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Башкирский государственный университет совместно с 
Институтом математики с ВЦ УФИЦ РАН ежегодно, начиная с 
2012 г., проводит международные научные конференции, 
основные тематики которых связаны со спектральной теорией, с 
нелинейным и комплексным анализом, дифференциальными 
уравнениями и математическим моделированием.   Выбор таких 
направлений определялся как активной работой в указанных 
областях   многих математиков из Башкортостана, 
взаимопроникновением идей и методов спектральной теории, 
нелинейного и комплексного анализа при решении многих 
актуальных задач в указанных областях, так и соответствующим 
сотрудничеством с коллегами из многих научных центров России 
и зарубежья.  

В последние годы особенно активным стало сотрудничество в 
указанных областях математики с учеными из ряда научных и 
образовательных организаций Узбекистана, Казахстана и 
Таджикистана. Со многими организациями заключены 
соответствующие Договора о научном сотрудничестве.  

Важными событиями для конференции стали то, что начиная 
с 2020 г. в число организаторов конференции вошел Научно-
образовательный математический центр Приволжского 
федерального округа, а в 2021 г. - Академия наук Республики 
Башкортостан.   

Начиная с 2019 г. конференция приобрела новый статус, 
преобразовавшись в "Уфимскую осеннюю математическую 
школу". Теперь, наряду с обсуждением новейших научных 
результатов и открытых проблем, важное место в работе 
конференции занимают обзорные лекции ведущих ученых для 
аспирантов и молодых ученых.  

Научная программа конференции УОМШ-21 охватывает 
следующие направления: 

• спектральная теория операторов; 

• комплексный и функциональный анализ; 

• нелинейные уравнения; 

• дифференциальные уравнения и их приложения; 

• математическое моделирование. 
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Ðàññìàòðèâàþòñÿ íîâûå âðîíñêèàííûå òîæäåñòâà, à òàêæå èõ ñâÿçü
ñ òåîðèåé èíòåãðèðóåìûõ ñèñòåì è ñ îáùåé òåîðèåé îáðàòèìûõ
ïðåîáðàçîâàíèé Äàðáó äëÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ îïåðà-
òîðîâ ñ îäíîé íåçàâèñèìîé ïåðåìåííîé. Îáúåêòîì èññëåäîâàíèÿ
ÿâëÿþòñÿ îòíîøåíèÿ âðîíñêèàíîâ, ÿâëÿþùèåñÿ îäíîðîäíèìè îò-
íîñèòåëüíî ãðóïïû ðàñòÿæåíèé, ðàçëè÷íûõ ïîðÿäêîâ N è N ′, ãäå
N ′ > N .

Êëþ÷åâûå ñëîâà: ôàêòîðèçàöèÿ, ìàòðèöà Âðîíñêîãî, ïðåîáðàçîâà-
íèå Äàðáó.

The product of eigenfunctions and Vronskians

New Vronskians of the identity are considered, as well as their connec-
tion with the theory of integrable systems and with the general theory
of reversible Darboux transformations for linear differential operators
with one independent variable. The object of the study is the relations
of Vronskians, which are homogeneous with respect to the group of
extensions, of different orders N and N ′, where N ′ > N .

Keywords: factorization, Vronsky matrix, Darboux transformation.

Çàäà÷à î ïîñòðîåíèè äèôôåðåíöèàëüíîãî îïåðàòîðà L ïîðÿäêà n ≥
2 ïî ôóíäàìåíòàëüíîé ñèñòåìå ðåøåíèé óðàâíåíèÿ Lϕj = 0, j = 1, n
ñâîäèòñÿ ê ëèíåéíîé àëãåáðå, è ôîðìóëû Êðàìåðà äàþò íàì ñëåäóþùóþ
ôîðìóëó ñ âðîíñêèàíàìè äëÿ äåéñòâèÿ îïåðàòîðà L(ϕ) íà ïðîèçâîëüíóþ
ãëàäêóþ ôóíêöèþ ϕ:

L(ϕ) =
< ϕ,ϕ1, . . . , ϕn >

< ϕ1, . . . , ϕn >
, ϕj ∈ kerL

Çäåñü ïðåäïîëàãàåòñÿ, ÷òî çàäàííûå ôóíêöèè ϕ1, . . . , ϕn îáðàçóþò áàçèñ
n−ìåðíîãî ëèíåéíîãî ïðîñòðàíñòâà kerL, à ñêîáêè < · · · > îáîçíà÷àþò
îïðåäåëèòåëü ìàòðèöû Âðîíñêîãî, ñîñòàâëåííîé èç ïðîèçâîäíûõ ðàñ-
ñìàòðèâàåìûõ ôóíêöèé < y1, . . . , ym >= det(Dk−1

x (yj)), j, k = 1, . . . ,m.

Àëëàõâåðäÿí Àëèíà Àëüáåðòîâíà, ñòóäåíòêà ìàãèñòðàòóðû Àäûãåéñêîãî ãî-
ñóäàðñòâåííîãî óíèâåðñèòåòà (Ìàéêîï, Ðîññèÿ); Alina Allahverdyan (Adyghe State
University, Maykop, Russia)
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Ôîðìóëà, çàäàþùàÿ îïåðàòîð L çàìåíÿåò íàì ðàçëîæåíèå îáû÷íîãî
ìíîãî÷ëåíà â ïðîèçâåäåíèå ëèíåéíûõ ñîìíîæèòåëåé è èãðàåò àíàëîãè÷-
íóþ ðîëü, åñëè ìû óòî÷íÿåì ñòðóêòóðó ÿäðà ðàññìàòðèâàåìîãî äèôôå-
ðåíöèàëüíîãî îïåðàòîðà L.

Ñîãëàñíî ñâîéñòâàì îïðåäåëèòåëåé è ôîðìóëàì Ëåéáíèöà, ñïðàâåä-
ëèâî:

yj(x) = a(x)ŷj(x), ∀ j ⇒< y1, . . . , ym >= am < ŷ1, . . . , ŷm > .

Îòìåòèì, ÷òî íà ÿçûêå äèôôåðåíöèàëüíîãî îïåðàòîðà ýòà îïåðàöèÿ ñîâ-
ïàäàåò ñ îïåðàöèåé ñîïðÿæåíèÿ

L⇔ L̃, L =
1

a
· L̃ ◦ a.

Äëÿ âðîíñêèàíîâ ïðè a(x) = 1/ϕn äàííàÿ îïåðàöèÿ ñîîòâåòñòâóåò
ïåðåõîäó â ìàòðèöå Âðîíñêîãî ê îäíîðîäíûì êîîðäèíàòàì è èõ ëîãà-

ðèôìè÷åñêèì ïðîèçâîäíûì :

wn(~ψ)
def
=

< ψ1, ψ2, . . . , ψn >

ψ1ψ2 · · ·ψn
=

= (−1)n−1 det

 g1 g2 . . . gn−1

g′1 + g2
1 g′2 + g2

2 . . . g′n−1 + g2
n−1

. . . . . . . . . . . .

 ,

gj = (logψj)x − (logψn)x =
< ψj , ψn >

ψjψn
, j = 1, n− 1

.

Ïðè g = φ′/φ = (log φ)x, ñîãëàñíî [1] äàëüíåéøåå äèôôåðåíöèðîâàíèå
äà¼ò:

φ′′

φ
= g′+g2,

φ′′′

φ
= g′′+3gg′+g3,

φ(4)

φ
= g(3)+4ggxx+3g2

x+6g2gx+g4...

Ïðè ïîäñòàíîâêå îäíîðîäíûõ ìîíîìîâ ϕj1ϕ
k
2 = j + k = m â îáùóþ

ôîðìóëó
< ϕm1 , . . . ϕ

j
1ϕ

k
2 , . . . ϕ

m
2 >

(< ϕ1, ϕ2 >)10

ÿâëÿåòñÿ åñòåñòâåííûì îæèäàòü, ÷òî êîýôôèöèåíòû ïîëó÷åííîãî îïåðà-
òîðà ìîãóò çàâèñåòü îò êîíêðåòíîãî âûáîðà áàçèñà ϕ1 è ϕ2. Îäíàêî ýòî
íå òàê è îáúÿñíåíèå îáíàðóæåííîé èíâàðèàíòíîñòè â ñëó÷àå ÷åòâ¼ðòîãî
ïîðÿäêà äà¼ò ñëåäóþùàÿ
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Òåîðåìà 1. Ïóñòü ϕ1 è ϕ2 ïðîèçâîëüíûå ãëàäêèå ôóíêöèè è ψ1 =
ϕ3

1, ψ2 = ϕ2
1ϕ2, ψ3 = ϕ1ϕ

2
2, ψ4 = ϕ3

2. Òîãäà èìååò ìåñòî òîæäåñòâî:

< ψ1, ψ2, ψ3, ψ4 >

(< ϕ1, ϕ2 >)6
= 12.

Îòìåòèì, ÷òî êîãäà ψ1 = ϕ2
1ϕ2, ψ2 = ϕ1ϕ

2
2, ψ3 = ϕ3

1, ψ4 = ϕ3
2

L(ψ) =
< ψ,ψ1, ψ2, ψ3, ψ4 >

< ψ1, ψ2, ψ3, ψ4 >
= ψ′′′′ − 10(uψ′′ + u′ψ′)− 3(u′′ − 3u2)ψ.

ãäå ϕ′′ = u(x)ϕ.
Ïîñëå èíòåãðèðîâàíèÿ óðàâíåíèå Lψ = 0 òðåòüåãî ïîðÿäêà ïðèâî-

äèòñÿ ê âèäó:
C(λ) = ψ2

x + 4(u− λ)ψ2 − 2ψxxψ,

ãäå C(λ)−ïîñòîÿííàÿ èíòåãðèðîâàíèÿ, à λ− äîïîëíèòåëüíûé ïàðàìåòð.
Ïðè ψ = ϕ1ϕ2 óñòíàâëèâàåòñÿ ñâÿçü êîíñòàíòû èíòåãðèðîâàíèÿ ñ âðîí-
ñêèàíîì w =< ϕ1, ϕ2 >:

C(λ) = (f1 − f2)2 =< ϕ1, ϕ2− >2 .

Ñ äðóãîé ñòîðîíû (logψ)x = (logϕ1)x + (logϕ2)x = f1 + f2 è ïîýòîìó

f1 =
ψx − w

2ψ
, f2 =

ψx + w

2ψ

Ïîëó÷åííûå ôîðìóëû ïåðåâîäÿò, òàêèì îáðàçîì, ðåøåíèå óðàâíåíèÿ
C(λ) = ψ2

x + 4(u − λ)ψ2 − 2ψxxψ ñ "ïðîèçâîäíîé" Øâàðöà â ïàðó ðå-
øåíèé óðàâíåíèÿ Ðèêêàòè [2].

Òàêæå ñïàðàâåäëèâî è îáîáùåíèå òåîðåìû 1 íà ñëó÷àé ïÿòîãî ïî-
ðÿäêà:

Òåîðåìà 2. Ïóñòü ϕ1 è ϕ2 ïðîèçâîëüíûå ãëàäêèå ôóíêöèè è ψ1 =
ϕ4

1, ψ2 = ϕ3
1ϕ2, ψ3 = ϕ2

1ϕ
2
2, ψ4 = ϕ1ϕ

3
2, ψ5 = ϕ4

2. Òîãäà èìååò ìåñòî
òîæäåñòâî:

< ψ1, ψ2, ψ3, ψ4, ψ5 >

(< ϕ1, ϕ2 >)10
= 288.

Åñëè ïðèìåíèòü ôîðìóëó ïåðåõîäà â ìàòðèöå Âðîíñêîãî ê îäíî-

ðîäíûì êîîðäèíàòàì è èõ ëîãàðèôìè÷åñêèì ïðîèçâîäíûì ñïðàâåäëèâà
ôîðìóëà:

w5(~ψ)

g1 · · · g4
=


1 1 1 1
g1 g2 g3 g4

g2
1 g2

2 g2
3 g2

4

g3
1 g3

2 g3
3 g3

4

 =
∏
i>j

(gi − gj) + . . . ,
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ãäå ìíîãîòî÷èå - ýòî ñëàãàåìûå âèäà g′+ g2, g′′+ 3gg′+ g3, g(3) + 4ggxx +
3g2
x + 6g2gx + g4... .

Ñòîèò îòìåòèòü, ÷òî ñïðàâåäëèâîñòü òåîðåìû 2 âûòåêàåò èç w5(~ψ)
g1···g4

ïðè g′j = 0, ïîñëåäíåå äîñòèãàåòñÿ â ñëó÷àå ýêñïîíåíöèàëüíûõ ôóíêöèé
ϕ1 è ϕ2.

Â çàêëþ÷åíèè îòìåòèì, ÷òî âîïðîñû î ïðèëîæåíèÿõ îïåðàòîðà ïÿòî-
ãî ïîðÿäêà, à òàêæå ñâÿçü ñ ïðîèçâîäíîé Øâàðöà è óðàâíåíèÿìè Êîð-
òåâåãà äå Ôðèçà îñòàþòñÿ îòêðûòûìè.

Ëèòåðàòóðà
1. Øàáàò À.Á., Ýôåíäèåâ Ì.Õ. Î ïðèëîæåíèÿõ ôîðìóëû Ôàà-äè- Áðóíî

// Óôèìñê. ìàòåì. æóðí., 9:3 (2017), 132-137.
2. Àëëàõâåðäÿí À.À. Î ïðåîáðàçîâàíèÿõ Äàðáó äëÿ ôóíêöèé Áåññåëÿ //

ÂÌÆ , 21:3 (2019), 5-13.
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Â ðàáîòå ïðåäñòàâëåíî ÿâíîå îïèñàíèå íîðìû îïåðàòîðà Õàðäè íà
êîíóñå ôóíêöèé ñî ñâîéñòâàìè ìîíîòîííîñòè.

Êëþ÷åâûå ñëîâà: ìàòåìàòèêà, ôóíêöèîíàëüíûé àíàëèç, òåîðèÿ îïå-
ðàòîðîâ.

Calculation of the norm of the Hardy operator on the cone
of functions with monotonicity properties

We present explicit description of the norm for the Hardy operator on
the cones.

Keywords: mathematics, functional analysis, operator theory.

Ïóñòü −∞ ≤ a < b ≤ +∞, 0 < p ≤ min {q, r}, X = Lpβ(a, b), Y =
Lqγ(a, b),

Arµ[f ] (x) =

 ∫
(a,x]

|f |rdµ


1/r

, x ∈ (a, b),

ãäå β, γ, µ - íåîòðèöàòåëüíûå áîðåëåâñêèå ìåðû íà (a, b). Ïóñòü ôóíêöèÿ
k ïîëîæèòåëüíà è íåïðåðûâíà íà (a, b); Ωk - êîíóñ ôóíêöèé ñî ñâîéñòâà-
ìè Ωk := {f ∈ X : f ≥ 0, f(t)/k(t) ↓; f(t) = f(t− 0), t ∈ (a, b)}; Ωk,0 :={
kχ(a,t] : a < t < b

}
. Îáîçíà÷èì

‖Arµ‖Ωk := sup {‖Arµf‖Y : f ∈ Ωk; ‖f‖X ≤ 1} .

Òåîðåìà 1. Â ïðèâåäåííûõ óñëîâèÿõ, åñëè ‖kχ(a,b)‖X =∞, òî ñïðà-
âåäëèâî ðàâåíñòâî

‖Arµ‖Ωk = ‖Arµ‖Ωk,0 := sup
t∈(a,b)

{
‖Arµ

[
kχ(a,t]

]
‖Y ‖

[
kχ(a,t]

]
‖−1
X

}
.

Ðàáîòà ïîääåðæàíà Ìèíèñòåðñòâîì îáðàçîâàíèÿ è íàóêè Ðîññèéñêîé Ôåäåðàöèè,
ãîñçàäàíèå �075-03-2020-223/3 (ÔÑÑÔ-2020-008) è âûïîëíåíà â Ðîññèéñêîì óíèâåð-
ñèòåòå äðóæáû íàðîäîâ.

Áàõòèãàðååâà Ýëüçà Ãèçàðîâíà, ê.ô.-ì.í., ñò.ïðåïîäàâàòåëü, Ðîññèéñêèé óíè-
âåðñèòåò äðóæáû íàðîäîâ (Ìîñêâà, Ðîññèÿ); Elza Bakhtigareeva (RUDN University,
Moscow, Russia)

Ãîëüäìàí Ìèõàèë Ëüâîâè÷, ä.ô.-ì.í., ïðîôåññîð, Ðîññèéñêèé óíèâåðñèòåò äðóæ-
áû íàðîäîâ (Ìîñêâà, Ðîññèÿ); Goldman Mihail(RUDN University, Moscow, Russia)
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Åñëè ‖kχ(a,b)‖X <∞, òî ñïðàâåäëèâî ðàâåíñòâî

‖Arµ‖Ωk = max
{
‖Arµ‖Ωk,0 , ‖Arµ

[
kχ(a,b)

]
‖Y ‖

[
kχ(a,b)

]
‖−1
X

}
.

Ëèòåðàòóðà
1. Bakhtigareeva E.G., Goldman M.L. Calculations of Norms for Monotone

Operators on Cones of Functions with Monotonicity Properties // Lobachevskii J.
Math, 42:5 (2021), 857-874.
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Â ðàáîòå äîêàçûâàåòñÿ âîçìîæíîñòü ïðåäñòàâëåíèÿ ôóíêöèé èç
íîðìèðîâàííîãî ïðîñòðàíñòâàH(D)

⋂
C(D) ðÿäàìè ýêñïîíåíò, ñõî-

äÿùèìèñÿ â áîëåå ñèëüíîé òîïîëîãèè, ãäå D � âûïóêëàÿ è îãðà-
íè÷åííàÿ îáëàñòü êîìïëåêñíîé ïëîñêîñòè.

Êëþ÷åâûå ñëîâà: àíàëèòè÷åñêèå ôóíêöèè, öåëûå ôóíêöèè, ïðåîá-
ðàçîâàíèå Ôóðüå�Ëàïëàñà, èíòåðïîëÿöèÿ, ðÿäû ýêñïîíåíò.

On representation by series of exponents in the normed
space of analytic functions

In this paper we prove the possibility of representing functions from
the normed space H(D)

⋂
C(D) by exponent series converging to a

stronger topology, where D is a convex and bounded domain on the
complex plane.

Keywords: analytic function, entire function, Fourier–Laplace trans-
form, interpolation, exponential series.

Ïóñòü D � îãðàíè÷åííàÿ âûïóêëàÿ îáëàñòü êîìïëåêñíîé ïëîñêîñòè.
Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à î ïðåäñòàâëåíèè ôóíêöèé â
ïðîñòðàíñòâå

A0(D) =

{
f ∈ H(D)

⋂
C(D) : ‖f‖ := sup

z∈D
|f(z)|

}
ðÿäàìè ýêñïîíåíò

f(z) =

∞∑
k=1

fke
λkz, z ∈ D, f ∈ A0(D).
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ãëàøåíèå � 075-02-2021-1393).
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Îáîçíà÷åíèå A0(D) â êîíòåêñòå äàííîé ðàáîòû óäîáíåå, ÷åì òðàäèöèîí-
íîå A(D), ïîñêîëüêó áóäåò ðàññìàòðèâàòüñÿ ïàðàìåòðèçîâàííîå ñåìåé-
ñòâî íîðìèðîâàííûõ ïðîñòðàíñòâ An(D), n ∈ Z. Âîçìîæíîñòü òàêîãî
ïðåäñòàâëåíèÿ ñëåäóåò èç êëàññè÷åñêîé òåîðåìû À.Ô. Ëåîíòüåâà (ñì.
[1, Òåîðåìà 5.3.2]), íî ðÿäû â ýòîé òåîðåìå ñõîäÿòñÿ â òîïîëîãèè ïðî-
ñòðàíñòâà H(D), òî åñòü ðàâíîìåðíî íà êîìïàêòàõ èç D. Ìû íàìåðåíû
äîêàçàòü âîçìîæíîñòü ïðåäñòàâëåíèÿ ôóíêöèé èç A0(D) ðÿäàìè ýêñïî-
íåíò, ñõîäÿùèìèñÿ ê ñâîåé ñóììå â ñóùåñòâåííî áîëåå ñèëüíîé òîïîëî-
ãèè, ÷åì òîïîëîãèÿ ðàâíîìåðíîé ñõîäèìîñòè íà êîìïàêòàõ, íî íåñêîëüêî
áîëåå ñëàáîé, ÷åì íîðìèðîâàííàÿ òîïîëîãèÿ A0(D). Áóäóò òàêæå ïî-
ëó÷åíû ôîðìóëû äëÿ êîýôôèöèåíòîâ ðÿäà. Ïðèìåðîâ íîðìèðîâàííûõ
ïðîñòðàíñòâ, â êîòîðûõ âîçìîæíû ðàçëîæåíèÿ â ðÿäû ýêñïîíåíò, ñõî-
äÿùèõñÿ â íîðìå ïðîñòðàíñòâà, òî åñòü â êîòîðûõ ñóùåñòâóåò áàçèñ èç
ýêñïîíåíò, èçâåñòíî íåìíîãî. Ýòî ïðîñòðàíñòâî L2 íà îòðåçêå, ïðîñòðàí-
ñòâî Ñîáîëåâà íà îòðåçêå [2] è ïðîñòðàíñòâà Ñìèðíîâà è Áåðãìàíà íà
âûïóêëûõ ìíîãîóãîëüíèêàõ ([3], [4]). Â ðàáîòàõ [5] è [6] äîêàçàíî, ÷òî â
ïðîñòðàíñòâàõ Ñìèðíîâà è Áåðãìàíà íà âûïóêëûõ îáëàñòÿõ ñ ãëàäêîé
ãðàíèöåé ýêñïîíåíöèàëüíûõ áàçèñîâ íå ñóùåñòâóåò.

Îñíîâíûì â äàííîé ðàáîòå ÿâëÿåòñÿ óòâåðæäåíèå:
Ñóùåñòâóåò òàêîå öåëîå ÷èñëî s > 0, ÷òî
1) äëÿ ëþáîé îãðàíè÷åííîé âûïóêëîé îáëàñòè D íàéäåòñÿ ñèñòåìà

ýêñïîíåíò eλkz, k ∈ N, òàêàÿ ÷òî êàæäàÿ ôóíêöèÿ f ∈ H(D)
⋂
C(s)(D)

ïðåäñòàâëÿåòñÿ â âèäå ðÿäà ïî ýòîé ñèñòåìå, ñõîäÿùåãîñÿ â íîðìå ïðî-
ñòðàíñòâà A0(D);

2) äëÿ ëþáîé îãðàíè÷åííîé âûïóêëîé îáëàñòè D íàéäåòñÿ ñèñòåìà
ýêñïîíåíò eλkz, k ∈ N, òàêàÿ ÷òî êàæäàÿ ôóíêöèÿ f ∈ A0(D) ïðåäñòàâ-
ëÿåòñÿ â âèäå ðÿäà ïî ýòîé ñèñòåìå, ñõîäÿùåãîñÿ â íîðìå

‖f‖ = sup
z∈D
|f(z)|(d(z))s,

ãäå d(z) � ðàññòîÿíèå îò òî÷êè z äî ãðàíèöû îáëàñòè D. ×èñëî s ñâÿçàíî
ñ ñóùåñòâîâàíèåì öåëûõ ôóíêöèé ñ ìàêñèìàëüíî òî÷íîé àñèìïòîòè÷å-
ñêîé îöåíêîé.

Â ÷àñòíûõ ñëó÷àÿõ, êîãäà D � ìíîãîóãîëüíèê èëè îáëàñòü ñ ãëàä-
êîé ãðàíèöåé è êðèâèçíîé ãðàíèöû, îòäåëåííîé îò íóëÿ, ìîæíî ñ÷èòàòü
s = 4.
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Ïîëó÷åíî êîíñòðóêòèâíîå ðåøåíèå îáðàòíîé ñïåêòðàëüíîé çàäà-
÷è äëÿ ìàòðè÷íîãî îïåðàòîðà Øòóðìà-Ëèóâèëëÿ ñ ñèíãóëÿðûíûì
ïîòåíöèàëîì è ñàìîñîïðÿæåííûìè êðàåâûìè óñëîâèÿìè îáùåãî
âèäà.

Êëþ÷åâûå ñëîâà: ìàòðè÷íûé îïåðàòîð Øòóðìà-Ëèóâèëëÿ, îáðàò-
íàÿ ñïåêòðàëüíàÿ çàäà÷à, ìåòîä ñïåêòðàëüíûõ îòîáðàæåíèé.

Constructive solution of the inverse problem for the matrix
Sturm-Liouville operator

A constructive solution of the inverse spectral problem is obtained for
the matrix Sturm-Liouville operator with singular potential and with
self-adjoint boundary conditions of general form.

Keywords: matrix Sturm-Liouville operator, inverse spectral problem,
method of spectral mappings.

Îáîçíà÷èì ÷åðåç L = L(σ, T1, T2, H2) ñëåäóþùóþ êðàåâóþ çàäà÷ó äëÿ
ìàòðè÷íîãî óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ:

−Y ′′ +Q(x)Y = λY, x ∈ (0, π),

T1Y
[1](0)− T⊥1 Y (0) = 0, T2(Y [1](π)−H2Y (π))− T⊥2 Y (π) = 0,

ãäå Y = [yj(x)]mj=1 � âåêòîð-ôóíêöèÿ, Q(x) � ìàòðè÷íûé ïîòåíöèàë èç

êëàññàW−1
2 ((0, π);Cm×m), ò.å. Q(x) = σ′(x), σ ∈ L2((0, π);Cm×m), σ(x) =

(σ(x))∗ ï.â. íà (0, π), Y [1](x) := Y ′(x) − σ(x)Y (x) � êâàçèïðîèçâîäíàÿ,
λ � ñïåêòðàëüíûé ïàðàìåòð, Tj ∈ Cm×m � îðòîãîíàëüíûå ïðîåêòîðû,
T⊥j = I − Tj , j = 1, 2, H2 ∈ Cm×m, H2 = H∗2 = T2H2T2, I � åäèíè÷íàÿ
(m×m)-ìàòðèöà, îáîçíà÷åíèå A((0, π);Cm×m) èñïîëüçóåòñÿ äëÿ ìàòðèö-
ôóíêöèé ðàçìåðà (m×m) ñ ýëåìåíòàìè èç êëàññà A(0, π). Ïðè äàííûõ
óñëîâèÿõ çàäà÷à L ÿâëÿåòñÿ ñàìîñîïðÿæåííîé.

Ñïåêòð çàäà÷è L ïðåäñòàâëÿåò ñîáîé ñ÷åòíîå ìíîæåñòâî ñîáñòâåííûõ
çíà÷åíèé {λnk}, èìåþùèõ àñèìïòîòèêó√

λnk = n+ rk + κnk, rk ∈ [0, 1), {κnk} ∈ l2, (1)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 20-31-70005).
Áîíäàðåíêî Íàòàëüÿ Ïàâëîâíà, ê.ô.-ì.í., äîöåíò, ÑÃÓ (Ñàðàòîâ, Ðîññèÿ), Ñà-

ìàðñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ); Natalia Bondarenko (Saratov State University,
Saratov, Russia; Samara National Research University, Samara, Russia)
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ãäå k = 1,m, è n ∈ N èëè n ∈ N ∪ {0} â çàâèñèìîñòè îò k. Âìåñòå ñ ñîá-
ñòâåííûìè çíà÷åíèÿìè ââîäÿòñÿ âåñîâûå ìàòðèöû {αnk}, îáîáùàþùèå
âåñîâûå ÷èñëà ñêàëÿðíîãî îïåðàòîðà Øòóðìà-Ëèóâèëëÿ (ñì. ïîäðîáíî-
ñòè â [1, 2]). Èçó÷àåòñÿ îáðàòíàÿ çàäà÷à: ïî ñïåêòðàëüíûì äàííûì
{λnk, αnk} íàéòè σ(x), T1, T2 è H2.

Âîïðîñ åäèíñòâåííîñòè ðåøåíèÿ ïðèâåäåííîé îáðàòíîé çàäà÷è èññëå-
äîâàí â [1]. Â [2] ïîëó÷åí êîíñòðóêòèâíûé àëãîðèòì ðåøåíèÿ îáðàòíîé
çàäà÷è, à òàêæå íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ åå ðàçðåøèìîñòè.
Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëèëè äàòü õàðàêòåðèçàöèþ ñïåêòðàëüíûõ
äàííûõ îïåðàòîðîâ Øòóðìà-Ëèóâèëëÿ íà ãðàôàõ (ñì. [2]).

Â îñíîâå êîíñòðóêòèâíîãî ðåøåíèÿ îáðàòíîé çàäà÷è ëåæàò èäåè ìå-
òîäà ñïåêòðàëüíûõ îòîáðàæåíèé (ñì. [3]). Ïðè ïîìîùè êîíòóðíîãî èí-
òåãðèðîâàíèÿ â λ-ïëîñêîñòè íåëèíåéíàÿ îáðàòíàÿ çàäà÷à ñâîäèòñÿ ê ëè-
íåéíîìó óðàâíåíèþ â îïðåäåëåííîì áàíàõîâîì ïðîñòðàíñòâå B:

ϕ̃(x) = R̃(x)ϕ(x), (2)

ãäå ϕ(x), ϕ̃(x) ∈ B è R̃(x) : B→ B � ëèíåéíûé îãðàíè÷åííûé îïåðàòîð
ïðè êàæäîì ôèêñèðîâàííîì x ∈ [0, π]. Ïðè ýòîì ϕ̃(x) è R̃(x) ñòðîÿòñÿ ïî
ñïåêòðàëüíûì äàííûì {λnk, αnk}, à íåèçâåñòíûé ýëåìåíò ϕ(x) ñâÿçàí ñ
èñêîìûìè êîýôôèöèåíòàìè çàäà÷è L. Ðåøåíèå îñíîâíîãî óðàâíåíèÿ (2)
� öåíòðàëüíûé øàã êîíñòðóêòèâíîãî ðåøåíèÿ îáðàòíîé çàäà÷è.

Â ñëó÷àå ñêàëÿðíîãî óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ B � ïðîñòðàí-
ñòâî áåñêîíå÷íûõ îãðàíè÷åííûõ ïîñëåäîâàòåëüíîñòåé. Â ìàòðè÷íîì ñëó-
÷àå ïîòðåáîâàëîñü ñïåöèàëüíîå ïîñòðîåíèå áàíàõîâîãî ïðîñòðàíñòâà B ñ
ó÷åòîì ðàçáèåíèÿ ñîáñòâåííûõ çíà÷åíèé {λnk} íà ãðóïïû â ñîîòâåòñòâèè
ñ àñèìïòîòèêîé (1). Êðîìå òîãî, àâòîðîì áûë âûïîëíåí ïåðåíîñ ìåòîäà
ñïåêòðàëüíûõ îòîáðàæåíèé íà êëàññ ïîòåíöèàëîâ èç êëàññà ôóíêöèé-
ðàñïðåäåëåíèé W−1

2 (ñì. [4] äëÿ ñêàëÿðíîãî ñëó÷àÿ, [1,2] � äëÿ ìàòðè÷-
íîãî). Ïðè ýòîì áûëè ïðåîäîëåíû ñóùåñòâåííûå òðóäíîñòè, ñâÿçàííûå
ñ äîêàçàòåëüñòâîì îäíîçíà÷íîé ðàçðåøèìîñòè îñíîâíîãî óðàâíåíèÿ (2).
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Ïðèâîäèòñÿ êðàòêèé îáçîð ðåçóëüòàòîâ ïî îáðàòíîé çàäà÷åØòóðìà�
Ëèóâèëëÿ ñ ïîñòîÿííûì çàïàçäûâàíèåì, âêëþ÷àÿ íåäàâíî óñòà-
íîâëåííóþ íååäèíñòâåííîñòü ðåøåíèÿ ïðè ìàëîì çàïàçäûâàíèè.
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On non-uniqueness of solution for the inverse
Sturm–Liouville problem with delay

We give a brief survey of results for the inverse Sturm–Liouville prob-
lem with constant delay including recently established non-uniqueness
of the solution for small values of the delay.

Keywords: inverse spectral problem, functional-differential operator,
delay.

Çàôèêñèðóåì ν ∈ {0, 1} è îáîçíà÷èì ÷åðåç {λn,j} ñïåêòð êðàåâîé
çàäà÷è

−y′′(x) + q(x)y(x− a) = λy(x), 0 < x < π, y(ν)(0) = y(j)(π) = 0, (1)

ãäå a ∈ [0, π), q(x) � êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ èç L2(0, π), òàêàÿ ÷òî
q(x) = 0 ï.â. íà (0, a), à j ∈ {0, 1}. Ðàññìîòðèì ñëåäóþùóþ îáðàòíóþ
çàäà÷ó.

Çàäà÷à 1. Ïî ñïåêòðàì {λn,0} è {λn,1} íàéòè ïîòåíöèàë q(x).

Ïðè a = 0 çàäà÷à 1 ÿâëÿåòñÿ êëàññè÷åñêîé îáðàòíîé çàäà÷åéØòóðìà�
Ëèóâèëëÿ [1], ðåøåíèå êîòîðîé, êàê èçâåñòíî, åäèíñòâåííî. Â äàëüíåé-
øåì ïîÿâèëñÿ èíòåðåñ ê íåëîêàëüíîìó ñëó÷àþ a > 0, äëÿ êîòîðîãî îñíîâ-
íûå ìåòîäû òåîðèè îáðàòíûõ çàäà÷ íåïðèìåíèìû (ñì. [2�11] è ññûëêè â
íèõ).

Êàê ñòàëî èçâåñòíî àâòîðàì, â 1979 ãîäó äàííûé òèï çàäà÷ áûë ïðåä-
ëîæåí ïðîôåññîðîì Â.À. Ñàäîâíè÷èì þãîñëàâñêîìó ìàòåìàòèêó Ì. Ïè-
êóëå, ïðîõîäèâøåìó ñòàæèðîâêó â Ìîñêâå. Âïîñëåäñòâèè íà òåððèòîðèè

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 20-31-70005).
Áóòåðèí Ñåðãåé Àëåêñàíäðîâè÷, ê.ô.-ì.í., äîöåíò, ÑÃÓ (Ñàðàòîâ, Ðîññèÿ); Sergey

Buterin (Saratov State University, Saratov, Russia)
Äæóðè÷ Íåéáîéøà, Óíèâåðñèòåò Áàíÿ-Ëóêà (Áàíÿ-Ëóêà, Áîñíèÿ è Ãåðöåãîâèíà);

Neboj�sa Djuri�c (University of Banja Luka, Bosnia and Herzegovina)
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áûâøåé Þãîñëàâèè îáðàçîâàëàñü íàó÷íàÿ øêîëà ïî çàäà÷àì ñ çàïàçäû-
âàíèåì.

Äàâíî óñòàíîâëåíî, ÷òî ïðè a ∈ [π/2, π) ðåøåíèå çàäà÷è 1 òàêæå
åäèíñòâåííî. Ïðè a < π/2 çàâèñèìîñòü õàðàêòåðèñòè÷åñêîé ôóíêöèè
êðàåâîé çàäà÷è (1) îò q(x) ñòàíîâèòñÿ íåëèíåéíîé, è âîïðîñ åäèíñòâåí-
íîñòè ðåøåíèÿ îáðàòíîé çàäà÷è â ýòîì ñëó÷àå äîëãîå âðåìÿ îñòàâàëñÿ
îñíîâíîé èíòðèãîé òåîðèè îáðàòíûõ çàäà÷ äëÿ îïåðàòîðîâ ñ òî÷å÷íûì
çàïàçäûâàíèåì.

Äàííûé âîïðîñ áûë ðåøåí ïîëîæèòåëüíî äëÿ a ∈ [2π/5, π/2) â [4]
ïðè ν = 0 è íåçàâèñèìî â [6] ïðè ν = 1. Äëÿ a ∈ [π/3, 2π/5) è ν = 0 â [5]
áûëî ïîêàçàíî, ÷òî çàäàíèå îáîèõ ñïåêòðîâ îäíîçíà÷íî îïðåäåëÿåò q(x)
íà (a, 3a/2)∪ (π−a/2, π), ÷òî ñïðàâåäëèâî è ïðè ν = 1. Îäíàêî íàèáîëåå
ñèëüíàÿ òåîðåìà åäèíñòâåííîñòè áûëà ïîëó÷åíà â [7], ãäå áûëî óñòàíîâ-
ëåíî, ÷òî ïðè a ∈ [π/3, 2π/5) ôóíêöèÿ q(x) îäíîçíà÷íî îïðåäåëÿåòñÿ íà
îáúåäèíåíèè èíòåðâàëîâ I1 := (a, 3a/2) ∪ (π − a, 2a) ∪ (π − a/2, π).

Ñðåäè ñïåöèàëèñòîâ äîëãîå âðåìÿ ñîõðàíÿëèñü îæèäàíèÿ, ÷òî ïðè
âñåõ a > 0 äîëæíà èìåòü ìåñòî è ïîëíàÿ åäèíñòâåííîñòü, êîòîðàÿ îáåñïå÷è-
ëà áû ïðååìñòâåííîñòü ñ êëàññè÷åñêèì ðåçóëüòàòîì Ã. Áîðãà [1] äëÿ
a = 0.

Îäíàêî â íåäàâíåé ðàáîòå [8] áûë ïîëó÷åí îòðèöàòåëüíûé îòâåò äëÿ
a ∈ [π/3, 2π/5) ïðè ν = 0. À èìåííî, óäàëîñü ïîñòðîèòü áåñêîíå÷íûå ñå-
ìåéñòâà òàê íàçûâàåìûõ èçîáèñïåêòðàëüíûõ ïîòåíöèàëîâ qα(x), ò.å. êî-
òîðûì ñîîòâåòñòâóåò îäíà è òà æå ïàðà ñïåêòðîâ {λn,0} è {λn,1}. Òàêæå
áûëî äàíî èñ÷åðïûâàþùåå îáîñíîâàíèå, ïî÷åìó èäåÿ ýòîãî êîíòðïðèìå-
ðà, âîîáùå ãîâîðÿ, íå ïåðåíîñèòñÿ íà ñëó÷àé ν = 1, êîòîðûé îêàçàëñÿ
òðóäíåå.

Èíòåðåñíî îòìåòèòü, ÷òî ïîñòðîåííûå ïîòåíöèàëû ðàçëè÷àþòñÿ íà
äîïîëíåíèè I1, òî åñòü òåîðåìà åäèíñòâåííîñòè â [7] îêàçàëàñü íåóëó÷-
øàåìîé.

Â [9] âîïðîñ äëÿ ν = 1 áûë ñâåäåí ê íàõîæäåíèþ èíòåãðàëüíîãî îïå-
ðàòîðà ñïåöèàëüíîãî âèäà, îáëàäàþùåãî ñîáñòâåííîé ôóíêöèåé ñ íóëå-
âûì ñðåäíèì, íî ñîîòâåòñòâóþùåé íåíóëåâîìó ñîáñòâåííîìó çíà÷åíèþ.
Íåîáõîäèìûé êîíòðïðèìåð áûë ïîñòðîåí â ðåçóëüòàòå ñåðèè âû÷èñëè-
òåëüíûõ ýêñïåðèìåíòîâ, îäèí èç êîòîðûõ ñëó÷àéíî äàë àíàëèòè÷åñêóþ
ðåàëèçàöèþ.

Îäíàêî ðàáîòû [8, 9] îñòàâèëè áåç âíèìàíèÿ íàèáîëåå òðóäíûé ñëó-
÷àé ìàëîãî çàïàçäûâàíèÿ a ∈ (0, π/3), ïîçâîëÿþùåãî ñêîëü óãîäíî ïðè-
áëèçèòüñÿ ê êëàññè÷åñêîé ñèòóàöèè a = 0, êîãäà èìååò ìåñòî åäèíñòâåí-
íîñòü.

Îòðèöàòåëüíûé îòâåò è äëÿ âñåõ a ∈ (0, π/3) áûë ïîëó÷åí â ðàáîòå
[11] ïðè îáîèõ çíà÷åíèÿõ ν = 0, 1. Òàêèì îáðàçîì, âîïðîñ åäèíñòâåííîñòè
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ðåøåíèÿ çàäà÷è 1 îêàçàëñÿ ïîëíîñòüþ çàêðûò äëÿ âñåõ a ∈ (0, π) è ν =
0, 1.

Â ïîñëåäíåå âðåìÿ àêòèâíî èçó÷àþòñÿ è äðóãèå àñïåêòû òåîðèè îá-
ðàòíûõ çàäà÷à äëÿ îïåðàòîðîâ ñ çàïàçäûâàíèåì, âêëþ÷àÿ õàðàêòåðè-
çàöèþ ñïåêòðîâ, à òàêæå îïåðàòîðû ñ íåñêîëüêèìè çàïàçäûâàíèÿìè è
ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûå ïó÷êè (ñì. [10] è áèáëèîãðàôèþ òàì).
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Ðàññìàòðèâàåòñÿ íîâàÿ ïîñòàíîâêà îáðàòíîé ñïåêòðàëüíîé çàäà÷è
äëÿ îïåðàòîðà Øòóðìà-Ëèóâèëëÿ (Øðåäèíãåðà). Îñíîâíîé îñî-
áåííîñòüþ ðàññìàòðèâàåìûõ îáðàòíûõ ñïåêòðàëüíûõ çàäà÷ ÿâëÿ-
åòñÿ íåïîëíîòà ñïåêòðàëüíûõ äàííûõ. Îáðàòíûå ñïåêòðàëüíûå çà-
äà÷è ñ íåïîëíûìè äàííûìè èìåþò íå åäèíñòâåííîå ðåøåíèå è
íåêîððåêòíû, íî íåïîëíîòó ñïåêòðàëüíûõ äàííûõ ìîæíî äîïîë-
íèòü ãåîìåòðè÷åñêèìè óñëîâèÿìè, êîòîðûå â èòîãå ïðèâîäÿò ê íî-
âîìó êëàññó çàäà÷. Â äîêëàäå áóäóò îáñóæäàòüñÿ âîïðîñû èçîëè-
ðîâàííîñòè è åäèíñòâåííîñòè ðåøåíèé,à òàêæå ñÿâçü ýòèõ çàäà÷ ñ
íåëèíåéíûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè.

Êëþ÷åâûå ñëîâà: îáðàòíûå ñïåêòðàëüíûå çàäà÷è,íåëèíåéíûå äèô-
ôåðåíöèàëüíûå îïåðàòîðû, ñïåêòðàëüíàÿ òåîðèÿ

On an inverse optimization spectral problem for
Sturm-Liuville operators

Keywords: inverse spectral problems, nonlinear differential operators,
spectral theory

Ïóñòü L(q) - ñ.ñ. îïåðàòîð Øòóðìà-Ëèóâèëëÿ, ïîðîæäåííûé äèôôå-
ðåíöèàëüíûì âûðàæåíèåì âèäà

lqy := −y′′ + q(x)y, x ∈ (0, 1),

è ãðàíè÷íûìè óñëîâèÿìè Äèðèõëå (äëÿ îïðåäåëåííîñòè) y(0) = y(1) = 0,
ãäå q ∈ Lp(0, 1), 1 < p < +∞.

Ñïåêòð îïåðàòîðà L(q) ñîñòîèò èç ñîáñòâåííûõ çíà÷åíèé: λ1(q) <
λ2(q) < ... < λm(q) < ...

Â äîêëàäå ðàññìàòðèâàåòñÿ îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëü-
íàÿ çàäà÷à ñ íåïîëíûìè äàííûìè â ñëåäóþùåé ïîñòàíîâêå.

(P0) Îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à - ÎÎÑÇ
Ïóñòü çàäàíû:
(a) ÷èñëà λ∗1 < λ∗2 < ... < λ∗m ∈ R- ñïåêòðàëüíûå äàííûå çàäà÷è;
(b) âåùåñòâåííàÿ ôóíêöèÿ q0 ∈ Lp(0, 1).

Âàëååâ Íóðìóõàìåò Ôóàòîâè÷, ê.ô.-ì.í., ÈÌÂÖ ÓÔÈÖ ÐÀÍ (Óôà, Ðîññèÿ);
Valeev Nur (Institute of Mathematics with Computing Centre, Ufa, Russia)
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Òðåáóåòñÿ íàéòè âåùåñòâåííûé ïîòåíöèàë q̂ ∈ Lp(0, 1), òàêîé,
÷òî:

λk(q̂) = λ∗k, k = 1, 2, ..,m;

è ||q0 − q̂||L2 =

= min{||q0 − q||L2 : λ∗k = λk(q), k = 1, 2, ..,m; q ∈ L2(0, 1)}.

Ðàññìàòðèâàåìàÿ ÎÎÑÇ (P0) ñâÿçàíà ñ íàõîæäåíèåì ðåøåíèÿ ñëåäóþ-
ùåé (õîðîøî èçâåñòíîé â ôèçèêå) ñèñòåìû íåëèíåéíûõ óðàâíåíèé

−u′′1 + q0u1 = λ∗1u1 +
∑m
k=1 σku

2
ku1,

...
−u′′m + q0um = λ∗mum +

∑m
k=1 σku

2
kum,

subject to the zero boundary conditions

ui(0) = ui(l) = 0, i = 1, 2, ...,m.

Çäåñü σi ∈ {0,+1,−1}, i = 1, . . . ,m.
Â äîêëàäå áóäóò îáñóæäàòüñÿ ðåçóëüòàòû îá èçîëèðîâàííîñòè è åäèí-

ñòâåííîñòè ðåøåíèé ÎÎÑÇ (P0).
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ÊÎÍÒÐÏÐÈÌÅÐ ÒÅÎÐÅÌÛ ËÅÂÈÍÑÎÍÀ
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Äîêëàä ïîñâÿùåí ïîñòðîåíèå êîíòðïðèìåðà ê èçâåñòíîé òåîðå-
ìå Ëåâèíñîíà î ïîñòðîåíèè àñèìïòîòèêè ðåøåíèé ñèñòåìû ÎÄÓ
ïåðâîãî ïîðÿäêà, èìåþùåé òàê íàçûâàåìûé L-äèàãîíàëüíûé âèä.
Îïèñàí êëàññ ñèñòåì ÎÄÓ, äëÿ êîòîðûõ óñëîâèÿ òåîðåìû íå âû-
ïîëíÿþòñÿ, íî âîçìîæíî ïîñòðîåíèå àñèìïòîòèêè ðåøåíèé.

Êëþ÷åâûå ñëîâà: ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé, ñïåê-
òðàëüíàÿ òåîðèÿ, òåîðåìà Ëåâèíñîíà.

Counterexample of Levinson’s theorem

The report is devoted to the construction of a counterexample to the
well-known Levinson theorem on the construction of the asymptotics
of solutions to a first-order ODE system that has the so-called L-
diagonal form. A class of ODE systems is described for which the
conditions of the theorem are not satisfied, but the asymptotics of
solutions can be constructed.

Keywords: systems of differential equations, spectral theory, Levin-
son’s theorem.

Õîðîøî èçâåñòíî, ÷òî àñèìïòîòè÷åñêîå ïîâåäåíèå íà áåñêîíå÷íîñòè
ðåøåíèé ñèñòåìû âèäà

dY

dx
= (Λ + C)Y, x ∈ [0,+∞) (1)

ïðè óñëîâèè, ÷òî ìàòðèöà Λ(x) - äèàãîíàëüíàÿ ìàòðèöà, ôóíêöèè <(λi−
λj) íå ìåíÿþò çíàê ïðè äîñòàòî÷íî áîëüøèõ x, à C(x) ñîñòîèò èç ñóììè-
ðóåìûõ íà [0,+∞) ôóíêöèé, îïðåäåëÿåòñÿ òîëüêî ýëåìåíòàìè ìàòðèöû
; Λ(x). (ñì.[1], ñ.287).
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Ïðåäëàãàåòñÿ ðàññìîòðåòü ñèñòåìó

dY

dx
= (Λ + C +H)Y, x ∈ [0,+∞) (2)

ãäå ìàòðèöû Λ, C óäîâëåòâîðÿþò óñëîâèÿì âûøå, à ìàòðèöà èìååò âèä:
H(x) = h′(x)H0 ,ãäå ôóíêöèÿ h

′(x) íå ÿâëÿåòñÿ ñóììèðóåìîé,

H0 =

(
a b
0 −a

)
, a, b = const

Îáîçíà÷èì ÷åðåç r(x) = λ2(x)− λ1(x).
Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà:
Òåîðåìà 1. Ïóñòü ∫ ∞

x

r(t)h(t)dt ∈ L[x0,∞),

Òîãäà (2) ìîæåò áûòü ïðèâåäåíà ê ñèñòåìå, óäîâëåòâîðÿþùåé óñëî-
âèÿì ëåììû èç [1, ñ.287].

Òåîðåìà ïîçâîëÿåò ïîëó÷àòü àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ðåøåíèé
ñèñòåì âèäà (2) íà áåñêîíå÷íîñòè.

Ïðèìåð
Óñëîâèÿ òåîðåìû âûïîëíåíû, íàïðèìåð, åñëè λ1(x) = 1, λ2(x) = 2,
h′(x) = e2x sin e2x ëèáî æå h′(x) = xα sinxβ , β > α/2 + 3/2. Ëèòåðàòóðà
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Ðàáîòà ïîñâÿùåíà èçó÷åíèþ àñèìïòîòè÷åñêèõ è êà÷åñòâåííûõ ñâîéñòâ
ðåøåíèé èíòåãðî-äèôôåðåíöèàëüíûõ è óðàâíåíèé ñ íåîãðàíè÷åí-
íûìè îïåðàòîðíûìè êîýôôèöèåíòàìè â ãèëüáåðòîâîì ïðîñòðàí-
ñòâå ìåòîäîìè ñïåêòðàëüíîãî àíàëèçà. Óêàçàííûå èíòåãðî-äèôôå-
ðåíöèàëüíûå óðàâíåíèÿ ÿâëÿþòñÿ îáîáù¼ííûìè ëèíåéíûìè ìîäå-
ëÿìè, âîçíèêàþùèìè â òåîðèè âÿçêîóïðóãîñòè è òåîðèè ðàñïðî-
ñòðàíåíèÿ òåïëà â ñðåäàõ ñ ïàìÿòüþ (óðàâíåíèå Ãóðòèíà - Ïèïêè-
íà), à òàêæå èìåþò ìíîãî äðóãèõ âàæíûõ ïðèëîæåíèé.

Êëþ÷åâûå ñëîâà: èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå, îïåðàòîð-
ôóíêöèÿ, ñïåêòð, âîëüòåððîâ îïåðàòîð

Spectral analysis of Volterra integro-differential equations

The work is devoted to the researching of asymptotic and qualita-
tive properties for the solutions of integro-differential and equations
with unbounded operator coefficients in Hilbert space by the method
of spectral analysis. These integro-differential equations are general-
ized linear models of viscoelasticity, diffusion and heat propogation in
media with memory (Gurtin-Pipkin equation) and have many other
important applications.

Keywords: integro-differential equation, operator-function, spectra, Volterra
operator

Èññëåäîâàíèÿ íàïðàâëåíû íà èçó÷åíèå àñèìïòîòè÷åñêèõ è êà÷åñòâåí-
íûõ ñâîéñòâ ðåøåíèé èíòåãðî-äèôôåðåíöèàëüíûõ è óðàâíåíèé ñ íåîãðà-
íè÷åííûìè îïåðàòîðíûìè êîýôôèöèåíòàìè â ãèëüáåðòîâîì ïðîñòðàí-
ñòâå ìåòîäîì ñïåêòðàëüíîãî àíàëèçà èõ ñèìâîëîâ. Ãëàâíàÿ ÷àñòü ðàñ-
ñìàòðèâàåìûõ óðàâíåíèé ïðåäñòàâëÿåò ñîáîé àáñòðàêòíîå ãèïåðáîëè÷å-
ñêîå óðàâíåíèå, âîçìóùåííîå ñëàãàåìûìè, ñîäåðæàùèìè âîëüòåððîâû
èíòåãðàëüíûå îïåðàòîðû. Óêàçàííûå èíòåãðî-äèôôåðåíöèàëüíûå óðàâ-
íåíèÿ ÿâëÿþòñÿ îáîáùåííûìè ëèíåéíûìè ìîäåëÿìè âÿçêîóïðóãîñòè,
äèôôóçèè è òåïëîïðîâîäíîñòè â ñðåäàõ ñ ïàìÿòüþ (óðàâíåíèå Ãóðòèíà-
Ïèïêèíà ñì. [1]) è èìåþò ðÿä äðóãèõ âàæíûõ ïðèëîæåíèé.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 20-01-00288).
Âëàñîâ Âèêòîð Âàëåíòèíîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÌÃÓ èìåíè Ì.Â.Ëîìîíîñîâà

(Ìîñêâà, Ðîññèÿ); Victor Vlasov (Lomonosov Moscow State University, Moscow, Russia)
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Ïðîâîäèòñÿ ñïåêòðàëüíûé àíàëèç îïåðàòîð-ôóíêöèé, ÿâëÿþùèõñÿ
ñèìâîëàìè óêàçàííûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé, ïîëó÷å-
íû ðåçóëüòàòû î ñòðóêòóðå è ëîêàëèçàöèè èõ ñïåêòðà. Íà ýòîé îñíîâå
óñòàíîâëåíû ðåçóëüòàòû î ñóùåñòâîâàíèè ñèëüíûõ è îáîáùåííûõ ðå-
øåíèé ýòèõ óðàâíåíèé, à òàêæå ïîëó÷åíû ðåçóëüòàòû î ïðåäñòàâëåíèè
ðåøåíèé â âèäå ñóììû ñëàãàåìûõ, îòâå÷àþùèõ âåùåñòâåííîé è íåâåùå-
ñòâåííîé ÷àñòÿì ñïåêòðà óïîìÿíóòûõ îïåðàòîð-ôóíêöèé (ñì. [1]�[4]).
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Ðàññìîòðåíî ñòàöèîíàðíîå óðàâíåíèå Øðåäèíãåðà äëÿ çàðÿäà â
ñèëüíîì ìàãíèòíîì ïîëå â îêðåñòíîñòè äâóìåðíîãî ñëîÿ ñ êâàäðà-
òè÷íûì óäåðæèâàþùèì ïîòåíöèàëîì â ñëó÷àå ðåçîíàíñà öèêëî-
òðîííîé ÷àñòîòû è ÷àñòîòû ïîïåðå÷íûõ êîëåáàíèé. Èçâåñòíî, ÷òî
ìàëîå èñêðèâëåíèå ïëîñêîãî ñëîÿ ïðèâîäèò ê ìåäëåííîìó äðåé-
ôó öåíòðà öèêëîòðîííîãî äâèæåíèÿ ÷àñòèöû â ïîâåðõíîñòè ñëîÿ.
Ïðèìåíÿÿ êâàíòîâûå ìåòîäû óñðåäíåíèÿ, â ðàáîòå ïîñòðîåí îïå-
ðàòîð íà ïîâåðõíîñòè ñëîÿ, êîòîðûé îïèñûâàåò ñîîòâåòñòâóþùóþ
ìåäëåííóþ äèíàìèêó. Ñïåêòð äàííîãî îïåðàòîðà îïðåäåëÿåò êâàí-
òîâàíèå ëèíèé òîêà íà ïîâåðõíîñòè ñëîÿ è ìàëîå ðàñùåïëåíèå
óðîâíåé Ëàíäàó. Â ðàáîòå ïîñòðîåíà àñèìïòîòèêà ñïåêòðàëüíîé
ñåðèè äëÿ îñíîâíîãî óðîâíÿ Ëàíäàó â îêðåñòíîñòè íåâûðîæäåí-
íûõ ñòàöèîíàðíûõ òî÷åê èñêðèâëåííîé ïîâåðõíîñòè.

Êëþ÷åâûå ñëîâà: îïåðàòîð Øðåäèíãåðà, óñðåäíåíèå, óðîâíè Ëàí-
äàó.

Asymptotics of solutions of difference equations in an
unbounded domain

The stationary Schrödinger equation is considered for a charge in a
strong magnetic field in a neighborhood of a curved two-dimensional
surface with the quadratic confinement potential. We consider the case
of resonance, where the cyclotron frequency equals to the frequency of
transverse oscillation. It is known that a small curvature of the layer
leads to a slow drift of the center of the particle cyclotron motion on
the layer surface. Using quantum averaging methods, we obtain the
operator on the layer surface that describes the corresponding slow
dynamic. The spectrum of this operator determines the quantization
of current lines on the surface and a small splitting of the Landau
levels. In this paper, we obtain the asymptotics of the spectral series
for the ground Landau level in the neighborhood of nondegenerate
stationary points of the curved surface.

Keywords: Schrödinger operator, averaging, Landau levels.

Èññëåäîâàíèå îñóùåñòâëåíî â ðàìêàõ Ïðîãðàììû ôóíäàìåíòàëüíûõ èññëåäîâà-
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Â ðàáîòå ðàññìîòðåíà ñïåêòðàëüíàÿ çàäà÷à äëÿ ìàãíèòíîãî îïåðàòî-
ðà Øðåäèíãåðà, êîòîðûé â áåçðàçìåðíûõ êîîðäèíàòàõ ïðèîáðåòàåò âèä:

H =
1

2

(
−ih ∂

∂q1
+
q2

2

)2

+
1

2

(
−ih ∂

∂q2
− q1

2

)2

− h2

2

∂2

∂q2
3

+
ω2

2
d(q)2.

Çäåñü îäíîðîäíîå ìàãíèòíîå ïîëå íàïðàâëåíî âäîëü êîîðäèíàòû q3, à
d(q) � ðàññòîÿíèå äî ïîâåðõíîñòè èñêðèâëåííîãî ñëîÿ. Ïðåäïîëàãàåì,
÷òî ïîâåðõíîñòü èñêðèâëåííîãî ñëîÿ çàäàíà ÿâíî â âèäå ãðàôèêà ôóíê-
öèè q3 = εf(q1, q2), ãäå ε � ìàëûé ïàðàìåòð. Ìû ðàññìàòðèâàåì ðåçî-
íàíñíûé ñëó÷àé, êîãäà ω = 1, òî åñòü ÷àñòîòà êîëåáàíèé â óäåðæèâàþ-
ùåì ïîòåíöèàëå ó ïîâåðõíîñòè ñëîÿ ñîâïàäàåò ñ öèêëîòðîííîé ÷àñòîòîé
â ìàãíèòíîì ïîëå.

Çàìåòèì, ÷òî äàííàÿ çàäà÷à èìååò äâà åñòåñòâåííûõ ìàëûõ ïàðà-
ìåòðà: h � áåçðàçìåðíûé ïàðàìåòð êâàçèêëàññè÷åñêîãî ïðèáëèæåíèÿ
è ε � ïàðàìåòð, êîòîðûé îïðåäåëÿåò ìàëîå âîçìóùåíèå ïëîñêîãî ñëîÿ
ïîâåðõíîñòè. Äàííàÿ ñèñòåìà äîïóñêàåò àñèìïòîòè÷åñêîå ðàçäåëåíèå ïå-
ðåìåííûõ íà áûñòðûå îñöèëëÿöèè è ìåäëåííóþ äèíàìèêó öåíòðîâ Ëàð-
ìîðîâñêèõ âèõðåé íà äâóìåðíîé ïîâåðõíîñòè ñëîÿ. Ñèñòåìû ñ àíàëîãè÷-
íûìè ñâîéñòâàìè áûëè ðàññìîòðåíû ðàíåå, íàïðèìåð, â ðàáîòàõ [1,2,3].
Îñîáåííîñòü ðàññìàòðèâàåìîé ñèñòåìû îáóñëîâëåíà íàëè÷èåì ðåçîíàíñà
÷àñòîò, ÷òî ñóùåñòâåííî ìåíÿåò ïîäõîä êâàíòîâîãî îñðåäíåíèÿ.

Îòìåòèì, ÷òî ñïåêòð îïåðàòîðà H ïðè ε = 0 ïðåäñòàâëÿåò ñîáîé
äèñêðåòíûé íàáîð áåñêîíå÷íî âûðîæäåííûõ óðîâíåé Ëàíäàó hn, n =
1, 2, . . ., à ìàëîå èñêðèâëåíèå ïîâåðõíîñòè ñëîÿ ïðèâîäèò ê ðàñùåïëåíèþ
âûðîæäåííûõ óðîâíåé â ñòàðøèõ ïîïðàâêàõ ïî ε.

Ïåðåõîäÿ ê êðèâîëèíåéíûì êîîðäèíàòàì â îêðåñòíîñòè ïîâåðõíîñòè
è ïðèìåíÿÿ àëãåáðàè÷åñêèå ìåòîäû êâàíòîâîãî óñðåäíåíèÿ, â íàñòîÿùåé
ðàáîòå ïîëó÷åí äâóìåðíûé îïåðàòîð, êîòîðûé îïðåäåëÿåò ðàñùåïëåíèå
óðîâíåé è ìåäëåííóþ äèíàìèêó íà ïîâåðõíîñòè (ãåîìåòðè÷åñêèé òîê).

Ïðåäëîæåíèå. Ïóñòü ãëàäêàÿ ôóíêöèÿ ïîâåðõíîñòè ñëîÿ â îêðåñò-
íîñòè ïîëîæåíèÿ ðàâíîâåñèÿ èìååò ðàçëîæåíèå âèäà:

f(q1, q2) =
w1

2
q2
1 +

w2

2
q2
2 + · · · , wj 6= 0.

Òîãäà íà ïîäïðîñòðàíñòâå íèæíåãî óðîâíÿ Ëàíäàó èñõîäíûé îïåðàòîð
H óíèòàðíî ýêâèâàëåíòåí óñðåäíåííîìó îïåðàòîðó âèäà:

H = h− ε2h

2

(
w2

1X
2
1 + w2

2X
2
2 + 2µh

)
+O(ε2h2(ε+ h)),

ãäå X1,2 � íåêîììóòàòèâíûå êîîðäèíàòû âåäóùåãî öåíòðà íà ïîâåðõ-
íîñòè ñ êîììóòàöèîííûìè ñîîòíîøåíèÿìè [X1, X2] = ih, à êîíñòàíòà
µ = 8

3w
2
1 + 8

3w
2
2 − 5

6w1w2.
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Ñîîòâåòñòâóþùàÿ àñèìïòîòè÷åñêàÿ ñïåêòðàëüíàÿ ñåðèÿ èìååò âèä:

Em = h
(
1− ε2w1w2h(m+ 1/2) + µhε2 + · · ·

)
, m = 0, 1, 2, . . .
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Â ðàáîòå èçó÷àåòñÿ êëàññ ýëëèïòè÷åñêèõ äèôôåðåíöèàëüíûõ îïå-
ðàòîðîâ âûñøåãî ïîðÿäêà â îãðàíè÷åííîé îáëàñòè, êîýôôèöèåí-
òû êîòîðûõ èìåþò íåñîãëàñîâàííûå ñòåïåííîå âûðîæäåíèå âäîëü
âñåé ãðàíèöû îáëàñòè. Ïîëóòîðàëèíåéíàÿ ôîðìà, ñâÿçàííàÿ ñ èñ-
ñëåäóåìûì îïåðàòîðîì, ìîæåò íå óäîâëåòâîðÿòü óñëîâèþ êîýðöè-
òèâíîñòè. Óñòàíîâëåíà ïîëíîòà è ñóììèðóåìîñòü â ñüûñëå Àáåëÿ-
Ëèäñêîãî ñèñòåìû êîðíåâûõ ôóíêöèé èññëåäóåìîãî îïåðàòîðà.

Êëþ÷åâûå ñëîâà: ýëëèïòè÷åñêèé îïåðàòîð, ñòåïåííîå âûðîæäåíèå,
íåêîýðöèòèâíàÿ ôîðìà, íåñîãëàñîâàííîå âûðîæäåíèå, îãðàíè÷åí-
íàÿ îáëàñòü

On the Abel basis property of the system of root
vector-functions of a class of elliptic operators with

uncoordinated degeneration

We study a class of higher-order elliptic differential operators in a
bounded domain whose coefficients have uncoordinated power-law de-
generacy along the entire boundary of the domain. The sesquilinear
form associated with the operator under consideration may not sat-
isfy the coercivity condition. Abel basis property of the system of root
vector-functions of of operators under consideration is established.

Keywords: elliptic operator, power degeneration, noncoercive form,
uncoordinated degeneration, bounded domain

Ïóñòü Ω � îãðàíè÷åííàÿ îáëàñòü â n-ìåðíîì åâêëèäîâîì ïðîñòðàí-
ñòâå Rn ñ çàìêíóòîé (n− 1) -ìåðíîé ãðàíèöåé ∂Ω è r � íåêîòîðîå íàòó-
ðàëüíîå ÷èñëî. Ðàññìîòðèì äèôôåðåíöèàëüíûé îïåðàòîð

L[u] =
∑

|k|=|l|=j∈J

(−1)j
(
ρ2τj (x)bkl(x)u(k)(x)

)(l)

, (1)

Ãàäîåâ Ìàõìàäðàõèì Ãàôóðîâè÷, ä.ô.-ì.í.,çàâåäóþùèé êàôåäðîé ÔèÏÌ. ÌÏÒÈ
(ô) ÑÂÔÓ èì. Ì.Ê. Àììîñîâà (ÐÑ(ß), Ìèðíûé, Ðîññèÿ); Mahmadrahim Gadoev (
Mirny Polytechnic Institute (branch) of North-Eastern Federal University , Mirny, Russia)

Èñõîêîâ Äæàôàð Ñóëàéìîíîâè÷, àñïèðàíò, Èíñòèòóò ìàòåìàòèêè èì. À. Äæó-
ðàåâà ÍÀÍ Òàäæèêèñòàíà (Äóøàíáå, Òàäæèêèñòàí); Djafar Iskhokov( A.D. Juraev
Institute of mathematics national academy of sciences of Tajikistan, Tajikistan)
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êîòîðûé ïîíèìàåòñÿ â ñìûñëå òåîðèè ðàñïðåäåëåíèé íà Ω. Çäåñü J-
íåêîòîðîå ïîäìíîæåñòâî ìíîæåñòâà {0, 1, ..., r} ïðè÷åì r ∈ J , τj(j ∈ J) -
âåùåñòâåííûå ÷èñëà. Êîýôôèöèåíòû bkl(x), x ∈ Ω ÿâëÿþòñÿ îãðàíè÷åí-
íûìè êîìïëåêñíîçíà÷íûìè ôóíêöèÿìè è 2τj ≥ −1/2 äëÿ âñåõ j ∈ J .

Ðàññìîòðèì èíòåãðî-äèôôåðåíöèàëüíóþ ïîëóòîðàëèíåéíóþ ôîðìó

B[u, v] =
∑

|k|=|l|=j∈J

∫
Ω

ρ2τj (x)bkl(x)u(k)(x)vl(x)dx, (2)

ñâÿçàííóþ ñ îïåðàòîðîì (1).
Â ðàáîòå ðàññìàòðèâàåòñÿ ñëó÷àé íåñîãëàñîâàííîãî âûðîæäåíèÿ êî-

ýôôèöèåíòîâ îïåðàòîðà (1) (îïð. ñì. [1, 2]) è äîïóñêàåòñÿ, ÷òî ôîðìà
(2) ìîæåò íå óäîâëåòâîðÿòü óñëîâèþ êîýðöèòèâíîñòè.

Ââîäèì ïðîñòðàíñòâî H+ êîìïëåêñíîçíà÷íûõ ôóíêöèé u(x), x ∈ Ω,
ñ êîíå÷íîé íîðìîé

‖u; H+‖ =

{
s∑

h=0

∥∥∥u;W jh
2;τjh

(Ω)
∥∥∥2
}1/2

,

ãäå W i
pj ;αj (Ω) (j ∈ N , αj , pj ∈ R, 1 ≤ pj < +∞) � ïðîñòðàíñòâî ôóíê-

öèé u(x), îïðåäåëåííûõ íà Ω, èìåþùèõ âñå îáîáùåííûå â ñìûñëå Ñ. Ë.
Ñîáîëåâà ïðîèçâîäíûå u(k)(x) ïîðÿäêà j ñ êîíå÷íîé íîðìîé

‖u; W i
pj ;αj (Ω)‖ =

∑
|k|=i

∫
Ω

ρpjαj (x)|u(k)(x)|pjdx+

∫
Ω

|u(x)|pjdx


1/pj

.

Ñèìâîëîì H ′+ îáîçíà÷èì çàìûêàíèå C∞0 (Ω) â ìåòðèêå ïðîñòðàíñòâà
H+, à ÷åðåç H ′− îáîçíà÷èì ïðîñòðàíñòâî àíòèëèíåéíûõ íåïðåðûâíûõ
ôóíêöèîíàëîâ, îïðåäåëåííûõ íà H ′+ ñ íîðìîé ‖F ;H ′−‖ = sup | < F, u >
|, ãäå âåðõíÿÿ ãðàíü áåðåòñÿ ïî âñåì ôóíêöèÿì u ∈ H ′+, òàêèì, ÷òî
‖u;H+‖ = 1. Çäåñü è äàëåå ñèìâîëîì < F, u > îáîçíà÷åíî çíà÷åíèå
ôóíêöèîíàëà F íà ôóíêöèþ u.

Ïðè íåêîòîðûõ äîïîëíèòåëüíûõ óñëîâèÿõ íà êîýôôèöèåíòû ôîðìû
(2) äîêàçûâàåòñÿ, ÷òî îïåðàòîð A, îïðåäåëåííûé ðàâåíñòâîì < Au, v >=
B[u, v], v ∈ H ′+, äåéñòâóåò èç H ′+ â H ′−. Äàëåå ÷åðåç A îáîçíà÷àåòñÿ
ñóæåíèå îïåðàòîðà A â ïðîñòðàíñòâå L2(Ω), äîêàçûâàåòñÿ îäíî ïîëåçíîå
ïðåäñòàâëåíèå ðåçîëüâåíòû îïåðàòîðà A è ñ ïîìîùüþ ýòîãî ïðåäñòàâëå-
íèÿ äîêàçûâàåòñÿ ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà. Ïóñòü ϕm < π
2κ , ãäå κ = max

{
n

2r
,
n− 1

2r − 2τr

}
. Òîãäà ñè-

ñòåìà êîðíåâûõ ôóíêöèé îïåðàòîðà A ïîëíà â H = L2(Ω). Ðÿä Ôó-
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ðüå ëþáîãî ýëåìåíòà f ∈ H ïî ñèñòåìå êîðíåâûõ ôóíêöèé îïåðàòî-
ðà A ñóììèðóåòñÿ ê f â ñìûñëå Àáåëÿ-Ëèäñêîãî ñî ñêîáêàìè ïîðÿäêà
γ = κ + µ ñ äîñòàòî÷íî ìàëûì µ > 0. Ïîðÿäîê ðåçîëüâåíòû îïåðàòîðà
A íå ïðåâîñõîäèò ÷èñëà κ.

Ñôîðìóëèðîâàííûé ðåçóëüòàò ÿâëÿåòñÿ îáîáùåíèåì ñîîòâåòñòâóþ-
ùèõ ðåçóëüòàòîâ ðàáîòû [3] íà ñëó÷àé íåñîãëàñîâàííîãî âûðîæäåíèÿ
êîýôôèöèåíòîâ èññëåäóåìîãî îïåðàòîðà.

Ïî ïîâîäó îïðåäåëåíèÿ ϕm ñì.[4].
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Â ðàáîòå èçó÷àþòñÿ íåêîòîðûå ñïåêòðàëüíûå ñâîéñòâà îïåðàòîðà
Øòóðìà�Ëèóâèëëÿ íà êðèâîé γ. Â ÷àñòíîñòè, ïîêàçàíî, ÷òî åñëè
γ èìååò îãðàíè÷åííûé íàêëîí, òî ñèñòåìà êîðíåâûõ âåêòîðîâ îïå-
ðàòîðà Øòóðìà�Ëèóâèëëÿ ñ ïðîèçâîëüíûì ñóììèðóåìûì ïîòåí-
öèàëîì îáðàçóåò â L2(γ) áàçèñ äëÿ ñóììèðîâàíèÿ ìåòîäîì Àáåëÿ�
Ëèäñêîãî ïîðÿäêà, îïðåäåëÿåìîãî ìàêñèìàëüíûì íàêëîíîì êðè-
âîé.

Êëþ÷åâûå ñëîâà: îïåðàòîð Øòóðìà�Ëèóâèëëÿ íà êðèâîé, íåñàìî-
ñîïðÿæåííûå îïåðàòîðû, áàçèñíîñòü êîðíåâûõ âåêòîðîâ äëÿ ñóì-
ìèðîâàíèÿ ìåòîäîì Àáåëÿ�Ëèäñêîãî.

On the Sturm–Liouville operator on a rectifiable curve

We study some spectral properties of the Sturm–Liouville operator on
a curve γ. In particular, we have shown that if γ has a bounded slope,
then the system of root vectors of the Sturm–Liouville operator with
an arbitrary summable potential forms in L2(γ) a basis for summation
by the Abel–Lidsky method of order determined by the maximal slope
of the curve.

Keywords: Sturm–Liouville operator on a curve, non-self-adjoint op-
erators, Abel–Lidskii basis property of system of root vectors.

Ïóñòü γ � ñïðÿìëÿåìàÿ êðèâàÿ ñ êîíöàìè 0 è 1. Áóäåì ãîâîðèòü, ÷òî
ôóíêöèÿ f íà γ äèôôåðåíöèðóåìà â òî÷êå a ∈ γ åñëè ñóùåñòâóåò êî-

íå÷íûé ïðåäåë f ′(a) = limz∈γ,z→a
f(z)−f(a)

z−a . Ïðîèçâîäíûå áîëåå âûñîêèõ
ïîðÿäêîâ îïðåäåëÿþòñÿ àíàëîãè÷íî.

Ïóñòü q ∈ L1(γ). Îáîçíà÷èì ÷åðåç Lγ îïåðàòîð ñ îáëàñòüþ îïðå-
äåëåíèÿ D(Lγ) = {y ∈ L2(γ) : y′ ∈ AC(γ),−y′′ + qy ∈ L2(γ), y(0) =
y(1) = 0}, äåéñòâóþùèé â ãèëüáåðòîâîì ïðîñòðàíñòâå L2 (γ) ïî ïðàâèëó
L0y = −y′′ + qy.

Åñëè γ = [0, 1], òî ñïðàâåäëèâû óòâåðæäåíèÿ (ñì., [1], [2, Ãë.VI, � 2]
è [3, Ãë. I, òåîðåìà 1.3.2]):

Ðàáîòà âûïîëíåíà â ðàìêàõ ðåàëèçàöèè ïðîãðàììû ðàçâèòèÿ Íàó÷íî-
îáðàçîâàòåëüíîãî ìàòåìàòè÷åñêîãî öåíòðà Ïðèâîëæñêîãî ôåäåðàëüíîãî îêðóãà, äîï.
ñîãë. � 075-02-2020-1421/1 ê ñîãë. � 075-02-2020-1421.

Ãàëèìîâà Ãóëüíàðà, ìàãèñòðàíò I ãîäà îáó÷åíèÿ ÔÌèÈÒ, ÁàøÃÓ (Óôà, Ðîññèÿ);
Gulnara Galimova (Bashkir State University, Ufa, Russia)
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1) îïåðàòîð Lγ ïëîòíî îïðåäåëåí, çàìêíóò;
2) ñïåêòð ñîñòîèò èç ñ÷åòíîãî ÷èñëà ñîáñòâåííûõ çíà÷åíèé, èìåþùèõ

àñèìïòîòèêó λn ∼ (πn)2 +O(1), n→∞;
3)
∥∥(Lγ − reiα)−1

∥∥ = O
(
r−1
)
, r → +∞, ïðè ëþáîì α 6= 0;

4) ñèñòåìà ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé {fn} îáðàçóåò
áàçèñ â L2(0, 1): ëþáàÿ ôóíêöèÿ f ∈ L2(γ) åäèíñòâåííûì îáðàçîì ðàç-
ëàãàåòñÿ â ðÿä Ôóðüå ïî {fn}, ðàâíîñõîäÿùèéñÿ ñ ðÿäîì Ôóðüå ïî cosnx.

Ïóñòü γ � ïðîèçâîëüíàÿ ñïðÿìëÿåìàÿ êðèâàÿ. Ïîñòàâèì âîïðîñ: êà-
êèå èç óòâåðæäåíèé 1) � 4) è â êàêîé ìåðå ñîõðàíÿþò ñèëó.

Òåîðåìà 1. Îïåðàòîð Lγ ïëîòíî îïðåäåëåí, çàìêíóò, åãî ñïåêòð
äèñêðåòåí è áåñêîíå÷åí.

