãà-
çèíîâ: Kindle � Read eBooks, Magazines and Textbooks : 252076, Audible
� audio books, original series and podcasts : 105274, Color Therapy Adult
Coloring Book for Adults : 84062 - ïåðâûå 3 ðåçóëüòàòà. Ïîñëå ïðîñìîòðà
áûë ñäåëàí âûâîä, ÷òî íàèáîëåå ïîïóëÿðíûìè ïðèëîæåíèÿìè äëÿ êíèã,
ÿâëÿþòñÿ ïðèëîæåíèÿ áèáëèîòå÷íîãî òèïà, ãäå ÷åëîâåê ìîæåò ïîëó÷èòü
äîñòóï ê íåñêîëüêèì êíèãàì â îäíîì ïðèëîæåíèè. Êíèæêà-ðàñêðàñêà -
åäèíñòâåííîå ïðèëîæåíèå, íå îòíîñÿùååñÿ ê áèáëèîòåêå, êîòîðîå èìååò
áîëüøîå êîëè÷åñòâî ïîëüçîâàòåëüñêèõ îöåíîê. Òåì íå ìåíåå, æåëàòåëüíî
èçáåæàòü ñîçäàíèÿ äðóãîãî ðàçâëåêàòåëüíîãî ïðèëîæåíèÿ, ïîòîìó ÷òî
íà îñíîâàíèè íàøåãî ïåðâîãî àíàëèçà êàæåòñÿ, ÷òî ðûíîê óæå ïåðåíà-
ñûùåí ïðèëîæåíèÿìè òàêîãî òèïà.

Äëÿ âûïîëíåíèÿ 3 àíàëèçà ìîæíî ïðåäïîëîæèòü, ÷òî, åñëè ëþäè ãî-
òîâû ïðåäîñòàâèòü ïîëîæèòåëüíûå îòçûâû äëÿ îïðåäåëåííîãî æàíðà, ó
íèõ òàêæå åñòü âåðîÿòíîñòü ïðîäâèæåíèÿ ýòèõ ïðèëîæåíèé ñâîèì äðó-
çüÿì. Ýòè äàííûå çàòåì áóäóò îçíà÷àòü ïîòåíöèàëüíóþ ñêîðîñòü ðîñòà
ïîòåíöèàëüíîãî ïðèëîæåíèÿ. Â ðåçóëüòàòå áûëè ïîëó÷åíû äàííûå ðå-
çóëüòàòû: ('Medical', 4.5) ('Book', 4.375) ('Productivity', 4.25) ('Games',
4.19) - ïåðâûå 3 ðåçóëüòàòà â ïîðÿäêå óáûâàíèÿ. Ïî äàííîé ñîðòèðîâêè,
âèäíî, ÷òî æàíð ñ íàèâûñøèì ñðåäíèì ðåéòèíãîì - ìåäèöèíñêèé (4,5),
çà íèì ñëåäóåò æàíð Êíèãè - 4,375. Ýòî åùå áîëüøå óêðåïëÿåò íàøó
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èäåþ î ðàçðàáîòêå ïðèëîæåíèÿ â æàíðå êíèãè.
Â ðåçóëüòàòå áûë ñäåëàí âûâîä, ÷òî îáà ðûíêà óæå ïåðåíàñûùåíû

ðàçâëåêàòåëüíûìè ïðèëîæåíèÿìè. Ïîýòîìó ñàìîå îïòèìàëüíîå � íà÷àòü
ðàçðàáîòêó ïðèëîæåíèÿ ñ æàíðîì Êíèãè. Íàïðèìåð, ìîæíî ïîïûòàòüñÿ
ðàçðàáîòàòü ïðèëîæåíèå Book, îñíîâàííîå íà ðàçëè÷íûõ ðóêîâîäñòâàõ
ïî ôîòîãðàôèè. Íàøå ïðèëîæåíèå ìîæåò ñîäåðæàòü ñîâåòû ïî ôîòî-
ãðàôèè, ñïðàâî÷íîå ðóêîâîäñòâî îò ýêñïåðòîâ è äîñêè îáñóæäåíèé íà
ðàçëè÷íûå òåìû ôîòîãðàôèè.
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Ðàññìàòðèâàåòñÿ ñìåøàííàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ýëëèï-
òè÷åñêîãî òèïà äèâåðãåíòíîãî âèäà ñ ïåðåìåííûìè êîýôôèöèåíòà-
ìè. Â íàñòîÿùåé ðàáîòå ïðåäëîæåíà àïïðîêñèìàöèÿ èñõîäíîé ñìå-
øàííîé êðàåâîé çàäà÷è òðåòüåé êðàåâîé çàäà÷åé ñ ïàðàìåòðîì. Ìå-
òîäîì ñóììàòîðíûõ òîæäåñòâ ïîñòðîåíà ðàçíîñòíàÿ ñõåìà äëÿ òðå-
òüåé êðàåâîé çàäà÷è. Ðàññìîòðåíà ìîäåëüíàÿ êðàåâàÿ çàäà÷à äëÿ
ïðîâåäåíèÿ âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ.

Êëþ÷åâûå ñëîâà: ýëëèïòè÷åñêèå óðàâíåíèÿ, ñìåøàííàÿ êðàåâàÿ çà-
äà÷à, ðàçíîñòíàÿ àïïðîêñèìàöèÿ, ìåòîä ñåòîê.

On a method for solving a mixed boundary value problem for
an elliptic equation in combination with the grid method

A mixed boundary value problem for an elliptic equation of divergent
type with variable coefficients is considered. In this paper, we propose
an approximation of the original mixed boundary value problem by a
third boundary value problem with a parameter. The difference scheme
for the third boundary value problem is constructed using the summator
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identities method. A model boundary value problem for conducting
computational experiments is considered.

Keywords: elliptic equations, mixed boundary value problem, finite dif-
ference approximation, the method of grids.

Ïóñòü Ω =
{
x = (x1, x2) ∈ R2 : 0 < xα < lα, α = 1, 2

}
� ïðÿìîóãîëü-

íèê â R2 ñ ãðàíèöåé ∂Ω = Γ, Ω̄ = Ω∪Γ. Äëÿ ó÷àñòêîâ ãðàíèöû Γ ïðÿìî-
óãîëüíèêà Ω̄ ââåäåì, äëÿ îïðåäåëåííîñòè ïîñòàíîâêè ñìåøàííîé çàäà÷è,
ñëåäóþùèå îáîçíà÷åíèÿ: Γ+1 =

{
x1 = l1, 0 ≤ x2 ≤ l2

}
, Γ−1 =

{
x1 =

0, 0 ≤ x2 ≤ l2
}
, Γ−2 =

{
0 ≤ x1 ≤ l1, x2 = 0

}
, Γ+2 =

{
0 ≤ x1 ≤ l1, x2 = l2

}
,

Γ = ∂Ω = Γ−1 ∪Γ+1 ∪Γ−2 ∪Γ+2, Γ1 = Γ \Γ1 = Γ+1 ∪Γ−2 ∪Γ+2, Γ2 = Γ−1.

Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ñìåøàííàÿ ãðàíè÷íàÿ çàäà÷à:

Lu(x) = −
2∑

α=1

∂

∂xα

(
kα(x)

∂u

∂xα

)
= f(x), x ∈ Ω ⊂ R2, (1)

u(x) = µ1(x), x ∈ Γ1 = Γ+1 ∪ Γ−2 ∪ Γ+2 = Γ \ Γ−1, (2)

∂u

∂N
(x) = −k1(x)

∂u

∂x1
(x) = µ2(x), x ∈ Γ2 = Γ2 = Γ−1, (3)

ãäå kα(x), f(x), µ1(x), µ2(x) � çàäàííûå ôóíêöèè, kα(x) ∈ L∞(Ω), f(x) ∈
L2(Ω), µ1(s) ∈ L2(Γ1), µ2(s) ∈ L2(Γ2), 0 < ν0 ≤ kα(x) ≤ ν0, α = 1, 2.

Ïîñòàâëåííàÿ çàäà÷à � ýòî çàäà÷à ñ ðàçðûâíûì ãðàíè÷íûì óñëîâè-
åì. Çàäà÷è òàêîãî òèïà ñî ñìåøàííûìè óñëîâèÿìè íà ãðàíèöå Γ, ñîîò-
âåòñòâóþùèìè ðàçëè÷íîìó õàðàêòåðó âçàèìîäåéñòâèÿ ðàññìàòðèâàåìîé
ñðåäû Ω íà ðàçëè÷íûõ ó÷àñòêàõ ∂Ωi = Γi åå ãðàíèöû Γ = ∂Ω ÿâëÿþòñÿ
íàèáîëåå ÷àñòî âñòðå÷àþùèìèñÿ íà ïðàêòèêå çàäà÷àìè (íà Γ = ∂Ω çà-
äàþòñÿ óñëîâèÿ ðàçíûõ òèïîâ). Ïî ïîâîäó áîëåå ïîäðîáíîé ïîñòàíîâêè
çàäà÷è ñì. [1].

