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Башкирский государственный университет совместно с 
Институтом математики с ВЦ УФИЦ РАН ежегодно, начиная с 
2012 г., проводит международные научные конференции, 
основные тематики которых связаны со спектральной теорией, с 
нелинейным и комплексным анализом, дифференциальными 
уравнениями и математическим моделированием.   Выбор таких 
направлений определялся как активной работой в указанных 
областях   многих математиков из Башкортостана, 
взаимопроникновением идей и методов спектральной теории, 
нелинейного и комплексного анализа при решении многих 
актуальных задач в указанных областях, так и соответствующим 
сотрудничеством с коллегами из многих научных центров России 
и зарубежья.  

В последние годы особенно активным стало сотрудничество в 
указанных областях математики с учеными из ряда научных и 
образовательных организаций Узбекистана, Казахстана и 
Таджикистана. Со многими организациями заключены 
соответствующие Договора о научном сотрудничестве.  

Важными событиями для конференции стали то, что начиная 
с 2020 г. в число организаторов конференции вошел Научно-
образовательный математический центр Приволжского 
федерального округа, а в 2021 г. - Академия наук Республики 
Башкортостан.   

Начиная с 2019 г. конференция приобрела новый статус, 
преобразовавшись в "Уфимскую осеннюю математическую 
школу". Теперь, наряду с обсуждением новейших научных 
результатов и открытых проблем, важное место в работе 
конференции занимают обзорные лекции ведущих ученых для 
аспирантов и молодых ученых.  

Научная программа конференции УОМШ-21 охватывает 
следующие направления: 

• спектральная теория операторов; 

• комплексный и функциональный анализ; 

• нелинейные уравнения; 

• дифференциальные уравнения и их приложения; 

• математическое моделирование. 
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Î ÑÓÙÅÑÒÂÎÂÀÍÈÈ ÏÎËÎÆÈÒÅËÜÍÎÃÎ ÐÅØÅÍÈß
ÊÐÀÅÂÎÉ ÇÀÄÀ×È ÄËß ÎÄÍÎÃÎ ÍÅËÈÍÅÉÍÎÃÎ
ÔÓÍÊÖÈÎÍÀËÜÍÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ

ÓÐÀÂÍÅÍÈß ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ
@ Ã.Ý. Àáäóðàãèìîâ
gusen_e@mail.ru

ÓÄÊ 517.927

DOI: 10.33184/mnkuomsh2t-2021-10-06.1.

Ðàññìàòðèâàåòñÿ äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à äëÿ îäíîãî íåëè-
íåéíîãî ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî
ïîðÿäêà. Ñ ïîìîùüþ ñïåöèàëüíûõ òîïîëîãè÷åñêèõ ñðåäñòâ ïîëó-
÷åíû äîñòàòî÷íûå óñëîâèÿ, îáåñïå÷èâàþùèå ñóùåñòâîâàíèå ïî êðàé-
íåé ìåðå îäíîãî ïîëîæèòåëüíîãî ðåøåíèÿ èññëåäóåìîé çàäà÷è.

Êëþ÷åâûå ñëîâà: ïîëîæèòåëüíîå ðåøåíèå, êðàåâàÿ çàäà÷à, êîíóñ.

On the existence of a positive solution to a boundary value
problem for one nonlinear functional - differential equation

of the second order

A two-point boundary value problem for one nonlinear functional dif-
ferential equation of the second order is considered. With the help of
special topological means sufficient conditions are obtained to ensure
the existence at least one positive solution to the problem under study.

Keywords: positive solution,boundary value, cone.

Ðàññìîòðèì êðàåâóþ çàäà÷ó

x′′(t) + f (t, (Tx) (t)) = 0, 0 < t < 1, (1)

x(0) = 0, x(1) =

∫ 1

0

a(s)x(s) ds, (2)

ãäå a(t) � íåîòðèöàòåëüíàÿ íå âîçðàñòàþùàÿ è ñóììèðóåìàÿ íà [0, 1]
ôóíêöèÿ, ïðè÷åì a(0) = 0, T : C → Lp (1 < p < ∞) � ëèíåéíûé ïî-
ëîæèòåëüíûé íåïðåðûâíûé îïåðàòîð, ôóíêöèÿ f(t, u) íåîòðèöàòåëüíà,
âîçðàñòàåò ïî âòîðîìó àðãóìåíòó, óäîâëåòâîðÿåò óñëîâèþ Êàðàòåîäîðè
è f(·, 0) ≡ 0.