Ëó÷, íà êîòîðîì âûïîëíÿåòñÿ îöåíêà èç 3), íàçûâàåòñÿ ëó÷îì íàè-
ëó÷øåãî óáûâàíèÿ ðåçîëüâåíòû.

Ïðèìåð. Ïóñòü Γ � îêðóæíîñòü, ïðîõîäÿùàÿ ÷åðåç òî÷êè 0,1 è 1/2−
ia (a > 0), γ � ÷àñòü Γ, ëåæàùàÿ íèæå âåùåñòâåííîé îñè, è ïóñòü q = 0.
Òîãäà ïðè a > 1/2 ëó÷åé íàèëó÷øåãî óáûâàíèÿ íåò.

Ïóñòü Γ � êðèâàÿ ñ ïàðàìåòðèçàöèåé z = x + iγ(x), x ∈ [0, 1], ãäå
ôóíêöèÿ γ óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà |γ(x2)−γ(x1)| ≤M |x2−x1|
ïðè âñåõ x1 6= x2, M � ïîñòîÿííàÿ. Òàêóþ êðèâóþ íàçûâàþò êðèâîé
îãðàíè÷åííîãî íàêëîíà.

Ïîëîæèì

M1 = inf
0≤x1<x2≤1

γ(x2)− γ(x1)

x2 − x1
, M2 = sup

0≤x1<x2≤1

γ(x2)− γ(x1)

x2 − x1
,

αi = arctgMi, i = 1, 2.

Òåîðåìà 2. Ñïðàâåäëèâû óòâåðæäåíèÿ:
(i) Âíå óãëà −2α2 < arg z < −2α1 ñïåêòð îïåðàòîðà Lγ êîíå÷åí;
(ii) Ëþáîé ëó÷ arg z = α (α ∈ (−2α1, π] ∪ [−π,−2α2)) ÿâëÿåòñÿ ëó÷îì

íàèëó÷øåãî óáûâàíèÿ ðåçîëüâåíòû;
(iii) Ïóñòü θ = max{|α1|, |α2|}. Òîãäà ñèñòåìà êîðíåâûõ âåêòîðîâ

îïåðàòîðà L îáðàçóåò áàçèñ äëÿ ñóììèðîâàíèÿ ìåòîäîì Àáåëÿ�Ëèäñêîãî
ïîðÿäêà 1

2 < δ < π
2θ .
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Ïîêàçàíî, ÷òî ãîëîìîðôíàÿ ïî âðåìåíè ðàçðåøèìîñòü çàäà÷è Êî-
øè äëÿ óðàâíåíèÿ èçîñïåêòðàëüíîé äåôîðìàöèè îïåðàòîðà Øðå-
äèíãåðà èëè Äèðàêà âëå÷åò áåçìîíîäðîìíîñòü íà÷àëüíîãî óñëî-
âèÿ. Äàíû êîëè÷åñòâåííûå îöåíêè íàðóøåíèÿ îáðàòíîé èìïëèêà-
öèè äëÿ ïîòåíöèàëîâ, íå ïðèíàäëåæàùèõ êëàññó Âåéåðøòðàññà, è
ïðèâåäåíû êðèòåðèè áåçìîíîäðîìíîñòè îïåðàòîðîâ Äèðàêà.

Êëþ÷åâûå ñëîâà: êîìïëåêñíûé àíàëèç, äèôôåðåíöèàëüíûå óðàâ-
íåíèÿ

Monodromy-free operators and soliton equations

We show that if the Cauchy problem for an isospectral deformation
equation for a Schrödinger or Dirac operator has a holomorphic-in-
time solution, then the initial condition is monodromy-free. We quan-
titatively estimate the violation of the inverse implication for poten-
tials not in the Weierstrass class and present criteria for a Dirac op-
erator to be monodromy-free.

Keywords: complex analysis, differential equations

Îïåðàòîð Øðåäèíãåðà L = ∂2
x +u(x) ñ ïîòåíöèàëîì u(x), ìåðîìîðô-

íûì â îáëàñòè D ⊂ C, íàçûâàåòñÿ áåçìîíîäðîìíûì, åñëè âñå ðåøåíèÿ
ϕ(x) óðàâíåíèÿ Lϕ = z2ϕ ìåðîìîðôíû â D ïðè êàæäîì z ∈ C. Îïèñàíèå
òàêèõ îïåðàòîðîâ â ðàçëè÷íûõ êëàññàõ ìåðîìîðôíûõ ôóíêöèé u(x) ÿâ-
ëÿåòñÿ òðàäèöèîííûì âîïðîñîì ñïåêòðàëüíîé òåîðèè [1] è ïðèìåíÿåòñÿ
ê òåîðèè îðòîãîíàëüíûõ ìíîãî÷ëåíîâ è ðàöèîíàëüíûõ ðåøåíèé óðàâ-
íåíèé òèïà Ïåíëåâå (ñì. îáçîð â [2]) è âîïðîñàì ëîêàëèçàöèè ñïåêòðà
(ñì. îáçîð â [3]).

Íàñ èíòåðåñóåò ñâÿçü ýòîãî ïîíÿòèÿ ñ ðåøåíèÿìè ñîëèòîííûõ óðàâíå-
íèé. Èçâåñòíî [4], ÷òî ïîòåíöèàë u(x) êëàññà Âåéåðøòðàññà (ñîñòîÿùåãî
èç âñåõ ýëëèïòè÷åñêèõ ôóíêöèé, ðàöèîíàëüíûõ ôóíêöèé îò eax, îãðà-
íè÷åííûõ íà ∞, è ðàöèîíàëüíûõ ôóíêöèé îò x, ðàâíûõ íóëþ íà ∞)
áåçìîíîäðîìåí òîãäà è òîëüêî òîãäà, êîãäà îí ÿâëÿåòñÿ ñòàöèîíàðíûì

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 19-01-00474).
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(ò.å. íå çàâèñÿùèì îò t) ðåøåíèåì íåêîòîðîãî óðàâíåíèÿ èçîñïåêòðàëü-
íîé äåôîðìàöèè Lt = [A,L], ãäå îïåðàòîð A = ∂mx + v1∂

m−2
x + · · ·+ vm−1

òàêîâ, ÷òî êîììóòàòîð [A,L] ÿâëÿåòñÿ äèôôåðåíöèàëüíûì îïåðàòîðîì
ñòåïåíè íóëü, ò.å. îïåðàòîðîì óìíîæåíèÿ íà íåêîòîðóþ ôóíêöèþ (ýòî
ïðè êàæäîì íå÷åòíîì m > 1 çàäàåò v1, . . . , vm−1 ïî÷òè îäíîçíà÷íî êàê
ïîëèíîìû îò ôóíêöèè u è åå ïðîèçâîäíûõ ïî x; íàïðèìåð, ïðè m = 3
ãîäèòñÿ v1 = 3u/2 è v2 = 3u′/4, ÷òî ïðèâîäèò ê óðàâíåíèþ Êîðòåâåãà�
äå Ôðèçà 4ut = uxxx + 6uux). Ïîëüçóÿñü [5], ìû óñòàíîâèì ñëåäóþùåå
îáîáùåíèå â ÷àñòè íåîáõîäèìîñòè.

Òåîðåìà 1. Ïóñòü ôóíêöèÿ u0(x) ìåðîìîðôíà â îáëàñòè D è çàäà÷à
Êîøè u(x, 0) = u0(x) äëÿ óðàâíåíèÿ Lt = [A,L] èìååò ãîëîìîðôíîå ïî
x, t ðåøåíèå u(x, t) íà {|x − x0| < ε1, |t| < ε2} äëÿ êàêèõ-ëèáî x0 ∈ D,
ε1, ε2 > 0. Òîãäà îïåðàòîð L0 = ∂2

x + u0(x) áåçìîíîäðîìåí.

Äîñòàòî÷íîñòè â îáùåì ñëó÷àå íåò (èç áåçìîíîäðîìíîñòè îïåðàòîðà
íå âûòåêàåò ðàçðåøèìîñòü çàäà÷è Êîøè ñ òàêèì íà÷àëüíûì óñëîâèåì)
è ìû äàäèì êîëè÷åñòâåííóþ îöåíêó ýòîãî ÿâëåíèÿ.

Äëÿ îïåðàòîðà Äèðàêà (è óðàâíåíèé ÍÓØ è ìÊäÔ) èìååò ìåñòî ïîë-
íûé àíàëîã òåîðåìû 1 è ñåðèÿ êðèòåðèåâ áåçìîíîäðîìíîñòì, àíàëîãè÷-
íûõ øèðîêî èçâåñòíûì óñëîâèÿì èç [1]. Ïðèâåäåì òèïè÷íûé ðåçóëüòàò.

Òåîðåìà 2. Ïóñòü ôóíêöèè u(x), v(x) èìåþò ïðè x = x0 ïîëþñû
ïåðâîãî ïîðÿäêà. Òîãäà âñå ðåøåíèÿ ϕ(x), ψ(x) ñèñòåìû óðàâíåíèé ϕ′ =
zϕ + uψ, ψ′ = vϕ − zψ ìåðîìîðôíû â òî÷êå x0 ïðè êàæäîì z ∈ C
â òîì è òîëüêî òîì ñëó÷àå, êîãäà äëÿ íåêîòîðîãî íàòóðàëüíîãî m
èìååì u0v0 = m2 è ukv0 = (−1)ku0vk ïðè k = 1, . . . , 2m, ãäå uk (vk)
� ýòî êîýôôèöèåíò ïðè (x− x0)k−1 ðÿäà Ëîðàíà ôóíêöèè u(x) (v(x)) ñ
öåíòðîì x0.
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The Laplace-Beltrami operator is one of the most important geometric
characteristics of a manifold. In the general case, its direct calculation
is an extremely difficult task, with the exception of some rare cases.

Keywords: mathematics, differential equations, spectral theory

One of such cases, as this article proves, is the class of Riemannian
manifolds. In this article we consider the Laplace-Beltrami operator over
a smooth Riemannian manifold with smooth compact boundary. During the
study, examples of constructing the Laplace-Beltrami operator are given.
Further we will consider the case of the Laplace-Beltrami operator (Laplacian)
de�ned on the set of real or complex functions of a compact Riemannian
manifold. The most important concept is symmetrical spaces. These spaces
are de�ned as pseudo-spaces. It is enough that the tensor of its curve is
invariant for the connected Riemannian manifolds to be symmetrical. For
a general Riemannian manifolds to be symmetric, each point must exist in
the form of isometry. Although Riemannian spaces were used in physics,
mathematics, and chemistry, their most important role was identi�ed in the
theory of homology.
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Àñèìïòîòè÷åñêîå ðàçëîæåíèå òåïëîâîãî ÿäðà ïðè ìàëûõ çíà÷å-
íèÿõ ñîáñòâåííîãî âðåìåíè ìîæåò áûòü çàïèñàíî â âèäå ðÿäà ñ
êîýôôèöèåíòàìè Ñèëè�äåÂèòòà [1-3]. Èñïîëüçóÿ ýòè êîýôôèöèåí-
òû, â ðàáîòå [4] ìû ñòðîèì ôóíêöèè ñïåöèàëüíîãî òèïà è èçó÷àåì
èõ ñâîéñòâà. Ðàññìàòðèâàþòñÿ íåêîòîðûå ïðèëîæåíèÿ ýòèõ ôóíê-
öèé. Â ÷àñòíîñòè, ìû ïîêàçûâàåì èõ ñâÿçü ñ ôóíäàìåíòàëüíûì
ðåøåíèåì îïåðàòîðà Ëàïëàñà â d-ìåðíîì ïðîñòðàíñòâå ïðè x ∼ y.
Êëþ÷åâûå ñëîâà: òåïëîâîå ÿäðî, îïåðàòîð Ëàïëàñà, êîýôôèöèåíò
Ñèëè�äåÂèòòà.

Combinations of Seeley-DeWitt coefficients
and their properties

The asymptotic expansion of the heat kernel at small values of proper
time can be written as a series with Seeley–DeWitt coefficients [1-3].
Using these coefficients, in the paper [4] we construct functions of a
special type and study their properties. Some applications of these
functions are considered. In particular, we show their relation to the
fundamental solution of the Laplace operator in d-dimensional space
at x ∼ y.

Keywords: heat kernel, Laplace operator, Seeley–DeWitt coefficient.

Ìû ðàññìàòðèâàåì îïåðàòîð A íà ãëàäêîì êîìïàêòíîì ðèìàíîâîì
ìíîãîîáðàçèèM áåç ãðàíèöû. Ëîêàëüíî â íåêîòîðîé îêðåñòíîñòè U ⊂M
òàêîé îïåðàòîð ìîæíî ïðåäñòàâèòü â âèäå

A(x) = −g−1/2(x)Dxµg
1/2(x)gµν(x)Dxν − v(x), (1)

ãäó x ∈ U , Dxµ � êîâàðèàíòíàÿ ïðîèçâîäíàÿ, v(x) � ãëàäêèé ïîòåíöèàë,
gµν(x) è g(x) � ìåòðè÷åñêèé òåíçîð è åãî îïðåäåëèòåëü. Ñïåêòð òàêîãî

Ðàáîòà âûïîëíåíà çà ñ÷åò ãðàíòà â ôîðìå ñóáñèäèé èç ôåäåðàëüíîãî áþäæåòà
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îïåðàòîðà ÿâëÿåòñÿ âåùåñòâåííûì, ñ÷åòíûì, è åäèíñòâåííîé òî÷êîé íà-
êîïëåíèÿ ìîæåò áûòü +∞. Äëÿ îïðåäåëåííîñòè ìû áóäåì ïðåäïîëàãàòü,
÷òî âñå ñîáñòâåííûå çíàÿåíèÿ ñòðîãî áîëüøå íóëÿ.

Äëÿ òàêîãî îïåðàòîðà ìîæíî ïîñòàâèòü çàäà÷ó äëÿ ïîèñêà òåïëîâîãî
ÿäðà. Äëÿ ôèêñèðîâàííîãî m2 > 0 îíà èìååò âèä{

(∂τ +A(x) +m2)K(x, y; τ) = 0;

K(x, y; 0) = g−1/2(x)δ(x− y), x, y ∈ U, τ > 0.
(2)

Çàìêíóòóþ ôîðìóëó äëÿ ðåøåíèÿ òàêîé çàäà÷è ìîæíî íàéòè ëèøü
â ðåäêèõ ñëó÷àÿõ. Îäíàêî, ìíîãèå âîïðîñû êâàíòîâîé òåîðèè ïîëÿ ïîç-
âîëÿþò îáîéòèñü íàëè÷èåì àñèìïòîòè÷åñêîãî ðåøåíèÿ ïðè τ → +0. Àí-
çàòö äëÿ òàêîãî ðåøåíèÿ èìååò âèä

K(x, y, τ) = (4πτ)−d/2∆1/2(x, y)e−σ(x,y)/2τ−τm2
+∞∑
k=0

τkak(x, y), (3)

ãäå ak(x, y) � êîýôôèöèåíòû Ñèëè�äåÂèòòà, σ(x, y) � ôóíêöè Ñèíäæà è
∆(x, y) � äåòåðìèíàíò Âàí-Âëåê�Ìîðåòòà.

Ðàññìîòðèì ñëåäóþùèé ðÿä

∆1/2
+∞∑
k=0

σk+α(bk + ln(σ)ck)ak, (4)

ãäå íàáîðû α, {bk}k>0 è {ck}k>0 ÿâëÿþòñÿ êîìïëåêñíûìè ÷èñëàìè. Îêà-
çûâàåòñÿ, ÷òî ïóòåì âûáîðà ÷èñëîâûõ êîýôôèöèåíòîâ ìîæíî ïîëó÷èòü
ñåìåéñòâà ôóíêöèé ñïåöèàëüíîãî âèäà, íà êîòîðûõ îïåðàòîð Ëàïëàñà
ïðåâðàùàåòñÿ â îïåðàòîð ñäâèãà. Áîëåå òîãî, òàêèå ôóíêöèè ïîçâîëÿþò
íàéòè ðàçëîæåíèÿ äëÿ ôóíäàìåíòàëüíîãî ðåøåíèÿ, òåïëîâîãî ÿäðà, à
òàêæå äëÿ íåêîòîðûõ äðóãèõ âàæíûõ ôèçè÷åñêèõ îáúåêòîâ.
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Ðàññìàòðèâàþòñÿ ðàçëè÷íûå àñïåêòû òåîðèè ðàññåÿíèÿ äëÿ ñè-
ñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ñ îñîáåííîñòüþ. Îñíîâíûå ðå-
çóëüòàòû ñâÿçàíû ñ âîïðîñàìè õàðàêòåðèçàöèè äàííûõ ðàññåÿíèÿ.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ, ñïåêòðàëüíàÿ òåî-
ðèÿ, îáðàòíûå çàäà÷è.

Characterization of scattering data for differential systems
with a singularity

We consider some aspects of scattering theory for differential systems
with a singularity. Main results concerns the problem of the charac-
terization of scattering data.

Keywords: differential equations, spectral theory, inverse problems.

Ïóñòü Ψ = Ψ(x, ρ) � ìàòðèöà, ñîñòàâëåííàÿ èç ðåøåíèé òèïà Âåéëÿ
[1] ñëåäóþùåé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

y′ = (ρB + x−1A+ q(x))y (1)

ñî ñïåêòðàëüíûì ïàðàìåòðîì ρ, ãäå A è B � ïîñòîÿííûå n × n, n > 2
ìàòðèöû, B = diag(b1, . . . , bn), b1, . . . , bn - ðàçëè÷íûå íåíóëåâûå êîì-
ïëåêñíûå ÷èñëà, ïðè÷åì íèêàêèå òðè èç íèõ íå ëåæàò íà îäíîé ïðÿìîé.

Îòíîñèòåëüíî ìàòðèö A è B ìû áóäåì ïðåäïîëàãàòü âûïîëíåííûìè
òå æå óñëîâèÿ, ÷òî â ðàáîòå [1]. Ïðåäïîëîæèì, êðîìå òîãî, ÷òî äèñêðåò-
íûé ñïåêòð îòñóòñòâóåò, èëè, áîëåå òî÷íî, ÷òî q(·) ∈ Gp0(S), p > 2 [1] äëÿ
ëþáîãî îòêðûòîãî ñåêòîðà S ∈ C \ Σ, ãäå:

Σ =
⋃

(k,j):j 6=k

{ρ : Re(ρbj) = Re(ρbk)} .

Ïðè âûïîëíåíèè óêàçàííûõ óñëîâèé â êàæäîé òî÷êå ρ ∈ Σ′ := Σ \ {0}
ñóùåñòâóþò ïðåäåëû Ψ±(x, ρ) = lim

ε→+0
Ψ(x, ρ ± iρε). Äàííûìè ðàññåÿíèÿ
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íàçîâåì ìàòðèöó-ôóíêöèþ v = v(ρ) òàêóþ, ÷òî Ψ+(x, ρ) = Ψ−(x, ρ)v(ρ)
ïðè ρ ∈ Σ′. Ðàññìîòðèì îáðàòíóþ çàäà÷ó ðàññåÿíèÿ, ñîñòîÿùóþ â âîññòà-
íîâëåíèè ïîòåíöèàëà q(·) ïî çàäàííûì äàííûì ðàññåÿíèÿ. Ñïðàâåäëèâà
ñëåäóþùàÿ òåîðåìà åäèíñòâåííîñòè.

Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî ïîòåíöèàëû q(·) è q̃(·) òàêîâû, ÷òî
ñîîòâåòñòâóþùèå èì äàííûå ðàññåÿíèÿ v(ρ) è ṽ(ρ) ñîâïàäàþò äëÿ âñåõ
ρ ∈ Σ′. Òîãäà q(x) = q̃(x) ï.â.

Ðåøåíèå îáðàòíîé çàäà÷è ðàññåÿíèÿ ìîæåò áûòü íàéäåíî ñ ïîìîùüþ
êîíñòðóêòèâíîé ïðîöåäóðû, öåíòðàëüíóþ ðîëü â êîòîðîé èãðàåò ðåøå-
íèå ïðè êàæäîì x ∈ (0,∞) íåêîòîðîãî ëèíåéíîãî óðàâíåíèÿ â ïðîñòðàí-
ñòâå L2(Σ).

Îñíîâíîå âíèìàíèå â äîêëàäå áóäåò óäåëåíî âîïðîñó õàðàêòåðèçàöèè
äàííûõ ðàññåÿíèÿ, ò.å., íàõîæäåíèÿ óñëîâèé, ïðè âûïîëíåíèè êîòîðûõ
çàäàííàÿ ìàòðèöà-ôóíêöèÿ v(·) ÿâëÿåòñÿ äàííûìè ðàññåÿíèÿ äëÿ íåêî-
òîðîé ñèñòåìû âèäà (1).

Ëèòåðàòóðà
1. Ignatiev M.Yu.OnWeyl-type Solutions of Di�erential Systems with a Singularity.

The Case of Discontinuous Potential // Mathematical Notes, 108:6 (2020), 814-
826.
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Â ðàáîòå ïîëó÷åíà ôîðìóëà ðåãóëÿðèçîâàííîãî ñëåäà îïåðàòîðà
T0 +V , ãäå Lγ � îïåðàòîð Øòóðìà�Ëèóâèëëÿ íà ãëàäêîé êðèâîé γ
ñ ïîòåíöèàëîì q, èìåþùèì ïîëþñà âíóòðè õîðäû, ñòÿãèâàþùåé γ,
V � îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ V, ãîëîìîðôíóþ â íåêîòî-
ðîé îêðåñòíîñòè êðèâîé γ, ñîäåðæàùåé õîðäó. Ïîêàçàíî, ÷òî åñëè
q óäîâëåòâîðÿåò óñëîâèþ òðèâèàëüíîé ìîíîäðîìèè îêîëî êàæäî-
ãî ñâîåãî ïîëþñà, òî ôîðìóëà ðåãóëÿðèçîâàííîãî ñëåäà â òî÷íîñòè
ñîâïàäàåò ñ ôîðìóëîé Ãåëüôàíäà�Ëåâèòàíà�Äèêîãî äëÿ ðåãóëÿðè-
çîâàííîãî ñëåäà êëàññè÷åñêîãî îïåðàòîðà Øòóðìà�Ëèóâèëëÿ íà
îòðåçêå ñ êâàäðàòè÷íî ñóììèðóåìûì ïîòåíöèàëîì q, ðÿä Ôóðüå
êîòîðîãî ñõîäèòñÿ íà êîíöàõ îòðåçêà.

Êëþ÷åâûå ñëîâà: ñïåêòð, îïåðàòîð Øòóðìà�Ëèóâèëëÿ, áåçìîíî-
äðîìíûå ïîòåíöèàëû, ðåãóëÿðèçîâàííûå ñëåäû.

Regularized trace of the Sturm–Liouville operator on a
curve with regular singular points on the chord

In this paper, we obtained a formula for the regularized trace of the op-
erator Lγ +V , where Lγ is the Sturm–Liouville operator on a smooth
curve γ with potential q having poles inside the chord contracting γ,
V is the operator of multiplication by a function V, which is holomor-
phic in some neighborhood of the curve γ containing a chord. We have
shown that if q satisfies the trivial monodromy condition near each of
its poles, then the regularized trace formula exactly coincides with the
Gelfand–Levitan–Dikii formula for the regularized trace of the classi-
cal Sturm–Liouville operator on an interval with a square-summable
potential q, whose Fourier series converges at the ends of the segment.

Keywords: spectrum, Sturm–Liouville operator, monodromy-free po-
tentials, regularized traces.

Ðàáîòà âûïîëíåíà â ðàìêàõ ðåàëèçàöèè ïðîãðàììû ðàçâèòèÿ Íàó÷íî-
îáðàçîâàòåëüíîãî ìàòåìàòè÷åñêîãî öåíòðà Ïðèâîëæñêîãî ôåäåðàëüíîãî îêðóãà, äîï.
ñîãë. � 075-02-2020-1421/1 ê ñîãë. � 075-02-2020-1421.

Èøêèí Õàáèð Êàáèðîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÁàøÃÓ (Óôà, Ðîññèÿ); Khabir
Ishkin (Bashkir State University, Ufa, Russia)
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Ïóñòü γ � íåêîòîðàÿ êðèâàÿ íà êîìïëåêñíîé ïëîñêîñòè ñ ïàðàìåòðè-
çàöèåé z = x+ig(x), x ∈ [0, 1], ãäå g � êóñî÷íî-ãëàäêàÿ ôóíêöèÿ íà [0, 1]
è g(0) = g(1) = 0.

Ïóñòü q ∈ L1(γ). Îïåðàòîð Lγ , äåéñòâóþùèé â ïðîñòðàíñòâå L2 (γ)
ïî ïðàâèëó Lγy = −y′′ + qy, D (Lγ) = {y ∈ L2(γ) : y′ ∈ AC (γ) ,−y′′ +
qy ∈ L2(γ), y(0) = y(1) = 0}, áóäåì íàçûâàòü îïåðàòîðîì Øòóðìà�
Ëèóâèëëÿ íà êðèâîé γ. Lγ � çàìêíóò, ïëîòíî îïðåäåëåí è èìååò êîì-
ïàêòíóþ ðåçîëüâåíòó [1]. Åñëè q ∈ L2(γ), òî Q � îïåðàòîð óìíîæåíèÿ íà
ôóíêöèþ q � îïðåäåëåí íà âñåì L2(γ) è îãðàíè÷åí. Â ýòîì ñëó÷àå îïå-
ðàòîð Lγ = Tγ+Q ÿâëÿåòñÿ îãðàíè÷åííûì âîçìóùåíèåì Tγ � îïåðàòîðà
Øòóðìà�Ëèóâèëëÿ ñ íóëåâûì ïîòåíöèàëîì, ñïåêòð êîòîðîãî ñîñòîèò èç
ïðîñòûõ ñîáñòâåííûõ ÷èñåë λ0

n = (πn)2, n = 1, 2, . . . . Åñëè γ 6= [0, 1], òî
ñïåêòð Lγ ìîæåò ñèëüíî îòëè÷àòüñÿ îò ñïåêòðà Tγ , äàæå ïðè áåñêîíå÷íî
ãëàäêèõ q [1, 2]. Ïîýòîìó åñòåñòâåííî îæèäàòü, ÷òî êëàññ âîçìóùåíèé,
ïðè êîòîðûõ

λn ∼ (πn)2, n→∞, (1)

âåñüìà óçîê. Â ðàáîòå [3, òåîðåìà 2] â ñëó÷àå, êîãäà ôóíêöèÿ g âûïóêëà
âíèç, áûëî ïîëó÷åíî ïîëíîå îïèñàíèå ýòîãî êëàññà. Ýòîìó êëàññó ïðè-
íàäëåæèò, íàïðèìåð, ôóíêöèÿ

q(z) =

N∑
n=1

kn(kn − 1)

(z − an)2
+ V (z), (2)

ãäå a1, . . . , aN ∈ Ω, k1, . . . , kN ∈ N, Ω � îáëàñòü, îãðàíè÷åííàÿ êðèâîé γ è
[0, 1], ôóíêöèÿ V ïðèíàäëåæèò ïðîñòðàíñòâó Ñìèðíîâà E1(Ω) è òàêîâà,
÷òî â êàæäîé òî÷êå an ôóíêöèÿ (1) óäîâëåòâîðÿåò óñëîâèþ òðèâèàëüíîé
ìîíîäðîìèè

q(z) =
k(k + 1)

(z − an)2
+

k∑
j=0

cj(z − an)2j +O
(
(z − an)2k+1

)
. (3)

Åñëè ôóíêöèÿ W (x) := lim
ε→+0

V (x − iε) äîñòàòî÷íî ãëàäêàÿ, òî ôîðìó-

ëó (1) ìîæíî óòî÷íèòü. Â ÷àñòíîñòè, åñëè W ∈ C(2)[0, 1], òî

λn = (πn)2 + c0 +O
(
n−2

)
, c0 =

∫
γ

q(z)dz. (4)

Â ñâÿçè ñî ñêàçàííûì âîçíèêàåò âîïðîñ: Êàêîé âèä áóäåò èìåòü ôîð-
ìóëà (1), åñëè îòêàçàòüñÿ îò óñëîâèÿ ñóììèðóåìîñòè ôóíêöèè q íà
(0, 1)? Åñëè q èìååò íåèíòåãðèðóåìûå îñîáåííîñòè â èíòåðâàëå (0, 1),
òî êàêîâ èõ âêëàä â ôîðìóëó (4)?
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Ìû ðàññìîòðèì áîëåå îáùóþ ñèòóàöèþ, êîãäà ôóíêöèÿ g íåîáÿçà-
òåëüíî âûïóêëà. Ïóñòü D � îáëàñòü, â êîòîðîé êðèâàÿ γ ãîìîòîïíà [0, 1]
è ïóñòü ôóíêöèÿ q èìååò âèä (2), ãäå ôóíêöèÿ V ãîëîìîðôíà â D, ÷àñòü
òî÷åê a1, . . . , aN ëåæàò â (0, 1), îñòàëüíûå � â D\γ. Êðîìå òîãî, áóäåì
ñ÷èòàòü, ÷òî â òåõ òî÷êàõ an, êîòîðûå ëåæàò âíå (0, 1), óñëîâèå (3) âû-
ïîëíåíî. Îáîçíà÷èì ÷åðåç A ìíîæåñòâî âñåõ ïîëþñîâ q, ÷åðåç A1 � òåõ,
êîòîðûå ëåæàò â (0, 1), è ÷åðåç A2 � ìíîæåñòâî îñòàëüíûõ an. Ïóñòü γ
� êóñî÷íî-ãëàäêàÿ êðèâàÿ, ëåæàùàÿ â D\A, ñîåäèíÿþùàÿ òî÷êè 0 è 1.
Áóäåì ãîâîðèòü, ÷òî êðèâàÿ γ ýêâèâàëåíòíà êðèâîé γ̃, åñëè γ̃ òàêæå ëå-
æèò â D\A è ãîìîòîïíà γ â îáëàñòè D\A1. Ïî ïðåäïîëîæåíèþ âñå òî÷êè
èç A2 óäîâëåòâîðÿþò óñëîâèþ òðèâèàëüíîé ìîíîäðîìèè. Ïîýòîìó äëÿ
ëþáûõ ýêâèâàëåíòíûõ êðèâûõ γ è γ̃ ñïåêòðû îïåðàòîðîâ Lγ è Lγ̃ ñîâ-
ïàäàþò. Ñëåäîâàòåëüíî, áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî
âñå ïîëþñû q ëåæàò â èíòåðâàëå (0, 1), à êðèâàÿ γ ÿâëÿåòñÿ ãðàôèêîì
ãëàäêîé ôóíêöèè.

Â ðàáîòå [4] ïîêàçàíî, ÷òî â ñëó÷àå, êîãäà N = 1 è V = 0, èìååò ìåñòî
ôîðìóëà (2) òàê, ÷òî∑

n=1

(
λn − (πn)2 − c0

)
=
c0
2
− q(0) + q(1)

4
. (5)

Ýòî ðàâåíñòâî â òî÷íîñòè ñîâïàäàåò ñ ôîðìóëîé Ãåëüôàíäà�Ëåâèòàíà�
Äèêîãî äëÿ ðåãóëÿðèçîâàííîãî ñëåäà êëàññè÷åñêîãî îïåðàòîðàØòóðìà�
Ëèóâèëëÿ íà îòðåçêå ñ êâàäðàòè÷íî ñóììèðóåìûì ïîòåíöèàëîì q, ðÿä
Ôóðüå êîòîðîãî ñõîäèòñÿ íà êîíöàõ îòðåçêà.

Ñïðàâåäëèâà
Òåîðåìà 1. Ïóñòü ôóíêöèÿ q èìååò âèä (2), ãäå 0 < a1 < · · · <

aN < 1, k1, . . . , kN ∈ N, ôóíêöèÿ V ãîëîìîðôíà â íåêîòîðîé îáëàñòè D,
ñîäåðæàùåé îòðåçîê [0, 1]. Òîãäà ïðè ëþáîé ãëàäêîé êðèâîé γ, ëåæàùåé
â D, ñîåäèíÿþùåé òî÷êè 0 è 1 è íå ïðîõîäÿùåé ÷åðåç òî÷êè a1, . . . , aN ,
ñîáñòâåííûå ÷èñëà îïåðàòîðà Lγ óäîâëåòâîðÿþò ðàâåíñòâó (4) òàê,
÷òî ñïðàâåäëèâà ôîðìóëà (5).
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Â ðàáîòå ïðèâîäÿòñÿ îñíîâíûå ïîëîæåíèÿ íîâîãî ìåòîäà íàõîæ-
äåíèÿ ñîáñòâåííûõ ôóíêöèé âîçìóùåííûõ äèñêðåòíûõ ïîëóîãðà-
íè÷åííûõ îïåðàòîðîâ, çàäàííûõ íà êîìïàêòíûõ ãðàôàõ.

Êëþ÷åâûå ñëîâà: ñîáñòâåííûå ôóíêöèè, âîçìóùåííûå îïåðàòîðû,
êîìïàêòíûå ãðàôû, áàçèñ ýíåðãåòè÷åñêîãî ïðîñòðàíñòâà.

Development of a new method for finding eigenfunctions of
perturbed discrete operators given on compact graphs

The paper presents the main provisions of a new method for finding
eigenfunctions of perturbed discrete semi-bounded operators given on
compact graphs.

Keywords: eigenfunctions, perturbed operators, compact graphs, basis
of the energetic space.

Ðàíåå áûëî äàíî îïèñàíèå ìåòîäà íàõîæäåíèÿ ñîáñòâåííûõ ôóíêöèé
âîçìóùåííûõ ñàìîñîïðÿæåííûõ îïåðàòîðîâ, ìåòîä áûë ïðèìåíåí ïðè
ìîäåëèðîâàíèè íåêîòîðûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè [1-3]. Â ðàáî-
òå ïðåäñòàâëåíî äàëüíåéøåå ðàçâèòèå ìåòîäà, â ïðèìåíåíèè ê çàäà÷àì,
çàäàííûì íà êîìïàêòíûõ ãðàôàõ.

Ïóñòü äàí êîíå÷íûé ñâÿçàííûé îðèåíòèðîâàííûé êîìïàêòíûé ãðàô
G ñ ìíîæåñòâîì âåðøèí {Vi}i0i=1 è ìíîæåñòâîì ðåáåð {Ej}j0j=1, i0, j0 ∈ N.
Íà ðåáðàõ ãðàôà çàäàäèì îïåðàòîð L = {Tj + Pj}j0j=1, äåéñòâóþùèé â
ãèëüáåðòîâîì ïðîñòðàíñòâå H = {g = (g1, ..., gj0), gj ∈ L2(0, lj), j =

1, j0}. Çäåñü T = {Tj}j0j=1 � íàáîð äèñêðåòíûõ ïîëóîãðàíè÷åííûõ, à

P = {Pj}j0j=1 � íàáîð îãðàíè÷åííûõ îïåðàòîðîâ. Íà ãðàôå G ðàññìîòðèì
êðàåâóþ çàäà÷ó

(Tj + Pj)uj = µuj , uj = uj(xj), xj ∈ (0, lj), j = 1, j0, (1)

Êàêóøêèí Ñåðãåé Íèêîëàåâè÷, ê.ô.-ì.í., çàâ. ñåêòîðîì ÈÒèÑÎ, Àäìèíèñòðàöèÿ
ÌÐ Áåëîðåöêèé ðàéîí ÐÁ (Áåëîðåöê, Ðîññèÿ); Sergey Kakushkin (Administration of
the municipal district Beloretskiy district of the Republic of Bashkortostan, Beloretsk,
Russia)
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∑
Ek∈Eα(Vs)

dk
duk
dxk

∣∣∣
xk=0

−
∑

Em∈Eω(Vs)

dm
dum
dxm

∣∣∣
xm=lm

= 0, (2)

ui(0) = uk(0) = um(lm) = uh(lh),
Ei, Ek ∈ Eα(Vs), Em, Eh ∈ Eω(Vs), ∀s ∈ N. (3)

×åðåç Eα(Vs) îáîçíà÷åíî ìíîæåñòâî äóã ñ íà÷àëîì â âåðøèíå Vs, à ÷åðåç
Eω(Vs) � ìíîæåñòâî äóã ñ êîíöîì â âåðøèíå Vs.

Ïðèáëèæåííîå ðåøåíèå u(n) ∈ H çàäà÷è (1) � (3) áóäåì èñêàòü â
âèäå

u(n) =

n∑
k=1

akvk, (4)

ò.å. (4) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ L(n)u(n) = µu(n) ïðè âûïîëíåíèè
óñëîâèé, àíàëîãè÷íûõ óñëîâèÿì (2) è (3) äëÿ u(n). Çäåñü ak � íåèçâåñò-

íûå ïîêà ÷èñëîâûå êîýôôèöèåíòû, à âåêòîð-ôóíêöèè vk = (v
(k)
1 , ..., v

(k)
j0

),

k = 1, n, îáðàçóþò ñ÷åòíûé áàçèñ â ïðîñòðàíñòâå H. ×åðåç HL îáîçíà÷èì
ïðîñòðàíñòâî H ñ ýíåðãåòè÷åñêîé íîðìîé ‖vk‖L = (Lvk,vk)1/2.

Íåñëîæíî ïîêàçàòü íåðàâåíñòâî:
c

λk
‖vk‖2T ≤ ‖vk‖2L ≤ (1 +

‖P‖
λk

) ·

‖vk‖2T , ãäå c � íèæíÿÿ ãðàíü îïåðàòîðà L, êîòîðîå äîêàçûâàåò ñëåäóþ-
ùóþ òåîðåìó [4].

Òåîðåìà 1. Åñëè L � ïîëóîãðàíè÷åííûé ñíèçó îïåðàòîð, äåéñòâóþ-
ùèé â ãèëüáåðòîâîì ïðîñòðàíñòâå H, òî ðåøåíèÿ çàäà÷è, ñîñòîÿùåé

èç óðàâíåíèé Tjv
(k)
j = λkv

(k)
j è óñëîâèé (2) è (3), çàïèñàííûõ äëÿ ôóíê-

öèé v
(k)
j , j = 1, j0, k = 1, n, îáðàçóþò áàçèñ â ýíåðãåòè÷åñêîì ïðîñòðàí-

ñòâå HL.

Ñïðàâåäëèâî íåðàâåíñòâî:
∥∥∥(L−L(n))u

∥∥∥ ≤ (C+ r0(n))‖u‖, ãäå ‖P‖ ≤
C, r0(n) = inf

ζ∈ρn(T )
|ζ|, ρn(T ) � ðåçîëüâåíòíîå ìíîæåñòâî îïåðàòîðà T ,

èç êîòîðîãî ñëåäóåò, ÷òî êîëè÷åñòâî ÷ëåíîâ ðÿäà (4) ïðîïîðöèîíàëüíî
êîëè÷åñòâó ñîáñòâåííûõ ÷èñåë λk îïåðàòîðà T , âçÿòûõ âíóòðè îêðóæ-
íîñòè, ðàäèóñà |λn+1 + λn|/2, à òàêæå, ÷òî ñïðàâåäëèâà òåîðåìà 2.

Òåîðåìà 2. Ïóñòü T � äèñêðåòíûé ïîëóîãðàíè÷åííûé îïåðàòîð, P
� îãðàíè÷åííûé îïåðàòîð, çàäàííûå â ãèëüáåðòîâîì ïðîñòðàíñòâå H,
à îðòîíîðìèðîâàííûå âåêòîð-ôóíêöèè {vk} îáðàçóþò ñ÷åòíûé áàçèñ
â HL. Òîãäà ïðèáëèæåííîå ðåøåíèå (4) çàäà÷è (1) � (3) ñõîäèòñÿ ê
òî÷íîìó .

Ïðè âûïîëíåíèè óñëîâèé òåîðåì 1 è 2 êîýôôèöèåíòû ak ðåøåíèÿ (4)
ìîæíî íàéòè ñëåäóÿ îáùåé ñõåìå áîëüøèíñòâà ìåòîäîâ îðòîãîíàëüíûõ
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ïðîåêöèé: â âèäå ðåøåíèÿ îäíîðîäíîé ñèñòåìû ëèíåéíûõ àëãåáðàè÷å-

ñêèõ óðàâíåíèé
n∑
k=1

ak{(λk−µ)δkm+Vkm} = 0, ãäå δkm � ñèìâîë Êðîíåêå-

ðà, Vkm = (Pvk,vm), k,m = 1, n. Â ñåðèè ðàáîò Êàä÷åíêî Ñ.È. äîêàçàíî,
÷òî µk = λk + Vkk + δ(k), ãäå δ(k) � ïîãðåøíîñòü âû÷èñëåíèÿ, èìåþùàÿ,
âîîáùå ãîâîðÿ, äîñòàòî÷íî ìàëîå ïî àáñîëþòíîé âåëè÷èíå çíà÷åíèå (ñì.,
íàïð., [5]). Ó÷èòûâàÿ ýòî, ëåãêî çàìåòèòü, ÷òî ïðè íàõîæäåíèè âåêòîð-
ôóíêöèè uk(n), ñîîòâåòñòâóþùåé ñîáñòâåííîìó ÷èñëó µk, k-ûé ýëåìåíò
ãëàâíîé äèàãîíàëè ñèñòåìû áóäåò áëèçîê ê íóëþ, ìàòðèöà îäíîðîäíîé
ñèñòåìû ñòàíåò ïëîõî îáóñëîâëåííîé è ðåøèòü ñèñòåìó èçâåñòíûìè ìå-
òîäàìè áóäåò âåñüìà ïðîáëåìàòè÷íî. Óäîáíî èñïîëüçîâàòü ñëåäóþùèé
ïðèåì, ïîêàçàâøèé ñâîþ ñòàáèëüíóþ ðàáîòó â áîëüøîì êîëè÷åñòâå âû-
÷èñëèòåëüíûõ ýêñïåðèìåíòîâ. Íåîáõîäèìî îòáðîñèòü k-óþ ñòðîêó ñèñòå-
ìû óðàâíåíèé, à ýëåìåíòû k-îãî ñòîëáöó, ïåðåíåñòè â ïðàâóþ ÷àñòü ñè-
ñòåìû ñ ïðîòèâîïîëîæíûì çíàêîì. Ðåøèòü ïîëó÷åííóþ íåîäíîðîäíóþ
ñèñòåìó óðàâíåíèé îòíîñèòåëüíî êîýôôèöèåíòîâ aj , j 6= k, j = 1, n, à

êîýôôèöèåíò ak âîññòàíîâèòü èç óñëîâèÿ íîðìèðîâêè: ak =

√√√√1−
n∑
l=1
l 6=k

a2
l .

Íà îñíîâå èñïîëüçóåìîãî â ðàáîòå ìàòåðèàëà áûëè íàïèñàíû ïàêåòû
ïðîãðàììû ðåøåíèÿ çàäà÷è (1) � (3), çàäàííîé íà äâóõ- è òðåõðåáåð-
íûõ ãðàôàõ, ãäå â êà÷åñòâå íåâîçìóùåííîãî îïåðàòîðà áðàëñÿ îïåðàòîð
Ëàïëàñà ñ ðàçëè÷íûìè âîçìóùàþùèìè îïåðàòîðàìè. Ïðè ïîäñòàíîâêå
ïîëó÷åííûõ ïðèáëèæåííûõ ðåøåíèé â ðàâåíñòâà (1), (2) è (3), ïðîâå-
äåííûå âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïîêàçàëè âûñîêóþ òî÷íîñòü è
ñòàáèëüíîñòü ðàáîòû îïèñàííîãî àëãîðèòìà.

Ëèòåðàòóðà
1. Êàêóøêèí, Ñ. Í. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ñïåêòðàëüíîé çàäà÷è

îá ýëåêòðè÷åñêèõ êîëåáàíèÿõ â ïðîòÿæåííîé ëèíèè ìåòîäîì ðåãóëÿðèçîâàí-
íûõ ñëåäîâ / Ñ. Í. Êàêóøêèí // ÂåñòíèêÞæíî-Óðàëüñêîãî ãîñóäàðñòâåííîãî
óíèâåðñèòåòà. Ñåðèÿ: Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è ïðîãðàììèðîâàíèå. -
2013. - Ò. 6. - � 3. - Ñ. 125-129.

2.Kakushkin, S. N.The Calculation of Values of Eigenfunctions of the Perturbed
Self-Adjoint Operators by Regularized Traces Method / S. N. Kakushkin, S. I.
Kadchenko // Journal of Computational and Engineering Mathematics. - 2015. -
Vol. 2. - No 4. - P. 48-60. - DOI 10.14529/jcem150405.

3. Êàä÷åíêî, Ñ. È. Íàõîæäåíèå çíà÷åíèé ïåðâûõ ñîáñòâåííûõ ôóíêöèé
âîçìóùåííûõ äèñêðåòíûõ îïåðàòîðîâ ñ ïðîñòûì ñïåêòðîì / Ñ. È. Êàä÷åíêî,
Í. Ê. Êàêóøêèí // Âåñòíèê Þæíî-Óðàëüñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòå-
òà. Ñåðèÿ: Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è ïðîãðàììèðîâàíèå. - 2012. - �
5(264). - Ñ. 25-32.

4. Kadchenko, S. I. Spectral Problems on Compact Graphs / S. I. Kadchenko,

46



S. N. Kakushkin, G. A. Zakirova // Bulletin of the South Ural State University.
Series: Mathematical Modelling, Programming and Computer Software. - 2017. -
Vol. 10. - No 3. - P. 156-162. - DOI 10.14529/mmp170314.

5.Êàä÷åíêî, Ñ. È.×èñëåííûå ìåòîäû ðåãóëÿðèçîâàííûõ ñëåäîâ ñïåêòðàëü-
íîãî àíàëèçà / Ñ. È. Êàä÷åíêî, Ñ. Í. Êàêóøêèí. - ×åëÿáèíñê : Èçäàòåëüñêèé
öåíòð ÞÓðÃÓ, 2015. - 206 ñ. - ISBN 9785696047508.

47



ÕÀÐÀÊÒÅÐÈÇÀÖÈß ÑÏÅÊÒÐÀ ÎÏÅÐÀÒÎÐÀ
ØÒÓÐÌÀ�ËÈÓÂÈËËß Ñ ÇÀÌÎÐÎÆÅÍÍÛÌ

ÀÐÃÓÌÅÍÒÎÌ
@ Ì.À. Êóçíåöîâà

kuznetsovama@info.sgu.ru

ÓÄÊ 517.984.5

DOI: 10.33184/mnkuomsh1t-2021-10-06.18.

Â ðàáîòå ïîëó÷åíû àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ñïåêòðà îïåðà-
òîðà Øòóðìà�Ëèóâèëëÿ ñ çàìîðîæåííûì àðãóìåíòîì. Ýòè ôîð-
ìóëû ïðåäñòàâëÿþò ñîáîé ïîëíîå îïèñàíèå êëàññà ïîñëåäîâàòåëü-
íîñòåé, ÿâëÿþùèõñÿ ñïåêòðàìè ðàññìîòðåííûõ îïåðàòîðîâ.

Êëþ÷åâûå ñëîâà: îáðàòíûå ñïåêòðàëüíûå çàäà÷è, çàìîðîæåííûé
àðãóìåíò, îïåðàòîð Øòóðìà�Ëèóâèëëÿ, íåîáõîäèìûå è äîñòàòî÷-
íûå óñëîâèÿ.

Characterizing the spectrum of the Sturm–Liouville
operator with frozen argument

In this work, asymptotic formulae are obtained for the spectrum of
the Sturm–Liouville operator with frozen argument. These formulae
completely characterize the class of sequences being spectra of the
considered operators.

Keywords: inverse spectral problems, frozen argument, Sturm–Liouville
operators, necessary and sufficient conditions.

Ðàññìîòðèì êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ Øòóðìà�Ëèóâèëëÿ ñ çà-
ìîðîæåííûì àðãóìåíòîì:

−y′′(x) + q(x)y(a) = λy(x), x ∈ (0, π), (1)

y(α)(0) = y(β)(π) = 0, (2)

ãäå q ∈ L2(0, π), è ÷èñëà α, β ∈ {0, 1}, a ∈ [0, π] ôèêñèðîâàíû.
Ïóñòü ôóíêöèè S(x, λ) è C(x, λ) ÿâëÿþòñÿ ðåøåíèÿìè óðàâíåíèÿ (1)

ïðè íà÷àëüíûõ óñëîâèÿõ

S(a, λ) = 0, S′(a, λ) = 1, C(a, λ) = 1, C ′(a, λ) = 0.

Òîãäà ñîáñòâåííûå çíà÷åíèÿ êðàåâîé çàäà÷è (1)�(2) âû÷èñëÿþòñÿ êàê
íóëè õàðàêòåðèñòè÷åñêîé ôóíêöèè

∆(λ) =

∣∣∣∣ C(α)(0, λ) C(β)(π, λ)
S(α)(0, λ) S(β)(π, λ)

∣∣∣∣ .
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 20-31-70005).
Êóçíåöîâà Ìàðèÿ Àíäðååâíà, àñïèðàíò, ÑÃÓ (Ñàðàòîâ, Ðîññèÿ); Maria

Kuznetsova (PhD student, Saratov State University, Saratov, Russia)
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Ñïåêòðîì êðàåâîé çàäà÷è (1)�(2) íàçûâàåòñÿ ïîñëåäîâàòåëüíîñòü ñîá-
ñòâåííûõ çíà÷åíèé {λn}n∈N, âçÿòûõ ñ ó÷åòîì àëãåáðàè÷åñêîé êðàòíîñòè.

Îáðàòíàÿ çàäà÷à 1. Ïî ñïåêòðó {λn}n∈N è ÷èñëàì α, β âîññòàíî-
âèòü ïîòåíöèàë q.

Îáðàòíàÿ çàäà÷à 1 èçó÷àëàñü â ðàáîòàõ [1�4]. Â ñëó÷àå a/π ∈ Q áû-
ëî ïîëó÷åíî åå ïîëíîå ðåøåíèå, âêëþ÷àþùåå â ñåáÿ õàðàêòåðèçàöèþ
ñïåêòðà ñ ïîìîùüþ àñèìïòîòè÷åñêèõ ôîðìóë (ñì. [1]). Íåïîëíûå ðå-
çóëüòàòû äëÿ ñëó÷àÿ a/π /∈ Q áûëè ïîëó÷åíû â [2]. Ìåòîäû, èñïîëüçî-
âàííûå â ýòèõ ðàáîòàõ, íå ïîçâîëÿþò ïîëó÷èòü õàðàêòåðèçàöèþ ñïåêòðà
â èððàöèîíàëüíîì ñëó÷àå. Â íàñòîÿùåé ðàáîòå ïðåäëîæåí åäèíûé ïîä-
õîä èññëåäîâàíèÿ äâóõ ñëó÷àåâ è äîïîëíåíû èçâåñòíûå ðåçóëüòàòû äëÿ
a/π /∈ Q.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

ϕν(x) =

{
sinx, ν = 0,
cosx, ν = 1,

zn = n− α+ β

2
, n ∈ N, λ = ρ2.

Èñïîëüçóåì ñëåäóþùóþ ôîðìóëó (ñì. [2]):

∆(λ) = (−1)α(1−β)ϕ|β−α|(πρ)

ρ1−α−β +

+(−1)α

(
ϕβ((π − a)ρ)

ρ2−α−β

∫ a

0

q(t)ϕα(tρ) dt+
ϕα(aρ)

ρ2−α−β

∫ π

a

q(t)ϕβ((π−t)ρ) dt

)
.

Ïðèìåíÿÿ òåîðåìó Ðóøå è ðàçëîæåíèÿ òðèãîíîìåòðè÷åñêèõ ôóíêöèé â
îêðåñòíîñòè 0, ìîæíî ïîëó÷èòü ñëåäóþùèå àñèìïòîòè÷åñêèå ôîðìóëû:

λn = z2
n + κnϕα(azn), n ∈ N, {κn}n∈N ∈ l2. (3)

Òåîðåìà 1. Ïîñëåäîâàòåëüíîñòü {λn}n∈N ÿâëÿåòñÿ ñïåêòðîì êðà-
åâîé çàäà÷è (1)�(2) òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíû àñèìïòî-
òè÷åñêèå ôîðìóëû (3).

Ñõåìà äîêàçàòåëüñòâà äîñòàòî÷íîñòè. 1) Ñòðîèì ôóíêöèþ

Π(λ) = (−1)απδ(α,β)
∞∏
k=1

λk − λ
ξk

, ξk :=

{
ξk = z2

k, k ≥ 2 èëè α+ β < 2;
ξk = 1, k = 1 è α = β = 1.

2) Ñ ïîìîùüþ [1, ëåììà 6] è ëåììû Øâàðöà äîêàæåì, ÷òî

{z2−α−β
n Π(z2

n)/ϕα(azn)}n∈N\Ω ∈ l2,

ãäå Ω = {k ∈ N : ϕα(azk) = 0}.
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3) Ñóùåñòâóåò ôóíêöèÿ q ∈ L2(0, π), êîýôôèöèåíòû êîòîðîé ïî áà-
çèñó {ϕα(tzn)}n∈N óäîâëåòâîðÿþò ðàâåíñòâàì∫ π

0

q(t)ϕα(tzn) dt =
(−1)n+1−αΠ(z2

n)

ϕα(zna)
z2−α−β
n , n ∈ N \ Ω.

4) Ïóñòü ∆(λ) � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ êðàåâîé çàäà÷è (1)�(2)
ñ ïîñòðîåííûì q. Òîãäà ôóíêöèÿ F (λ) = ρ1−α−β(∆(λ)−Π(λ))/ϕ|α−β|(πρ)
öåëàÿ ïî λ, è ñïðàâåäëèâû îöåíêè F (λ) = o(1). Ïî òåîðåìå Ëèóâèëëÿ
F (λ) ≡ 0, òî åñòü Π(λ) ≡ ∆(λ).
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Èçó÷àåòñÿ îáðàòíàÿ çàäà÷à äëÿ íåñàìîñîïðÿæåííîãî îïåðàòîðà
Äèðàêà ñ êâàçèïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè. Óñòàíàâëè-
âàþòñÿ íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ, êîòîðûì äîëæíà óäî-
âëåòâîðÿòü öåëàÿ ôóíêöèÿ, ÷òîáû ÿâëÿòüñÿ õàðàêòåðèñòè÷åñêèì
îïðåäåëèòåëåì óêàçàííîãî îïåðàòîðà, à òàêæå íåîáõîäèìûå è äî-
ñòàòî÷íûå óñëîâèÿ òîãî, ÷òîáû ìíîæåñòâî êîìïëåêñíûõ ÷èñåë ÿâ-
ëÿëîñü ñïåêòðîì ðàññìàòðèâàåìîé êðàåâîé çàäà÷è.

Êëþ÷åâûå ñëîâà: îïåðàòîð Äèðàêà, îáðàòíàÿ çàäà÷à, ñïåêòð, êâà-
çèïåðèîäè÷åñêèå êðàåâûå óñëîâèÿ.

Chararterization of spectrum of quasi-periodic problem
generated by non-self-adjoint Dirac’s operator

We study the inverse problem for a non-self-adjoint Dirac operator
with quasi-periodic boundary conditions. Necessary and sufficient
conditions are established that an entire function must satisfy in order
to be the characteristic determinant of the indicated operator, as well
as necessary and sufficient conditions for a set of complex numbers to
be the spectrum of the considered boundary value problem.

Keywords: Dirac operator, inverse problem, spectrum, quasi-periodic
boundary conditions.

Â íàñòîÿùåé ðàáîòå ìû èçó÷àåì îáðàòíóþ ñïåêòðàëüíóþ çàäà÷ó äëÿ
ñèñòåìû Äèðàêà

By′ + V y = λy, (1)

ãäå y = col(y1(x), y2(x)),

B =

(
0 1
−1 0

)
, V (x) =

(
p(x) q(x)
q(x) −p(x)

)
,

êîìïëåêñíîçíà÷íûå ôóíêöèè p, q ∈ L2(0, π), ñ êâàçèïåðèîäè÷åñêèìè êðà-
åâûìè óñëîâèÿìè

y(0) = eity(π), (2)
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ãäå t ∈ C, t 6= πk, k ∈ Z .
Îáîçíà÷èì ÷åðåç

E(x, λ) =

(
c1(x, λ) −s2(x, λ)
s1(x, λ) c2(x, λ)

)
ìàòðèöó ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé óðàâíåíèÿ (1) ñ êðàåâûìè
óñëîâèÿìè E(0, λ) = I, ãäå I åäèíè÷íàÿ ìàòðèöà. Ìàòðèöà E(π, λ) íà-
çûâàåòñÿ ìàòðèöåé ìîíîäðîìèè îïåðàòîðà (1). Äëÿ åå ýëåìåíòîâ ââåäåì
îáîçíà÷åíèÿ cj(λ) = cj(π, λ), sj(λ) = sj(π, λ), j = 1, 2. Îáîçíà÷èì òàê-
æå ÷åðåç PWσ êëàññ öåëûõ ôóíêöèé f(z) ýêñïîíåíöèàëüíîãî òèïà, íå
ïðåâîñõîäÿùåãî σ, òàêèõ ÷òî ‖f‖L2(R) <∞.

Õîðîøî èçâåñòíî, ÷òî õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ∆(λ) çàäà÷è
(1), (2) ìîæåò áûòü ïðèâåäåí ê âèäó

∆(λ) = − cos t+
c1(λ) + c2(λ)

2
,

à ñîáñòâåííûå çíà÷åíèÿ îïðåäåëÿþòñÿ àñèìïòîòè÷åñêèì ôîðìóëàìè

λ±n = 2n± t

π
+ ε±n , (3)

ãäå {ε±n } ∈ l2, n ∈ Z.
Òåîðåìà 1. Äëÿ òîãî, ÷òîáû ôóíêöèÿ u(λ) ÿâëÿëàñü õàðàêòåðè-

ñòè÷åñêèì îïðåäåëèòåëåì çàäà÷è (1), (2) íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû îíà ïðåäñòàâëÿëàñü â âèäå

u(λ) = − cos t+ cosπλ+ f(λ),

ãäå f(λ) ∈ PWπ è
∑∞
n=−∞ |f(n)| <∞.

Òåîðåìà 2. Äëÿ òîãî, ÷òîáû ìíîæåñòâî Λ ÿâëÿëîñü ñïåêòðîì
íåêîòîðîé çàäà÷è (1), (2), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îíî ñî-
ñòîÿëî èç äâóõ ïîñëåäîâàòåëüíîñòåé ñîáñòâåííûõ çíà÷åíèé λn,j, óäî-
âëåòâîðÿþùèõ ñîîòíîøåíèþ (3) è óñëîâèþ

∞∑
k=−∞

∣∣∣∣∣
∞∑

n=−∞

ε+
n

2n+ t/π − k
+

ε−n
2n− t/π − k

∣∣∣∣∣ <∞.
Õàðàêòåðèñòèêà ñïåêòðà ñàìîñîïðÿæåííîãî îïåðàòîðà Äèðàêà ñ êâàçè-
ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè áûëà äàíà â [1]. Îáçîð ðàáîò ïî
îáðàòíûì çàäà÷àì äëÿ íåñàìîñîïðÿæåííûõ äèôôåðåíöèàëüíûõ ñèñòåì
ïåðâîãî ïîðÿäêà ïðèâåäåí â [2].
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Äëÿ ìîäåëüíîãî îïåðàòîðà L(ε), ñâÿçàííîãî ñ óðàâíåíèåì Îððà�
Çîììåðôåëüäà, èçó÷àåòñÿ âîïðîñ î íåîáõîäèìîñòè èçâåñòíûõ óñëî-
âèé À.À. Øêàëèêîâà, äîñòàòî÷íûõ äëÿ ëîêàëèçàöèè ñïåêòðà îêî-
ëî ãðàôà ôîðìû �Y�. Ðàññìîòðåíû 2 òèïà ïîòåíöèàëîâ, ïðè
êîòîðûõ ïðåäåëüíûé ñïåêòðàëüíûé ãðàô îïåðàòîðà L(ε) óäàåò-
ñÿ ïîñòðîèòü â ÿâíîì âèäå. Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿ-
åòñÿ çàäà÷à: åñëè q ìîíîòîííà è íåïðåðûâíî äèôôåðåíöèðóåìà
è äëÿ ÷àñòè ñïåêòðà, óäîâëåòâîðÿþùèõ îïðåäåë¼ííûì óñëîâèÿì,
âûïîëíÿþòñÿ óñëîâèÿ êâàíòîâàíèÿ òèïà Áîðà-Çîììåðôåëüäà, òî
q äîïóñêàåò àíàëèòè÷åñêîå ïðîäîëæåíèå â íåêîòîðóþ îêðåñòíîñòü
èíòåðâàëà (0, 1).

Êëþ÷åâûå ñëîâà: óðàâíåíèå Îððà-Çîììåðôåëüäà, ëîêàëèçàöèÿ ñïåê-
òðà, ïðåäåëüíûé ñïåêòðàëüíûé ãðàô.

On localization conditions for spectrum of model operator
for orr-sommerfeld equation

For the model operator L(ε), connected with the Orr–Sommerfeld
equation, the question of the necessity of the well-known A. A. Shka-
likov conditions sufficient for localizing the spectrum near the graph
of the form �Y� is studied. In this paper, two types of potentials
are considered for which the limiting spectral graph of an operator
L(ε) can be constructed in an explicit form. The main result of this
work is the problem: if q is monotone and continuosly differentiable
and for a part of the spectrum of L(ε) Bohr-Sommerfeld kind quan-
tization conditions hold, then q admits an analytic continuation into
some neighbourhood of the interval (0, 1).

Keywords: Orr-Sommerfeld equation, spectrum localization, limit spec-
tral graph.

Ðàññìîòðèì ñåìåéñòâî îïåðàòîðîâ L(ε), ïîðîæä¼ííûõ â L
2(0, 1) äèô-

ôåðåíöèàëüíûì âûðàæåíèåì lεy = iε2y′′ + qy è êðàåâûìè óñëîâèÿìè
y(0) = y(1) = 0, ãäå q - îãðàíè÷åííàÿ, èçìåðèìàÿ, âåùåñòâåííîçíà÷íàÿ

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 20-31-90999).
Ìàðâàíîâ Ðóñòåì Èëüäàðîâè÷, àñïèðàíò, ÁàøÃÓ (Óôà, Ðîññèÿ); Rustem

Marvanov (Bashkir State University, Ufa, Russia)
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ôóíêöèÿ, ε - ïîëîæèòåëüíûé ïàðàìåòð. Ïðè êàæäîì ε ñïåêòð îïåðàòîðà
L(ε) äèñêðåòåí è ëåæèò â çàìûêàíèè îáëàñòè

Π = { z ∈ C : m < Re(z) < M, Im(z) < 0},

ãäå m = inf
(0,1)

q, M = sup
(0,1)

q.

Îïåðàòîð L(ε) ïðèíÿòî ðàññìàòðèâàòü â êà÷åñòâå óïðîù¼ííîé ìîäå-
ëè äëÿ õîðîøî èçâåñòíîãî â ãèäðîäèíàìèêå îïåðàòîðà Îððà-Çîììåðôåëüäà
([1],[2]). ×åðåç Γ(c) îáîçíà÷èì ÷àñòü ÏÃÑ, ëåæàùóþ â ïîëîñå Πc = {λ ∈
C : m < Re(λ) < M, Im(λ) < −c} .

Òåîðåìà 1. Ïóñòü ôóíêöèÿ q âåùåñòâåííà, âîçðàñòàåò íà [0, 1], äèô-
ôåðåíöèðóåìà è q′ ∈ AC[0, 1]. Äàëåå, ïóñòü ñóùåñòâóåò òàêîå c > 0, ÷òî
ïðè ñòðåìëåíèè ε ê íóëþ ïî ñåêòîðó E = { reiφ : r > 0, | arg ε| 6 π/4} ,
σ(c, ε) - ñïåêòð îïåðàòîðà L(ε) â îáëàñòè P_(c) = { reiφ : r ≥ c,−π ≤ φ ≤
0} - ëîêàëèçóåòñÿ ñëåäóþùèì îáðàçîì:

σ(c, ε) = {λn(ε)}∞n1(c,ε) (1)

λn(ε) = µn(ε) + o(1) (2)

ãäå µn(ε)- êîðíè óðàâíåíèÿ
∫ 1

0

√
i(µ− q(x)) dx = πnε, |µ| ≥ c, îöåíêà

o(1) ðàâíîìåðíà ïî n. Òîãäà ôóíêöèÿ q äîïóñêàåò ãîëîìîðôíîå ïðîäîë-
æåíèå â íåêîòîðóþ îêðåñòíîñòü èíòåðâàëà (0, 1).
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Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ àëãîðèòì ïîñòðîåíèÿ ñåìåéñòâà
êðàåâûõ çàäà÷ äëÿ ñèñòåìà óðàâíåíèé Äèðàêà íà êîíå÷íîì îòðåç-
êå.

Êëþ÷åâûå ñëîâà: ñîáñòâåííûå çíà÷åíèÿ, íîðìèðóþùèå êîíñòàíòû,
îáðàòíûå çàäà÷è, èíòåãðàëüíûå óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî
ðîäà.

On the isospectral Dirac operator on the finite segment

In this paper, we propose an algorithm for constructing a family of
boundary value problems for the system of Dirac equations on the
finite segment.

Keywords: eigenvalues, normalization constants, inverse problems, Fred-
holm integral equations of the second kind.

1. Ââåäåíèå
Îïðåäåëåíèå 1.1. Êðàåâûå çàäà÷è äëÿ ñèñòåìû óðàâíåíèé Äèðàêà

L0y ≡ By′ = λy, (0 < x < π), y =

(
y1(x)
y2(x)

)
, (1)

y1(0) = 0, y1(π) = 0 (2)

è

L(p(x), q(x))y ≡ By′ +Q(x)y = λy, y =

(
y1(x)
y2(x)

)
, (3)

y1(0) = 0, y1(π) = 0 (4)

íàçûâàþòñÿ èçîñïåêòðàëüíûìè, åñëè ó íèõ èìåþòñÿ îäèíàêîâûå ñîá-
ñòâåííûå çíà÷åíèÿ, ò.å.σ(L(p(x), q(x)) = σ(L0) = {n, n ∈ Z}.

Çäåñü

B =

(
0 1
−1 0

)
, Q(x) =

(
p(x) q(x)
q(x) − p(x)

)
,

à p(x), q(x) ∈ C[0, π] - äåéñòâèòåëüíàÿ íåïðåðûâíàÿ ôóíêöèÿ íà îòðåçêå
[0, π].

Ìèðçàåâ Îëèì Ýðêèíîâè÷, äîêòîðàíò, ÑàìÃÓ (Ñàìàðêàíä, Óçáåêèñòàí); Mirzaev
Olim (Samarkand State University, Samarkand, Uzbekistan)
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Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà îáðàòíîé ñïåêòðàëüíîé çàäà÷å îá îïè-
ñàíèè âñåõ êðàåâûõ çàäà÷ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé Äè-
ðàêà íà êîíå÷íîì îòðåçêå ñ îäíèì è òåì æå ñïåêòðîì. Òàêèå êðàå-
âûå çàäà÷è íàçûâàþòñÿ èçîñïåêòðàëüíûìè è áûëè èçó÷åíû â ðàáîòàõ
[1]-[5]. Ì.Ã.Ãàñûìîâ, Ò.Ò.Äæàáèåâ (ñì.[6]) ïîêàçàëè, ÷òî îïåðàòîð Äè-
ðàêà íà êîíå÷íîì îòðåçêå îïðåäåëÿåòñÿ îäíîçíà÷íî ïî åãî ñîáñòâåí-
íûì çíà÷åíèÿì è ïîñëåäîâàòåëüíîñòè íîðìèðóþùèõ êîíñòàíò, à òàê-
æå èìè íàéäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ âîññòàíîâëåíèÿ
êðàåâûõ çàäà÷. Ì.Ã.Ãàñûìîâîì è Á.Ì.Ëåâèòàíîì (ñì.[7]) áûëè íàéäå-
íû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ âîññòàíîâëåíèÿ îïåðàòîðà Äè-
ðàêà íà ïîëóîñè ïî èõ ñïåêòðàëüíûì ôóíêöèÿì. Ïðè ïîñòðîåíèè èçî-
ñïåêòðàëüíûõ îïåðàòîðà Äèðàêà íà êîíå÷íîì îòðåçêå ñ çàäàííûì ñïåê-
òðîì σ(L(p(x), q(x))) = {λn, n ∈ Z} íàìè èñïîëüçîâàí ìåòîä ðàáîòû
Ãàñûìîâà-Ëåâèòàíà (ñì.[7]). Ýòîò ìåòîä îñíîâàí âîññòàíîâëåíèè êîýô-
ôèöèåíòà îïåðàòîðà Äèðàêà ïî ñïåêòðàëüíûì äàííûì ñ ïîìîùüþ èíòå-
ãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà ñ ïàðàìåòðîì.

Ñëåäóåò îòìåòèòü, ÷òî èçîñïåêòðàëüíûå îïåðàòîðûØòóðìà-Ëèóâèëëÿ
íà êîíå÷íîì îòðåçêå èçó÷àëîñü â ðàáîòàõ [8]-[16]. Òåîðèÿ îáðàòíûõ ñïåê-
òðàëüíûõ çàäà÷ äëÿ îïåðàòîðà Øòóðìà-Ëèóâèëëÿ è èõ ïðèëîæåíèÿ áî-
ëåå ïîäðîáíî èçëîæåíà â ðàáîòàõ [17]-[24].

Îñíîâíûì ðåçóëüòàòîì íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ àëãîðèòì, âîñ-
ñòàíîâëåíèè ñåìåéñòâà îïåðàòîðîâ Äèðàêà L = L(p(x), q(x)) íà êîíå÷-
íîì îòðåçêå, ñïåêòðû êîòîðûõ óäîâëåòâîðÿþò óñëîâèÿ: σ(L) = {λn =
n, n ∈ Z}.
2. Íåêîòîðûå ñâåäåíèÿ îá îáðàòíîé çàäà÷å äëÿ îïåðàòîðà Äè-
ðàêà íà êîíå÷íîì îòðåçêå

Îáîçíà÷èì ÷åðåç ϕ(x, λ) = (ϕ1(x, λ), ϕ2(x, λ))T ðåøåíèå óðàâíåíèÿ
(3), óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì:

ϕ1(0, λ) = 0, ϕ2(0, λ) = −1.

Õîðîøî èçâåñòíî [19], ÷òî ðåøåíèå ϕ(x, λ) çàäà÷è (3), (5) ñóùåñòâóåò,
åäèíñòâåííî è äëÿ êàæäîãî ôèêñèðîâàííîãî x ∈ [0, π] ÿâëÿåòñÿ öåëîé
âåêòîð-ôóíêöèåé ïî λ. Êðîìå òîãî, èìååò ìåñòî èíòåãðàëüíîå ïðåäñòàâ-
ëåíèÿ

ϕ(x, λ) =

(
sinλx
− cosλx

)
+

∫ x

0

K(x, t)

(
sinλt
− cosλt

)
dt, (6)

ïðèòîì ìàòðèöà-ôóíêöèÿ K(x, t) = ‖Kij(x, t)‖i,j=1,2 ÿâëÿåòñÿ ðåøåíèåì
çàäà÷è

BK ′x(x, t) +K ′t(x, t)B = −Q(x)K(x, t), (7)

BK(x, x)−K(x, x)B = −Q(x) (8)
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K11(x, 0) = K21(x, 0) = 0. (9)

Î÷åâèäíî, ÷òî âåêòîð-ôóíêöèÿ ϕ(x, λ) = (ϕ1(x, λ), ϕ2(x, λ))T ïðè ëþ-
áîì λ óäîâëåòâîðÿåò ãðàíè÷íîìó óñëîâèþ ϕ1(0, λ) = 0. Ïîýòîìó ñîá-
ñòâåííûå çíà÷åíèÿ λn, n ∈ Z çàäà÷è(3),(4) ñóòü êîðíè óðàâíåíèÿ

∆(λ) ≡ ϕ1(π, λ) = 0. (10)

Òîãäà ϕ(x, λn) = (ϕ1(x, λn), ϕ2(x, λn))T , n ∈ Z ÿâëÿåòñÿ ñîáñòâåííîé
âåêòîð-ôóíêöèåé çàäà÷è(3),(4).
Ïîëîæèì

an =

∫ π

0

[ϕ2
1(x, λn) + ϕ2

2(x, λn)]dx, n ∈ Z. (11)

×èñëà an, n ∈ Z íàçûâàþòñÿ íîðìèðîâî÷íûìè ÷èñëàìè êðàåâîé çà-
äà÷è(3),(4). Íàáîð ÷èñåë {λn, an}∞n=−∞ áóäåì íàçûâàòü â äàëüíåéøåì
ñïåêòðàëüíûìè äàííûìè çàäà÷è(3),(4).

Òåîðåìà 2.1 ([6]). Åñëè p(x) è q(x) èìåþò ïðîèçâîäíûå k-ïîðÿäêà
èç L2[0, π], òî äëÿ ñïåêòðàëüíûõ äàííûõ {λn, an}∞n=−∞ çàäà÷è (3) � (4)
ñïðàâåäëèâû ðàâåíñòâà

λn = n+
α1

n
+ ...+

αk−1

nk−1
+
αk,n
nk

, (12)

an = π +
c1
n

+ ...+
ck−1

nk−1
+
ck,n
nk

. (13)

ãäå ðÿäû
∞∑

n=−∞
|αk,n|2 <∞,

∞∑
n=−∞

|ck,n|2 <∞

ñõîäÿòñÿ.
Ñëåäóåò îòìåòèòü, ÷òî ñîáñòâåííûå âåêòîð-ôóíêöèè ϕ(x, λn) = (ϕ1(x, λn), ϕ2(x, λn))T ,

n ∈ Z çàäà÷è(3),(4), ñîîòâåòñòâóþùèå ðàçëè÷íûì ñîáñòâåííûì çíà÷åíè-
ÿì îðòîãîíàëüíû â ãèëüáåðòîâîì ïðîñòðàíñòâå êâàäðàòè÷íî ñóììèðóå-
ìûõ äâóõ êîìïîíåíòíûõ âåêòîð-ôóíêöèè L2

2(0, π) è äëÿ ïðîèçâîëüíûõ
âåêòîð-ôóíêöèè f(x) = (f1(x), f2(x))T ∈ L2

2[0, π] èìååò ìåñòî

f(x) =
∞∑

n=−∞
ϕ(x, λn){ 1

an

∫ π

0

ϕT (t, λn)f(t)dt}.

Îòñþäà ïîëó÷èì ñèìâîëè÷åñêîå ðàâåíñòâî:

∞∑
n=−∞

1

an
ϕ(x, λn)ϕT (t, λn) = Iδ(x− t), (14)
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ãäå I-åäèíè÷íàÿ ìàòðèöà, δ(x) - äåëüòà ôóíêöèÿ Äèðàêà. Â ÷àñòíîñòè,
ïðè p(x) ≡ 0, q(x) ≡ 0, èìååì

∞∑
n=−∞

1

π

(
sinnx
− cosnx

)
(sinnt,− cosnt) = Iδ(x− t). (15)

Òåîðåìà 2.2 ([6]). Êîýôôèöèåíòû p(x) è q(x) êðàåâîé çàäà÷è(3),(4)
îïðåäåëÿåòñÿ îäíîçíà÷íî ïî ñïåêòðàëüíûì äàííûì {λn, an}∞n=−∞.

Ëåììà 2.1. Èìååò ìåñòî òîæäåñòâî

∞∑
n=−∞

1

an
ϕ(x, λn)(sinλnt,− cosλnt) = 0, 0 < t < x < π. (16)

Òåîðåìà 2.3 ([6]). ßäðî K(x, t) = ‖Kij(x, t)‖i,j=1,2 îïåðàòîðà ïðåîá-

ðàçîâàíèÿ(6), óäîâëåòâîðÿåò ëèíåéíîìó èíòåãðàëüíîìó óðàâíåíèþ

K(x, t) + F (x, t) +

∫ x

0

K(x, s)F (s, t)ds = 0, (0 < t ≤ x < π), (17)

ãäå

F (x, t) =

∞∑
n=−∞

{
1

an

(
sinλnx
− cosλnx

)
(sinλnt,− cosλnt)

}
−

−
∞∑

n=−∞

{
1

π

(
sinnx
− cosnx

)
(sinnt,− cosnt)

}
. (18)

Òåîðåìà 2.4 ([6]). Äëÿ òîãî ÷òîáû ïîñëåäîâàòåëüíîñòü âåùåñòâåí-
íûõ ÷èñåë {λn, an}∞n=−∞, an > 0, n ∈ Z áûëè ñïåêòðàëüíûìè äàííûìè
íåêîòîðîé êðàåâîé çàäà÷è âèäà (3) � (4) ñ ìàòðè÷íîé ôóíêöèåé âèäà

Q(x) =

(
p(x) q(x)
q(x) − p(x)

)
,

ãäå p(x) è q(x) èìåþò ïðîèçâîäíûå k-ãî ïîðÿäêà èç L2(0, π), íåîáõîäèìî
è äîñòàòî÷íî, ÷òîáû äëÿ λn, n ∈ Z è an, n ∈ Z âûïîëíÿëèñü àñèìï-
òîòè÷åñêèå ôîðìóëû (12)è (13).