Â ðàáîòå ðàññìàòðèâàåòñÿ ìåòîä, çàêëþ÷àþùèéñÿ â ïðèáëèæåííîé
çàìåíå ñìåøàííîé êðàåâîé çàäà÷è (1)-(3) òðåòüåé çàäà÷åé c ïàðàìåòðîì
ε > 0:

−
2∑

α=1

∂

∂xα

(
kα(x)

∂uε
∂xα

)
= f(x), x ∈ Ω, (4)

∂uε
∂N

+ ε(s)uε = g(s), s ∈ Γ = Γ1 ∪ Γ2 = ∂Ω, (5)

ãäå

ε(s) =

{
ε, s ∈ Γ1 = Γ+1 ∪ Γ−2 ∪ Γ+2 = Γ \ Γ−1,
0, s ∈ Γ2 = Γ−1,

g(s) =

{
εµ1(s), s ∈ Γ1 = Γ+1 ∪ Γ−2 ∪ Γ+2 = Γ \ Γ−1,
µ2(s), s ∈ Γ2 = Γ−1,

ε = const > 0.
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Â íàñòîÿùåé ðàáîòå ïðîâåäåíà ðàçíîñòíàÿ àïïðîêñèìàöèÿ êðàåâîé
çàäà÷è (4)-(5). Ðàññìîòðåí âîïðîñ êîððåêòíîñòè ïîñòàíîâêè ïîëó÷åííîé
ñåòî÷íîé çàäà÷è. Íàèáîëåå óíèâåðñàëüíûì ìåòîäîì ÷èñëåííîãî ðåøå-
íèÿ, àïïðîêñèìèðóþùåé êðàåâîé çàäà÷è, ÿâëÿåòñÿ ìåòîä ñåòîê [2]-[3].
Äëÿ ÷èñëåííîãî ðåøåíèÿ ïîëó÷åííîé ñåòî÷íîé çàäà÷è ìåòîäîì ñóììà-
òîðíûõ òîæäåñòâ (ñì. [3]) ïîñòðîåíà ðàçíîñòíàÿ ñõåìà. Â êà÷åñòâå ïðèìå-
ðà èñïîëüçîâàíèÿ ðàññìîòðåííîãî ìåòîäà, ïðèâåäåíà ìîäåëüíàÿ ñìåøàí-
íàÿ êðàåâàÿ çàäà÷à. Âûïîëíåíû âû÷èñëèòåëüíûå ýêñïåðèìåíòû. Äëÿ ðå-
øåíèÿ ñèñòåì ëèíåéíûõ óðàâíåíèé, âîçíèêàþùèõ ïðè ïðèìåíåíèè ìå-
òîäà ñåòîê, èñïîëüçîâàëèñü òðåóãîëüíûå èòåðàöèîííûå ìåòîäû [4].
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Multi-objective optimization of Catalytic Isomerization
based on a mathematical model

Mathematical descriptions of the optimization criteria for the used model
are proposed. The temperature modes of operation of the reactor block
that meet the criteria of optimality are presented. The results obtained
make it possible to increase the efficiency of the catalytic isomerization
of the pentane-hexane fraction.

Keywords: catalytic isomerization, multi-objective optimization, reac-
tor block, octane number

Â ïîñëåäíèå ãîäû íàáëþäàåòñÿ ñóùåñòâåííûé ðîñò ïîòðåáíîñòè â
ïðîèçâîäñòâå âûñîêîîêòàíîâûõ êîìïîíåíòîâ àâòîìîáèëüíîãî áåíçèíà,
îñîáåííî îòâå÷àþùèì âñåì ñîâðåìåííûì ýêîëîãè÷åñêèì òðåáîâàíèÿì
[1]. Óâåëè÷åíèå ýôôåêòèâíîñòè êàòàëèòè÷åñêèõ ïðîöåññîâ ïóòåì âûáîðà
îïòèìàëüíîãî ðåæèìà óïðàâëåíèÿ õèìèêî-òåõíîëîãè÷åñêèì ïðîöåññîì
ÿâëÿåòñÿ àêòóàëüíîé çàäà÷åé. Îäíèì èç ìåòîäîâ ðåøåíèÿ ýòîé çàäà-
÷è âûñòóïàåò ìíîãîöåëåâàÿ îïòèìèçàöèÿ, ó÷èòûâàþùàÿ êèíåòè÷åñêèå
àñïåêòû êàòàëèòè÷åñêîãî ïðåâðàùåíèÿ èñõîäíûõ êîìïîíåíòîâ ðåàêöè-
îííîé ñðåäû âíóòðè ðåàêòîðà. Îáúåêòîì èññëåäîâàíèÿ ÿâëÿåòñÿ ðåàê-
òîðíûé áëîê ïðîöåññà êàòàëèòè÷åñêîé èçîìåðèçàöèè ïåíòàí-ãåêñàíîâîé
ôðàêöèè. Îêòàíîâîå ÷èñëî ÿâëÿåòñÿ âàæíîé ýêñïëóàòàöèîííîé õàðàêòå-
ðèñòèêîé áåíçèíà, õàðàêòåðèçóùåå åãî äåòîíàöèîííóþ ñòîéêîñòü. Îêòà-
íîâîå ÷èñëî, ãëàâíûì îáðàçîì, çàâèñèò îò êîìïîíåíòíîãî ñîñòàâà ïðî-
äóêòîâîé ñìåñè è ñîîòíîøåíèÿ â íåé âûñîêîîêòàíîâûõ êîìïîíåíòîâ [2].
Èçâåñòíî, ÷òî ñðåäè öåëåâûõ èíäèâèäóàëüíûõ êîìïîíåíòîâ êàòàëèòè÷å-
ñêîé èçîìåðèçàöèè ïåíòàí-ãåêñàíîâîé ôðàêöèè èçîïåíòàí è äèìåòèëçà-
ìåùåííûå óãëåâîäîðîäû (2,2-äèìåòèëáóòàí, 2,3-äèìåòèëáóòàí) îáëàäà-
þò íàèáîëüøèìè îêòàíîâûìè ÷èñëàìè. Â êîíå÷íîì èòîãå ìîæíî óòâåð-
æäàòü, ÷òî ïðè óâåëè÷åíèè ñåëåêòèâíîñòè äàííûõ èíäèâèäóàëüíûõ êîì-
ïîíåíòîâ êîíå÷íîå îêòàíîâîå ÷èñëî ïðîäóêòîâîé ñìåñè (áåíçèíà) òîæå
ïîâûñèòñÿ. Ýôôåêòèâíîñòü ïðîöåññà òàêæå çàâèñèò îò ñòåïåíè ïðåâðà-
ùåíèÿ èñõîäíûõ êîìïîíåíòîâ, îáëàäàþùèìè íèçêèìè îêòàíîâûìè ÷èñ-
ëàìè, â äàííîì ñëó÷àå í-ïåíòàíà è í-ãåêñàíà, è âûõîäà ïðîäóêòîâ ãèä-
ðîêðåêèíãà. Äàííóþ çàäà÷ó ìíîãîöåëåâîé îïòèìèçàöèè ìîæíî ïðåäñòà-
âèòü â âèäå:

extrF (X) = F (X∗) = F ∗ (1)

ãäå X � âåêòîð âàðüèðåìûõ ïàðàìåòðîâ, X ∈ DX ; F � âåêòîð-
ôóíêöèÿ êðèòåðèåâ îïòèìàëüíîñòè; DX � îáëàñòü äîïóñòèìûõ çíà÷åíèé
âåêòîðà X; X∗ - îïòèìàëüíûå çíà÷åíèÿ âåêòîðà X; F ∗ - îïòèìàëüíûå
çíà÷åíèÿ âåêòîðà F.
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Ïîñòàâëåííàÿ çàäà÷à ìíîãîöåëåâîé îïòèìèçàöèè äëÿ ïðîöåññà êàòà-
ëèòè÷åñêîé èçîìåðèçàöèè ïåíòàí-ãåêñàíîâîé ôðàêöèè (1) áûëà ðåøåíà
ãåíåòè÷åñêèì àëãîðèòìîì [3] â ÏÑ Matlab. Â ðåçóëüòàòå áûëè ïðåäëîæå-
íû îïòèìàëüíûå óñëîâèÿ ïðîâåäåíèÿ ïðîöåññà, â õîäå êîòîðûõ ìîæíî
äîñòè÷ü ïîâûøåíèÿ ñåëåêòèâíîñòè èçîïåíòàíà, 2,2-äèìåòèëáóòàíà, 2,3-
äèìåòèëáóòàíà, ñòåïåíè ïðåâðàùåíèÿ í-ïåíòàíà è í-ãåêñàíà, à òàêæå
ñíèæåíèÿ âûõîäà ïðîäóêòîâ ãèäðîêðåêèíãà.
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Study of the kinetics of catalytic isomerization reactions
methods of mathematical modeling.