Îáîçíà÷èì ÷åðåç K̃ êîíóñ íåîòðèöàòåëüíûõ ôóíêöèé x(t) ïðîñòðàí-
ñòâà C, óäîâëåòâîðÿþùèõ óñëîâèþ

x(t) ≥ ‖x‖C · ϕ(t),

Àáäóðàãèìîâ Ãóñåí Ýëüäåðõàíîâè÷, ê.ô.-ì.í., äîöåíò, ÄÃÓ (Ìàõà÷êàëà, Ðîññèÿ);
Gusen Abduragimov (Dagestan State University of Makhachkala, Russia)
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ãäå ϕ(t) = min(t, 1− t).
Òåîðåìà. Ïðåäïîëîæèì, ÷òî T : C → Lp � ïîëîæèòåëüíûé íà

êîíóñå [1, c.59] K̃ îïåðàòîð è âûïîëíåíû óñëîâèÿ

(2) ψ(u) ≤ f(t, u) ≤ bu, t ∈ [0, 1], u ≥ 0, ãäå b > 0, ψ(u) �òàêàÿ

íåîòðèöàòåëüíàÿ íåóáûâàþùàÿ ôóíêöèÿ, ÷òî limu→∞
ψ(u)
u =∞;

(1) bγ < 1, ãäå γ � íîðìà îïåðàòîðà T : C → Lp.

Òîãäà êðàåâàÿ çàäà÷à (1)�(2) èìååò ïî ìåíüøåé ìåðå îäíî ïîëîæè-
òåëüíîå ðåøåíèå.

Ëèòåðàòóðà
1. Êðàñíîñåëüñêèé Ì.À. Ïîëîæèòåëüíûå ðåøåíèÿ îïåðàòîðíûõ óðàâíå-

íèé. � Ôèçìàòãèç, Ì., 1962
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Î ÏÎÑÒÐÎÅÍÈÈ ËßÏÓÍÎÂÑÊÈÕ ÂÅËÈ×ÈÍ Â ÇÀÄÀ×Å
Î ÁÈÔÓÐÊÀÖÈÈ ÀÍÄÐÎÍÎÂÀ-ÕÎÏÔÀ Â ÑÈÑÒÅÌÅ

�ÐÅÀÊÖÈß-ÄÈÔÔÓÇÈß�
@ Ã.Ð. Àáóøàõìèíà
abushahmina@gmail.com

ÓÄÊ 517.9

DOI: 10.33184/mnkuomsh2t-2021-10-06.2.

Ðàññìàòðèâàåò ïîñòðîåíèå Ëÿïóíîâñêèõ âåëè÷èí â çàäà÷å î áè-
ôóðêàöèè Àíäðîíîâà-Õîïôà â ñèñòåìå �ðåàêöèÿ-äèôôóçèÿ�.

Êëþ÷åâûå ñëîâà: áèôóðêàöèÿ, Ëÿïóíîâñêèå âåëè÷èíû.

On the construction of Lyapunov quantities in the
Andronov-Hopf bifurcation problem in the

reaction-diffusion system

Considers the construction of Lyapunov quantities in the Andronov-
Hopf bifurcation problem in the reaction-diffusion system.

Keywords: bifurcation, Lyapunov quantities.

Ðàññìàòðèâàåòñÿ ñèñòåìà �ðåàêöèÿ-äèôôóçèÿ� (ñì., [1,2]), îïèñûâàå-
ìàÿ äèôôåðåíöèàëüíûì óðàâíåíèåì

dw

dt
= A(µ)w +K(µ)∆w + h(w, µ), (1)

ñ ãðàíè÷íûìè óñëîâèÿìè Íåéìàíà

∂w

∂n

∣∣∣∣
∂Ω

= 0, (2)

ãäå w = w(x, y) =

[
u(x, y)
v(x, y)

]
, A(µ) = [aij(µ)], K(µ) = [kij(µ)] � êâàäðàò-

íûå âåùåñòâåííûå ìàòðèöû ïîðÿäêà 2, ãëàäêî çàâèñÿùèå îò ñêàëÿðíîãî
ïàðàìåòðà µ, ïðè ýòîì kij(µ) > 0; K(µ) - ìàòðèöà äèôôóçèè; íåëè-
íåéíîñòü h(w, µ) íà÷èíàåòñÿ ñ êâàäðàòè÷íûõ ïî w ñëàãàåìûõ. ∆ � ýòî

îïåðàòîð Ëàïëàñà: ∆ =
∂2

∂x2
+

∂2

∂y2
.