Èòàê, ïóñòü {λn, an}∞n=−∞, an > 0, n ∈ Z óäîâëåòâîðÿþò óñëîâèÿì
(12)è (13). Ïîñòðîèì ìàòðèöà-ôóíêöèè F (x, t) ïî ôîðìóëå (18) è ðàñ-
ñìîòðèì èíòåãðàëüíûõ óðàâíåíèé (17) îòíîñèòåëüíî K(x, t) = ‖Kij(x, t)‖i,j=1,2.
Òîãäà èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2.5 ([6]). Ïðè êàæäîì ôèêñèðîâàííîì x ∈ (0, π) èíòåãðàëü-
íîå óðàâíåíèå (17) èìååò åäèíñòâåííîå ðåøåíèå K(x, t) = ‖Kij(x, t)‖i,j=1,2.
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Òåïåðü, ðåøàÿ èíòåãðàëüíûå óðàâíåíèå (17), íàõîäèì ìàòðèöà-ôóíêöèè
K(x, t) = ‖Kij(x, t)‖i,j=1,2. Äàëåå îïðåäåëèì âåêòîð-ôóíêöèþ ϕ(x, λ) =

(ϕ1(x, λ), ϕ2(x, λ))T ïî ôîðìóëå(6). Òîãäà íåòðóäíî ïîêàçàòü, ÷òî âåêòîð-
ôóíêöèÿ ϕ(x, λ) = (ϕ1(x, λ), ϕ2(x, λ))T óäîâëåòâîðÿåò óðàâíåíèþ

Bϕ′ +Q(x)ϕ = λϕ, Q(x) = K(x, x)B −BK(x, x)

è íà÷àëüíûì óñëîâèÿì ϕ1(0, λ) = 0, ϕ2(0, λ) = −1.
3. Àëãîðèòì âîññòàíîâëåíèÿ èçîñïåêòðàëüíûõ êðàåâûõ çàäà÷

Îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû ñîäåðæèòñÿ â ñëåäóþùåé òåî-
ðåìå.

Òåîðåìà 3.1. Ïóñòü ïîñëåäîâàòåëüíîñòü âåùåñòâåííûõ ÷èñåë {λn, an}∞n=−∞,
an > 0, n ∈ Z ÿâëÿåòñÿ ñïåêòðàëüíûì äàííûì êðàåâîé çàäà÷è(3),(4).
Òîãäà ïîñëåäîâàòåëüíîñòü âåùåñòâåííûõ ÷èñåë {λn, an}∞n=−∞, an > 0,
n ∈ Z óäîâëåòâîðÿþùèé óñëîâèÿì

λn = n, n ∈ Z, 1

an
=

1

π
+

γn
n2 + 1

,

∞∑
n=−∞

γn
n2 + 1

<∞, γn > 0, n ∈ Z,

(19)
òîæå ÿâëÿåòñÿ ñïåêòðàëüíûì äàííûì. Êðîìå òîãî ñóùåñòâóåò åäèí-
ñòâåííàÿ êðàåâàÿ çàäà÷à L(p(x), q(x)) ≡ L(..., γ−n, ..., γ−1, γ0, γ1, ..., γn, ...)
âèäà(3),(4) ñ êîýôôèöèåíòàìè

p(x) = p(x, ..., γ−n, ..., γ−1, γ0, γ1, ..., γn, ...),
q(x) = q(x, ..., γ−n, ..., γ−1, γ0, γ1, ..., γn, ...)

(20)

ñîáñòâåííûå çíà÷åíèÿ êîòîðûõ ðàâíû n, n ∈ Z, ò.å.

σ(L(..., γ−n, ..., γ−1, γ0, γ1, ..., γn, ...)) = {n, n ∈ Z}. (21)

Äîêàçàòåëüñòâî. Ëåãêî çàìåòèòü, ÷òî ïîñëåäîâàòåëüíîñòü {λn, an}∞n=−∞,
an > 0, n ∈ Z îïðåäåëåííàÿ ôîðìóëàìè (19) óäîâëåòâîðÿåò óñëîâèÿ-
ìè òåîðåìû 2.4. Ïîýòîìó ñóùåñòâóåò åäèíñòâåííàÿ êðàåâàÿ çàäà÷à âè-
äà(3),(4) ñ êîýôôèöèåíòàìè (20), è ñïåêòðîì (21).

Òåïåðü íàõîäèì êîýôôèöèåíòû (20). Äëÿ ýòîãî îïðåäåëèì ìàòðèöà-
ôóíêöèè F (x, t) ïî ôîðìóëàì (18) è (19)

F (x, t) =

∞∑
n=−∞

{
γn

n2 + 1

(
sinnx
− cosnx

)
(sinnt,− cosnt)

}
. (22)

Ïîäñòàâëÿÿ (22) â èíòåãðàëüíîå óðàâíåíèå (17) ïîëó÷èì

K(x, t) = −
∞∑

n=−∞

γn
n2 + 1

ϕ(x, n)(sinnt,− cosnt), (23)
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ãäå

ϕ(x, n) =

(
sinnx
− cosnx

)
+

∫ x

0

K(x, s)

(
sinns
− cosns

)
ds. (24)

Èçâåñòíî ([6], [19]), ÷òî âåêòîð-ôóíêöèÿ ϕ(x, λ) îïðåäåëåííàÿ ïî ôîð-
ìóëå(6) óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ âèäà(3) ñ êîýô-
ôèöèåíòàìè (20), è íà÷àëüíûì óñëîâèÿì ϕ1(0, λ) = 0, ϕ2(0, λ) = −1, ãäå
êîýôôèöèåíòû îïðåäåëÿþòñÿ ïî ôîðìóëàìè

p(x) = p(x, ..., γ−n, ..., γ−1, γ0, γ1, ..., γn, ...) =
=
∑∞
n=−∞

γn
n2+1 [ϕ2(x, n) sinnt− ϕ1(x, n) cosnt],

q(x) = q(x, ..., γ−n, ..., γ−1, γ0, γ1, ..., γn, ...) =
= −

∑∞
n=−∞

γn
n2+1 [ϕ1(x, n) sinnt+ ϕ2(x, n) cosnt].

(25)

Äàëåå ïîäñòàâëÿÿ âûðàæåíèå (23) â ôîðìóëó (24), èìååì

ϕ(x, n) =

(
sinnx
− cosnx

)
−

∞∑
p=−∞

γp
p2 + 1

ϕ(x, p)

∫ x

0

(sin ps,− cos ps)

(
sinns
− cosns

)
ds.

(26)
Îòñþäà, ïîëó÷èì ñîáñòâåííóþ âåêòîð-ôóíêöèè

ϕ(x, n) =

( sinnx
1+ xγn

n2+1

− cosnx
1+ xγn

n2+1

)
, n ∈ Z,

ñîîòâåòñòâóþùóþ ñîáñòâåííûì çíà÷åíèÿì λn = n, n ∈ Z, ò.ê.∫ x

0

(sin ps,− cos ps)

(
sinns
− cosns

)
ds =

{
x, p = n,
0, p 6= n.

Ëåãêî ïðîâåðÿþòñÿ âûïîëíåíèÿ ãðàíè÷íûõ óñëîâèé(4), ò.å. ϕ1(0, λn) = 0,
ϕ1(π, λn) = 0, λn = n, n ∈ Z.

Òàêèì îáðàçîì, â ñòàòüå ïîñòðîåíî ñåìåéñòâî îïåðàòîðîâ Äèðàêà
L(..., γ−n, ..., γ−1, γ0, γ1, ..., γn, ...) íà êîíå÷íîì îòðåçêå, ñîáñòâåííûå çíà-
÷åíèÿ êîòîðûõ ñîâïàäàþò ñ çàäàííûìè ÷èñëàìè λn = n, n ∈ Z.
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Â ðàáîòå ìåòîäàìè ñïåêòðàëüíîé òåîðèè îïåðàòîðîâØòóðìà-Ëèóèâëëÿ
íàéäåíû íîâûå ïðåäñòàâëåíèÿ çíà÷åíèé äçåòà-ôóíêöèè Ðèìàíà â
íå÷¼òíûõ òî÷êàõ â âèäå êðàòíûõ ÷èñëîâûõ ðÿäîâ.

Êëþ÷åâûå ñëîâà: äçåòà-ôóíêöèÿ Ðèìàíà, êðàòíûå ÷èñëîâûå ðÿäû.

Values of the Riemann zeta function at odd points and
multiple numerical series

In this work, new representations of the values of the Riemann zeta
function at odd points in the form of multiple numerical series are
found using the methods of the spectral theory of Sturm-Liuvell op-
erators.

Keywords: Riemann zeta function, multiple number series.

Ñèìâîëîì ζ(s) îáîçíà÷èì äçåòà-ôóíêöèþ Ðèìàíà, à ñèìâîëîì η(s) -
ôóíêöèþ

η(s) =

+∞∑
k=1

(−1)k−1

ks
= (1− 21−s)ζ(s).

Íàìè óñòàíîâëåíà ñïðàâåäëèâîñòü ñëåäóþùåé òåîðåìû.

Òåîðåìà 1. Ïðè m = 1, 2, . . . ñïðàâåäëèâû ñëåäóþùèå ðàâåíñòâà

Cm := π2m

(
m∑
n=1

(−1)m−n

(2m− 2n+ 1)!

η(2n− 1)

π2n−1

)
=

(−1)m−122m−1

(2m)!

π/2∫
0

x2m

sin2 x
dx

è

Dm = π2m+1

(
m∑
n=1

(−1)m−n

(2m− 2n+ 2)!

η(2n− 1)

π2n−1
− 22m+1 − 1

22m

ζ(2m+ 1)

π2m+1

)
=

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 20-11-20261).
Ìèðçîåâ Êàðàõàí Àãàõàí îãëû, ä.ô.-ì.í., ïðîôåññîð, ÌÃÓ (Ìîñêâà, Ðîññèÿ);

Mirzoev Karakhan (Moscow State University, Moscow, Russia)
Ñàôîíîâà Òàòüÿíà Àíàòîëüåâíà, ê.ô.-ì.í., äîöåíò, Ñåâåðíûé (Àðêòè÷å-

ñêèé) ôåäåðàëüíûé óíèâåðñèòåò èìåíè Ì.Â. Ëîìîíîñîâà (Àðõàíãåëüñê, Ðîññèÿ);
Safonova Tatyana (Northern (Arctic) Federal University named after M.V.Lomonosov,
Arkhangelsk, Russia)
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=
(−1)m−122m

(2m+ 1)!

π/2∫
0

x2m+1

sin2 x
dx.

Ó÷èòûâàÿ â ýòèõ ñîîòíîøåíèÿõ èçâåñòíûå ðàâåíñòâà

x =

+∞∑
k=0

Ck2k
22k(2k + 1)

sin2k+1 x, x2 =

+∞∑
k=1

22k−1

Ck2kk
2

sin2k x,

x3 = 3!

+∞∑
k=1

Ck2k
22k(2k + 1)

(
k∑

n=1

1

(2n− 1)2

)
sin2k+1 x,

x4 = 3

+∞∑
k=2

22k−1

Ck2kk
2

(
k−1∑
n=1

1

n2

)
sin2k x

(ñì., íàïð., [1, ch. 9, proposition 15]), ìîæíî äîêàçàòü ñïðàâåäëèâîñòü
òåîðåìû î ïðåäñòàâëåíèè ïîñëåäîâàòåëüíîñòåé Cm è Dm â âèäå êðàòíûõ
÷èñëîâûõ ðÿäîâ. Â ÷àñòíîñòè, ñïðàâåäëèâû ðàâåíñòâà

η(1) =
1

2

+∞∑
k=1

1

k(2k − 1)
,

η(3) =
1

6

(
π2 ln 2− 3

+∞∑
k=2

1

k(2k − 1)

(
k−1∑
n=1

1

n2

))
,

η(5) =
1

6

(
π2η(3)− π4

20
ln 2 +

2

5

+∞∑
k=2

1

Ck2kk
2

(
k−1∑
i=1

1

i2

)
+∞∑
n=1

Ck+n−1
2(k+n−1)

Cn2nn
2

)
,

ζ(3) =
4

7

(
π2 ln 2− 4

+∞∑
k=1

1

(2k − 1)2

k−1∑
n=1

1

k + n

)
,

ζ(5) =
6π2

31
ζ(3)− 2π4

93
ln 2+

+
4

155

+∞∑
k=2

16k

Ck2kk
2

(
k−1∑
i=1

1

i2

)
+∞∑
n=0

Cn2n
Ck+n−1

2(k+n−1)(2n+ 1)(2(n+ k)− 1)
.

Ëèòåðàòóðà
1. Berndt B.C. Ramanujann's Notebooks: Part I. � New York, Springer Verlag,

1985.
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Â ðàáîòå èññëåäóþòñÿ âîïðîñû, ñâÿçàííûå ñ ëîêàëèçàöèåé è àñèìï-
òîòèêîé ñïåêòðà îïåðàòîðàØòóðìà�Ëèóâèëëÿ íà êóñî÷íî-ãëàäêîé
êðèâîé ñ ïîòåíöèàëîì, ìåðîìîðôíûì â îäíîñâÿçíîé îáëàñòè, ñî-
äåðæàùåé êðèâóþ âìåñòå ñ îòðåçêîì, ñîåäèíÿþùèì åå êîíöû.

Êëþ÷åâûå ñëîâà: óðàâíåíèå Øòóðìà�Ëèóâèëëÿ, áåçìîíîäðîìíûå
ïîòåíöèàëû.

Spectrum localization of the Sturm–Liouville operator on a
curve in the case of a nontrivial monodromy

In this paper, we investigate questions related to the localization and
asymptotics of the spectrum of the Sturm–Liouville operator on a
piecewise smooth curve with a potential meromorphic in a 1-connected
domain containing the curve together with the segment connecting its
ends.

Keywords: Sturm–Liouville equation, asymptotics of solutions, monodromy-
free potentials.

Ïóñòü γ � êðèâàÿ ñ ïàðàìåòðèçàöèåé z(x) = x+ ig(x), x ∈ [0, 1], ãäå
g � ôóíêöèÿ, íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà îòðåçêå [0, 1], îòðèöà-
òåëüíàÿ âíóòðè [0, 1] è ðàâíà 0 íà åãî êîíöàõ, Ω � îáëàñòü, îãðàíè÷åííàÿ
êðèâîé γ è îòðåçêîì [0, 1]. Äàëåå ïóñòü q � ñóììèðóåìàÿ íà γ ôóíêöèÿ
è Lγ � îïåðàòîð, äåéñòâóþùèé â ãèëüáåðòîâîì ïðîñòðàíñòâå L2 (γ) ïî
ïðàâèëó: D(Lγ) = {y ∈ L2(γ) : y′ ∈ AC(γ),−y′′ + qy ∈ L2(γ), y(0) =
y(1) = 0}, Lγy = −y′′+ qy. Îáîçíà÷èì ÷åðåç {λ2

k}∞k=1 (−π/2 < arg λk ≤
π/2) ñîáñòâåííûå ÷èñëà Lγ , çàíóìåðîâàííûå â ïîðÿäêå âîçðàñòàíèÿ ìî-
äóëåé.

Åñëè ôóíêöèÿ q à) ãîëîìîðôíà â îáëàñòè Ω, îãðàíè÷åííîé êðèâîé γ
è îòðåçêîì [0, 1], á) íåïðåðûâíà íà çàìûêàíèè Ω, òî ñïåêòð Lγ ñîâïàäàåò
ñî ñïåêòðîì îïåðàòîðà L[0,1] ñ ïîòåíöèàëîì

p(x) := lim
ε→+0

q(x− iε).

Ðàáîòà âûïîëíåíà â ðàìêàõ ðåàëèçàöèè ïðîãðàììû ðàçâèòèÿ Íàó÷íî-
îáðàçîâàòåëüíîãî ìàòåìàòè÷åñêîãî öåíòðà Ïðèâîëæñêîãî ôåäåðàëüíîãî îêðóãà, äîï.
ñîãë. � 075-02-2020-1421/1 ê ñîãë. � 075-02-2020-1421.

Íàáèóëèíà Àëèíà Àëèêîâíà, ìàãèñòðàíò I ãîäà îáó÷åíèÿ ÔÌèÈÒ, ÁàøÃÓ (Óôà,
Ðîññèÿ); Alina Nabiulina (Bashkir State University, Ufa, Russia)
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Åñëè ôóíêöèÿ p äîñòàòî÷íî ãëàäêàÿ, ñêàæåì, íåïðåðûâíî äèôôåðåíöè-
ðóåìà, òî

λn = (πn)2 +

∫ 1

0

q(x)dx+O
(
n−2

)
. (1)

Ïóñòü

q(z) =
ν2 − 1/4

(z − a)p
+ V, (2)

ãäå a ∈ Ω, Re ν ≥ 0, p ∈ N, V � ôóíêöèÿ, ãîëîìîðôíàÿ â îáëàñòè D,
ñîäåðæàùåé Ω.

Èç ðåçóëüòàòîâ ðàáîòû [1] ñëåäóåò, ÷òî îöåíêà (1) âåðíà òîãäà è òîëü-
êî òîãäà, êîãäà p = 2, ν − 1/2 ∈ N, è V (2j−1)(a) = 0 ïðè íåêîòîðîì
1 ≤ j ≤ n. Ïîñòàâèì âîïðîñ: êàê ìåíÿåòñÿ (1) â ñëó÷àå íàðóøåíèÿ óêà-
çàííûõ óñëîâèé ëèáî óñëîâèÿ á)?

Îãðàíè÷èìñÿ ñëó÷àåì p = 2.

Òåîðåìà 1. Åñëè ν−1/2 /∈ N, òî σ(Lγ) = {λ(1)
k }

⋃
{λ(2)

k }, ãäå λ
(j)
k (j =

1, 2) ïðè áîëüøèõ k óäîâëåòâîðÿþò îöåíêàì

λ
(j)
k ∼

[
π(k − 1/4)

∆j

]2 [
1 +

i ln(2 cosπν)

∆j
+O

(
k−2

)]
, ∆1 = a, ∆2 = 1− a.

Òåîðåìà 2. Åñëè ν = n+ 1/2, n ∈ N, è m := min{j : V2j−1 6= 0} ≤ n,
òî σ(Lγ) = {λ(1)

k }
⋃
{λ(2)

k },

λ
(j)
k =

(
πk

∆j

)2
[

1 +
2m− 2

πki
ln

(
Cj

2m−2
√
V2m−1

)
+O

(
ln2 k

k2

)]
,

C1, C2 � ÿâíî âû÷èñëÿåìûå ïîñòîÿííûå.

Ñåðèè l
(1)
k è l

(2)
k íà áåñêîíå÷íîñòè ëîêàëèçóþòñÿ îêîëî äâóõ ëó÷åé

arg l = 2β1 è arg l = −2β2, ãäå β1 = − arg a, β2 = arg (1 − a) : 0 <
β1,2 < π

2 . Åñëè a ëåæèò íà âåùåñòâåííîé îñè ìåæäó 0 è 1, òî ýòè ëó-
÷è ñîâïàäàþò. Âîçíèêàåò âîïðîñ: êàêîâà àñèìïòîòèêà {lk}? ñîõðàíèòñÿ
ëè äëÿ ýòîé ïîñëåäîâàòåëüíîñòè ðàçáèåíèå íà ïîäïîñëåäîâàòåëüíîñòè

âèäà l
(1)
k è l

(2)
k ?

Òåîðåìà 3. Ïóñòü 0 < a < 1. Òîãäà√
λn ∼ ρn +O

(
1

n

)
, n→∞, (1)

ãäå ρn � íóëè ôóíêöèè

Φ0(ρ) = cos(πν)ei(2a−1)ρ − sin ρ, (2)
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äëÿ êîòîðûõ ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:
1) çà èñêëþ÷åíèåì êîíå÷íîãî ÷èñëà âñå ρn ëåæàò â ïîëóïîëîñå Πh =

{Re z > 0, |Im z| < h}, ãäå h � íåêîòîðàÿ ïîñòîÿííàÿ;
2) êîëè÷åñòâî ρn â ïðÿìîóãîëüíèêàõ Ra = {a < Re z < a+1, |Im z| <

h}(a > 0) îãðàíè÷åíî.
Â ñëó÷àå, êîãäà a äåëèò îòðåçîê [0, 1] íà ñîèçìåðèìûå ÷àñòè, ôóíêöèÿ

Φ0 ïåðèîäè÷íà è åå íóëè ðàçáèâàþòñÿ íà êîíå÷íîå ÷èñëî ñåðèé, ñîîòâåò-
ñòâóþùèõ íóëÿì èç îñíîâíîãî ïðÿìîóãîëüíèêà. Ñîîòâåòñòâåííî ñïåêòð
ðàçáèâàåòñÿ íà êîíå÷íîå ÷èñëî ñåðèé, óõîäÿùèõ â áåñêîíå÷íîñòü âäîëü
¾ñâîåé¿ ïàðàáîëû [2].

Ëèòåðàòóðà
1. Ishkin Kh.K. A localization criterion for the spectrum of the Sturm�Liouville

operator on a curve // St. Petersburg Math. J. 28:1 (2017), 37�63.
2. Ishkin Kh.K., Davletova L.G.Regularized Trace of a Sturm�Liouville Operator

on a Curve with a regular Singularity on the Chord // Di�erential Equations, 56:10
(2020), 1257�1269.
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¾ÊÂÀÍÒÎÂÀÍÈÅ¿ ÃÀÌÈËÜÒÎÍÎÂÎÉ ÑÈÑÒÅÌÛ
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DOI: 10.33184/mnkuomsh1t-2021-10-06.24.

Ïðåäñòîÿùèé äîêëàä áóäåò ïîñâÿùåí ïîñòðîåíèþ ñîâìåñòíûõ ðå-
øåíèé äâóõ àíàëîãîâ âðåìåííûõ óðàâíåíèé Øðåäèíãåðà, îïðå-
äåëÿåìûõ ãàìèëüòîíèàíàìè H3+2

sk (s1, s2, q1, q2, p1, p2)(k = 1, 2) ãà-
ìèëüòîíîâîé ñèñòåìû H3+2. Äàííûå àíàëîãè óðàâíåíèé Øðåäèí-
ãåðà ïðåäñòàâëÿþò ñîáîé ëèíåéíûå ýâîëþöèîííûå óðàâíåíèÿ ñ
âðåìåíàìè s1 è s2, êàæäîå èç êîòîðûõ çàâèñèò îò äâóõ ïðîñòðàí-
ñòâåííûõ ïåðåìåííûõ.

Êëþ÷åâûå ñëîâà: ãàìèëüòîíîâû ñèñòåìû, óðàâíåíèÿ Øðåäèíãåðà,
óðàâíåíèÿ Ïåíëåâå, ìåòîä èçîìîíîäðîíûõ äåôîðìàöèé, ¾êâàíòî-
âàíèå¿.

”Quantization” of the Kimura Hamiltonian system

The upcoming report will be devoted to the construction of joint so-
lutions of two analogs of time equations Schrodinger, defined by the
Hamiltonians H3+2

sk (s1, s2, q1, q2, p1, p2)(k = 1, 2) of the Hamiltonian
system H3+2. These analogs of the Schrodinger equations are linear
evolutionary equations with times s1 and s2, each of which depends
on two spatial variables.

Keywords: Hamiltonian systems, Schrodinger equations, Painlevet equa-
tions, isomonodromic deformation method, ”quantization”.

Â íàñòîÿùåå âðåìÿ èíòåðåñ ñîâåðåìåííûõ ó÷åíûõ ïðèâëåêàþò íåëè-
íåéíûå ÎÄÓ äîïóñêàþùèå ïðèìåíåíèå ÈÄÌ. Â ÷àñòíîñòè, ðåøåíèÿ
èåðàðõèè ãàìèëüòîíîâûõ âûðîæäåíèé ñèñòåìû Ãàðíüå, âûïèñàííîé â
èçâåñòíîé ñòàòüå Êèìóðû [1]. Íåêîòîðûå èç íèõ èçó÷åíû àâòîðîì ñîâ-
ìåñòíî ñ Ñóëåéìàíîâûì Á.È. Íåêîòîðûå ðàññìîòðåíû äðóãèìè ó÷åíû-
ìè.

Â ïðåäñòîÿùåì äîêëàäå ðå÷ü ïîéäåò î Ãàìèëüòîíîâîé ñèñòåìå H3+2.
À èìåííî áóäóò ïðåäñòàâëåíû ðåøåíèÿ äâóõ àíàëîãîâ âðåìåííûõ óðàâ-
íåíèé Øðåäèíãåðà, îïðåäåëÿåìûõ ãàìèëüòîíèàíàìè

H3+2
sk

(s1, s2, q1, q2, p1, p2), k = 1, 2

Ïàâëåíêî Âèêòîð Àëåêñàíäðîâè÷, ê.ô.-ì.í., Èíñòèòóò ìàòåìàòèêè ñ âû÷èñ-
ëèòåëüíûì öåíòðîì ÓÔÈÖ ÐÀÍ, Óôà, Ðîññèÿ); Viktor Pavlenko (Institute of
Mathematics with Computing Centre, UFRC, RAS, Ufa, Russia)
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â ðàöèîíàëüíîì è ïîëèíîìèàëüíîì âèäàõ. Ýòè ðåøåíèÿ ÿâëÿþòñÿ ÿâ-
íûìè â òåðìèíàõ ðåøåíèé ëèíåéíîé ñèñòåìû ÎÄÓ, êîòîðàÿ âûïèñàíà â
ñòàòüå Íàêàìóðû, Êàâàêàìè è Ñàêêàÿ [2].

Ëèòåðàòóðà
1. Kimura The degeneration of the two dimensional Garnier system and the

polynomial Hamiltonian structure// Annali di Matematica pura et applicata IV.
V. 155. No. 1. P. 25 � 74.

2. H. Kawakami, A. Nakamura, H. Sakai Degeneration scheme of 4-dimensional
Painleve-type equations // arXiv:1209.3836 (2012).
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ÔÎÐÌÓËÀ ÐÅÃÓËßÐÈÇÎÂÀÍÍÎÃÎ ÑËÅÄÀ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÎÏÅÐÀÒÎÐÀ ×ÅÒÂÅÐÒÎÃÎ
ÏÎÐßÄÊÀ Ñ ÌÍÎÃÎÒÎ×Å×ÍÛÌÈ ÊÐÀÅÂÛÌÈ

ÓÑËÎÂÈßÌÈ
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Ðàññìàòðèâàåòñÿ íåñàìîñîïðÿæåííûé äèôôåðåíöèàëüíûé îïåðà-
òîð ÷åòâåðòîãî ïîðÿäêà ñ íåãëàäêèìè ïåðèîäè÷åñêèìè êîýôôèöè-
åíòàìè è ìíîãîòî÷å÷íûìè êðàåâûìè óñëîâèÿìè. Ïîëó÷åíà àñèìï-
òîòèêà ñîáñòâåííûõ çíà÷åíèé ïðè âûñîêèõ ýíåðãèÿõ, à òàêæå âû-
ïèñàíà ôîðìóëà ðåãóëÿðèçîâàííîãî ñëåäà.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûé îïåðàòîð ÷åòâåðòîãî ïîðÿä-
êà, ìíîãîòî÷å÷íûå êðàåâûå óñëîâèÿ, ôîðìóëà ñëåäà.

Trace formula for fourth-order differential operator with
multi-point boundary conditions

We consider a non-self-adjoint fourth-order differential operator with
nonsmooth periodic coefficients and multi-point Dirichlet boundary
conditions. We obtain high energy eigenvalues asymptotics and for-
mula for regularized trace.

Keywords: fourth-order differential operator, multi-point boundary
conditions, trace formula.

Ðàññìîòðèì íåñàìîñîïðÿæåííûé îïåðàòîð H, äåéñòâóþùèé â ïðî-
ñòðàíñòâå L2(0, 3), êîòîðûé îïðåäåëÿåòñÿ äèôôåðåíöèàëüíûì âûðàæå-
íèåì

Hy = y(4) + (py′)′ + qy, y(0) = y(1) = y(2) = y(3) = 0, (1)

ãäå âåùåñòâåííûå è 1-ïåðèîäè÷åñêèå êîýôôèöèåíòû p è q ïðèíàäëåæàò
ïðîñòðàíñòâó L1(T), T = R \ Z.

Ñ ôèçè÷åñêîé òî÷êè çðåíèÿ îïåðàòîð H îïèñûâàåò êîëåáàíèÿ ïåðè-
îäè÷åñêîé áàëêè, çàôèêñèðîâàííîé â ÷åòûðåõ òî÷êàõ. Õîðîøî èçâåñò-
íî, ÷òî L-îïåðàòîðîì â ïàðå Ëàêñà äëÿ óðàâíåíèÿ Êîðòåâåãà-äå Ôðèçà
(KdV) íà îêðóæíîñòè ÿâëÿåòñÿ îïåðàòîð Øð�åäèíãåðà ñ ïåðèîäè÷åñêèì
ïîòåíöèàëîì. Äèíàìèêà ðåøåíèé íà÷àëüíîé çàäà÷è äëÿ óðàâíåíèÿ KdV
îïèñûâàåòñÿ ñåìåéñòâîì èçîñïåêòðàëüíûõ ïîòåíöèàëîâ äëÿ îïåðàòîðà

Ïîëÿêîâ Äìèòðèé Ìèõàéëîâè÷, ê.ô.-ì.í., ÞÌÈ ÂÍÖ ÐÀÍ (Âëàäèêàâêàç, Ðîñ-
ñèÿ); Dmitry M. Polyakov (Southern Mathematical Institute of Vladikavkaz Scienti�c
Center of RAS, Vladikavkaz, Russia)
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Øð�åäèíãåðà. Êàæäîå ñåìåéñòâî ïàðàìåòðèçóåòñÿ ñïåêòðîì çàäà÷è Äè-
ðèõëå äëÿ îïåðàòîðà Øð�åäèíãåðà (ñì. [1]).

Àíàëîãè÷íûì îáðàçîì, äèôôåðåíöèàëüíûé îïåðàòîð ÷åòâåðòîãî ïî-
ðÿäêà ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè ÿâëÿåòñÿ L-îïåðàòîðîì â ïàðå
Ëàêñà äëÿ ñëåäóþùåé ñèñòåìû íåëèíåéíûõ óðàâíåíèé{

pt = 10p′′′ + 6pp′ − 24q′,

qt = 3(p(5) + pp′′′ + p′p′′)− 8q′′′ − 6pq′.

Ïðè ýòîì äèíàìèêà ðåøåíèé óêàçàííîé ñèñòåìû îïèñûâàåòñÿ "èçîñïåê-
òðàëüíûì" ñåìåéñòâîì, êîòîðîå ïàðàìåòðèçóåòñÿ îïåðàòîðîì H. Òàêèì
îáðàçîì, èññëåäîâàíèå ñïåêòðàëüíûõ ñâîéñòâ îïåðàòîðà H èãðàåò êëþ-
÷åâóþ ðîëü äëÿ ïîèñêà ðåøåíèÿ óêàçàííîé çàäà÷è.

Ïåðåéäåì ê ôîðìóëèðîâêå îñíîâíûõ ðåçóëüòàòîâ íàñòîÿùåé ðàáîòû.
Ñòàíäàðòíûì îáðàçîì äëÿ íåêîòîðîé ôóíêöèè f ∈ L1(T) îïðåäåëèì
êîýôôèöèåíòû Ôóðüå

f0 =

∫ 1

0

f(x) dx,

f̂cn =

∫ 1

0

f(x) cos 2πnx dx, f̂sn =

∫ 1

0

f(x) sin 2πnx dx, n ∈ Z.

Ïåðâûé ðåçóëüòàò ïîñâÿùåí àñèìïòîòè÷åñêèì ôîðìóëàì äëÿ ñîá-
ñòâåííûõ çíà÷åíèé îïåðàòîðà H, êîòîðûå ìû îáîçíà÷èì ÷åðåç µn è µ

±
−n.

Òåîðåìà 1. Ïóñòü p, q ∈ L1(T) è ÷èñëî n ∈ N âûáðàíî äîñòàòî÷íî
áîëüøèì. Òîãäà ñîáñòâåííûå çíà÷åíèÿ µn ÿâëÿþòñÿ ïðîñòûìè è âåùå-
ñòâåííûìè, ñîáñòâåííûå çíà÷åíèÿ µ±−n èìåþò àëãåáðàè÷åñêóþ êðàò-
íîñòü 1 èëè 2 è äëÿ n→ +∞ óäîâëåòâîðÿþò ñëåäóþùåé àñèìïòîòèêå

µn = (πn)4 − (πn)2(p0 + p̂cn) + O(n),

µ±−n = −4(πn)4 + 2(πn)2(p0 − p̂cn ± |p̂sn|) + O(n).

Åñëè äîïîëíèòåëüíî ïðåäïîëîæèòü, ÷òî p′′′, q′ ∈ L1(T), òîãäà äëÿ ñîá-
ñòâåííûõ çíà÷åíèé µn è µ±−n ïðè n → +∞ èìåþò ìåñòî ñëåäóþùèå
ôîðìóëû

µn = (πn)4 − (πn)2(p0 + p̂cn)− q̂cn +
p2

0 − ‖p‖2

8
+ q0 + O(n−2),

µ±−n = −4(πn)4+2(πn)2(p0−p̂cn±|p̂sn|)−q̂cn±|q̂sn|−
p2

0 + ‖p‖2

8
+q0+O(n−2).

Âòîðîé ðåçóëüòàò ïîñâÿùåí ôîðìóëå ðåãóëÿðèçîâàííîãî ñëåäà îïå-
ðàòîðà H. Ðàññìîòðèì îïåðàòîð ñî ñäâèãîì Ht = H(pt, qt), çàäàííûé
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ôîðìóëîé (1), ãäå t ∈ T è pt = p(·+ t), qt = q(·+ t). ×åðåç µn(t) è µ±−n(t)
ìû îáîçíà÷èì ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà Ht. Êðîìå òîãî, ââåäåì
â ðàññìîòðåíèþ ñëåäóþùóþ ôóíêöèþ

V =
3

2
q − 5

8
p′′ − 1

4
p2.

Òåîðåìà 2. Ïóñòü p′′′′, q′′ ∈ L1(T). Òîãäà èìååò ìåñòî ñëåäóþùàÿ
ôîðìóëà ñëåäà

∞∑
n=1

(
µn(t)− µn(0) + µ+

−n(t)− µ+
−n(0) + µ−−n(t)− µ−−n(0)

)
= V (0)− V (t),

ãäå ðÿä ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî íà T.

Ëèòåðàòóðà
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Èçó÷àþòñÿ èíòåãðî-äèôôåðåíöèàëüíûå è óðàâíåíèÿ ñ íåîãðàíè-
÷åííûìè îïåðàòîðíûìè êîýôôèöèåíòàìè â ãèëüáåðòîâîì ïðîñòðàí-
ñòâå. Äëÿ øèðîêîãî êëàññà ÿäåð èíòåãðàëüíûõ îïåðàòîðîâ ïîëó÷å-
íû ðåçóëüòàòû î ñóùåñòâîâàíèè, åäèíñòâåííîñòè è ýêñïîíåíöèàëü-
íîé óñòîé÷èâîñòè êëàññè÷åñêèõ ðåøåíèé óêàçàííûõ óðàâíåíèé.
Ýòè ðåçóëüòàòû ïîëó÷åíû íà îñíîâå ïîäõîäà, ñâÿçàííîãî ñ ïðè-
ìåíåíèåì òåîðèè ïîëóãðóïï îïåðàòîðîâ.

Êëþ÷åâûå ñëîâà: èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå, îïåðàòîð-
ôóíêöèÿ, ñïåêòð, âîëüòåððîâ îïåðàòîð.

Researching of Volterra integro-differential equations with
kernels represented by Stieltjes integrals

The integro-differential and equations with unbounded operator co-
efficients in Hilbert space are studied. For a wide class of kernels
of integral operators, the results on existence, uniqueness and expo-
nential stability of classical solutions of these equations are obtained.
These results are obtained on the basis of the approach associated
with the operator semigroup theory.

Keywords: integro-differential equations, semigroups, Volterra opera-
tor, correct solvability, exponential stability.

Ïðåäñòàâëåíû ðåçóëüòàòû, áàçèðóþùèåñÿ íà ïîäõîäå, ñâÿçàííîì ñ
èññëåäîâàíèåì îäíîïàðàìåòðè÷åñêèõ ïîëóãðóïï äëÿ ëèíåéíûõ ýâîëþöè-
îííûõ óðàâíåíèé, ïðèìåíåííîì ê èññëåäîâíèþ âîëüòåððîâûõ èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïðèâîäèòñÿ ìåòîä ñâåäåíèÿ èñõîäíîé
íà÷àëüíîé çàäà÷è äëÿ ìîäåëüíîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ ñ îïåðàòîðíûìè êîýôôèöèåíòàìè â ãèëüáåðòîâîì ïðîñòðàíñòâå ê
çàäà÷å Êîøè äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà. Äî-
êàçûâàåòñÿ ñóùåñòâîâàíèå ñæèìàþùåé è ýêñïîíåíöèàëüíî óñòîé÷èâîé

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 20-01-00288).
Ðàóòèàí Íàäåæäà Àëåêñàíäðîâíà, ê.ô.-ì.í., äîöåíò, ÌÃÓ èìåíè Ì.Â.Ëîìîíîñîâà

(Ìîñêâà, Ðîññèÿ); Nadezhda Rautian (Lomonosov Moscow State University, Moscow,
Russia)
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C0-ïîëóãðóïïû ïðè îïðåäåëåííûõ ïðåäïîëîæåíèÿõ î ÿäðàõ èíòåãðàëü-
íûõ îïåðàòîðîâ. Äëÿ øèðîêîãî êëàññà ÿäåð èíòåãðàëüíûõ îïåðàòîðîâ
óñòàíîâëèâàþòñÿ ðåçóëüòàòû î ñóùåñòâîâàíèè è åäèíñòâåííîñòè êëàññè-
÷åñêèõ ðåøåíèé óêàçàííûõ óðàâíåíèé, ñ îöåíêàìè ñêîðîñòè èõ ýêñïîíåí-
öèëüíîãî óáûâàíèÿ. Ïðèâîäÿòñÿ ïðèìåðû ïðèìåíåíèÿ ïîëó÷åííûõ ðå-
çóëüòàòîâ äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ýêñïîíåíöèàëü-
íûìè è äðîáíî-ýêñïîíåíöèàëüíûìè ÿäðàìè (ôóíêöèè Ðàáîòíîâà) èíòå-
ãðàëüíûõ îïåðàòîðîâ (ñì. [1]�[4]).
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Äëÿ ýëëèïòè÷åñêèõ ñèììåòðè÷åñêèõ íåîòðèöàòåëüíûõ îïåðàòîðîâ
íà ãëàäêîì çàìêíóòîì ìíîãîîáðàçèè ñ îáëàñòüþ îïðåäåëåíèÿ, ñî-
ñòîÿùåé èç ôóíêöèé, îáðàùàþùèõñÿ â íóëü íà ïîäìíîãîîáðàçèè,
îïèñûâàåòñÿ ñîîòâåòñòâóþùåå ðàñøèðåíèå Ôðèäðèõñà è äàþòñÿ
óñëîâèÿ åãî ôðåäãîëüìîâîñòè.

Êëþ÷åâûå ñëîâà: çàäà÷à Ñîáîëåâà, ýëëèïòè÷åñêèé îïåðàòîð, ñàìî-
ñîïðÿæ¼ííîå ðàñøèðåíèå, îòíîñèòåëüíàÿ ýëëèïòè÷åñêàÿ òåîðèÿ.

On spectral problems with conditions on submanifolds of
arbitrary dimension

We consider elliptic nonnegative symmetric operator on a closed smooth
manifold on the space of functions vanishing on a submanifold. We de-
scribe the Friedrichs extension of this operator and obtain conditions,
under which this extension is Fredholm.

Keywords: Sobolev problem, elliptic operator, self-adjoint extention,
relative elliptic theory.

Ïóñòü A � ýëëèïòè÷åñêèé ñèììåòðè÷åñêèé ïîëîæèòåëüíûé îïåðàòîð
íà ãëàäêîì çàìêíóòîì ðèìàíîâîì ìíîãîîáðàçèè M ïîðÿäêà d > 0. Îïå-
ðàòîð A áóäåì ðàññìàòðèâàòü êàê íåîãðàíè÷åííûé îïåðàòîð ñ îáëàñòüþ
îïðåäåëåíèÿ

D(A) = {u ∈ C∞(M) | i∗(u) = 0},
ãäå X ⊂M � ãëàäêîå çàìêíóòîå ïîäìíîãîîáðàçèå êîðàçìåðíîñòè ν ≥ 1,
÷åðåç i : X → M îáîçíà÷åíî âëîæåíèå, à i∗ : C∞(M) → C∞(X) �
îïåðàòîð ñóæåíèÿ ôóíêöèé íà ïîäìíîãîîáðàçèå.

×åðåç i∗ : C∞(X) → D′(M) îáîçíà÷èì êîãðàíè÷íûé îïåðàòîð, ñîïî-
ñòàâëÿþùèé ôóíêöèè íà ïîäìíîãîîáðàçèè å¼ óìíîæåíèå íà δ-ôóíêöèþ
ïî íîðìàëüíûì ïåðåìåííûì (ñì. [1,2]).
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Òåîðåìà 1. 1. Ñîïðÿæ¼ííûé îïåðàòîð A∗ ñ îáëàñòüþ îïðåäåëåíèÿ
D(A∗) ðàâåí

D(A∗) = Hd(M) +A−1i∗H
−d+ν/2(X), åñëè d > ν/2,

A∗(u+ v) = Au, ãäå u ∈ Hd(M), v ∈ A−1i∗H
−d/2+ν/2(X).

2. Ðàñøèðåíèå Ôðèäðèõñà AF ñ îáëàñòüþ îïðåäåëåíèÿ D(AF ) ðàâíî

D(AF )=(Hd(M) +A−1i∗H
−d/2+ν/2(X)) ∩ ker i∗, åñëè d > ν,

AF = A∗|D(A∗).

Ïðè ýòîì ðàñøèðåíèå Ôðèäðèõñà AF ÿâëÿåòñÿ ôðåäãîëüìîâûì îïåðà-
òîðîì, è åãî ÿäðî èçîìîðôíî ÿäðó ýëëèïòè÷åñêîãî ïñåâäîäèôôåðåíöè-
àëüíîãî îïåðàòîðà i∗A−1i∗ ïîðÿäêà −d+ ν íà ïîäìíîãîîáðàçèè X.

Ñïåêòðàëüíûå çàäà÷è ðàññìàòðèâàåìîãî âèäà âîçíèêàþò, íàïðèìåð,
ïðè èññëåäîâàíèè êîëåáàíèé ïëàñòèí ñ ð¼áðàìè æ¼ñòêîñòè è ïðè èññëå-
äîâàíèè êâàíòîâûõ ñèñòåì ñ ïîòåíöèàëàìè íóëåâîãî ðàäèóñà.
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Ðàññìàòðèâàåòñÿ îäíîìåðíàÿ ñèñòåìà Äèðàêà ñ ñóììèðóåìûì ïî-
òåíöèàëîì P . Èçó÷àåòñÿ âîïðîñ ñêîðîñòè ðàâíîìåðíîé ðàâíîñõî-
äèìîñòè ñïåêòðàëüíûõ ðàçëîæåíèé ïðîèçâîëüíîé ôóíêöèè f ∈
L∞ â çàâèñèìîñòè îò ãëàäêîñòè ïîòåíöèàëà. À èìåííî, ðàññìàò-
ðèâàåòñÿ ñëó÷àé P ∈ Bθ1,∞ � ïðîñòðàíñòâî Áåñîâà, ãäå θ ∈ (0, 1).

Êëþ÷åâûå ñëîâà: ìàòåìàòèêà, äèôôåðåíöèàëüíûå îïåðàòîðû, ñïåê-
òðàëüíàÿ òåîðèÿ, ðàâíîñõîäèìîñòü.

Estimates of the equiconvergence rate of spectral
decompositions for a one-dimensional Dirac system.

One-dimensional Dirac system with a summable potential P is con-
sidered. For arbitrary f ∈ L∞ we study the problem of the rate
of uniform equiconvergence of spectral decompositions. Namely, we
consider the case P ∈ Bθ1,∞ — the Besov space, with θ ∈ (0, 1).

Keywords: mathematics, differential operators, spectral theory, equicon-
vergence.

Ðàññìîòðèì ñèñòåìó âèäà

`P (y) = By′ + Py, ãäå

B =

(
−i 0
0 i

)
, P (x) =

(
p1(x) p2(x)
p3(x) p4(x)

)
, y(x) =

(
y1(x)
y2(x)

)
â ïðîñòðàíñòâå

L2[0, π]⊕ L2[0, π] 3 y.

Ôóíêöèè pj , j = 1, 2, 3, 4, ïðåäïîëàãàþòñÿ ñóììèðóåìûìè íà îòðåçêå
[0, π] è êîìïëåêñíîçíà÷íûìè. Îïåðàòîð L = LP,U èìååò îáëàñòü îïðåäå-
ëåíèÿ

D(LP,U ) = {y ∈ AC[0, π] : `(y) ∈ H, U(y) = 0} , ãäå

U(y) = Cy(0) +Dy(π) =

(
u11 u12

u21 u22

)(
y1(0)
y2(0)

)
+

(
u13 u14

u23 u24

)(
y1(π)
y2(π)

)
,
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ïðè÷åì ñòðîêè ìàòðèöû

U := (C, D) =

(
u11 u12 u13 u14

u21 u22 u23 u24

)
ëèíåéíî íåçàâèñèìû. Îáîçíà÷èì ÷åðåç Jij îïðåäåëèòåëü, ñîñòàâëåííûé
èç i-ãî è j-ãî ñòîëáöà ìàòðèöû U. Êðàåâîå óñëîâèå, îïðåäåëåííîå ôîðìîé
U , íàçûâàåòñÿ ðåãóëÿðíûì (ïî Áèðêãîôó), åñëè

J14 · J23 6= 0.

Îïåðàòîð Äèðàêà, ïîðîæäåííûé ðåãóëÿðíûì êðàåâûì óñëîâèåì U (ò.å.
îïåðàòîð LP,U ñ îáëàñòüþ îïðåäåëåíèÿ D(LP,U )), áóäåì íàçûâàòü ðåãó-
ëÿðíûì.

Õîðîøî èçâåñòíî (ñì.[1]), ÷òî òàêîé îïåðàòîð èìååò ÷èñòî äèñêðåò-
íûé ñïåêòð {λn}n∈Z, ðàñïîëîæåííûé â ãîðèçîíòàëüíîé ïîëîñå. Îáîçíà-
÷èì ÷åðåç {yn}n∈Z ñèñòåìó ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé, à
÷åðåç {wn}n∈Z � áèîðòîãîíàëüíóþ ñèñòåìó. Ñïåêòðàëüíûì ðàçëîæåíè-
åì ôóíêöèè f ïî ñèñòåìå {yn} áóäåì íàçûâàòü ïðåäåë ñóìì

Sm(f ;P ) =
∑
|n|≤m

(f ,wn)yn.

Ïðîñòðàíñòâî Áåñîâà Bθ1,∞, θ ∈ (0, 1), îïðåäåëèì êàê ïðîñòðàíñòâî L1[0, π]
ôóíêöèé, äëÿ êîòîðûõ∫ π

0

|f(x+ h)− f(x)| dx ≤ Chθ.

Òåîðåìà 1. Ïóñòü f ∈ L∞[0, π], P1, P2 ∈ Bθ1,∞[0, π]. Òîãäà

‖Sm(f ;P1)− Sm(f ;P2)‖L∞ ≤ C‖f‖L∞m−θ, (1)

ãäå C = C(P1, P2, U).

Ëèòåðàòóðà
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STRUCTURE OF ESSENTIAL SPECTRA AND DISCRETE
SPECTRUM OF THE ENERGY OPERATOR OF SIX

ELECTRON SYSTEMS IN THE HUBBARD MODEL. FIRST
QUINTET STATE
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Ðàññìàòðèâàåòñÿ øåñòèýëåêòðîííàÿ ñèñòåìà â ìîäåëè Õàááàðäà.
Îïèñàíà ñòðóêòóðà ñóùåñòâåííîãî ñïåêòðà è äèñêðåòíûé ñïåêòð
â ýòîé ìîäåëè â ñëó÷àå ïåðâîãî êâèíòåòíîãî ñîñòîÿíèÿ. Äîêàçû-
âàåòñÿ, ÷òî, â îäíîìåðíîì ñëó÷àå, ñóùåñòâåííûé ñïåêòð ñèñòåìû
åñòü îáúåäèíåíèå ñåìüè îòðåçêîâ, à äèñêðåòíûé ñïåêòð ñèñòåìû
ñîñòîèò èç íå áîëåå îäíîãî ñîáñòâåííîãî çíà÷åíèÿ.

Êëþ÷åâûå ñëîâà: ìîäåëü Õàááàðäà, øåñòèýëåêòðîííàÿ ñèñòåìà, êâèí-
òåòíîå ñîñòîÿíèå, ñóùåñòâåííûé ñïåêòð, äèñêðåòíûé ñïåêòð.

We consider of the energy operator of six electron systems in the Hub-
bard model and investigated the structure of essential spectra and
discrete spectrum of the system in the first quintet state. We proved,
that the if ν = 1, then the essential spectra of the operator is consists
of the union of seven segments, and discrete spectrum of the operator
is consists of no more then one eigenvalue.

Keywords: Hubbard model,six electron systems, quintet state, essen-
tial spectra, discrete spectrum.

The Hubbard model model is currently one of the most extensively
studied multielectron models of metals [1,2]. But little is known about exact
results for the spectrum and wave functions of the crystal described by the
Hubbard model, and obtaining the corresponding statements is great interest
problem.

Consider the energy operator H of six-electron systems in the Hubbard
model, where

H = A
∑
m,γ

a+
m,γam,γ +B

∑
m,τ,γ

a+
m,γam+τ,γ + U

∑
m

a+
m,↑am,↑a

+
m,↓am,↓.

Here A is the electron energy at a lattice site, B is the is the transfer
integral between neighboring sites (we assume that B > 0 for convenience),

Sa'dulla Tashpulatov (Doctor of Physics and Mathematics, Leading Researcher,
Institute of Nuclear Physics of Academy of Sciences of Republic of Uzbekistan, Tashkent,
Uzbekistan)
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τ = ±ej , j = 1, 2, ..., ν, where ej are unit mutually orthogonal vectors,
which means that summation is taken over the nearest neighbors, U is the
parameter of the on-site Coulomb interaction of two electrons, γ is the spin
index, γ =↑ or γ =↓, ↑ and ↓ denote the spin values 1

2 and − 1
2 , and a

+
m,γ

and am,γ are the respective electron creation and annihilation operators at
a site m ∈ Zν .

The �rst quintet state corresponds six-electron bound states (or antibound
states) to the basis functions: 1q2

p,n,r,t,l,k∈Zν = a+
p,↓a

+
n,↑a

+
r,↑a

+
t,↑a

+
l,↑a

+
k,↑ϕ0. The

subspace 1H̃2
q , corresponding to the �rst quintet state is the set of all vectors

of the form 1ψ2
q =

∑
p,n,r,t,l,k∈Zν f(p, n, r, t, l, k)1q2

p,n,r,t,l,k, f ∈ las2 , where

las2 is the subspace of antisymmetric functions in l2((Zν)6). In this case,

the Hamiltonian H acts in the antisymmetric Foc'k space H̃as. Let ϕ0 be
the vacuum vector in the antisymmetrical Foc'k space H̃as. Let

1H̃2
q be the

restriction H to the subspace 1H̃2
q . The �rst quintet state corresponds the

free motions of six-electrons in the lattice and their interactions.

Theorem 1. The subspace 1H
q
2 is invariant under the operator H, and

the operator 1Hq
2 is a bounded self-adjoint operator. It generates a bounded

self-adjoint operator 1H
q

2 acting in the space las2 as

1H
q

2
1ψq2 = 6Af(p, n, r, t, l, k)+B

∑
τ

[f(p+τ, n, r, t, l, k)+f(p, n+τ, r, t, l, k)+

+f(p, n, r + τ, t, l, k) + f(p, n, r, t+ τ, l, k) + f(p, n, r, t, l + τ, k)+

+f(p, n, r, t, l, k + τ)] + U [δp,n + δp,r + δp,t + δp,l + δp,k]f(p, n, r, t, l, k). (1)

The operator 1Hq
2 acts on a vector 1ψq2 ∈1 H

q
2 as

1Hq
2

1ψq2 =
∑

p,n,r,t,l,k∈Zν
(1H

q

2f)(p, n, r, t, l, k)1ψq2. (2)

We set 1H̃q
2 = F 1H

q

2F
−1. In the quasimomentum representation, the

operator 1H̃q
2 acts in the Hilbert space Las2 ((T ν)6) as

1H̃q
2

1ψq2 =

{6A+2B

ν∑
i=1

[cosλi+cosµi+cosγi+cosθi+cosηi+cosξi]}f(λ, µ, γ, θ, η, ξ)+

+U

∫
T ν

[f(s, λ+µ−s, γ, θ, η, ξ)+f(s, µ, λ+γ−s, θ, η, ξ)+f(s, µ, γ, λ+θ−s, η, ξ)+

+f(s, µ, γ, θ, λ+ η − s, ξ) + f(s, µ, γ, θ, η, λ+ ξ − s)]ds, (3)
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where Las2 ((T ν)6) is the subspace of antisymmetric functions in L2((T ν)6).
Theorem 2. Let ν = 1, and U < 0. Then the essential spectrum of

the operator 1H̃q
2 is consists of the union of seven segments: σess(

1H̃q
2 ) =

[a+c+e, b+d+f ]∪[a+c+z3, b+d+z3]∪[a+e+z2, b+f+z2]∪[a+z2+z3, b+z2+
z3]∪[c+e+z1, d+f+z1]∪[c+z1+z3, d+z1+z3]∪[e+z1+z2, f+z1+z2], and

the discrete spectrum of operator 1H̃q
2 is consists of no more one eigenvalue:

σdisc(
1H̃q

2 ) = {z1 + z2 + z3}, or σdisc(1H̃q
2 ) = ∅, Here and hereafter a =

2A−4B cos Λ1

2 , b = 2A+4B cos Λ1

2 , c = 2A−4B cos Λ2

2 , d = 2A+4B cos Λ2

2 ,

e = 2A − 4B cos Λ3

2 , f = 2A + 4B cos Λ3

2 , z1 = 2A − 2
√
U2 + 4B2 cos2 Λ1

2 ,

z2 = 2A + 2
√
U2 + 4B2 cos2 Λ2

2 , and z3 = 2A −
√
U2 + 16B2 cos2 Λ3

2 . Here

Λ1 = λ+ µ, Λ2 = γ + θ, Λ3 = η + ξ;
Theorem 3. Let ν = 1, and U > 0. Then the essential spectrum of

the operator 1H̃q
2 is consists of the union of seven segments: σess(

1H̃q
2 ) =

[a+ c+ e, b+ d+ f ] ∪ [a+ c+ z̃3, b+ d+ z̃3] ∪ [a+ e+ z̃2, b+ f + z̃2] ∪ [a+
z̃2 + z̃3, b+ z̃2 + z̃3]∪ [c+ e+ z̃1, d+ f + z̃1]∪ [c+ z̃1 + z̃3, d+ z̃1 + z̃3]∪ [e+

z̃1 + z̃2, f + z̃1 + z̃2], and the discrete spectrum of operator 1H̃q
2 is consists

of no more one eigenvalue: σdisc(
1H̃q

2 ) = {z̃1 + z̃2 + z̃3}, or σdisc(1H̃q
2 ) = ∅.

Here z̃1 = 2A + 2
√
U2 + 4B2 cos2 Λ1

2 , z̃2 = 2A − 2
√
U2 + 4B2 cos2 Λ2

2 , and

z̃3 = 2A+
√
U2 + 16B2 cos2 Λ3

2 .
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STRUCTURE OF ESSENTIAL SPECTRA AND DISCRETE
SPECTRUM OF THE ENERGY OPERATOR OF FOUR
ELECTRON SYSTEMS IN THE IMPURITY HUBBARD

MODEL. THIRD TRIPLET STATE
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Ðàññìàòðèâàåòñÿ ÷åòûðåõýëåêòðîííàÿ ñèñòåìà â ïðèìåñíîé ìîäå-
ëè Õàááàðäà. Îïèñàíà ñòðóêòóðà ñóùåñòâåííîãî ñïåêòðà è äèñ-
êðåòíûé ñïåêòð â ýòîé ìîäåëè â ñëó÷àå òðåòüåãî òðèíëåòíîãî ñî-
ñòîÿíèÿ. Äîêàçûâàåòñÿ, ÷òî, â îäíîìåðíîì ñëó÷àå, ñóùåñòâåííûé
ñïåêòð ñèñòåìû åñòü îáúåäèíåíèå íå áîëåå ÷åì øåñòíàäöàòü îòðåç-
êîâ, à äèñêðåòíûé ñïåêòð ñèñòåìû ñîñòîèò èç íå áîëåå îäèíàäöàòü
ñîáñòâåííîãî çíà÷åíèå.

Êëþ÷åâûå ñëîâà: ìîäåëü Õàááàðäà, ïðèìåñíîé ìîäåëü Õàááàðäà,
÷åòûðåõýëåêòðîííàÿ ñèñòåìà, òðèïëåòíîå ñîñòîÿíèå, ñóùåñòâåí-
íûé ñïåêòð, äèñêðåòíûé ñïåêòð.

We consider of the energy operator of four electron systems in the
Impurity Hubbard model and investigated the structure of essential
spectra and discrete spectrum of the system in the third triplet state.
We proved, that the if ν = 1, then the essential spectra of the operator
is consists of the union of no mote than sixteen segments, and discrete
spectrum of the operator is consists of no more then eleven eigenvalues.

Keywords: Hubbard model, Impurity Hubbard model, four electron
systems, triplet state, essential spectra, discrete spectrum.

The Hubbard model and impurity Hubbard model is currently one of
the most extensively studied multielectron models of metals [1,2]. But little
is known about exact results for the spectrum and wave functions of the
crystal described by the Hubbard model, and obtaining the corresponding
statements is great interest problem.

We consider the energy operator H of four-electron systems in the Impurity
Hubbard model, where H = A

∑
m,γ a

+
m,γam,γ + B

∑
m,τ,γ a

+
m,γam+τ,γ+

U
∑
m a

+
m,↑am,↑a

+
m,↓am,↓+ (A0−A)

∑
γ a

+
0,γa0,γ + (B0−B)

∑
τ,γ(a+

0,γaτ,γ +

a+
τ,γa0,γ) + (U0 − U)a+

0,↑a0,↑a
+
0,↓a0,↓. Here A (A0) is the electron energy at
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Institute of Nuclear Physics of Academy of Sciences of Republic of Uzbekistan, Tashkent,
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a regular (impurity) lattice site, B (B0) is the transfer integral between
(between electron and impurities) neighboring sites (we assume that B >
0 (B0 > 0) for convenience), τ = ±ej , j = 1, 2, ..., ν, where ej are unit
mutually orthogonal vectors, which means that summation is taken over the
nearest neighbors, U (U0) is the parameter of the on-site Coulomb interaction
of two electrons in the regular (impurity) sites, γ is the spin index, γ =↑ or
γ =↓, and a+

m,γ and am,γ are the respective electron creation and annihilation
operators at a site m ∈ Zν .

In the four electron systems has a quintet state, and two type singlet
state, and three type triplet states. The third triplet state corresponds to
the free motion of four electrons over the lattice and their interactions with
the basic functions: 3t1p,q,r,t∈Zν = a+

p,↑a
+
q,↓a

+
r,↑a

+
t,↑ϕ0. The subspace 3H̃1

t ,
corresponding to the third triplet state is the set of all vectors of the form
3ψ1

t =
∑
p,q,r,t∈Zν f(p, q, r, t)3t1p,q,r,t, f ∈ las2 , where las2 is the subspace of

antisymmetric functions in l2((Zν)4). In this case, the Hamiltonian H acts

in the antisymmetric Foc'k space H̃as. Let ϕ0 be the vacuum vector in
the antisymmetrical Foc'k space H̃as. Let

3H̃1
t be the restriction H to the

subspace 3H̃1
t .

Theorem 1. The subspace 3Ht
1 is invariant under the operator H, and

the operator 3Ht
1 is a bounded self-adjoint operator. It generates a bounded

self-adjoint operator 3H
t

1 acting in the space las2 .

We set 3H̃t
1 = F 3H

t

1F
−1. In the quasimomentum representation, the

operator 3H̃t
1 acts in the Hilbert space L

as
2 ((T ν)4).

Theorem 2. Let ν = 1, and ε2 = −B, and ε1 < −2B (respectively,

ε2 = −B, and ε1 > 2B. Then the essential spectrum of the operator 3H̃t
1

is consists of the union of N1 segments, where 4 ≤ N1 ≤ 8 : σess(
3H̃t

1) =
[4A−8B, 4A+8B]∪[3A−6B+z, 3A+6B+z]∪[2A−4B+2z, 2A+4B+2z]∪
[A−2B+3z,A+2B+3z]∪[2A−4B+z3, 2A+4B+z3]∪[2A−4B+z4, 2A+4B+
z4]∪[A−2B+z+z3, A+2B+z+z3]∪[A−2B+z+z4, A+2B+z+z4], and the

discrete spectrum of operator 3H̃t
1 is consists of no more three eigenvalues:

σdisc(
3H̃t

1) = {4z, 2z+ z3, 2z+ z4}, where z = A+ ε1, and z3 and z4 are the

additional eigenvalues of operator 3H̃t
1.

Theorem 3. If ν = 1, and −2B < ε2 < 0, then the essential spectrum of
the operator 3H̃t

1 is consists of the union of N1 segments, where 1 ≤ N1 ≤ 3 :

σess(
3H̃t

1) = [4A− 8B, 4A+ 8B]∪ [2A− 4B+ z3, 2A+ 4B+ z3]∪ [2A− 4B+

z4, 2A+ 4B + z4], and the discrete spectrum of operator 3H̃t
1 is empty set.

Theorem 4. Let ν = 1, and ε2 > 0, and − 2(ε22+2Bε2)
B < ε1 <

2(ε22+2Bε2)
B ,

then the essential spectrum of the operator 3H̃t
1 is consists of the union of

the N1 segment, where 10 ≤ N1 ≤ 16 : σess(
3H̃t

1) = [4A − 8B, 4A + 8B] ∪
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[3A− 6B + z1, 3A− 6B + z1] ∪ [3A− 6B + z2, 3A− 6B + z2] ∪ [2A− 4B +
2z1, 2A+4B+2z1]∪ [2A−4B+2z2, 2A+4B+2z2]∪ [2A−4B+z1 +z2, 2A+
4B+ z1 + z2]∪ [A− 2B+ 3z1, A+ 2B+ 3z1]∪ [A− 2B+ 3z2, A+ 2B+ 3z2]∪
[A− 2B + 2z1 + z2, A+ 2B + 2z1 + z2] ∪ [A− 2B + z1 + 2z2, A+ 2B + z1 +
2z2]∪ [2A− 4B + z3, 2A+ 4B + z3]∪ [A− 2B + z1 + z3, A+ 2B + z1 + z3]∪
[A− 2B + z2 + z3, A+ 2B + z2 + z3] ∪ [2A− 4B + z4, 2A+ 4B + z4] ∪ [A−
2B + z1 + z4, A+ 2B + z1 + z4] ∪ [A− 2B + z2 + z4, A+ 2B + z2 + z4] and

discrete spectrum of the operator 3H̃t
1 is consists of N2 eigenvalues, where

5 ≤ N2 ≤ 11 : σdisc(
3H̃t

1) = {4z1, 4z2, 3z1 + z2, z1 + 3z2, 2z1 + 2z2, 2z1 +
z3, z1 + z2 + z3, 2z2 + z3, 2z1 + z4, z1 + z2 + z4, 2z2 + z4}.
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Â ðàáîòå ïðèâîäèòñÿ íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ðàâåí-
ñòâà íóëþ ñóììû ðåãóëÿðèçîâàííîãî ñëåäà ñî ñêîáêàìè ñ âû÷åòîì
ïåðâîé ïîïðàâêè òåîðèè âîçìóùåíèé.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå îïåðàòîðû, ñïåêòð, ôîðìóëà
ñëåäîâ.

Trace formulas for compact perturbations of operators with
discrete spectrum.

We give the necessary and sufficient condition of vanishing of the reg-
ularized trace sum with first correction of the perturbation theory to
be subtracted and with groupings.

Keywords: differential operators, spectrum, trace formula.

Äîêëàä ïîñâÿùåí êðàòêîìó îáçîðó è ñîâðåìåííîìó ñîñòîÿíèþ âûøå-
íàçâàííîé òåìû. À òàêæå áóäåò îáñóæäåí ìåòîä äîêàçàòåëüñòâà íåîáõî-
äèìîãî è äîñòàòî÷íîãî óñëîâèÿ ðàâåíñòâà íóëþ ðåãóëÿðèçîâàííîé ñóì-
ìû ñ âû÷åòîì ïåðâîé ïîïðàâêè òåîðèè âîçìóùåíèé è åãî ñâÿçü ñ òàóáå-
ðîâîé òåîðåìîé òèïà Êåëäûøà.

Ôàçóëëèí Çèãàíóð Þñóïîâè÷, äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîð
ÁàøÃÓ (Óôà, Ðîññèÿ); Ziganur Fazullin, doctor of physical and mathematical sciences,
professor (Bashkir State University, Ufa, Russia)
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SPECTRAL PROPERTIES OF ORDINARY DIFFERENTIAL
OPERATORS GENERATED BY FIRST ORDER SYSTEMS

@ A.A. Shkalikov
avabanin@sfedu.ru

ÓÄÊ 517.977

DOI: 10.33184/mnkuomsh1t-2021-10-06.32.

Ìû ðàññìàòðèâàåì ñïåêòðàëüíûå ñâîéñòâà îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ îïåðàòîðîâ, ïîðîæäåííûõ ñèñòåìàìè ïåðâîãî ïîðÿä-
êà.

Êëþ÷åâûå ñëîâà: ñïåêòðàëüíûå ñâîéñòâà, äèôôåðåíöèàëüíûå îïå-
ðàòîðû.

Spectral properties of ordinary differential operators
generated by first order systems

We consider spectral properties of ordinary differential operators gen-
erated by first order systems.

Keywords: spectral properties, differential operators.

We consider operators generated by di�erential expressions of the form

l(y) = B(x)
dy

dx
+ A(x)y, y = {y1, y2, . . . , yn}, x ∈ [a, b]

and boundary conditions

U0y(a) + U1y(b) = 0.

Here U0 and U1 are n× n matrices, B = diag{b1(x), b2(x), . . . , bn(x)}, and
it is assumed that b−1

j and the entries of the n × n matrix-function A are
summable.

The results which we shall present in the talk depend essentially on
conditions for the functions bj(x). The main results will be presented for
the case when all the functions bj(x) are real and bj(x) 6= bk(x) 6= 0 for all
x ∈ [a, b] and k 6= j. This case corresponds to hyperbolic systems.

We modify the the concept of regularity (it was originated in the works
of G.Birkho�, J.Tamarkin, and R.Langer) and prove that the eigen and
associated functions of a regular operator form an unconditional basis in
L2(a, b). Some other properties of regular operators will also be discussed.

This investigation is supported by Russian Foundation of Fundamental Research,
grant No 19-01-00240.

Shkalikov A.A., Lomonosov Moscow State University
Department of mathematics and mechanics
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ÔÎÐÌÓËÀ ÑËÅÄÀ ÄÂÓÌÅÐÍÎÃÎ ÃÀÐÌÎÍÈ×ÅÑÊÎÃÎ
ÎÑÖÈËËßÒÎÐÀ Â ÏÎËÎÑÅ.

@ È.Ã. ßíäûáàåâà
nuga-irina@yandex.ru

ÓÄÊ 517.984.4
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Äàííàÿ ðàáîòà ïîñâÿùåíà âû÷èñëåíèþ ôîðìóëû ðåãóëÿðèçîâàí-
íîãî ñëåäà ëîêàëüíîãîâîçìóùåíèÿ äâóìåðíîãî ãàðìîíè÷åñêîãî îñ-
öèëëÿòîðà â ïîëîñå.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå îïåðàòîðû, ñïåêòð, ôîðìóëà
ñëåäîâ.

Trace formula of a two-dimensional harmonic oscillator in a
strip

This work is devoted to the calculation of the formula for the reg-
ularized trace of local perturbation of a two-dimensional harmonic
oscillator in a strip.

Keywords: differential operators, spectrum, trace formula.

Ðàññìîòðèì îïåðàòîð L0 â ïðîñòðàíñòâå L2(Π), ãäå

Π = {x = (x1, x2) : x1 ∈ R, x2 ∈ [0, π]} ,

ïîðîæäåííûé äèôôåðåíöèàëüíûì âûðàæåíèåì

lu = −∂
2u

∂x2
1

− ∂2u

∂x2
2

+ x2
1u

è ãðàíè÷íûìè óñëîâèÿìè Äèðèõëå:

u ∈ L2(Π), u(x1, 0) = u(x1, π) = 0, x1 ∈ R.

Òî åñòü îïåðàòîð L0 èìååò îáëàñòü îïðåäåëåíèÿ

D(L0) =
{
u(x1, x2) : u ∈W 2

2 (Π), u(x1, 0) = u(x1, π) = 0
}
.

Ðàññìîòðèì îïåðàòîð
L = L0 + V,

ãäå V îïåðàòîð óìíîæåíèÿ íà îãðàíè÷åííóþ èçìåðèìóþ ôèíèòíóþ âå-
ùåñòâåííîçíà÷íóþ ôóíêöèþ V (x), x ∈ Π.

ßíäûáàåâà Èðèíà Ãàìèðîâíà, ÁàøÃÓ (Óôà, Ðîññèÿ); Irina Yandybaeva (Bashkir
State University, Ufa, Russia)
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Ïóñòü λn - ñîáñòâåííûå ÷èñëà îïåðàòîðà L0, µ
(n)
s , s = 1, νn � ñîáñòâåí-

íûå ÷èñëà îïåðàòîðà L, ãäå νn - êðàòíîñòü ñîáñòâåííûõ ÷èñåë λn = n,
, n ∈ N\ {1; 3}. Ïóñòü Pn - ïðîåêòîð íà ñîáñòâåííîå ïîäïðîñòðàíñòâî,
ñîîòâåòñòâóþùåå λn = n, , n ∈ N\ {1; 3}.

Ñïðàâåäëèâî ðàâåíñòâî [1]

n∑
k∈N\{1;3}

[
νk∑
s=1

(
λk − µ(k)

s

)
+ SpPkV

]
=

n∑
k∈N\{1;3}

αk + βn

ãäå

αk =
∑
m6=k

SpPmV PkV

λm − λk
,

βn =
1

2πi

∮
Γn

zSp
(

(R0(z)V )
3
R(z)

)
dz,

R0(z) = (L0 − z)−1
, R(z) = (L− z)−1

.

Ñïðàâåäëèâû [2]

Òåîðåìà 1. Ïóñòü V (x) ∈ C2
0 (Π). Òîãäà ïðè k >> 1 ñïàâåäëèâî

àñèìïòîòè÷åñêîå ðàâåíñòâî

αk = O

(
1

kγ

)
, γ > 1

òî åñòü, â ÷àñòíîñòè, ïîñëåäîâàòåëüíîñòü αk àáñîëþòíî ñóììè-
ðóåìà.

Òåîðåìà 2. Ïóñòü V (x) ∈ C2
0 (Π), òîãäà

n∑
k∈N\{1;3}

[
νk∑
s=1

(
λk − µ(k)

s

)
+ SpPkV

]
=

1

12π

∫
Π

V 2(x)dx.

Ëèòåðàòóðà
1. Ñàäîâíè÷èé Â.À., Ôàçóëëèí Ç.Þ., Íóãàåâà È.Ã.Ñïåêòð è ôîðìóëà ñëåäà

äëÿ îãðàíè÷åííûõ âîçìóùåíèé äèôôåðåíöèàëüíûõ îïåðàòîðîâ // ÄÀÍ ÐÀÍ,
483:1 (2018), 19-21.

2. Ôàçóëëèí Ç.Þ., Íóãàåâà È.Ã. Ñïåêòð è ôîðìóëà ñëåäîâ ôèíèòíîãî âîç-
ìóùåíèÿ äâóìåðíîãî ãàðìîíè÷åñêîãî îñöèëëÿòîðà â ïîëîñå // Äèôô. óð., 55:5
(2019), 691-701.
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Äàåòñÿ îïèñàíèå ëèíåéíî ñâÿçíûõ êîìïîíåíò ìíîæåñòâà êîìïîçè-
öèîííûõ îïåðàòîðîâ â ïðîñòðàíñòâàõ Áåðãìàíà. Óñòàíîâëåíî, ÷òî
îäíîé èç òàêèõ êîìïîíåíò ÿâëÿåòñÿ ìíîæåñòâî êîìïàêòíûõ êîì-
ïîçèöèîííûõ îïåðàòîðîâ. Ñ äðóãîé ñòîðîíû, ïîêàçàíî, ÷òî ìíî-
æåñòâî êîìïàêòíûõ êîìïîçèöèîííûõ îïåðàòîðîâ ëèíåéíî ñâÿçíî,
íî ÿâëÿåòñÿ ëèøü ÷àñòüþ ñîîòâåòñòâóþùåé êîìïîíåíòû.

Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâà Áåðãìàíà, êîìïîçèöèîííûå îïåðà-
òîðû.

Path components of the set of (weighted) composition
operators on Bergman spaces

We give a description of the set of linearly connected components of
the set of composition operators on Bergman spaces. It is established
that one of such a component is the set of all compact composition
operators. On the other hand, it is shown that the set of all weighted
composition operators is linearly connected but it is only a part of the
corresponding component.

Keywords: Bergman spaces, composition operators.

Â äîêëàäå áóäóò ïðåäñòàâëåíû ðåçóëüòàòû îá îïèñàíèè ëèíåéíî ñâÿç-
íûõ êîìïîíåíò ìíîæåñòâà (âåñîâûõ) êîìïîçèöèîííûõ îïåðàòîðîâ, äåé-
ñòâóþùèõ íà ïðîñòðàíñòâàõ Áåðãìàíà

Apα :=

{
f ∈ H(D) : ‖f‖p,α :=

(∫
D
|f(z)|p(1− |z|2)αdλ(z)

) 1
p

<∞

}
,

ãäå D � åäèíè÷íûé êðóã, p ∈ (0,∞) è α ∈ (−1,∞). ×åðåç S(D) îáîçíà-
÷àåì ìíîæåñòâî âñåõ ãîëîìîðôíûõ â D ôóíêöèé ϕ ñ ϕ(D) ⊂ D. Êàæäàÿ
ôóíêöèÿ ϕ ∈ S(D) ïîðîæäàåò êîìïîçèöèîííûé îïåðàòîð Cϕ : f 7→ f ◦ϕ,

Àáàíèí Àëåêñàíäð Âàñèëüåâè÷, ä.ô.-ì.í., ïðîôåññîð, ÞÌÈ ÂÍÖ ÐÀÍ (Âëà-
äèêàâêàç, Ðîññèÿ) è ÞÔÓ (Ðîñòîâ-íà-Äîíó, Ðîññèÿ); Alexander Abanin (Southern
Mathematical Institute VNC RAS, Vladikavkaz, Russia andSouthern Federal University,
Rostov-na-Donu, Russia)
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äåéñòâóþùèé èç H(D) â H(D). Ãîâîðÿò, ÷òî äâà êîìïîçèöèîííûõ îïåðà-
òîðà Cϕ è Cφ ñèëüíî ëèíåéíî ñâÿçàíû â ïðîñòðàíñòâå C(Apα) âñåõ êîì-
ïîçèöèîííûõ îïåðàòîðîâ íà Apα, åñëè îòðåçîê Ctϕ+(1−t)φ, 0 ≤ t ≤ 1, ÿâ-
ëÿåòñÿ íåïðåðûâíûì ïóòåì â C(Apα). Óñòàíîâëåíû ñëåäóþùèå îñíîâíûå

ðåçóëüòàòû, ïîëó÷åííûå àâòîðîì ñîâìåñòíî ñ Ëå Õàé Õîåì è Ôàì Òðîíã
Òèåíîì.