On the basis of industrial data and studies on the mechanism of the
main chemical reactions, a scheme of transformations of the catalytic
isomerization of the pentane-hexane fraction has been drawn up. A
mathematical model of the reactor block of the process was built and
the kinetic parameters were determined.

Keywords: catalytic isomerization, kinetics, reactor block

Â íàñòîÿùåå âðåìÿ ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå õèìèêî-òåõíîëî-
ãè÷åñêèõ ïðîöåññîâ, ïðîòåêàþùèõ â ïðèñóòñòâèè êàòàëèçàòîðîâ, èãðàåò
âàæíóþ ðîëü ïðè ðåøåíèè çàäà÷ ïîâûøåíèÿ ýôôåêòèâíîñòè ñóùåñòâóþ-
ùèõ ïðîèçâîäñòâ è îïòèìàëüíîãî óïðàâëåíèÿ èìè. Îáúåêòîì èññëåäîâà-
íèÿ ÿâëÿåòñÿ ðåàêòîðíûé áëîê ïðîöåññà êàòàëèòè÷åñêîé èçîìåðèçàöèè
ïåíòàí-ãåêñàíîâîé ôðàêöèè � îäíîãî èç ïåðñïåêòèâíûõ ïðîöåññîâ ïðîèç-
âîäñòâà âûñîêîîêòàíîâûõ êîìïîíåíòîâ àâòîìîáèëüíîãî áåíçèíà. Îñíî-
âîé äëÿ ïîñòðîåíèÿ ìàòåìàòè÷åñêîé ìîäåëè êàòàëèòè÷åñêîãî ïðåâðàùå-
íèÿ èñõîäíûõ êîìïîíåíòîâ ðåàêöèîííîé ñðåäû âíóòðè ðåàêòîðà ñëóæèò
êèíåòè÷åñêàÿ ìîäåëü õèìè÷åñêèõ ðåàêöèé, ïðîòåêàþùèõ íà ïîâåðõíîñòè
êàòàëèçàòîðà.

Ìàòåìàòè÷åñêàÿ ìîäåëü ïðîöåññà áóäåò èìåòü ñëåäóþùèé âèä:

dxi
dτ

=
J∑
j=1

vij · wj , i = 1, .., I (1)

wj = k0
j exp(

−E+
j

RT
)

J∏
i=1

(
xi
F

)|αij | − k0
−jexp(

−E−j
RT

)

J∏
i=1

(
xi
F

)|βij |

ñ íà÷àëüíûìè óñëîâèÿìè: ïðè τ = 0, xi(0) = x0
i ,

ãäå vij � ñòåõèîìåòðè÷åñêèå êîýôôèöèåíòû ñõåì õèìè÷åñêèõ ïðåâðà-
ùåíèé; J � êîëè÷åñòâî ñòàäèé; xi � ìîëüíûé ðàñõîä i-ãî êîìïîíåíòà,
ó÷àñòâóþùåãî â ðåàêöèÿõ, êìîëü/÷; I -� êîëè÷åñòâî êîìïîíåíòîâ ; wj
� ñêîðîñòü j-îé ñòàäèè, êìîëü/(÷*êã êàò.), E+

j , E
−
j � ýíåðãèè àêòèâàöèè

ïðÿìîé è îáðàòíîé ðåàêöèé, Äæ/ìîëü, R -� ãàçîâàÿ ïîñòîÿííàÿ, ðàâíàÿ
8,31 Äæ/(ìîëü*Ê); T � òåìïåðàòóðà, K; αij � îòðèöàòåëüíûå ýëåìåíòû
ìàòðèöû (vij) , βij � ïîëîæèòåëüíûå ýëåìåíòû ìàòðèöû (vij), k

0
j , k

0
−j �

ïðåäýêñïîíåíöèàëüíûå ìíîæèòåëè, êìîëü/(÷*êã êàò.); τ � óñëîâíîå âðå-
ìÿ êîíòàêòà, (êã êàò.); F � ìîëüíûé ðàñõîä ïîòîêà, êìîëü/÷.

Ìàòåìàòè÷åñêàÿ ìîäåëü (1) ó÷èòûâàåò ñêîðîñòü ïîòîêà ñûðüÿ â ðåàê-
òîðå [1]. Òàêæå â ìîäåëè íåîáõîäèìî ó÷åñòü íåèçîòåðìè÷åñêèé õàðàêòåð
òåõíîëîãè÷åñêîãî ïðîöåññà (2), ïîñêîëüêó äàííûé ïðîöåññ ïðîòåêàåò ñ
âûäåëåíèåì òåïëà çà ñ÷åò ïðîòåêàíèÿ ðåàêöèé [2].
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dT

dτ
=

∑I
i=1(

dxi
dτ
·∆Hf

T i)∑I
i=1(xi · CTpi)

, (2)

dF

dτ
=

I∑
i=1

dxi
dτ

ñ íà÷àëüíûìè óñëîâèÿìè: ïðè τ = 0, T (0) = T 0, ãäå T � òåìïåðàòóðà,

Ê; ∆Hf
T i � ýíòàëüïèÿ îáðàçîâàíèÿ i-ãî êîìïîíåíòà ïðè òåìïåðàòóðå T,

Äæ/ìîëü; CTpi � óäåëüíàÿ òåïëîåìêîñòü i-ãî êîìïîíåíòà ïðè òåìïåðàòóðå
T , (Äæ/ìîëü*Ê); F � ìîëüíûé ðàñõîä ïîòîêà, êìîëü/÷.

Ïóòåì ðåøåíèÿ ïðÿìîé è îáðàòíîé çàäà÷è õèìè÷åñêîé êèíåòèêè ÷èñ-
ëåííûìè ìåòîäàìè îïðåäåëèëè êèíåòè÷åñêèå ïàðàìåòðû êàæäîé ðåàê-
öèè, âõîäÿùåé â ñõåìó ïðåâðàùåíèé.

Äàííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ìîæåò ñëóæèòü îñíîâîé äëÿ ïðîâåäå-
íèÿ ïðîãíîçèðóåìûõ ðàñ÷åòîâ è îïòèìèçàöèè ïðîöåññà êàòàëèòè÷åñêîé
èçîìåðèçàöèè ïåíòàí-ãåêñàíîâîé ôðàêöèè.
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Control of dynamic object under constraints on control and
state variables

The state feedback control problem under constraints imposed on con-
trol function and the outputs is studied. The solution is based on the
method of Lyapunov functions and technique of linear matrix inequali-
ties. The conditions of existence for controllers are derived.

Keywords: mathematical model, linear matrix inequalities, stabilization
by state feedback

Ëèíåàðèçàöèÿ ïîçâîëÿåò âìåñòî íåëèíåéíîé ìàòåìàòè÷åñêîé ìîäåëè
èçó÷àòü áîëåå ïðîñòóþ ëèíåéíóþ ìîäåëü. Âìåñòå ñ òåì âîçìîæíà ñèòóà-
öèÿ, êîãäà ïîëó÷åííîå äëÿ ëèíåàðèçîâàííîé ìîäåëè ðåøåíèå ôèçè÷åñêè
íå ìîæåò áûòü ðåàëèçîâàíî. Íàïðèìåð, ñèíòåç ëèíåéíûõ çàêîíîâ óïðàâ-
ëåíèÿ íà îñíîâå ëèíåéíîé ìîäåëè óïðàâëÿåìîãî îáúåêòà [1] ìîæåò áûòü
ýôôåêòèâíî ïðèìåíåí òîëüêî òàì, ãäå ëèíåéíàÿ ìîäåëü áîëåå èëè ìå-
íåå àäåêâàòíî îïèñûâàåò ðåàëüíûé îáúåêò, ò.å. â îãðàíè÷åííîé îáëàñòè
ôàçîâîãî ïðîñòðàíñòâà. Â ñâÿçè ñ ýòèì âîçíèêàåò íåîáõîäèìîñòü ó÷èòû-
âàòü â ìîäåëè îãðàíè÷åíèÿ íà ôàçîâûå ïåðåìåííûå îáúåêòà. Ïðîáëåìà
ñèíòåçà óïðàâëåíèÿ ïðè çàäàííûõ îãðàíè÷åíèÿõ ÿâëÿåòñÿ ñëîæíîé è àê-
òóàëüíîé â íàñòîÿùåå âðåìÿ [2,3]. Â äàííîé ðàáîòå ðàññìîòðåíà çàäà÷à
ñòàáèëèçàöèè ñ ïîìîùüþ îáðàòíîé ñâÿçè ïî ñîñòîÿíèþ íåóñòîé÷èâîãî
îáúåêòà ïðè çàäàííûõ îãðàíè÷åíèÿõ.