Óðàâíåíèå (1) èìååò íóëåâîå ðåøåíèå w ≡ 0. Â äàííîì äîêëàäå èçó-
÷àþòñÿ âîïðîñû î áèôóðêàöèè Àíäðîíîâà-Õîïôà â îêðåñòíîñòè ýòîãî
ðåøåíèÿ. Îñíîâíîå âíèìàíèå óäåëÿåòñÿ íàõîæäåíèþ äîñòàòî÷íûõ óñëî-
âèé óêàçàííîé áèôóðêàöèè, à òàêæå âîïðîñó ïîñòðîåíèÿ ñîîòâåòñòâóþ-
ùèõ ëÿïóíîâñêèõ âåëè÷èí.

Àáóøàõìèíà Ãóëüôèÿ Ðèíàòîâíà, ñò.ïðåïîäàâàòåëü, ÁÃÌÓ (Óôà, Ðîññèÿ);
Gul�ya Abushakhmina (Bashkir State Medical University, Ufa, Russia)
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Äëÿ öåëûõ m,n îïðåäåëèì ìàòðèöû

Bmn(µ) = A(µ)− (m2 + n2)K(µ) (3)

è ôóíêöèè

ϕmn(µ) = Bmn(µ), ψmn(µ) = detBmn(µ) . (4)

Òåîðåìà 1. Ïóñòü ïðè íåêîòîðûõ öåëûõ m0, n0 âûïîëíåíû ñîîòíî-
øåíèÿ: ϕm0n0(µ0) = 0, ϕ′m0n0

(µ0) 6= 0 è ψm0n0(µ0) > 0. Òîãäà µ0 ÿâëÿåò-
ñÿ òî÷êîé áèôóðêàöèè Àíäðîíîâà-Õîïôà çàäà÷è (1), (2).

Ïðè äîêàçàòåëüñòâå ýòîé òåîðåìû îáñóæäàþòñÿ âîïðîñû ïîñòðîåíèÿ
ëÿïóíîâñêèõ âåëè÷èí è ïîêàçàòåëåé òðàíñêðèòè÷íîñòè (ñì., [3]).

Ëèòåðàòóðà
1. Õýññàðä Á., Êàçàðèíîâ Í., Âýí È. Òåîðèÿ è ïðèëîæåíèÿ áèôóðêàöèè

ðîæäåíèÿ öèêëà. Ïåð. ñ àíãë. 1985. 280 ñ.
2. Áðàòóñü À.Ñ., Íîâîæèëîâ À.Ñ., Ïëàòîíîâ À.Ï.Äèíàìè÷åñêèå ñèñòåìû

è ìîäåëè áèîëîãèè. 2010. 436 ñ.
3. Ãóñàðîâà Í.È., Ìóðòàçèíà Ñ.À., Ôàçëûòäèíîâ Ì.Ô., Þìàãóëîâ Ì.Ã

Îïåðàòîðíûå ìåòîäû âû÷èñëåíèÿ ëÿïóíîâñêèõ âåëè÷èí â çàäà÷àõ î ëîêàëü-
íûõ áèôóðêàöèÿõ äèíàìè÷åñêèõ ñèñòåì: // Óôèìñêèé ìàòåìàòè÷åñêèé æóð-
íàë, 10:1 (2018), 25-49.