Òåîðåìà 1. Ïóñòü ϕ, φ ∈ S(D). Êîìïîçèöèîííûå îïåðàòîðû Cϕ è
Cφ ñèëüíî ëèíåéíî ñâÿçàíû â C(Apα) òîãäà è òîëüêî òîãäà, êîãäà

lim sup
ρ(ϕ(z),φ(z))→1

(
1− |z|2

1− |ϕ(z)|2
+

1− |z|2

1− |φ(z)|2

)
= 0,

ãäå ρ(z, ζ) :=
∣∣∣ z−ζ1−zζ

∣∣∣ � ïñåâäîãèïåðáîëè÷åñêîå ðàññòîÿíèå â D.

Ñ ïîìîùüþ ýòîãî êðèòåðèÿ óñòàíîâëåíà
Òåîðåìà 2. Ìíîæåñòâî âñåõ êîìïàêòíûõ êîìïîçèöèîííûõ îïåðà-

òîðîâ íà Apα ñèëüíî ëèíåéíî ñâÿçíî è îáðàçóåò êîìïîíåíòó â C(Apα).

Â òî æå âðåìÿ äëÿ ìíîæåñòâà Cw(Apα) âñåõ âåñîâûõ êîìïîçèöèîííûõ
îïåðàòîðîâ Cψ,ϕ : f 7→ ψ · (f ◦ ϕ), ψ ∈ H(D), ϕ ∈ S(D), îêàçàëîñü, ÷òî
àíàëîã òåîðåìû 2 âåðåí ëèøü ÷àñòè÷íî. Èìåííî, ñïðàâåäëèâà

Òåîðåìà 3.Ìíîæåñòâî âñåõ êîìïàêòíûõ âåñîâûõ êîìïîçèöèîííûõ
îïåðàòîðîâ íà Apα ëèíåéíî ñâÿçíî, íî ÿâëÿåòñÿ ëèøü ÷àñòüþ êîìïîíåí-
òû â Cw(Apα).

Îòìåòèì, ÷òî ðàíåå ïîäîáíûå ðåçóëüòàòû áûëè èçâåñòíû ëèøü äëÿ
âåñîâûõ ïðîñòðàíñòâ ñ ðàâíîìåðíîé íîðìîé èëè â ãèëüáåðòîâîì ñëó÷àå
(ñì. [1]�[4]).

Ëèòåðàòóðà
1.MacCluer B.D. Components in the space of composition operators // Integr.

Equ. Oper. Theory, 12:5 (1989), 725-738.
2. MacCluer B.D., Ohno S., Zhao R. Topological structure of the space of

composition operators on H∞ // Integr. Equ. Oper. Theory, 40:4 (2001), 481-494.
3. Dai J. Topological structure of the set of composition operators on the

weighted Bergman space // J. Math. Anal. Appl., 473:1 (2019), 444-467.
4. Abanin A.V., Khoi L.H., Tien P.T. Topological structure in the space

of (weighted) composition operators on weighted Banach spaces of holomorphic
functions // Bull. Sci. Math., 158 (2020), article 102806.
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ÎÏÅÐÀÒÎÐ ÄÈÔÔÅÐÅÍÖÈÐÎÂÀÍÈß Â
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Ðàññìàòðèâàåòñÿ îïåðàòîð äèôôåðåíöèðîâàíèÿ â ïðîñòðàíñòâå óëü-
òðàäèôôåðåíöèðóåìûõ ôóíêöèé (ÓÄÔ) íîðìàëüíîãî òèïà íà êî-
íå÷íîì èëè áåñêîíå÷íîì èíòåðâàëå âåùåñòâåííîé ïðÿìîé è èí-
âàðèàíòíûå îòíîñèòåëüíî äèôôåðåíöèðîâàíèÿ ïîäïðîñòðàíñòâà
â U(a; b). Ïðåäëîæåí âàðèàíò ñïåêòðàëüíîãî ñèíòåçà, ó÷èòûâàþ-
ùèé íàëè÷èå â U(a; b) íåòðèâèàëüíûõ èíâàðèàíòíûõ îòíîñèòåëüíî
äèôôåðåíöèðîâàíèÿ ïîäïðîñòðàíñòâ ñ ïóñòûì ñïåêòðîì.

Êëþ÷åâûå ñëîâà: óëüòðàäèôôåðåíöèðóåìûå ôóíêöèè, èíâàðèàíò-
íûå ïîäïðîñòðàíñòâà, ñïåêòðàëüíûé ñèíòåç, ïðåîáðàçîâàíèå Ôóðüå-
Ëàïëàñà.

The differentiation operator in spaces of ultradifferentiable
functions

We consider the differentiation operator in the space of ultradiffer-
entiable function (UDF) of normal type U(a; b) deifned on a finite
or infinite interval of the real line and study differentiation-invariant
subsapces in U(a; b). We propose a version of spectral synthesis which
takes into account the presence of non-trivial differentiation-invariant
subspaces with void spectrum.

Keywords: ultradifferentiable functions, invariant subspaces, spectral
synthesis, Fourier-Laplace transform.

Ïóñòü ω : [0;∞) → [0;∞) � íåïðåðûâíàÿ, íåóáûâàþùàÿ ôóíêöèÿ,
òàêàÿ, ÷òî ϕ(et) := ω(et) âûïóêëà íà [0;∞) è ω(x) = o(x), lnx = o(ω(x)),
x→∞,

∀σ > 1 ∃C > 0 : ω(x+ y) ≤ σ(ω(x) + ω(y)) + C, ∀x, y ≥ 0,∫ ∞
1

ω(x)

x2
dx <∞.

Èññëåäîâàíèå âûïîëíåíî â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåðñòâà íà-
óêè è âûñøåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè (êîä íàó÷íîé òåìû FZWU-2020-
0027).

Àáóçÿðîâà Íàòàëüÿ Ôàèðáàõîâíà, ê.ô.-ì.í., äîöåíò, ÁàøÃÓ (Óôà, Ðîññèÿ);
Natalia Abuzyarova (Bashkir State University, Ufa, Russia)
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Ôóíêöèþ ω ñ óêàçàííûìè ñâîéñòâàìè íàçûâàþò íåêâàçèàíàëèòè÷åñêèì
âåñîì.

Îáîçíà÷èì [−ck; ck] k = 1, 2, . . . , âîçðàñòàþùóþ ïîñëåäîâàòåëüíîñòü
îòðåçêîâ, èñ÷åðïûâàþùóþ èíòåðâàë (−a; a) (êîíå÷íûé èëè áåñêîíå÷-
íûé). Äëÿ f ∈ C∞(−a; a), q ∈ (0; 1), k = 1, 2, . . . , ïîëîæèì

‖f‖ω,q,k = sup
j∈N0

sup
|x|≤ck

|f (j)(x)|
eqϕ∗(j/q)

è îïðåäåëèì ïðîñòðàíñòâî óëüòðàäèôôåðåíöèðóåìûõ ôóíêöèé (ÓÄÔ)
íîðìàëüíîãî òèïà íà èíòåðâàëå (−a; a) :

U(−a; a) = {f ∈ C∞(−a; a) : ‖f‖ω,q,k <∞∀q ∈ (0; 1), ∀k = 1, 2, . . . }.

Ñ òîïîëîãèåé, çàäàâàåìîé íàáîðîì ïðåäíîðì ‖·‖ω,q,k, ïðîñòðàíñòâî U(−a; a)
ñòàíîâèòñÿ ëîêàëüíî-âûïóêëûì ïðîñòðàíñòâîì òèïà (M∗).

Ïóñòü D = d
dx � îïåðàòîð äèôôåðåíöèðîâàíèÿ, äåéñòâóþùèé â ïðî-

ñòðàíñòâå U(−a; a), W ⊂ U(−a; a) � çàìêíóòîå ïîäïðîñòðàíñòâî, èí-
âàðèàíòíîå îòíîñèòåëüíî äèôôåðåíöèðîâàíèÿ: D(W ) ⊂ W � êîðî÷å,
D-èíâàðèàíòíîå ïîäïðîñòðàíñòâî.

Òåîðåìà 1. 1) Ñïåêòð îïåðàòîðà D : W → W ëèáî äèñêðåòåí (â
÷àñòíîñòè, ïóñò), ëèáî ñîâïàäàåò ñî âñåé êîìïëåêñíîé ïëîñêîñòüþ.
2) Êàæäîå D-èíâàðèàíòíîå ïîäïðîñòðàíñòâî W ñîäåðæèò ðåçèäóàëü-
íîå ïîäïðîñòðàíñòâî (âîçìîæíî, òðèâèàëüíîå)

WIW = {f ∈ U(−a; a) : f = 0 íà IW },

ãäå IW � íàèìåíüøèé âîçìîæíûé äëÿ W îòíîñèòåëüíî çàìêíóòûé â
(−a; a) ïðîìåæóòîê (íàçûâàåìûé ðåçèäóàëüíûì ïðîìåæóòêîì ïîäïðî-
ñòðàíñòâà W ).

Óòâåðæäåíèÿ 1) è 2) òåîðåìû 1 ÿâëÿþòñÿ àíàëîãàìè òåîðåì 2.1 è 4.1
èç ðàáîòû [1], â êîòîðîé áûëî íà÷àòî èññëåäîâàíèå çàäà÷ ñïåêòðàëüíî-
ãî àíàëèçà è ñèíòåçà äëÿ îïåðàòîðà D, äåéñòâóþùåãî â ïðîñòðàíñòâå
Øâàðöà C∞(a; b).

Ïðåäïîëîæèì òåïåðü, ÷òî ñïåêòð D-èíâàðèàíòíîãî ïîäïðîñòðàí-
ñòâà W ⊂ U(−a; a) (îïðåäåëÿåìûé êàê ñïåêòð îïåðàòîðà D : W → W )
äèñêðåòåí è ðàâåí (−iΛ), ãäå Λ ⊂ C � êîíå÷íàÿ èëè ñ÷åòíàÿ ïîñëå-
äîâàòåëüíîñòü (âîçìîæíî, ïóñòàÿ). Îáîçíà÷èì Exp Λ ñîîòâåòñòâóþùóþ
ñèñòåìó ýêñïîíåíöèàëüíûõ îäíî÷ëåíîâ, ρ(Λ) � ðàäèóñ ïîëíîòû ñèñòåìû
Exp Λ, |I| � äëèíà ïðîìåæóòêà I ⊂ R.

Òåîðåìà 2. Ïóñòü W � D-èíâàðèàíòíîå ïîäïðîñòðàíñòâî ñî ñïåê-
òðîì (−iΛ) è ðåçèäóàëüíûì ïðîìåæóòêîì IW .
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1) Åñëè 2ρ(Λ) < |IW |, òî

W = WIW + span Exp Λ (1)

(W äîïóñêàåò ñïåêòðàëüíûé ñèíòåç â ñëàáîì ñìûñëå).
2) Åñëè 2ρ(Λ) > |IW |, òî W = U(−a; a).
3) Ñðåäè D-èíâàðèàíòíûõ ïîäïðîñòðàíñòâ W , äëÿ êîòîðûõ 2ρ(Λ) =
|IW |, èìåþòñÿ êàê ïîäïðîñòðàíñòâà, äîïóñêàþùèå ñëàáûé ñïåêòðàëü-
íûé ñèíòåç (1), òàê è íå äîïóñêàþùèå åãî.

Òåîðåìà 2 èìååò óñòàíîâëåííûå ðàíåå àíàëîãè äëÿ ñëàáîãî ñïåêòðàëü-
íîãî ñèíòåçà â ïðîñòðàíñòâå Øâàðöà C∞(a; b) (ñì. [2], [3]).

Ìåòîäû è ïîäõîäû, ïðèìåíÿåìûå äëÿ äîêàçàòåëüñòâà òåîðåì 1 è 2,
ïðèãîäíû äëÿ èçó÷åíèÿ àíàëîãè÷íûõ âîïðîñîâ â áîëåå îáùèõ ïðîñòðàí-
ñòâàõ ÓÄÔ, ââåäåííûõ â ìîíîãðàôèè À.Â. Àáàíèíà [4].

Ëèòåðàòóðà
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Êðàòêàÿ àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû îãðàíè-
÷åííîñòè è êîìïàêòíîñòè äëÿ îäíîãî êëàññà èíòåãðàëüíûõ îïåðà-
òîðîâ ñ ëîãàðèôìè÷åñêîé îñîáåííîñòüþ. Â ïîñëåäíèå ãîäû òàêèå
âîïðîñû èíòåíñèâíî èññëåäóþòñÿ â ïðîñòðàíñòâàõ Ëåáåãà, Ñîáîëå-
âà è Ìîððè. Â ðàáîòå ïîëó÷åíû êðèòåðèè îãðàíè÷åííîñòè è êîì-
ïàêòíîñòè èíòåãðàëüíûõ îïåðàòîðîâ ñ ëîãàðèôìè÷åñêîé îñîáåí-
íîñòüþ è ñîîòâåòñòâóþùèå âåñîâûå îöåíêè.

Êëþ÷åâûå ñëîâà: âåñîâûå ïðîñòðàíñòâà Ëåáåãà, èíòåãðàëüíûé îïå-
ðàòîð, âåñîâàÿ ôóíêöèÿ, îãðàíè÷åííîñòü, êîìïàêòíîñòü.

Boundedness criterion for an integral operator with a
logarithmic singularity

The paper deals with the issues of boundedness and compactness for
one class of integral operators with a logarithmic singularity. In recent
years, such questions have been intensively investigated in Lebesgue,
Sobolev, and Morrey spaces. In this paper, criteria for the bounded-
ness and compactness of integral operators with a logarithmic singu-
larity and the corresponding weighted estimates are obtained.

Keywords: weighted Lebesgue spaces, integral operator, weight func-
tion, boundedness, compactness.

Ââåäåíèå. Ïóñòü 0 < p, q < ∞, p > 1, 1
p + 1

p′ = 1 è v(t), w(t) ⊂ Lloc(0,∞)

� âåñîâûå ôóíêöèè, ãäå v(t) ≥ 0, w(t) ≥ 0, ∀t ∈ I, I = (0,∞).
Â äàííîé ðàáîòå èçó÷àåòñÿ îãðàíè÷åííîñòü è êîìïàêòíîñòü îïåðàòî-

ðà

Kγf(x) =

x∫
0

W γ−1(s)ln
W (x)

W (x)−W (s)
f(s)w(s)ds, ∀x ∈ I, (1)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ïî áþäæåòíîé ïðîãðàììå, ïîäïðî-
ãðàììà ïðîåêò ïî 102 ÃÔ, ÈÐÍ AP08856339 (ïðîåêò � 321 îò 19.11.2020).

Àáûëàåâà Àêáîòà Ìóõàìåäèÿðîâíà, ê.ô.-ì.í., àññîöèðîâàííûé ïðîôåññîð, ÅÍÓ
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èç ïðîñòðàíñòâà Lp,w ≡ Lp,w(I) â ïðîñòðàíñòâî Lq,v ≡ Lq,v(I).
Çäåñü îáîçíà÷èì ÷åðåç Lp,w(I) ïðîñòðàíñòâî, ñîñòîÿùåå èç ìíîæåñòâà

âñåõ èçìåðèìûõ ôóíêöèé f ñ íîðìîé ‖f‖p,w =

(
x∫
0

|f(s)|pw(s)ds

) 1
p

<∞.

Êðîìå òîãî, ïóñòü W (x) =
x∫
0

w(s)ds, x > 0. W (x) � íåîòðèöàòåëüíàÿ,

ñòðîãî âîçðàñòàþùàÿ è ëîêàëüíî àáñîëþòíî íåïðåðûâíàÿ ôóíêöèÿ.
Äëÿ îïåðàòîðà âèäà (1), êîãäà W (x) = x, ò.å. äëÿ ÷àñòíîãî ñëó÷àÿ

ðàññìàòðèâàåìîãî íàìè îïåðàòîðà, â ðàáîòå [1] áûëè ïîëó÷åíû îãðàíè-
÷åííîñòü è êîìïàêòíîñòü èç âåñîâîãî ïðîñòðàíñòâà Ëåáåãà Lp â âåñî-
âîå ïðîñòðàíñòâî Ëåáåãà Lq, êîãäà ïàðàìåòðû óäîâëåòâîðÿþò óñëîâèÿì
1 < p ≤ q <∞, γ > 1

p è 0 < q < p <∞, γ > 1
p , p > 1.

Òåîðåìà 1. Ïóñòü 1 < p ≤ q < ∞, γ > 1
p . Òîãäà äëÿ îãðàíè÷åí-

íîñòè îïåðàòîðà Kγ èç âåñîâîãî ïðîñòðàíñòâà Ëåáåãà Lp,w â âåñîâîå
ïðîñòðàíñòâî Lq,v íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

Aγ = sup
x>0

A(x) <∞, ; A(x) =

 ∞∫
x

v(t)

W q(t)
dt

 1
q
 x∫

0

W γp′(t)w(t)dt

 1
p′

.

Êðîìå òîãî, ‖Kγ‖ ≈ Aγ .

Òåîðåìà 2. Ïóñòü 1 < p ≤ q < ∞, γ > 1
p . Òîãäà äëÿ êîìïàêò-

íîñòè îïåðàòîðà Kγ èç âåñîâîãî ïðîñòðàíñòâà Ëåáåãà Lp,w â âåñîâîå
ïðîñòðàíñòâî Lq,v íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ óñëîâèé:

1.A = sup
s>0

A(s) <∞

è
2. lim
s→0

A(s) = lim
s→∞

A(s) = 0.

Ëèòåðàòóðà
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Äëÿ ïðîèçâîëüíîãî ñåïàðàáåëüíîãî ñèììåòðè÷íîãî ïðîñòðàíñòâà
ïîñëåäîâàòåëüíîñòåé X ôóíäàìåíòàëüíîãî òèïà íàéäåíî ìíîæå-
ñòâî âñåõ p ∈ [1,∞], äëÿ êîòîðûõ ïðîñòðàíñòâî `p ôèíèòíî ïðåä-
ñòàâèìî â X òàêèì îáðàçîì, ÷òî âåêòîðû êàíîíè÷åñêîãî áàçèñà â
`p (c0, åñëè p =∞) ñîîòâåòñòâóþò ïîïàðíî äèçúþíêòíûì ýëåìåí-
òàì, èìåþùèì îäèíàêîâîå ïîðÿäêîâîå ðàñïðåäåëåíèå.

Êëþ÷åâûå ñëîâà: `p, ôèíèòíàÿ ïðåäñòàâèìîñòü, ñèììåòðè÷íîå ïðî-
ñòðàíñòâî ïîñëåäîâàòåëüíîñòåé, îïåðàòîð ðàñòÿæåíèÿ, èíäåêñû Áîé-
äà, ïðîñòðàíñòâî Îðëè÷à, ïðîñòðàíñòâî Ëîðåíöà.

On local `p-structure of symmetric sequence spaces of
fundamental type

For a separable symmetric sequence space X of fundamental type we
identify the set of all p ∈ [1,∞] such that `p is finitely represented in X
in such a way that the unit basis vectors of `p (c0 if p =∞) correspond
to pairwise disjoint elements with the same ordered distribution.

Keywords: `p, finite representability, symmetric sequence space, dila-
tion operator, Boyd indices, Orlicz space, Lorentz space.

Åùå â 1961 ã. áûëà îïóáëèêîâàíà çíàìåíèòàÿ òåîðåìà Äâîðåöêîãî
[1] î òîì, ÷òî `2 ôèíèòíî ïðåäñòàâèìî â ëþáîì áåñêîíå÷íîìåðíîì áà-
íàõîâîì ïðîñòðàíñòâå X. Ïîçäíåå, â 1976 ã. Êðèâèíå [2] äîêàçàë, ÷òî
äëÿ âñÿêîé íîðìèðîâàííîé ïîñëåäîâàòåëüíîñòè {zi}∞i=1 ëþáîãî áàíàõîâà
ïðîñòðàíñòâà X, ýëåìåíòû êîòîðîé íå îáðàçóþò ïðåäêîìïàêòíîãî ìíî-
æåñòâà â X, ñóùåñòâóåò òàêîå p ∈ [1,∞], ÷òî `p (`∞ ≡ c0) ôèíèòíî
ïðåäñòàâèìî â åå çàìêíóòîé ëèíåéíîé îáîëî÷êå, ïðè÷åì âåêòîðû êàíî-
íè÷åñêîãî áàçèñà â `p ñîîòâåòñòâóþò ïîñëåäîâàòåëüíûì ýëåìåíòàì íåêî-
òîðîãî áëîê-áàçèñà ïîñëåäîâàòåëüíîñòè {zi}.

Ðàáîòà âûïîëíåíà â ðàìêàõ ðåàëèçàöèè ïðîãðàììû ðàçâèòèÿ Íàó÷íî-
îáðàçîâàòåëüíîãî ìàòåìàòè÷åñêîãî öåíòðà Ïðèâîëæñêîãî ôåäåðàëüíîãî îêðóãà, ñî-
ãëàøåíèå � 075-02-2021-1393.

Àñòàøêèí Ñåðãåé Âëàäèìèðîâè÷, ä.ô.-ì.í., ïðîôåññîð, Ñàìàðñêèé íàöèîíàëü-
íûé èññëåäîâàòåëüñêèé óíèâåðñèòåò (Ñàìàðà, Ðîññèÿ); Sergey Astashkin (Samara
National Research University, Samara, Russia)
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Â ñëó÷àå ñèììåòðè÷íûõ ïðîñòðàíñòâ ïîñëåäîâàòåëüíîñòåé ìîæíî ãî-
âîðèòü î ôèíèòíîé ïðåäñòàâèìîñòè `p-ïðîñòðàíñòâ ñïåöèàëüíîãî âèäà.
Íàïîìíèì, ÷òî áàíàõîâà ðåøåòêà X ïîñëåäîâàòåëüíîñòåé âåùåñòâåí-
íûõ ÷èñåë íàçûâàåòñÿ ñèììåòðè÷íûì ïðîñòðàíñòâîì, åñëè èç òîãî,
÷òî y = (yk)∞k=1 ∈ X è x = (xk)∞k=1 óäîâëåòâîðÿþò óñëîâèþ x∗k ≤ y∗k,
k = 1, 2, . . . , ñëåäóåò: x ∈ X è ‖x‖X ≤ ‖y‖X . Çäåñü (u∗k)∞k=1 � íåâîçðàñòà-
þùàÿ ïåðåñòàíîâêà ïîñëåäîâàòåëüíîñòè (|uk|)∞k=1, ò.å.

u∗k := inf
card A=k−1

sup
i∈N\A

|ui|, k = 1, 2, . . .

Áóäåì ãîâîðèòü, ÷òî ïîñëåäîâàòåëüíîñòè u = (uk)∞k=1 è v = (vk)∞k=1 èìå-
þò îäèíàêîâîå ïîðÿäêîâîå ðàñïðåäåëåíèå, åñëè u∗k = v∗k äëÿ âñåõ k =
1, 2, . . .

Ïóñòü X � ñèììåòðè÷íîå ïðîñòðàíñòâî ïîñëåäîâàòåëüíîñòåé, 1 ≤
p ≤ ∞. Òîãäà ïðîñòðàíñòâî `p ñèììåòðè÷íî ôèíèòíî ïðåäñòàâèìî âX,
åñëè äëÿ êàæäîãî n ∈ N è ëþáîãî ε > 0 ñóùåñòâóþò ïîïàðíî äèçúþíêò-
íûå ýëåìåíòû xk ∈ X, k = 1, 2, . . . , n, èìåþùèå îäèíàêîâîå ïîðÿäêîâîå
ðàñïðåäåëåíèå, òàêèå, ÷òî äëÿ ëþáûõ ak ∈ R, k = 1, . . . , n,

(1 + ε)−1‖(ak)nk=1‖`p ≤
∥∥∥ n∑
k=1

akxk

∥∥∥
X
≤ (1 + ε)‖(ak)nk=1‖`p .

Äëÿ ëþáîãî m ∈ N îïðåäåëèì îïåðàòîðû ðàñòÿæåíèÿ σm è σ1/m íà
ìíîæåñòâå âñåõ ïîñëåäîâàòåëüíîñòåé: åñëè a = (an)∞n=1, òî

σma =
(
a[m−1+n

m ]

)∞
n=1

=
( m︷ ︸︸ ︷
a1, a1, . . . , a1,

m︷ ︸︸ ︷
a2, a2, . . . , a2, . . .

)
è

σ1/ma =
( 1

m

nm∑
k=(n−1)m+1

ak

)∞
n=1

.

Ýòè îïåðàòîðû îãðàíè÷åíû âî âñÿêîì ñèììåòðè÷íîì ïðîñòðàíñòâe ïî-
ñëåäîâàòåëüíîñòåé X è ‖σm‖X ≤ m, ‖σ1/m‖X ≤ 1 äëÿ êàæäîãî m ∈ N
[3]. ×èñëà

αX := − lim
m→+∞

log2 ‖σ1/m‖X
log2m

è βX := lim
m→+∞

log2 ‖σm‖X
log2m

íàçûâàþòñÿ èíäåêñàìè Áîéäà ïðîñòðàíñòâà X.
Ôóíêöèÿ φX(n) := ‖χ{1,2,...,n}‖X , n ∈ N, ãäå χA � õàðàêòåðèñòè÷å-

ñêàÿ ôóíêöèÿ ìíîæåñòâà A ⊂ N, íàçûâàåòñÿ ôóíäàìåíòàëüíîé ôóíê-
öèåé ñèììåòðè÷íîãî ïðîñòðàíñòâà ïîñëåäîâàòåëüíîñòåé X. Åñëè

αX = − lim
m→+∞

log2 supn∈N
φX(n)
φX(mn)

log2m
è βX = lim

m→+∞

log2 supn∈N
φX(mn)
φX(n)

log2m
,
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òî ãîâîðÿò, ÷òî ñèììåòðè÷íîå ïðîñòðàíñòâî ïîñëåäîâàòåëüíîñòåé X �
ïðîñòðàíñòâî ôóíäàìåíòàëüíîãî òèïà.

Âñå íàèáîëåå èçâåñòíûå è âàæíûå â òåîðèè è ïðèëîæåíèÿõ ñèììåò-
ðè÷íûå ïðîñòðàíñòâà, â ÷àñòíîñòè, Îðëè÷à è Ëîðåíöà, ÿâëÿþòñÿ ïðî-
ñòðàíñòâàìè ôóíäàìåíòàëüíîãî òèïà.

Òåîðåìà. Åñëè X � ñåïàðàáåëüíîå ñèììåòðè÷íîå ïðîñòðàíñòâî ïî-
ñëåäîâàòåëüíîñòåé ôóíäàìåíòàëüíîãî òèïà, òî `p ñèììåòðè÷íî ôè-
íèòíî ïðåäñòàâèìî â X, åñëè è òîëüêî åñëè p ∈ [1/βX , 1/αX ].
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Â ðàáîòå äàíî îïðåäåëåíèå âåñîâîãî ïðîñòðàíñòâà ïîòåíöèàëîâ
Hm
p (Ω; ρ, υm). Ïîëó÷åíî îïèñàíèå òî÷å÷íûõ ìóëüòèïëèêàòîðîâ íà

ïàðå ýòèõ ïðîñòðàíñòâ.

Êëþ÷åâûå ñëîâà: âåñîâûå ïðîñòðàíñòâà ïîòåöèàëîâ, ìóëüòèïëèêà-
òîðû.

On multipliers in weighted potential spaces

The definition of weighted potential spaces Hm
p (Ω; ρ, υm) is given. The

description of point multipliers on a pair of these spaces is obtained.

Keywords: weighted potential spaces, multipliers.

Ïóñòü (X,Y ) - ïàðà áàíàõîâûõ ïðîñòðàíñòâ ôóíêöèé f : Ω → R =
(−∞,∞), Ω - ïðîèçâîëüíàÿ îáëàñòü â Rn. Ïîä òî÷å÷íûì ìóëüòèïëèêàòî-
ðîì íà ïàðå (X,Y ) ìû áóäåì ïîíèìàòü ôóíêöèþ γ : Ω→ R, çàäàþùóþ
îãðàíè÷åííûé îïåðàòîð óìíîæåíèÿ Tf = γf èç X â Y . Ïðîñòðàíñòâî
âñåõ òàêèõ ôóíêöèé îáîçíà÷àåòñÿ ÷åðåç M(X → Y ). Ââîäèòñÿ íîðìà

‖γ;M(X → Y )‖ = ‖T ;X → Y ‖

(Ñì.[1]). Â äàííîé ðàáîòå ïîëó÷åíî îïèñàíèå ìóëüòèïëèêàòîðîâ íà ïà-

ðå âåñîâûõ ïðîñòðàíñòâ
(
Hm0
p (Ω; ρ, υm0), Hm1

p (Ω; ρ, υm1)
)
ïîëîæèòåëü-

íîé ãëàäêîñòè m0 > m1 > 0, 1 < p <∞. Ïðîñòðàíñòâà Hm
p (Ω; ρ, υm) áû-

ëè ââåäåíû â [2]. Ïðèâåäåíû ïðèìåðû. Â îáùåì ñëó÷àå vm(x) = ρ(x)h−m(x),
ρ(x) > 0, 0 < h(x) ≤ 1 - ôóíêöèè â Ω, ïîä÷èíåííûå óñëîâèÿì:

1) Q(x) = Qh(x)(x) ⊂ Ω
2) ñóùåñòâóþò òàêèå κ > 1, 0 < τ < 1, ÷òî

κ−1 ≤ ρ(y)

ρ(x)
,
h(y)

h(x)
≤ κ, åñëè y ∈ Q̃(x) = τQ(x)

Ðàáîòà áûëà ïðîäåëàíà ïðè ïîääåðæêå ãðàíòà ÌÎÍ ÐÊ ÀÐ08856104.
Áàéìóðçàåâà Àíàð Áàòûðãàçûåâíà, äîêòîðàíò, ÅÍÓ èì. Ë.Í. Ãóìèëåâà (Íóð-
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Çäåñü τQh(x) = Qτh(x),Qh(x) = {y ∈ Rn : |yi − xi| < h
2 , 1 ≤ i ≤ n}.

Ñóùåñòâóåò ñ÷åòíîå êîíå÷íî-êðàòíîå è êîíå÷íî-ðàçäåëèìîå ñåìåé-
ñòâî êóáîâ Q̂j = 3

4 Q̃
j , Q̃j = Q̃(xj) è ñîîòíåñåííîå åìó ñåìåéñòâî ôóíêöèé

ψj ∈ C∞0 (Q̃j), 0 ≤ ψj ≤ 1, ψj = 1 íà Q̂j òàêèå, ÷òî:

1) Ω =
⋃
j≥1 Q̂

j ;
∑∞
j=1 ψj(x) = 1 â Ω;

2) |Dαψj | ≤ c(m)h−m(xj), åñëè |α| =
∑n
i=1 αi = m (ñì. [2]).

Ïî îïðåäåëåíèþ Hm
p (Ω; ρ, υm) åñòü ïîïîëíåíèå êëàññà C∞0 (Ω) ïî íîð-

ìå

‖f ;Hm
p (Ω; ρ, υm)‖ =

∑
j≥1

(
ρp(xj)‖ψjf ;Hm

p ‖p + v−mpm (xj)‖ψjf ;Lp‖p
) 1

p

(1)
Â (1)Hm

p - ïðîñòðàíñòâî áåññåëåâûõ ïîòåíöèàëîâ [1, 2.1], Lp = Lp(Rn).
Ïîëîæèì [1, 2.1]

Slf(x) =
{ |∇lf(x)|, åñëè l ∈ N,( ∞∫

0

[ ∫
B1

|∇[l]f(x+ ξλ)−∇mf(x)|dξ
]2

dλ
λ1+2{l}

)1/2

,

åñëè l > 0 -íåöåëîå, [l] - öåëàÿ, l - äðîáíàÿ ÷àñòè l. Ïóñòü θ ∈ C∞0 (Q0),
Q0 = Q1(0), 0 ≤ θ ≤ 1, θ = 1 íà τQ0, θx(y) = θ( y−xh(x) )

Òåîðåìà. Ïóñòü 1 < p <∞, m > 0 - öåëîå, mp > n, 0 < l < m. Òîãäà

γ ∈M(Hm
p (Ω; ρ, υm)→ H l

p(Ω; ρ, υl)),

åñëè è òîëüêî åñëè γ ∈ H l
p,loc è

Rm,l,p(γ) = sup
x∈Ω

hm−
n
p (x)(‖Sl(θxγ);Lp)‖+ h−l(x)‖θxγ;Lp‖) <∞.

Íîðìà
‖γ;M(Hm

p (Ω; ρ, υm)→ H l
p(Ω; ρ, υl)‖ ∼ Rm,l,p(γ).
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Îáñóæäàåòñÿ âîïðîñ î òîì, íàñêîëüêî ñèëüíî ìîæåò èçìåíèòüñÿ
òèï öåëîé ôóíêöèè êîíå÷íîãî ïîëîæèòåëüíîãî ïîðÿäêà ñ çàäàí-
íîé ïîñëåäîâàòåëüíîñòüþ íóëåé, åñëè ðàçðåøèòü òàêîé ôóíêöèè
èìåòü äîïîëíèòåëüíî äðóãèå íóëè. Â 2009 ãîäó Á.Í. Õàáèáóëëè-
íûì ïîëó÷åí îáùèé ðåçóëüòàò ïî ýòîé çàäà÷å. Â äîêëàäå íàìå÷åíû
âîçìîæíîñòè äëÿ êîíêðåòèçàöèè óêàçàííîãî ðåçóëüòàòà, îñíîâàí-
íûå íà ñåðèè òåîðåì (÷àñòü èç êîòîðûõ äîêàçàíà àâòîðàìè) î âû-
÷èñëåíèè ýêñòðåìàëüíîãî òèïà öåëîé ôóíêöèè ñ îãðàíè÷åíèÿìè
íà ðàñïðåäåëåíèå íóëåé.

Êëþ÷åâûå ñëîâà: öåëàÿ ôóíêöèÿ, ïîñëåäîâàòåëüíîñòü íóëåé, òèï
öåëîé ôóíêöèè.

Estimates of the type of an entire function with a given
subsequence of zeros.

The question is discussed how much can change the type of the entire
function of finite positive order with a given sequence of zeros if we give
additional zeros to this function. The general result on this problem
was obtained in 2009 by B.N. Khabibullin. Based on a series of works
by the authors possibilities for concretizing this result are indicated.

Keywords: entire function, sequence of zeros, type of an entire func-
tion.

Ïóñòü çàäàíû ïîñëåäîâàòåëüíîñòü Λ = (λn)n∈N êîìïëåêñíûõ ÷èñåë,
ñòðåìÿùàÿñÿ ê áåñêîíå÷íîñòè (ñðåäè òî÷åê λn ìîãóò áûòü è ïîâòîðÿþ-
ùèåñÿ), è ÷èñëî ρ > 0. Ñëåäóÿ [1], îáîçíà÷èì ñèìâîëîì σ(Λ, ρ) (ñîîò-
âåòñòâåííî σ∗(Λ, ρ)) òî÷íóþ íèæíþþ ãðàíü ÷èñåë σ > 0, ïðè êîòîðûõ
Λ � ïîñëåäîâàòåëüíîñòü (ñîîòâåòñòâåííî ïîäïîñëåäîâàòåëüíîñòü) âñåõ
íóëåé äëÿ êàêîé-ëèáî îòëè÷íîé îò òîæäåñòâåííîãî íóëÿ öåëîé ôóíê-
öèè f(λ), èìåþùåé òèï σ ïðè ïîðÿäêå ρ. Ïî îïðåäåëåíèþ ñ÷èòàåì
inf ∅ = +∞.

Â ðàáîòå [1, ñëåäñòâèå 1 òåîðåìû 1] ïîêàçàíî, ÷òî

σ∗(Λ, ρ) 6 σ(Λ, ρ) 6 (1 + Iρ)σ
∗(Λ, ρ), (1)

Áðàé÷åâ Ãåîðãèé Ãåíðèõîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÌÏÃÓ (Ìîñêâà, Ðîññèÿ);
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ãäå ïðè öåëîì ρ ïîëàãàåì Iρ = +∞, à ïðè íåöåëîì ρ ÷èñëî Iρ îïðåäåëåíî
ôîðìóëîé

Iρ ≡ ρ2

+∞∫
0

 1

2π

2π∫
0

(
−1

2
ln
(

1− 2t cos θ + t2
)
−

p∑
n=1

tn

n
cosnθ

)+

dθ

 dt

tρ+1
.

Çäåñü ïðèíÿòû îáîçíà÷åíèÿ p = [ρ] � öåëàÿ ÷àñòü ρ , a+ = max {a, 0},
a ∈ R.

Îöåíêà ñíèçó â (1) î÷åâèäíà è òî÷íà ïðè ëþáîì ρ > 0 (ñì. [1, äîêà-
çàòåëüñòâî ïðåäëîæåíèÿ 2]). Îöåíêà ñâåðõó â (1) � êëþ÷åâîé ðåçóëüòàò,
äîêàçàííûé â [1] íîâûì, íåòðàäèöèîííûì ìåòîäîì, ñ èñïîëüçîâàíèåì
ñóáãàðìîíè÷åñêîé òåõíèêè. Âåñüìà âåðîÿòíî (íî ïîêà íå äîêàçàíî), ÷òî
è ýòà îöåíêà òî÷íà. Ñôîðìóëèðîâàííûé ðåçóëüòàò Á.Í. Õàáèáóëëèíà
äîïóñêàåò ðàçëè÷íûå âàðèàíòû êîíêðåòèçàöèè. Ðàññìîòðèì, íàïðèìåð,
ïðàêòè÷åñêè âàæíûé ñëó÷àé ρ ∈ (0, 1), à Λ � ïîëîæèòåëüíàÿ ïîñëåäî-

âàòåëüíîñòü êîíå÷íîé âåðõíåé ρ-ïëîòíîñòè ∆ρ(Λ) ≡ lim
n→∞

n

λρn
= β > 0.

Òîãäà âåëè÷èíà σ(Λ, ρ) ðàâíà òèïó (ïðè ïîðÿäêå ρ) êîíêðåòíîãî êàíîíè-
÷åñêîãî ïðîèçâåäåíèÿ

∞∏
n=1

(
1− λ

λn

)
, λ ∈ C,

à êîýôôèöèåíò 1 + Iρ óïðîùàåòñÿ ê âèäó ([1, òåîðåìà 1])

1 + Iρ =
Γ(1/2− ρ/2)√
π 2ρ Γ(1− ρ/2)

,

ãäå Γ � ãàììà-ôóíêöèÿ. Ïðèâëåêàÿ òåïåðü òî÷íîå íåðàâåíñòâî [2]

σ(Λ, ρ) > β max
a>0

ln(1 + a)

aρ
≡ β C(ρ), ρ ∈ (0, 1),

èçâëåêàåì èç (1) îöåíêó

σ∗(Λ, ρ) > β

√
π 2ρ Γ(1− ρ/2)

Γ(1/2− ρ/2)
C(ρ), ρ ∈ (0, 1),

äåéñòâóþùóþ äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè Λ ⊂ R+ ñ ôèêñèðîâàííûì
çíà÷åíèåì âåðõíåé ïëîòíîñòè ∆ρ(Λ) = β > 0. Òàêîé êîìáèíèðîâàííûé
ðåçóëüòàò ÿâëÿåòñÿ ïðîñòåéøèì íà âûáðàííîì ïóòè.

Ê íàñòîÿùåìó ìîìåíòó èçâåñòíà ñåðèÿ òî÷íûõ òåîðåì, â êîòîðûõ
äëÿ ïîðÿäêîâ ρ ∈ (0, 1) è ïîëîæèòåëüíîé ïîñëåäîâàòåëüíîñòè Λ ñ çàäàí-
íûìè ïëîòíîñòíûìè õàðàêòåðèñòèêàìè è øàãîì íàéäåíî íàèìåíüøåå
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çíà÷åíèå äëÿ âåëè÷èíû σ(Λ, ρ) (ñì. [2]�[6]). Îòäåëüíûå ðåçóëüòàòû ïî-
äîáíîãî õàðàêòåðà èìåþòñÿ êàê äëÿ ρ > 1, òàê è äëÿ äðóãèõ ñèòóàöèé
ëîêàëèçàöèè ïîñëåäîâàòåëüíîñòè Λ. Ýòî îòêðûâàåò íîâûå âîçìîæíîñòè
ïî ïðèìåíåíèþ îöåíêè (1), â òîì ÷èñëå � ê èçâåñòíîé çàäà÷å î ðàäèóñå
êðóãà ïîëíîòû ñèñòåìû ýêñïîíåíò ñ ïîêàçàòåëÿìè, ðàñïîëîæåííûìè íà
çàäàííîì ìíîæåñòâå.
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Èçó÷àåòñÿ ñâÿçü ìåæäó ñõîäèìîñòüþ ïîñëåäîâàòåëüíîñòè ïîëèíî-
ìîâ èç ýêñïîíåíò ñ âåùåñòâåííûìè ïîêàçàòåëÿìè â íåêîòîðîé ïî-
ëóïëîñêîñòè è èíòåðïîëÿöèîííîñòüþ ïîñëåäîâàòåëüíîñòè ïîêàçà-
òåëåé â ñìûñëå Ïàâëîâà�Êîðåâàðà�Äèêñîíà.

Êëþ÷åâûå ñëîâà: ïîñëåäîâàòåëüíîñòè ïîëèíîìîâ èç ýêñïîíåíò, èí-
òåðïîëÿöèîííûå ïîñëåäîâàòåëüíîñòè, óñëîâèå Ëåâèíñîíà

Series of quasipolynomials with positive exponents and
relationship with interpolation

We study the relationship between the convergence of a sequence of
exponential polynomials with real exponents in some half-plane and
the interpolation of a sequence of exponents in the sense of Pavlov–
Korevaar–Dickson.

Keywords: sequences of polynomials of exponentials, interpolation se-
quences, Levinson’s condition

Ïóñòü Λ = {λn} � ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë, èìåþ-
ùàÿ êîíå÷íóþ ïëîòíîñòü. À.Ô. Ëåîíòüåâûì áûëî äîêàçàíî ñëåäóþùåå
óòâåðæäåíèå (ñì. [1], ãë. II, §4):

Äëÿ òîãî, ÷òîáû äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè {an} êîìïëåêñíûõ
÷èñåë, óäîâëåòâîðÿþùèõ óñëîâèþ

lim
n→∞

ln |an|
λn

<∞,

ñóùåñòâîâàëà öåëàÿ ôóíêöèÿ f ýêñïîíåíöèàëüíîãî òèïà, òàêàÿ, ÷òî f(λn) =
an (n ≥ 1), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âûïîëíÿëîñü ëþáîå èç ýê-
âèâàëåíòíûõ óñëîâèé:

Ãàéñèíà Àõòÿð Ìàãàçîâè÷, ä.ô.-ì.í., ãëàâíûé íàó÷íûé ñîòðóäíèê, ÈÌÂÖ (Óôà,
Ðîññèÿ); ïðîôåññîð, ÁàøÃÓ (Óôà, Ðîññèÿ); Ahtjar Gaisin, Doctor of Physical and
Mathematical Sciences, Chief Researcher, Institute of Mathematics with Computing
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1) ïîñëåäîâàòåëüíîñòü êâàçèïîëèíîìîâ

Pn(z) =
∑
λν<rs

aν
L′(λν)

e−λνz (s = 1, 2, ...)

ñõîäèòñÿ âíóòðè íåêîòîðîé ïîëóïëîñêîñòè z : Rez > b. Çäåñü rs, 0 < rs ↑
∞ � ðàäèóñû îêðóæíîñòåé, íà êîòîðûõ öåëàÿ ôóíêöèÿ

L(λ) =

∞∏
n=1

(
1− λ2

λ2
n

)
óäîâëåòâîðÿåò ñîîòâåòñòâóþùèì îöåíêàì ñíèçó (ñì. [1], ãë. II, §3, ï. 1);

2) èíäåêñ êîíäåíñàöèè ïîñëåäîâàòåëüíîñòè Λ êîíå÷åí.

Ïóñòü ïîñëåäîâàòåëüíîñòü Λ ïîä÷èíåíà óñëîâèþ Ëåâèíñîíà. Òîãäà
âåðíà

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû ïîñëåäîâàòåëüíîñòü Λ áûëà èíòåð-
ïîëÿöèîííîé â ñìûñëå Ïàâëîâà�Êîðåâàðà�Äèêñîíà (ñì. [2]), íåîáõîäè-
ìî è äîñòàòî÷íî, ÷òîáû äëÿ ëþáûõ an, |an| ≤ 1 (n = 1, 2 . . .) ïîñëå-
äîâàòåëüíîñòü {Pn(z)} ñõîäèëàñü ðàâíîìåðíî âíóòðè ïîëóïëîñêîñòè
Π0 = {z = x + iy : x > 0}, ïðè÷åì äëÿ ïðåäåëüíîé ôóíêöèè P (z) áûëà
âåðíà îöåíêà |P (z)| ≤ H(x), z = x + iy, ãäå H(x) � íåêîòîðàÿ óáûâà-
þùàÿ ïðè x > 0 ôóíêöèÿ, H(x) ↑ ∞ ïðè x → 0+, óäîâëåòâîðÿþùàÿ
áèëîãàðèôìè÷åñêîìó óñëîâèþ Ëåâèíñîíà.

Ëèòåðàòóðà
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óêà, 1980.
2. Ãàéñèí Ð.À. Èíòåðïîëÿöèîííàÿ çàäà÷à Ïàâëîâà�Êîðåâàðà�Äèêñîíà ñ

ìàæîðàíòîé èç êëàññà ñõîäèìîñòè // Óôèìñêèé ìàòåì. æóðíàë, 9:4 (2017),
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Èññëåäóþòñÿ çàäà÷è î ïîñòðîåíèè ðåãóëÿðíîé ìàæîðàíòû ïîñëå-
äîâàòåëüíîñòåé µ = {µn}∞n=0 ÷èñåë µn ≥ 0, ÿâëÿþùèõñÿ êîýô-
ôèöèåíòàìè ðàçëîæåíèÿ â ðÿä Òåéëîðà öåëûõ òðàíñöåíäåíòíûõ
ôóíêöèé ìèíèìàëüíîãî ýêñïîíåíöèàëüíîãî òèïà. Â òåðìèíàõ áè-
ëîãàðèôìè÷åñêîãî óñëîâèÿ Ëåâèíñîíà äîêàçàí íîâûé êðèòåðèé
ñóùåñòâîâàíèÿ ðåãóëÿðíûõ ìèíîðàíò ïðèñîåäèíåííûõ ïîñëåäîâà-
òåëüíîñòåé M = {µ−1

n }∞n=0 ðàñøèðåííîé ïîëóïðÿìîé (0,+∞].

Êëþ÷åâûå ñëîâà: öåëàÿ ôóíêöèÿ, áèëîãàðèôìè÷åñêîå óñëîâèå Ëå-
âèíñîíà, ðåãóëÿðíûå ïîñëåäîâàòåëüíîñòè, ïðåîáðàçîâàíèå Ëåæàíä-
ðà

Criterion of existance of the special regular majorant for
the sequence in the class E

We investigate problems of construction of the regular majorant of
sequences µ = {µn}∞n=0, µn ≥ 0, which are Taylor’s coefficients of
entire transcendence functions of minimal exponential type. We have
proved new criterion of existance of regular minorants of associated
sequences M = {µ−1

n }∞n=0 on the extended half-line (0,+∞].

Keywords: entire function, bilogarithmic Levinson condition, regular
sequences, Legendre transform

Ïóñòü E � êëàññ ïîñëåäîâàòåëüíîñòåé µ = {µn}∞n=0 íåîòðèöàòåëü-
íûõ ÷èñåë µn, ïðåäñòàâëÿþùèõ ñîáîé òåéëîðîâñêèå êîýôôöèåíòû âñå-
âîçìîæíûõ öåëûõ ôóíêöèé ìèíèìàëüíîãî ýêñïîíåíöèàëüíîãî òèïà

F (z) =

∞∑
n=0

µnz
n, (1)

îòëè÷íûõ îò ìíîãî÷ëåíà. Ýòî îçíà÷àåò, ÷òî áåñêîíå÷íî ìíîãî µn ∈ µ
îòëè÷íî îò íóëÿ, ïðè÷åì

lim
n→∞

n
√
µnn! = 0.
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ÏóñòüM = {Mn}∞n=0 � ïðèñîåäèíåííàÿ ïîñëåäîâàòåëüíîñòü, ò.å.M =
{Mn ∈ (0,+∞] : Mn = µ−1

n }. ßñíî, ÷òî ñðåäè Mn áåñêîíå÷íî ìíîãî êî-
íå÷íûõ. Íå óìàëÿÿ îáùíîñòè, â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî µ0 = 1.

Â ðàáîòàõ [1], [2] ïîëó÷åíû íåêîòîðûå êðèòåðèè ñóùåñòâîâàíèÿ ðå-
ãóëÿðíîé ìèíîðàíòû {M∗n} äëÿ {Mn}, íå óäîâëåòâîðÿþùåé èçâåñòíîìó
óñëîâèþ Áàíãà. Îêàçûâàåòñÿ, ýòè óñëîâèÿ äîïóñêàþò äðóãóþ èíòåðïðå-
òàöèþ.

Çäåñü ïîëó÷åíî îäíî äâîéñòâåííîå óòâåðæäåíèå â òåðìèíàõ èíòåãðà-
ëà Ëàïëàñà ìàêñèìàëüíîãî ÷ëåíà ðÿäà (1).

Ïîñëåäîâàòåëüíîñòü µ ∈ E íàçîâåì ñëàáî ðåãóëÿðíîé (ðåãóëÿðíîé),
åñëè ïðèñîåäèíåííàÿ ïîñëåäîâàòåëüíîñòü M ñëàáî ðåãóëÿðíà (ðåãóëÿð-
íà) (ñì. [2]).

Ñòàâèòñÿ ñëåäóþùàÿ çàäà÷à: íàéòè êðèòåðèé òîãî, ÷òîáû ïîñëåäîâà-
òåëüíîñòü µ = {µn} èç E äîïóñêàëà ðåãóëÿðíóþ ìàæîðàíòó µ∗ = {µ∗n},
òàêóþ, ÷òî

∞∑
n=1

µ∗n+1

µ∗n
<∞. (2)

Ïóñòü
T (r) = max

n≥0
{µnrn} (3)

� ìàêñèìàëüíûé ÷ëåí ðÿäà (1).

Òåîðåìà 1. Ïîñëåäîâàòåëüíîñòü µ ∈ E èìååò ðåãóëÿðíóþ ìàæî-
ðàíòó µ∗, óäîâëåòâîðÿþùóþ óñëîâèþ (2) òîãäà è òîëüêî òîãäà, êîãäà
âûïîëíåíî ëþáîå èç ýêâèâàëåíòíûõ óñëîâèé:

1)

pF∫
0

ln lnHF (δ)dδ <∞; 2)

pT∫
0

ln lnHT (δ)dδ <∞.

Çäåñü HF è HT � ïðåîáðàçîâàíèÿ Ëàïëàñà ôóíêöèé (1) è (3).

Äîêàçàòåëüñòâî îñíîâàíî íà ñâîéñòâàõ ïðåîáðàçîâàíèÿ Ëåæàíäðà.
Óêàæåì îäíî ïðèìåíåíèå äàííîé òåîðåìû ê âîïðîñàì êâàçèàíàëè-

òè÷íîñòè è ïîëíîòû ñèñòåì ýêñïîíåíò.
Ðàññìîòðèì ñïåöèàëüíûé ñëó÷àé, êîãäà µn = M−1

n ÿâëÿþòñÿ ìîäó-
ëÿìè òåéëîðîâñêèõ êîýôôèöèåíòîâ ÷åòíîé öåëîé ôóíêöèè ýêñïîíåíöè-
àëüíîãî òèïà

F (z) =

∞∏
n=1

(
1− z2

λ2
n

)
=

∞∑
n=0

(−1)na2nz
2n, 0 < λn ↑ ∞, (4)

ò.å. µ2n = a2n, µ2n+1 = 0.
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Ñëåäñòâèå. Ïóñòü γ � äóãà, ïîëó÷åííàÿ îò äóãè Γ îãðàíè÷åííîãî
íàêëîíà ïóòåì íåêîòîðîãî ïîâîðîòà âîêðóã îäíîãî åå êîíöîâ è ñäâèãà.
Ïîëîæèì

HT (δ) =

∞∫
0

T (r)e−rδ dr (δ > 0), Ln = sup
δ>0

n!

HT (δ)δn+1
(n ≥ 0),

ãäå T = T (r) � ìàêñèìàëüíûé ÷ëåí ðÿäà (4).
Äëÿ òîãî, ÷òîáû C00(Ln−3; γ) 6= {∅}, íåîáõîäèìî è äîñòàòî÷íî,

÷òîáû ôóíêöèÿ HT óäîâëåòâîðÿëà áèëîãàðèôìè÷åñêîìó óñëîâèþ Ëå-
âèíñîíà (îïðåäåëåíèÿ ñì. â [3]).

Òàêèì îáðàçîì, ñëåäñòâèå ÿâëÿåòñÿ êðèòåðèåì íåòðèâèàëüíîñòè ïîä-
êëàññà C00(Ln−3; γ) êëàññà Ñèääèêè C00(M c

n−2; γ).
Äîñòàòî÷íîñòü ñëåäñòâèÿ äîêàçàíà â [3]. Íåîáõîäèìîñòü âûòåêàåò èç

òåîðåìû 1.
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Èçó÷àåòñÿ çàäà÷à î ïðåäñòàâëåíèè àíàëèòè÷åñêèõ â ïîëóïëîñêî-
ñòè ôóíêöèé ðÿäàìè ýêñïîíåíò ñ ó÷åòîì çàäàííîé âûïóêëîé ìà-
æîðàíòû ðîñòà, íå îãðàíè÷åííîé â îêðåñòíîñòè íóëÿ. Ìåòîäû îöå-
íîê îñíîâàíû íà ñâîéñòâàõ ïðåîáðàçîâàíèé Ëåæàíäðà.

Êëþ÷åâûå ñëîâà: ðÿäû ýêñïîíåíò, öåëàÿ ôóíêöèÿ, âûïóêëàÿ ìà-
æîðàíòà

Representation of analytic functions by series of
exponentials on a half-plane with a given estimate of entire

component

We study the problem of representing analytic in a half-plane functions
by exponential series taking into account a given convex majorant of
growth that is not bounded in a neighborhood of zero. The estimation
methods are based on the properties of the Legendre transformations.

Keywords: series of exponentials, entire function, convex majorant

Â òåîðèè ðÿäîâ ýêñïîíåíò îäíèì èç îñíîâíûõ ÿâëÿåòñÿ ñëåäóþùèé
îáùèé ðåçóëüòàò À.Ô. Ëåîíòüåâà (ñì. [1]): äëÿ ëþáîé îãðàíè÷åííîé âû-
ïóêëîé îáëàñòè D íàéäåòñÿ ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë λn,
çàâèñÿùàÿ òîëüêî îò äàííîé îáëàñòè, òàêàÿ, ÷òî ëþáóþ ôóíêöèþ F , àíà-
ëèòè÷åñêóþ â D, ìîæíî ðàçëîæèòü â ðÿä ýêñïîíåíò F (z) =

∑∞
n=1 ane

λnz

(ñõîäèìîñòü ðàâíîìåðíàÿ íà êîìïàêòàõ èç D). Ïîçæå ïîäîáíûé ðåçóëü-
òàò áûë ïîëó÷åí À.Ô. Ëåîíòüåâûì äëÿ ïðîñòðàíñòâà àíàëèòè÷åñêèõ
ôóíêöèé êîíå÷íîãî ïîðÿäêà ρ â âûïóêëîì ìíîãîóãîëüíèêå. Ïðè ýòîì
áûëî ïîêàçàíî, ÷òî ðÿä èç ìîäóëåé

∑∞
n=1 |aneλnz| èìååò òó æå îöåíêó

ñâåðõó, ÷òî è èñõîäíàÿ ôóíêöèÿ F (ñì. [2]).
Ð.Ñ. Þëìóõàìåòîâûì ýòîò ðåçóëüòàò ïðè ρ > 1 äîêàçàí äëÿ ïðîèç-

âîëüíîé îãðàíè÷åííîé âûïóêëîé îáëàñòè (ñì. [3]).
Â [4] ïðèâåäåííûé âûøå ðåçóëüòàò èç [2] áûë ïåðåíåñ íà ñëó÷àé, êîãäà

D � ïîëóïëîñêîñòü Π0 = {z = x + iy : x > 0}, à â ñòàòüå [5] ïîëó÷åí
è áîëåå îáùèé ðåçóëüòàò, à èìåííî: ïóñòü ôóíêöèÿ F ðåãóëÿðíà â Π0,

Ãàéñèíà Ãàëèÿ Àõòÿðîâíà, àñïèðàíò, ÁàøÃÓ (Óôà, Ðîññèÿ); Galiya Gaisina
(Bashkir State University, Ufa, Russia)
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F (z) → 0 ïðè z → ∞ â ëþáîé ïîëóïëîñêîñòè {z = x + iy : x ≥ s > 0}
ðàâíîìåðíî îòíîñèòåëüíî arg z, ïðè÷åì

TF (s) =
1

2π

∫
Rez=s>0

|F (z)||dz| ≤ AFH(s),

ãäå H � óáûâàþùàÿ íà (0, ∞) ôóíêöèÿ, H(s) ↑ ∞, skH(s) → 0 äëÿ
ëþáîãî k ∈ N ïðè s → 0, à ôóíêöèè m(s) = lnH(s) (s > 0) è m(e−t)
(t ∈ R) âûïóêëû.

Òîãäà ñóùåñòâóþò λn > 0, limn→∞
n
λqn

= τ , 0 < τ <∞, q > 1 � ëþáîå,
òàêèå, ÷òî â ïîëóïëîñêîñòè Π0

F (z) =

∞∑
n=1

Bne
−λnz + Φ(z), (1)

ãäå Φ � íåêîòîðàÿ öåëàÿ ôóíêöèÿ. Ïðè ýòîì

∞∑
n=1

|Bne−λnz| ≤ CHp

(
x

p

)
,

0 < C <∞, p ∈ N.
Âîçíèêàåò åñòåñòâåííûé âîïðîñ î ïîâåäåíèè öåëîé ôóíêöèè Φ â îêðåñò-

íîñòè ìíèìîé îñè. Íàìè ïîëó÷åí îòâåò íà ýòîò âîïðîñ â îäíîì âàæíîì
÷àñòíîì ñëó÷àå.

Òåîðåìà 1. Ïóñòü F � ÷åòíàÿ ôóíêöèÿ, àíàëèòè÷åñêàÿ âíå îò-
ðåçêà [−ai, ai] è óäîâëåòâîðÿþùàÿ óñëîâèÿì ïðåäûäóùåé òåîðåìû èç
[5]. Åñëè ìàæîðàíòà H óäîâëåòâîðÿåò áèëîãàðèôìè÷åñêîìó óñëîâèþ
Ëåâèíñîíà

b∫
0

ln lnH(x)dx <∞, H(b) = e,

òî öåëàÿ ôóíêöèÿ Φ èç ïðåäñòàâëåíèÿ (1) îãðàíè÷åíà â ïîëîñå {z =
x+ iy : |x| ≤ 1}.

Ýòà òåîðåìà âûâîäèòñÿ èç òåîðåìû Êàðëåìàíà�Á¼ðëèíãà�Ëåâèíñîíà�
Ø¼áåðãà�Âîëôà�Äîìàðà (ñì. [6]).
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Ïîëó÷åíû ðåàëèçàöèè óìíîæåíèÿ â ïðîñòðàíñòâàõ àíàëèòè÷åñêèõ
ôóíêöèîíàëîâ, çàäàííîãî ñäâèãàìè äëÿ îïåðàòîðà Ïîììüå, â âèäå
îáîáùåííîãî ïðîèçâåäåíèÿ Äþàìåëÿ.

Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâî àíàëèòè÷åñêèõ ôóíêöèîíàëîâ, ïðî-
èçâåäåíèå Äþàìåëÿ.

Multiplication in spaces of analytic functionals and
Duhamel product

Realizations of the multiplication in spaces of analytic functionals de-
fined by shifts for the Pommiez operator are obtained as a generalized
Duhamel product.

Keywords: space of analytic functionals, Duhamel product.

Í. Óèãëè [1] ââåë è èçó÷èë â ïðîñòðàíñòâå Ôðåøå H(Q) âñåõ ôóíê-
öèé, ãîëîìîðôíûõ â çâåçäíîé îòíîñèòåëüíî òî÷êè 0 îáëàñòè Q ⊂ C,

ïðîèçâåäåíèå Äþàìåëÿ (f ∗ h)(z) = f(0)h(z) +
z∫
0

f ′(τ)h(z − τ)dτ . Â äî-

êëàäå èäåò ðå÷ü î áèíàðíûõ îïåðàöèÿõ â ïðîñòðàíñòâàõ ãîëîìîðôíûõ
ôóíêöèé, ÷àñòíûì ñëó÷àåì êîòîðûõ ÿâëÿåòñÿ îïåðàöèÿ ∗. Ñõåìà ââå-
äåíèÿ òàêîãî óìíîæåíèÿ ∗ ñëåäóþùàÿ. Ïóñòü E � ëîêàëüíî âûïóêëîå
ïðîñòðàíñòâî ãîëîìîðôíûõ ôóíêöèé, E′ � åãî òîïîëîãè÷åñêîå ñîïðÿ-
æåííîå. Ñ ïîìîùüþ ñäâèãîâ, àññîöèèðîâàííûõ ñ îäíîìåðíûì âîçìóùå-
íèåì îïåðàòîðà Ïîììüå, äåéñòâóþùåãî â E, â E′ çàäàåòñÿ óìíîæåíèå ⊗,
ñ êîòîðûì E′ ÿâëÿåòñÿ àëãåáðîé. Ïðåîáðàçîâàíèå Ôóðüå-Ëàïëàñà èëè
ñîïðÿæåííîå ê íåìó óñòàíàâëèâàåò àëãåáðàè÷åñêèé èçîìîðôèçì E′ íà
ïðîñòðàíñòâî G. Ïðîèçâåäåíèå ∗ ÿâëÿåòñÿ ðåàëèçàöèåé ⊗ â G ïðè òàêîì
èçîìîðôèçìå. Ðàññìàòðèâàþòñÿ ñëåäóþùèå ñèòóàöèè:
1) E � íåêîòîðîå ïðîñòðàíñòâî öåëûõ (â C) ôóíêöèé ýêñïîíåíöèàëüíîãî
òèïà, G � ïðîñòðàíñòâî H(Q) âñåõ ôóíêöèé, ãîëîìîðôíûõ â âûïóêëîé
îáëàñòè Q, ñîäåðæàùåé òî÷êó 0 [2], [3];
2) E � ïðîñòðàíñòâî Ôðåøå H(Ω) âñåõ ôóíêöèé, ãîëîìîðôíûõ â îä-
íîñâÿçíîé îáëàñòè Ω, ñîäåðæàùåé òî÷êó 0; G � ñîîòâåòñòâóþùåå ïðî-
ñòðàíñòâî PΩ öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà [4].

Èâàíîâà Îëüãà Àëåêñàíäðîâíà, ê.ô.-ì.í., äîöåíò, ÞÔÓ (Ðîñòîâ-íà-Äîíó, Ðîñ-
ñèÿ); Olga Ivanova (Southern Federal University, Rostov on Don, Russia)
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Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ îáîáùåíèå èçâåñòíîé ëåììû Õàð-
òîãñà î ãîëîìîðôíîì ïðîäîëæåíèå âäîëü ïàðàëëåëüíûõ êîìïëåêñ-
íûõ ñå÷åíèé. Äîêàçûâàåòñÿ âàðèàíò ýòîé ëåììû äëÿ ñëó÷àè êî-
ãäà ôóíêöèÿ ãîëîìîðôíî ïðîäîëæàåòñÿ âäîëü ôèêñèðîâàííîãî
íàïðàâëåíèå ñ êîíå÷íûì ÷èñëîì îñîáûõ òî÷åê. Â äàííîì ñëó÷àå
ôóíêöèÿ ÿâëÿåòñÿ ãîëîìîðôíûì çà èñêëþ÷åíèåì íåêîòîðîãî àíà-
ëèòè÷åñêîãî ìíîæåñòâà.

Êëþ÷åâûå ñëîâà: Ãîëîìîðôíûå ôóíêöèè, àíàëèòè÷åñêîå ìíîæå-
ñòâî, îñîáåííîñòè ãîëîìîðôíûõ ôóíêöèé, ãîëîìîðôíîå ïðîäîë-
æåíèå

Some generalization of Hartogs’s lemma about analytic
extension of functions of several complex variables

In the present work there is considered a generalization of well-known
Hartogs’s lemma on holomorphic extension along parallel complex
lines. It is proved a variant of this lemma when function admits holo-
morphic extension along fixed direction with finite number of singu-
larities. In this case given function be holomorphic out of an analytic
exceptional set.

Keywords: Holomorphic function, analytic set, singularity of holomor-
phic functions, holomorphic extension

Çàìå÷àòåëüíàÿ ëåììà Õàðòîãñà îá àíàëèòè÷åñêîì ïðîäîëæåíèè ãî-
ëîìîðôíûõ ôóíêöèé âäîëü ôèêñèðîâàííîãî íàïðàâëåíèÿ (ñì.[9]) ÿâ-
ëÿåòñÿ îñíîâîïîëàãàþùåé ëåììîé òåîðèè àíàëèòè÷åñêîãî ïðîäîëæåíèÿ
ôóíêöèè ìíîãèõ êîìïëåêñíûõ ïåðåìåííûõ.

Ëåììà Õàðòîãñà. Ïóñòü ôóíêöèÿ f(z, w) ãîëîìîðôíà â öèëèíäðå

U × V = {z ∈ Cn : |z| < 1} × {w ∈ C: |w| < 1}

Èìîìêóëîâ Ñåâäè¼ð Àêðàìîâè÷, ä.ô.-ì.í., ïðîôåññîð, Èíñòèòóò ìàòåìàòèêè
èìåíè Â.È.Ðîìàíîâñêîãî Àêàäåìèè íàóê Ðåñïóáëèêè Óçáåêèñòàí (Óðãåí÷, Óçáåêè-
ñòàí); Sevdiyor Imomkulov (V.I.Romanovskiy Institute of Mathematics of Uzbekistan
Academy of Sciences, Urgench, Uzbekistan)

Ñîáèðîâ Óñìîí Ìàòÿêóáîâè÷, Èíñòèòóò ìàòåìàòèêè èìåíè Â.È.Ðîìàíîâñêîãî
Àêàäåìèè íàóê Ðåñïóáëèêè Óçáåêèñòàí (Óðãåí÷, Óçáåêèñòàí); Usmon Sobirov
(V.I.Romanovskiy Institute of Mathematics of Uzbekistan Academy of Sciences, Urgench,
Uzbekistan)
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è ïðè êàæäîì ôèêñèðîâàííîì z0 ∈ U ôóíêöèÿ f (z0, w) ïî ïåðåìåííîìó
w ãîëîìîðôíî ïðîäîëæàåòñÿ â áîëüøîé êðóã VR = {w ∈ C : |w| < R},
R > 1.

Òîãäà ôóíêöèÿ f(z, w) ïî ñîâîêóïíîñòè ïåðåìåííûõ ãîëîìîðôíî ïðî-
äîëæàåòñÿ â áîëüøîé öèëèäð U × VR. Ëåììà Õàðòîãñà èìååò ìíîãî÷èñ-
ëåííîå îáîáùåíèÿ è ïðèëîæåíèÿ â ðàçíûõ îáëàñòÿõ íàóêè: â òåîðåòè÷å-
ñêîé ôèçèêå, òîìîãðàôèè è ò.ä. (ñì. íàïðèìåð [1-13])

Ìû áóäåì äîêàæåì ñëåäóþùóþ òåîðåìó.
Òåîðåìà 1. Ïóñòü ôóíêöèÿ f(z, w) ãîëîìîðôíî â öèëèíäðå U ×V ⊂

Cnz × Cw è ïðè êàæäîì ôèêñèðîâàííîì z0 ∈ U ôóíêöèÿ f(z0, w) ãîëî-
ìîðôíî ïðîäîëæàåòñÿ, ïî ïåðåìåííîìó w, â íåêîòîðîé îáëàñòè G ⊂ C,
G ⊃ U , çà èñêëþ÷åíèåì êîíå÷íîãî ÷èñëà îñîáåííîñòåé. Òîãäà f(z, w) ãî-
ëîìîðôíî ïðîäîëæàåòñÿ â îáëàñòè (U×G)\A, ãäå A ⊂ U×Cw íåêîòîðîå
àíàëèòè÷åñêîå ìíîæåñòâî.
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Ïîêàçàíî, ÷òî êñè-ôóíêöèÿ Ðèìàíà ïîñëå äåëåíèÿ íà ìíîãî÷ëåí
ñòåïåíè 3 ñòàíîâèòñÿ ýëåìåíòîì ÿâíî îïèñûâàåìîãî ïðîñòðàíñòâà
äå Áðàíæà. Ñòðîèòñÿ îïåðàòîð â ïðîñòðàíñòâå äå Áðàíæà, ñïåêòð
êîòîðîãî ñîîòâåòñòâóåò ìíîæåñòâó íåòðèâèàëüíûõ íóëåé äçåòà-
ôóíêöèè Ðèìàíà ïîñëå ïîâîðîòà êîìïëåêñíîé ïëîñêîñòè. Ñ ïî-
ìîùüþ ñòàíäàðòíîãî óíèòàðíîãî ïðåîáðàçîâàíèÿ, ñâÿçûâàþùåãî
ïðîñòðàíñòâà äå Áðàíæà ñ êàíîíè÷åñêèìè ñèñòåìàìè, ñòðîèòñÿ
äèôôåðåíöèàëüíûé îïåðàòîð ñ òàêèì ñïåêòðîì.

Êëþ÷åâûå ñëîâà: äçåòà-ôóíêöèÿ Ðèìàíà, ñïåêòð îïåðàòîðà.

De Branges spaces and the Riemann xi function

It is shown that after division by a polynomial of degree 3, the Rie-
mann xi function becomes an element of an explicitly described de
Branges space. An operator on the de Branges space is constructed,
whose spectrum corresponds to the set of non-trivial zeros of the Rie-
mann zeta function after a rotation of the complex plane. By using a
standard unitary transformation which links de Branges spaces with
canonical systems, a differential operator is constructed with this spec-
trum.

Keywords: Riemann zeta function, spectrum of an operator.

Äçåòà-ôóíêöèÿ Ðèìàíà ζ îáëàäàåò ñëåäóþùèì ñâîéñòâîì: ôóíêöèÿ
s−1
s2 ζ(s) ïðèíàäëåæèò êëàññó Õàðäè H2 â ïîëóïëîñêîñòè {Re s > 1

2}. Ðàñ-
ñóæäåíèÿ íà îñíîâå ôóíêöèîíàëüíîãî óðàâíåíèÿ äëÿ äçåòà-ôóíêöèè,
ñâÿçàííûå ñ ÿäðàìè îïåðàòîðàìè Ò¼ïëèöà, ïîçâîëÿþò ïðèéòè ê ïðåä-
ïîëîæåíèþ, ÷òî êñè-ôóíêöèÿ Ðèìàíà, äåëåííàÿ íà ìíîãî÷ëåí òðåòüåé
ñòåïåíè ñ íóëÿìè â íóëÿõ êñè-ôóíêöèè, ÿâëÿåòñÿ ýëåìåíòîì ïðîñòðàí-
ñòâà äå Áðàíæà ñî ñòðóêòóðíîé ôóíêöèåé E(z) = Ks(2π), ãäå Ks � ìî-
äèôèöèðîâàííàÿ ôóíêöèÿ Áåññåëÿ, s = 1−iz

2 . Ýòîò ôàêò äîêàçûâàåòñÿ ñ
ïîìîùüþ àñèìïòîè÷åñêîé îöåíêè äëÿ ôóíêöèè Áåññåëÿ. Ñ åãî ïîìîùüþ
ñòðîèòñÿ îïåðàòîð â ïðîñòðàíñòâå äå Áðàíæà, ñïåêòð êîòîðîãî ñîâïàäà-
åò ñ ìíîæåñòâîì íåòðèâèàëüíûõ íóëåé äçåòà-ôóíêöèè, ðàçâåðíóòûì íà
âåùåñòâåííóþ ïðÿìóþ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 19-01-00565 à).
Êàïóñòèí Âëàäèìèð Âëàäèìèðîâè÷, ä.ô.-ì.í., ÏÎÌÈ ÐÀÍ (Ñàíêò-Ïåòåðáóðã,

Ðîññèÿ); Vladimir Kapustin (St.Petersburg Department of the Steklov Mathematical
Institute, St.Petersburg, Russia)
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Îäíèì èç êëþ÷åâûõ ôàêòîâ òåîðèè ïðîñòðàíñòâ äå Áðàíæà ÿâëÿ-
åòñÿ ñóùåñòâîâàíèå êàíîíè÷åñêîé ñèñòåìû � äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ, îïðåäåëÿþùåãî ãèëüáåðòîâî ïðîñòðàíñòâî ñèñòåìû è îïåðàòîð â
í¼ì, è óíèòàðíîãî îïåðàòîðà, ïåðåñàæèâàþùåãî îïåðàòîð êàíîíè÷åñêîé
ñèñòåìû â ïðîñòðàíñòâî äå Áðàíæà è îñóùåñòâëÿþùåãî åãî ñïåêòðàëü-
íîå ïðåäñòàâëåíèå. Äëÿ ðàññìàòðèâàåìîãî ïðîñòðàíñòâà äå Áðàíæà ÿâ-
íî ñòðîèòñÿ ñîîòâåòñòâóþùàÿ åìó êàíîíè÷åñêàÿ ñèñòåìà è îïåðàòîð â
íåé. Îïåðàòîð ñî ñïåêòðîì, ñîîòâåòñòâóþùèì ìíîæåñòâó íåòðèâèàëü-
íûõ íóëåé äçåòà-ôóíêöèè, ïîëó÷àåòñÿ â âèäå îäíîìåðíîãî âîçìóùåíèÿ
îïåðàòîðà êàíîíè÷åñêîé ñèñòåìû.
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Ïîêàçàíî, ÷òî äâà êëàññè÷åñêèõ èíòåãðàëüíûõ ïðåäñòàâëåíèÿ äëÿ
ãàììà-ôóíêöèè Γ(z) â îòêðûòîé ïðàâîé ïîëóïëîñêîñòè � ïåð-
âàÿ ôîðìóëà Áèíå è ôîðìóëà Ìàëüìñòåíà � äîïóñêàþò ðàñïðî-
ñòðàíåíèå íà ìíèìóþ îñü ñ èñêëþ÷åííîé òî÷êîé z = 0. Îòñþäà
ïîëó÷åíû èíòåãðàëüíûå âûðàæåíèÿ àðãóìåíòà êîìïëåêñíîé âå-
ëè÷èíû, ÿâëÿþùåéñÿ çíà÷åíèåì ãàììà-ôóíêöèè â ÷èñòî ìíèìîé
òî÷êå, à òàêæå îáùèé âàðèàíò îäíîé ôîðìóëû Ñëàâè÷à (1975 ã.)
äëÿ îïðåäåëåííîãî ÷åðåç ãàììà-ôóíêöèþ ñïåöèàëüíîãî îòíîøåíèÿ
D(z) ≡ Γ(z + 1/2)/Γ(z + 1).

Êëþ÷åâûå ñëîâà: ãàììà-ôóíêöèÿ, ïåðâàÿ ôîðìóëà Áèíå, ôîðìóëà
Ìàëüìñòåíà.

On integral representations of the gamma function

It is shown that two classical integral representations for the gamma
function in the open right half-plane — the first Binet formula and
the Malmsten’s formula — admit the extension on the imaginary axis
with the excluded point z = 0. From this, integral expressions for the
argument of the value of the gamma function at a purely imaginary
point are obtained, as well as a general version of one result of Slavich
(1975) for a special ratio D(z) ≡ Γ(z+ 1/2)/Γ(z+ 1) defined through
the gamma function.

Keywords: gamma function, first Binet formula, Malmsten’s formula.