Óðàâíåíèÿ äâèæåíèÿ òåëà â ýëåêòðîìàãíèòíîì ïîäâåñå îäíîñòîðîí-
íåãî äåéñòâèÿ èìåþò âèä:

mÿ =
CLI

2

2(δ − y)2
−mg,

CL
(δ − y)

İ +
CLI

(δ − y)2
ẏ +RI = U, (1)

ãäå m � ìàññà âûâåøåííîãî òåëà, y � êîîðäèíàòà âûâåøåííîãî òåëà, g
� óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ, CL � êîíñòðóêòèâíûé ïàðàìåòð, δ �
âåëè÷èíà íîìèíàëüíîãî çàçîðà ìåæäó ýëåêòðîìàãíèòîì è âûâåøåííûì
òåëîì, I � ñèëà òîêà â ýëåêòðîìàãíèòå, R � ñîïðîòèâëåíèå â öåïè
ýëåêòðîìàãíèòà, U � íàïðÿæåíèå, ïîäàâàåìîå íà ýëåêòðîìàãíèò.

Ñîñòîÿíèå ðàâíîâåñèÿ ñèñòåìû (1) îïðåäåëÿåòñÿ ðàâåíñòâàìè y = 0,

ẏ = 0, I = Ic, ãäå Ic =
√

2δ2mg
CL

. Ïåðåéäåì ê áåçðàçìåðíûì âåëè÷èíàì.

Ââåäåì íîâîå áåçðàçìåðíîå âðåìÿ t =
√

2g
δ tc è îáîçíà÷èâ x1 = 1

δy,

x2 = 1√
2gδ
ẏ, x3 = 1

Ic
I − 1, u =

√
δ

4g2mCL
(U − RIc) ëèíåàðèçóåì ñèñòåìó

â îêðåñòíîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ. Ïîëó÷èì

ẋ = Ax+Bu, (2)

ãäå x =

 x1

x2

x3

, A =

 0 1 0
1 0 1
0 −1 −α

, B =

 0
0
1

, α = Rδ
CL

√
δ
2g .
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Ââåäåì zi = Cix + Diu, i = 1, 2, ..., N � âûõîäû, îïðåäåëÿþùèå
îãðàíè÷åíèÿ íà ôàçîâûå è óïðàâëÿþùèå ïåðåìåííûå, ãäå Ci, Di �
çàäàííûå ìàòðèöû, ñîîòâåòñòâóþùåãî ðàçìåðà.

Òðåáóåòñÿ ïîñòðîèòü óïðàâëåíèå âèäà

u = Θx, (3)

îáåñïå÷èâàþùåå àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü çàìêíóòîé ñèñòåìû (2),
(3) ïðè âûïîëíåíèè äëÿ çàäàííûõ çíà÷åíèÿõ γi îãðàíè÷åíèé

max
t≥0
|zi(t)| ≤ γi , i = 1, 2, ..., N.

è îöåíèòü ìíîæåñòâî äîïóñòèìûõ íà÷àëüíûõ ñîñòîÿíèé ñèñòåìû (2).
×èñëåííîå ðåøåíèå ïðîâåäåíî â ïàêåòå MATLAB. Ïðè çíà÷åíèè ïà-

ðàìåòðà α=7.5 ïîëó÷åíî óïðàâëåíèå

u = −37x1 − 25.79x2 − 2.88x3 (4)

êîòîðîå ñòàáèëèçèðóåò çàìêíóòóþ ñèñòåìó ïðè îãðàíè÷åíèÿõ

max
t≥0
|x1(t)| ≤ 0.1,max

t≥0
|u(t)| ≤ 1,

ãäå x1 � âåëè÷èíà, ïðîïîðöèîíàëüíàÿ ñìåùåíèþ òåëà. Â ðàáîòå óêà-
çàíî ìíîæåñòâî íà÷àëüíûõ ñîñòîÿíèé, ïðè êîòîðûõ ðåãóëÿòîð (4) ñòà-
áèëèçèðóåò çàìêíóòóþ ñèñòåìó. Ïðîâåäåíî ñðàâíåíèå ïîëó÷åííîãî çà-
êîíà óïðàâëåíèÿ ñ çàêîíîì óïðàâëåíèÿ ïî ñîñòîÿíèþ, îáåñïå÷èâàþùåãî
ñòàáèëèçàöèþ îáúåêòà (2) áåç ó÷åòà îãðàíè÷åíèé íà x1(t) è u(t). Ïî-
êàçàíî, ÷òî òàêîé ðåãóëÿòîð íå ïðèìåíèì ê ðåøåíèþ äàííîé çàäà÷è.
Ðàñ÷åòû ïîêàçàëè, ÷òî ðåãóëÿòîð (4) ñòàáèëèçèðóåò íåëèíåéíóþ ìîäåëü
ýëåêòðîìàãíèòíîãî ïîäâåñà ïðè çàäàííûõ îãðàíè÷åíèÿõ íà ôàçîâóþ ïå-
ðåìåííóþ è óïðàâëåíèå.
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Â SIR-ÌÎÄÅËÈ ÊÅÐÌÀÊÀ-ÌÀÊÊÅÍÄÐÈÊÀ ÄËß
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Â ðàáîòå äàíû îöåíêè ñâåðõó äëÿ êîýôôèöèåíòîâ èíòåíñèâíîñòè
êîíòàêòîâ ñ ïîñëåäóþùèì èíôèöèðîâàíèåì â äåòåðìèíèñòñêîé SIR-
ìîäåëè Êåðìàêà-Ìàêêåíäðèêà äëÿ ïàíäåìèè COVID-19.
Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêèå ìîäåëè ýïèäåìèé, äåòåðìèíèñò-
ñêèå ìîäåëè

The calculation of the intensity coefficients of contacts with
subsequent infection in the SIR-Kermack-McKendrick-model

for the COVID-19 pandemic in the spring and summer of
2020

The paper gives upper estimates for the intensity coefficients of contacts
with subsequent infection in the deterministic SIR-Kermack-McKendrick-
model for the COVID-19 pandemic.

Keywords: mathematical models of epidemics, deterministic models

Ìàòåìàòè÷åñêèå ìåòîäû, ïðèìåíÿåìûå â ïåäàãîãè÷åñêèõ èçìåðåíèÿõ
[1] è äîêàçàòåëüíîé ìåäèöèíå [2], íîñÿò ñõîäíûé õàðàêòåð. Â íàñòîÿùåå
âðåìÿ â ñâÿçè ñ ðàñïðîñòðàíåíèåì COVID-èíôåêöèè ïðèîáðåëè àêòóàëü-
íîñòü âîïðîñû èçó÷åíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé ýïèäåìèé. Ìàòåìàòè-
÷åñêèå ìåòîäû äëÿ èçó÷åíèÿ çàáîëåâàíèé áûëè âïåðâûå ïðèìåíåíû â
1760 ãîäó Äàíèýëåì Áåðíóëëè, à â 1840 ãîäó Óèëüÿì Ôàðð óñïåøíî îïè-
ñàë äàííûå ïî ñìåðòíîñòè îò îñïû â Àíãëèè êðèâîé íîðìàëüíîãî ðàñïðå-
äåëåíèÿ. Ìîäåëü Êåðìàêà è Ìàêêåíäðèêà, ïîÿâèâøàÿñÿ â íà÷àëå XX âå-
êà äàëà íà÷àëî øèðîêîìó ïðèìåíåíèþ äåòåðìèíèðîâàííûõ SIR�ìîäåëåé
(¾Susceptible � Infected � Recovered¿), â êîòîðûõ îïèñûâàåòñÿ äèíàìèêà
ãðóïï âîñïðèèì÷èâûõ x(t), èíôèöèðîâàííûõ y(t) è âûçäîðîâåâøèõ z(t)
èíäèâèäîâ. Äàííàÿ ìîäåëü çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:

dx

dt
= −βxy,

dy

dt
= βxy − γy,

dz

dt
= γy,

Öûãàíîâ Øàìèëü Èðèêîâè÷, ê.ô.-ì.í., äîöåíò, ÁàøÃÓ (Óôà, Ðîññèÿ); Shamil
Tsyganov (Bashkir State University, Ufa, Russia)

Áåëîâà Àííà Ñåðãååâíà, àñïèðàíò, ÁàøÃÓ (Óôà, Ðîññèÿ); Anna Belova (Bashkir
State University, Ufa, Russia)
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ñ íà÷àëüíûì óñëîâèåì x(0) = x0, y(0) = y0, z(0) = 0, ãäå β � êîýôôè-
öèåíò èíòåíñèâíîñòè êîíòàêòîâ ñ ïîñëåäóþùèì èíôèöèðîâàíèåì, γ �
êîýôèöèåíò âûçäîðîâëåíèÿ.