9



ÀÑÈÌÏÒÎÒÈ×ÅÑÊÀß ÓÑÒÎÉ×ÈÂÎÑÒÜ È
ÁÈÔÓÐÊÀÖÈÈ ÍÅËÈÍÅÉÍÛÕ

ÍÅÏÐÅÐÛÂÍÎ-ÄÈÑÊÐÅÒÍÛÕ ÄÈÍÀÌÈ×ÅÑÊÈÕ
ÑÈÑÒÅÌ

@ Ñ.Â. Àêìàíîâà
svet.akm_74@mail.ru

ÓÄÊ 517.938

DOI: 10.33184/mnkuomsh2t-2021-10-06.3.

Â ðàáîòå ðàññìàòðèâàåòñÿ îáùåãî âèäà íåïðåðûâíî-äèñêðåòíàÿ
äèíàìè÷åñêàÿ ñèñòåìà,çàäàþùàÿñÿ íåëèíåéíûìè óðàâíåíèÿìè, è
èìåþùàÿ ïîñòîÿííûé øàã äèñêðåòèçàöèè. Âûÿâëåíû è äîêàçàíû
óñëîâèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ òàêîé
ñèñòåìû, à òàêæå íåêîòîðûå îñîáåííîñòè å¼ áèôóðêàöèîííîãî ïî-
âåäåíèÿ.

Êëþ÷åâûå ñëîâà: íåïðåðûâíî-äèñêðåòíàÿ ñèñòåìà, ñîáñòâåííûå çíà-
÷åíèÿ ìàòðèöû,òî÷êà ðàâíîâåñèÿ, àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü,
áèôóðêàöèÿ.

Asymptotic stability and bifurcations of nonlinear
continuous-discrete dynamical systems

The paper considers a general form of a continuous-discret dynamic
system, given by nonlinear equations, and having a constant discretiza-
tion step. The conditions of asymptotic stability of the zero solution
of such a system, as wellas some features of its bifurcation behavior,
are identified and proved.

Keywords: continuous-discrete system, matrix eigenvalues, the equi-
librium point, asymptotic stability , bifurcation.

Ðàññìàòðèâàåòñÿ íåëèíåéíàÿ íåïðåðûâíî-äèñêðåòíàÿ ñèñòåìà{
x′(t) = f(x(t)), y(tk)),

y(tk+1) = g(x(tk+1), y(tk)),
(1)

ãäå x, y ∈ R1, t ∈ [tk, tk+1), k = 0, 1, 2..., h = tk+1 − tk > 0, f , g - íåïðå-
ðûâíî äèôôåðåíöèðóåìûå ôóíêöèè òàêèå, ÷òî f(0, 0) = 0, g(0, 0) = 0.
Âåëè÷èíà h > 0 ïðåäïîëàãàåòñÿ ïîñòîÿííîé, ò.å. íå çàâèñèò îò k.

Òîãäà ñèñòåìà (1) èìååò òî÷êó ðàâíîâåñèÿ x∗ = y∗ = 0. Ðàñêëàäûâàÿ
ïî ôîðìóëå Òåéëîðà íåëèíåéíîñòè f(x, y), g(x, y) â îêðåñòíîñòè äàííîé

Àêìàíîâà Ñâåòëàíà Âëàäèìèðîâíà, ê.ï.í., äîöåíò, Ìàãíèòîãîðñêèé ãîñóäàð-
ñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èì. Ã.È.Íîñîâà (Ìàãíèòîãîðñê, Ðîññèÿ); Svetlana
Akmanova (Nosov Magnitogorsk State Technical University, Magnitogorsk, Russia)
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òî÷êè ðàâíîâåñèÿ, ïåðåéä¼ì îò (1) ê ðàâíîñèëüíîé ñèñòåìå{
x′(t) = a1x(t) + b1yk + a(x(t), yk),
yk+1 = a2xk+1 + b2yk + b(xk+1, yk),

(2)

ãäå yk = y(tk), xk = x(tk), a1 = f ′x(0, 0), b1 = f ′y(0, 0), a2 = g′x(0, 0),
b2 = g′y(0, 0), a(x, y) = O(|x|2 + |y|2), b(x, y) = O(|x|2 + |y|2) ïðè x→ 0 ,
y → 0.

Ïîëîæèì

A =

[
ea1h b1(ea1h − 1)/a1

a2e
a1h a2b1(ea1h − 1)/a1 + b2

]
. (3)

Ñïðàâåäëèâà

Òåîðåìà 1. Ïóñòü ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû (3) ïî ìîäóëþ
ìåíüøå 1, òî íóëåâîå ðåøåíèå ñèñòåìû (1) àñèìïòîòè÷åñêè óñòîé÷è-
âî.