Êàê èçâåñòíî, ïåðâîé ôîðìóëîé Áèíå íàçûâàþò ïðåäñòàâëåíèå

Γ(z) =

√
2π

z
exp

z ln z − z +

+∞∫
0

(
1

2
− 1

t
+

1

et − 1

)
e−zt

t
dt

 ,

Êîñòèí Àíäðåé Áîðèñîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÍÈßÓ ÌÈÔÈ (Ìîñêâà, Ðîñ-
ñèÿ); Andrey Kostin (National Research Nuclear University MEPhI, Moscow, Russia)

Øåðñòþêîâ Âëàäèìèð Áîðèñîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÍÈßÓ ÌÈÔÈ (Ìîñêâà,
Ðîññèÿ); Vladimir Sherstyukov (National Research Nuclear University MEPhI, Moscow,
Russia)
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Re z > 0, à ôîðìóëîé Ìàëüìñòåíà � áëèçêîå ïî ôîðìå, íî áîëåå êîì-
ïàêòíîå ïðåäñòàâëåíèå

Γ(z) = exp


+∞∫
0

(
e−zt − e−t

1− e−t
+ (z − 1)e−t

)
dt

t

 , Re z > 0.

Â ïîäîáíîì âèäå èíòåãðàëüíûå ïðåäñòàâëåíèÿ Áèíå è Ìàëüìñòåíà îáû÷-
íî ïîäàþò â ñïðàâî÷íîé ëèòåðàòóðå. Ïî ïîâîäó äîêàçàòåëüñòâà ýòèõ
êëàññè÷åñêèõ ðåçóëüòàòîâ ñì. [1, ãë. 12, � 12.31], [2].

Îêàçûâàåòñÿ, îáå ôîðìóëû ñïðàâåäëèâû (ïðè z 6= 0) è íà ìíèìîé
îñè. Îòñþäà, â ÷àñòíîñòè, èçâëåêàþòñÿ ñëåäóþùèå ñîîòíîøåíèÿ

y ln y − y − π

4
−

+∞∫
0

(
1

2
− 1

t
+

1

et − 1

)
sin(yt)

t
dt =

=

+∞∫
0

(
ye−t − sin(yt)

1− e−t

)
dt

t
∈ Arg Γ(iy), y > 0,

äîïîëíÿþùèå èçâåñòíóþ ÿâíóþ ôîðìóëó

|Γ(iy)| 2 =
π

y sh(πy)
, y > 0.

Ðàññìîòðèì òåïåðü âåëè÷èíó

D(z) ≡ Γ(z + 1/2)

Γ(z + 1)
, Re z > 0, z 6= 0,

âàæíóþ óæå òåì, ÷òî â òî÷êàõ z = n ∈ N îíà ñîâïàäàåò ñ íîðìèðîâàííûì
öåíòðàëüíûì áèíîìèàëüíûì êîýôôèöèåíòîì. Ñïðàâåäëèâî èíòåãðàëü-
íîå ïðåäñòàâëåíèå

D(z) =
1√
z

exp

−
+∞∫
0

th t

2t
e−4tz dt

 , Re z > 0, z 6= 0,

îòìå÷åííîå áåç äîêàçàòåëüñòâà â [3] íà ïîëîæèòåëüíîé ïîëóîñè z = x >
0. Äëÿ ÷èñòî ìíèìûõ çíà÷åíèé ïåðåìåííîé îíî äàåò ïðè y > 0 ïàðó
ñîîòíîøåíèé

|D(iy)|2 =
th(πy)

y
=

1

y
exp

−
+∞∫
0

th t

t
cos(4yt) dt

 ,
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+∞∫
0

th t

2t
sin(4yt) dt− π

4
∈ Arg D(iy).

Ïîäðîáíûå äîêàçàòåëüñòâà ðåçóëüòàòîâ ïðåäñòàâëåíû â ãîòîâÿùåéñÿ
ê ïóáëèêàöèè ðàáîòå [4].
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Ðàññìàòðèâàþòñÿ âåñîâûå ïðîñòðàíñòâà èíòåãðèðóåìûõ Lωp (p >
1) è íåïðåðûâíûõ Cω ôóíêöèé íà âåùåñòâåííîé ïðÿìîé. Ïóñòü
E(Λ) = {tneλkt} � ñèñòåìà ýêñïîíåíöèàëüíûõ ìîíîìîâ ñ ïîëî-
æèòåëüíûìè ïîêàçàòåëÿìè. Ïðè åñòåñòâåííûõ îãðàíè÷åíèÿõ íà
ïîñëåäîâàòåëüíîñòü ïîêàçàòåëåé ýòîé ñèñòåìû è âûïóêëûé âåñ ω
ôîðìóëèðóþòñÿ óñëîâèÿ, ïðè êîòîðûõ êàæäàÿ ôóíêöèÿ èç ýòèõ
ïîäïðîñòðàíñòâ ïðîäîëæàåòñÿ äî öåëîé è ïðåäñòàâëÿåòñÿ ðÿäîì
ïî ñèñòåìå E(Λ), êîòîðûé ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî íà
êîìïàêòàõ â ïëîñêîñòè.

Êëþ÷åâûå ñëîâà: âåñîâîå ïðîñòðàíñòâî, öåëàÿ ôóíêöèÿ, èíäåêñ
êîíäåíñàöèè.

On the representation of functions using series of
exponential monomials

We consider the weight spaces of integrable Lωp (p > 1) and continuous
Cω functions on the real line. Let E(Λ) = {tneλkt} be a system of
exponential monomials with positive exponents. Under natural con-
straints on the sequence of exponents of this system and the convex
weight ω, conditions are formulated under which each function of these
subspaces continues to an entire function and is represented by a se-
ries in the system E(Λ), that converges absolutely and uniformly on
compacts in the plane.

Keywords: weight space, entire function, condensation index

Ïóñòü Λ = {λk, nk}∞k=1 � ïîñëåäîâàòåëüíîñòü ðàçëè÷íûõ ïîëîæè-
òåëüíûõ ÷èñåë λk è èõ êðàòíîñòåé nk. Ñ÷èòàåì, ÷òî λk < λk+1 è λk →
∞, k → ∞. Ñèìâîëîì n(r,Λ) îáîçíà÷èì ÷èñëî òî÷åê λk (ñ ó÷åòîì èõ
êðàòíîñòåé nk), ïîïàâøèõ â îòêðûòûé êðóã B(0, r), è ïóñòü

n̄(Λ) = lim
r→+∞

n(r,Λ)

r

� âåðõíÿÿ ïëîòíîñòü ïîñëåäîâàòåëüíîñòè Λ. Ïîëîæèì åùå

m(Λ) = lim
k→+∞

nk
λk
, σΛ(r) =

∑
λk<r

nk
λk
.

Êóæàåâ Àðñåí Ôàíèëåâè÷, àñïèðàíò, ÁàøÃÓ, ÓÃÍÒÓ (Óôà, Ðîññèÿ); Arsen
Kuzhaev (Bashkir State University, Ufa State Petroleum Technological University, Ufa,
Russia)
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Ïóñòü ρ > 0. Ñèìâîëîì ΩΛ,ρ îáîçíà÷èì ìíîæåñòâî íåîòðèöàòåëüíûõ
âûïóêëûõ ôóíêöèé íà îñè R òàêèõ, ÷òî ω(0) = 0, ω(t) 6 ρ|t|, t 6 0,

lim
t→+∞

ω(t)/t = +∞, è, êðîìå òîãî, âûïîëíåíî íåðàâåíñòâî

+∞∫
1

ω(2σΛ(t))

t2
dt < +∞

Ðàññìàòðèâàþòñÿ òàêæå âåñîâûå ïðîñòðàíñòâà êîìïëåêñíîçíà÷íûõ
èíòåãðèðóåìûõ ôóíêöèé íà âåùåñòâåííîé ïðÿìîé (p > 1)

Lωp :=

f :

 +∞∫
−∞

|f(t)e−ω(t)|pdt

1/p

< +∞


è íåïðåðûâíûõ ôóíêöèé íà âåùåñòâåííîé ïðÿìîé

Cω := {f : sup
t∈R
|f(t)e−ω(t)| < +∞}.

Ïóñòü Λ = {λk, nk}∞k=1. Ââåäåì ñåìåéñòâî ýêñïîíåíöèàëüíûõ ìîíîìîâ

E(Λ) = {tneλkt}∞,nk−1
k=1,n=0.

ÑèìâîëàìèW p(Λ, ω)(p > 1) èW 0(Λ, ω) îáîçíà÷èì ñîîòâåòñòâåííî çàìû-
êàíèÿ ëèíåéíîé îáîëî÷êè ñèñòåìû E(Λ) â ïðîñòðàíñòâàõ Lωp è Cω.

Îòìåòèì, ÷òî âîïðîñû ïðåäñòàâëåíèÿ ôóíêöèé ðÿäàìè ýêñïîíåíöè-
àëüíûõ ìîíîìîâ â ðàññìàòðèâàåìûõ ïðîñòðàíñòâàõ è èõ ÷àñòíûõ ñëó÷à-
ÿõ èçó÷àëèñü, íàïðèìåð, â ðàáîòå [1]. Â îòëè÷èå îò íàñòîÿùåé ðàáîòû â
òîé ðàáîòå ðàññìàòðèâàëèñü ïîñëåäîâàòåëüíîñòè Λ, èìåþùèå ïëîòíîñòü.
Ïðè ýòîì íàêëàäûâàëîñü åùå óñëîâèå λk+1−λk > h, k > 1. Â ÷àñòíîñòè,
ýòî îçíà÷àåò, ÷òî ïîñëåäîâàòåëüíîñòü Λ èìååò ïëîòíîñòü

n(Λ) = lim
r→+∞

n(r,Λ)

r
6 1/h.

Â íàñòîÿùåé ðàáîòå ôîðìóëèðóåòñÿ óòâåðæäåíèå î ïðåäñòàâëåíèè
ôóíêöèé ðÿäîì ïî ñèñòåìå ýêñïîíåíöèàëüíûõ ìîíîìîâ â óêàçàííûõ âû-
øå âåñîâûõ ïðîñòðàíñòâàõ ôóíêöèé, êîòîðîå ñïðàâåäëèâî ïðè çíà÷è-
òåëüíî áîëåå ñëàáûõ óñëîâèÿõ íà ïîñëåäîâàòåëüíîñòü Λ. Äëÿ ýòèõ öåëåé
íàõîäèò ñâî¼ ïðèìåíåíèå èíäåêñ êîíäåíñàöèè SΛ ïîñëåäîâàòåëüíîñòè Λ,
ââåäåííûé â ðàáîòå [2]:

SΛ = lim
δ→0+

lim
m→∞

1

λm
ln

∣∣∣∣∣∣
∏

λk∈B(λm,δλm),k 6=m

(
z − λk
3δλk

)nk ∣∣∣∣∣∣ .
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Ñâîéñòâà èíäåêñà SΛ è ðÿä ïðèìåðîâ íà åãî âû÷èñëåíèå èìååòñÿ â
ðàáîòå [3].

Òåîðåìà 1. Ïóñòü ρ > 0, ïîñëåäîâàòåëüíîñòü Λ = {λk, nk} òàêàÿ,
÷òî SΛ > −∞, m(Λ) < ∞, σΛ(r) → +∞, r → +∞, ω0 ∈ Ω(Λ, ρ). Òîãäà
êàæäàÿ ôóíêöèÿ f ∈ W p(Λ, ω0) (ãäå ω(t) = ω0(t), t 6 0, ω(t) = ω0(t) +
t2, t > 0) ïðîäîëæàåòñÿ äî öåëîé ôóíêöèè F , äëÿ êîòîðîé èìååò ìåñòî
ïðåäñòàâëåíèå âèäà

F (z) =

∞∑
k=1

nk−1∑
n=0

ak,nz
neλkz, z ∈ C.

Ïðè ýòîì ðÿä ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî íà êîìïàêòàõ èç ïëîñ-
êîñòè.

Çàìå÷àíèå. ßâíûå ôîðìóëû äëÿ êîýôôèöèåíòîâ ak,n ñîäåðæàòñÿ
â ðàáîòå [4] (Theorem 4.2).
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Â ðàáîòå ðàññìîòðåíû ãðàíè÷íàÿ òåîðåìà Ìîðåðû äëÿ èíòåãðèðó-
åìûõ ôóíêöèè â íåîãðàíè÷åííîé ðåàëèçàöèè øàðå.

Êëþ÷åâûå ñëîâà: èíòåãðèðóåìûå ôóíêöèè, ãîëîìîðôíîå ïðîäîë-
æåíèå, àâòîìîðôèçì åäèíè÷íîãî øàðà, àíàëèòè÷åñêèé äèñê.

Morera’s boundary theorem for integrable functions in an
unbounded realization of a ball

The paper considers Morera’s boundary theorem for integrable func-
tions in an unbounded realization of a ball.

Keywords: integrable functions, holomorphic continuation, unit ball
automorphism, analytic disc.

Ïóñòü D íåîãðàíè÷åííàÿ îáëàñòü â Cn+1 âèäà

D =
{

(z, ω) = (z, ω1, ω2..., ωn) ∈ C1+n : Im z > |ω|2
}
.

Åå ãðàíèöà íàçûâàåòñÿ ñôåðîé Ïóàíêàðå ([3],[5]):

∂D =
{

(ς, η) ∈ C1+n : Im ς = |η|2
}
.

Ìåðà Ëåáåãà íà ∂D çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:

dµ(ς, η) =

(
− i

2

)n
dς1 ∧ dη ∧ d

_
η ,

ãäå ς1 = Re ς, dη = dη1 ∧ dη2 ∧ ... ∧ dηn, d
_
η = d

_
η1 ∧ d

_
η 2 ∧ ... ∧ d

_
η n.

Îáîçíà÷èì ÷åðåç G åäèíè÷íûé øàð â Cn+1

G =
{

(u, ν) = (u, ν1, ν2..., νn) ∈ C1+n : |u|2 + |ν|2 < 1
}

Êóòëûìóðàòîâ Áàéìóðàò Æèåíáàåâè÷, äîêòîðàíò (Phd) êàôåäðû Ìåòîäèêà ïðå-
ïîäàâàíèÿ ìàòåìàòèêè ÍÃÏÈ. èì. Àæèíèÿçà (Íóêóñ, Óçáåêèñòàí); Kutlimuratov
Baymurat (Nukus State Pedagogical Institue, Nukus, Uzbekistan)
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à ÷åðåç S åãî ãðàíèöó

S =
{

(u, ν) ∈ C1+n : |u|2 + |ν|2 = 1
}

×åðåç ϕ = (ϕ1, ϕ2..., ϕn+1) îáîçíà÷èì ïðåîáðàçîâàíèå Cn+1
(u,ν) → C1+n

(z,ω),
ãäå

z = ϕ1 =
i(1− u)

1 + u
, ω = ϕk =

ν

1 + u
, (k = 2, ....n), ν = (ν1, ν2, ..., νn)

Îòîáðàæåíèå ϕ ÿâëÿåòñÿ áèãîëîìîðôèçìîì øàðà G íà îáëàñòü D. ([4])
Êàê èçâåñòíî, àâòîìîðôèçì ϕα åäèíè÷íîãî øàðà G, ïåðåñòàâëÿþùèå
òî÷êè aè 0 = (0, 0, ..., 0) èìååò ÿâíûé âèä (ñì. íàïð. [2]):

ϕα(u, ν) =
a−

(
u
_
a + 〈ν, ā〉

)
a
|a|2 −

√
1− |a|2

(
(u, ν)−

(
u
_
a + 〈ν, ā〉

)
a
|a|2

)
1− u

_
a − 〈ν, ā〉

ãäå 〈ν, ā〉 = ν1ā1 + ...+ νnān. Èñïîëüçóÿ îòîáðàæåíèÿ ϕ è ϕα ìû ìîæåì,
âûïèñàòü àâòîìîðôèçì îáëàñòè D, ïåðåâîäÿùèé òî÷êó b = ϕ(a) â òî÷êó
I = (i, 0, ...0), â âèäå êîìïîçèöèé:

ψb = ϕ ◦ ϕa ◦ ϕ−1.

Åñëè ϕU -óíèòàðíîå ïðåîáðàçîâàíèå åäèíè÷íîãî øàðà G, ñîõðàíÿþùèé
òî÷êó 0 = (0, ..., 0), òî ψU = ϕ◦ϕU ◦ϕ−1 îïðåäåëÿåò óíèòàðíîå ïðåîáðàçî-
âàíèå îáëàñòè D, ñîõðàíÿþùèé òî÷êó i = (i, 0, ..., 0). Ïóñòü ψ ïðîèçâîëü-
íûé àâòîìîðôèçì, îáëàñòè D è ψ(I) = b. Òîãäà ñóùåñòâóåò óíèòàðíîå
ïðåîáðàçîâàíèå ψU îáëàñòè D, äëÿ êîòîðîãî

ψb = ψU ◦ ψ−1

Ðàññìîòðèì ñëåäóþùåå âëîæåíèå êðóãà ∆ â îáëàñòü D:{
ξt ∈ Cn : ξt = ϕ(tϕ−1(λ0)), t ∈ ∆

}
, (1)

ãäå λ0 � ôèêñèðîâàííàÿ òî÷êà èç ∂D. Åñëè ψ-ïðîèçâîëüíûé àâòîìîð-
ôèçì îáëàñòè D, òî ìíîæåñòâî (1) ïîä äåéñòâèåì ýòîãî àâòîìîðôèçìà
ïåðåéäåò â íåêîòîðûé àíàëèòè÷åñêèé äèñê ñ ãðàíèöåé ∂D.

Òåîðåìà 1. Ïóñòü f ∈ Lp(∂D). Åñëè äëÿ ôóíêöèè f âûïîëíåíà óñëî-
âèå ∫

T

f(ψ(ξt)dt = 0
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(çäåñü T îñòîâ îáëàñòè D) äëÿ âñåõ àâòîìîðôèçìîâ ψ îáëàñòè D è ôèê-
ñèðîâàííîãî λ0 ∈ ∂D, òî ôóíêöèÿ f ãîëîìîðôíî ïðîäîëæàåòñÿ â îáëàñòü
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Ïîëó÷åíû ôîðìóëû Ôåéíìàíà � Êàöà, ïðåäñòàâëÿþùèå ðåøåíèÿ
çàäà÷è Êîøè äëÿ ñòîõàñòè÷åñêîãî óðàâíåíèÿ òèïà Øð¼äèíãåðà.
Ïðè ýòîì èñïîëüçóåòñÿ ìåòîä àíàëèòè÷åñêîãî ïðîäîëæåíèÿ ïî àð-
ãóìåíòó ôóíêöèîíàëüíîãî èíòåãðàëà, ïðåäñòàâëÿþùåãî ðåøåíèÿ
àññîöèèðîâàííîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè. Ðåçóëüòàòû îáîá-
ùàþòñÿ íà ñëó÷àé ìíîãîìåðíîãî áåëîãî øóìà.

Êëþ÷åâûå ñëîâà: Ôóíêöèîíàëüíûå èíòåãðàëû, ñòîõàñòè÷åñêèå óðàâ-
íåíèÿ, óðàâíåíèå Øð¼äèíãåðà, ôîðìóëà Ôåéíìàíà-Êàöà.

Representations of solutions of multidimensional stochastic
differential equations

The Feynman-Kac formulas representing the solutions of the Cauchy
problem for a stochastic equation of the type of Schrödinger. In this
case, we use the method of analytical continuation by the argument of
the functional integral representing the solutions of the associated heat
equation. The results are generalized to the case of multidimensional
white noise.

Keywords: Functional integrals, stochastic equations, Schrödinger equa-
tion, Feynman-Kac formula.

Ìû ðàññìàòðèâàåì ñòîõàñòè÷åñêîå óðàâíåíèå Øð¼äèíãåðà ñ äâóìåð-
íûì áåëûì øóìîì (òàêæå íàçûâàåìîå óðàâíåíèåì Áåëàâêèíà):

dψ(t)(q1, q2) =

(
i

2

∂2ψ(t)

∂q2
1

(q1, q2)− i

2

∂2ψ(t)

∂q2
2

(q1, q2)

)
dt+

+

(
iV (q1, q2)− λ1

4
q2
1 −

λ2

4
q2
2

)
ψ(t)(q1, q2)dt+

+

√
λ1

2
q1ψ(t)(q1, q2)dB1(t) +

√
λ2

2
q2ψ(t)(q1, q2)dB2(t).

Çäåñü λ1 è λ2 � íåîòðèöàòåëüíûå ÷èñëîâûå ïàðàìåòðû, îòâå÷àþùèå çà
òî÷íîñòü èçìåðåíèé êâàíòîâîé ñèñòåìû, à B1 è B2 � íåçàâèñèìûå áðî-
óíîâñêèå äâèæåíèÿ. Îïðåäåëåíèå ôóíêöèè ψ � ñëó÷àéíàÿ ôóíêöèÿ, à
êîíôèãóðàöèîííîå ïðîñòðàíñòâî � äâóìåðíàÿ âåùåñòâåííàÿ ïëîñêîñòü.

Ëîáîäà Àðò¼ì Àëåêñàíäðîâè÷, ê.ô.-ì.í., àññèñòåíò, ÌÃÓ èì. Ì. Â. Ëîìîíîñîâà
(Ìîñêâà, Ðîññèÿ); Artyom Loboda (Moscow State University, Moscow, Russia)
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Ñíà÷àëà ïîëó÷àåòñÿ ôîðìóëà Ôåéíìàíà � Êàöà äëÿ àññîöèèðîâàí-
íîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè

dψ(t)(q1, q2) =

(
1

2

∂2ψ(t)

∂q2
1

(q1, q2) +
1

2

∂2ψ(t)

∂q2
2

(q1, q2)

)
dt+

+

(
V (q1, q2)− λ1

4
q2
1 −

λ2

4
q2
2

)
ψ(t)(q1, q2)dt+

+

√
λ1

2
q1ψ(t)(q1, q2)dB1(t) +

√
λ2

2
q2ψ(t)(q1, q2)dB2(t).

çàòåì, ñ ïîìîùüþ çàìåíû ïåðåìåííûõ ζ̂(q1, q2) = (
√
iq1,

1√
i
q2) è àíàëèòè-

÷åñêîãî ïðîäîëæåíèÿ, âûâîäèòñÿ ôîðìóëà Ôåéíìàíà-Êàöà äëÿ âñïîìî-
ãàòåëüíîãî ñòîõàñòè÷åñêîãî óðàâíåíèÿ òèïà Øðåäèíãåðà ñ âåùåñòâåí-
íûì ïîòåíöèàëîì, ïîñëå ÷åãî ïðè ïîìîùè åù¼ îäíîãî àíàëèòè÷åñêîãî
ïðîäîëæåíèÿ ïîëó÷åíî ïðåäñòàâëåíèå ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâ-
íåíèÿ Áåëàâêèíà ñ äâóìåðíûì áåëûì øóìîì. Òàêèì îáðàçîì, ñïðàâåä-
ëèâà òåîðåìà î ïðåäñòàâëåíèè ðåøåíèÿ ñòîõàñòè÷åñêîãî óðàâíåíèÿØð¼-
äèíãåðà ôóíêöèîíàëüíûì èíòåãðàëîì.

Òåîðåìà 1. Ïóñòü ôóíêöèÿ V íåïðåðûâíà â îáëàñòè Ŝ, ñóæåíèå
ôóíêöèè V íà âíóòðåííþþ ÷àñòü Ŝ àíàëèòè÷íî è åå ïðîèçâîäíàÿ â îá-
ëàñòè Ŝ íåïðåðûâíà è îãðàíè÷åíà. Ïóñòü åùå ôóíêöèÿ η, îïðåäåëåííàÿ
íà Ŝ, îãðàíè÷åíà è íåïðåðûâíà íà Ŝ, àíàëèòè÷íà âíóòðè Ŝ è îáëàäàåò
íà Ŝ îãðàíè÷åííûìè ïðîèçâîäíûìè ïåðâûõ äâóõ ïîðÿäêîâ ïî êàæäîìó
àðãóìåíòó. Òîãäà ôóíêöèÿ F, îïðåäåëÿåìàÿ ðàâåíñòâîì

F(t)(q̂1, q̂2) =

=

∫
C0[0,t]

exp

[√
λ1

2

∫ t

0

(q̂1 +
√
iξ̂1(τ))dB1(τ) +

√
λ2

2

∫ t

0

(q̂2 +
1√
i
ξ̂2(τ))dB2(τ)

]

× exp

[
−
∫ t

0

[
λ1

2
(q̂1 +

√
iξ̂1(τ))2 +

λ2

2
(q̂2 +

1√
i
ξ̂2(τ))2]dτ

]
×

× exp

[∫ t

0

iV (q̂1 +
√
iξ̂1(τ), q̂2 +

1√
i
ξ̂2(τ))]dτ

]
×

× η(q̂1 +
√
iξ̂1(t), q̂2 +

1√
i
ξ̂2(t))w0,tζ̂

−1(dξ̂1dξ̂2),

ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè äëÿ óðàâíåíèÿ Áåëàâêèíà.

Äëÿ îáîáùåíèÿ ýòîãî ðåçóëüòàòà íà áåñêîíå÷íîìåðíûé ñëó÷àé äî-
ñòàòî÷íî ñäåëàòü çàìåíó ïåðåìåííûõ, ïðè êîòîðîé íà êîðåíü èç ìíèìîé
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åäèíèöû óìíîæàþòñÿ òå èç àðãóìåíòîâ, ïðè âòîðûõ ÷àñòíûõ ïðîèçâîä-
íûõ ïî êîòîðûì â óðàâíåíèè ñòîèò çíàê ïëþñ, à äåëÿòñÿ òå, ïðè âòîðûõ
÷àñòíûõ ïðîèçâîäíûõ ïî êîòîðûì â óðàâíåíèè ñòîèò çíàê ìèíóñ.

Ëèòåðàòóðà
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Î ÊÎÌÏÜÞÒÅÐÍÛÕ ÀËÃÎÐÈÒÌÀÕ ÎÏÈÑÀÍÈß
ÎÄÍÎÐÎÄÍÛÕ ÃÈÏÅÐÏÎÂÅÐÕÍÎÑÒÅÉ Â R4
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ÓÄÊ 517.518
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Ìàòðè÷íûå 3-ìåðíûå àëãåáðû Ëè, îòâå÷àþùèå àôôèííî îäíîðîä-
íûì ïîâåðõíîñòÿì ïðîñòðàíñòâà R4, èùóòñÿ êàê ðåøåíèÿ (â ïàêåòå
Maple) áîëüøèõ ñèñòåì êâàäðàòè÷íûõ óðàâíåíèé íà ýëåìåíòû áà-
çèñíûõ ìàòðèö àëãåáðû è êîýôôèöèåíòû êàíîíè÷åñêèõ óðàâíåíèé
îðáèò ýòèõ àëãåáð. Îïèñàíû âñå àëãåáðû, îðáèòû êîòîðûõ ¾ñëà-
áî âûðîæäåíû¿ è èìåþò â êàíîíè÷åñêèõ óðàâíåíèÿõ ñïåöèàëüíûé
âèä êâàäðàòè÷íîãî è êóáè÷åñêîãî ìíîãî÷ëåíîâ.

Êëþ÷åâûå ñëîâà: îäíîðîäíàÿ ãèïåðïîâåðõíîñòü, àëãåáðà Ëè, ñèì-
âîëüíûå âû÷èñëåíèÿ

On computer algorithms for describing homogeneous
hypersurfaces in R4

The matrix 3-dimensional Lie algebras corresponding to affinely ho-
mogeneous surfaces of the space R4 are sought as a solutions (in the
Maple package) of large systems of quadratic equations for the ele-
ments of the basis matrices of the algebra and the coefficients of the
canonical equations of the orbits of these algebras. All algebras are
described whose orbits are “weakly degenerate” and have a special
form of quadratic and cubic polynomials in the canonical equations.

Keywords: homogeneous hypersurface, Lie algebra, symbolic compu-
tation

Âàæíûì ôðàãìåíòîì êëàññèôèêàöèè ãîëîìîðôíî îäíîðîäíûõ âå-
ùåñòâåííûõ ãèïåðïîâåðõíîñòåé êîìïëåêñíîãî ïðîñòðàíñòâà C4 äîëæíî
ñòàòü îïèñàíèå òðóáîê íàä àôôèííî îäíîðîäíûìè ãèïåðïîâåðõíîñòÿìè
ïðîñòðàíñòâà R4. Ïðè ýòîì â ïîñëåäíåé çàäà÷å ê íàñòîÿùåìó âðåìå-
íè èçó÷åíû ëèøü ïîâåðõíîñòè ñ íåâûðîæäåííîé êâàäðàòè÷íîé ôîðìîé,
èìåþùèå áîëåå ÷åì 3-ìåðíûå àëãåáðû Ëè êàñàòåëüíûõ (àôôèííûõ) âåê-
òîðíûõ ïîëåé (ñì. [1]).

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 20-01-00497) è
Ìîñêîâñêîãî Öåíòðà ôóíäàìåíòàëüíîé è ïðèêëàäíîé ìàòåìàòèêè (ÌÃÓ èì. Ì.Â.
Ëîìîíîñîâà).
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Íèæå îáñóæäàþòñÿ àôôèííî îäíîðîäíûå ¾ñëàáî âûðîæäåííûå¿ ãè-
ïåðïîâåðõíîñòè â R4, ÿâëÿþùèåñÿ îðáèòàìè 3-ìåðíûõ àëãåáð Ëè. Óðàâ-
íåíèå ëþáîé òàêîé îðáèòû çàäàåì â âèäå

x4 = x1x2 + (x3
1 + x1x2x3) +

∑
k≥4

Fk(x1, x2, x3). (1)

Êàæäàÿ èç áàçèñíûõ ìàòðèö 3-ìåðíîé àëãåáðû àôôèííûõ âåêòîð-
íûõ ïîëåé ñîäåðæèò 16 = 4õ4 íåèçâåñòíûõ ýëåìåíòîâ è âêëþ÷àåò â ñåáÿ
ñäâèã ïî íàïðàâëåíèþ îäíîé èç îñåé x1, x2, x3 â êàñàòåëüíîé ïëîñêîñòè ê
îðáèòå. Ó÷åò êàñàíèÿ ïîâåðõíîñòè (1) ïîëÿìè èç àëãåáðû äàåò ëèíåéíûå
îãðàíè÷åíèÿ íà ÷àñòü ìàòðè÷íûõ ýëåìåíòîâ, à óñëîâèå çàìêíóòîñòè àë-
ãåáðû îòíîñèòåëüíî êîììóòàòîðà [Ej , Ek] = EjEk−EkEj áàçèñíûõ ïîëåé
ïðèâîäèò ê ñèñòåìå 48 êâàäðàòè÷íûõ óðàâíåíèé îòíîñèòåëüíî îñòàâøèõ-
ñÿ 24 ìàòðè÷íûõ ýëåìåíòîâ.

Ïîïûòêè èñïîëüçîâàíèÿ êîìàíäû solve è áàçèñîâ Ãðåáíåðà îêàçàëèñü
áåçóñïåøíûìè êàê â äàííîé ñèòóàöèè, òàê è â ñëó÷àå áîëåå îáùåãî ìíî-
ãî÷ëåíà F3 èç óðàâíåíèÿ (1). Â òî æå âðåìÿ îáîçíà÷åííûé óïðîùåííûé
âèä ìíîãî÷ëåíîâ F2 = x1x2 è F3 = x3

1 + x1x2x3 ïîçâîëÿåò ñ ïîìîùüþ
ñèìâîëüíûõ âû÷èñëåíèé ïîëíîñòüþ ðåøèòü ýòó ñèñòåìó ïîøàãîâûì ìå-
òîäîì.

Òåîðåìà 1. Ñóùåñòâóåò ëèøü 4 ñåìåéñòâà 3-ìåðíûõ ìàòðè÷íûõ
àëãåáð Ëè, ñîîòâåòñòâóþùèõ ðåøåíèÿì îáîçíà÷åííîé ñèñòåìû. Äâà
èç ýòèõ ñåìåéñòâ ÿâëÿþòñÿ 5-ïàðàìåòðè÷åñêèìè, êàæäîå èç îñòàëü-
íûõ äâóõ ñåìåéñòâ îïèñûâàåòñÿ 4 ïàðàìåòðàìè.

Áàçèñ îäíîãî 5-ïàðàìåòðè÷åñêèõ ñåìåéñòâ àëãåáð Ëè ïðèâåäåí íèæå:

E1 =



a11 0 −1 a14 1

−3 0 0 a24 0

a31 a14 0 a34 0

0 1 0 a11 0

0 0 0 0 0


, E3 =



−1 0 0 0 0

0 −1 0 0 0

0 0 −1 0 1

0 0 0 −1 0

0 0 0 0 0


, (2)

E2 =



0 0 0 (a34 − a11a14)/3 0

0 −(a24 + a31)/3 −1 a14 1

a14 −(a34 − a11a14)/3 0 −a14 (a24 + a31)/3 0

1 0 0 −(a24 + a31)/3 0

0 0 0 0 0


.
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Äëÿ ïåðåõîäà îò àëãåáð Ëè ê èõ îðáèòàì ïðèõîäèòñÿ ïðåîáðàçîâû-
âàòü áàçèñû ýòèõ àëãåáð ê âèäó, óäîáíîìó äëÿ èíòåãðèðîâàíèÿ, îñâîáîæ-
äàÿñü ïðè ýòîì îò ¾ëèøíèõ¿ ïàðàìåòðîâ. Òàê, âòîðîå 5-ïàðàìåòðè÷åñêîå
ñåìåéñòâî ïîëó÷åííûõ àëãåáð ñîäåðæèò 4-ïàðàìåòðè÷åñêîå ïîäñåìåé-
ñòâî àáåëåâûõ àëãåáð Ëè. Â ñâîþ î÷åðåäü, ýòî ïîäñåìåéñòâî óäàåòñÿ ñâå-
ñòè ìàòðè÷íûìè ïîäîáèÿìè ê 2-ïàðàìåòðè÷åñêîìó ñåìåéñòâó àëãåáð Ëè
ñ áàçèñàìè âèäà (µ1, µ2 ∈ R)

e1 =


0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

 , e2 =


µ1 0 1 0
0 µ1 0 1
µ2 1 0 0
0 µ2 0 0

 , e3 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 .
(3)

Ïîâîäîì ê èçó÷åíèþ îäíîðîäíûõ ïîâåðõíîñòåé âèäà (1) ïîñëóæèëè
ëèíåéíî îäíîðîäíûå îðáèòû â R4 èìåííî ýòîãî ñåìåéñòâà àëãåáð, îïè-
ñûâàåìûå (ïðè µ1 = t1 + t2, µ2 = −t1t2, t1 6= t2) óðàâíåíèÿìè

x1x4 − x2x3 = (x2
2 − µ1x2x4 − µ2x

2
4) ln

(
x4 − t2x4

x4 − t1x4

)
. (4)

Ëèòåðàòóðà
1. Eastwood M.G., Ezhov V.V. Homogeneous Hypersurfaces with Isotropy in

A�ne Four-Space //Òðóäû ÌÈÀÍ. 235 (2001), 49�63.
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Ðåøåíà çàäà÷à ïðîñòîé ñâîáîäíîé èíòåðïîëÿöèè â ïðîñòðàíñòâå
àíàëèòè÷åñêèõ â âåðõíåé ïîëóïëîñêîñòè ôóíêöèé êîíå÷íîãî ïî-
ðÿäêà, íå ïðåâîñõîäÿùåãî åäèíèöó. Íàéäåíû êðèòåðèè ðàçðåøè-
ìîñòè â òåðìèíàõ êàíîíè÷åñêîãî ïðîèçâåäåíèÿ è ìåðû, ñîîòâåò-
ñòâóþùèõ óçëàì èíòåðïîëÿöèè.

Êëþ÷åâûå ñëîâà: ñâîáîäíàÿ èíòåðïîëÿöèÿ, ïîëóïëîñêîñòü, êîíå÷-
íûé ïîðÿäîê

Interpolation by functions of order less than the first in
half-plane

The problem of simple free interpolation in the space of analytic func-
tions in the upper half-plane of finite order not exceeding one is solved.
Criteria for solvability are found in terms of the canonical product and
measure corresponding to the interpolation knots.

Keywords: free interpolation, half-plane, finite order

Îáîçíà÷èì ÷åðåç AK ïðîñòðàíñòâî àíàëèòè÷åñêèõ â ïîëóïëîñêîñòè
C+ = {z : =z > 0} ôóíêöèé f(z), òàêèõ, ÷òî â êàæäîé îãðàíè÷åííîé
îáëàñòè, ïðèíàäëåæàùåé âåðõíåé ïîëóïëîñêîñòè, ln |f(z)| èìååò ïîëî-
æèòåëüíóþ ãàðìîíè÷åñêóþ ìàæîðàíòó.

Ïóñòü ôóíêöèÿ f ∈ AK òàêàÿ, ÷òî íåïóñòî ìíîæåñòâî {µ} òåõ µ > 0,
äëÿ êîòîðûõ èìååò ìåñòî îöåíêà

sup
0<θ<π

ln |f(reiθ)| < rµ, r > rµ .

Îáîçíà÷èì ÷åðåç {ν} ìíîæåñòâî òàêèõ ÷èñåë ν > 0, äëÿ êîòîðûõ

lim sup
r→∞

ln |f(reiθ)|
rν

≡ 0, 0 < θ < π .
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Ñëåäóÿ Í. Â. Ãîâîðîâó [1, Ãëàâà I, �1, Îïðåäåëåíèå 1.1], ââåäåì ñëå-
äóþùåå îïðåäåëåíèå:

Îïðåäåëåíèå 1 (Ãîâîðîâ). ×èñëî

ρ = max{inf{µ}, inf{ν}}

íàçûâàåòñÿ ïîðÿäêîì ôóíêöèè f ∈ AK â ñìûñëå Ãîâîðîâà.
Â îòëè÷èå îò öåëûõ ôóíêöèé, äëÿ êîòîðûõ ïîðÿäîê õàðàêòåðèçóåò

åå ðîñò â îêðåñòíîñòè áåñêîíå÷íîé òî÷êè, äëÿ ôóíêöèé f(z), àíàëèòè÷å-
ñêèõ â ïîëóïëîñêîñòè C+, ïîíÿòèå ïîðÿäêà ìîæåò õàðàêòåðèçîâàòü êàê
åå ðîñò, òàê è óáûâàíèå ïðè |z| → ∞.

Îáîçíà÷èì ÷åðåç AKρ, ρ > 0 ïðîñòðàíñòâî àíàëèòè÷åñêèõ â ïîëó-
ïëîñêîñòè C+ ôóíêöèé f(z), ïîðÿäîê êîòîðûõ â ñìûñëå ýêâèâàëåíòíûõ
ìåæäó ñîáîé îïðåäåëåíèé Í. Â. Ãîâîðîâà [1, Ãëàâà I, �1, Îïðåäåëåíèå
1.1] è Å. Òèò÷ìàðøà [2, ñ. 191] íå ïðåâîñõîäèò ρ.

Ââåäåì ñëåäóþùåå îïðåäåëåíèå.
Îïðåäåëåíèå 2. Ïîñëåäîâàòåëüíîñòü A = {an}∞n=1 ⊂ C+ íàçûâà-

åòñÿ èíòåðïîëÿöèîííîé ïîñëåäîâàòåëüíîñòüþ â ïðîñòðàíñòâå AKρ,
0 < ρ 6 1, åñëè äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè êîìïëåêñíûõ ÷èñåë
{bn}∞n=1 óäîâëåòâîðÿþùèõ óñëîâèÿì:

sup
n∈N

ln+ ln+ |bn|
ln |an|+ 1

<∞ , lim sup
|an|→∞

ln+ ln+ |bn|
ln |an|

6 ρ,

ñóùåñòâóåò ôóíêöèÿ F ∈ AKρ, ðåøàþùàÿ ïðîáëåìó èíòåðïîëÿöèè

F (an) = bn, n = 1, 2, . . . .

Â òàêîé ïîñòàíîâêå çàäà÷à èíòåðïîëÿöèè îòíîñèòñÿ ê çàäà÷àì ñâîáîäíîé
èíòåðïîëÿöèè, êîãäà íà çíà÷åíèÿ â óçëàõ íàêëàäûâàþòñÿ ìèíèìàëü-
íûå îãðàíè÷åíèÿ, îáóñëîâëåííûå ïðèíàäëåæíîñòüþ èíòåðïîëèðóþùåé
ôóíêöèè çàäàííîìó ïðîñòðàíñòâó. Ìû ïîëó÷àåì êðèòåðèè åå ðàçðåøè-
ìîñòè â òåðìèíàõ êàíîíè÷åñêîãî ïðîèçâåäåíèÿ, ñîîòâåòñòâóþùåãî óçëàì
èíòåðïîëÿöèè.

Òåîðåìà. Ñëåäóþùèå äâà óòâåðæäåíèÿ ýêâèâàëåíòíû.
1) Ïîñëåäîâàòåëüíîñòü A ÿâëÿåòñÿ èíòåðïîëÿöèîííîé ïîñëåäîâà-

òåëüíîñòüþ â ïðîñòðàíñòâå AKρ, 0 < ρ 6 1.
2) Êàíîíè÷åñêàÿ ôóíêöèÿ E(z) óäîâëåòâîðÿåò ñîîòíîøåíèÿì:

sup
n∈N

1

ln |an|
ln+ ln+ 1

|E′(an)|=an
<∞ , lim sup

|an|→∞

1

ln |an|
ln+ ln+ 1

|E′(an)|=an
6 ρ.
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Çàäà÷è ïðîñòîé è êðàòíîé èíòåðïîëÿöèè â ïðîñòðàíñòâå AKρ ïðè
ρ > 1 áûëè ðåøåíû â ðàáîòàõ [3, 4, 5, 6].
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Ðåøåíà çàäà÷à ïðîñòîé ñâîáîäíîé èíòåðïîëÿöèè â ïðîñòðàíñòâå
öåëûõ ôóíêöèé êîíå÷íîãî ïîðÿäêà è íîðìàëüíîãî òèïà îòíîñè-
òåëüíî óòî÷íåííîãî ïîðÿäêà â ñìûñëå Áóòðó. Íàéäåíû êðèòåðèè
ðàçðåøèìîñòè â òåðìèíàõ êàíîíè÷åñêîãî ïðîèçâåäåíèÿ ñîîòâåò-
ñòâóþùåãî óçëàì èíòåðïîëÿöèè.

Êëþ÷åâûå ñëîâà: ñâîáîäíàÿ èíòåðïîëÿöèÿ, öåëàÿ ôóíêöèÿ, ïîðÿ-
äîê Áóòðó

Interpolation by functions of order less than the first in
half-plane

The problem of simple free interpolation in the space of entire func-
tions of finite order and normal type with respect to the improved or-
der in the sense of Boutroux is solved. Criteria for solvability in terms
of the canonical product corresponding to the interpolation nodes are
found.

Keywords: free interpolation, entire function, Boutroux order

Àáñîëþòíî íåïðåðûâíàÿ ôóíêöèÿ ρ(r), r ∈ [0,+∞), íàçûâàåòñÿ óòî-
÷í�åííûì ïîðÿäêîì â ñìûñëå Áóòðó, åñëè îíà óäîâëåòâîðÿåò ñëåäóþùèì
óñëîâèÿì

−∞ < α = lim inf
r→∞

ρ(r) ≤ ρ = lim sup
r→∞

ρ(r) ≤ +∞,

lim
r→∞

ρ′(r)r ln r = 0 .

Çäåñü ïîä ρ′(r) ìû ïîíèìàåì íàèáîëüøåå ïðîèçâîäíîå ÷èñëî. Åñëè α = ρ,
òî ôóíêöèÿ ρ(r) íàçûâàåòñÿ óòî÷í�åííûì ïîðÿäêîì â ñìûñëå Âàëèðîíà
(÷àñòî � ïðîñòî óòî÷í�åííûì ïîðÿäêîì). Íàñ áóäåò èíòåðåñîâàòü ñëó÷àé
α = 0. Ïîëîæèì V (r) = rρ(r), r > 0

Ìàëþòèí Êîíñòàíòèí Ãåííàäüåâè÷, ä.ô.-ì.í., ïðîôåññîð, ÊÃÓ (Êóðñê, Ðîññèÿ);
Konstantin Malyutin (Kursk State University, Kursk, Russia)
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Îáîçíà÷èì ÷åðåç [ρ(r),∞)B ïðîñòðàíñòâî öåëûõ ôóíêöèé f(z), òà-
êèõ, ÷òî äëÿ âñåõ z ∈ C âûïîëíÿåòñÿ íåðàâåíñòâî ln |f(z)| ≤ KfV (|z|),
ãäå Kf > 0 � ïîñòîÿííàÿ, çàâèñÿùàÿ îò f è íå çàâèñÿùàÿ îò z.

Ââåäåì ñëåäóþùåå îïðåäåëåíèå.
Îïðåäåëåíèå 1. Ïîñëåäîâàòåëüíîñòü A = {an}∞n=1 ⊂ C íàçûâàåò-

ñÿ èíòåðïîëÿöèîííîé ïîñëåäîâàòåëüíîñòüþ â ïðîñòðàíñòâå [ρ(r),∞)B ,
åñëè äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè êîìïëåêñíûõ ÷èñåë {bn}∞n=1 óäîâëå-
òâîðÿþùèõ óñëîâèþ:

sup
n∈N

ln+ |bn|
V (|an|)

<∞ ,

ñóùåñòâóåò ôóíêöèÿ F ∈ [ρ(r),∞)B , ðåøàþùàÿ ïðîáëåìó èíòåðïîëÿ-
öèè

F (an) = bn, n = 1, 2, . . . .

Â òàêîé ïîñòàíîâêå çàäà÷à èíòåðïîëÿöèè îòíîñèòñÿ ê çàäà÷àì ñâîáîäíîé
èíòåðïîëÿöèè, êîãäà íà çíà÷åíèÿ â óçëàõ íàêëàäûâàþòñÿ ìèíèìàëü-
íûå îãðàíè÷åíèÿ, îáóñëîâëåííûå ïðèíàäëåæíîñòüþ èíòåðïîëèðóþùåé
ôóíêöèè çàäàííîìó ïðîñòðàíñòâó. Ìû ïîëó÷àåì êðèòåðèè åå ðàçðåøè-
ìîñòè â òåðìèíàõ êàíîíè÷åñêîãî ïðîèçâåäåíèÿ, ñîîòâåòñòâóþùåãî óçëàì
èíòåðïîëÿöèè.

Òåîðåìà. Ñëåäóþùèå äâà óòâåðæäåíèÿ ýêâèâàëåíòíû.
1) Ïîñëåäîâàòåëüíîñòü A ÿâëÿåòñÿ èíòåðïîëÿöèîííîé ïîñëåäîâà-

òåëüíîñòüþ â ïðîñòðàíñòâå [ρ(r),∞)B.
2) Êàíîíè÷åñêàÿ ôóíêöèÿ E(z) ïîñëåäîâàòåëüíîñòè A óäîâëåòâîðÿ-

åò ñîîòíîøåíèþ:

sup
n∈N

1

V (|an|)
ln+ 1

|E′(an)|
<∞ .

Çàìåòèì, ÷òî åñëè ρ(r) � óòî÷í�åííûé ïîðÿäîê â ñìûñëå Âàëèðîíà, òî
òåîðåìà îáîáùàåò ðåçóëüòàò Î. Ñ. Ôèðñàêîâîé [1], à â ñëó÷àå ρ(r) ≡ ρ > 0
� ðåçóëüòàòû À. Ô. Ëåîíòüåâà [2, 3].
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Íàéäåíû íîâûå ôîðìóëû äëÿ êîýôôèöèåíòîâ Ôóðüå ìåðîìîðô-
íûõ â åäèíè÷íîì êðóãå ôóíêöèé, êîòîðûå îòëè÷àþòñÿ îò ôîð-
ìóë, ïîëó÷åííûõ ðàíåå Ðóáåëîì è Òåéëîðîì. Êîýôôèöèåíòû Ôó-
ðüå âûðàæàþòñÿ ÷åðåç ìåðó, îïðåäåëÿåìóþ íóëÿìè è ïîëþñàìè
ôóíêöèè.

Êëþ÷åâûå ñëîâà: êîýôôèöèåíò Ôóðüå, ìåðîìîðôíàÿ ôóíêöèÿ, åäè-
íè÷íûé êðóã.

Fourier coefficients of meromorphic functions in the unit
disc

New formulas for the Fourier coefficients of meromorphic functions
in the unit disc are found. These formulash differ from the formulas
obtained earlier by Rubel and Taylor. The Fourier coefficients are
expressed in terms of the measure determined by the zeros and poles
of the function.

Keywords: fourier coefficient, meromorphic function, unit disc.

Ââåäåì íåîáõîäèìûå îïðåäåëåíèÿ. ×åðåç D = {z : |z| < 1} îáîçíà÷èì
îòêðûòûé åäèíè÷íûé êðóã êîìïëåêñíîé ïëîñêîñòè C, Z = {0,±1,±2, . . . }
� ìíîæåñòâî öåëûõ ÷èñåë, N = {1, 2, . . . } � ìíîæåñòâî íàòóðàëüíûõ ÷è-
ñåë. ×åðåç C(a, r) = {z : |z−a| < r} îáîçíà÷èì îòêðûòûé êðóã ñ öåíòðîì
â òî÷êå a ðàäèóñà r. Â ÷àñòíîñòè, C(r) = C(0, r). Ïóñòü µ � ïîëîæèòåëü-
íàÿ ìåðà â êðóãå D; µ(r) � ìåðà êðóãà C(r). Åñëè íå îãîâîðåíî ïðîòèâíîå,
âñþäó ïðåäïîëàãàåì, ÷òî 0 6∈ suppµ, ïîñêîëüêó ýòî îãðàíè÷åíèå â ðàìêàõ
ðàññìàòðèâàåìûõ âîïðîñîâ âñåãäà ëåãêî ñíèìàåòñÿ. Ïóñòü

Nµ(r) =

∫ r

0

µ(t)

t
dt

� ïðîèíòåãðèðîâàííàÿ, èëè óñðåäíåííàÿ, ôóíêöèÿ ìåðû µ. Äëÿ çàäàííîé
ìåðû µ îáîçíà÷èì

dµk(ζ) =
dµ(ζ)

ζk
, µk(r) = µk((r)) (k ∈ N) .

Ìàëþòèí Êîíñòàíòèí Ãåííàäüåâè÷, ä.ô.-ì.í., ïðîôåññîð, ÊÃÓ (Êóðñê, Ðîññèÿ);
Konstantin Malyutin (Kursk State University, Kursk, Russia)

Íàóìîâà Àëåíà Àëåêñàíäðîâíà, àñïèðàíò, ÊÃÓ (Êóðñê, Ðîññèÿ); Alena Naumova
(Kursk State University, Russia)
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Ïóñòü f �ìåðîìîðôíàÿ ôóíêöèÿ â êðóãå D, Z = {an}, P = {bn} �
ïîñëåäîâàòåëüíîñòè íóëåé è ïîëþñîâ ôóíêöèè f , ÷åðåç µ+

f îáîçíà÷èì

ìåðó µ+
f (G) :=

∫
G
d δZ(z), ãäå δZ � ìåðà Äèðàêà, ñîñðåäîòî÷åííàÿ â

òî÷êàõ Z. Àíàëîãè÷íî, µ−f (G) :=
∫
G
d δP(z). Ïîëîæèì µf = µ+

f + µ−f ,

m(r, f) =
1

2π

∫ 2π

0

ln+ |f(reiθ)| dθ, T (r, f) = m(r, f) +Nµ−f
(r)

(çäåñü, êàê îáû÷íî, ln+ x = max(lnx, 0) ïðè x ≥ 0, ln 0 := −∞),

ck(r, f) =
1

2π

∫ 2π

0

ln |f(reiθ)|e−ikθ dθ, k ∈ Z ,

� êîýôôèöèåíòû Ôóðüå ôóíêöèè f .
Â ñëåäóþùåé ëåììå ìû ïîëó÷àåì âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ

Ôóðüå ìåðîìîðôíîé â êðóãå D ôóíêöèè, êîòîðûå íåñêîëüêî îòëè÷àþòñÿ
îò ñîîòâåòñòâóþùèõ ôîðìóë, ïîëó÷åííûõ â ðàáîòå [1].

Ëåììà. Ïóñòü f � ìåðîìîðôíàÿ ôóíêöèÿ â êðóãå C(0, 1), f(0) = 1,
Z, P � ïîñëåäîâàòåëüíîñòè íóëåé è ïîëþñîâ ôóíêöèè f ,

ln f(z) =

∞∑
k=1

αk(f)zk =

∞∑
k=1

αkz
k

� ðàçëîæåíèå â íåêîòîðîé îêðåñòíîñòè òî÷êè z = 0.
Òîãäà äëÿ 0 < r < 1 ñïðàâåäëèâî

c0(r, f) = N(r, 1/f)−N(r, f);

ck(r, f) =
rk

2
αk +

1

2k

∫∫
|ζ|6r

r2k − τ2k

rk
dµfk(ζ), z = reiθ, ζ = τeiϕ,

ïðè k ≥ 1 è ck = c̄−k ïðè k ≤ −1.

Ëèòåðàòóðà
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Îïèñàíû ñîáñòâåííûå çàìêíóòûå èíâàðèàíòíûå ïîäïðîñòðàíñòâà
îïåðàòîðà îáîáùåííîãî îáðàòíîãî ñäâèãà â ïðîñòðàíñòâå âñåõ ôóíê-
öèé, ãîëîìîðôíûõ â îäíîñâÿçíîé îáëàñòè â êîìïëåêñíîé ïëîñêî-
ñòè, ñîäåðæàùåé òî÷êó 0.

Êëþ÷åâûå ñëîâà: ãîëîìîðôíàÿ ôóíêöèÿ, îïåðàòîð îáðàòíîãî ñäâè-
ãà, èíâàðèàíòíîå ïîäïðîñòðàíñòâî.

Subspaces invariant under the generalized backward shift
operator and rational functions

We describe proper closed invariant subspaces of the generalized back-
ward shift operator in the space of all holomorphic functions on a
simply connected domain in the complex plane containing the point
0.

Keywords: holomorphic function, backward shift operator, invariant
subspace.

Äàëåå Ω � îäíîñâÿçíàÿ îáëàñòü â C, ñîäåðæàùàÿ òî÷êó 0; H(Ω) �
ïðîñòðàíñòâî âñåõ ãîëîìîðôíûõ â Ω ôóíêöèé ñ òîïîëîãèåé ðàâíîìåðíîé
ñõîäèìîñòè íà êîìïàêòàõ Ω. Ôóíêöèÿ g0 ∈ H(Ω) òàêàÿ, ÷òî g0(0) = 1, çà-

äàåò îïåðàòîð îáîáùåííîãî îáðàòíîãî ñäâèãà D0,g0(f)(t) := f(t)−g0(t)f(0)
t ,

ëèíåéíûé è íåïðåðûâíûé â H(Ω).
Â äîêëàäå îïèñûâàþòñÿ ñîáñòâåííûå çàìêíóòûå D0,g0 -èíâàðèàíòíûå

ïîäïðîñòðàíñòâà H(Ω). Ïóñòü C[z]n, n ≥ 0, � ïðîñòðàíñòâî âñåõ ìíîãî-
÷ëåíîâ íàä ïîëåì C ñòåïåíè íå âûøå n; C[z]−∞ := {0}. Êðàòíûì ìíîãî-
îáðàçèåì â Ω íàçûâàåòñÿ êîíå÷íàÿ èëè áåñêîíå÷íàÿ ïîñëåäîâàòåëüíîñòü
W ïàð (λk,mk), ãäå {λk} � äèñêðåòíîå ïîäìíîæåñòâî Ω è mk ∈ N äëÿ
ëþáîãî k. Äëÿ íåïóñòîãî êðàòíîãî ìíîãîîáðàçèÿ W = {(λk,mk)} â Ω
ââåäåì ìíîæåñòâî

S(W ) := {f ∈ H(Ω) | f (j)(λk) = 0, 0 ≤ j ≤ mk − 1 äëÿ ëþáîãî k};

Ìåëèõîâ Ñåðãåé Íèêîëàåâè÷, ä.ô.-ì.í., ïðîôåññîð, ÞÔÓ (Ðîñòîâ-íà-Äîíó, Ðîñ-
ñèÿ), ÞÌÈ ÂÍÖ ÐÀÍ (Âëàäèêàâêàç, Ðîññèÿ); Sergej Melikhov (Southern Federal
University, Rostov on Don, Russia; Southern Mathematical Institute of VSC of RAS,
Vladikavkaz, Russia)
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S(W ) � ñîáñòâåííîå çàìêíóòîå ïîäïðîñòðàíñòâî H(Ω).
Ââåäåì äðîáè qλ,k(t) := 1

(t−λ)k
, λ ∈ C, k ∈ N. Åñëè Ω 6= C è Υ �

êîíå÷íîå êðàòíîå ìíîãîîáðàçèå â C\Ω, ò. å. Υ = {(λ, nλ) |λ ∈ Λ}, ãäå
nλ ∈ N, Λ � êîíå÷íîå ïîäìíîæåñòâî C\Ω, òî ïîëîæèì

C−Υ(z) := span {qλ,k |λ ∈ Λ, 1 ≤ k ≤ nλ} .

Ïðè ýòîì spanU îáîçíà÷àåò ëèíåéíóþ îáîëî÷êó ïîäìíîæåñòâà U ëèíåé-
íîãî ïðîñòðàíñòâà. Åñëè Υ ïóñòî, òî ïîëàãàåì C−Υ(z) := {0}.

Íèæå ñèìâîë D(g0) îáîçíà÷àåò ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ p òàêèõ,
÷òî p(0) = 1, ôóíêöèÿ g0/p ãîëîìîðôíà â Ω è p íå èìååò êîðíåé â C\Ω.

Ïóñòü W (g0) � íóëåâîå ìíîãîîáðàçèå g0, ò. å. ìíîæåñòâî âñåõ ïàð
(µ, n(µ)), µ ∈ Z(g0), ãäå Z(g0) � ìíîæåñòâî âñåõ íóëåé g0 â Ω, à n(µ) �
êðàòíîñòü íóëÿ µ ∈ Z(g0). Äëÿ íåïóñòîãî êðàòíîãî ìíîãîîáðàçèÿ W =
{(λk,mk)} â Ω áóäåì ïèñàòüW ≺W (g0), åñëè {λk} ⊂ Z(g0) è mk ≤ n(λk)
äëÿ ëþáîãî k.

Ïðèâåäåì ðåçóëüòàò äëÿ ñëó÷àÿ, êîãäà ôóíêöèÿ g0 èìååò íóëè â Ω è
Ω 6= C. Ïðè ýòîì N0 := N ∪ {0}, deg(p) � ñòåïåíü ìíîãî÷ëåíà p.

Òåîðåìà. Ïóñòü Ω � îäíîñâÿçíàÿ îáëàñòü â C, ñîäåðæàùàÿ òî÷êó
0, Ω 6= C è ôóíêöèÿ g0 èìååò íóëè â Ω.
(i) Äëÿ ëþáîãî íåïóñòîãî êðàòíîãî ìíîãîîáðàçèÿ W ≺ W (g0) â Ω ìíî-
æåñòâî S(W ) ÿâëÿåòñÿ ñîáñòâåííûì çàìêíóòûì D0,g0-èíâàðèàíòíûì
ïîäïðîñòðàíñòâîì H(Ω).
(ii) Äëÿ ëþáîãî ìíîãî÷ëåíà p ∈ D(g0), ëþáîãî n ∈ N0 òàêîãî, ÷òî n ≥
deg(p)− 1, èëè n = −∞, êîíå÷íîãî èëè ïóñòîãî êðàòíîãî ìíîãîîáðàçèÿ
Υ = {(λ, nλ) |λ ∈ Λ} â C\Ω ìíîæåñòâî g0

p C[z]n + g0C−Υ(z) ÿâëÿåòñÿ

çàìêíóòûì D0,g0-èíâàðèàíòíûì ïîäïðîñòðàíñòâîì H(Ω).
Ïðè ýòîì îíî ñîáñòâåííîå òîãäà è òîëüêî òîãäà, êîãäà n 6= −∞

èëè Υ íåïóñòî.
(iii) Äëÿ ëþáîãî ñîáñòâåííîãî çàìêíóòîãî D0,g0-èíâàðèàíòíîãî ïîäïðî-
ñòðàíñòâà S ïðîñòðàíñòâà H(Ω) èìååò ìåñòî îäíà èç ñëåäóþùèõ ñè-
òóàöèé:
(a) ñóùåñòâóåò íåïóñòîå êðàòíîå ìíîãîîáðàçèå W â Ω òàêîå, ÷òîW ≺
W (g0) è S = S(W );
(b) íàéäóòñÿ ìíîãî÷ëåí p ∈ D(g0), n ∈ N0, äëÿ êîòîðûõ n ≥ deg(p)− 1
è S = g0

p C[z]n;

(c) íàéäåòñÿ êîíå÷íîå ìíîãîîáðàçèå Υ â C\Ω, äëÿ êîòîðîãî S = g0C−Υ(S)(z);

(d) ñóùåñòâóþò ìíîãî÷ëåí p ∈ D(g0), n ∈ N0, äëÿ êîòîðûõ n ≥ deg(p)−
1, è êîíå÷íîå ìíîãîîáðàçèå Υ â C\Ω òàêèå, ÷òî S = g0

p C[z]n+g0C−Υ(z).
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Ïðè èçó÷åíèè âçàèìîñâÿçåé ìåæäó ðàñïðåäåëåíèÿìè íóëåé ãîëî-
ìîðôíûõ è öåëûõ ôóíêöèé ñ äîáàâëåíèåì ðàñïðåäåëåíèé ïîëþñîâ
äëÿ ìåðîìîðôíûõ ôóíêöèé è ðîñòîì ýòèõ ôóíêöèé âàæíû ñîîò-
íîøåíèÿ, ñâÿçûâàþùèå ýòè ðàñïðåäåëåíèÿ ñ èíòåãðàëüíûìè èëè
èíûìè õàðàêòåðèñòèêàìè ðîñòà. Ýòî, êàê ïðàâèëî, ðàçíîîáðàçíûå
èíòåãðàëüíûå ôîðìóëû. ×àñòî îñëîæíÿþùèì ôàêòîðîì ïðè èñ-
ïîëüçîâàíèè òàêèõ ôîðìóë ÿâëÿåòñÿ ïðèñóòñòâèå â íèõ ïðîèçâîä-
íûõ, ïî íîðìàëè èëè äðóãèõ, îò èññëåäóåìûõ ôóíêöèé. Ïðåäëà-
ãàåòñÿ âàðèàíò èçáàâëåíèÿ îò òàêèõ ñëîæíîñòåé çà ñ÷¼ò èñïîëüçî-
âàíèÿ èíâåðñèè íà ïëîñêîñòè.

Êëþ÷åâûå ñëîâà: ìåðîìîðôíàÿ ôóíêöèÿ, ðàñïðåäåëåíèå íóëåé è
ïîëþñîâ, ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ, ìåðà Ðèññà.

Development of integral formulas of Carleman and
B.Ya. Levin on the basis of inversion

When studying the relationships between the distributions of zeros of
holomorphic and entire functions with the addition of pole distribu-
tions for meromorphic functions and the growth of these functions, the
relations connecting these distributions with integral or other growth
characteristics are important. These are, as a rule, various integral
formulas. Often a complicating factor when using such formulas is
the presence in them of derivatives, normal or otherwise, of the func-
tions under study. A variant of getting rid of such difficulties by using
inversion on the plane is proposed.

Keywords: meromorphic function, distribution of zeros ans poles, sub-
harmonic funcrtion, Riesz measure

Â èññëåäîâàíèÿõ ïî òåîðèè ðîñòà öåëûõ, ìåðîìîðôíûõ, ãîëîìîðô-
íûõ ôóíêöèé f âàæíóþ ðîëü èãðàþò ðàçëè÷íûå èíòåãðàëüíûå ôîð-
ìóëû, óñòàíàâëèâàþùèå âçàèìîñâÿçè ìåäó ðîñòîì è ïîâåäåíèåì ýòèõ
ôóíêöèé ñ îäíîé ñòîðîíû è ðàñïðåäåëåíèåì èõ íóëåé è/èëè ïîëþñîâ ñ
äðóãîé. Ñðåäè íèõ è êëàññè÷åñêèå èíòåãðàëüíûå ôîðìóëû Êàðëåìàíà

Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ â ðàìêàõ íàó÷íîãî
ïðîåêòà � 19-31-90007 ¾Àñïèðàíòû¿.

Ìåíüøèêîâà Ýíæå Áóëàòîâíà, àñïèðàíò, ÁàøÃÓ (Óôà, Ðîññèÿ); Enzhe
Menshikova (Bashkir State University, Ufa, Russia)
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[1; ãë. I, � 3, òåîðåìà 3.1]Menshikova:2 è Á. ß. Ëåâèíà [1; ãë. I, � 3, òåîðåìà
3.4]. Íî â ýòîì ñëó÷àå âîçìîæíûé îñëîæíÿþùèé ôàêòîð äëÿ óñòàíîâëå-
íèÿ óïîìÿíóòûõ âçàèìîñâÿçåé � ïðèñóòñòâèå â ïîäûíòåãðàëüíûõ âûðà-
æåíèÿõ ÷àñòíûõ ïðîèçâîäíûõ u′rad ïî ðàäèóñó â ïîëÿðíûõ êîîðäèíàòàõ
äëÿ u := ln |f |. Çäåñü ìû ïðèâîäèì òîëüêî Îñíîâíóþ íàøó òåîðåìó â
ñóáãàðìîíè÷åñêîì îáðàìëåíèè, èç êîòîðîé è ïîëó÷àþòñÿ â [2] íåñêîëüêî
íîâûõ èíòåãðàëüíûõ ôîðìóë òèïà Êàðëåìàíà è Á. ß. Ëåâèíà.

Äëÿ îáëàñòè D ñ êóñî÷íî-ãëàäêîé ãðàíèöåé ∂D ÷åðåç σD îáîçíà÷à-
åì ìåðó äëèíû íà ∂D â åâêëèäîâîé ìåòðèêå, à ~nD � âåêòîðû âíåø-
íåé íîðìàëè ê ãðàíèöå ∂D, ñóùåñòâóþùèå íà ∂D âñþäó çà èñêëþ-
÷åíèåì íå áîëåå ÷åì ñ÷¼òíîãî ÷èñëà òî÷åê èç ∂D. Åñëè ïðîèçâîäíàÿ
ïî âíåøíåé íîðìàëè ∂

∂~nD
ïðèñóòñòâóåò â ïîäûíòåãðàëüíîì âûðàæåíèè

äëÿ èíòåãðàëà
∫
∂D

ïî ãðàíèöå ∂D, òî íèæíèé èíäåêñ D â îáîçíà÷å-

íèè âíåøíåé íîðìàëè ~nD ÷àñòî îïóñêàåì è ïèøåì ïðîñòî ∂
∂~n âìåñòî

∂
∂~nD

. Ïðîèçâîäíûå ïî âíåøíåé íîðìàëè ê ãðàíèöàì êðóãîâ D(r) ⊂ C îò
ôóíêöèè v � ýòî îáû÷íûå ÷àñòíûå ïðîèçâîäíûå ïî ðàäèóñó â ïîëÿð-
íîé ñèñòåìå êîîðäèíàò è â ýòîì ñëó÷àå, êàê è âî ââåäåíèè, èñïîëüçóåì
äëÿ íèõ îáîçíà÷åíèå v′rad = ∂v

∂~nD(r)
. ×åðåç dλ îáîçíà÷àåì ýëåìåíò ïëî-

ùàäè íà C. Èíâåðñèÿ îòíîñèòåëüíî îêðóæíîñòè ∂D(r) ðàäèóñà r > 0
ñ öåíòðîì â íóëå íà ðàñøèðåííîé êîìïëåêñíîé ïëîñêîñòè C∞ � ýòî
êîíôîðìíàÿ áèåêöèÿ z 7−→

z∈C∞
r2/z̄, îïðåäåëÿþùàÿ èíâåðñèþ ìíîæåñòâ

B?r :=
{
r2/z̄

∣∣ z ∈ B
}
⊂ C∞ è èíâåðñèþ ôóíêöèé f?r (z) :=

z∈B?r
f
(
r2/z̄

)
äëÿ ôóíêöèé f íà B ⊂ C∞. Ìíîæåñòâî B ⊂ C∞ ñèììåòðè÷íî îòíîñè-
òåëüíî îêðóæíîñòè ∂D(r), åñëè B = B?r . ×åðåç 4 îáîçíà÷àåì îïåðàòîð
Ëàïëàñà.

Îñíîâíàÿ òåîðåìà [2] Ïóñòü D 6= ∅ � îãðàíè÷åííàÿ îáëàñòü â C ñ
êóñî÷íî-ãëàäêîé ãðàíèöåé ∂D, ñèììåòðè÷íàÿ îòíîñèòåëüíî îêðóæíî-
ñòè ∂D(r), S := D∩∂D(r) 6= ∅, argS :=

{
θ ∈ [0, 2π)

∣∣ reiθ ∈ S
}
6= ∅. Åñëè

V : D \D(r) → R � ãëàäêàÿ ôóíêöèÿ, ñ íåïðåðûâíûìè âòîðûìè ÷àñò-
íûìè ïðîèçâîäíûìè â îáëàñòè D\D(r), îáðàùàþùàÿñÿ â íóëü íà ÷àñòè
∂D \ D(r) ãðàíèöû ∂D, ñ èíâåðñíûì ïðîäîëæåíèåì, îïðåäåëÿåìûì íà
D êàê ôóíêöèÿ

V �r (z) :=
z∈D

{
V (z) ïðè z ∈ D \D(r),

V ?r (z) := V
(
r2/z̄

)
ïðè z ∈ D ∩D(r)

,

òî äëÿ ëþáîé ðàçíîñòè U 6≡ ±∞ ñóáãàðìîíè÷åñêèõ íà D ôóíêöèé ñ
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çàðÿäîì Ðèññà 1
2π 4U èìååò ìåñòî ðàâåíñòâî∫

D

V �r d
1

2π
4U − 1

2π

∫
D\∂D(r)

U 4V �r dλ

= − 1

2π

∫
∂D

U
∂V �r
∂~nD

dσD +
r

π

∫
arg S

U(reiθ)V ′rad(reiθ) dθ,

÷òî äëÿ ãàðìîíè÷åñêîé ôóíêöèè V íà D\D(r) óïðîùàåòñÿ äî ðàâåíñòâà∫
D

V �r d
1

2π
4U = − 1

2π

∫
∂D

U
∂V �r
∂~nD

dσD +
r

π

∫
argS

U(reiθ)V ′rad(reiθ) dθ.

Â ðîëè U ìîæåò âûñòóïàòü ln |f |, ãäå f 6= 0,∞ � ìåðîìîðôíàÿ íà
D \D(r) ôóíêöèÿ. Îáà ðàâåíñòâà ïîêàçûâàþò, ÷òî ïðîèçâîäíûå ïî íîð-
ìàëè îò U â ýòèõ ôîðìóëàõ óæå îòñóòñòâóþò, à ïðèñóòñòâóþò ñî ñòîðîíû
ôóíêöèè U íàðÿäó ñ íåé ñàìîé òîëüêî å¼ çàðÿä Ðèññà 1

2π 4U . Ýòî ïîç-
âîëÿåò ïîëó÷èòü íîâûå âçàèìîñâÿçè, î êîòîðûõ ãîâîðèëîñü èçíà÷àëüíî
â àííîòàöèè è ïðåàìáóëå òåçèñîâ.

Ëèòåðàòóðà
1. Ãîëüäáåðã À.À., Îñòðîâñêèé È.Â. Ðàñïðåäåëåíèå çíà÷åíèé ìåðîìîðô-

íûõ ôóíêöèé. � Ìîñêâà: Íàóêà, 1970.
2. Ìåíüøèêîâà Ý.Á. Èíòåãðàëüíûå ôîðìóëû òèïà Êàðëåìàíà è Á. ß. Ëå-

âèíà äëÿ ìåðîìîðôíûõ è ñóáãàðìîíè÷åñêèõ ôóíêöèé // Èçâåñòèÿ âóçîâ. Ìà-
òåìàòèêà. 17 ñòð. (ïðèíÿòî ê ïå÷àòè â ñåíòÿáðå 2021 ã.).
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Â ðàáîòå ââåäåíû âåñîâûå ïðîñòðàíñòâà Áåñîâà ïî òèïó ïðîñòðàíñòâ
lp(Aj). Äîêàçàíî ñâîéñòâî èíâàðèàíòíîñòè îòíîñèòåëüíî âåùåñòåí-
íîé èíòåðïîëÿöèè. Ïîëó÷åíû òåîðåìû âëîæåíèÿ.

Êëþ÷åâûå ñëîâà: èíòåðïîëÿöèÿ âåñîâûõ ïðîñòðàíñòâ.

Weighted Besov spaces. Embedding and interpolation
theorems

Weighted Besov spaces according to the type of lp(Aj) spaces is intro-
duce. The property of invariance with respect to real interpolation is
proved. Embedding theorems are obtained.

Keywords: weighted spaces interpolation

Ïóñòü ρ, h(·) - ïîëîæèòåëüíûå ôóíêöèè â n-ìåðíîì åâêëèäîâîì ïðî-
ñòðàíñòâå Rn, è ïóñòü:

1) 0 < h(x) ≤ 1,
2) ñóùåñòâóþò òàêèå κ > 1 è τ ∈ (0, 1), ÷òî

κ−1 ≤ h(y)

h(x)
≤ κ, åñëè y ∈ Q̃(x) = τQ(x), (1)

ãäå Q(x) = Qh(x), τQ(x) = Qτh(x) ïðè h = h(x), Qh(x) = {y ∈ Rn :
|yi − xi| < h/2, 1 ≤ i ≤ n}. Èç óñëîâèé 1) è 2) íà h(·) ñëåäóåò âîçìîæ-
íîñòü ïðåäñòàâëåíèÿ Rn = ∪nj=1Q̂

j = ∪nj=1Q̃
j , ãäå Q̂j = 3

4 Q̃
j , Q̃j =

Q̃(xj), à ñàìè ñåìåéñòâà {Q̂j} è {Q̃j} ÿâëÿþòñÿ êîíå÷íî-êðàòíûìè è
êîíå÷íî-ðàçäåëèìûìè. Ïðè ýòîì ñóùåñòâóåò ñåìåéñòâî ôóíêöèé {ψj},
ψj ∈ C∞0 (Rn) = D, 0 ≤ ψj ≤ 1 òàêîå, ÷òî supp ψj ⊂ Q̃j , ψj = 1 íà

êóáå Q̂j ,
∑∞
j=1 ψj(x) = 1, è |Dαψj(x)| ≤ c(m)h(xj)−m äëÿ âñåõ α ïîðÿäêà

|α| = m. Ñì. [1].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÌÎÍ ÐÊ (ãðàíò ÀÐ08856104).
Ìóðàò Ãóëíàð, PhD äîêòîðàíò, Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èìå-

íè Ë.Í.Ãóìèëåâà (Íóð-Ñóëòàí, Êàçàõñòàí); Murat Gulnar (L.N. Gumilyov Eurasian
national university, Nur-Sultan, Qazaqstan)

Êóñàèíîâà Ëåéëè Êàáèäåíîâíà, ä.ô.-ì.í., ïðîôåññîð, Åâðàçèéñêèé íàöèîíàëü-
íûé óíèâåðñèòåò èìåíè Ë.Í.Ãóìèëåâà (Íóð-Ñóëòàí, Êàçàõñòàí); Leili Kussainova
(L.N. Gumilyov Eurasian national university, Nur-Sultan, Qazaqstan)
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Ïóñòü s > 0, 1 < p < ∞, Lp, B
s
p ïðîñòðàíñòâî Ëåáåãà, ñîîòâåòñòâåí-

íî ïðîñòðàíñòâî Áåñîâà â Rn. Ïîëîæèì vs(x) = ρ(x)h−s(x) (x ∈ Rn).
Ôóíêöèîíàë

‖f ;Bsp(ρ, vs)‖ =

 ∞∑
j=1

(
ρp(xj)‖ψjf ;Bsp‖+ vps (xj)‖ψjf‖p

)1/p

(2)

ÿâëÿåòñÿ íîðìîé â D. ×åðåç Bsp(ρ, vs) áóäåò îáîçíà÷àòüñÿ ïîïîëíåíèå D

ïî íîðìå (2).
Îïðåäåëåíèå êîððåêòíî, òàê êàê ëþáûå äâå íîðìû âèäà (2) ýêâèâà-

ëåíòíû.
Äëÿ èíòåðïîëÿöèîííîé ïàðû {A0, A1} ÷åðåç (A0, A1)θ,p (0 < θ <

1, 1 ≤ p < ∞) îáîçíà÷àåòñÿ èíòåðïîëÿöèîííîå ïðîñòðàíñòâî Ïåòðå-
Ëåîíñà [2, 1.3.2].