Èç ñèñòåìû óðàâíåíèé âèäíî, ÷òî â äàííîé ìîäåëè ÷èñëåííîñòü ïî-

ïóëÿöèè ïîñòîÿííà:
dx

dt
+
dy

dt
+
dz

dt
= 0.

Ïîñêîëüêó äëÿ COVID-19 ñðåäíåå âðåìÿ òå÷åíèÿ áîëåçíè â íàñòîÿ-
ùåå âðåìÿ îïðåäåëÿåòñÿ êàê 14 äíåé, òî èñïîëüçóÿ èìåþùèåñÿ ñòàòè-
ñòè÷åñêèå äàííûå çà âåñåííèé è ëåòíèé ïåðèîäû 2020 ãîäà, ìû ìîæåì
îöåíèòü ñâåðõó è ñíèçó ïàðàìåòð β â äîïóùåíèè, ÷òî ýïèäåìèÿ êîð-
ðåêòíî îïèñûâàåòñÿ ìîäåëüþ Êåðìàêà-Ìàêêåíäðèêà (÷òî ÿâëÿåòñÿ îò-
äåëüíîé çàäà÷åé è â äàííûé ìîìåíò àâòîðàìè íå ðàññìàòðèâàëàñü). Â
ðàáîòå ïîëó÷åíà îöåíêè ñâåðõó äëÿ ïàðàìåòðà β äëÿ ïåðèîäà ñ 1 àïðåëÿ
ïî 31 ìàÿ (ïåðèîä æ¼ñòêîãî êàðàíòèíà) è ñ 1 èþíÿ ïî 31 àâãóñòà (ïåðè-
îä ìèíèìàëüíîãî ñîáëþäåíèÿ êàðàíòèííûõ ìåð). Â ìîìåíò íàïèñàíèÿ
òåçèñîâ èññëåäîâàíèå íîñèò íåçàêîí÷åííûé õàðàêòåð, ïîñêîëüêó íàèáî-
ëåå èíòåðåñíûì ñ ïðàêòè÷åñêîé è óïðàâëåí÷åñêîé òî÷åê çðåíèÿ ÿâëÿåòñÿ
èññëåäîâàíèå äàííîãî ïàðàìåòðà β äëÿ ïåðèîäà ñ 15 îêòÿáðÿ 2020 ãîäà,
êîòîðûé, âèäèìî, ìîæåò îêàçàòüñÿ ïåðèîäîì "òî÷å÷íûõ"êàðàíòèííûõ
ìåðîïðèÿòèé. Ýòî ïîçâîëèò ñðàâíèòü êîýôôèöèåíòû èíôèöèðîâàíèÿ â
óñëîâèÿõ ïîëíîãî è âûáîðî÷íîãî êàðàíòèíîâ âåñíîé è îñåíüþ ñîîòâåò-
ñòâåííî.
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ìàòåðèàëîâ. Òðàäèöèîííûå ìàòåðèàëû � áåòîí è ñòàëü � íå ìî-
ãóò äàòü ñóùåñòâåííîãî óâåëè÷åíèÿ âûñîòû ïî ñðàâíåíèþ ñ óæå
ñóùåñòâóþùèìè íåáîñêð¼áàìè. Íàäóâíûå êîíñòðóêöèè ñ èñïîëüçî-
âàíèåì ïîëèìåðîâ ñ÷èòàþòñÿ â ýòîì ïëàíå áîëåå ïåðñïåêòèâíûìè.
Â äîêëàäå äàþòñÿ òåîðåòè÷åñêèå îöåíêè ïðåäåëüíîé âûñîòû ðàçäå-
ë¼ííîé íà ñåãìåíòû ãàçîíàïîëíåííîé öèëèíäðè÷åñêîé êîíñòðóêöèè,
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óñòðîåííîé òàê, ÷òî å¼ ñåãìåíòû ïðàêòè÷åñêè íå íàãðóæàþò äðóã
äðóãà, ïåðåäàâàÿ ïî÷òè âñþ âåðòèêàëüíóþ íàãðóçêó íà ôóíäàìåíò
÷åðåç ãàç.

Êëþ÷åâûå ñëîâà: ñâåðõâûñîòíîå ñòðîèòåëüñòâî, íàäóâíîé êàðêàñ

On height limits for super-tall buildings with inflated carcass

The height of buildings is limited by the weight and the strength of
constructive materials. Regular materials — concrete and steel — can-
not provide much taller buildings as compared to the presently exist-
ing skyscribers. Inflated structures using polymers are considered to be
more prospective. The report presents theoretical estimates for the max-
imal height of an inflated cylindrical structure subdivided into segments
designed in such a way that they practically do not load each other
transmitting almost all of the vertical load to the basement through the
gas.

Keywords: super-tall buildings, inflated carcass

Íåñóùèå êîëîííû ñîâðåìåííûõ íåáîñêð¼áîâ èçãîòàâëèâàþòñÿ èç ñòà-
ëè. Ê íèì êðåïÿòñÿ ìåæýòàæíûå ïåðåêðûòèÿ è ôàñàä èç ñòåêëÿííûõ
ïàíåëåé. Êîëîííû èç àðìèðîâàííîãî áåòîíà äëÿ òàêèõ çäàíèé íåâîç-
ìîæíû, èáî áåòîí ó îñíîâàíèÿ êîëîíí íå âûäåðæèâàë áû íàãðóçêè è
òðåñêàëñÿ. Âîçìîæíîñòè ñòàëüíûõ êîëîíí òàêæå îãðàíè÷åíû. Ïîýòîìó
äàëüíåéøèå ïåðñïåêòèâû ñóùåñòâåííîãî óâåëè÷åíèÿ âûñîòû çäàíèé ñâÿ-
çàíû ñ èñïîëüçîâàíèåì íàäóâíûõ íåñóùèõ êîíñòðóêöèé. Ýòî îïðåäåëÿ-
åòñÿ äâóìÿ àñïåêòàìè: 1) ãàç ñóùåñòâåííî ëåã÷å ñòàëè; 2) ãàç íå òðåñêà-
åòñÿ íè ïðè êàêîì äàâëåíèè.

Äëÿ òîãî, ÷òîáû ãàç âûïîëíÿë íåñóùèå ôóíêöèè, åãî íàäî çàêëþ÷èòü
â îïðåäåë¼ííûé îáúåì è óäåðæèâàòü â í¼ì. Ãàç ïåðåäà¼ò âåðòèêàëüíóþ
íàãðóçêó âî âñå ñòîðîíû, â òîì ÷èñëå è íà áîêîâûå ñòåíêè óäåðæèâà-
þùåãî îáú¼ìà, ñîçäàâàÿ ïðîáëåìó âûñîêîé ïðî÷íîñòè áîêîâûõ ñòåíîê.
Îêàçûâàåòñÿ ýòà ïðîáëåìà ðåøàåìàÿ ïðè èñïîëüçîâàíèè ïîëèìåðîâ. Íà-
ïðèìåð, ìîæíî èñïîëüçîâàòü êåâëàð. Îí â 14,5 ðàçà ïðî÷íåå íà ðàçðûâ,
÷åì ñòàëü.