Åñëè õîòÿ áû îäíî ñîáñòâåííîå çíà÷åíèå ìàòðèöû (3) ïî ìîäóëþ
áîëüøå 1, òî íóëåâîå ðåøåíèå ñèñòåìû (1) íåóñòîé÷èâî.

Îñîáîå âíèìàíèå â äîêëàäå óäåëèì ñëó÷àÿì, êîãäà a1 < 0 è |b2| < 1.
Òîãäà íóëåâûå òî÷êè ðàâíîâåñèÿ ñèñòåì

x′(t) = a1x(t), (4)

yk+1 = b2yk, (5)

àñèìïòîòè÷åñêè óñòîé÷èâû (ñì., íàïðèìåð, [1]). Îäíàêî ïðè ïåðåõîäå îò
ñèñòåì (4) è (5) ê íåïðåðûâíî-äèñêðåòíîé ñèñòåìå (2) ìîæåò èçìåíèòü-
ñÿ õàðàêòåð óñòîé÷èâîñòè íóëåâûõ òî÷åê ðàâíîâåñèÿ ýòèõ ñèñòåì, ÷òî
ìîæåò ïðèâåñòè ê ðàçëè÷íûì áèôóðêàöèÿì ñèñòåìû (2).

Äëÿ äåòàëüíîãî èçó÷åíèÿ îñîáåííîñòåé áèôóðêàöèé ñèñòåìû (1) íà
îñíîâå ñèñòåìû (2) â îêðåñòíîñòè òî÷êè x∗ = y∗ = 0 ïîëîæèì, ÷òî a1 =
−1 è b2 = 1

2 , ïðè ýòîì â êà÷åñòâå áèôóðàöèîííîãî ïàðàìåòðà áóäåì
ðàññìàòðèâàòü âåëè÷èíó h. Òîãäà c ó÷¼òîì [2, 3] ñïðàâåäëèâû

Òåîðåìà 2. Åñëè a2b1 = 1
2 , òî ëþáîå çíà÷åíèå h > 0 ÿâëÿåòñÿ

òî÷êîé áèôóðêàöèè ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû (1), êîòîðàÿ ìî-
æåò áûòü ðåàëèçîâàíà êàê òðàíñêðèòè÷åñêàÿ èëè êàê áèôóðêàöèÿ òè-
ïà âèëêè.

Òåîðåìà 3. Åñëè a2b1 = − 3
2 ·

1+e−h0

1−e−h0 ïðè íåêîòîðîì h0 > 0, òî òî÷êà
h0 ÿâëÿåòñÿ òî÷êîé áèôóðêàöèè 2h0-ïåðèîäè÷åñêèõ ðåøåíèé ñèñòåìû
(1).
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Ïîëó÷åííûå ðåçóëüòàòû ïðè ñîîòâåòñòâóþùåé èõ ìîäèôèêàöèè ìîæ-
íî ðàñïðîñòðàíèòü íà ñëó÷àé ñèñòåìû (1), êîãäà

x ∈ Rn, y ∈ Rm, f : Rn+m → Rn, g : Rn+m → Rm.

Ëèòåðàòóðà
1.Þìàãóëîâ Ì. Ã. Ââåäåíèå â òåîðèþ äèíàìè÷åñêèõ ñèñòåì.− ÑÏá.: Ëàíü,

2015. − 272.
2. Øèëüíèêîâ Ë.Ï., Øèëüíèêîâ À.À.,Òóðàåâ Ä.Â.,×óà Ë. Ìåòîäû êà÷å-

ñòâåííîé òåîðèè â íåëèíåéíîé äèíàìèêå. ×àñòü 2. − Ìîñêâà-Èæåâñê: Èíñòè-
òóò êîìïüþòåðíûõ èññëåäîâàíèé, 2009. − 548.