Òåîðåìà 1. Ïóñòü 0 ≤ s1 < s0, 1 < p < ∞, s = (1 − θ)s0 + θs1.
Èìååò ìåñòî ðàâåíñòâî(

Bs0p (ρ, vs0), Bs1p (ρ, vs1)
)

= Bsp(ρ, vs).

Ïóñòü ρ ∈ Lp,loc, s > 0- íåöåëîå. Îáîçíà÷èì ÷åðåç W s
p (ρ, vs) ïîïîëíå-

íèå êëàññà D ïî íîðìå

‖f ;W s
p (ρ, vs)‖ = ‖vsf ;Lp‖+

+
(∑

|α|=m
∫

Rn×Rn
|x− y|−n−λp

∣∣ρ(x)Dαf(x)− ρ(y)Dαf(y)
∣∣pdxdy)1/p

,m−,λ-

äðîáíàÿ ÷àñòè ÷èñëà s.

Òåîðåìà 2. Ïóñòü s > 0- íåöåëîå. 1 < p <∞, è ïóñòü ρ íåïðåðûâíî
äèôôåðåíöèðóåìà â Rn, è ñóùåñòâóåò òàêîå M > 0, ÷òî∣∣∇ρ(y)

∣∣ ≤Mρ(x)h−1(x), åñëè y ∈ Q̃(x). (3)

Òîãäà
Bsp(ρ, vs) = W s

p (ρ, vs).

Îáîçíà÷èì ÷åðåç Wm
p (ρ, vm) (m ∈ N) âåñîâîå ïðîñòðàíñòâî Ñîáîëåâà ñ

íîðìîé
‖f ;Wm

p (ρ, vm)‖ = ‖vsf ;Lp‖+ ‖ρ∇mf ;Lp‖.
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Ñëåäñòâèå. Ïóñòü 0 ≤ m1 < m0 - öåëûå, m1 < s < m0. Åñëè ρ
óäîâëåòâîðÿåò óñëîâèþ (1), òî èìåþò ìåñòî âëîæåíèÿ

Wm0
p (ρ, vm0) ↪→ Bsp(ρ, vs) ↪→Wm1

p (ρ, vm1).

Åñëè ρ ïîä÷èíÿåòñÿ óñëîâèÿì òåîðåìû 2, òî ïðè s-íåöåëûõ

Wm0
p (ρ, vm0

) ↪→W s
p (ρ, vs) ↪→Wm1

p (ρ, vm1
).

Ëèòåðàòóðà
1. Êóñàèíîâà Ë.Ê. Îá èíòåðïîëÿöèè âåñîâûõ ïðîñòðàíñòâ Ñîáîëåâà. //

Èçâåñòèÿ ÌÍ-ÀÍ ÐÊ, Ñåðèÿ ôèç.-ìàòåì. �5, 1997, Ñ. 33-51.
2. Òðèáåëü Õ. Òåîðèÿ èíòåðïîëÿöèè, ôóíêöèîíàëüíûå ïðîñòðàíñòâà. �

Ìîñêâà: Ìèð, 1980.
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ÄÎÑÒÀÒÎ×ÍÛÅ ÓÑËÎÂÈß ÎÄÍÎËÈÑÒÍÎÑÒÈ
ÍÅÕÀÐÈ-ÏÎÊÎÐÍÎÃÎ È ÍÅÐÀÂÅÍÑÒÂÀ ÒÈÏÀ ÕÀÐÄÈ

@ Ð.Ã. Íàñèáóëëèí
NasibullinRamil@gmail.com

ÓÄÊ 517.948

DOI: 10.33184/mnkuomsh1t-2021-10-06.57.

Ìû ïîëó÷àåì äîñòàòî÷íûå óñëîâèÿ îäíîëèñòíîñòè â òåðìèíàõ îöåí-
êè ìîäóëÿ ïðîèçâîäíîé Øâàðöà ôóíêöèè ìåðîìîðôíîé â åäèíè÷-
íîì êðóãå. Ìû èñïîëüçóåì ñâÿçü îäíîëèñòíîñòè ôóíêöèè ñ íåêî-
ëåáëåìîñòüþ ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Èìåííî ýòà
ñâÿçü ñ íåêîëåáëåìîñòüþ ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ
ïîçâîëÿåò îáúåäèíèòü äâà ðàçíûõ îáúåêòà: íåðàâåíñòâà Õàðäè è
äîñòàòî÷íûå óñëîâèÿ îäíîëèñòíîñòè.

Êëþ÷åâûå ñëîâà: àíàëèòè÷åñêàÿ ôóíêöèÿ, îäíîëèñòíîñòü, ïðîèç-
âîäíàÿ Øâàðöà, íåðàâåíñòâî Õàðäè, âåñ ßêîáè.

Nehari-Pokornii type sufficient conditions for univalence
and Hardy-type inequalities

We obtain sufficient univalence conditions in terms of estimating the
modulus of the Schwarzian derivative of a function meromorphic in the
unit disc. We use the connection between the univalence of a function
and the non-oscillation of the solution of the differential equation. It is
this connection with the non-oscillation of the solution of a differential
equation that allows us to combine two different objects: Hardy’s
inequalities and univalence conditions.

Keywords: analytic function, univalence, Schwarzian derivative, Hardy
inequality, Jacobi weight.

Ìíîæåñòñòâî ðàáîò (ñì., íàïðèìåð, [1]�[4]) ïîñâÿùåíî äîñòàòî÷íûì
óñëîâèÿì îäíîëèñòíîñòè â òåðìèíàõ îöåíêè ìîäóëÿ ïðîèçâîäíîé Øâàð-
öà ôóíêöèè f ìåðîìîðôíîé â åäèíè÷íîì êðóãå D = {z ∈ C : |z| < 1}.

Íàïîìíèì, ÷òî ïðîèçâîäíàÿ Øâàðöà èëè Øâàðöèàí ôóíêöèè f(z)
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

Sf (z) =
f ′′′

f ′
− 3

2

(
f ′′

f ′

)2

.

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò
�18-11-00115).

Íàñèáóëëèí Ðàìèëü Ãàéñàåâè÷, ê.ô.-ì.í., äîöåíò, Êàçàíñêèé ôåäåðàëüíûé óíè-
âåðñèòåò (Êàçàíü, Ðîññèÿ); Ramil Nasibullin (Kazan Federal University, Kazan, Russia)
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Ìû áóäåì èñïîëüçîâàòü ñâÿçü îäíîëèñòíîñòè ôóíêöèè f ñ íåêîëåáëåìî-
ñòüþ ðåøåíèÿ ñëåäóþùåãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

w′′ +
1

2
Sf (z)w = 0.

Íàïðèìåð, ñëåäóþùàÿ òåîðåìà Íåõàðè, ïîëó÷åíà ñ èñïîëüçîâàíèåì òà-
êîãî ïîäõîäà.

Òåîðåìà A. Ìåðîìîðôíàÿ â êðóãå D = {z ∈ C : |z| < 1} ôóíêöèÿ
f(z) áóäåò îäíîëèñòíîé â D, åñëè

|Sf (z)| < 2S(|z|), |z| < 1,

ïðè÷åì ìàæîðàíòà S(r) ÿâëÿåòñÿ íåïðåðûâíîé íåîòðèöàòåëüíîé ôóíê-
öèåé è óäîâëåòâîðÿåò óñëîâèÿì:

1. S(r)(1− r2)2 íå âîçðàñòàåò ïî r ïðè 0 < r < 1,

2. äèôôåðåíöèàëüíîå óðàâíåíèå y′′+S(|t|)y = 0 ïðè −1 < t < 1 èìååò
ðåøåíèå y0(t) > 0.

Ìû ðàññìàòðèâàåì ïðèìåðû ïðèëîæåíèé íåðàâåíñòâ òèïà Õàðäè äëÿ
ðàñøèðåíèÿ èçâåñòíûõ êëàññîâ îäíîëèñòíûõ ìåðîìîðôíûõ ôóíêöèé.

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1. Ìåðîìîðôíàÿ â D ôóíêöèÿ f(z) áóäåò îäíîëèñòíîé â D,

åñëè ïðè íåêîòîðîì íàáîðå âåùåñòâåííûõ íåîòðèöàòåëüíûõ ïàðàìåòðîâ
n, ak è µk, k = 1, n âûïîëíÿåòñÿ íåðàâåíñòâî

|Sf (z)| ≤
n∑
k=1

bkA(µk)

(1− |z|2)µk
, z ∈ D,

ïðè÷åì bk =
2P2−µk
A(µk) ak, a1 + a2 + ...an ≤ 1, 0 ≤ µ1 ≤ µ2 ≤ . . . µn ≤ 2,

ïîñòîÿííûå Â.Â. Ïîêîðíîãî èìåþò âèä

A(µ) =

{
23µ−1π2(1−µ), 0 ≤ µ ≤ 1,

23−µ, 1 ≤ µ ≤ 2;

è ïîñòîÿííàÿ

Pq =


1 , ïðè q = 0,

λq , ïðè q ∈ (0, q0),(
λα
2α

) 1−q
1−α 2q , ïðè q ∈ (q0, 1],

2 , ïðè q = 1.
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äëÿ ëþáîãî α ∈ (0, q0), êîíñòàíòà
√
λq/q îïðåäåëÿåòñÿ êàê ðåøåíèå ñëå-

äóþùåãî óðàâíåíèÿ

−q2λ2 + qλ
Jν−1 (λ)

Jν (λ)
= 0, λ ∈ (0, jν),

à q0 ≈ π2

18 ÿâëÿåòñÿ êîðíåì óðàâíåíèÿ

−2q + 2q/2
Jν−1

(
2q/2

q

)
Jν

(
2q/2

q

) = 0.

Çäåñü jν � ïåðâûé ïîëîæèòåëüíûé êîðåíü ôóíêöèè Áåññåëÿ Jν .
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Óñòàíîâëåíà îöåíêà êîýôôèöèåíòà êâàçèêîíôîðìíîãî îòðàæåíèÿ
îòíîñèòåëüíî ãðàíèöû ðàâíîáåäðåííîé òðàïåöèè â òåðìèíàõ ýë-
ëèïòè÷åñêèõ ôóíêöèé è ãåîìåòðè÷åñêèõ ïàðàìåòðîâ òðàïåöèè.

Êëþ÷åâûå ñëîâà: êâàçèêîíôîðìíîå îòîáðàæåíèå, êâàçèêîíôîðì-
íîå îòðàæåíèå, ýëëèïòè÷åñêèå èíòåãðàëû.

Quasiconformal reflection with respect to isosceles
trapezoidal polygon

We establish an estimation for the coefficient of quasiconformal re-
flection with respect to an isosceles trapezoidal polygon in terms of
elliptic functions and geometric parameters of the polygon.

Keywords: quasiconformal mapping, quasiconformal reflection, elliptic
functions.

Íàïîìíèì, ÷òî êâàçèîêðóæíîñòüþ íà ïëîñêîñòè íàçûâàåòñÿ çàìêíó-
òàÿ æîðäàíîâà êðèâàÿ, êîòîðàÿ ÿâëÿåòñÿ îáðàçîì îêðóæíîñòè ïðè íåêî-
òîðîì êâàçèêîíôîðìíîì àâòîìîðôèçìå ïëîñêîñòè. Êðèâàÿ L ÿâëÿåòñÿ
êâàçèîêðóæíîñòüþ òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò êâàçèêîí-
ôîðìíîå îòîáðàæåíèå g ñôåðû Ðèìàíà íà ñåáÿ, êîòîðîå ìåíÿåò îðèåíòà-
öèþ è îñòàâëÿåò òî÷êè L íà ìåñòå, ò. å. óäîâëåòâîðÿåò óñëîâèþ g(z) = z,
z ∈ L. Åñëè g ÿâëÿåòñÿ K-êâàçèêîíôîðìíûì îòîáðàæåíèåì, òî îòîáðà-
æåíèå g íàçûâàþò K-êâàçèêîíôîðìíûì îòðàæåíèåì îòíîñèòåëüíî êðè-
âîé L.

Âàæíîé çàäà÷åé ÿâëÿåòñÿ îïðåäåëåíèå ïî çàäàííîé êðèâîé L ìèíè-
ìàëüíîãî çíà÷åíèÿ K òàêîãî, ÷òî ñóùåñòâóåò K-êâàçèêîíôîðìíîå îò-
ðàæåíèå îòíîñèòåëüíî êðèâîé L; îáîçíà÷èì òàêîå çíà÷åíèå ÷åðåç KL.
Äàííàÿ ïðîáëåìà âåñüìà òðóäíà è îñòàåòñÿ îòêðûòîé äàæå äëÿ äîñòà-
òî÷íî ïðîñòûõ êðèâûõ, íàïðèìåð, äëÿ ÷åòûðåõóãîëüíèêîâ (ñì. [1], [2]).
Äàæå â ñëó÷àå, êîãäà L ÿâëÿåòñÿ ãðàíèöåé ïðÿìîóãîëüíèêà [0, a]× [0, 1],
a ≥ 1, íå óäàåòñÿ îïèñàòü çíà÷åíèå ýòîé êîíñòàíòû äëÿ âñåõ çíà÷åíèé a.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ïðîãðàììû ðàçâèòèÿ Íàó÷íî-
îáðàçîâàòåëüíîãî ìàòåìàòè÷åñêîãî öåíòðà Ïðèâîëæñêîãî ôåäåðàëüíîãî îêðóãà (ñî-
ãëàøåíèå � 075-02-2021-1393).

Íàñûðîâ Ñåìåí Ðàôàèëîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÊÔÓ (Êàçàíü, Ðîññèÿ); Semen
Nasyrov (Kazan Federal University, Kazan, Russia).
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Èçâåñòíî òîëüêî, ÷òî ïðè 1 ≤ a < 1.037 çíà÷åíèå KL = 3, à ïðè a > 2.76
èìååì KL > 3. Êðîìå òîãî, ïðè a > 1 ñïðàâåäëèâà îöåíêà π

4 a < KL < πa
(ñì. [1]).

Ìû ïîëó÷àåì îöåíêó ñíèçó äëÿ âåëè÷èíû KL â ñëó÷àå, êîãäà L ÿâ-
ëÿåòñÿ ãðàíèöåé ðàâíîáåäðåííîé òðàïåöèè.

Ïóñòü K(λ) � ïîëíûé ýëëèïòè÷åñêèé èíòåãðàë ïåðâîãî ðîäà è

g(λ) = λK(λ′)/K(λ), ãäå λ′ =
√

1− λ2.

Íåòðóäíî ïîêàçàòü, ÷òî ôóíêöèÿ g(λ) èìååò åäèíñòâåííóþ òî÷êó ìàê-
ñèìóìà λ = λ0 = 0.7373921 . . ., êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ
(λ′)2K(λ)K(λ′) = π/2 íà èíòåðâàëå (0, 1). Ïðè ýòîì, g(λ0) = 0.708434 . . .

Îáîçíà÷èì

C(α) =

(√
1 + tg2(πα)/4− tg(πα)/2

)2

, 0 < α < 1/2.

Òåîðåìà. Ïóñòü L � ãðàíèöà ðàâíîáåäðåííîé òðàïåöèè ñ äëèíàìè
îñíîâàíèé c è d, c < d, âûñîòà êîòîðîé ðàâíà 1, à îñòðûé óãîë ðàâåí
πα.

1) Åñëè c
d ≥ λ0, òî

KL ≥ g(λ0)(1 + C(α))d.

2) Åñëè c
d < λ0, òî

KL ≥ g(λ)(1 + C(α))d, ãäå λ = c/d.

Òåîðåìà ïîëó÷åíà â ðåçóëüòàòå ñîâìåñòíûõ èññëåäîâàíèé ñ ïðîô.
Ì. Âóîðèíåíîì.
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Ïðèâîäÿòñÿ îöåíêè äëÿ íîðì ïðîåêòîðîâ ïðè èíòåðïîëÿöèè íåïðå-
ðûâíûõ ôóíêöèé, çàäàííûõ íà åâêëèäîâîì øàðå â Rn, ñ ïîìîùüþ
ìíîãî÷ëåíîâ ñòåïåíè ≤ 1.

Êëþ÷åâûå ñëîâà: èíòåðïîëÿöèÿ, ïðîåêòîð, íîðìà, øàð, ñèìïëåêñ,
îöåíêà.

Interpolation by linear functions on a Euclidean ball

We present some estimates for the norms of projectors related to in-
terpolation of continuous functions defined on a Euclidean ball in Rn
by polynomials of degree ≤ 1.

Keywords: interpolation, projector, norm, ball, simplex, estimate.

Ïóñòü n ∈ N. Îáîçíà÷èì ÷åðåç Bn åâêëèäîâ åäèíè÷íûé øàð ïðî-

ñòðàíñòâà Rn, çàäàâàåìûé íåðàâåíñòâîì ‖x‖ ≤ 1, ‖x‖ :=

(
n∑
i=1

x2
i

)1/2

. Ïî-

ëîæèì κn := vol(Bn). Ïîä C(Bn) áóäåì ïîíèìàòü ïðîñòðàíñòâî íåïðå-
ðûâíûõ ôóíêöèé f : Bn → R ñ íîðìîé

‖f‖C(Bn) := max
x∈Bn

|f(x)|,

ïîä Π1 (Rn) � ñîâîêóïíîñòü ìíîãî÷ëåíîâ îò n ïåðåìåííûõ ñòåïåíè ≤ 1,
ò. å. ëèíåéíûõ ôóíêöèé íà Rn.

Ïóñòü x(1), . . . , x(n+1) � âåðøèíû n-ìåðíîãî íåâûðîæäåííîãî ñèì-
ïëåêñà S ⊂ Bn. Èíòåðïîëÿöèîííûé ïðîåêòîð P : C(Bn) → Π1(Rn), ñî-
îòâåòñòâóþùèé ýòîìó ñèìïëåêñó, îïðåäåëÿåòñÿ ðàâåíñòâàìè

Pf
(
x(j)

)
= f

(
x(j)

)
, 1 ≤ j ≤ n+ 1.

×åðåç ‖P‖Bn îáîçíà÷èì íîðìó P êàê îïåðàòîðà èç C(Bn) â C(Bn). Îïðå-
äåëèì θn êàê ìèíèìàëüíóþ âåëè÷èíó íîðìû P ïðè óñëîâèè x(j) ∈ Bn.

Íåâñêèé Ìèõàèë Âèêòîðîâè÷, ä.ô.-ì.í., çàâ. êàôåäðîé, ßðÃÓ èì. Ï.Ã. Äåìè-
äîâà (ßðîñëàâëü, Ðîññèÿ); Mikhail Nevskii (P.G. Demidov Yaroslavl State University,
Yaroslavl, Russia)
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Â ñòàòüå [2] ïðåäëîæåí è ðåàëèçîâàí ïîäõîä, ïðè êîòîðîì íîðìó èí-
òåðïîëÿöèîííîãî ïðîåêòîðà óäà¼òñÿ îöåíèòü ñíèçó ÷åðåç îáú¼ì ñîîòâåò-
ñòâóþùåãî ñèìïëåêñà. Ýòîò ïîäõîä îïèðàåòñÿ íà íåêîòîðûå ñïåöèàëüíî
óñòàíîâëåííûå ñâîéñòâà êëàññè÷åñêèõ îðòîãîíàëüíûõ ìíîãî÷ëåíîâ Ëå-
æàíäðà. Ñòàíäàðòèçîâàííûì ìíîãî÷ëåíîì Ëåæàíäðà ñòåïåíè n íàçûâà-
åòñÿ ôóíêöèÿ

χn(t) :=
1

2nn!

[
(t2 − 1)n

](n)

(ôîðìóëà Ðîäðèãà). Èçâåñòíî, ÷òî χn(1) = 1, χn(t) âîçðàñòàåò ïðè t ≥ 1.
Îáîçíà÷èì ÷åðåç χ−1

n ôóíêöèþ, îáðàòíóþ ê χn íà ïîëóîñè [1,+∞).

Òåîðåìà 1. Äëÿ ëþáîãî ñèìïëåêñà S ⊂ Bn è ñîîòâåòñòâóþùåãî
èíòåðïîëÿöèîííîãî ïðîåêòîðà P : C(Bn)→ Π1(Rn) âåðíî íåðàâåíñòâî

‖P‖Bn ≥ χ−1
n

(
κn

vol(S)

)
. (1)

Èç (1) âûâîäèòñÿ, ÷òî ñóùåñòâóåò óíèâåðñàëüíàÿ êîíñòàíòà c > 0,
òàêàÿ ÷òî äëÿ ëþáîãî n è ëþáîãî èíòåðïîëÿöèîííîãî ïðîåêòîðà P ñïðà-
âåäëèâà îöåíêà ‖P‖Bn > c

√
n. Êàê ïîêàçàíî â [2], ïîäõîäÿùåé êîíñòàí-

òîé ÿâëÿåòñÿ c = 0.2135.
Îñîáûé èíòåðåñ ïðåäñòàâëÿåò ñëó÷àé, êîãäà óçëû èíòåðïîëÿöèîííîãî

ïðîåêòîðà íàõîäÿòñÿ â âåðøèíàõ ïðàâèëüíîãî ñèìïëåêñà, âïèñàííîãî â
øàð (ò. å. â ãðàíè÷íóþ ñôåðó ‖x‖ = 1). Ââåä¼ì â ðàññìîòðåíèå ôóíêöèþ

ψ(t) :=
2
√
n

n+ 1

√
t(n+ 1− t) +

∣∣∣∣1− 2t

n+ 1

∣∣∣∣ , 0 ≤ t ≤ n+ 1.

Îáîçíà÷èì

a :=

⌊
n+ 1

2
−
√
n+ 1

2

⌋
.

Àâòîðîì äîêàçàíà ñëåäóþùàÿ òåîðåìà (ñì. [1]).

Òåîðåìà 2. Ïóñòü S∗ � ïðîèçâîëüíûé ïðàâèëüíûé ñèìïëåêñ, âïè-
ñàííûé â Bn, P

∗ � ñîîòâåòñòâóþùèé èíòåðïîëÿöèîííûé ïðîåêòîð.
Èìååò ìåñòî ðàâåíñòâî

‖P ∗‖Bn = max{ψ(a), ψ(a+ 1)}.

Âñåãäà √
n ≤ ‖P ∗‖Bn ≤

√
n+ 1.

Ïðè ýòîì ‖P ∗‖Bn =
√
n ëèøü â ñëó÷àå n = 1, à ðàâåíñòâî ‖P ∗‖Bn =√

n+ 1 âûïîëíÿåòñÿ òîãäà è òîëüêî òîãäà, êîãäà
√
n+ 1 � öåëîå ÷èñ-

ëî.
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Ïðèâåä¼ííûå óòâåðæäåíèÿ îçíà÷àþò, ÷òî ñ êîíñòàíòàìè, íå çàâèñÿ-
ùèìè îò n, ñïðàâåäëèâà ýêâèâàëåíòíîñòü θn �

√
n.

Ïî êðàéíåé ìåðå äëÿ 1 ≤ n ≤ 4 ïðîåêòîð P ∗, ñîîòâåòñòâóþùèé ïðà-
âèëüíîìó âïèñàííîìó ñèìïëåêñó, èìååò ìèíèìàëüíóþ íîðìó, ò. å. èìååò
ìåñòî ðàâåíñòâî θn = ‖P ∗‖Bn ; äâà ðàçëè÷íûõ äîêàçàòåëüñòâà äàíû â
[1] è [3]. Âîïðîñ î ñïðàâåäëèâîñòè ýòîãî ðàâåíñòâà äëÿ ïðîèçâîëüíîãî n
îñòà¼òñÿ îòêðûòûì.
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Êëþ÷åâûå ñëîâà: àíàëèòè÷åñêàÿ ôóíêöèÿ, íóëè, ïëîñêèé êëàññ
Ïðèâàëîâà, óãîë Øòîëüöà, åäèíè÷íûé êðóã.

On the properties of zero sets of functions from the
Privalov classes by area

In this paper we obtain a necessary and sufficient condition for zeros
of analytic functions from area Privalov classes in a disk located at
the Stolz angles.

Keywords: analytic function, zeros, the Privalov class by area, the
Stolz angles, unit disk.

Ïóñòü C - êîìïëåêñíàÿ ïëîñêîñòü, D - åäèíè÷íûé êðóã íà C, H(D)
- ìíîæåñòâî âñåõ ôóíêöèé, àíàëèòè÷åñêèõ â D, Zf � ìíîæåñòâî âñåõ
íóëåé íåòðèâèàëüíîé ôóíêöèè f ∈ H(D), n(r) = card{zk : |zk| < r} äëÿ
ëþáîãî 0 ≤ r < 1. Ïðè âñåõ 0 < q < +∞ ââåäåì â ðàññìîòðåíèå êëàññ

Π̃q =

f ∈ H(D) :

1∫
0

π∫
−π

(
ln+ |f(reiθ)|

)q
dθdr < +∞

 .

Áóäåì íàçûâàòü åãî ïëîñêèì êëàññîì È.È. Ïðèâàëîâà èëè êëàññîì È.È.
Ïðèâàëîâà ïî ïëîùàäè. Ïðè q = 1 ïëîñêèé êëàññ Ïðèâàëîâà ñîâïàäàåò ñ
õîðîøî èçâåñòíûì ïëîñêèì êëàññîì Ð. Íåâàíëèííû, âõîäÿùèì â øêàëó
êëàññîâ Íåâàíëèííû-Äæðáàøÿíà (ñì. [1]).

Çàäà÷è õàðàêòåðèçàöèè êîðíåâûõ ìíîæåñòâ àíàëèòè÷åñêèõ ôóíêöèé
èç ðàçëè÷íûõ êëàññîâ íåîäíîêðàòíî ïîäíèìàëèñü ñïåöèàëèñòàìè â îáëà-
ñòè êîìïëåêñíîãî àíàëèçà. Â ÷àñòíîñòè, â ðàáîòàõ àâòîðà [3]-[6], [9]. Äàí-
íàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ íóëåâûõ ìíîæåñòâ ïëîñêîãî êëàññà
È.È. Ïðèâàëîâà â êðóãå.

Ðîäèêîâà Åâãåíèÿ Ãåííàäüåâíà, ê.ô.-ì.í., äîöåíò, ÁÃÓ èìåíè àêàä. È.Ã. Ïåòðîâ-
ñêîãî (Áðÿíñê, Ðîññèÿ); Eugenia Rodikova (Bryansk State University named after Acad.
I.G. Petrovsky, Bryansk, Russia)
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Ïðè âñåõ 0 < q < +∞ è α > −1 ðàññìîòðèì òàêæå êëàññû Sqα (ñì.
[7]):

Sqα =


1∫

0

(1− r)α
 π∫
−π

ln+ |f(reiθ)|dθ

q

dr < +∞

 .

Èñïîëüçóÿ íåðàâåíñòâî Ã¼ëüäåðà, íåòðóäíî äîêàçàòü, ÷òî

Π̃q ⊂ Sq0 ïðè q > 1,

Π̃q ⊃ Sq0 ïðè 0 < q < 1.

Èç ðåçóëüòàòîâ Ô.À. Øàìîÿíà, ïîëó÷åííûõ äëÿ êëàññîâ Sqα, ñëåäóåò
Òåîðåìà 1. Ïóñòü {zk} ⊂ D. Åñëè {zk} = Zf äëÿ íåêîòîðîé

f ∈ Π̃q (q > 1), òî
1∫

0

(1− r)qnq(r)dr < +∞.

Âîïðîñ î ïîëíîé õàðàêòåðèçàöèè êîðíåâûõ ìíîæåñòâ ôóíêöèé èç êëàñ-
ñîâ Π̃q (0 < q < 1) îñòà¼òñÿ îòêðûòûì. Â äàííîé çàìåòêå íàìè ïîëó÷åíî

îïèñàíèå ìíîæåñòâà íóëåé ôóíêöèé èç êëàññà Π̃q (0 < q < 1), ðàñïîëî-
æåííûõ â óãëàõ Øòîëüöà. Íàïîìíèì îïðåäåëåíèå:

Óãëîì Øòîëüöà Γδ(θ) ñ âåðøèíîé â òî÷êå eiθ íàçûâàåòñÿ óãîë ðàñ-
òâîðà πδ, 0 < δ < 1, áèññåêòðèñà êîòîðîãî ñîâïàäàåò ñ îòðåçêîì reiθ,
0 ≤ r < 1.

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 2. Ïóñòü {zk} ⊂ D. Åñëè {zk} = Zf äëÿ íåêîòîðîé

f ∈ Π̃q (0 < q < 1), òî

1∫
0

(1− r)nq(r)dr < +∞. (1)

Îáðàòíî, åñëè òî÷êè ïîñëåäîâàòåëüíîñòè {zk} ðàñïîëîæåíû â êîíå÷-
íîì ÷èñëå óãëîâ Øòîëüöà è óäîâëåòâîðÿþò óñëîâèþ (1), òî ìîæíî
ïîñòðîèòü ôóíêöèþ g ∈ Π̃q (0 < q < 1), òàêóþ ÷òî Zg = {zk}.

Îòìåòèì, ÷òî àíàëîãè÷íîå óòâåðæäåíèå äëÿ èçâåñòíûõ êëàññîâ È.È.
Ïðèâàëîâà â êðóãå (ñì. [2]) ïîëó÷åíî â ðàáîòå [8] (ñì. òàêæå [6]).
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Êëàññè÷åñêèé ðåçóëüòàò Ï. Ìàëüÿâåíà è Ë. À. Ðóáåëÿ î ìàëîñòè
öåëûõ ôóíêöèÿõ ýêñïîíåíöèàëüíîãî òèïà ñ çàäàííûìè ðàñïðåäå-
ëåíèÿìè íóëåé íà ïîëîæèòåëüíîé ïîëóîñè ðàñïðîñòðàíÿåòñÿ íà
ðàñïðåäåëåíèÿ êîìïëåêñíûõ íóëåé, îòäåëåííûõ ïàðîé âåðòèêàëü-
íûõ óãëîâ ñêîëü óãîäíî ìàëîãî ðàñòâîðà îò ìíèìîé îñè. Ïðè ýòîì
èñïîëüçóåòñÿ è ðàçâèòèå ëîãàðèôìè÷åñêèõ õàðàêòåðèñòèê äëÿ ðàñ-
ïðåäåëåíèé êîìïëåêñíûõ òî÷åê.

Êëþ÷åâûå ñëîâà: öåëàÿ ôóíêöèÿ ýêñïîíåíöèàëüíîãî òèïà, ðàñïðå-
äåëåíèå êîðíåé, ðîñò öåëîé ôóíêöèè, ëîãàðèôìè÷åñêèå õàðàêòå-
ðèñòèêè è ìåðû.

Extension of the Malliavin – Rubel theorem from
distributions of positive zeros to complex distributions

The classical result of P. Malliavin and L. A. Rubel on small entire
functions of exponential type with given distributions of zeros on the
positive semiaxis extends to distributions of complex zeros separated
by a pair of vertical angles of an arbitrarily small opening from the
imaginary axis. In this case, the development of logarithmic charac-
teristics for the distributions of complex points is also used.

Keywords: entire function of exponential type, distribution of zeros,
growth of entire function, logarithmic characteristics and measures.

Âñþäó äàëåå Z = {zj}j=1,2,... è W = {wj}j=1,2,... ⊂ C � ðàñïðåäåëåíèÿ
òî÷åê íà êîìïëåêñíîé ïëîñêîñòè C êîíå÷íîé âåðõíåé ïëîòíîñòè, ò.å.

lim
r→+∞

1

r

( ∑
|zj |≤r

1 +
∑
|wj |≤r

1

)
< +∞.
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Â îáîçíà÷åíèè Re+z := max{0,Re z} îïðåäåëèì ïðàâûé è ëåâûé õàðàê-
òåðèñòè÷åñêèå ëîãàðèôìû äëÿ Z ñîîòâåñòâåííî êàê

lrhZ (r) :=
∑

0<|zj |≤r

Re+ 1

zj
, llhZ (r) :=

∑
0<|zj |≤r

Re+ 1

−zj
,

à òàêæå ëîãàðèôìè÷åñêóþ ñóáìåðó èíòåðâàëîâ äëÿ Z

lZ(r,R) := max
{
lrhZ (R)− lrhZ (r), llhZ (R)− llhZ (r)

}
, 0 < r < R ≤ +∞.

Ïóñòü f 6= 0 � öåëàÿ ôóíêöèÿ íà C. ×åðåç Zerof îáîçíà÷àåì ðàñïðåäåëå-
íèå âñåõ å¼ êîðíåé, ïåðåíóìåðîâàííîå ñ ó÷¼òîì êðàòíîñòè. Åñëè f îáðà-
ùàåòñÿ â íóëü íà Z ⊂ Zerof ñ ó÷¼òîì êðàòíîñòè, òî ïèøåì f(Z) = 0, è f �

öåëàÿ ôóíêöèÿ ýêñïîíåíöèàëüíîãî òèïà (ö.ô.ý.ò.), åñëè lim sup
z→∞

ln |f(z)|
|z|

<

+∞. Îñíîâíîé ðåçóëüòàò ñòàòüè Ï. Ìàëüÿâåíà è Ë. À. Ðóáåëà [1; òåîðåìà
4.1] �

Òåîðåìà Ìàëüÿâåíà �Ðóáåëà. Ïóñòü Z è W ëåæàò íà ïîëîæè-
òåëüíîé ïîëóîñè R+ âåùåñòâåííîé îñè R. Ýêâèâàëåíòíû òðè óòâåð-
æäåíèÿ:

I. Äëÿ ëþáîé ö.ô.ý.ò g 6= 0 ñ g(W) = 0 íàéäåòñÿ ö.ô.ý.ò. f 6= 0 ñ
f(Z) = 0, óäîâëåòâîðÿþùàÿ îãðàíè÷åíèþ

|f(iy)| ≤ |g(iy)| äëÿ âñåõ y ∈ R. (1)

II. Íàéäóòñÿ ö.ô.ý.ò g 6= 0 ñ g(W) = 0 è Zerog
⋂{

z ∈ C
∣∣ Re z > 0

}
=

W, à òàêæå ö.ô.ý.ò. f 6= 0 ñ f(Z) = 0, óäîâëåòâîðÿþùèå (1).

III. Ñóùåñòâóåò C ∈ R, äëÿ êîòîðîãî lZ(r,R) ≤ lW(r,R) + C ïðè âñåõ
çíà÷åíèÿõ 0 < r < R < +∞.

Íàøå ðàçâèòèå òåîðåìû Ìâëüÿâåíà �Ðóáåëà èç [2; òåîðåìà 2.1] �

Òåîðåìà. Äëÿ Z ⊂ C è W ⊂
{
z ∈ C

∣∣ Re z > 0
}
ïðè óñëîâèÿõ

lim inf
j→∞

|Re zj |
|zj |

> 0, lim inf
j→∞

Rewj
|zj |

> 0

âñå òðè óòâåðæäåíèÿ I�III èç òåîðåìû Ìàëüÿâåíà �Ðóáåëà ïî-ïðåæíåìó
îñòàþòñÿ ýêâèâàëåíòíûìè.
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MARCINKIEWICZ SPACES WITH APPLICATIONS
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Ýòî ñîâìåñòíàÿ ðàáîòà ñ àâñòðàëèéñêèìè ìàòåìàòèêàìè ïðîôåññî-
ðîì Ô. Ñóêî÷åâûì è äîêòîðîì Çàíèíûì (UNSW, Ñèäíåé, Àâñòðà-
ëèÿ). Â ýòîé ðàáîòå ìû èìååì äåëî ñ õàðàêòåðèñòèêîé îïòèìàëüíî-
ãî ðàíãà äëÿ îïåðàòîðà Êàëüäåðîíà è ïðåîáðàçîâàíèÿ Ãèëüáåðòà
â ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ Ìàðöèíêåâè÷à. Ýòè ðåçóëüòàòû
â äàëüíåéøåì èñïîëüçóþòñÿ â êà÷åñòâå äîñòàòî÷íîãî óñëîâèÿ äëÿ
ïîëó÷åíèÿ ëèïøèöåâûõ îöåíîê â âïîëíå ñèììåòðè÷íûõ (êâàçè)-
áàíàõîâûõ îïåðàòîðíûõ ïðîñòðàíñòâàõ.

Êëþ÷åâûå ñëîâà: Ïðîñòðàíñòâî Ìàðöèíêåâè÷à, îïåðàòîð Êàëüäå-
ðîíà, ïðåîáðàçîâàíèå Ãèëüáåðòà, âïîëíå ñèììåòðè÷íîå ïðîñòðàí-
ñòâî, îïòèìàëüíûé ðàíã, äâîéíîé îïåðàòîðíûé èíòåãðàë, îöåíêà
Ëèïøèöà.

This is a joint work with Australian mathematicians Professor F.
Sukochev and Dr. Zanin (UNSW, Sydney Australia). In this work,
we deal with characterizing optimal range for the Calderón operator
and the Hilbert transform in Marcinkiewicz function spaces. These
results are further used as a sufficient condition to obtain Lipschitz
estimates for commuting tuples in fully symmetric (quasi-)Banach op-
erator spaces.

Keywords: Marcinkiewicz spaces, Calderón operator, Hilbert trans-
form, fully symmetric space, optimal range, double operator integral,
Lipschitz estimate.
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Let (M, τ) be a semi-finite von Neumann algebra, L0(M) be the set
of all τ -measurable operators and µt(x) be the generalized singular
number of x ∈ L0(M). We proved that if 1 < p, q < ∞, 1

p
+ 1

q
= 1,

r ≥ 2 min{ 1
p
, 1
q
} and x, y ∈ L0(M), then the Young type inequality

µt(|xy∗|r) ≤ µt( 1
p
|x|pr + 1

q
|y|qr), for all t > 0 holds.

Keywords: generalized singular number; τ -measurable operator; semifi-
nite von Neumann algebra.

The classical Young inequality, in general, this inequality for operators
does not hold. If A is a unital commutative C∗-algebra, then

|ab| ≤ 1

p
|a|p +

1

q
|b|q, ∀a, b ∈ A

(see [1]). Ando obtained a generalization of the above inequality as the
following: If x y ∈Mn, then

sj(xy
∗) ≤ sj(

1

p
|x|p +

1

q
|y|q), j = 1, 2, · · · , n.

In [4], Farenick and Manjegani extended the Ando's result as the following:
if x, y ∈M, then

µt(xy
∗) ≤ µt(

1

p
|x|p +

1

q
|y|q), t > 0,

where M is a semi-�nite von Neumann algebra with a faithful normal semi-
�nite trace τ and µt(z) is the generalized singular number of z ∈M.
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We introduce noncommutative weak Orlicz spaces
associated with a weight and study their properties.

noncommutative Lorentz space, noncommutative Marcinkiewicz space,
weak noncommutative Orlicz space, noncommutative weak Orlicz-
Hardy space

Keywords:

Al-Rashed and Zegarliński introduced the noncommutative Orlicz spaces
associated to a normal faithful state on a semi�nite von Neumann algebra.
Ayupov/Chilin and Abdullaev considered a certain class of noncommutative
Orlicz spaces, associated with arbitrary faithful normal locally-�nite weights
on a semi-�nite von Neumann algebraM. Liu/ Hou andWang have investigated
weak version of Orlicz spaces. The weak noncommutative Orlicz spaces
were investigated by Bekjan/ Chen/ Liu and Jiao. We extend the results
of Ayupov/Chilin and Abdullaev to the weak noncommutative Orlicz space
case. We introduce noncommutative weak Orlicz spaces associated with a
weight and study their properties. The dual spaces of commutative weak
Lp-spaces were characterized by Cwikel and Sagher, its noncommutative
versions proved by Ciach (independently, by Han and Shao). Ciach introduced
noncommutative Lorentz space and noncommutative Marcinkiewicz space,
and discussed their dual spaces. We also de�ne noncommutative weak Orlicz-
Hardy spaces and characterize their dual spaces.
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Íàøå ôóíêöèîíàëüíî-àíàëèòè÷åñêîå äâîéñòâåííîå îïèñàíèå îãè-
áàþùèõ îòíîñèòåëüíî êîíóñîâ â ïðîåêòèâíûõ ïðåäåëàõ óïîðÿäî-
÷åííûõ ïðîñòðàíñòâ àäàïòèðîâàíî ê ïðîñòðàíñòâàì ëîêàëüíî èí-
òåãðèðóåìûõ ôóíêöèé è êîíóñàì ïî÷òè (ïëþðè)ñóáãàðìîíè÷åñêèõ
ôóíêöèé ñ ïðèëîæåíèÿìè ê ðàçëè÷íûì çàäà÷àõ êîìïëåêñíîãî àíà-
ëèçà.

Êëþ÷åâûå ñëîâà: ëîêàëüíî èíòåãðèðóåìàÿ ôóíêöèÿ, ïî÷òè ñóáãàð-
ìîíè÷åñêàÿ ôóíêöèÿ, íèæíÿÿ îãèáàþùàÿ, äâîéñòâåííîå ïðåäñòàâ-
ëåíèå.

Envelopes from subclasses of almost subharmonic functions
and their applications

Our functional-analytic dual description of envelopes with respect to
cones in the projective limits of ordered spaces are adapted to spaces
of locally integrable functions and cones of almost (pluri)subharmonic
functions with applications in various problems of complex analysis.

Keywords: locally integrable function, almost subharmonic function,
lower envelope, dual representation

Ïóñòü N = {1, 2, . . . } è R � ìíîæåñòâà íàòóðàëüíûõ è âåùåñòâåí-
íûõ ÷èñåë, Rd � àðèôìåòè÷åñêîå âåêòîðíîå ïðîñòðàíñòâî ðàçìåðíîñòè
d ∈ N, D ⊂ Rd � íåïóñòàÿ îáëàñòü, à ïîíÿòèÿ (ëîêàëüíîé) ñóììèðóå-
ìîñòè è ïî÷òè âñþäó (ï.â.) ïîíèìàþòñÿ îòíîñèòåëüíî ìåðû Ëåáåãà λ íà
D. Âåêòîðíîå ïðîñòðàíñòâî íàä R ëîêàëüíî ñóììèðóåìûõ ôóíêöèé, ï.â.
îïðåäåë¼ííûõ íà D çíà÷åíèÿìè èç ðàñøèðåííîé ÷èñëîâîé ïðÿìîé R, ïî-
ñëå ôàêòîðèçàöèè îòíîñèòåëüíî îòíîøåíèÿ ïîòî÷å÷íîãî ðàâåíñòâà ï.â.
áóäåì îáîçíà÷àòü êàê L1

loc(D), ñíàáæàÿ åãî òîïîëîãèåé L1 ñõîäèìîñòè íà
êîìïàêòàõ è îòíîøåíèåì ïîòî÷å÷íîãî ïîðÿäêà ≤ ï.â. Â òåðìèíîëîãèè èç
[1; � 1], [2], [3; 3.2, ïðèìåð 3] ýòî ïðîñòðàíñòâî � ïðèâåä¼ííûé ïðàâèëü-
íûé ïðîåêòèâíûé ïðåäåë âåêòîðíûõ ðåø¼òîê Ôðåøå ñ äâîéñòâåííûì

Ðàáîòà âûïîëíåíà â ðàìêàõ Ïðîãðàììû ðàçâèòèÿ Íàó÷íî-îáðàçîâàòåëüíîãî ìà-
òåìàòè÷åñêîãî öåíòðà Ïðèâîëæñêîãî ôåäåðàëüíîãî îêðóãà (ñîãëàøåíèå � 075-02-
2021-1393).
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ïðîñòðàíñòâîì L∞0 (D) îãðàíè÷åííûõ ï.â. ôóíêöèé íà D ñî çíà÷åíèÿìè
â R è ñ êîìïàêòíûì íîñèòåëåì â D.

Ôóíêöèÿ v ∈ L1
loc(D) íàçûâàåòñÿ ïî÷òè ñóáãàðìîíè÷åñêîé, åñëè äëÿ

çàìêíóòûõ øàðîâ Bx(r) ⊂ D ðàäèóñà r > 0 ñ öåíòðîì x ∈ D å¼ ñðåäíèå

1

λ
(
Bx(r)

) ∫
Bx(r)

v dλ

ïî ýòèì øàðàì äëÿ ïî÷òè âñåõ òî÷åê x ∈ D âîçðàñòàþò ïî r > 0 [4;ãë.
II, � 9], [5]. Ðàçâèòèå íàøèõ ðåçóëüòàòîâ [2; òåîðåìà 7.1], [3; òåîðåìà 6] �

Òåîðåìà. Ïóñòü H ⊂ L1
loc(D) � íåïóñòîé âûïóêëûé êîíóñ, ñîñòîÿ-

ùèé èç ïî÷òè ñóáãàðìîíè÷åñêèõ ôóíêöèé íà D, è äëÿ êàæäîãî êîìïàê-
òà K äëÿ ëþáîé êîíñòàíòû c ∈ R íàéä¼òñÿ h ∈ H, äëÿ êîòîðîé h ≤ c
ï.â. íà K. Äîïóñòèì, ÷òî âûïîëíåíî îäíî èç óñëîâèé

(i) äëÿ ëþáîé ëîêàëüíî îãðàíè÷åííîé ñâåðõó ïîñëåäîâàòåëüíîñòè ôóíê-
öèé (hk)k∈N ⊂ H âåðõíèé ïðåäåë

lim sup
k→∞

hk := inf
n∈N

sup
k>n

hk

ïðèíàäëåæèò H;
(ii) ìíîæåñòâî H ñåêâåíöèàëüíî çàìêíóòî â L1

loc(D).
Òîãäà äëÿ êàæäîé ôóíêöèè F ∈ L1

loc(D), ëîêàëüíî îãðàíè÷åííîé íà
D, ïðè ëþáîé ôóíêöèè 0 6= g ∈ L∞0 (D) èìååò ìåñòî ðàâåíñòâî

sup

{∫
hg dλ

∣∣∣∣ h ∈ H,h ≤ F}
= inf

{∫
FGdλ

∣∣∣∣ G ∈ L∞0 (D),

∫
hg dλ ≤

∫
hGdλ ïðè âñåõ h ∈ H

}
.

Óñëîâèÿì òåîðåìû íà âûïóêëûé êîíóñ H óäîâëåòâîðÿþò êîíóñ âñåõ
ñóáãàðìîíè÷åñêèõ ôóíêöèé (ñëó÷àé (i)) è ïðîñòðàíñòâî âñåõ ãàðìîíè-
÷åñêèõ ôóíêöèé (ñëó÷àé (ii)) â îáëàñòÿõ D, à òàêæå , êîíóñ âñåõ ïëþ-
ðèñóáãàðìîíè÷åñêèõ è ïðîñòðàíñòâî âñåõ ïëþðèãàðìîíè÷åñêèõ ôóíê-
öèé èç n-ìåðíîãî êîìïëåêñíîãî ïðîñòðàíñòâà, îòîæäåñòâëåííîãî ñ Rd ñ
d := 2n. Ñîäåðæàòåëüíûé âàðèàíò ïðèâåä¼ííîé òåîðåìû âîçìîæåí è äëÿ
âûïóêëûõ ìíîæåñòâ H ïî÷òè ñóáãàðìîíè÷åñêèõ ôóíêöèé ñ íåêîòîðû-
ìè èçìåíåíèÿìè â ïðàâîé ÷àñòè çàêëþ÷èòåëüíîãî ðàâåíñòâà.

Îäíî èç îñíîâíûõ ñëåäñòâèé ýòîé òåîðåìû � ñóùåñòâîâàíèå ôóíê-
öèè h ∈ H, îãèáàþùåé ôóíêöèþ F ñíèçó íà âñåé îáëàñòè D, ýêâè-
âàëåíòíî êîíå÷íîñòè òî÷íîé íèæíåé ãðàíè èç ïðàâîé ÷àñòè çàêëþ-
÷èòåëüíîãî ðàâåíñòâà òåîðåìû. Ýòî ñëåäñòâèå íàõîäèò ïðèìåíåíèÿ ê
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ïðîáëåìàì î íåòðèâèàëüíîñòè âåñîâûõ êëàññîâ ãîëîìîðôíûõ ôóíêöèé,
îá îïèñàíèè íóëåâûõ ìíîæåñòâ è ïîäìíîæåñòâ â òàêèõ âåñîâûõ êëàññàõ,
î âîçìîæíîñòè ïðåäñòàâëåíèÿ ìåðîìîðôíûõ ôóíêöèé â âèäå ÷àñòíîãî
äâóõ ãîëîìîðôíûõ èëè öåëûõ ôóíêöèé ñî ñïåöèàëüíûìè îãðàíè÷åíèÿ-
ìè íà èõ ðîñò, îá àïïðîêñèìàöèè ýêñïîíåíöèàëüíûìè è èíûìè ñèñòåìà-
ìè ôóíêöèé â ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ è ïðî÷.
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Ýêñïîíåíöèàëüíûå ïîëèíîìû, óäîâëåòâîðÿþùèå îäíîðîäíîìó óðàâ-
íåíèþ òèïà ñâåðòêè, íàçûâàþòñÿ åãî ýëåìåíòàðíûìè ðåøåíèÿìè.
Íåîáõîäèìî îïèñàòü ìíîæåñòâî âñåõ ýëåìåíòàðíûõ ðåøåíèé òàêî-
ãî óðàâíåíèÿ â òåðìèíàõ åãî õàðàêòåðèñòè÷åñêîé ôóíêöèè.

Êëþ÷åâûå ñëîâà: îäíîðîäíûå óðàâíåíèÿ òèïà ñâåðòêè, ñïåêòðàëü-
íûé ñèíòåç, ñïåêòðàëüíûé àíàëèç.

Spectral analysis in spaces of solutions of homogeneous
equations of convolution type

Exponential polynomials that satisfy a homogeneous convolution-type
equation are called its elementary solutions. It is necessary to describe
the set of all elementary solutions of such an equation in terms of its
characteristic function.

Keywords: homogeneous convolution type equations, spectral synthe-
sis, spectral analysis.

Âûáåðåì ïðîèçâîëüíûé ìíîãî÷ëåí π(z) ñòåïåíè q. Öåëàÿ ôóíêöèÿ f
íàçûâàåòñÿ π-ñèììåòðè÷íîé, åñëè îíà ïðåäñòàâëÿåòñÿ â âèäå êîìïîçèöèè
f = g ◦ π, ãäå g � öåëàÿ ôóíêöèÿ. Ñèìâîëîì Oπ(C) îáîçíà÷èì ñåìåé-
ñòâî âñåõ öåëûõ π-ñèììåòðè÷íûõ ôóíêöèé. Äëÿ ëþáîé öåëîé ôóíêöèè
f èìååò ìåñòî åäèíñòâåííîå π-ñèììåòðè÷íîå ïðåäñòàâëåíèå

f(z) =

q−1∑
p=0

zpfp(z), fp ∈ Oπ(C), (1)

ñì. [1].
Ïóñòü {a0(z), ..., aq−1(z)} � ïðîèçâîëüíûé íàáîð ìíîãî÷ëåíîâ, íå âñå

èç êîòîðûõ ðàâíû òîæäåñòâåííîìó íóëþ. Ñ÷èòàåì, ÷òî ñòåïåíü ïîëè-
íîìà ap(z) íå ïðåâîñõîäèò p. Ðàññìîòðèì íåïðåðûâíûé ýíäîìîðôèçì A
ïðîñòðàíñòâà öåëûõ ôóíêöèé O(C), äåéñòâóþùèé ïî ïðàâèëó

A : f(z) 7→
q−1∑
p=0

ap(z)fp(z),

Øèøêèí Àíäðåé Áîðèñîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÊóáÃÓ (Êðàñíîäàð, Ðîññèÿ);
Andrey Shishkin (Kuban State University, Krasnodar, Russia)
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ãäå fp(z) � π -ñèììåòðè÷íûé êîýôôèöèåíò ïðåäñòàâëåíèÿ (1).
Ïóñòü Ω0,Ω � âûïóêëûå îáëàñòè â êîìïëåêñíîé ïëîñêîñòè C, Uε �

êðóã {h : |h| < ε}. Áóäåì ñ÷èòàòü, ÷òî Ω0 + Uε ⊆ Ω. Äëÿ ïðîèçâîëüíîãî
h ∈ Uε ëèíåéíûé äèôôåðåíöèàëüíûé îïåðàòîð ñ ïîñòîÿííûìè êîýôôè-
öèåíòàìè

ATh : f(z) 7→
∞∑
n=0

A(ehz)(n)(0)

n!
(Dnf)(ζ)

äåéñòâóåò èç ïðîñòðàíñòâà O(Ω) â ïðîñòðàíñòâî O(Ω0) è íàçûâàåòñÿ îïå-
ðàòîðîì π-ñäâèãà (íà øàã h), ñì. [2].

Âûáåðåì ïðîèçâîëüíóþ ôóíêöèþ f ∈ O(Ω) è ïðîèçâîëüíûé ëèíåé-
íûé íåïðåðûâíûé ôóíêöèîíàë S0 íà ïðîñòðàíñòâå O(Ω0). Ôóíêöèÿ ψ(h) :=
〈S0, ATh(f)〉 íàçûâàåòñÿ π-ñâåðòêîé ôóíêöèè f è ôóíêöèîíàëà S0. Óðàâ-
íåíèå

〈S0, ATh(f)〉 = 0, f ∈ O(Ω), (2)

íàçûâàåòñÿ îäíîðîäíûì óðàâíåíèåì π-ñâåðòêè. Öåëàÿ ôóíêöèÿ ϕ0(λ) :=〈
S0, e

λz
〉
íàçûâàåòñÿ õàðàêòåðèñòè÷åñêîé ôóíêöèåé óðàâíåíèÿ (2).

Çàäà÷à ñïåêòðàëüíîãî àíàëèçà ñîñòîèò â ñëåäóþùåì: îïèñàòü ýëå-
ìåíòàðíûå ðåøåíèÿ (ýêñïîíåíöèàëüíûå ïîëèíîìû) îäíîðîäíîãî óðàâ-
íåíèÿ π-ñâåðòêè â òåðìèíàõ åãî õàðàêòåðèñòè÷åñêîé ôóíêöèè.

Ïóñòü λ ∈ C è ωλ := π(λ). Åñëè ôóíêöèÿ f(ζ) ∈ O(π−1(ωλ)) ÿâëÿåòñÿ
ëîêàëüíî àíàëèòè÷åñêîé íà π-ñëîå π−1(ωλ), òî ôóíêöèÿ

(sym f)(ω) :=
1

q

∑
ζ∈π−1(ω)

f(ζ), ω := π(ζ)

ÿâëÿåòñÿ àíàëèòè÷åñêîé â òî÷êå ωλ. Ïðè ýòîì ôóíêöèÿ (sym f) (π(ζ))
ïðåäñòàâëÿåòñÿ â âèäå êîìïîçèöèè g ◦ π, ãäå g := sym f ∈ O(ωλ) è íàçû-
âàåòñÿ π-ñèììåòðèçàöèåé ôóíêöèè f(ζ).

Òåîðåìà. Ýëåìåíòàðíûå ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ π-ñâåðò-
êè èñ÷åðïûâàþòñÿ ëèíåéíûìè êîìáèíàöèÿìè ýêñïîíåíöèàëüíûõ ïîëè-
íîìîâ âèäà

e(z) :=
∂m

∂ωm

(
sym

c(π(ζ))

ϕ0(ζ)
eζz
)∣∣∣∣

ω=ωλ

, λ ∈ C,

ãäå

c(ω) ∈ O(ωλ),
c(π(ζ))

ϕ0(ζ)
∈ O(π−1(ωλ)).
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Â ðàáîòå ðàññìàòðèâàþòñÿ èíòåãðàëüíî âåñîâûå L2-ïðîñòðàíñòâà
íà âûïóêëûõ îáëàñòÿõ Rn è èññëåäóåòñÿ çàäà÷à îïèñàíèÿ ñîïðÿ-
æåííîãî ïðîñòðàíñòâà â òåðìèíàõ ïðåîáðàçîâàíèÿ Ôóðüå-Ëàïëàñà.

Êëþ÷åâûå ñëîâà: âåñîâûå ïðîñòðàíñòâà, ïðåîáðàçîâàíèå Ôóðüå�
Ëàïëàñà, öåëûå ôóíêöèè.

Duals to weighted spaces of locally integrable functions

The paper considers weighted L2-spaces on convex domains in Rn
and investigates the problem of describing the dual space in terms of
Fourier-Laplace transform.

Keywords: weighted spaces, Fourier–Laplace transform, entire func-
tions.

Ïóñòü D � îãðàíè÷åííàÿ âûïóêëàÿ îáëàñòü â Rn è ϕ � âûïóêëàÿ âû-
ïóêëàÿ ôóíêöèÿ íà ýòîé îáëàñòè. ×åðåç L2(D,ϕ) îáîçíà÷èì ïðîñòðàí-
ñòâî ëîêàëüíî èíòåãðèðóåìûõ ôóíêöèé íà D, äëÿ êîòîðûõ êîíå÷íà íîð-
ìà

‖f‖2 :=

∫
D

|f(t)|2e−2ϕ(t)dt.

Ñèñòåìà ôóíêöèé etλ, ãäå t = (t1, ..., tn), λ = (λ1, ..., λn) ∈ Cn è tλ =∑n
k=1 tkλk, ïîëíà â ãèëüáåðòîâîì ïðîñòðàíñòâå L2(D,ϕ), ïîýòîìó ïðå-

îáðàçîâàíèå Ôóðüå�Ëàïëàñà

L : S → S(etλ), λ ∈ Cn,

îòîáðàæàåò ñîïðÿæåííîå ïðîñòðàíñòâî L∗2(D,ϕ) íà íåêîòîðîå ïðîñòðàí-

ñòâî L̂2(D,ϕ) ôóíêöèé íà Cn. Â ñèëó ñàìîñîïðÿæåííîñòè ãèëüáåðòîâûõ

ïðîñòðàíñòâ ýòî ïðîñòðàíñòâî L̂2(D,ϕ) ñîñòîèò èç ôóíêöèé âèäà

f̂(λ) =

∫
D

etλ−2ϕ(t)f(t)dt, f ∈ L2(D,ϕ),

Ðàáîòà âûïîëíåíà â ðàìêàõ ðåàëèçàöèè Ïðîãðàììû ðàçâèòèÿ Íàó÷íî-
îáðàçîâàòåëüíîãî ìàòåìàòè÷åñêîãî öåíòðà Ïðèâîëæñêîãî ôåäåðàëüíîãî îêðóãà (ñî-
ãëàøåíèå � 075-02-2021-1393).

Þëìóõàìåòîâ Ðèíàä Ñàëàâàòîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÁàøÃÓ (Óôà, Ðîññèÿ);
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â ÷àñòíîñòè, L̂2(D,ϕ) ÿâëÿåòñÿ ïîäïðîñòðàíñòâîì ïðîñòðàíñòâà öåëûõ

ôóíêöèé. Ïðîñòðàíñòâî L̂2(D,ϕ) ãèëüáåðòîâî îòíîñèòåëüíî íàâåäåííîãî

ñêàëÿðíîãî ïðîèçâåäåíèÿ (f̂ , ĝ) = (f, g).
Çàìåòèì, ÷òî òî÷å÷íûå ôóíêöèîíàëû δλ : F → F (λ) íåïðåðûâíû â

ïðîñòðàíñòâå L̂2(D,ϕ) ïðè ëþáîì λ ∈ Cn. Ôóíêöèþ

K(λ) := ‖δλ‖2, λ ∈ Cn,

íàçûâàþò ôóíêöèåé Áåðãìàíà.
Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ âîïðîñ î âåñîâîì îïèñàíèè íàâå-

äåííîé íîðìû â ýòîì ïðîñòðàíñòâå. Â îäíîìåðíîì ñëó÷àå âîïðîñ ïîëíî-
ñòüþ ðåøåí ðàíåå â ðàáîòå [1].

Ïðè íåêîòîðûõ îãðàíè÷åíèÿõ íà âåñîâóþ ôóíêöèþ ϕ äîêàçàíî, ÷òî
öåëàÿ ôóíêöèÿ F ïðåäñòàâëÿåòñÿ â âèäå ïðåîáðàçîâàíèÿ Ôóðüå-Ëàïëàñà
ôóíêöèè èç L2(D,ϕ) òîãäà è òîëüêî òîãäà, êîãäà

‖F‖2 :=

∫
Rn

∫
Rn

|F (x+ iy)|2

K(x+ iy)
detG(ϕ̃, x)dydx <∞,

ãäå G(ϕ̃, x) � ìàòðèöà Ãåññå ôóíêöèè ϕ̃, ñîïðÿæåííîé ïî Þíãó ê ôóíê-
öèè ϕ.

Â êà÷åñòâå ïðèìåðà ïîêàçàíî, ÷òî äëÿ ñëó÷àÿ, êîãäà D � åäèíè÷íûé
øàð è ϕ(t) = a(1 − |t|)−β , β < 0, ïðîñòðàíñòâî ïðåîáðàçîâàíèé Ôóðüå-
Ëàïëàñà èçîìîðôíî ïðîñòðàíñòâó öåëûõ ôóíêöèé F (z), z = x+ iy ∈ Cn,
äëÿ êîòîðûõ

‖F‖2 :=

∫
Rn

∫
Rn

|F (x+ iy)|2e−2|x|−2(aβ)
1

β+1 (a+1)|x|
β
β+1 |x|

α−3
2 dxdy <∞,

ãäå α = β
β+1 .

Ëèòåðàòóðà
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Â ïðîñòðàíñòâå îáîáù�åííûõ ôóíêöèé ìåäëåííîãî ðîñòà S ′ =
S ′(C) ðàññìîòðåíû êîìïëåêñíûå ñèñòåìû óðàâíåíèé, îáîáùàþ-
ùèå óðàâíåíèå áèàíàëèòè÷åñêèõ ôóíêöèé. Ïîëó÷åíà ñõåìà îïðå-
äåëåíèÿ ñòðóêòóðû íîñèòåëÿ ðåøåíèÿ. Íà îñíîâå ýòîãî èçëîæåí
ñïîñîá íàõîæäåíèÿ ðåøåíèé.

Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâîØâàðöà, íîñèòåëü, òåîðåìà î ñòðóê-
òóðå îáîáù�åííûõ ôóíêöèé ñ íîñèòåëåì íà îêðóæíîñòè.

On solutions of the generalized equation of bianalytic
functions

In the space of generalized functions of slow growth, S ′ = S ′(C)
complex systems of equations that generalize the equation of biana-
lytic functions are considered. A scheme for determining the structure
of the solution carrier is obtained. Based on this, a method for finding
a solution is presented.

Keywords: Schwarz space, support, theorem on the structure of gen-
eralized functions supported on a circle.

Ðàññìîòðèì ýëëèïòè÷åñêóþ ñèñòåìó âòîðîãî ïîðÿäêà, çàïèñàííóþ â
êîìïëåêñíîé ôîðìå

Lw ≡ wzz + a(z)wz + b(z)w + c(z)w = f(z), (1)

ãäå z = x+ iy, 2∂z = ∂x + i∂y, a, b, c, f− çàäàííûå â íåêîòîðîé îáëàñòè G
ôóíêöèè. Ïðè a = b = c = f = 0 ïîëó÷àåì óðàâíåíèå áèàíàëèòè÷åñêèõ
ôóíêöèé èëè òàê íàçûâàåìóþ ñèñòåìó óðàâíåíèé Áèöàäçå (ñì. [1], [2]),
äëÿ êîòîðîé çàäà÷à Äèðèõëå íå ÿâëÿåòñÿ í�åòåðîâîé. Äëÿ ñèñòåì âèäà
(1) çàäà÷à îá îãðàíè÷åííûõ íà âñåé êîìïëåêñíîé ïëîñêîñòè Ñ ðåøåíèÿõ
ìîæåò áûòü íå í�åòåðîâûì. Íàïðèìåð, ñèñòåìà

wzz + cw = 0,

Áàéçàåâ Ñàòòîð, ä.ô.-ì.í., ïðîôåññîð, ÒÃÓÏÁÏ (Õóäæàíä, Òàäæèêèñòàí);
Bayzoev Sattor (Tajik State University of Law, Busines and Politic, Khujand, Tajikistan)

Ñàäèêîâ Ìàúðóôäæîí Îáèäîâè÷, ïðåïîäàâàòåëü, ÕÃÓ èìåíè Á. Ãàôóðîâà
(Õóäæàíä, Òàäæèêèñòàí); Sodiqov Marufjon (B.G.Gafurov Khujand State University
,Khujand, Tajikistan)
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ãäå c−íåíóëåâàÿ ïîñòîÿííàÿ, èìååò áåñêîíå÷íîå ÷èñëî ëèíåéíî íåçàâè-
ñèìûõ îãðàíè÷åííûõ íà Ñ ðåøåíèé

w(z) = pω(z) + qω(z),

çäåñü p−ïðîèçâîëüíàÿ ïîñòîÿííàÿ, q = |c|
c pe

−2iα,

ω(z) = exp
[
2i
√
|c|Re

(
e−iαz

)]
, 0 ≤ α < 2π. Êîãäà a è b ÿâëÿþòñÿ ïîñòî-

ÿííûìè è c = f = 0 ñèñòåìà (1) ïðåâðàùàåòñÿ â óðàâíåíèå ìåòààíàëè-
òè÷åñêèõ ôóíêöèé (ñì. [2]).

Ýòó ñèñòåìó áóäåì ðàññìàòðèâàòü â ïðîñòðàíñòâåØâàðöà S′ = S′(C)−
ïðîñòðàíñòâî óìåðåííî ðàñòóùèõ ðàñïðåäåëåíèé íà Ñ. Ïîñòðîåíà ñõåìà
íàõîæäåíèÿ ðåøåíèé îäíîðîäíîãî óðàâíåíèÿ Lw = 0 â ñëó÷àå ïîñòîÿí-
íûé êîýôôèöèåíòîâ.

Ââåä�åì ôóíêöèþ

∆(ζ) = |ζ|4 − 4 |a|2 |ζ|2 − 8Re(b̄ζ2) + 16(|b|2 − |c|2)− 4iRe
(
ā |ζ|2 − 4ab̄

)
ζ.

Åñëè ∆(ζ) 6= 0 ∀ζ ∈ C, òî ñèñòåìà (1) áóäåò èìåòü â S ′ òîëüêî íóëåâîå
ðåøåíèå. Åñëè æå ∆(ζ) = 0 íà êàêîì-íèáóäü ìíîæåñòâå Ê, òî íîñèòåëü
suppŵ(ζ) ðàñïðåäåëåíèÿ ŵ(ζ) áóäåò ïðèíàäëåæàòü ìíîæåñòâó Ê, è çíàÿ
Ê ìîæíî îïðåäåëèòü ŵ(ζ) è äàëåå w(z).

Ïóñòü Γ,Γ1,Γ2−ìíîæåñòâî íóëåé ôóíêöèé ∆(ζ), Re∆(ζ), Im∆(ζ) ñî-
îòâåòñòâåííî. Òîãäà Γ = Γ1

⋂
Γ2 è ìíîæåñòâà Γ1,Γ2 èìåþò òàêèå ñâîé-

ñòâà: Γ1−îãðàíè÷åíî, ñèììåòðè÷íî îòíîñèòåëüíî íà÷àëî êîîðäèíàò Î,
ïðè âåùåñòâåííîì b−îòíîñèòåëüíî âåùåñòâåííîé îñè; Γ2 = C ïðè a = 0,
Γ2−ïðîõîäèò ÷åðåç òî÷êó Î. Îïðåäåë�åííû ñòðóêòóðó ìíîæåñòâ Γ1 è Γ2.

Íàïðèìåð, ïðè a = 0 èìååì Γ2 = C. Åñëè b = c = 0, òî Γ1−òî÷êà ζ = 0
è Γ = {0} è èñïîëüçîâàòü òåîðåìó î ñòðóêòóðå îáîáùåííûõ ôóíêöèé ñ
òî÷å÷íûì [3] íàõîäèì

w(z) = PN (z) +QN−1(z)z̄,

ãäå PN è QN−1−ìíîãî÷ëåíû ïî z ñòåïåíè N è N -1 ñîîòâåòñòâåííî.
Åñëè b = 0 è c 6= 0, òî Γ1−îêðóæíîñòü è íóæíî èñïîëüçîâàòü òåîðåìó

î ñòðóêòóðå îáîáùåííûõ ôóíêöèé ñ íîñèòåëåì íà îêðóæíîñòè (ñì. [4]).
Ïóñòü b 6= 0. Åñëè |b| < |c| , òî Γ1− çàìêíóòàÿ ñèììåòðè÷íàÿ îòíîñè-

òåëüíî òî÷êè Î êðèâàÿ, ñîäåðæàùàÿ âíóòðè ýòó òî÷êó. Ïðè |b| = |c| Γ2−
ÿâëÿåòñÿ êðèâîé âèäà "âîñüì�åðêà ïðîõîäÿùàÿ ÷åðåç íà÷àëî êîîðäèíàò.
Ïðè |b| > |c| Γ1 áóäåò îáúåäèíåíèåì äâóõ çàìêíóòûõ êðèâûõ, ñèììåò-
ðè÷íûõ îòíîñèòåëüíî îñåé êîîðäèíàò, ïðè÷�åì îäíà íàõîäèòñÿ â ïðàâîé
ïîëóïëîñêîñòè, à äðóãàÿ � â ëåâîé.
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Èññëåäîâàíû âñå ñëó÷àè è îïðåäåëåíû âñå ðåøåíèÿ óðàâíåíèÿ Lw = 0
èç ïðîñòðàíñòâà S ′.
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Â íàñòîÿùåé ðàáîòå ðàññìîòðåíà çàäà÷à âîññòàíîâëåíèÿ ôóíêöèè
ïî ñåìåéñòâó ïàðàáîë â âåðõíåé ïîëóïëîñêîñòè ñ âåñîâîé ôóíêöè-
åé, èìåþùåé îñîáåííîñòü. Äîêàçàíà òåîðåìà åäèíñòâåííîñòè ðå-
øåíèÿ óðàâíåíèå è âûâåäåíà ôîðìóëà îáðàùåíèÿ. Äàëåå ðàññìàò-
ðèâàåòñÿ ñîîòâåòñòâóþùàÿ çàäà÷à èíòåãðàëüíîé ãåîìåòðèè ñ âîç-
ìóùåíèåì.

Êëþ÷åâûå ñëîâà: Ñëàáî íåêîððåêòíûå çàäà÷è, ïðåîáðàçîâàíèå Ôó-
ðüå, òåîðåìû åäèíñòâåííîñòè, âåñîâàÿ ôóíêöèÿ, âîçìóùåíèå.

Weakly ill-posed problems of integral geometry in the plane
with perturbation

In this work we consider the problem of reconstructing a function from
a family of parabolas in the upper half-plane with a weight function
having a singularity. The uniqueness of theorem for the solution of
equation is proved and the inversion formula is derived. Further, the
corresponding problem of integral geometry with perturbation is con-
sidered.

Keywords: ill-posed problems, integral geometry problems, integral
transforms, inversion formula, uniqueness, existence theorem, pertur-
bation.

Â íàñòîÿùåé ðàáîòå ðàññìîòðåíà çàäà÷à âîññòàíîâëåíèÿ ôóíêöèè ïî
ñåìåéñòâó ïàðàáîë â ïîëîñå ñ âåñîâîé ôóíêöèåé íîâîãî âèäà. Äîêàçàíà
òåîðåìà åäèíñòâåííîñòè è òåîðåìà ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è. Ïî-
êàçàíî, ÷òî ðåøåíèå ïîñòàâëåííîé çàäà÷è ñëàáî íåêîððåêòíî, òî åñòü ïî-
ëó÷åíû îöåíêè óñòîé÷èâîñòè â ïðîñòðàíñòâàõ êîíå÷íîé ãëàäêîñòè. Äà-
ëåå ðàññìàòðèâàåòñÿ ñîîòâåòñòâóþùàÿ çàäà÷à èíòåãðàëüíîé ãåîìåòðèè
ñ âîçìóùåíèåì. Ïîëó÷åíû òåîðåìà åäèíñòâåííîñòè åå ðåøåíèÿ â êëàññå
ãëàäêèõ ôèíèòíûõ ôóíêöèé ñ íîñèòåëåì â ïîëîñå è îöåíêà óñòîé÷èâîñòè
ðåøåíèÿ â Ñîáîëåâñêèõ ïðîñòðàíñòâàõ.
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íûé óíèâåðñèòåò (Ñàìàðêàíä, Óçáåêèñòàí); Akram Begmatov (Samarkand State
University, Samarkand, Uzbekistan)
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Ìû èñïîëüçóåì îïðåäåëåíèå çàäà÷è èíòåãðàëüíîé ãåîìåòðèè, äàííîå
â ðàáîòå [1]. Åäèíñòâåííîñòü øèðîêîãî êëàññà çàäà÷ èíòåãðàëüíîé ãåî-
ìåòðèè â ïîëîñå áûëà óñòàíîâëåíà Â.Ã. Ðîìàíîâûì [2]. Ñëàáî íåêîððåêò-
íûå çàäà÷è èíòåãðàëüíîé ãåîìåòðèè âîëüòåððîâñêîãî òèïà ñ âåñîâûìè
ôóíêöèÿìè, èìåþùèìè îñîáåííîñòü èññëåäîâàëèñü â ðàáîòàõ [3].

Òåîðåìû åäèíñòâåííîñòè, îöåíêè óñòîé÷èâîñòè è ôîðìóëû îáðàùå-
íèÿ ñëàáî íåêîððåêòíûõ çàäà÷ èíòåãðàëüíîé ãåîìåòðèè ïî ñïåöèàëüíûì
êðèâûì è ïîâåðõíîñòÿì ñ îñîáåííîñòÿìè âåðøèíàõ ïîëó÷åíû â [4-6].

Ââåäåì îáîçíà÷åíèÿ, êîòîðûå áóäåì èñïîëüçîâàòü äàëåå:

x ∈ R2, ξ ∈ R2, λ ∈ R1, µ ∈ R1, R2
+ = {x = (x1, x2) : x2 ≥ 0} ;

Ω = {(x1, x2) : x1 ∈ R1, x2 ∈ [0, l],

çäåñü 0 < l <∞.
Ïîñòàíîâêà çàäà÷è 1. Â ïîëîñå Ω ðàññìîòðèì ñåìåéñòâî P (x1, x2)

êðèâûõ, êîòîðîå îäíîçíà÷íî ïàðàìåòðèçóþòñÿ ñ ïîìîùüþ êîîðäèíàò
ñâîèõ âåðøèí (x1, x2) ∈ Ω:

P (x1, x2) = {(ξ1, ξ2) : x2 − ξ2 = (x1 − ξ1)2, 0 ≤ ξ2 ≤ x2}.

Çàäà÷à 1 ÿâëÿåòñÿ çàäà÷åé èíòåãðàëüíîé ãåîìåòðèè âîëüòåðîâñêîãî
òèïà. Òàêèå çàäà÷è íà ëèíåéíûõ ìíîãîîáðàçèÿõ è äðóãèõ ÿâíî çàäàííûõ
êðèâûõ è ïîâåðõíîñòÿõ èìåþò ìíîãî÷èñëåííûå ïðèëîæåíèÿ â êîìïüþ-
òåðíîé, ñåéñìè÷åñêîé è óëüòðàçâóêîâîé òîìîãðàôèè.

Îïðåäåëèòü ôóíêöèþ äâóõ ïåðåìåííûõ u(x1, x2), åñëè äëÿ âñåõ (x1, x2)
èç ïîëîñû Ω èçâåñòíû èíòåãðàëû îò íåå ïàðàáîëàì P (x1, x2):

x1+
√
x2∫

x1−
√
x2

g(x1, ξ1)u(ξ1, x2 − (x1 − ξ1)2)dξ1 = f(x1, x2),

ãäå
g(x1, ξ1) = x1 − ξ1.

Ïîñòàíîâêà çàäà÷è 2. Âîññòàíîâèòü ôóíêöèþ äâóõ ïåðåìåííûõ
u(x1, x2), åñëè â ïîëîñå Ω èçâåñòíû ñóììû èíòåãðàëîâ îò íåå âèäà

∫
P (x1,x2)

g(x1, ξ1)u(ξ1, ξ2)dξ1+

x2∫
0

x1+h∫
x1−h

K(x1, x2; ξ1, ξ2)u(ξ1, ξ2)dξ1dξ2 = F (x1, x2),

ãäå h =
√
x2 − ξ2.