Èäåÿ ñîçäàíèÿ ñâåðõâûñîêèõ íàäóâíûõ áàøåí ïðèíàäëåæèò À.À. Áî-
ëîíêèíó (ñì. [1] è [2]). Åñòü òàêæå ãðóïïà àâòîðîâ èç Êàíàäû [3], îäèí
èç êîòîðûõ ïîëó÷èë ïàòåíò US 9085987 B2 íà ýòó òåìó. Íåñìîòðÿ íà ýòî,
ïðîäåëàííûå â [1-3] ðàñ÷¼òû íå âïîëíå çàêîí÷åííûå. Îíè íå ñîäåðæàò
ðàñ÷¼òà âåðòèêàëüíûõ íàãðóçîê â ñòåíêàõ íàäóâíîãî ñîîðóæåíèÿ. Â [4]
àâòîð äîêëàäà ïðåäëîæèë ìîäèôèöèðîâàòü êîíñòðóêöèþ èç [3], ñäåëàâ
äàâëåíèå ãàçà â ñåãìåíòàõ öèëèíäðè÷åñêîé êîëîííû ïåðåìåííûì ïî âû-
ñîòå è óâåëè÷èâàþùèìñÿ ñâåðõó âíèç. Çà ñ÷¼ò ýòîãî óäà¼òñÿ ïðàêòè÷åñêè
îáíóëèòü âåðòèêàëüíûå íàïðÿæåíèÿ â áîêîâûõ ñòåíêàõ êîëîííû, ïåðå-
äàâ âñå íåñóùèå ôóíêöèè ãàçó. Ñàìè ñåãìåíòû ñ âíóòðåííèì äèàìåòðîì
1 ìåòð è äëèíîé ïî 3 ìåòðà êàæäûé ïðåäëàãàåòñÿ èçãîòàâëèâàòü èç ðå-
çèíû, àðìèðîâàííîé êåâëàðîì. Ðàñ÷¼ò òîëùèíû êåâëàðîâîé îïë¼òêè â
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çàâèñèìîñòè îò äàâëåíèÿ ãàçà â ñåãìåíòå âûïîëíåí íà îñíîâå ëèíåéíîé
òåîðèè óïðóãîñòè. Äàëåå â [4] âûâîäèòñÿ è ÷èñëåííî ðåøàåòñÿ ðåêóð-
ðåíòíîå óðàâíåíèå äëÿ çàâèñèìîñòè äàâëåíèÿ ãàçà îò âûñîòû ðàñïîëî-
æåíèÿ ñåãìåíòà â êîëîííå. Îñíîâíûå ðåçóëüòàòû ðàáîòû [4] ïðèâåäåíû
â ñëåäóþùåé òàáëèöå.

Ãàç-íàïîëíèòåëü ãåëèé àçîò

Âåñ ïîëåçíîãî ãðóçà íà âåðøèíå (íà 1 êîëîííó) â òîííàõ 20 20

×èñëî ñåãìåíòîâ (ýòàæíîñòü) 2391 1878

Âûñîòà ñîîðóæåíèÿ â ìåòðàõ 7173 5634

Ïîëíûé âåñ ïîëåçíîãî ãðóçà (íà 1 êîëîííó) â òîííàõ 1726 1336

Ïîëíûé âåñ êîëîííû ñ ïîëåçíûì ãðóçîì â òîííàõ 3433 2653
(áåç ó÷¼òà âåñà ãàçà)

Äàâëåíèå êîëîííû íà ôóíäàìåíò â ìåãàïàñêàëÿõ 45,2 45,2

Â ðàñ÷¼òàõ çàëîæåí ÷åòûð¼õêðàòíûé çàïàñ ïðî÷íîñòè. Îêàçàëîñü, ÷òî
âûñîòà êîëîííû ëèìèòèðóåòñÿ íå ïðî÷íîñòüþ êåâëàðà, à ïðî÷íîñòüþ
ðåçèíû, óäåðæèâàþùåé ãàç (compressive yield strength of rubber). Äàí-
íûå ïî êåâëàðó íàéòè óäàëîñü, à ïî ðåçèíå - íåò. Ïðèøëîñü ïîéòè íà
õèòðîñòü - èñïîëüçîâàòü äàííûå ïðîèçâîäèòåëåé ðåçèíîâûõ èçäåëèé, à
èìåííî øëàíãîâ âûñîêîãî äàâëåíèÿ. Âåëè÷èíà 45,2 ÌÏà â òàáëèöå -
ýòî ëó÷øèé ðåçóëüòàò ïî âíóòðåííåìó ðàáî÷åìó äàâëåíèþ â øëàíãå ïðè
÷åòûð¼õêðàòíîì çàïàñå ïðî÷íîñòè äëÿ øëàíãà. Øëàíãîâ ñ êåâëàðîâîé
îïë¼òêîé íèêòî íå ïðîèçâîäèò. Âîçìîæíî äëÿ íèõ âíóòðåííåå ðàáî÷åå
äàâëåíèå ãàçà áûëî áû âûøå 45,2 ÌÏà. Òîãäà ýòî äàëî áû åù¼ áîëü-
øèå îöåíêè íà ïðåäåëüíóþ âûñîòó íàäóâíûõ êîëîíí îïèñàííîé âûøå
êîíñòðóêöèè.
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Îïèñàíû ãàðìîíè÷åñêèé è ýëåêòðîìàãíèòíûé àëãîðèòìû, ïðîâåäå-
íî òåñòèðîâàíèå òåñòîâûõ ôóíêöèé. Ãàðìîíè÷åñêèé àëãîðèòì áûë
ïðèìåíåí äëÿ ðåøåíèÿ ïðîèçâîäñòâåííîé çàäà÷è.
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Algorithms search for harmony and electromagnetism in
optimization problems

Harmonic and electromagnetic algorithms are described, test functions
are tested. The harmonic algorithm was applied to solve a production
problem.

Keywords: mathematical models, harmonic algorithm, electromagnetic
algorithm, chemical kinetics

Ãàðìîíè÷åñêèé àëãîðèòì (ÃÀ) � îòíîñèòåëüíî íîâûé àëãîðèòì, âïåð-
âûå ðàçðàáîòàííûé Z. W. Geem [1]. ÃÀ - ýòî ìóçûêîé âäîõíîâëåííûé
àëãîðèòì ìåòàýâðèñòè÷åñêîé îïòèìèçàöèè. Îí âäîõíîâëåí íàáëþäåíè-
åì, ÷òî öåëü ìóçûêè - ïîèñê ñîâåðøåííîãî ñîñòîÿíèÿ ãàðìîíèè. Ýòà
ãàðìîíèÿ â ìóçûêå àíàëîãè÷íà ïîèñêó îïòèìàëüíîñòè â ïðîöåññå îï-
òèìèçàöèè. Êîãäà ìóçûêàíò èìïðîâèçèðóåò, ó íåãî åñòü òðè âîçìîæíûõ
âàðèàíòà:

• âîñïðîèçâåñòè ëþáóþ èçâåñòíóþ ìóçûêàëüíóþ ïüåñó (ñåðèþ ãàðìî-
íè÷åñêèõ òîíîâ) òî÷íî ïî ïàìÿòè;

• ñûãðàòü ÷òî-òî ïîõîæåå íà èçâåñòíóþ ïüåñó (òàêèì îáðàçîì ñëåãêà
ðåãóëèðóÿ âûñîòó òîíà);

• ñî÷èíèòü íîâûå èëè ñëó÷àéíûå íîòû.

Åñëè ìû ôîðìàëèçóåì ýòè òðè âàðèàíòà îïòèìèçàöèè, ó íàñ åñòü òðè
ñîîòâåòñòâóþùèõ êîìïîíåíòà: èñïîëüçîâàíèå ïàìÿòè ãàðìîíèè, ðåãóëè-
ðîâêà âûñîòû òîíà è ðàíäîìèçàöèÿ. Èñïîëüçîâàíèå ïàìÿòè ãàðìîíèè

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 19-37-60014).
Øâàðåâà Åëåíà Íèêîëàåâíà, ñòàðøèé ïðåïîäàâàòåëü, Óôèìñêèé ãîñóäàðñòâåí-

íûé íåôòÿíîé òåõíè÷åñêèé óíèâåðñèòåò (Óôà, Ðîññèÿ); Shvareva Elena (Ufa state
petrochemistry technological university, Ufa, Russia)

Åíèêååâà Ëåíèçà Âàñèìîâíà, ê.ô.-ì.í., í.ñ., ÍÃÓ (Íîâîñèáèðñê, Ðîññèÿ); Leniza
Enikeeva (Novosibirsk State University, Novosibirsk, Russia)
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âàæíî. Ýòî ãàðàíòèðóåò, ÷òî ëó÷øèå ãàðìîíèè áóäóò ïåðåíåñåíû â íî-
âóþ ïàìÿòü ãàðìîíèè.

Ïîèñê Ãàðìîíèè
Öåëåâàÿ ôóíêöèÿ f(x), x = (x1, ..., xp)

T

Ãåíåðàöèÿ íà÷àëüíûõ ãàðìîíèê (ìàññèâû äåéñòâèòåëüíûõ ÷èñåë)
Îïðåäåëèòå ñêîðîñòü ðåãóëèðîâêè âûñîòû òîíà è ïðåäåëû âûñîòû

òîíà
Îïðåäåëèòå ñêîðîñòü ïðèåìà ïàìÿòè
while ( t < ìàêñèìàëüíîå ÷èñëî èòåðàöèé )
Ãåíåðèðóéòå íîâûå ãàðìîíèêè, ïðèíèìàÿ ëó÷øèå ãàðìîíèêè
Îòðåãóëèðóéòå âûñîòó òîíà, ÷òîáû ïîëó÷èòü íîâûå ãàðìîíèêè (ðå-

øåíèÿ)
if (rand> T),
âûáåðèòå ñóùåñòâóþùåå ãàðìîíè÷åñêîå ñëó÷àéíî

else if (rand> ñêîðîñòü ðåãóëèðîâêè)
ðåãóëèðîâêà âûñîòû ñëó÷àéíûì îáðàçîì â ïðåäåëàõ ïîëîñû ïðî-

ïóñêàíèÿ
else ãåíåðàöèè íîâûõ ãàðìîíèê ñ ïîìîùüþ ðàíäîìèçàöèè
end if
Ïðèìèòå íîâûå ãàðìîíèêè (ðåøåíèÿ), åñëè îíè ëó÷øå

end while
Íàéäèòå òåêóùèå ëó÷øèå îöåíêè
Äðóãàÿ íîâàÿ ýâðèñòèêà äëÿ ãëîáàëüíîé îïòèìèçàöèè � ìåòîä èñ-

ïîëüçîâàíèÿ ìåõàíèçìà ïðèòÿæåíèÿ-îòòàëêèâàíèÿ äëÿ ïåðåìåùåíèÿ òî-
÷åê âûáîðêè â íàïðàâëåíèè îïòèìàëüíîñòè [2]. Àëãîðèòì ýëåêòðîìàãíå-
òèçìà (ÀÝ) ñíà÷àëà ïðîèçâîäèò íàáîð íà÷àëüíûõ ðåøåíèé ñëó÷àéíûì
îáðàçîì èç äîïóñòèìûõ îáëàñòåé, à çàòåì îïðåäåëÿåò îáëàñòü ïðèòÿ-
æåíèÿ â ñîîòâåòñòâèè ñî çíà÷åíèåì öåëåâîé ôóíêöèè êàæäîé ÷àñòèöû,
÷òîáû ïðîèçâåñòè íîâîå ïîêîëåíèå ÷àñòèö â íåêîòîðûõ îáëàñòÿõ. ÀÝ
ìîäåëèðóåò ìåõàíèçì ïðèòÿæåíèÿ è îòòàëêèâàíèÿ â ýëåêòðîìàãíèòíîì
ïîëå, ñðàâíèâàåò êàæäîå ðåøåíèå ñ çàðÿæåííîé ÷àñòèöåé, à çàòåì çà-
ñòàâëÿåò ÷àñòèöû äâèãàòüñÿ ê îïòèìàëüíîìó ðåøåíèþ â ñîîòâåòñòâèè ñ
îïðåäåëåííûìè êðèòåðèÿìè. ×òî åùå áîëåå âàæíî, äîêàçàíà ñõîäèìîñòü
ÀÝ, è ðåçóëüòàòû ïîêàçûâàþò, ÷òî ïî êðàéíåé ìåðå îäíà ÷àñòèöà â ïîïó-
ëÿöèè äâèæåòñÿ âáëèçè ãëîáàëüíîãî îïòèìóìà ñ âåðîÿòíîñòüþ åäèíèöû.

Ýëåêòðîìàãíèòíûé àëãîðèòì (êîëè÷åñòâî ÷àñòèö, ìàêñèìàëüíîå
êîëè÷åñòâî èòåðàöèé)

Èíèöèàëèçàöèÿ (êîëè÷åñòâà ÷àñòèö)
iteration = 1
while (iteration<ìàêñèìàëüíîå êîëè÷åñòâî èòåðàöèé) do
LOCAL (ìàêñèìàëüíîå êîëè÷åñòâî èòåðàöèé â ëîêàëüíîì ïîèñêå,

ëîêàëüíûé ïàðàìåòð ïîèñêà)
Ðàñ÷åò öåëåâîé ôóíêöèè äëÿ êàæäîé ÷àñòèöû (ñèëû, äåéñòâóþùåé

íà êàæäóþ ÷àñòèöó)

268



Äâèæåíèå ÷àñòèö îòíîñèòåëüíî âû÷èñëåííîé ñèëû.
iteration = iteration +1

end while
Ïðîâåäåíî òåñòèðîâàíèå òåñòîâûõ ôóíêöèé ñ ïîìîùüþ ðàññìàòðè-

âàåìûõ ÃÀ è ÀÝ.Êàíîíè÷åñêèé àëãîðèòì èñïîëüçîâàëñÿ äëÿ ðåøåíèÿ
ïðÿìîé è îáðàòíîé çàäà÷ õèìè÷åñêîé êèíåòèêè. Ïîëó÷åííàÿ ìîäåëü êîð-
ðåêòíî îïèñûâàåò èìåþùèåñÿ ýêñïåðèìåíòàëüíûå äàííûå. Ïëàíèðóåòñÿ
ïðèìåíèòü ÀÝ ê çàäà÷àì õèìè÷åñêîé êèíåòèêè.

Ëèòåðàòóðà
1. Geem Z.W., Kim J.H., Loganathan G.V. Heuristic Optimization Algorithm:

Harmony Search // Simulation (2001), 60�68.
2. Birbil, S.I., Fang, S. C. An electromagnetism-like mechanism for global
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TOWARDS PLATFORM-INDEPENDENT SPECIFICATION
AND VERIFICATION OF THE STANDARD

TRIGONOMETRY FUNCTIONS IN COMPUTER
ARITHMETICS

N.V. Shilov
shiloviis@mail.ru

ÓÄÊ 004.052

Èññëåäîâàòåëüñêèé ïðîåêò � Ïëàòôîðìåííî-íåçàâèñèìûé ïîäõîä ê
ôîðìàëüíîé ñïåöèôèêàöèè è âåðèôèêàöèè ñòàíäàðòíûõ ìàòåìàòè-
÷åñêèõ ôóíêöèé � íàïðàâëåí íà ðàçâèòèå ïîøàãîâîãî êîìáèíèðî-
âàííîãî ïîäõîäà ê ñïåöèôèêàöèè è ïðîâåðêå ñòàíäàðòíûõ ìàòåìà-
òè÷åñêèõ ôóíêöèé íàïðèìåð texttt sqrt, texttt cos, texttt sin è
ò. ä.). Â äîêëàäå áóäåò ïðåäñòàâëåíî ðåçþìå ñòàòüè àâòîðà arXiv ñ
êîëëåãàìè. Áîðèñ Ë. Ôàéôåëü, Ñâåòëàíà Î. Øèëîâà è Àëåêñåé Â.
Ïðîìñêèé, îïóáëèêîâàííûé â 2019 ãîäó. Öåëü âûñòóïëåíèÿ - ïîçíà-
êîìèòü ïðîôåññèîíàëüíîå ñîîáùåñòâî ñ èññëåäîâàíèåì.

Êëþ÷åâûå ñëîâà: ×èñëà ñ ôèêñèðîâàííîé çàïÿòîé, ÷èñëà ñ ïëàâàþ-
ùåé çàïÿòîé, êîìïüþòåðíàÿ / ìàøèííî-ëèíåéíàÿ àðèôìåòèêà, ôîð-
ìàëüíàÿ ïðîâåðêà, ÷àñòè÷íàÿ è ïîëíàÿ êîððåêòíîñòü, òðîéêè Õîàðà,
ìåòîä ïðîâåðêè Ôëîéäà èíäóêòèâíûõ óòâåðæäåíèé

Research project “Platform-independent approach to formal specifica-
tion and verification of standard mathematical functions” is aimed onto
a development of an incremental combined approach to the specification
and verification of the standard mathematical functions like sqrt, cos,
sin, etc.). The talk will present a summary of the arXiv paper of the
author with colleagues Boris L. Faifel, Svetlana O. Shilova and Aleksey

Nikolay V. Shilov (Innopolis University, Innopolis, Russia)
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V. Promsky that was published in 2019. The purpose of this talk is to
introduce the research to professional community.