Çàäà÷à 2 ÿâëÿåòñÿ çàäà÷åé èíòåãðàëüíîé ãåîìåòðèè ñ âîçìóùåíèåì.
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Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à àíàëèòè÷åñêîãî ïðîäîë-
æåíèÿ ðåøåíèÿ ñèñòåìû óðàâíåíèé ìîìåíòíîé òåîðèè óïðóãîñòè
â ïðîñòðàíñòâåííîé îáëàñòè ÷åðåç åå çíà÷åíèÿ è çíà÷åíèÿ åå íà-
ïðÿæåíèé íà ÷àñòè ãðàíèöû ýòîé îáëàñòü, ò. å. ïðîáëåìà Êîøè.

Êëþ÷åâûå ñëîâà: Çàäà÷à Êîøè, ñèñòåìíàÿ òåîðèÿ óïðóãîñòè, ýë-
ëèïòè÷åñêàÿ ñèñòåìà, íåêîððåêòíàÿ çàäà÷à, Êàðëåìàí ìàòðèöà,
ðåãóëÿðèçàöèÿ.

In this paper, we consider the problem of the analytical continuation
of the solution of the system of equations of the moment theory of
elasticity in the spatial domain in terms of its values and the values of
its stresses on a part of the boundary of this domain, i.e. the Cauchy
problem.

Keywords: Cauchy problem, system theory of elasticity, elliptic sys-
tem, ill-posed problem, Carleman matrix, regularization.

In this paper, we considered the problem of analytical continuation of
the solution of the system equations of the moment theory of elasticity in
spacious bounded domain from its values and values of its strains on part of
the boundary of this domain, i.e., the Cauchy's problem.

System equation of moment theory elasticity is elliptic. Therefore the
problem Cauchy for this system is ill-posed. For ill-posed problems, one does
not prove the existence theorem: the existence is assumed a priori. Moreover,
the solution is assumed to belong to some given subset of the function space,
usually a compact one [1]. The uniqueness of the solution follows from the
general Holmgren theorem. On establishing uniqueness in the article studio
of ill-posed problems, one comes across important questions concerning the
derivation of estimates of conditional stability and the construction of regu-
larizing operators.

Bolikulov Furkat Mamarajabovich, magistr, Samarkand State University (Samarkand,
Uzbekistan); Ôóðêàò Áîëèêóëîâ (Ñàìàðêàíäñêèé ãîñóíèâåðñèòåò, Ñàìàðêàíä, Óçáå-
êèñòàí)
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Óçáåêèñòàí)
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Our aim is to construct an approximate solution using the Carleman
function method [2].

Let x = (x1, ..., xm) and y = (y1, ..., ym) be points of the Euclidean space
Em, D a bounded simply connected domain in Em, with piecewise-smooth
boundary consisting of a piece Σ of the plane ym = 0 and a smooth surface
S lying in the half-space ym > 0.

Suppose that vector function U(x) = (u1(x), ..., um(x), v1(x), ..., vm(x)) =
(u(x), v(x)) satis�ed in D the system equations moments theory elasticity:{

(µ+ α)∆u+ (λ+ µ− α)graddivu+ 2αrotv + ρω2u = 0,
(ν + β)∆v + (ε+ ν − β)graddivv + 2αrotu− 4αv + θω2v = 0,

(1)

where λ, µ, ν, β, ε, α is coe�cients which characterizing medium, satisfying
the conditions µ > 0, 3λ + 2µ > 0, α > 0, ε > 0, 3ε + 2ν > 0, β > 0, θ >
0, ρ > 0, ω ∈ R1.

Then system (1) maybe write in matrix from in the following way:

M(∂x)U(x) = 0 (2)

A solution U of system (1) in the domain D is said to be regular if U ∈
C1(D)

⋂
C2(D).

Statement of the problem. Find a regular solution U of system (1)
in the domain D using its Cauchy data on the surface S:

U(y) = f(y), T (∂y, n(y))U(y) = g(y), y ∈ S, (3)

where T (∂y, n(y)) is the stress operator, n(y) = (n1(y), . . . , nm(y)) is the
unit outward normal vector on ∂D at a point y, f = (f1, . . . , f2m), g =
(g1, . . . , g2m) are given continuous vector functions on S.

Suppose that, instead of f(y) and g(y), we are given their approximations
fδ(y) and gδ(y) with accuracy δ, 0 < δ < 1 (in the metric of C) which do
not necessarily belong to the class of solutions. In this paper, we construct a
family of functions U(x, fδ, gδ) = Uσδ(x) depending on the parameter σ and
prove that under certain conditions and a special choice of the parameter
σ(δ) the family Uσδ(x) converges in the usual sense to the solution U(x) of
problem (1),(3), as δ → 0.

The following formula holds [3]:

U(x) =

∫
∂D

(Π(y, x, σ){T (∂y, n)U(y)}−{T (∂y, n)Π(y, x, σ)}∗U(y))dsy, x ∈ D,

where symbol ∗ is denote of operation transposition, Π(y, x, σ) Carleman
matrix of problem (1),(3) depending on the two points y, x and positive
numerical number parameter σ.
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Now we write out a result that allows us to calculate U(x) approximately
if, instead of U(y) and T (∂y, n)U(y), their continuous approximations fδ(y)
and gδ(y) are given on the surface S:

max
S
|f(y)− fδ(y)|+ max

S
|T (∂y, n)U(y)− gδ(y)| ≤ δ, 0 < δ < 1.

We de�ne a function Uσδ(x) by setting

Uσδ(x) =

∫
S

[Π(y, x, σ)gδ(y)− {T (∂y, n)Π(y, x, σ)}∗fδ(y)]dsy,

where

σ =
1

x0
m

ln
M

δ
, x0

m = max
D

xm, xm > 0.

Theorem. Let U(x) be a regular solution of system (1) in D satisfying
condition

|U(y)|+ |T (∂y, n)U(y)| ≤M, y ∈ ∂D.

Then the following estimate is valid:

|U(x)− Uσδ(x)| ≤ C(x)δ
xm
x0m

(
ln
M

δ

)m
, x ∈ D.
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Êðàòêàÿ àííîòàöèÿ. Â äàííîé ñòàòüå èçó÷àþòñÿ ìåòîäàìè "ε- ðå-
ãóëÿðèçàöèè"è àïðèîðíûõ îöåíîê ñ ïðèìåíåíèåì ïðåîáðîçîâàíèÿ
Ôóðüå îäíîçíà÷íàÿ ðàçðåøèìîñòü îáîáøåííîãî ðåøåíèÿ îäíîé íåëî-
êàëüíîé êðàåâîé çàäà÷å äëÿ òðåõìåðíîãî óðàâíåíèÿ ×àïëûãèíà â
ïðèçìàòè÷åñêîé íåîãðàíè÷åííîé îáëàñòè.

Êëþ÷åâûå ñëîâà: òðåõìåðíàÿ óðàâíåíèÿ ×àïëûãèíà, íåëîêàëüíàÿ
êðàåâàÿ çàäà÷à, êîðåêòíîñòü çàäà÷è,ïðåîáðîçîâàíèå Ôóðüå, ìåòî-
äû "ε -ðåãóëÿðèçàöèè"è àïðèîðíûõ îöåíîê.

On a nonlocal boundary value problem for the
three-dimensional Chaplygin equation in a prismatic

unbounded domain

Short abstract. In this paper we study, the unique solvability of the
generalized solution of one nonlocal boundary value problem for the
three-dimensional Chaplygin equation in a prismatic unbounded do-
main by the methods of ”ε-regularizations”, and a priori estimates
using the Fourier transform.

Keywords: for the three-dimensional Chaplygin equation, nonlocal
boundary value problem, correctness of a problem, methods of ”ε-
regularizations” and a priori estimates, Fourier transforms.

Â äàííîé ðàáîòå ñ èñïîëüçîâàíèåì ðåçóëüòàòîâ ðàáîò [1]-[3] èçó÷àþò-
ñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü îáîáøåííîãî ðåøåíèÿ îäíîé íåëîêàëüíîé
êðàåâîé çàäà÷è äëÿ òðåõìåðíîãî óðàâíåíèÿ ×àïëûãèíà â ïðèçìàòè÷å-
ñêîé íåîãðàíè÷åííîé îáëàñòè.
Â îáëàñòè

Q = (−α, β)× (0, T )× R =

= Q 1 × R = {(x, t, z);x ∈ (−α, β), 0 < t < T < +∞, z ∈ R},
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ðàññìîòðèì óðàâíåíèå ×àïëûãèíà:

Lu = K(x)utt −∆u+ a (x, t)ut + c (x, t)u = f (x, t, z), (1)

ãäå xK(x) > 0,ïðè x 6= 0, −α < x < β, ∆u = uxx + uzz- îïåðàòîð
Ëàïëàñà.
Ïóñòü âñå êîýôôèöèåíòû óðàâíåíèÿ (1) äîñòàòî÷íî ãëàäêèå ôóíêöèè â
îáëàñòè Q.
Íåëîêàëüíàÿ êðàåâàÿ çàäà÷à. Íàéòè îáîáùåííîå ðåøåíèå u(x, t, z)
óðàâíåíèÿ (1) èç ïðîñòðàíñòâà W 2,3

2 (Q), óäîâëåòâîðÿþùåå ñëåäóþùèì
êðàåâûì óñëîâèÿì

γDp
t u|t=0 = Dp

t u|t=T , (2)

ηDp
x u|x=−α = Dp

x u|x=β , (3)

ïðè p = 0, 1, ãäå D p
yu = ∂ pu

∂ y p , D 0
y u = u, γ, η−íåêîòîðûå ïîñòîÿííûå

÷èñëà, îòëè÷íûå îò íóëÿ, âåëè÷èíû êîòîðîãî áóäåò óòî÷íåíû íèæå.
Îïðåäåëåíèå. Îáîáùåííûì ðåøåíèåì çàäà÷è (1)-(3) áóäåì íàçûâàòü
ôóíêöèþ u(x, t, z) ∈W 2,3

2 (Q), óäîâëåòâîðÿþùåå ïî÷òè âñþäó óðàâíåíèþ
(1) ñ óñëîâèÿìè (2)-(3) .
Òåîðåìà.Ïóñòü âûïîëíåíû ñëåäóþùåå óñëîâèÿ äëÿ êîýôôèöèåíòîâ óðàâ-
íåíèÿ (1); 2a(x, t) + µK(x) > δ1 > 0, µ c(x, t) − ct(x, t) > δ2 > 0 , äëÿ
âñåõ (x, t) ∈ Q1, ãäå µ = 2

T ln |γ| > 0 ïðè | γ | > 1, |η| ≥ 1, a(x, 0) =

a(x, T ), c(x, 0) = c(x, T ). Òîãäà äëÿ ëþáîé ôóíêöèè f ∈W 1,3
2 (Q), òàêîé,

÷òî γ · f(x, 0, z) = f(x, T, z), ñóùåñòâóåò åäèíñòâåííîå îáîáùåííîå ðåøå-
íèå çàäà÷è (1)-(3) èç ïðîñòðàíñòâà W 2,3

2 (Q).

Çäåñü ÷åðåç W l,s
2 (Q), îáîçíà÷åíî ãèëüáåðòîâî ïðîñòðàíñòâî ñ íîðìîé

‖u‖2W l,s
2 (Q) = (2π)−1/2 ·

+∞∫
−∞

(1 + |λ|2)s · ‖û(x, t, λ)‖2W l
2(Q1) dλ, (A)

ãäåW l
2(Q1) ïðîñòðàíñòâà Ñîáîëåâà, s, l− ëþáûå êîíå÷íûå ïîëîæèòåëü-

íûå öåëûå ÷èñëà, à íîðìà â ïðîñòðàíñòâå Ñîáîëåâà W l
2(Q1), îïðåäåëÿ-

åòñÿ ñëåäóþùèì îáðàçîì

‖ϑ‖2W l
2(Q1) =

∑
|α|≤l

∫
Q1

|Dαϑ|2 dxdt,

α− ýòî ìóëüòèèíäåêñ, Dα−åñòü îáîáùeííàÿ ïðîèçâîäíàÿ ïî ïåðåìåí-
íèìè x è t,à ÷åðåç

û(x, t, λ) = (2π)−1/2

+∞∫
−∞

u(x, t, z) e−iλzdz
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îáîçíà÷åíî ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííûì z, ôóíêöèè u(x, t, z).
Çàìå÷àíèå. Ðåçóëüòàò ñïðàâåäëèâî äëÿ ìíîãîìåðíîãî óðàâíåíèÿ ×à-
ïëûãèíà.
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ËÈÍÅÉÍÛÕ ÏÅÐÈÎÄÈ×ÅÑÊÈÕ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ Â ÁÀÍÀÕÎÂÎÌ
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Â áàíàõîâîì ïðîñòðàíñòâåX ðàññìàòðèâàåòñÿ óðàâíåíèå ẋ = A(t)x(t)
â êîòîðîì îïåðàòîð A(t) ÿâëÿåòñÿ ω-ïåðèîäè÷åñêèé îïåðàòîð-ôóíêöèåé.
Óñòàíîâëåíî, ÷òîäàííîå óðàâíåíèå óñòîé÷èâî â ñìûñëå Õàéåðà-
Óëàì òîãäà è òîëüêî òîãäà, êîãäà åãî îïåðàòîð ìîíîäðîìèè ÿâ-
ëÿåòñÿ óñòîé÷èâûì.

Êëþ÷åâûå ñëîâà: ýêñïîíåíöèàëüíàÿ óñòîé÷èâîñòü, óñòîé÷èâîñòü ïî
Õàéåðó Óëàì, îïåðàòîð ìîíîäðîìèè.

On the equivalence of exponential dichotomy and
Hayers-Ulam stability of linear periodic differential

equations in banach space

In a Banach space X, we consider the equation ẋ = A(t)x(t) in which
the operator A(t) is ω -periodic operator function. It is established
that this equation is stable in the Hayer-Ulam sense if and only if its
monodromy operator is stable.

Keywords: exponential stability, Hayer Ulam stability, monodromy op-
erator.

Êîíöåïöèÿ ýêñïîíåíöèàëüíîé äèõîòîìèè (ý-äèõîòîìèè) äèôôåðåí-
öèàëüíûõ óðàâíåíèé âîñõîäèò ê ðàáîòå Î.Ïåððîíà [1]. Óñèëèÿìè ìàòå-
ìàòèêîâ ðàçíûõ ñòðàí äàííàÿ êîíöåïöèÿ ïîëó÷èëà ñâîå ðàçâèòèå è íà-
øëà ïðèìåíåíèå ïðè àíàëèçå ñâîéñòâ ìíîãèõ êëàññîâ ôóíêöèîíàëüíûõ,
â ÷àñòíîñòè, äèôôåðåíöèàëüíûõ óðàâíåíèé. Â êîíå÷íîìåðíîì ñëó÷àå
â ðàáîòå [2] äîêàçàíî, ÷òî ý-äèõîòîìèÿ è óñòîé÷èâîñòü ïî Õàéåðó-Óëàì
ÿâëÿþòñÿ ýêâèâàëåíòíûìè äëÿ ëèíåéíûõ ñèñòåì ñ ïåðèîäè÷åñêèìè êî-
ýôôèöèåíòàìè. Â íàñòîÿùåé ðàáîòå ïîõîæèé ðåçóëüòàò ïîëó÷åí äëÿ ëè-
íåéíûõ ïåðèîäè÷åñêèõ óðàâíåíèé â áàíàõîâîì ïðîñòðàíñòâå.

Èëîëîâ Ìàìàäøî, ä.ô.-ì.í., ïðîôåññîð, ÖÈÐÍÍÒ ÍÀÍÒ (Äóøàíáå, Òàäæè-
êèñòàí); Mamadsho Ilolov (Center of Innovative Development of Science and New
Technologies of National Academy of Sciences of Tajikistan, Dushanbe, Tajikistan)

Ðàõìàòîâ Äæàìøåä Øàâêàòîâè÷, ÖÈÐÍÍÒ ÍÀÍÒ (Äóøàíáå, Òàäæèêèñòàí);
Jamshed Sh. Rahmatov (Center of Innovative Development of Science and New
Technologies of National Academy of Sciences of Tajikistan, Dushanbe, Tajikistan)
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Â ìîíîãðàôèè [3] ðàññìàòðèâàåòñÿ óðàâíåíèå âèäà

dx

dt
= A(t)x (1)

â áàíàõîâîì ïðîñòðàíñòâå X, ãäå îïåðàòîð A(t) ÿâëÿåòñÿ ω-ïåðèîäè÷åñêîé
îïåðàòîð-ôóíêöèåé, ò.å. äëÿ íåêîòîðîãî ω > 0

A(t+ ω) = A(t), 0 ≤ t ≤ ∞. (2)

Îïåðàòîð Êîøè U(t) óðàâíåíèÿ (1) óäîâëåòâîðÿåò ñèñòåìå{
dU(t)
dt = A(t)U(t),

U(·) = I
(3)

ãäå I-òîæäåñòâåííûé îïåðàòîð.
Î÷åâèäíî, ÷òî ñ ó÷åòîì (2) ñèñòåìå (3) óäîâëåòâîðÿåò òàêæå è îïå-

ðàòîð

U1(t) = U(t+ ω)U−1(ω).

Â ñèëó åäèíñòâåííîñòè ðåøåíèÿ ñèñòåìû (3) ïîëó÷èì U1(t) = U(t),
îòêóäà U(t+ ω) = U(t)U(ω). Îïåðàòîð U(ω) íàçûâàåòñÿ îïåðàòîðîì ìî-
íîäðîìèè óðàâíåíèÿ (1).

Òåîðåìà 1. Äëÿ òîãî ÷òîáû óðàâíåíèå (1) áûëî ý-äèõîòîìè÷åñêèì
íà âñåé îñè, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñïåêòð σ(U(ω)) íå èìååò
ïåðåñå÷åíèÿ ñ åäèíè÷íîé îêðóæíîñòüþ Γ = {z ∈ C : |z| = 1}.

Äàëåå, óñòàíîâèì óñëîâèÿ óñòîé÷èâîñòè â ñìûñëå Õàéåðà-Óëàì äëÿ
óðàâíåíèÿ (1), èëè ÷òî òî æå ñàìîå äëÿ ñåìåéñòâà îïåðàòîðîâ A =
{A(t)}t≥0.

Ïóñòü R+ = [0,∞]-ìíîæåñòâî âñåõ íåîòðèöàòåëüíûõ ÷èñåë è ïóñòü
f(·)−X-çíà÷íàÿ ôóíêöèÿ îïðåäåëåííàÿ íà R+.

Ðàññìîòðèì óðàâíåíèÿ â áàíàõîâîì ïðîñòðàíñòâå X

ẋ(t) = A(t)x(t), t ∈ R (4)

è
ẋ(t) = A(t)x(t) + f(t), t ∈ R+.

Ïóñòü ε-ïîëîæèòåëüíîå ÷èñëî. Íåïðåðûâíàÿ X-çíà÷íàÿ ôóíêöèÿ y(t)
îïðåäåëåííàÿ íà R+ íàçûâàåòñÿ ε-ïðèáëèæåííûì ðåøåíèåì (4) åñëè îíà
íåïðåðûâíî äèôôåðåíöèðóåìà íà R+\(ωZ+) è ‖ẏ(t)−A(t)y(t)‖ ≤ ε.

Ñåìåéñòâî îïåðàòîðîâ A íàçûâàåòñÿ óñòîé÷èâîé â ñìûñëå Õàéåðà-
Óëàì, åñëè ñóùåñòâåò íåîòðèöàòåëüíàÿ ïîñòîÿííàÿ L òàêàÿ, ÷òî äëÿ
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êàæäîãî ε-ïðèáëèæåííîãî ðåøåíèÿ ϕ óðàâíåíèÿ (4) ñóùåñòâóåò òî÷íîå
ðåøåíèå Θ (5) òàêîå, ÷òî

sup
t
‖ϕ(t)−Θ(t)‖ ≤ ε.

Ñïðàâåäëèâî îñíîâíîå óòâåðæäåíèå.

Òåîðåìà 2. Ñåìåéñòâî A = {A(t)}t≥0 óñòîé÷èâî ïî Õàéåðó-Óëàì
òîãäà è òîëüêî òîãäà, êîãäà åãî îïåðàòîð ìîíîäðàìèè U(ω) ÿâëÿåòñÿ
ý-äèõîòîìè÷åñêèì.
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Â äàííîé ñòàòüå ìû ðàññìàòðèâàåì ñëåäóþùóþ ñìåøàííóþ çàäà÷ó
Êîøè

Lu = utt−k(t)∆xu(x, t) = f(x, t), (x, t) ∈ D = Ω× (0, T ), Ω ⊂ Rn,

ãäå k(t) ≥ 0. Äîêàçûâàåòñÿ ðàçðåøèìîñòü ýòîé çàäà÷è â ïðîñòðàí-
ñòâàõ Ñîáîëåâà W 2

2 (D) ïðè óñëîâèè f
k
∈W 1

2 (D) , äàëåå ýòà çàäà÷à
èññëåäóåòñÿ äëÿ óðàâíåíèÿ ñ ìëàäøèìè êîýôôèöèåíòàìè.

Êëþ÷åâûå ñëîâà: Ñìåøàííàÿ êðàåâàÿ çàäà÷à Êîøè, ãèïåðáîëè÷å-
ñêîå óðàâíåíèå, ïîòåíöèàë Íüþòîíà.

In this paper, we consider the following mixed Cauchy problem

Lu = utt−k(t)∆xu(x, t) = f(x, t), (x, t) ∈ D = Ω× (0, T ), Ω ⊂ Rn,

where k(t) ≥ 0. We prove the solvability of this problem in Sobolev
spaces W 2

2 (D) under the condition f
k
∈W 1

2 (D), further, this problem
is studied for an equation with lower-order coefficients.

Keywords: Mixed Cauchy boundary value problem, hyperbolic equa-
tion, Newton potential.

A number of works has been devoted to the study of the mixed Cauchy
problem for noncharacteristically degenerate second-order hyperbolic equations,
beginning with the work of M.L. Krasnov [1]. Later these works were generalized
for general degenerate higher order equations by D.T. Dzhuraev [2], V.N.
Vragov [3] and A.I. Kozhanov [4].

In the study of the mixed Cauchy problem in a cylindrical domain, the
lateral boundary conditions are usually local boundary conditions of the
Dirichlet type or periodic boundary conditions.

In the work of T.Sh. Kalmenov and D. Suragan [5], the boundary condition
for the Newton (volume) potential was found, which is a new integro-di�erential
self-adjoint boundary condition for the Laplace equation.

In this paper, we study the mixed Cauchy problem for one class of
noncharacteristic degenerate hyperbolic equations using this boundary condition.

Kakharman Nurbek, Institute of Mathematics and Mathematical Modeling, (Almaty,
Kazakhstan)
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Unlike other works devoted to this topic, where solutions of the mixed
Cauchy problem with di�erent lateral boundary conditions of the considered
problems are obtained in weighted spaces, in this paper, all solutions of the
considered mixed Cauchy problems are obtained in classical Sobolev spaces.

Ëèòåðàòóðà
1. M. L. Krasnov Mixed boundary problems for degenerate linear hyperbolic

di�erential equations second order // Matematicheskii Sbornik, 91:1 (1959), 29-84.
2. T. D. Dzhuraev Boundary value problems for equations of mixed and mixed-

composite types // Fan, Tashkent, 1979.
3.V.N. Vragov Boundary value problems for nonclassical equations of mathematical

physics // Novosi- birski, NGU, 1983. (in Russian)
4. A.I. Kozhanov Linear inverse problems for a class of degenerate equations of

Sobolev type // Vestnik Yuzhno-Ural'skogo Universiteta, Seriya Matematicheskoe
Modelirovanie i Programmirovanie. 11 (2012), 33-42.

5. T. S. Kal'menov , D. Suragan D To spectral problems for the volume
potential // Doklady Mathematics, 80:2 (2009), 646-649.

193



ÊÐÀÅÂÀß ÇÀÄÀ×À ÐÈÌÀÍÀ ÄËß
ÁÈÀÍÀËÈÒÈ×ÅÑÊÈÕ ÔÓÍÊÖÈÉ

@ Ä.Á. Êàö
Katzdavid89@gmail.com

ÓÄÊ 517.53/.55

DOI: 10.33184/mnkuomsh1t-2021-10-06.74.

Äîêëàä ïîñâÿùåí íåñêîëüêèì íîâûì ðåçóëüòàòàì, ñâÿçàííûì ñ
êëàññè÷åñêîé çàäà÷åé êîìïëåêñíîãî àíàëèçà - êðàåâîé çàäà÷åé Ðè-
ìàíà, êîòîðàÿ ðàññìàòðèâàåòñÿ äëÿ áèàíàëèòè÷åñêèõ ôóíêöèé.

Êëþ÷åâûå ñëîâà: êðàåâàÿ çàäà÷à Ðèìàíà, íåñïðÿìëÿåìûå êðèâûå,
áèàíàëèòè÷åñêèå ôóíêöèè

Riemann’s boundary value problem for bianalytic functions

The report is devoted to several new results related to the classical
problem of complex analysis - the Riemann boundary value problem,
which is considered for bianalytic functions.

Keywords: Riemann boundary value problem, non-rectifiable curves,
bianalytic functions

Ìû ðåøàåì êðàåâóþ çàäà÷ó Ðèìàíà äëÿ áèàíàëèòè÷åñêèõ ôóíêöèé
íà êîíòóðå, ñîñòîÿùåì èç íåñïðÿìëÿåìûõ çàìêíóòûõ æîðäàíîâûõ êðè-
âûõ. Â êëàññè÷åñêèõ ðåçóëüòàòàõ ïî ýòîé çàäà÷å êðèâûå êóñî÷íî-ãëàäêèå,
îäíàêî êðàåâàÿ çàäà÷à Ðèìàíà èìååò ìíîæåñòâî ïðèëîæåíèé â òåîðèè
òâåðäûõ ñðåä è äðóãèõ îáëàñòÿõ. è íåêîòîðûå èç ýòèõ ïðèëîæåíèé äî-
ïóñêàþò ôðàêòàëüíûå (è, ñëåäîâàòåëüíî, íåñïðÿìëÿåìûå) êîíòóðû. Â
äàííîì äîêëàäå äåìîíñòðèðóþòñÿ ðåçóëüòàòû, ïîëó÷åííûå ñ ïîìîùüþ
òåõíèêè èíòåãðèðîâàíèÿ ïî íåñïðÿìëÿåìûì êðèâûì, íåäàâíî ïðåäëî-
æåííóþ àâòîðàìè äëÿ èññëåäîâàíèÿ çàäà÷è Ðèìàíà íà òàêèõ êîíòóðàõ.

Ôóíêöèÿ φ(z) íàçûâàåòñÿ áèàíàëèòè÷åñêîé â îáëàñòè D êîìïëåêñíîé
ïëîñêîñòè C, åñëè îíà äâàæäû äèôôåðåíöèðóåìà â ýòîé îáëàñòè è

∂2φ

∂z2 = 0, z ∈ D.

Òåîðèÿ ýòèõ ôóíêöèé îïèñàíà â [1]; ñì. òàêæå [2]. Â ÷àñòíîñòè, ëþáàÿ
áèàíàëèòè÷åñêàÿ ôóíêöèÿ ïðåäñòàâèìà êàê

φ(z) = φ0(z) + zφ1(z), z ∈ D,

Êàö Äàâèä Áîðèñîâè÷, ê.ô.-ì.í., Ìîñêîâñêèé ïîëèòåõíè÷åñêèé óíèâåðñèòåò
(Ìîñêâà, Ðîññèÿ); David Katz (Moscow Polytechnic University, Moscow, Russia)

194



ãäå φ0,1 - àíàëèòè÷åñêèå ôóíêöèè. ßñíî, ÷òî
∂φ

∂z
= φ1, è òàêîå ïðåäñòàâ-

ëåíèå óíèêàëüíî.

Ïóñòü Γ =
m⋃
j=1

Γj åñòü îáúåäèíåíèå âçàèìíî íåïåðåñåêàþùèõñÿ çà-

ìêíóòûõ ïðîñòûõÆîðäàíîâûõ êðèâûõ, îãðàíè÷èâàþùèõ êîíå÷íûå íåïå-

ðåñåêàþùèåñÿ îáëàñòè Dj íà êîìïëåêñíîé ïëîñêîñòè, D+ :=
m⋃
j=1

Dj ,

D− := C \ D+. Ðåçóëüòàòû, î êîòîðûõ ïîéäåò ðå÷ü, îòíîñÿòñÿ ê ñëå-
äóùåé âåðñèè êðàåâîé çàäà÷è Ðèìàíà äëÿ áèàíàëèòè÷åñêèõ ôóíêöèé:

� Íàéòè ôóíêöèþ φ(z), áèàíàëèòè÷åñêóþ â D+ è D−, òàêóþ, ÷òî

(R1) : ýòà ôóíêöèÿ è åå ïðîèçâîäíàÿ φ1 =
∂φ

∂z
èìåþò ïðåäåëüíûå

çíà÷åíèÿ φ±(t), φ±1 (t) èç D± â ëþáîé òî÷êå t ∈ Γ, óäîâëåòâîðÿþùèå
êðàåâûì óñëîâèÿì

φ+(t) = G(t)φ−(t) + g(t), t ∈ Γ,

φ+
1 (t) = G1(t)φ−1 (t) + g1(t), t ∈ Γ,

ãäå G,G1, g, g1 - çàäàííûå ôóíêöèè;
(R2) : â áåñêîíå÷íî óäàëåííîé òî÷êå èñêîìàÿ ôóíêöèÿ îãðàíè÷åíà è

åå ïðîèçâîäíàÿ ïî z èñ÷åçàåò.
Êëàññè÷åñêàÿ êðàåâàÿ çàäà÷à Ðèìàíà äëÿ àíàëèòè÷åñêèõ ôóíêöèé

íà êóñî÷íî-ãëàäêèõ êðèâûõ äåòàëüíî èçó÷åíà (ñì [2], [3], [4]). Äëÿ íåñïðÿì-
ëÿåìûõ êîíòóðîâ åå âïåðâûå ðåøèë Á.À. Êàö [5] (ñì. òàêæå íåäàâíþþ
ðàáîòó [6]); çàòåì ýòè ðåçóëüòàòû áûëè óëó÷øåíû Ä.Á.Êàöåì [7], [8].
Ïîëíîå ðåøåíèå êðàåâîé çàäà÷è Ðèìàíà äëÿ áèàíàëèòè÷åñêèõ ôóíêöèé
íà ãëàäêèõ êîíòóðàõ (ñ äðóãèì óñëîâèåì íà áåñêîíå÷íîñòè) áûëî ïîëó-
÷åíî À.Ï. Ñîëäàòîâûì è ×àíîì Ê. Âûîíãîì [9]. Â ðàìêàõ ýòîãî äîêëàäà
ìû ïîãîâîðèì î íåé æå, íî äëÿ íåñïðÿìëÿåìûõ êîíòóðîâ.

Ëèòåðàòóðà
1. Áàëê Ì.Á. Ïîëèàíàëèòè÷åñêèå ôóíêöèè è èõ îáîáùåíèÿ // Èòîãè íà-

óêè è òåõíèêè, ñåðèÿ ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè, ôóíäàìåíòàëüíîå
íàïðàâëåíèÿ. 85 (1991), 187-246.

2. Ãàõîâ Ô.Ä. Êðàåâûå çàäà÷è. � Ìîñêâà: Íàóêà, 1977.
3. Ìóñõåëèøâèëè Í.È. Èíòåãðàëüíûå ñèíãóëÿðíûå óðàâíåíèÿ. � Ìîñêâà:

Íàóêà, 1962.
4. Jian-Ke Lu Boundary value problems for analytic functions. � Singapore:

World Scienti�c, 1993.
5. Êàö Á.À. Êðàåâàÿ çàäà÷à Ðèìàíà íà çàìêíóòîé Æîðäàíîâîé êðèâîé //

Èçâåñòèÿ ÂÓÇîâ. Ìàòåìàòèêà, 3 (1984), 68-80.
6. Kats B.A. The Riemann boundary value problem on non-recti�able curves

and related questions // Complex Variables and Elliptic Equations, 59:8 (2014),
1053-1069.

195



7.Katz D.B.Newmetric characteristics of non-recti�able curves with applications
// Siberian Mathematical Journal, 57:2 (2016), 364-372.

8. Katz D.B. Local and weighted Marcinkiewicz exponents with applications
// J. Math. Anal. Appl. 440:1 (2016), 74-85.

9. Ñîëäàòîâ À.Ï., Âûîíã ×. Çàäà÷à ëèíåéíîãî ñîïðÿæåíèÿ äëÿ áèàíàëè-
òè÷åñêèõ ôóíêöèé // Èçâåñòèÿ ÂÓÇîâ. Ìàòåìàòèêà, 12 (2016), 76-81.

196



ÊÐÀÅÂÛÅ ÇÀÄÀ×È ÄËß ÑÒÀÖÈÎÍÀÐÍÎÃÎ
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Â íàñòîÿùåé ðàáîòå èçó÷àþòñÿ ðåøåíèÿ ñòàöèîíàðíîãî óðàâíåíèÿ
Øðåäèíãåðà íà íåêîìïàêòíîì ðèìàíîâîì ìíîãîîáðàçèè. Ââîäèò-
ñÿ ïîíÿòèå ýêâèâàëåíòíîñòè â êëàññå íåïðåðûâíî äèôôåðåíöèðó-
åìûõ ôóíêöèé íà íåêîìïàêòíîì ðèìàíîâîì ìíîãîîáðàçèå îòíîñè-
òåëüíî íåêîòîðîé íîðìû â ýòîì ïðîñòðàíñòâå. Òàêæå óñòàíàâëèâà-
åòñÿ âçàèìîñâÿçü ìåæäó ñóùåñòâîâàíèåì ðåøåíèé ñòàöèîíàðíîãî
óðàâíåíèÿ Øðåäèíãåðà íà M è âíå íåêîòîðîãî êîìïàêòíîãî ïîä-
ìíîæåñòâà B ⊂M â çàäàííîì êëàññå ýêâèâàëåíòíûõ ôóíêöèé.

Êëþ÷åâûå ñëîâà: óðàâíåíèå Øðåäèíãåðà, íåêîìïàêòíîå ðèìàíîâî
ìíîãîîáðàçèå, êðàåâàÿ çàäà÷à, êëàññû ýêâèâàëåíòíûõ ôóíêöèé.

Boundary value problems for the stationary Schrodinger
equation in the class of C1 – equivalent functions on

Riemannian manifolds

In the present work we study solutions of the stationary Schrodinger
equation on a non-compact Riemannian manifold. We introduce the
concept of equivalence in the class of continuously differentiable func-
tions on a non-compact Riemannian manifold with respect to a certain
norm in this space. Also we establish the interrelation between prob-
lems of existence of solutions of the Schrodinger equation on M and
off some compact in a given class of equivalent functions.

Keywords: Schrodinger equation, non-compact Riemannian manifold,
boundary value problem, classes of equivalent functions.

Â ðàáîòå èçó÷àþòñÿ íåêîòîðûå êðâåâûå çàäà÷è äëÿ ñòàöèîíàðíîãî
óðàâíåíèÿ Øðåäèíãåðà:

Lu ≡ ∆u− c(x)u = 0 (1)

â êëàññå C1 � ýêâèâàëåíòíûõ ôóíêöèé íà ïðîèçâîëüíîì ãëàäêîì ñâÿç-
íîì íåêîìïàêòíîì ðèìàíîâîì ìíîãîîáðàçèè M . Çäåñü c(x) ∈ C0,α(G) �

Ìàçåïà Åëåíà Àëåêñååâíà, ê.ô.-ì.í., äîöåíò, ÂîëÃÓ (Âîëãîãðàä, Ðîññèÿ); Elena
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íåîòðèöàòåëüíàÿ íà M ôóíêöèÿ, G ⊂⊂ M , 0 < α ≤ 1. Ïîä ðåøåíèåì
óðàâíåíèÿ (1) áóäåì ïîíèìàòü ôóíêöèþ u ∈ C2(G), óäîâëåòâîðÿþùóþ
ýòîìó óðàâíåíèþ íà êàæäîì êîìïàêòíîì ïîäìíîæåñòâå G ⊂⊂M .

Ïóñòü f1(x) è f2(x) � íåïðåðûâíî äèôôåðåíöèðóåìûå íà M ôóíê-
öèè, à {Bk}∞k=1 � ãëàäêîå èñ÷åðïàíèå ìíîãîîáðàçèÿ M, ò.å. ïîñëåäîâà-
òåëüíîñòü íåïóñòûõ ïðåäêîìïàêòíûõ îòêðûòûõ ïîäìíîæåñòâ ðèìàíîâà
ìíîãîîáðàçèÿ M òàêèõ, ÷òî Bk ⊂ Bk+1, M =

⋃∞
k=1Bk.

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî ôóíêöèè f1(x) è f2(x) ÿâëÿ-

þòñÿ C1 - ýêâèâàëåíòíûìè íà M, è èñïîëüçîâàòü îáîçíà÷åíèå f1
C1

∼ f2,
åñëè äëÿ íåêîòîðîãî èñ÷åðïàíèÿ {Bk}∞k=1 ìíîãîîáðàçèÿ M âûïîëíåíî
ðàâåíñòâî

lim
k→∞

‖f1(x)− f2(x)‖C1(M\Bk) = 0,

ãäå ‖f(x)‖C1(G) = sup
G
|f(x)|+ sup

G
|∇f |.

Î÷åâèäíî, ÷òî îòíîøåíèå �C1

∼� ÿâëÿåòñÿ îòíîøåíèåì ýêâèâàëåíò-
íîñòè è íå çàâèñèò îò âûáîðà èñ÷åðïàíèÿ ìíîãîîáðàçèÿ è, òàêèì îáðà-
çîì, ðàçáèâàåò ìíîæåñòâî âñåõ íåïðåðûâíûõ íà M ôóíêöèé íà êëàññû
ýêâèâàëåíòíîñòè. Îáîçíà÷èì êëàññ C1 - ýêâèâàëåíòíûõ f ôóíêöèé [f ]C1 .

Îïðåäåëåíèå 2. Áóäåì ãîâîðèòü, ÷òî äëÿ óðàâíåíèÿ (1) íà M ðàç-
ðåøèìà êðàåâàÿ çàäà÷à ñ ãðàíè÷íûìè óñëîâèÿìè èç êëàññà [f ]C1 , åñëè
íà M ñóùåñòâóåò ðåøåíèå u(x) óðàâíåíèÿ (1) òàêîå, ÷òî u ∈ [f ]C1 .

Ïóñòü B ⊂ M �ïðîèçâîëüíîå ñâÿçíîå êîìïàêòíîå ïîäìíîæåñòâî ñ
ãëàäêîé ãðàíèöåé è B ⊂ Bk äëÿ âñåõ k.

Îïðåäåëåíèå 3. Áóäåì ãîâîðèòü, ÷òî äëÿ óðàâíåíèÿ (1) íà M\B
ðàçðåøèìà âíåøíÿÿ êðàåâàÿ çàäà÷à ñ ãðàíè÷íûìè óñëîâèÿìè èç êëàññà
[f ]C1 , åñëè äëÿ ëþáîé íåïðåðûâíîé íà ∂B ôóíêöèè Φ(x) íà M\B ñóùå-
ñòâóåò ðåøåíèå u(x) óðàâíåíèÿ (1) òàêîå, ÷òî u ∈ [f ]C1 è u|∂B = Φ|∂B .

Ïóñòü {Bk}∞k=1 � èñ÷åðïàíèå ìíîãîîáðàçèÿ M ñ ãëàäêèìè ãðàíèöàìè
∂Bk. Îáîçíà÷èì ÷åðåç vk ðåøåíèå óðàâíåíèÿ (1) â Bk\B, óäîâëåòâîðÿ-
þùåå óñëîâèÿì

vk|∂B = 1, vk|∂Bk = 0.

Ïîñëåäîâàòåëüíîñòü ôóíêöèé {vk}∞k=1 ñõîäèòñÿ íà M\B ê ðåøåíèþ
óðàâíåíèÿ (1):

v = lim
k→∞

vk, 0 < v ≤ 1, v|∂B = 1.

Ïðè ýòîì ôóíêöèÿ v íå çàâèñèò îò âûáîðà èñ÷åðïàíèÿ {Bk}∞k=1.
Ôóíêöèþ v áóäåì íàçûâàòü L-ïîòåíöèàëîì êîìïàêòà B îòíîñèòåëü-

íî ìíîãîîáðàçèÿ M .
Îïðåäåëåíèå 4.ÌíîãîîáðàçèåM áóäåì íàçûâàòü LC1-ñòðîãèì ìíî-

ãîîáðàçèåì, åñëè äëÿ íåêîòîðîãî êîìïàêòà G ⊂M ñóùåñòâóåò L-ïîòåíöèàë
v òàêîé, ÷òî v ∈ [0]C1 .
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Ñôîðìóëèðóåì îñíîâíûå ðåçóëüòàòû, êîòîðûå ÿâëÿþòñÿ àíàëîãàìè
òåîðåì Å.À. Ìàçåïû èç ðàáîòû [1] â êëàññå C1 � ýêâèâàëåíòíûõ ôóíêöèé.

Òåîðåìà 1. Ïóñòü íà M\B äëÿ ëþáîé ïîñòîÿííîé A ñóùåñòâóåò
ðåøåíèå u(x) óðàâíåíèÿ (1) òàêîå, ÷òî u ∈ [f ]C1 è u|∂B = A|∂B. Òî-
ãäà íà M äëÿ óðàâíåíèÿ (1) ðàçðåøèìà êðàåâàÿ çàäà÷à ñ ãðàíè÷íûìè
óñëîâèÿìè èç òîãî æå êëàññà.

Ñëåäñòâèå 3. Ïóñòü íà M\B äëÿ ëþáîé íåïðåðûâíîé íà ∂B ôóíê-
öèè Φ(x) äëÿ óðàâíåíèÿ (1) ðàçðåøèìà âíåøíÿÿ êðàåâàÿ çàäà÷à ñ ãðà-
íè÷íûìè óñëîâèÿìè èç êëàññà [f ]C1 . Òîãäà íà M äëÿ óðàâíåíèÿ (1) ðàç-
ðåøèìà êðàåâàÿ çàäà÷à ñ ãðàíè÷íûìè óñëîâèÿìè èç òîãî æå êëàññà.

Òåîðåìà 2. Ïóñòü íà LC1-ñòðîãîì ìíîãîîáðàçèè M äëÿ óðàâíåíèÿ
(1) ðàçðåøèìà êðàåâàÿ çàäà÷à ñ ãðàíè÷íûìè óñëîâèÿìè èç êëàññà [f ]C1 .
Òîãäà íà M\B äëÿ ëþáîé íåïðåðûâíîé íà ∂B ôóíêöèè Φ(x) ðàçðåøèìà
âíåøíÿÿ êðàåâàÿ çàäà÷à ñ ãðàíè÷íûìè óñëîâèÿìè èç òîãî æå êëàññà.
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Äëÿ øèðîêîãî êëàññà ôóíêöèîíàëüíî äèôôåðåíöèàëüíûõ ñèñòåì
ñ íåîïðåäåëåííîñòüþ â âõîäíûõ õàðàêòåðèñòèêàõ ïðåäëàãàåòñÿ ïîä-
õîä ê îöåíêå çíà÷åíèé ëèíåéíûõ ôóíêöèîíàëîâ íà òðàåêòîðèÿõ
ìîäåëèðóåìîé ñèñòåìû, îïðåäåëÿåìûõ äîïîëíèòåëüíûìè ôóíêöè-
îíàëüíûìè óñëîâèÿìè.

Êëþ÷åâûå ñëîâà: ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûå ìîäåëè, ñè-
ñòåìû ñ ïîñëåäåéñòâèåì, îöåíêè ðåøåíèé

An approach to estimating output characteristics of
dynamic models with incomplete information

For a wide class of functional differential systems with an uncertainty
in input characteristics, an approach to estimating linear functionals
values over trajectories of modeled systems constrained by functional
conditions is proposed.

Keywords: functional differential models, systems with aftereffect, es-
timates of solutions

Ðàññìàòðèâàþòñÿ äèíàìè÷åñêèå ìîäåëè â ôîðìå ëèíåéíûõ ôóíêöèî-
íàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé, äëÿ êîòîðûõ ñòàâÿòñÿ êðàåâûå
çàäà÷è è çàäà÷è óïðàâëåíèÿ. Êðàåâûå óñëîâèÿ â êðàåâûõ çàäà÷àõ è öå-
ëåâûå óñëîâèÿ â çàäà÷àõ óïðàâëåíèÿ çàäàþòñÿ ñ ïîìîùüþ ëèíåéíûõ
ôóíêöèîíàëîâ îáùåãî âèäà, îïðåäåëÿåìîãî ôèêñèðîâàííûì ïðîñòðàí-
ñòâîì ôàçîâûõ ïåðåìåííûõ. Â óñëîâèÿõ íåïîëíîé èíôîðìàöèè î âõîä-
íûõ õàðàêòåðèñòèêàõ (íàïðèìåð, î ïàðàìåòðàõ óñòðîéñòâà, ðåàëèçóþ-
ùåãî óïðàâëÿþùèå âîçäåéñòâèÿ) ïðåäëàãàåòñÿ ïîäõîä ê îöåíêå çíà÷åíèé
ëèíåéíûõ ôóíêöèîíàëîâ íà òðàåêòîðèÿõ ìîäåëèðóåìîé ñèñòåìû. Ïîëó-
÷àåìûå îöåíêè îñíîâàíû íà èñïîëüçîâàíèè èäåé è ðåçóëüòàòîâ îá îáîá-
ùåííîé ïðîáëåìå ìîìåíòîâ è åå ñâÿçè ñ ýêñòðåìàëüíûìè çàäà÷àìè [1].
Äåòàëüíî ðàññìîòðåí ñëó÷àé ïîëèýäðàëüíîé íåîïðåäåëåííîñòè, îïèñû-
âàåìîé ñèñòåìîé ëèíåéíûõ íåðàâåíñòâ. Ïðåäëàãàåìûå êîíñòðóêöèè è àë-
ãîðèòìû áàçèðóþòñÿ íà ñèñòåìàòè÷åñêîì èñïîëüçîâàíèè ïðåäñòàâëåíèÿ
ðåøåíèé ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ ñèñòåì ñ ïîñëåäåéñòâèåì
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è ñâîéñòâàõ ñîîòâåòñòâóþùåãî îïåðàòîðà Êîøè [2]. Ïðèâîäÿòñÿ èëëþ-
ñòðèðóþùèå ïðèìåðû è ïðèìåðû ñðàâíåíèÿ ïîëó÷åííûõ îöåíîê ñ îöåí-
êàìè äëÿ ñëó÷àÿ èíòåðâàëüíîé íåîïðåäåëåííîñòè ïðè çàäàíèè âõîäíûõ
ïàðàìåòðîâ. Ïîëó÷åííûå ðåçóëüòàòû ÿâëÿþòñÿ ðàçâèòèåì ðåçóëüòàòîâ,
èçëîæåííûõ â îáçîðå [3].
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Ôóíêöèÿ òîêà çàäà÷è îáòåêàíèÿ ïðåäñòàâëÿåòñÿ â âèäå ëîãàðèô-
ìè÷åñêîãî ïîòåíöèàëà ïî îáòåêàåìîé îáëàñòè. Ðàññìàòðèâàåòñÿ
ïðîäîëæåíèå ïî íåïðåðûâíîñòè ôóíêöèè òîêà èç îáëàñòè îáòå-
êàíèÿ â îáòåêàåìóþ îáëàñòü, êîòîðîå îïðåäåëÿåò ïðèñîåäèíåííûé
âèõðü. Äëÿ ïîñòðîåíèÿ ñåìåéñòâà îáòåêàþùèõ âåêòîðíûõ ïîëåé
è ñîîòâåòñâóþùèõ ïðèñîåäèíåííûõ âèõðåé ñòðîèòñÿ ñõîäÿùèéñÿ
àëãîðèòì, îïèðàþùèéñÿ íà ïîëíóþ ñèñòåìó ïîòåíöèàëîâ. Ïðåä-
ñòàâëåíû ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ äëÿ ðàçíûõ
êîíòóðîâ.

Êëþ÷åâûå ñëîâà: çàäà÷à îáòåêàíèÿ, ôóíêöèÿ òîêà, âèõðåâîå òå÷å-
íèå, ëîãàðèôìè÷åñêèé ïîòåíöèàë, ÷èñëåííûå òå÷åíèÿ, ìåòîä áà-
çèñíûõ ïîòåíöèàëîâ

The algorithm of the attached vortex of a flat region in the
flow problem

The current function of the flow problem is represented as a logarith-
mic potential over the streamlined region. The continuity continua-
tion of the current function from the flow area into the flowing area,
which determines the attached vortex, is considered. To construct a
family of flowing vector fields and corresponding attached vortices,
a convergent algorithm based on a complete system of potentials is
constructed. The results of computational experiments for different
contours are presented.

Keywords: flow problem, current function, vortex flow, logarithmic
potential, numerical flows, method of basic potentials

1. Îáîçíà÷èì Q � îäíîñâÿçíóþ îáëàñòü ñ êóñî÷íî-ãëàäêîé ãðàíèöåé
S = ∂Q. Ïóñòü â îáëàñòè òå÷åíèÿ Q+ = R2\Q òðåáóåòñÿ ïîñòðîèòü âåê-
òîðíîå ïîëå w(x) = {u(x), v(x)}, x = (x1, x2), óäîâëåòâîðÿþùåå óñëîâè-
ÿì: a) divw(x) = 0, rotw(x) = 0, x ∈ Q+; b) w(∞) = {u0, v0}, ãäå u0 è v0

çàäàíû; c) ãðàíèöà S � ëèíèÿ òîêà ïîëÿ w(x).

Ìàðêîâñêèé Àëåêñåé Íèêîëàåâè÷, ê.ô.-ì.í., äîöåíò, ÊóáÃÓ (Êðàñíîäàð, Ðîññèÿ);
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Gamayunova (Kuban State University, Russia)
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Çàäà÷à îáòåêàíèÿ a)−c) â òåðìèíàõ ôóíêöèè òîêà ìîæåò áûòü ýêâè-
âàëåíòíî ñôîðìóëèðîâàíà êàê çàäà÷à îïðåäåëåíèÿ ôóíêöèè ψ(x) òàêîé,
÷òî âûïîëíÿþòñÿ ðàâåíñòâà:

1. ∆ψ(x) = 0, x ∈ Q+;

2. ∇ψ(∞) = {u0, v0};

3. ψ(x) = C ≡ const, x ∈ S.

Äëÿ íåñòàíäàðòíîé êðàåâîé çàäà÷è 1)− 3) äëÿ óðàâíåíèÿ Ëàïëàñà â
[1] äîêàçàíà ðàçðåøèìîñòü, äàíî ïðåäñòàâëåíèå ðåøåíèÿ è óêàçàí êëàññ
åäèíñòâåííîñòè. Ñïðàâåäëèâî óòâåðæäåíèå: ôóíêöèÿ òîêà ψ(x) çàäà÷è
îáòåêàíèÿ ïðåäñòàâëÿåòñÿ â âèäå

ψ(x) = (u0x2 − v0x1) +

∫∫
Q

g(y)E(x− y)dy, x ∈ Q+,

ãäå g(y) ∈ G(Q); åñëè ïîòåíöèàë Ðîáåíà äëÿ îáëàñòè Q íå ðàâåí íóëþ,
òî ýòî ïðåäñòàâëåíèå åäèíñòâåííî â ïîäïðîñòðàíñòâå G(Q) � ãàðìîíè-
÷åñêèõ â L2(Q) ôóíêöèé. Ôóíêöèÿ E(x) = 1

2π ln 1
|x| � ôóíäàìåíòàëüíîå

ðåøåíèå óðàâíåíèÿ Ëàïëàñà â R2.
Íåîïðåäåëåííîñòü â âûáîðå ïîñòîÿííîé C ìîæåò áûòü óñòðàíåíà ìè-

íèìèçàöèåé ïëîòíîñòè ïîòåíöèàëà. Åñëè ïîñòîÿííàÿ Ðîáåíà íå ðàâíà
íóëþ, òî òîæäåñòâåííî ïîñòîÿííàÿ íà ãðàíèöå ôóíêöèÿ ψ∗(x) ìîæåò
áûòü ïðåäñòàâëåíà ëîãàðèôìè÷åñêèì ïîòåíöèàëîì ïî îáëàñòè ñ ïëîòíî-
ñòüþ g∗. Òîãäà ôóíêöèþ òîêà çàäà÷è îáòåêàíèÿ ìîæíî çàïèñàòü â âèäå

ψ(x) = (u0x2 − v0x1) +

∫∫
Q

g1(y)E(x− y)dy + γψ∗(x), x ∈ Q+.

Ïðîäîëæàÿ ïî íåïðåðûâíîñòè ôóíêöèþ ψ(x) èç Q+ â îáòåêàåìóþ îá-
ëàñòü Q, áóäåì â Q èìåòü îáùèé ïðèñîåäèíåííûé âèõðü w(x) = ∇cψ(x)
è ÷àñòíûé ñîáñòâåííûé âèõðü [3] w∗(x) = ∇cψ∗(x). Öèðêóëÿöèÿ âåêòîð-
íîãî ïîëÿ w(x) èìååò âèä

Γ =

∫∫
Q

g1(y)dy + γ

∫∫
Q

g∗(y)dy.

Ìåíÿÿ ìíîæèòåëü γ, ïîëó÷àåì îáòåêàþùåå òå÷åíèå ñî âñåìè âîçìîæíû-
ìè öèðêóëÿöèÿìè.

2. Äëÿ ïîñòðîåíèÿ îäíîïàðàìåòðè÷åñêîãî ïî öèðêóëÿöèè ñåìåéñòâà
âåêòîðíûõ ïîëåé, îáòåêàþùèõ çàäàííûé êîíòóð S = ∂Q è ñîîòâåò-
ñâóþùèõ ïðèñîåäèíåííûõ âèõðåé â îáëàñòè Q, èñïîëüçóåòñÿ ìåòîä áà-
çèñíûõ ïîòåíöèàëîâ [4]. Ñïðàâåäëèâî óòâåðæäåíèå: ñèñòåìà ôóíêöèé
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γm(x) = E(xm− x), x ∈ Q, çàìêíóòà â G(Q) è ëèíåéíî íåçàâèñèìà, åñëè
ïîñëåäîâàòåëüíîñòü xm, m = 1, 2, ... óäîâëåòâîðÿåò óñëîâèþ áàçèñíîñòè.

Èñïîëüçóÿ ïîëíóþ ñèñòåìó áàçèñíûõ ïîòåíöèàëîâ γm(x), m = 1, 2, ...,
ìîæíî àïïðîêñèìèðîâàòü íåèçâåñòíóþ ïëîòíîñòü ëîãàðèôìè÷åñêîãî ïî-
òåíöèàëà, ñâîäÿ çàäà÷ó ê ðåøåíèþ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé ñ ìàòðèöåé Ãðàìà äëÿ ñèñòåìû γm(x).

3. Â äîêëàäå áóäóò ïðåäñòàâëåíû ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïå-
ðèìåíòîâ äëÿ ðàçíûõ êîíòóðîâ, â òîì ÷èñëå äëÿ ïðîôèëÿ Æóêîâñêîãî.
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Â ñîîáùåíèè äëÿ óðàâíåíèÿ, ïîëó÷åííîãî èòåðèðîâàíèåì îáûêíî-
âåííîãî äèôôåðåíöèàëüíîãî îïåðàòîðà ïåðâîãî ïîðÿäêà ñ òðåìÿ
ñëàáî ñèíãóëÿðíûìè òî÷êàìè, íàéäåíî ïðåäñòàâëåíèå îáùåãî ðå-
øåíèÿ, êîòîðîå ïðèìåíÿåòñÿ äëÿ èññëåäîâàíèÿ ñâîéñòâ ðåøåíèé,
âûÿñíåíèÿ ïîñòàíîâêè è ðåøåíèÿ çàäà÷ Êîøè - Ðèêüå è òèïà ëè-
íåéíîãî ñîïðÿæåíèÿ.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíîå óðàâíåíèå ñïåöèàëüíîãî òè-
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Integral representation of the general solution and
boundary value problems for an ordinary differential

equation of a special type with three weakly singular points

In the message for the equation obtained by iterating an ordinary
first-order differential operator with three weakly singular points is
found representation of the general solution, which is used to study
the properties of solutions, formulation and solv of Cauchy - Riquier
and linear conjugation problems.

Keywords: special type differential equation, weakly singular point,
general solution, inversion formulas, properties of solutions, Cauchy -
Riquier and linear conjugation problems.

Ïóñòü Γ = (a, b), (b) = {b1, b2, b3} - òî÷êè îòðåçêà Γ, a = b1 < b2 < b3 =
b, Γ(b) = Γ \ (b), (α) = {α1, α2, α3}, 0 < αj < 1, j = 1, 3 - äåéñòâèòåëüíûå
÷èñëà, n - íàòóðàëüíîå ÷èñëî. Íà ìíîæåñòâå Γ(b) ðàññìîòðèì óðàâíåíèå

An(α),(b)y = f(x) ·
3∏
j=1

|x− bj |−αj (1)

Îëèìè Àáäóìàíîí Ãàôîðçîäà (Îëèìîâ Àáäóìàíîí Ãàôîðîâè÷), ê.ô.-ì.í., äîöåíò,
ÕÃÓ (Õóäæàíä, Òàäæèêèñòàí); Olimi Abdumanon Gaforzoda (Olimov Abdumanon
Gaforovich) (Khujand State University, Khujand, Tajikistan)

Îõóíîâ Íîçèìäæîí Êîáèëîâè÷, ÕÃÓ (Õóäæàíä, Òàäæèêèñòàí); Okhunov
Nozimjon Kobilovich (Khujand State University, Khujand, Tajikistan)
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ãäå p(x), q(x) è f(x)- èçâåñòíûå, y(x)- èñêîìàÿ ôóíêöèè, à

A(α),(b)y ≡ y′ + p(x)
3∏
j=1

|x− bj |−αj y − q(x)

3∏
j=1

|x− bj |−αj

. Ðåøåíèå óðàâíåíèÿ (1) îïðåäåëÿåòñÿ òàêæå êàê â ðàáîòàõ [1,2].

Òåîðåìà 1. Ïóñòü â óðàâíåíèè (1) ôóíêöèè p(x) , q(x)è f(x) íåïðå-
ðûâíû íà îòðåçêå Γ çà èñêëþ÷åíèåì, áûòü ìîæåò, òî÷åê bj, j = 1, 3. Â

ýòèõ òî÷êàõ îíè ìîãóò èìåòü ðàçðûâ ïåðâîãî ðîäà. Ïóñòü Γ =
⋃2
i=1 Γi

, Γi = (bi , bi+1), x0
i - ôèêñèðîâàííàÿ òî÷êà ïðîìåæóòêà Γi, äàëåå Γ1

i =
= (bi , x

0
i ],Γ

2
i = [x0

i , bi+1), i = 1, 2.Òîãäà îáùåå ðåøåíèå óðàâíåíèÿ (1),
à òàêæå ñòåïåíè îïåðàòîðà A(α),(b) îò íåå âûðàæàåòñÿ ôîðìóëîé

As(α),(b)y(x) =


Iαi+bi,s

[p1
i (x), q1

i (x), f1
i (x), C1

i s, . . . , C
1
i(n−1)] ïðèx ∈ Γ1

i

I
αi+1−
bi+1,s

[p2
i (x), q2

i (x), f2
i (x), C2

i s, . . . , C
2
i(n−1)] ïðèx ∈ Γ2

i

, i = 1, 2,

(2)
s = 0, (n− 1), ãäå pki (x), qki (x), fki (x), k = 1, 2−èçâåñòíûå ôóíêöèè à Iαi ,+bi,s

[...]

è I
αi+1 ,−
bi+1,s

[...] èçâåñòíûå èíòåãðàëüíûå îïåðàòîðû, ñîîòâåòñòâåííî îïðå-

äåëÿåìûå ïî ôîðìóëàì (1.9) è (2.3) èç ðàáîòû [2, ñ.6,7], à Cki j,

i, k = 1, 2,j = 0, (n− 1) - ïðîèçâîëüíûå ïîñòîÿííûå.
Ïðåäñòàâëåíèå (2) îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè: à) ãðóïïû ïðî-

èçâîëüíûõ ïîñòîÿííûõ C1
i j è C

2
i j , ñîîòâåòñòâóþùèå çíà÷åíèÿì i = 1 è

i = 2, j = 0, (n− 1) îäíîçíà÷íî âûðàæàþòñÿ îäíà ÷åðåç äðóãîé, òàê
÷òî, ôîðìóëà çàâèñèò òîëüêî îò n ïðîèçâîëüíûõ ïîñòîÿííûõ; á) ïðåä-
ñòàâëåíèå îáðàòèìî, åñëè èçâåñòíî ðåøåíèå óðàâíåíèÿ (1), âûðàæàåìîå
ôîðìóëîé (2), òî ñîîòâåòñòâóþùèå åìó ïîñòîÿííûå íàõîäÿòñÿ îäíîçíà÷-
íî.

Âûøå ñêàçàííîå ïîçâîëÿåò ðåøèòü ñëåäóþùèå çàäà÷è Êîøè � Ðèêüå
è òèïà ëèíåéíîãî ñîïðÿæåíèÿ, åäèíñòâåííîå ðåøåíèå êîòîðûõ äàåòñÿ
ïðè ïîìîùè ôîðìóëû (2): òðåáóåòñÿ íàéòè ðåøåíèå óðàâíåíèÿ (1), ïîä-
÷èíÿþùååñÿ îäíîìó èç ñëåäóþùèõ ãðóïï óñëîâèé:

1)[Aj(α),(b)y(x)]x=b1+0 = y1
1 j , [Aj(α),(b)y(x)]x=b2+0 = y1

2 j ;

2)[Aj(α),(b)y(x)]x=b2+0 = y1
2 j , [Aj(α),(b)y(x)]x=b2−0 = y2

1 j ;

3)[Aj(α),(b)y(x)]x=b2−0 = y2
1 j , [Aj(α),(b)y(x)]x=b3−0 = y2

2 j ;

4)[Aj(α),(b)y(x)]x=b1+0 = y1
1 j , [Aj(α),(b)y(x)]x=b3−0 = y2

2 j , j = 0, (n− 1);
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5)

n−1∑
j=0

bij [A
j
(α),(b)y(x)]x=b1+0 +

n−1∑
j=0

bi(n+j)[A
j
(α),(b)y(x)]x=b2−0 +

+

n−1∑
j=0

bi(2n+j)[A
j
(α),(b)y(x)]x=b2+0+

n−1∑
j=0

bi(3n+j)[A
j
(α),(b)y(x)]x=b3−0 = di, i = 1, 2n,

ãäå yki j,i, k = 1, 2 ,bij è di,i = 1, 2n , j = 0, (n− 1)- èçâåñòíûå ÷èñëà.
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Â äîêëàäå ïðèâåäåíû ðåçóëüòàòû èññëåäîâàíèÿ ïî íàõîæäåíèþ
ìíîãîîáðàçèÿ ðåøåíèé ìíîãîìåðíûõ ëèíåéíûõ êîìïëåêñíûõ ñè-
ñòåì óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè îò äâóõ êîìïëåêñíûõ
íåçàâèñèìûõ ïåðåìåííûõ. Â çàâèñèìîñòè îò ñîáñòâåííûõ çíà÷åíèé
ìàòðèöû êîýôôèöèåíòîâ ïîëó÷åíû ÿâíûå ôîðìóëû äëÿ ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: ìíîãîîáðàçèÿ ðåøåíèé, ëèíåéíàÿ êîìïëåêñíàÿ
ñèñòåìà, àíàëèòè÷åñêèå ôóíêöèè.

On solutions of one multidimensional complex system with
partial derivatives

Abstract. The report presents the results of a study on finding a vari-
ety of solutions of multidimensional linear complex systems of partial
differential equations of two complex independent variables. Depend-
ing on the eigenvalues coefficient matrices explicit formulas for the
solution are obtained.

Keywords: varieties of solutions, linear complex system, analytical
functions.

Ðàññìîòðèì ñèñòåìó óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ äâóìÿ êîì-
ïëåêñíûìè ïåðåìåííûìè âèäà

wz2 = Awz1 , (1)

ãäå A−ïîñòîÿííàÿ êîìïëåêñíàÿ êâàäðàòíàÿ ìàòðèöà ïîðÿäêà n. Ê òà-
êèì ñèñòåìàì ïðèâîäÿòñÿ óñëîâèÿ ïîëíîé ðàçðåøèìîñòè ìíîãîìåðíûõ
êîìïëåêñíûõ ïåðåîïðåäåëåííûõ ñèñòåì óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-
íûõ îò äâóõ êîìïëåêñíûõ ïåðåìåííûõ [1, 9]. Îòìåòèì, ÷òî ñèñòåìà (1)
â îáùåì ñëó÷àå áóäåò ñèñòåìîé íåêëàññè÷åñêîãî òèïà.

Â ñèñòåìå (1) ïðîèçâåä¼ì çàìåíó ω = Sw, ãäå S− ìàòðèöà, ïðèâîäÿ-
ùàÿ ìàòðèöó A ê êâàçèäèàãîíàëüíîìó æîðäàíîâîìó âèäó

Λ = diag[Λ1(λ1), . . . ,Λm(λm)],m ≤ n,

Ðàõèìîâà Ìàõñóäà Àþáîâíà, äîöåíò, ÒÃÓÏÁÏ (Õóäæàíä, Òàäæèêèñòàí);
Rahimova Makhsuda Aubovna (Tajik State University of law, business and politics,
Khujand, Tajikistan)
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ãäå λ1, . . . , λm−ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A, Λ1(λ1), . . . ,Λm(λm)−æîð-
äàíîâû êëåòêè, ñîîòâåòñòâóþùèå ýòèì ñîáñòâåííûì çíà÷åíèÿì. Òîãäà èç
(1) ñëåäóåò, ÷òî

S−1ωz2 = AS−1ωz1

èëè
ωz2 = Λωz1 . (2)

Ðàññìîòðèì äâà âîçìîæíûõ ñëó÷àÿ.
Ñëó÷àé 1. Âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A ïðîñòûå. Â ýòîì

ñëó÷àå êâàçèäèàãîíàëüíàÿ æîðäàíîâà ôîðìà ìàòðèöû A èìååò âèä Λ =
diag[λ1, . . . , λn]. Òîãäà ïîëàãàÿ ω = (ω1, . . . , ωn)T , èç ñèñòåìû (2) ïîëó÷èì

∂ωk
∂z2

= λk
∂ωk
∂z2

, k = 1, n. (3)

Íåòðóäíî ïðîâåðèòü, ÷òî êàæäîå èç óðàâíåíèé (3) èìååò ðåøåíèÿ âèäà

ωk(z1, z2) = ϕk(z1 + λkz2) (4)

è
ωk(z1, z2) = φk(z1, z2), (5)

ãäå ϕk−àíàëèòè÷åñêàÿ ôóíêöèÿ îäíîé êîìïëåêñíîé ïåðåìåííîé, à φk−àíà-
ëèòè÷åñêàÿ ôóíêöèÿ äâóõ êîìïëåêñíûõ ïåðåìåííûõ.

Ñëó÷àé 2. Ïóñòü ó ìàòðèöû A åñòü õîòÿ áû îäíî íåïðîñòîå ñîáñòâåí-
íîå çíà÷åíèå. Äîïóñòèì, ÷òî λ1, . . . , λm−ðàçëè÷íûå ñîáñòâåííûå çíà÷å-
íèÿ ìàòðèöû A (m < n). Â ýòîì ñëó÷àå æîðäàíîâû êëåòêè Λj(λj) ïî-
ðÿäêà νj(ν1 + . . .+ νm = n) èìåþò âèä

Λj(λj) =


λj 1 0 . . . 0
0 λj 1 . . . 0
. . . . . . . . . . . .
0 0 0 . . . λj

 .

È âìåñòî óðàâíåíèé (3) ïîëó÷èì ñëåäóþùóþ ñèñòåìó

∂ϑ1
j

∂z2
= λj

∂ϑ1
j

∂z1
+
∂ϑ2

j

∂z1
, (6)

. . . . . . . . . . . . . . . . . . . . .

∂ϑ
νj−1
j

∂z2
= λj

∂ϑ
νj−1
j

∂z1
+
∂ϑ

νj
j

∂z1
, (7)

∂ϑ
νj
j

∂z2
= λj

∂ϑ
νj
j

∂z1
, j = 1, 2, . . . ,m. (8)
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Ýòó ñèñòåìó ìîæíî ðåøèòü ñíèçó ââåðõ. Åñëè âçÿòü ϑ
νj
j = ϕj(z1 +

λjz2), ãäå ϕj−àíàëèòè÷åñêàÿ ôóíêöèÿ îäíîé ïåðåìåííîé, è ïîäñòàâèòü â
(7), òî ïîëó÷èì íåîäíîðîäíîå óðàâíåíèå, ó êîòîðîãî èìååòñÿ ÷àñòíîå ðå-

øåíèå âèäà z2ϕ
′
j(z1 +λjz2). Ïîýòîìó ìîæíî âçÿòü ϑ

νj−1
j = φj(z1 +λjz2)+

z2ϕ
′
j(z1 + λjz2), ãäå φj− àíàëèòè÷åñêàÿ ôóíêöèÿ îäíîé ïåðåìåííîé.

Ïðîäîëæàÿ ýòó ïðîöåäóðó ìîæíî îïðåäåëèòü îñòàëüíûå ϑkj , k = νj−
2, . . . , 1. Åñëè âçÿòü ϑ

νj
j = φj,νj (z1, z2), ãäå φj,νj−àíàëèòè÷åñêèå ïî z1, z2,

òî óðàâíåíèå (7) áóäåò èìåòü âèä (8), ïîýòîìó ìîæíî âçÿòü ϑ
νj−1
j =

φj,νj−1(z1, z2), φj,νj−1−àíàëèòè÷åñêèå ïî z1, z2 è ò.ä.
Ýòèì ñïîñîáîì ìû ïîëó÷èì íåêîòîðîå ìíîãîîáðàçèå ðåøåíèé óðàâ-

íåíèé (2) è (1).

Ëèòåðàòóðà
1. Ëåâèòàí Á.Ì. Îá óñëîâèÿõ ñîâìåñòíîñòè è îáùåì ðåøåíèè îäíîãî êëàñ-

ñà ìíîãîìåðíûõ ïåðåîïðåäåëåííûõ ñèñòåì óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîä-
íûìè // Ìåæäóíàðîäíàÿ íàó÷íî-òåîðåòè÷åñêàÿ êîíôåðåíöèÿ "Ñîâðåìåííûå
ïðîáëåìû ìàòåìàòèêè è èõ ïðèëîæåíèÿ,"ïîñâÿùåííàÿ 70-ëåòèþ Òàäæèêñêîãî
íàöèîíàëüíîãî óíèâåðñèòåòà è 80-ëåòèþ àêàäåìèêà Í. Ðàäæàáîâà, Äóøàíáå,
123:3 (2018), 9�14.
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Ðàññìàòðèâàåòñÿ ëèíåéíîå îäíîðîäíîå ðàçíîñòíîå óðàâíåíèå 2-îãî
ïîðÿäêà ñ ãëàäêèìè êîýôôèöèåíòàìè â êâàçèêëàññè÷åñêîì ïðè-
áëèæåíèè. Â íàñòîÿùåé ðàáîòå áûëè ïîñòðîåíû ÿâíûå îãðàíè÷å-
íèÿ íà ãëàäêîñòü è ðîñò êîýôôèöèåíòîâ óðàâíåíèÿ, ïðè êîòîðûõ
ðåøåíèÿ ñîõðàíÿþò ÂÊÁ âèä àñèìïòîòèêè â íåîãðàíè÷åííîé îá-
ëàñòè, íå ñîäåðæàùåé òî÷åê ïîâîðîòà è òî÷åê ñèíãóëÿðíîñòè. Â
êà÷åñòâå, áûëà ïîñòðîåíà àñèìïòîòèêà ìíîãî÷ëåíîâ Ëàãåððà áîëü-
øîãî ïîðÿäêà ïðè áîëüøèõ çíà÷åíèÿ àðãóìåíòà.

Êëþ÷åâûå ñëîâà: êâàçèêëàññè÷åñêîå ïðèáëèæåíèå, ÂÊÁ àñèìïòî-
òèêà, ðàçíîñòíûå óðàâíåíèÿ.

Asymptotics of solutions of difference equations in an
unbounded domain

We consider a linear homogeneous difference equation of the 2nd order
with smooth coefficients in semiclassical approximation. We construct
the explicit conditions on the smoothness and growth at infinity of the
equation coefficients, such that the solution retains the WKB asymp-
totic form in an unbounded domain that does not contain turning
points and singularities. We obtain asymptotics of Laguerre polyno-
mials for simultaneously large values of the argument and the order
of the polynomials as an example.

Keywords: semiclassical approximation, WKB approximation, differ-
ence equations.

Èíòåðåñ ê èññëåäîâàíèÿì ðàçíîñòíûõ óðàâíåíèé â êâàçèêëàññè÷å-
ñêîì ïðèáëèæåíèè âûçâàí òåì, ÷òî îíè âîçíèêàþò â ðàçëè÷íûõ àêòóàëü-
íûõ ôèçè÷åñêèõ çàäà÷àõ [1,2] è ìàòåìàòè÷åñêèõ çàäà÷àõ [3]. Îáùèå ìå-
òîäû êâàçèêëàññè÷åñêîãî ïðèáëèæåíèÿ äëÿ ðàçíîñòíûõ óðàâíåíèé áûëè
ðàçâèòû, íàïðèìåð, â ðàáîòàõ [4,5].

Èññëåäîâàíèå îñóùåñòâëåíî â ðàìêàõ Ïðîãðàììû ôóíäàìåíòàëüíûõ èññëåäîâà-
íèé ÍÈÓ ÂØÝ.

Ðóìÿíöåâà Ñîôèÿ Âàñèëüåâíà, ÍÈÓ ÂØÝ (Ìîñêâà, Ðîññèÿ); So�a Rumyantseva
(HSE, Moscow, Russia)

Âûáîðíûé Åâãåíèé Âèêòîðîâè÷, ê.ô.-ì.í., äîöåíò, ÍÈÓ ÂØÝ (Ìîñêâà, Ðîññèÿ);
Evgeny Vybornyi (HSE, Moscow, Russia)
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Ðàññìàòðèâàåòñÿ îäíîðîäíîå ëèíåéíîå ðàçíîñòíîå óðàâíåíèå 2-îãî
ïîðÿäêà ñ ìåäëåííî ìåíÿþùèìèñÿ êîýôôèöèåíòàìè:

a(x+ h)y(x+ h) + b(x)y(x) + a(x)y(x− h) = 0, (1)

ãäå h > 0 � ìàëûé ïàðàìåòð êâàçèêëàññè÷åñêãî ïðèáëèæåíèÿ. Èçâåñòíî,
÷òî ó óðàâíåíèÿ (1) ñóùåñòâóþò äâà ëèíåéíîé íåçàâèñèìûõ ðåøåíèÿ,
êîòîðûå èìåþò ðàâíîìåðíóþ ÂÊÁ àñèìïòîòèêó âèäà [5]:

y1,2(x, h) =
1√

v(x, h)
exp

(
± i
h

∫ x

x0

p(x, h)dx

)
(1 +O(h)). (2)

íà ôèêñèðîâàííîì îòðåçêå [A,B], íå ñîäåðæàùåì òî÷åê ïîâîðîòà.
Â íàñòîÿùåé ðàáîòå ïîëó÷åíû ñòðîãèå óñëîâèÿ íà êîýôôèöèåíòû

óðàâíåíèÿ (1), êîòîðûå îáåñïå÷èâàþò ñïðàâåäëèâîñòü ðàâíîìåðíûõ ÂÊÁ
îöåíîê (2) â íåîãðàíè÷åííîé îáëàñòè, òî åñòü ïðè x ∈ [A,+∞).

Òåîðåìà Ïóñòü â óðàâíåíèè (1) êîýôôèöèåíòû a(x), b(x) � âåùå-
ñòâåííîçíà÷íûå ôóíêöèè êëàññà C2(I), ãäå I = [x0,+∞). Ïóñòü ñïðà-
âåäëèâû îãðàíè÷åíèÿ:

1. îòñóòñòâóþò òî÷êè ñèíãóëÿðíîñòè: a(x) 6= 0, ∀x ∈ I;

2. îòñóòñâóþò òî÷êè ïîâîðîòà:
∣∣∣ b(x)

2a(x+h/2)

∣∣∣ ≤ δ < 1, ∀x ∈ I;

3. êîýôôèöèåíòû íà áåñêîíå÷íîñòè óäîâëåòâîðÿþò îöåíêàì:

(log(a(x)))′′ = O
(
x−2

)
, (log(b(x)))′′ = O

(
x−2

)
ïðè x→ +∞.

Òîãäà ñóùåñòâóåò ïàðà ëèíåéíî íåçàâèñèìûõ ðåøåíèé y1,2(x, h) âè-
äà (2), ãäå

p(x, h) = arccos

(
− b(x)

2a(x+ h
2 )

)
, v(x, h) = −2a

(
x+

h

2

)
sin p(x, h),

Îöåíêà (2) ñïðàâåäëèâà ðàâíîìåðíî ïðè x ∈ I.
Â êà÷åñòâå ìîæíî ðàññìîòðåòü ðàçíîñòíîå óðàâíåíèå íà îðòîãîíàëü-

íûå ìíîãî÷ëåíû Ëàãåððà. Ïîëó÷àåì àñèìïòîòè÷åñêîå ïðèáëèæåíèå äëÿ
ïîëèíîìîâ Ëàãåððà áîëüøîãî ïîðÿäêà ïðè áîëüøèõ çíà÷åíèÿõ àðãóìåí-
òà:

Ln(x) =
2

π

ex

4
√
nx

cos
(

2
√
nx− π

4

)(
1 +O

(
1

n

))
+

2

π

ex

4
√
nx

sin
(

2
√
nx− π

4

)(x− 6

12

√
x

n
+O

(
1

n

))
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Çàìåòèì, ÷òî ïîëó÷åííàÿ îöåíêà ìíîãî÷ëåíîâ Ëàããåðà ñîãëàñóåòñÿ
ñ èçâåñòíîé îöåíêîé, ïîëó÷åííîé èç äèôôåðåíöèàëüíîãî óðàâíåíèÿ íà
ìíîãî÷ëåíû Ëàãåððà.

Ëèòåðàòóðà
1. A. Garg Diabolical Points in Magnetic Molecules: An Exactly Solvable Model

Ersin Kececioglu // Phys. Rev. B 63, 064422 � Published 23 January 2001
2. Vybornyi E. On discrete WKB methods for resonance electromagnetic traps

// Proceedings of the International Conference DAYS on DIFFRACTION 2019.
IEEE, 2019

3. J. S. Geronimo, D. Smith, and W. Van Assche Strong asymptotics for
orthogonal polynomials with regularly and slowly varying recurrence coe�cients
// J. Approx. Theory,72, 1993, 141�158.

4. Áðàóí Ï.À. Ìåòîä ÂÊÁ äëÿ òðåõ÷ëåííûõ ðåêóððåíòíûõ ñîîòíîøåíèé è
êâàçèýíåðãèè àíãàðìîíè÷åñêîãî îñöèëëÿòîðà // ÒÌÔ, 1978, òîì 37, íîìåð 3,
355�370.

5. Costin O., Costin R.RigorousWKB for �nite-order linear recurrence relations
with smooth coe�cients // SIAM J. Math. Anal., 1996,272, 110-134.

213
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We suggest an explicit continuation formula for are a solution to the
Cauchy problem for the Poisson equation in a domain from its val-
ues and the values of its normal derivative on part of the boundary.
We construct an continuation formula of this problem based on the
Carleman-Yarmuhamedov function method.

Keywords: ill-posed problem, regular solution, Carleman - Yarmuhame-
dov function, Carleman formula, Mittag-Leffler entire function.

Poisson equation or potential equation [1]

−4U(x) ≡ −
3∑
i=1

∂2U

∂x2
i

= f(x), (1)

is the classical example for second order elliptic partial di�erential equations
and it is a mathematical model to some important physical phenomena. It
has applications in many di�erent areas such as plasma physic, electrocar-
diography, and corrosion non-destructive evaluation (e.g., [2], [3],[4], [5], [6]).

In this paper, we o�er an explicit formula for reconstruction of a solution
of the Poisson equation in bounded domain from its values and the values
of its normal derivative on part of the boundary, i.e., we give an explicit
continuation formula for a solution to the Cauchy problem for the Poisson
equation.

Let R3 is the third dimensional real Euclidean space,

x = (x1, x2, x3), y = (y1, y2, y3) ∈ R3, x′ = (x1, x2), y′ = (y1, y2) ∈ R2,

s = α2 = |y′−x′| = (y1−x1)2+(y2−x2)2, r2 = s+(y3−x3)2 = |y−x|2, τ = tg
π

2ρ
,

Ñàòòîðîâ Ýðìàìàò Íîðêóëîâè÷, ä.ô.-ì.í., äîöåíò, ÑàìÃÓ (Ñàìàðêàíä, Óçáå-
êèñòàí); Ermamat Norkulovich Sattorov (Samarkand State University, Samarkand,
Uzbekistan)

Ýðìàìàòîâà Çóõðî Ýðìàìàòîâíà, áàçîâûé äîêòîðàíò, ÑàìÃÓ (Ñàìàðêàíä, Óç-
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ρ > 1, Gρ = {y : |y′| < τy3, y3 > 0}, ∂Gρ = {y : |y′| = τy3, y3 > 0},

Gρ = Gρ ∪ ∂Gρ, ε, ε1 and ε2 su�ciently small positive constants,
Ωρ− is a bounded simply connected domain whose boundary in R3 whose

boundary ∂Ωρ consists of a part of the conic surface T ≡ ∂Gρ and a smooth
surface S, lying inside the cone Gρ. Function f H�older continuous with
exponent λ ∈ (0, 1), i.e., f ∈ Cs,λ(Ωρ) and s ∈ Z+.

Problem. Let we know the Cauchy data for a solution to system (0.1)
on the surface S:

U(y) = f1(y),
∂U(y)

∂n
= f2(y), y ∈ S (2)

where n = (n1, n2, n3) is the unit outward-pointing normal to the surface
∂Ω at a point y, and f1, f2 are continuous vector-functions. Given f1(y) and
f2(y) on S, �nd U(x) x ∈ Ω.

The Cauchy problem (2) for the Poisson equation (1) is well-known to be
ill-posed [7], [8]. Hadamard [9] noted that solution to problem is not stable.
Possibility of introducing a positive parameter σ, depending on the accuracy
of the initial data, was noticed by M. M. Lavrent'ev [10]. Uniqueness of the
solution follows from the general theorem by Holmgren [11]. Traditionally,
regularization techniques, such as Tikhonov regularization [12].

We suppose that a solution to the problem exists (in this event it is
unique) and continuously di�erentiable in the closed domain and the Cauchy
data are given exactly. In this case we establish an explicit continuation
formula. This formula enables us to state a simple and convenient criterion
for solvability of the Cauchy problem.

The result established here is a multidimensional analog of the theorems
and Carleman-type formulas [13], by G.M.Goluzin, V.I.Krylov, V.A.Fok, and
F.M.Kuni in the theory of holomorphic functions of one variable [14],[15].
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Äëÿ èíòåãðàëîâ ñ êîñåêàíñíûì è ëîãàðèôìè÷åñêèì ÿäðîì èññëå-
äîâàíû èíòåðïîëÿöèîííûå êâàäðàòóðíûå ôîðìóëû ñ êðàòíûìè
óçëàìè.

Êëþ÷åâûå ñëîâà: èíòåãðàë, êîñåêàíñíîå ÿäðî, ëîãàðèôìè÷åñêîå
ÿäðî, èíòåðïîëÿöèÿ, êâàäðàòóðíàÿ ôîðìóëà, êðàòíûå óçëû.

On quadrature formulas with multiple nodes for integrals
with a cosecant and logarithmic kernel

For integrals with cosecant and logarithmic kernels, interpolation quadra-
ture formulas with multiple nodes are studied.

Keywords: integral, cosecant kernel, logarithmic kernel, interpolation,
quadrature formula, multiple nodes.

Ðàññìîòðèì èíòåãðàëû

Af = A(f ;x) =

2π∫
0

f(t) cos ec
t− x

2
dt, Lf = L(f ;x) =

1

π

2π∫
0

f(t) ln

∣∣∣∣sin t− x2

∣∣∣∣ dt,
ãäå f(x) - ïëîòíîñòü èíòåãðàëîâ, íåïðåðûâíàÿ 2π - ïåðèîäè÷åñêàÿ ôóíê-
öèÿ.

Ñëåäóÿ [1], ÷åðåç Hnf = Hn(f ;x) îáîçíà÷èì òðèãîíîìåòðè÷åñêèé ïî-
ëèíîì ïîðÿäêà n ñ ðàâíûì íóëþ êîýôôèöèåíòîì ïðè cosnx, èíòåð-
ïîëèðóþùèé ôóíêöèþ f(x) â óçëàõ xk = 2kπ

n (k = 1, n), òàêîé, ÷òî
Hn(xk) = f(xk), H ′n(xk) = f ′(xk), k = 1, n.

Àïïðîêñèìèðóÿ ïëîòíîñòü èíòåãðàëîâ ïîëèíîìîì Hnf ïîëó÷èì êâàä-
ðàòóðíûå ôîðìóëû

Af = A(Hnf ;x) +Rn1f =
4

n2

n∑
k=1

(Ak(x)f(xk) +Bk(x)f ′(xk)) +Rn1f,

Ñîëèåâ Þíóñ Ñîëèåâè÷, ê.ô.-ì.í., äîöåíò, Ìîñêîâñêèé àâòîìîáèëüíî - äîðîæ-
íûé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò (Ðîññèÿ); Yunus Soliev (Moscow
Automobile and Road Construction State Technical University, Russia)
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Ak(x) = n ln
∣∣∣ctg x

4

∣∣∣+ 2

n−1∑
j=1

(n− j)
(

cos j(x− xk) ln
∣∣∣ctg x

4

∣∣∣− Cj(x)
)
,

Bk(x) = n
(
ln
∣∣ctg x4 ∣∣ sin(x− xk) + 2 sin

(
xk − 1

2x
))

+

+

n−1∑
j=1

(n− j)
(

2 sin(x− xk) cos j(x− xk) ln
∣∣∣ctg x

4

∣∣∣+ Sj+1(x)− Sj−1(x)
)
,

Cm(x) = 2

m∑
µ=1

1

2µ− 1
cos

((
µ− 1

2

)
x−m(x− xk)

)
,

Sm(x) = 2

m∑
µ=1

1

2µ− 1
sin

((
µ− 1

2

)
x−m(x− xk)

)
;

Lf = L(Hnf ;x) +Rn2f =
1

n2

n∑
k=1

(ak(x)f(xk) + bk(x)f ′(xk)) +Rn2f,

ak(x) = −2n ln 2− 2

n−1∑
j=1

(n− j)cos j(x− xk)

j
,

bk(x) = − sin(x− xk)(n+ (n− 1) cos(x− xk))+

+

n−1∑
j=2

(n− j)
(

sin(j − 1)(x− xk)

j − 1
− sin(j + 1)(x− xk)

j + 1

)
,

ãäå Rnmf = Rnm(f ;x)(m = 1, 2) îñòàòî÷íûå ÷ëåíû.

Ïóñòü H
(r)
α (r = 0, 1, 2, . . . , 0 < α ≤ 1) - êëàññ 2π - ïåðèîäè÷åñêèõ

ôóíêöèé f(x), r− å ïðîèçâîäíûå êîòîðûõ óäîâëåòâîðÿþò óñëîâèþ Ãåëü-
äåðà Hα

Òåîðåìà. Åñëè f(x) ∈ H
(r)
α (r ≥ 1, 0 < α ≤ 1) , òî

∥∥Rnmf∥∥C =

O
(

ln2−m n
nr+α−1

)
,m = 1, 2.
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Â ðàáîòå ðàññìîòðåí àëãîðèòì ðåøåíèÿ îäíîìåðíîãî äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ àíîìàëüíîé äèôôóçèè ñ äðîáíîé ïî âðåìåíè
ïðîèçâîäíîé. Ïîñëå äèñêðåòèçàöèè è àïïðîêñèìàöèè çàäà÷à ñâî-
äèòñÿ ê ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ ðàçðåæåí-
íîé ìàòðèöåé áîëüøîãî ðàçìåðà. Äëÿ ðåøåíèÿ ñèñòåìû èñïîëüçó-
åòñÿ ìîäèôèöèðîâàííûé èòåðàòèâíûé ìåòîä âåðõíåé ðåëàêñàöèè.
Íà îñíîâå äàííîãî ìåòîäà ðåàëèçîâàí ïàðàëëåëüíûé àëãîðèòì äëÿ
ìíîãîÿäåðíûõ ïðîöåññîðîâ. Ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû
ïî îöåíêå ýôôåêòèâíîñòè ðàñïàðàëëåëèâàíèÿ.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ, äðîáíàÿ ïðîèç-
âîäíàÿ, ìåòîä âåðõíåé ðåëàêñàöèè, ïàðàëëåëüíûå àëãîðèòìû.

Parallel algorithm for solving the time-fractional diffusion
equation

The paper considers an algorithm for solving the one-dimensional dif-
ferential equation of anomalous diffusion with a time-fractional deriva-
tive. After discretization and approximation, the problem is reduced
to a system of linear algebraic equations with a large sparse matrix.
The modified iterative over-relaxation method is used to solve this
system. Based on this method, a parallel algorithm is implemented
for multi-core processors. A numerical experiments were carried out
to assess the efficiency of parallelization.

Keywords: differential equations, fractional derivative, over-relaxation
method, parallel algorithms.
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Â ðàáîòå ðàññìàòðèâàåòñÿ ïàðàáîëè÷åñêîå óðàâíåíèå â ÷àñòíûõ ïðî-
èçâîäíûõ ñ äðîáíîé ïðîèçâîäíîé ïî âðåìåíè:

∂αU(x, t)

∂tα
= a(x)

∂2U(x, t)

∂x2
+ b(x)

∂U(x, t)

∂x
+ c(x)U(x, t),

ãäå U(x, t) � èñêîìàÿ ôóíêöèÿ, a(x), b(x), c(x) � èçâåñòíûå ôóíêöèè
èëè êîíñòàíòû, 0 < α < 1 � ïàðàìåòð äðîáíîé ñòåïåíè ïðîèçâîäíîé ïî
âðåìåíè.

Çàäà÷à ðàññìàòðèâàåòñÿ íà ïðîñòðàíñòâåííîì îòðåçêå 0 ≤ x ≤ γ,
âðåìåííîì ïðîìåæóòêå t > 0, íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ îïðåäå-
ëÿþòñÿ â âèäå

U(0, t) = g0(t), U(`, t) = g1(t), U(x, 0) = f(x),

ãäå g0(t), g1(t), f(x) � èçâåñòíûå ôóíêöèè.
Äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî â äàííîì ñëó÷àå çàäàåòñÿ ñëåäóþùåé

ôîðìóëîé [1]:

∂αu(x, t)

∂tα
=

1

Γ(n− 1)

∞∫
0

∂u(x− s)
∂t

(t− s)−αds.

Ïîñëå äèñêðåòèçàöèè ïðîñòðàíñòâà è âðåìåíè íà ðàâíîìåðíîé ñåòêå
è àïïðîêñèìàöèè óðàâíåíèÿ ñ èñïîëüçîâàíèåì íåÿâíîé êîíå÷íî-ðàçíîñòíîé
ñõåìû (ïåðâîãî ïîðÿäêà òî÷íîñòè ïî âðåìåíè è âòîðîãî � ïî ïðîñòðàí-
ñòâó), çàäà÷à ñâîäèòñÿ ê ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ
òðåõäèàãîíàëüíîé ìàòðèöåé áîëüøîãî ðàçìåðà. Äëÿ åå ðåøåíèÿ â äàí-
íîé ðàáîòå èñïîëüçóåòñÿ ìîäèôèöèðîâàííûé ìåòîä óñêîðåííîé âåðõíåé
ðåëàêñàöèè [2,3].

Àëãîðèòì ðåàëèçîâàí â âèäå ïàðàëëåëüíîé ïðîãðàììû äëÿ ìíîãî-
ÿäåðíûõ ïðîöåññîðîâ. Ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû ïî îöåíêå
ýôôåêòèâíîñòè ðàñïàðàëëåëèâàíèÿ.
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Ðàññìîòðåíû ðåçóëüòàòû ïî èññëåäîâàíèþ ãëàäêîñòè îáîáùåííûõ
ðåøåíèé çàäà÷è Äèðèõëå äëÿ ñèëüíî ýëëèïòè÷åñêîãî ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ îðòîòðîïíûìè ñæàòèÿìè â ïëîñ-
êîé îáëàñòè. Ñèëüíàÿ ýëëèïòè÷íîñòü îïðåäåëÿåòñÿ âûïîëíåíèåì
íåðàâåíñòâà òèïà Ãîðäèíãà.

Êëþ÷åâûå ñëîâà: ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå óðàâíåíèå,
ãëàäêîñòü îáîáùåííûõ ðåøåíèé, îïåðàòîð ñæàòèÿ, íåëîêàëüíûå
çàäà÷è, ñèëüíî ýëëèïòè÷åñêîå óðàâíåíèå.

On smoothness of generalized solutions of the first
boundary value problem for functional differential equation

with orthotropic contractions inside the domain

The results on study the smoothness of generalized solutions of the
Dirichlet problem for strongly elliptic functional differential equation
with orthotropic contractions in the plane domain are considered. The
strongly ellipticity is defined by holding the Garding-type inequality.

Keywords: functional differential equations, smoothness of generalized
solutions, contraction operator, nonlocal problems, strongly elliptic
equations.

Ðàññìîòðèì ïåðâóþ êðàåâóþ çàäà÷ó äëÿ ôóíêöèîíàëüíî-äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ

ARu(x1, x2) ≡ −
2∑

i,j=1

(Rijuxi(x1, x2))xj = f(x1, x2), (x1, x2) ∈ Ω, (1)

u|∂Ω = 0. (2)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè ÐÔ â ðàìêàõ ãîñó-
äàðñòâåííîãî çàäàíèÿ (íîìåð òåìû FSSF-2020-0018)

Òàñåâè÷ Àëëà Ëüâîâíà, ê.ô.-ì.í., àññèñòåíò, Ðîññèéñêèé óíèâåðñèòåò äðóæáû íà-
ðîäîâ (Ìîñêâà, Ðîññèÿ); Alla Tasevich (RUDN University, Moscow, Russia)
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â îáëàñòè Ω ⊂ R2. Çäåñü îïåðàòîð Rij îïðåäåëÿåòñÿ ïî ôîðìóëå

Rijv(x1, x2) = aij0v(x1, x2) + aij1v(q−1
1 x1, q

−1
2 x2) + aij,−1v(q1x1, q2x2).

Â ðàññìàòðèâàåìîé çàäà÷å ÷èñëà q1, q2 > 0, êîýôôèöèåíòû óðàâíå-
íèÿ aij0, aij,±1 ∈ C (i, j = 1, 2), à ôóíêöèÿ f ∈ L2(Ω) ÿâëÿåòñÿ êîì-
ïëåêñíîçíà÷íîé. Òàêæå, ìû ïðåäïîëàãàåì, ÷òî åñëè äëÿ íåêîòîðîé òî÷-
êè (x̃1, x̃2) ∈ Ω ïðåîáðàçîâàííàÿ òî÷êà (x̃1/q

±1
1 , x̃2/q

±1
2 ) îêàçûâàåòñÿ âíå

îáëàñòè, òî v(x̃1/q
±1
1 , x̃2/q

±1
2 ) = 0.

Ñôîðìóëèðóåì òåïåðü îïðåäåëåíèå ñèëüíîé ýëëèïòè÷íîñòè ñëåäóþ-
ùèì îáðàçîì.

Îïðåäåëåíèå 1. Óðàâíåíèå (1) áóäåì íàçûâàòü ñèëüíî ýëëèïòè÷å-
ñêèì óðàâíåíèåì, à ñîîòâåòñòâóþùèé îïåðàòîð AR � ñèëüíî ýëëèïòè÷å-
ñêèì îïåðàòîðîì, åñëè ñóùåñòâóþò òàêèå ïîñòîÿííûå c1 > 0, c2 ≥ 0, ÷òî
äëÿ ëþáîé ôóíêöèè u ∈ C∞0 (Ω) âûïîëíÿåòñÿ íåðàâåíñòâî òèïà Ãîðäèíãà

Re(ARu, u)L2(Ω) > c1‖u‖2H1(Ω) − c2‖u‖
2
L2(Ω). (1)

Çàäà÷ó î íàõîæäåíèè àëãåáðàè÷åñêèõ óñëîâèé íà êîýôôèöèåíòû óðàâ-
íåíèÿ (1), ïðè êîòîðûõ îïåðàòîð AR áóäåò ñèëüíî ýëëèïòè÷åñêèì, íàçû-
âàþò ïðîáëåìîé êîýðöèòèâíîñòè. Èññëåäîâàíèå äîñòàòî÷íûõ è íåîáõî-
äèìûõ óñëîâèé âûïîëíåíèÿ íåðàâåíñòâà Ãîðäèíãà óðàâíåíèÿ áûëî ïðî-
âåäåíî â [1].

Îïðåäåëåíèå 2. Ôóíêöèÿ u ∈ H̊1(Ω) íàçûâàåòñÿ îáîáùåííûì ðå-
øåíèåì çàäà÷è 1, åñëè èíòåãðàëüíîå òîæäåñòâî

aR[u, v] :=

2∑
i,j=1

(Rijuxi , vxj )L2(Ω) = (f, v)L2(Ω)

âûïîëíåíî äëÿ ëþáîé ôóíêöèè v ∈ H̊1(Ω).

Áóäóò ñïðàâåäëèâû ñëåäóþùèå òåîðåìû î ãëàäêîñòè îáîáùåííûõ ðå-
øåíèé.

Òåîðåìà 1. Ïóñòü óðàâíåíèå (1) ÿâëÿåòñÿ ñèëüíî ýëëèïòè÷åñêèì
â çàìûêàíèè Ω. Ïðåäïîëîæèì, ÷òî ôóíêöèÿ u ÿâëÿåòñÿ îáîáùåííûì
ðåøåíèåì êðàåâîé çàäà÷è (1), (2), à ôóíêöèÿ f ∈ L2(Ω)∩Hk

loc(Ωsl) (s ∈
N, l = 1, l(s)). Òîãäà u ∈ Hk+2

loc (Ωsl) äëÿ âñåõ s, l.

Òåîðåìà 2. Ïóñòü óðàâíåíèå (1) ÿâëÿåòñÿ ñèëüíî ýëëèïòè÷åñêèì
â çàìûêàíèè Ω, à òàêæå q1 > 1, 1/q2 > 1. Ïðåäïîëîæèì, ÷òî ôóíêöèÿ
u ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì êðàåâîé çàäà÷è (1), (2), à ôóíêöèÿ
f ∈ L2(Ω)∩Hk(Ωsl) (s ∈ N, l = 1, l(s)). Òîãäà u ∈ Hk+2(Ωsl \Kε) äëÿ âñåõ
ε > 0 (s ∈ N, l = 1, l(s)), ãäå Kε = {x ∈ R2 : ρ(x,K) < ε}.
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Ñõåìó ïîñòðîåíèÿ ïîäîáëàñòåé Ωsl è ìíîæåñòâà K, à òàêæå äîêàçà-
òåëüñòâà òåîðåì ìîæíî íàéòè â [2], ãäå â êà÷åñòâå îáëàñòè ðàññìîòðåí
êðóã ñ öåíòðîì â íà÷àëå êîîðäèíàò.

Äîïîëíèòåëüíóþ èíôîðìàöèþ î ðàçðåøèìîñòè êðàåâîé çàäà÷è (1), (2)
â ïðîñòðàíñòâàõ Ñîáîëåâà è âåñîâûõ ïðîñòðàíñòâàõ ìîæíî íàéòè â [3,4].
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Ðàáîòà ïîñâÿùåíà èçó÷åíèþ ïðîäîëæåíèÿ ðåøåíèÿ çàäà÷è Êîøè
äëÿ áèãàðìîíè÷åñêîãî óðàâíåíèÿ â îáëàñòèG ïî åå èçâåñòíûì çíà-
÷åíèÿì íà ãëàäêîé ÷àñòè S ãðàíèöû ∂G. Ðàññìàòðèâàåìàÿ çàäà÷à
îòíîñèòñÿ ê çàäà÷àì ìàòåìàòè÷åñêîé ôèçèêè, â êîòîðûõ îòñóò-
ñòâóåò íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèé îò íà÷àëüíûõ äàííûõ.
Â ðàáîòå ïðè ïîìîùè ôóíêöèè Êàðëåìàíà âîññòàíàâëèâàþòñÿ ïî
äàííûì Êîøè íà ÷àñòè ãðàíèöû îáëàñòè íå òîëüêî ñàìà áèãàðìî-
íè÷åñêàÿ ôóíêöèÿ, íî è å¼ ïðîèçâîäíûå.

Êëþ÷åâûå ñëîâà: Áèãàðìîíè÷åñêàÿ óðàâíåíèÿ, çàäà÷à Êîøè, íåêîð-
ðåêòíûå çàäà÷è, ôóíêöèÿ Êàðëåìàíà, ðåãóëÿðèçîâàííûå ðåøåíèÿ,
ðåãóëÿðèçàöèÿ, ôîðìóëû ïðîäîëæåíèÿ.

On the Cauchy problem for the biharmonic equation

Short abstract. This work is devoted to the study of the continuation
of the solution of the Cauchy problem for the biharmonic equation
in the domain G in terms of its known values on the smooth part
S of the boundary ∂G. The problem under consideration belongs to
the problems of mathematical physics in which there is no continuous
dependence of solutions on the initial data. In this paper, using the
Carleman function, not only the biharmonic function itself, but also
its derivatives are reconstructed from the Cauchy data on a part of
the boundary of the region.

Keywords: Biharmonic equations; Cauchy problem; ill-posed prob-
lems; Carleman function; regularized solutions; regularization; con-
tinuation formulas.

Ïóñòü x = (x1, x2), y = (y1, y2) ∈ R2 è G- îãðàíè÷åííàÿ îäíîñâÿç-
íàÿ îáëàñòü â R2 ñ ãðàíèöåé ∂G, ñîñòîÿùåé èç êîìïàêòíîé ÷àñòè T =
{y1 ∈ R : a1 ≤ y1 ≤ b1} è ãëàäêîé äóãè êðèâîé S : y2 = h(y1), ëåæàùåé
â ïîëóïëîñêîñòè y2 > 0. Ḡ = G ∪ ∂G, ∂G = S ∪ T .
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Â îáëàñòè G ðàññìîòðèì óðàâíåíèå

∆2U(y) = 0, y ∈ G, (1)

ãäå ∆ = ∂2

∂y21
+ ∂2

∂y22
îïåðàòîð Ëàïëàñà.

Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ íàéòè áèãàðìîíè÷åñêóþ ôóíêöèþ
U(y) = U(y1, y2) ∈ C4(G)∩C3(Ḡ), ó êîòîðîãî èçâåñòíû çíà÷åíèÿ íà ÷àñòè
S ãðàíèöû ∂G, ò.å.:

U(y1, y2)|S = f1(y), ∆U(y1, y2)|S = f2(y),

∂U(y1, y2)

∂n

∣∣∣∣
S

= f3(y),
∂(∆U(y1, y2))

∂n

∣∣∣∣
S

= f4(y),
(2)

çäåñü fj(y) ∈ Cj−1(S), j = 1, 2, 3, 4 - çàäàííûå ôóíêöèè, à ∂
∂n - îïåðàòîð

äèôôåðåíöèðîâàíèÿ ïî âíåøíåé íîðìàëè ê ∂G.
Ðàññìàòðèâàåìàÿ çàäà÷à (1) � (2) îòíîñèòñÿ ê íåêîððåêòíûì çàäà-

÷àì ìàòåìàòè÷åñêîé ôèçèêè [5],[6],[13]. Èñòåííóþ ïðèðîäó òàêèõ çàäà÷
áûëà âûÿñíåíî âïåðâûå â ðàáîòå Òèõîíîâà À.Í. [4], è èì áûëà óêàçàíî
ïðàêòè÷åñ-êóþ âàæíîñòü íåóñòîé÷èâûõ çàäà÷, à òàêæå ïîêàçàë, ÷òî åñ-
ëè ñóçèòü êëàññ âîçìîæíûõ ðåøåíèé äî êîìïàêòà, òî èç ñóùåñòâîâàíèÿ
è åäèíñòâåííîñòè ñëåäóåò óñòîé÷èâîñòü ðåøåíèÿ.

Â [2] Êàðëåìàí óñòàíîâèë ôîðìóëó, äàþùóþ ðåøåíèå óðàâíåíèé Êî-
øè � Ðèìàíà â îáëàñòè ñïåöèàëüíîãî âèäà. Ðàçâèâàÿ åãî èäåþ, Ã.Ì.
Ãîëóçèí è Â.È. Êðûëîâ [3] âûâåëè ôîðìóëó äëÿ îïðåäåëåíèÿ çíà÷åíèé
àíàëèòè÷åñêèõ ôóíêöèé ïî äàííûì, èçâåñòíûì ëèøü íà ÷àñòè ãðàíè-
öû, óæå äëÿ ïðîèçâîëüíûõ îáëàñòåé. Îíè íàøëè ôîðìóëó âîññòàíîâëå-
íèÿ ðåøåíèÿ ïî åå çíà÷åíèÿì íà ãðàíè÷íîì ìíîæåñòâå ïîëîæèòåëüíîé
ëåáåãîâîé ìåðû, à òàêæå ïðåäëîæèëè íîâûé âàðèàíò ôîðìóëû ïðîäîë-
æåíèÿ. Îäíîìåðíûì è ìíîãîìåðíûì îáîáùåíèÿì ôîðìóëû Êàðëåìàíà
ïîñâÿùåíà ìîíîãðàôèÿ Ë.À. Àéçåíáåðãà [1]. Ôîðìóëà òèïà Êàðëåìàíà,
â êîòîðîé èñïîëüçóåòñÿ ôóíäàìåíòàëüíîå ðåøåíèå äèôôåðåíöèàëüíî-
ãî óðàâíåíèÿ ñî ñïåöèàëüíûìè ñâîéñòâàìè (ôóíêöèÿ Êàðëåìàíà), áûëà
ïîëó÷åíà Ì.Ì. Ëàâðåíòüåâûì [7], [8]. Â ýòèõ ðàáîòàõ äàíî îïðåäåëåíèå
ôóíêöèè Êàðëåìàíà äëÿ ñëó÷àÿ, êîãäà äàííûå Êîøè çàäàíû ïðèáëè-
æåííî, à òàêæå ïðèâåäåíà ñõåìà ðåãóëÿðèçàöèè çàäà÷è Êîøè äëÿ óðàâ-
íåíèÿ Ëàïëàñà. Ïðèìåíÿÿ ýòîò ìåòîä, Ø.ß.ßðìóõàìåäîâ [9], [10] ïî-
ñòðîèë ôóíêöèè Êàðëåìàíà äëÿ øèðîêîãî êëàññà ýëëèïòè÷åñêèõ îïåðà-
òîðîâ, çàäàííûõ â ïðîñòðàíñòâåííûõ îáëàñòÿõ ñïåöèàëüíîãî âèäà, êîãäà
÷àñòü ãðàíèöû îáëàñòè ÿâëÿåòñÿ ãèïåðïîâåðõíîñòüþ ëèáî êîíè÷åñ-êîé
ïîâåðõíîñòüþ.

Â ðàáîòû [11,12] ñ ïîìîùüþ ôóíêöèè Êàðëåìàíà âîññòàíàâëèâàþòñÿ
ïî äàííûì Êîøè íà ÷àñòè ãðàíèöû îáëàñòè íå òîëüêî ñàìà ãàðìîíè÷å-
ñêàÿ ôóíêöèÿ, íî è åãî ïðîèçâîäíûå äëÿ óðàâíåíèå Ëàïëàñà.
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Îòìåòèì, ÷òî ïðè ðåøåíèè ïðèêëàäíûõ çàäà÷ ñëåäóåò íàéòè ïðèáëè-

æåííûå çíà÷åíèÿ ðåøåíèÿ U(x)è åãî ïðîèçâîäíûé ∂U(x)
∂xi

, x ∈ G, i = 1, 2.
Â äàííîé ðàáîòå ñòðîèòñÿ ñåìåéñòâî ôóíêöèé U(x, σ, fkδ) = Uσδ(x) è
∂U(x,σ,fkδ)

∂xi
= ∂Uσδ(x)

∂xi
, k = 1, 2, 3, 4; i = 1, 2 çàâèñÿùèõ îò ïàðàìåòðà σè

äîêàçûâàåòñÿ, ÷òî ïðè ñïåöèàëüíîì âûáîðå ïàðàìåòðà σ = σ(δ) ñåìåé-

ñòâî Uσδ(x)è ∂Uσδ(x)
∂xi

ïðè δ → 0 ñõîäèòñÿ â êàæäîé òî÷êå x ∈ G ê ðåøå-

íèþ U(x) è åãî ïðîèçâîäíóþ ∂U(x)
∂xi

ñîîòâåòñòâåííî. Ñåìåéñòâî ôóíêöèé

U(x, σ, fkδ) è ∂U(x,σ,fkδ)
∂xi

, i = 1, 2 ñ óêàçàííûìè ñâîéñòâàìè íàçûâàåòñÿ
ðåãóëÿðèçîâàííûì ðåøåíèåì ïî Ì.Ì. Ëàâðåíòüåâó [7].

Êîíñòðóêöèÿ ôóíêöèè Êàðëåìàíà
Îïðåäåëèì ôóíêöèþ Φσ(x, y) (ñì. [10]) ñëåäóþùèì ðàâåíñòâàì :

−2πeσx
2
2Φσ(x, y) =

∫ ∞
0

Im

[
eσw

2

w − x2

]
udu√
u2 + α2

. (3)

Îòäåëÿÿ ìíèìóþ ÷àñòü ôóíêöèè Φσ(x, y), èìååì

Φσ(x, y) =
1

2π
e−σ(α2+x2

2−y
2
2)

[∫ ∞
0

e−σu
2

cos 2σy2

√
u2 + α2udu

u2 + r2
−

−
∫ ∞

0

e−σu
2

(y2 − x2) sin 2σy2

√
u2 + α2

u2 + r2

udu√
u2 + α2

]
,

(4)

ãäå y′ = (y1, 0), x′ = (x1, 0),r = |y − x| , α = |y′ − x′| , α > 0, σ > 0, w =
i
√
u2 + α2 + y2, u ≥ 0.
Â ðàáîòå [10] äîêàçàíî, ÷òî ôóíêöèÿ Φσ(x, y) îïðåäåëåííàÿ ðàâåí-

ñòâàìè (3) ïðè σ > 0, ïðåäñòàâèìà â âèäå

Φσ(x, y) = F (r) +Gσ(x, y), (5)

ãäå F (r) = 1
2π ln 1

r , Gσ(x, y)- ãàðìîíè÷åñêàÿ ôóíêöèÿ ïî y â R2 âêëþ-
÷àÿ y = x. Îòñþäà ñëåäóåò, ÷òî ôóíêöèÿ Φσ(x, y)äëÿ ëþáîãî σ > 0 ïî y
ÿâëÿåòñÿ ôóíäàìåíòàëüíûì ðåøåíèåì óðàâíåíèÿ Ëàïëàñà. Ôóíäàìåí-
òàëüíîå ðåøåíèå Φσ(x, y) ñ óêàçàííûì ñâîéñòâîì íàçûâàåòñÿ ôóíêöèåé
Êàðëåìàíà äëÿ ïîëóïðîñòðàíñòâà [7].

Äëÿ ôóíêöèè U(y) = U(y1, y2) ∈ C4(G) ∩ C3(Ḡ) è ëþáîãî x ∈ G
ñïðàâåäëèâà ñëåäóþùàÿ èíòåãðàëüíàÿ ôîðìóëà Ãðèíà [13]:

U(x) =

∫
∂G

[
U(y)

∂ (∆L(x, y))

∂n
−∆L(x, y)

∂U(y)

∂n

]
dSy+

+

∫
∂G

[
∆U(y)

∂L(x, y)

∂n
− L(x, y)

∂ (∆U(y))

∂n

]
dSy, x ∈ G,

(6)

226



ãäå L(x, y) = r2 ln 1
r ÿâëÿåòñÿ ôóíäàìåíòàëüíûì ðåøåíèåì óðàâíåíèå

(1).
Òàê êàê Φσ(x, y) ïðåäñòàâëåíà â âèäå (5), òîãäà â èíòåãðàëüíîå ïðåä-

ñòàâëåíèå (6) L(x, y) çàìåíÿÿ íà ôóíêöèþ Lσ(x, y) = r2Φσ(x, y), èìååì:

U(x) =

∫
∂G

[
U(y)

∂ (∆Lσ(x, y))

∂n
−∆Lσ(x, y)

∂U(y)

∂n

]
dSy+

+

∫
∂G

[
∆U(y)

∂Lσ(x, y)

∂n
− Lσ(x, y)

∂ (∆U(y))

∂n

]
dSy, x ∈ G.

(7)

Ôîðìóëà ïðîäîëæåíèÿ è ðåãóëÿðèçàöèÿ ïî Ì. Ì. Ëàâðåí-
òüåâó

Îáîçíà÷èì

Uσ(x) =

∫
S

[
f1(y)

∂ (∆Lσ(x, y))

∂n
− f3(y)∆Lσ(x, y)

]
dSy+

+

∫
S

[
f2(y)

∂Lσ(x, y)

∂n
− f4(y)Lσ(x, y)

]
dSy, x ∈ G.

(8)

Îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû ñîäåðæèòñÿ â ñëåäóþùåé òåîðå-
ìå.

Òåîðåìà 1. Ïóñòü ôóíêöèÿ U(y) = U(y1, y2) ∈ C4(G) ∩ C3(Ḡ) íà
÷àñòè S ãðàíèöû ∂G óäîâëåòâîðÿþò óñëîâèÿì (2), è íà ÷àñòè T ãðàíèöû
∂G âûïîëíåíî íåðàâåíñòâî

|U(y)|+
∣∣∣∣∂U(y)

∂n

∣∣∣∣+ |∆U(y)|+
∣∣∣∣∂∆U(y)

∂n

∣∣∣∣ ≤M, y ∈ T,M > 0. (9)

Òîãäà äëÿ ëþáîãî x ∈ G è σ > 0 ñïðàâåäëèâû îöåíêè

|U(x)− Uσ(x)| ≤ ϕ(σ, x2)Me−σx
2
2 , (10)∣∣∣∣∂U(x)

∂xi
− ∂Uσ(x)

∂xi

∣∣∣∣ ≤ ϕi(σ, x2)Me−σx
2
2 , i = 1, 2, (11)

ãäå

ϕ(σ, x2) =
23
√
σπ

4σ
+

(
3
√
σπ

4σ
+ 20

√
σπ + 8

√
σπσ

)
x2+

+
(
2
√
σπ + 4

√
σπσ

)
x2

2 +
9
√
σπ

2
x3

2 +
9
√
σπ

σx2
,

(12)
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ϕ1(σ, x2) = 10 +
1

σ
+

13
√
π√
σ

+
165
√
πσ

2
+

4
√
πσ2

√
σ

+

4
√
πσ3

√
σ

+

(
44σ +

√
π

4
√
σ

+ 3 +
2
√
πσ√
σ

)
x2+

+

(
17

2
+

9
√
πσ

2
√
σ

+
4
√
πσ2

√
σ

+ 4σ

)
x2

2 + 9σx3
2+

+

(
66
√
π√
σ

+
4
√
πσ√
σ

+
1

2σ
+ 8

)
1

x2
+

20
√
π√

σx2
2

+ 16σ,

(13)

ϕ2(σ, x2) =
21
√
π

2
√
σ

+
78
√
πσ√
σ

+

(√
σπ +

1

2
+

3
√
π

4
√
σ

+
4
√
πσ2

√
σ

)
x2+

+
(
29
√
σπ + 58

√
σπσ

)
x2

2 +

√
σπ

2
x3

2 + 10
√
σπσx4

2 +
60
√
π√

σx2
2

.

(14)

Ñëåäñòâèå 1. Ïðè êàæäîì x ∈ G ñïðàâåäëèâî ðàâåíñòâî

lim
σ→∞

Uσ(x) = U(x), lim
σ→∞

∂Uσ(x)

∂xi
=
∂U(x)

∂xi
, i = 1, 2.

Îáîçíà÷èì ÷åðåç Ḡε ìíîæåñòâî

Ḡε =
{

(x1, x2) ∈ G, a > x2 ≥ ε, a = max
T

h(x1), 0 < ε < a
}
.

Ëåãêî çàìåòèòü, ÷òî ìíîæåñòâî Ḡε ⊂ G ÿâëÿåòñÿ êîìïàêòíûì.
Ñëåäñòâèå 2. Åñëè x ∈ Ḡε, òî ñåìåéñòâî ôóíêöèé {Uσ(x)} è{

∂Uσ(x)
∂xi

}
ñõîäèòñÿ ðàâíîìåðíî ïðè σ →∞, ò.å.:

Uσ(x)⇒ U(x),
∂Uσ(x)

∂xi
⇒ ∂U(x)

∂xi
, i = 1, 2.

Ñëåäóåò îòìåòèòü, ÷òî ìíîæåñòâà Πε = G\Ḡε ñëóæèò ïîãðàíè÷íûì
ñëîåì äàííîé çàäà÷è, êàê â òåîðèè ñèíãóëÿðíûõ âîçìóùåíèé, ãäå íåò
ðàâíîìåðíîé ñõîäèìîñòè.

Ëèòåðàòóðà
1. Àéçåíáåðã Ë.À.Ôîðìóëû Êàðëåìàíà â êîìïëåêñíîì àíàëèçå. // Ìîñêâà,

Íàóêà, 1990.
2. CarlemanT. Les Funñtions quasi analytiques. // Paris, 1926. 166p.
3. Ãîëóçèí Ã.Ì., Êðûëîâ Â.È. Îáîáùåííàÿ ôîðìóëà Êàðëåìàíà è åå ïðè-

ëîæåíèå ê àíàëèòè÷åñêîìó ïðîäîëæåíèþ ôóíêöèé. // Ìàò. ñá., �40, 1933,144-
149.

4. Òèõîíîâ À.Í. Îá óñòîé÷èâîñòè îáðàòíûõ çàäà÷. //ÄÀÍ ÑÑÑÐ, 39:5,
(1943),147-160.

228



5. Òèõîíîâ À.Í., Àðñåíèí Â.ß. Ìåòîäû ðåøåíèÿ íåêîððåêòíûõ çàäà÷. //
Ìîñêâà, Íàóêà, 1995

6. Òèõîíîâ À.Í., Ñàìàðñêèé À.À. Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè.//
Ìîñêâà, Íàóêà, 1974.

7. Ëàâðåíòüåâ Ì.Ì. Î çàäà÷è Êîøè äëÿ óðàâíåíèÿ Ëàïëàñà . //Èçâ. ÀÍ
ÑÑÑÐ, 20:6, (1956),819-842.

8. Ëàâðåíòüåâ Ì.Ì. Î íåêîòîðûõ íåêîððåêòíûõ çàäà÷àõ ìàòåìàòè÷åñêîé
ôèçèêè . //Èçä. ÑÎ ÀÍ ÑÑÑÐ, Íîâîñèáèðñê,1962.

9. ßðìóõàìåäîâ Ø. Î ãàðìîíè÷åñêîì ïðîäîëæåíèè äèôôåðåíöèðóåìûõ
ôóíêöèé çàäàííûõ íà êóñêå ãðàíèöû. //Ñèáèðñêèé ìàòåìàòè÷åñêèé æóðíàë,
43:1, (2002), 228-239.

10. ßðìóõàìåäîâ Ø. Ïðåäñòàâëåíèå ãàðìîíè÷åñêîé ôóíêöèè â âèäå ïîòåí-
öèàëîâ è çàäà÷à Êîøè . // Ìàòåìàòè÷åñêèå çàìåòêè, 83:5, (2008), 763-778.

11. À.Á. Õàñàíîâ, Ô.Ð. Òóðñóíîâ. Î çàäà÷å Êîøè äëÿ óðàâíåíèÿ Ëàïëàñà.
// Óôèìñêèé ìàòåì. æóðíàë, 11:4, (2019),92-106.

12.À.Á. Õàñàíîâ, Ô.Ð. Òóðñóíîâ. Çàäà÷à Êîøè äëÿ òðåõìåðíîãî óðàâíåíèÿ
Ëàïëàñà. // Èçâåñòèÿ âûñøèõ ó÷åáíûõ çàâåäåíèé. Ìàòåìàòèêà, �2,(2021), 56-
73.

13.È.Í. Âåêóà.Íîâûå ìåòîäû ðåøåíèÿ ýëëèïòè÷åñêèõ óðàâíåíèé.// OÃÈÇ
Ãîñóäàðñòâåííîå èçäàòåëüñòâî òåõíèêà -òåîðåòè÷åñêîé ëèòåðàòóðû. Ìîñêâà.
1948.

229



ÀÍÀËÈÒÈ×ÅÑÊÈÅ ÐÀÇÐÅØÀÞÙÈÅ ÑÅÌÅÉÑÒÂÀ
ÎÏÅÐÀÒÎÐÎÂ ÓÐÀÂÍÅÍÈÉ Ñ ÄÈÑÊÐÅÒÍÎ

ÐÀÑÏÐÅÄÅËÅÍÍÎÉ ÄÐÎÁÍÎÉ ÏÐÎÈÇÂÎÄÍÎÉ
@ Â.Å. Ôåäîðîâ, Í.Â. Ôèëèí
kar@csu.ru, nikolay_�lin@inbox.ru

ÓÄÊ 517.9

DOI: 10.33184/mnkuomsh1t-2021-10-06.86.

Èññëåäóåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü ëèíåéíûõ óðàâíåíèé â áà-
íàõîâûõ ïðîñòðàíñòâàõ ñ äèñêðåòíî ðàñïðåäåëåííîé äðîáíîé ïðî-
èçâîäíîé Ãåðàñèìîâà � Êàïóòî â òåðìèíàõ àíàëèòè÷åñêèõ ðàç-
ðåøàþùèõ ñåìåéñòâ îïåðàòîðîâ. Ïîëó÷åíû óñëîâèÿ â òåðìèíàõ
ðåçîëüâåíòû çàìêíóòîãî îïåðàòîðà èç ïðàâîé ÷àñòè óðàâíåíèÿ,
íåîáõîäèìûå è äîñòàòî÷íûå äëÿ ñóùåñòâîâàíèÿ òàêîãî ñåìåéñòâà
îïåðàòîðîâ, à òàêæå èçó÷åíû åãî ñâîéñòâà. Ýòè ðåçóëüòàòû èñ-
ïîëüçîâàíû äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ åäèíñòâåííîãî ðå-
øåíèÿ çàäà÷è Êîøè äëÿ ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ ñî-
îòâåòñòâóþùåãî êëàññà.

Êëþ÷åâûå ñëîâà: äèñêðåòíî ðàñïðåäåëåííàÿ äðîáíàÿ ïðîèçâîäíàÿ,
çàäà÷à Êîøè, ðàçðåøàþùåå ñåìåéñòâî îïåðàòîðîâ.

Analytic resolving families of operators for equations with
discretely distributed fractional derivative

We study the unique solvability of linear equations in Banach spaces
with a discretely distributed Gerasimov — Caputo fractional deriva-
tive in terms of analytic resolving families of operators. Necessary and
sufficient conditions for the existence of such a family of operators are
obtained in terms of the resolvent of a closed operator from the right
side of the equation, and their properties are studied. These results are
used to prove the existence of a unique solution to the Cauchy problem
for a linear inhomogeneous equation of the corresponding class.

Keywords: discretely distributed fractional derivative, Cauchy prob-
lem, resolving family of operators.

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå ñ äèñêðåòíî ðàñïðåäåëåí-
íîé äðîáíîé ïðîèçâîäíîé

n∑
k=1

ωkD
αkz(t) = Az(t), t > 0, (1)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 21-51-54003).
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ãäå n ∈ N, 0 ≤ α1 < α2 < · · · < αn, m − 1 < αn ≤ m ∈ N, ωk ∈ C \ {0},
Dαk � ïðîèçâîäíûå Ãåðàñèìîâà � Êàïóòî, k = 1, 2, . . . , n, A � ëè-
íåéíûé çàìêíóòûé ïëîòíî îïðåäåëåííûé îïåðàòîð â áàíàõîâîì ïðî-
ñòðàíñòâå Z. Ðåøåíèåì óðàâíåíèÿ (1) áóäåì íàçûâàòü òàêóþ ôóíêöèþ
z ∈ Cm−1(R+;Z) ∩ C(R+;DA), ÷òî Dαkz ∈ C(R+;Z), k = 1, 2, . . . , n, è
âûïîëíÿåòñÿ ðàâåíñòâî (1) ïðè t > 0.

Ñåìåéñòâî îïåðàòîðîâ {Sl(t) ∈ L(Z) : t ≥ 0}, l ∈ {0, 1, . . . ,m − 1},
íàçûâàåòñÿ l-ðàçðåøàþùèì äëÿ óðàâíåíèÿ (1), åñëè âûïîëíÿþòñÿ ñëå-
äóþùèå óñëîâèÿ:

(i) Sl(t) ñèëüíî íåïðåðûâíî ïðè t ≥ 0;
(ii) Sl(t)[DA] ⊂ DA, Sl(t)Az = ASl(t)z äëÿ âñåõ z ∈ DA, t ≥ 0;
(iii) Sl(t)zl ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

z(k)(0) = 0, k ∈ {0, 1, . . . ,m− 1} \ {l}, z(l)(0) = zl

äëÿ óðàâíåíèÿ (1) ïðè ëþáîì zl ∈ DA.
Àíàëèòè÷åñêîå â Σψ := {t ∈ C : | arg t| < ψ, t 6= 0} l-ðàçðåøàþùåå

ñåìåéñòâî îïåðàòîðîâ {Sl(t) ∈ L(Z) : t ≥ 0} èìååò òèï (ψ0, a0) ïðè
íåêîòîðûõ ψ0 ∈ (0, π/2], a0 ∈ R, åñëè äëÿ âñåõ ψ ∈ (0, ψ0), a > a0 ñó-
ùåñòâóåò òàêîå C(ψ, a), ÷òî äëÿ âñåõ t ∈ Σψ âûïîëíÿåòñÿ íåðàâåíñòâî
‖Sl(t)‖L(Z) ≤ C(ψ, a)ea<t.

Áóäåì ãîâîðèòü ÷òî îïåðàòîð A ïðèíàäëåæèò êëàññó AW (θ0, a0), åñëè
âûïîëíÿþòñÿ óñëîâèÿ:

1) ñóùåñòâóåò òàêîå θ0 ∈ (π/2, π], a0 ≥ 0, ÷òî
n∑
k=1

ωkλ
αk ∈ ρ(A) äëÿ

âñåõ λ ∈ Sθ0,a0 := {µ ∈ C : | arg(µ− a0)| < θ0, µ 6= a0};
2) ïðè ëþáûõ θ ∈ (π/2, θ0), a > a0 ñóùåñòâóåò òàêîå K(θ, a) > 0, ÷òî

äëÿ âñåõ λ ∈ Sθ,a∥∥∥∥∥∥
n∑
k=1

ωkλ
αk−1

(
n∑
k=1

ωkλ
αkI −A

)−1
∥∥∥∥∥∥
L(Z)

≤ K(θ, a)

|λ− a|
.

Â ðàáîòå [1] ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû.

Òåîðåìà 1. Àíàëèòè÷åñêîå 0-ðàçðåøàþùåå ñåìåéñòâî îïåðàòîðîâ
òèïà (θ0 − π/2, a0) ïðè íåêîòîðûõ θ0 ∈ (π/2, π], a0 ≥ 0 äëÿ óðàâíåíèÿ
(1) ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà A ∈ AW (θ0, a0). Ïðè ýòîì
ðàçðåøàþùåå ñåìåéñòâî åäèíñòâåííî, èìååò âèä

Z0(t) :=
1

2πi

∫
Γ

eλt
n∑
k=1

ωkλ
αk−1

(
n∑
k=1

ωkλ
αkI −A

)−1

dλ.
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Çäåñü Γ = Γ+ ∪ Γ− ∪ Γ0, Γ± = {λ ∈ C : λ = a + re±iθ, r ∈ (δ,∞)},
Γ0 = {λ ∈ C : λ = a + δeiϕ, ϕ ∈ (−θ, θ)} ïðè íåêîòîðûõ δ > 0, a > a0,
θ ∈ (π/2, θ0).

Òåîðåìà 2. Ïóñòü m − 1 < αn ≤ m ∈ N, αn > 1, ñóùåñòâóåò 0-
ðàçðåøàþùåå ñåìåéñòâî îïåðàòîðîâ {S0(t) ∈ L(Z) : t ≥ 0} òèïà (θ0 −
π/2, a0), a0 ≥ 0, äëÿ óðàâíåíèÿ (1). Òîãäà ñóùåñòâóþò l-ðàçðåøàþùèå
ñåìåéñòâà {Sl(t) ∈ L(Z) : t ≥ 0} òèïà (θ0 − π/2, a0), a0 ≥ 0, l =
1, 2, . . . ,m− 1, óðàâíåíèÿ (1).

Òåîðåìà 3. Ïóñòü m − 1 < αn ≤ m ∈ N, A ∈ AW (θ0, a0) ïðè íåêî-
òîðûõ θ0 ∈ (π/2, π], a0 ≥ 0, g ∈ C([0, T ];DA) ∪ Cγ([0, T ];Z), γ ∈ (0, 1],
zl ∈ DA, l = 0, 1, . . . ,m − 1. Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå
çàäà÷è

z(l)(0) = zl, l = 0, 1, . . . ,m− 1,

n∑
k=1

ωkD
αkz(t) = Az(t) + g(t), t > 0.
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Â ðàáîòå äëÿ îäíîé ïåðåîïðåäåë�åííîé ñèñòåìû äèôôåðåíöèàëü-
íûõ óðàâíåíèé âòîðîãî ïîðÿäêà ïîëó÷åíî ïðåäñòàâëåíèå ìíîãîîá-
ðàçèÿ ðåøåíèé â ÿâíîì âèäå, êîãäà êîýôôèöèåíòû ïåðâîãî óðàâíå-
íèÿ ñâÿçàííû ìåæäó ñîáîé îïðåäåë�åííûì îáðàçîì. Èçó÷åíû ñâîé-
ñòâà ïîëó÷åííûõ ðåøåíèé.

Êëþ÷åâûå ñëîâà: ïåðåîïðåäåëåííàÿ ñèñòåìà, ìíîãîîáðàçèÿ ðåøå-
íèé, ïðÿìîóãîëüíèê, ñóïåðñèíãóëÿðíûé êîýôôèöèåíò, ñâîéñòâà ðå-
øåíèé.

An overdetermined system of second-order equations with
special coefficients

In this work, for one overdetermined system of second-order differen-
tial equations, an explicit representation of the solution manifold is
obtained, when the coefficients of the first equation are related in a
certain way. The properties of the obtained solutions are studied.

Keywords: overdetermined system, manifold of solutions, rectangle,
supersingular coefficient, properties of solutions.

×åðåç D îáîçíà÷èì ïðÿìîóãîëüíèê

D = {(x, y) : 0 < x < δ1, 0 < y < δ2} .
Äàëåå îáîçíà÷èì

Γ1 = {y = 0, 0 < x < δ1}, Γ2 = {x = 0, 0 < y < δ2}.

Â îáëàñòè D ðàññìîòðèì ñèñòåìó óðàâíåíèé ñëåäóþùåãî âèäà

∂2u

∂x∂y
+
a1(x, y)

rα
∂u

∂x
+
b1(x, y)

rβ
∂u

∂y
+
c1(x, y)

rα+β
u =

f1(x, y)

rα+β
,

∂u

∂x
+
a2(x, y)

xγ
u =

f2(x, y)

xγ
,

∂u

∂y
+
b2(x, y)

yδ
u =

f3(x, y)

yδ
,

(1)

Øàìñóäèíîâ Ôàéçóëëî Ìàìàäóëëîåâè÷, ä.ô.-ì.í., äîöåíò, ÁîõÃÓ (Áîõòàð, Òà-
äæèêèñòàí); Shamsudinov Fayzullo (Bokhtar State University, Bokhtar, Tajikistan)

Ñàéôóëëîè Õîìèääèí, ïðåïîäàâàòåëü, ÁîõÃÓ (Áîõòàð, Òàäæèêèñòàí); Saifulloi
Homiddin (Bokhtar State University, Bokhtar, Tajikistan)

233



ãäå r2 = x2 + y2, aj(x, y), bj(x, y), c1(x, y), fk(x, y), j = 1, 2, k =
1, 3−− çàäàííûå ôóíêöèè â îáëàñòè D, α > 2, β > 2, γ = 1, δ > 1, (α, β−
íàòóðàëüíûå ÷èñëà).

Ïðîáëåìå èññëåäîâàíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé è ïåðåîïðå-
äåëåííûõ ñèñòåì ñ ðåãóëÿðíûìè, ñèíãóëÿðíûìè è ñóïåðñèíãóëÿðíûìè
êîýôôèöèåíòàìè ïîñâÿùåíû ðàáîòû [1]- [3].

Èñïîëüçóÿ ìåòîäèêó ðàçðàáîòàííîãî â [1] è [2] äëÿ ñèñòåìû óðàâ-
íåíèé (1) ïîëó÷åíî ïðåäñòàâëåíèå ìíîãîîáðàçèÿ ðåøåíèé ïðè ïîìîùè
îäíîé ïðîèçâîëüíîé ïîñòîÿííîé.

Òåîðåìà 1. Ïóñòü â ñèñòåìå óðàâíåíèé (1) α > 2, β > 2, γ = 1, δ > 1
êîýôôèöèåíòû è ïðàâûå ÷àñòè óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì

1) a1(x, y) ∈ C1
x(D), a2(x, y) ∈ C1

y(D), f2(x, y) ∈ C1
y(D),

b2(x, y) ∈ C1
x(D), f3(x, y) ∈ C1

x(D);

2)c2(x, y) = −c1(x, y) + rα+β ∂
∂x

(
a1(x,y)
rα

)
+ a1(x, y)b1(x, y) = 0;

3)|a2(x, y)− a2(0, 0)| ≤ H1x
λ1 , H1 = const, 0 < λ1 < 1,

|b2(x, y)− b2(0, 0)| ≤ H2x
λ2 , H2 = const, λ2 > δ − 1,

4) a2(0, 0) > 0, b2(0, 0) > 0,

5) a) ∂
∂x

(
a1(x,y)
rα

)
= ∂

∂y

(
a2(x,y)

x

)
= ∂

∂x

(
b2(x,y)
yδ

)
â D;

b) xf1(x, y) = xrα+β ∂
∂y ( f2(x,y)

x ) + rβa1(x, y)f1(x, y) â D

ïðè rβa2(x, y) = xγb1(x, y);

c) a2(x, y)f3(x, y)+xyδ ∂∂x ( f3(x,y)
yδ

) = b2(x, y)f2(x, y)+xyδ ∂∂y ( f2(x,y)
x ) âD.

6) f2(x, y) = o(xµ2), µ2 >| a2(0, 0) | .

Òîãäà ëþáîå ðåøåíèå ñèñòåìû óðàâíåíèé (1) èç êëàññà C2(D) ïðåä-
ñòàâèìî â âèäå

u(x, y) ≡ Θ1(ψ2(y), f2x, y)), (2)

ãäå
ψ2(y) ≡ N1(c1, y), (3)

c1 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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Ïðåäëàãàþòñÿ íîâûå ôîðìóëû ïåðâîãî ïðèáëèæåíèÿ â çàäà÷å î
âîçìóùåíèè äåôèíèòíûõ è èíäåôèíèòíûõ ìóëüòèïëèêàòîðîâ ëè-
íåéíûõ ïåðèîäè÷åñêèõ ãàìèëüòîíîâûõ ñèñòåì. Ïðåäëàãàåìûå ôîð-
ìóëû ïðèâîäÿò ê íîâûì ïðèçíàêàì óñòîé÷èâîñòè ïî Ëÿïóíîâó ëè-
íåéíûõ ïåðèîäè÷åñêèõ ãàìèëüòîíîâûõ ñèñòåì â êðèòè÷åñêèõ ñëó-
÷àÿõ. Ïîëó÷åííûå ðåçóëüòàòû ñôîðìóëèðîâàíû â òåðìèíàõ èñõîä-
íûõ óðàâíåíèé è äîâåäåíû äî ýôôåêòèâíûõ ôîðìóë è àëãîðèòìîâ.

Êëþ÷åâûå ñëîâà: ãàìèëüòîíîâà ñèñòåìà, óñòîé÷èâîñòü, ïàðàìåòðè-
÷åñêèé ðåçîíàíñ.

First approximation formulas in the problem of
perturbation of definite and indefinite multipliers of linear

Hamiltonian systems

New formulas of the first approximation are proposed in the problem of
perturbing definite and indefinite multipliers of linear periodic Hamil-
tonian systems. The proposed formulas lead to new criteria according
to the Lyapunov stability for linear periodic Hamiltonian systems in
critical cases. The results obtained are formulated in terms of the
original equations and brought to effective formulas and algorithms.

Keywords: Hamiltonian system, stability, parametric resonance.

Ðàññìàòðèâàåòñÿ ëèíåéíàÿ ïåðèîäè÷åñêàÿ ãàìèëüòîíîâà ñèñòåìà (ËÃÏÑ)

dx

dt
= JA0(t)x , x ∈ R2N , (1)

ãäå A0(t) � âåùåñòâåííàÿ ñèììåòðè÷åñêàÿ ìàòðèöà, ýëåìåíòû êîòîðîé
ÿâëÿþòñÿ íåïðåðûâíûìè è T -ïåðèîäè÷åñêèìè ôóíêöèÿìè, à ìàòðèöà J

îïðåäåëåíà ðàâåíñòâîì: J =

[
0 I
−I 0

]
; çäåñü I � åäèíè÷íàÿ (N ×N)

ìàòðèöà.

Þìàãóëîâ Ìàðàò Ãàÿçîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÁàøÃÓ (Óôà, Ðîññèÿ); Marat
Yumagulov (Bashkir State University, Ufa, Russia)

Èáðàãèìîâà Ëèëèÿ Ñóíàãàòîâíà, ê.ô.-ì.í., äîöåíò, ÁàøÃÓ (Óôà, Ðîññèÿ); Liliya
Ibragimova (Bashkir State University, Russia)

Áåëîâà Àííà Ñåðãååâíà, àñïèðàíò, ÁàøÃÓ (Óôà, Ðîññèÿ); Anna Belova (Bashkir
State University, Russia)
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Â äîêëàäå îáñóæäàþòñÿ âîïðîñû î ñèëüíîé óñòîé÷èâîñòè (ñì., íàïðè-
ìåð, [1, 2]) ñèñòåìû (1), à òàêæå ñâÿçàííûå ñ íèìè âîïðîñû î ïîâåäåíèè
äåôèíèòíûõ è èíäåôèíèòíûõ ìóëüòèïëèêàòîðîâ ýòîé ñèñòåìû ïðè ïå-
ðåõîäå îò (1) ê âîçìóùåííîé ËÏÃÑ âèäà:

dx

dt
= JA(t , ε)x , x ∈ R2N , (2)

çàâèñÿùåé îò ñêàëÿðíîãî èëè âåêòîðíîãî ïàðàìåòðà ε . Çäåñü A(t, ε) � âå-
ùåñòâåííàÿ ñèììåòðè÷åñêàÿ ìàòðèöà, ýëåìåíòû êîòîðîé ÿâëÿþòñÿ íåïðå-
ðûâíûìè è T -ïåðèîäè÷åñêèìè ïî t ôóíêöèÿìè è íåïðåðûâíî äèôôåðåí-
öèðóåìî çàâèñÿò îò ìàëîãî ïàðàìåòðà ε. Ïðè ýòîì âûïîëíåíî ðàâåíñòâî:
A(t, 0) ≡ A0(t).

Îñíîâíîå âíèìàíèå â äîêëàäå áóäåò óäåëåíî âîïðîñó î ïîñòðîåíèè
ôîðìóë ïåðâîãî ïðèáëèæåíèÿ äëÿ âîçìóùåíèé êðàòíûõ ìóëüòèïëèêà-
òîðîâ ñèñòåìû (1) â ñëåäóþùèõ îñíîâíûõ ñëó÷àÿõ, êîãäà ýòà ñèñòåìà
èìååò:

1) êðàòíûé (êðàòíîñòè 2) ïîëóïðîñòîé ìóëüòèïëèêàòîð µ0 òàê, ÷òî
|µ0| = 1 è µ0 6= ±1;

2) êðàòíûé (êðàòíîñòè 2) íåïîëóïðîñòîé ìóëüòèïëèêàòîð µ0 òàê, ÷òî
|µ0| = 1 è µ0 6= ±1;

3) ìóëüòèïëèêàòîð 1 èëè −1 êðàòíîñòè 2.

Ïîëó÷åííûå ôîðìóëû ïåðâîãî ïðèáëèæåíèÿ äëÿ âîçìóùåíèÿ ìóëü-
òèïëèêàòîðà µ0 èñïîëüçóþòñÿ äëÿ èçó÷åíèÿ çàäà÷è àíàëèçà óñòîé÷èâî-
ñòè ïî Ëÿïóíîâó ËÏÃÑ (2). Ïîëó÷åííûå ðåçóëüòàòû ÿâëÿþòñÿ ðàçâèòè-
åì ðåçóëüòàòîâ [3].
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Lagange manifolds related to Bessel functions and
applications

We establish the correspondence of Bessel functions with suitable La-
grangian manifolds using new integral representations for the canon-
ical Maslov operator recently constructed by S. Yu. Dobrokhotov,
V. E. Nazaykinskii and A. I. Shafarevich. This makes it possible to
obtain various ”geometric” asymptotics for Bessel functions. As an
application, we consider the problems of Bessel wave beams.

The work was done together with D. S. Minenkov and V. E. Naza-
ykinskii.

Keywords: mathematics, differential equations, spectral theory.

Ìû óñòàíàâëèâàåì ñîîòâåòñòâèå ôóíêöèé Áåññåëÿ ñ ïîäõîäÿùèìè
ëàãðàíæåâûìè ìíîãîîáðàçèÿìè ñ ïîìîùüþ íåäàâíî ïîñòðîåííûõ
Ñ.Þ.Äîáðîõîòîâûì, Â.Å.Íàçàéêèíñêèì è À.È.Øàôàðåâè÷åì íîâûõ èí-
òåãðàëüíûõ ïðåäñòàâëåíèé äëÿ êàíîíè÷åñêîãî îïåðàòîðà Ìàñëîâà. Ýòî
äàåò âîçìîæíîñòü ïîëó÷èòü ðàçëè÷íûå �ãåîìåòðè÷åñêèå� àñèìïòîòèêè
äëÿ ôóíêöèé Áåññåëÿ. Â êà÷åñòâå ïðèëîæåíèÿ ìû ðàññìàòðèâàåì çàäà-
÷è î áåññåëåâûõ âîëíîâûõ ïó÷êàõ.
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Â.Å.Íàçàéêèíñêèì.

Ðàáîòà âûïîëíåíà ïî òåìå ãîñóäàðñòâåííîãî çàäàíèÿ (N ãîñðåãèñòðàöèè ÀÀÀÀ-
À20-120011690131-7).

Äîáðîõîòîâ Ñåðãåé Þðüåâè÷, ä.ô.-ì.í., ïðîôåññîð, ÈÏÌåõ ÐÀÍ (Ìîñêâà, Ðîñ-
ñèÿ); Sergey Dobrokhotov (Ishlinsky Institute for Problem in Mechanics RAS, Moscow,
Russia)

239238
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Â ñâÿçè ñ çàäà÷åé îïèñàíèÿ àôôèííî îäíîðîäíûõ ãèïåðïîâåðõ-
íîñòåé â R4 (è ãîëîìîðôíî îäíîðîäíûõ ãèïåðïîâåðõíîñòåé â C4)
èçó÷àþòñÿ îðáèòû äâóõ ñåìåéñòâ àáåëåâûõ ïîäàëãåáð àëãåáðû Ëè
gl(4,R). Äëÿ îäíîãî èç íèõ äàíû êîîðäèíàòíûå îïèñàíèÿ îðáèò è
óñòàíîâëåíà âûðîæäåííîñòü âñåõ ïîëó÷åííûõ ãèïåðïîâåðõíîñòåé.
Äîêàçàíî, ÷òî èõ ñòàáèëèçàòîðû äèñêðåòíû, à ðàçìåðíîñòü ïðî-
ñòðàíñòâà ìîäóëåé ñåìåéñòâà ýòèõ îðáèò ðàâíà 2. Ñôîðìóëèðîâàíà
îáùàÿ ãèïîòåçà î ðàçìåðíîñòÿõ òàêèõ ïðîñòðàíñòâ äëÿ îäíîðîä-
íûõ ãèïåðïîâåðõíîñòåé.

Êëþ÷åâûå ñëîâà: àëãåáðà Ëè, îäíîðîäíàÿ ãèïåðïîâåðõíîñòü, ñòà-
áèëèçàòîð

Orbits in R4 of an abelian 3-dimensional Lie algebra

In connection with the problem of describing affinely homogeneous
hypersurfaces in R4 (and holomorphically homogeneous hypersurfaces
in C4), we study the orbits of two families of Abelian subalgebras of
the Lie algebra gl(4,R). For one of them, coordinate descriptions of
the orbits are given and the degeneracy of all obtained hypersurfaces
is established. It is proved that their stabilizers are discrete, and
the dimension of the moduli space of the family of these orbits is 2.
A general conjecture is stated about dimensions of such spaces for
homogeneous hypersurfaces.

Keywords: Lie algebra, homogeneous hypersurface, stabilizer

Îäíîðîäíûå ãèïåðïîâåðõíîñòè â ëþáûõ ïðîñòðàíñòâàõ � ýòî îðáèòû
íåêîòîðûõ àëãåáð Ëè âåêòîðíûõ ïîëåé. Â çàäà÷å ëîêàëüíîãî îïèñàíèÿ è
êëàññèôèêàöèè àôôèííî îäíîðîäíûõ ãèïåðïîâåðõíîñòåé ïðîñòðàíñòâà
R4 â íàñòîÿùåå âðåìÿ íàèáîëüøèé èíòåðåñ ïðåäñòàâëÿåò ñëó÷àé îäíî-
ðîäíîñòè, ñâÿçàííûé ñ îðáèòàìè 3-ìåðíûõ àëãåáð Ëè àôôèííûõ âåê-
òîðíûõ ïîëåé.
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Àáåëåâà àëãåáðà Ëè ñîñòàâëÿåò ëèøü îäèí èç äåâÿòè òèïîâ (íàïðè-
ìåð, â êëàññèôèêàöèè [1]) 3-ìåðíûõ àëãåáð Ëè. Êîëè÷åñòâî æå ïðåä-
ñòàâëåíèé àáåëåâîé n-ìåðíîé àëãåáðû â Rn+1 îêàçûâàåòñÿ ïðè n > 1
âåñüìà áîëüøèì. Òàê, èìååòñÿ 17 òèïîâ (ñì. [2], Ëåììà 1) 2-ìåðíûõ àáå-
ëåâûõ ïîäàëãåáð â àëãåáðå Ëè gl(3,R), íå ñâîäèìûõ äðóã ê äðóãó ìàò-
ðè÷íûìè ïîäîáèÿìè (ñîïðÿæåíèÿìè). Àíàëîãè÷íûé âîïðîñ î ñåìåéñòâàõ
3-ìåðíûõ àáåëåâûõ ïîäàëãåáð â gl(4,R) ïîêà îñòàåòñÿ íå èçó÷åííûì â
ïîëíîì îáúåìå.

Íèæå îáñóæäàþòñÿ äâà ñåìåéñòâà 3-ìåðíûõ àáåëåâûõ ïîäàëãåáð â
gl(4,R). Ýòè ñåìåéñòâà èíòåðåñíû, íàïðèìåð, òåì, ÷òî ÿâëÿþòñÿ äîñòà-
òî÷íî îáøèðíûìè, à âñå èõ îðáèòû èìåþò íóëåâóþ ãàóññîâó êðèâèçíó.
Òðóáêè â C4 íàä òàêèìè ïîâåðõíîñòÿìè ÿâëÿþòñÿ ïðåäñòàâèòåëÿìè ñëà-
áî èçó÷åííîãî êëàññà 2-íåâûðîæäåííûõ ãîëîìîðôíî îäíîðîäíûõ ãèïåð-
ïîâåðõíîñòåé (âûðîæäåííûõ â ñìûñëå Ëåâè).

Ïðèìåð 1. Áàçèñ ïåðâîãî ñåìåéñòâà

e1 =


0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

 , e2 =


µ1 0 1 0
0 µ1 0 1
µ2 1 0 0
0 µ2 0 0

 , e3 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 .
(1)

Òåîðåìà 1. Åñëè a1 > a2, µ1 = a1 + a2, µ2 = −a1a2, òî îðáèòàìè
ñåìåéñòâà (1) ÿâëÿþòñÿ ïîâåðõíîñòè, îïèñûâàåìûå (ñ òî÷íîñòüþ äà
àôôèííîé ýêâèâàëåíòíîñòè) óðàâíåíèÿìè

x1x4 − x2x3 = (x2
2 − µ1x2x4 − µ2x

2
4) ln

(
x2 − a2x4

x2 − a1x4

)
. (2)

Òî÷êàì íåêîòîðîãî îòêðûòîãî ïîäìíîæåñòâà ïëîñêîñòè ïàðàìåò-
ðîâ (a1, a2) ñîîòâåòñòâóþò àôôèííî ðàçëè÷íûå ïîâåðõíîñòè ñåìåé-
ñòâà (2), èìåþùèå äèñêðåòíûé àôôèííûé ñòàáèëèçàòîð.

Çàìå÷àíèå. Âîïðîñ î êîëè÷åñòâå ñóùåñòâåííûõ ïàðàìåòðîâ, îïèñû-
âàþùèõ ñåìåéñòâà àëãåáð è èõ îðáèò, ÿâëÿåòñÿ äîñòàòî÷íî òîíêèì. Òàê,
ïðèìåð (1) ïîÿâèëñÿ èç íà÷àëüíîãî ðàññìîòðåíèÿ ñåìåéñòâà àëãåáð, â
êîòîðîì áàçèñíàÿ ìàòðèöà

e2 =


µ1 a µ3 c
0 µ1 0 µ3

µ2 b µ4 d
0 µ2 0 µ4


ñîñòîèò èç ÷åòûðåõ êëåòîê ¾æîðäàíîâà òèïà¿ è ñîäåðæèò 8 âåùåñòâåí-
íûõ ïàðàìåòðîâ (êàê è ñåìåéñòâî àëãåáð Ëè g =< e1, e2, e3 >).
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Ïðèìåð 2. Áàçèñ âòîðîãî ñåìåéñòâà

e1 =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 , e2 =


µ1 1 1 0
−1 µ1 0 1
µ2 a 0 0
−a µ2 0 0

 , e3 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 .
(3)

ñîäåðæèò òðè âåùåñòâåííûõ ïàðàìåòðà µ1, µ2, a è îáðàçîâàí ¾áëî÷íî-
ïîâîðîòíûìè¿ ìàòðèöàìè.

Åñòåñòâåííîé ÿâëÿåòñÿ ãèïîòåçà î ñóùåñòâîâàíèè íå áîëåå ÷åì (n−1)-
ïàðàìåòðè÷åñêèõ ñåìåéñòâ âûðîæäåííûõ àôôèííî îäíîðîäíûõ ãèïåð-
ïîâåðõíîñòåé â ïðîcòðàíñòâå Rn+1. Â îáñóæäàåìîé ñèòóàöèè ãèïîòåçà
î äâóõ ïàðàìåòðàõ, îïèñûâàþùèõ ñåìåéñòâî àëãåáð (3) è ñîîòâåòñòâóþ-
ùèõ èì îðáèò, ïîêà íàõîäèòñÿ â ñòàäèè ïðîâåðêè.

Ðåçóëüòàòû òåîðåìû 1 ïîëó÷åíû çà ñ÷åò èíòåãðèðîâàíèÿ àëãåáð è
èçó÷åíèÿ èõ îðáèò ñ ïîìîùüþ òåõíèêè íîðìàëüíûõ ôîðì. Ñåìåéñòâî
(3) ÿâëÿåòñÿ áîëåå ñëîæíûì äëÿ èññëåäîâàíèÿ â ðàìêàõ òàêèõ ïîäõîäîâ.
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