Keywords: Fix-point numbers, floating-point numbers, computer/mach-
ine arithmetic, formal verification, partial and total correctness, Hoare
triples, Floyd verification method of inductive assertions

Platform-independent approach means that we attempt to design a re-
latively simple axiomatization of the computer arithmetic in terms of real,
rational, and integer arithmetic (i.e. the �elds R and Q of real and rational
numbers, the ring Z of integers) but don't specify neither base of the computer
arithmetic, nor a format of numbers' representation. Incrementality means
that we start with the most straightforward speci�cation of the simplest easy
to verify algorithm in real numbers and �nish with a realistic speci�cation
and a veri�cation of an algorithm in computer arithmetic. We call our
approach combined because we start with a manual (pen-and-paper) veri�-
cation of some selected algorithm in real numbers, then use these algorithm
and veri�cation as a draft and proof-outlines for the algorithm in computer
arithmetic and its manual veri�cation, and �nish with a computer-aided
validation of our manual proofs with some proof-assistant system (to avoid
appeals to �obviousness� that are very common in human-carried proofs).
Paper [1] presents steps towards a platform-independent incremental combined
approach to speci�cation and veri�cation of the standard functions cos and
sin (that implement mathematical trigonometric functions cos and sin),
namely formal speci�cation and manual formal veri�cation of these two
standard functions in �x-point computer arithmetic for �x-point arguments
in the range [−1,+1].

Ëèòåðàòóðà
1. Shilov N.V., Faifel B.L., Shilova S.O., Promsky A.V. Towards platform-

independent speci�cation and veri�cation of the standard trigonometry functions
// arXiv:1901.03414 [cs.LO] (2019). Available at https://arxiv.org/abs/1901.03414
(visited October 14, 2020).
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ACCRETION FLOW ON JOSHI-MALAFARINA-NARAYAN
NAKED SINGULARITY

R.M. Yusupova, I.D. Lavrik, D.D. Karamov
yu.rose@mail.ru, irina.lavrik.94@mail.ru, karamov_dan�s@bk.ru

ÓÄÊ 524.882

Using general framework for the study of spherical accretion onto spher-
ically symmetric compact objects we explored various features of the
fluid flow near naked singularities. We focused on dust, stiffmatter,
quintessence, and phantom dark energy accretion onto compact objects
and found that different fluids with distinct state parameters have dif-
ferent evolutions. Our results then compared with Jannis-Newman–
Winicour solution.

Keywords: naked singularitiy, accretion flow

It is well known that any spherical distribution of non-interacting particles
(thus in the absence of pressure) cannot sustain itself against the pull of its
own gravitational �eld and must undergo complete gravitational collapse.
The �nal outcome of such a dust collapse is either a black hole or a naked
singularity, depending on the initial density con�guration and velocity dis-
tribution of the particles. There are many well known spacetimes, e.g. Joshi
Malafarina-Narayan (JMN) spacetimes [1, 2], Janis-Newman-Winicour (JNW)
spacetime [3], which have central timelike singularities. We investigate the
accretion process for JMN solution that represents naked singularities.

JMN solution for the metric in the interior R < Rb is then given by

ds2
e = −(1−M0)(

R

R0
)

M0
1−M0 dt2 +

dR2

1−M0
+R2dΩ2.

This metric matches smoothly to a Schwarzschild spacetime in the exterior
R > Rb

ds2 = −(1− M0Rb
R

)dt2 +
dR2

(1−M0Rb/R)
+R2dΩ2,

where R - physical radius, Rb - physical radius corresponding to the boundary
of the matter cloud in the �nal equilibrium state, M0 - mass of the compact
object.

Yusupova Rozaliya Mansurovna, post graduate student, Institute of Molecule and
Crystal Physics, Ufa Federal Reseach Centre, Russian Academy of Sciences (Ufa, Russia)

Lavrik Iraida Dmitrievna, student, M. Akmullah Bashkir State Pedagogical University
(Ufa, Russia);

Karamov Dan�s Danisovich, Candidate of Sciences in Mathematics, Associate
Professor, Institute of Molecule and Crystal Physics, Ufa Federal Reseach Centre, Russian
Academy of Sciences (Ufa, Russia); M. Akmullah Bashkir State Pedagogical University
(Ufa, Russia)
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Using general formalism [4] we examine the accretion process for speci�c
spherically symmetric metrics obtaining the velocity of the sound during the
process and the critical speed of the �ow of the �uid around the JMN naked
singularities. In addition, we study the behavior of the rate of change of the
mass for chosen metric for a barotropic �uid.

Ëèòåðàòóðà
1. Joshi P.S., Malafarina D. and Narayan R. Equilibrium con�gurations from

gravitational collapse // Class. Quant. Grav., 28:23 (2011), 235018.
2. Joshi P.S., Malafarina D. and Narayan R. Distinguishing black holes from
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31:1 (2014), 015002.
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ÈÑÑËÅÄÎÂÀÍÈÅ ÎÁÎËÎ×ÅÊ ÑËÎÆÍÎÉ ÃÅÎÌÅÒÐÈÈ
Í.Ì. ßêóïîâ, Á.Ô. Òàçþêîâ, Õ.Ã. Êèÿìîâ, È.Ç. Ìóõàìåäîâà

yzsrr@kfti.knc.ru, kijamov.hakim@rambler.ru, muhamedova-inzilija@mail.ru

ÓÄÊ 539.3

Ðàçðàáîòàíà ìåòîäèêà, êîòîðàÿ ïîçâîëÿåò îïðåäåëÿòü íàïðÿæåííî-
äåôîðìèðîâàííîå ñîñòîÿíèå òîíêîñòåííûõ êîíñòðóêöèé ñî ñëîæíîé
ãåîìåòðèåé, íà îñíîâå ñïëàéíîâîãî âàðèàíòà ìåòîäà êîíå÷íûõ ýëå-
ìåíòîâ.

Êëþ÷åâûå ñëîâà: òðåõìåðíûå êîíå÷íûå ýëåìåíòû, êóáè÷åñêèå ñïëàé-
íû, êîíöåíòðàöèÿ íàïðÿæåíèé

Study of complex geometry shells

A technique has been developed that allows one to determine the stress-
strain state of thin-walled structures with complex geometry. Based on
three-dimensional finite elements with cubic approximation of the initial
variables, the behavior of various shell structures was simulated.

ßêóïîâ Íóõ Ìàõìóäîâè÷, ä.ô.-ì.í., ãë. í. ñ, ÈÌÌ ÊàçÍÖ ÐÀÍ, (Êàçàíü, Ðîñ-
ñèÿ); Nuh Yakupov (Institute of Mechanics and Engineering, FRC Kazan Scientic Center,
Russian Academy of Sciences, Kazan, Russia)

Òàçþêîâ Áóëàò Ôýðèäîâè÷, ê.ô.-ì.í., äîöåíò, ÊÔÓ, (Êàçàíü, Ðîññèÿ); Bulat
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Keywords: dimensional finite elements, cubic splines, stress concentra-
tion

Ïðåäëîæåí ïîäõîä ìîäåëèðîâàíèÿ òðåõìåðíûõ ýëåìåíòîâ êîíñòðóê-
öèé, èìåþùèõ ñëîæíóþ ãåîìåòðèþ, à òàêæå ðàçâèò ïîäõîä ìîäåëèðî-
âàíèÿ ìàññèâíûõ è òîíêîñòåííûõ ýëåìåíòîâ êîíñòðóêöèé, çàäàííûõ â
ñôåðè÷åñêèõ êîîðäèíàòàõ òðåõìåðíûìè êîíå÷íûìè ýëåìåíòàìè, îñíî-
âàííûé íà áàçå ñèíòåçà èäåè ïðåäâàðèòåëüíîé ïàðàìåòðèçàöèè âñåé ðàñ-
ñìàòðèâàåìîé îáëàñòè ïàðàìåòðàìè åäèíè÷íîãî êóáà è ìåòîäà êîíå÷-
íûõ ýëåìåíòîâ ñ êóáè÷åñêîé àïïðîêñèìàöèåé èñêîìûõ ïåðåìåííûõ âî
âñåõ òðåõ íàïðàâëåíèÿõ â ïðåäåëàõ êàæäîãî ýëåìåíòà. Ïîäõîä ïîçâîëÿåò
ïîëó÷àòü ïðîñòðàíñòâåííî èñêðèâëåííûå ñîãëàñîâàííûå òðåõìåðíûå êî-
íå÷íûå ýëåìåíòû è ïðîèçâîäèòü ðàñ÷åò íàïðÿæåííî - äåôîðìèðîâàííîãî
ñîñòîÿíèÿ (ÍÄÑ), êàê òðåõìåðíûõ ìàññèâíûõ ýëåìåíòîâ, òàê è òîíêî-
ñòåííûõ ýëåìåíòîâ êîíñòðóêöèé. Ïðîâåäåí àíàëèç ÍÄÑ îáëàñòè ïåðåñå-
÷åíèÿ îáîëî÷åê, çîí ïðèëîæåíèÿ ñîñðåäîòî÷åííûõ íàãðóçîê è òî÷å÷íîãî
êðåïëåíèÿ, ëîêàëüíûõ äåôåêòíûõ îáëàñòåé è ò.ä.
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