3. Þìàãóëîâ Ì.Ã., Ãóñàðîâà Í.È., Ìóðòàçèíà Ñ.À., Ôàëûòäèíîâ Ì.Ô.
Îïåðàòîðíûå ìåòîäû âû÷èñëåíèÿ ëÿïóíîâñêèõ âåëè÷èí â çàäà÷àõ î ëîêàëü-
íûõ áèôóðêàöèÿõ äèíàìè÷åñêèõ ñèñòåì // Óôèìñêèé ìàòåìàòè÷åñêèé æóð-
íàë. Òîì 10. �1. 2018.− 25-49.
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Ìåòîä îáðàòíîé ñïåêòðàëüíîé çàäà÷è ïðèìåíÿåòñÿ äëÿ èíòåãðè-
ðîâàíèÿ ìîäèôèöèðîâàííîãî óðàâíåíèÿ Êîðòåâåãà-äå Ôðèçà ñ íà-
ãðóæåííûìè ÷ëåíàìè è èíòåãðàëüíûì èñòî÷íèêîì â êëàññå áåñêî-
íå÷íîçîííûõ ïåðèîäè÷åñêèõ ôóíêöèé. Âûâîäèòñÿ ýâîëþöèÿ ñïåê-
òðàëüíûõ äàííûõ ïåðèîäè÷åñêîãî îïåðàòîðà Äèðàêà, êîýôôèöè-
åíò êîòîðîãî ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ ìÊäÔ ñ íàãðóæåí-
íûìè ÷ëåíàìè è èíòåãðàëüíûì èñòî÷íèêîì. Ïîêàçàíî, ÷òî ñóì-
ìà ðàâíîìåðíî ñõîäÿùåãîñÿ ôóíêöèîíàëüíîãî ðÿäà ïîñòðîåííîãî
ñ ïîìîùüþ ðåøåíèÿ àíàëîãà ñèñòåìû óðàâíåíèé Äóáðîâèíà è ôîð-
ìóëà ïåðâîãî ñëåäà äåéñòâèòåëüíî óäîâëåòâîðÿåò óðàâíåíèÿ ìÊäÔ
ñ íàãðóæåííûìè ÷ëåíàìè è èíòåãðàëüíûì èñòî÷íèêîì. Êðîìå òî-
ãî äîêàçàíî, ÷òî

1) åñëè íà÷àëüíàÿ ôóíêöèÿ ÿâëÿåòñÿ äåéñòâèòåëüíîé π - ïåðè-
îäè÷åñêîé àíàëèòè÷åñêîé ôóíêöèåé, òî è ðåøåíèå çàäà÷è Êîøè
äëÿ óðàâíåíèÿ ìÊäÔ ñ íàãðóæåííûìè ÷ëåíàìè è èñòî÷íèêîì èí-
òåãðàëüíîãî òèïà òîæå ÿâëÿåòñÿ äåéñòâèòåëüíîé àíàëèòè÷åñêîé
ôóíêöèåé ïî ïåðåìåííî x;

2) åñëè ÷èñëî π/2 ÿâëÿåòñÿ ïåðèîäîì (àíòèïåðèîäîì) íà÷àëüíîé
ôóíêöèè, òî ÷èñëî π/2 ÿâëÿåòñÿ ïåðèîäîì (àíòèïåðèîäîì) äëÿ ðå-
øåíèÿ çàäà÷è Êîøè ïî ïåðåìåííîé x.

Êëþ÷åâûå ñëîâà: Äåôîêóñèðóåøåãî íåëèíåéíîãî óðàâíåíèÿ Øðå-
äèíãåðà (ÄÍÓØ), îïåðàòîð Äèðàêà, ñïåêòðàëüíûå äàííûå, ñèñòå-
ìà óðàâíåíèé Äóáðîâèíà, ôîðìóëû ñëåäîâ.

Integration of the modified Korteweg-de Vries equation
with loaded terms and an integral source in the class of

periodic functions

Àëëàíàçàðîâà Òàçàãóë Æóìàíèÿçîâíà, àññèñòåíò êàôåäðû "Ïðèêëàäíàÿ ìàòå-
ìàòèêà ÊÃÓ (Íóêóñ, Óçáåêèñòàí); Allanazarova Tazagul (Karakalpak State University,
Nukus, Uzbekistan)

Õàñàíîâ Òåìóð Ãàôóðæàíîâè÷, àñïèðàíò ÓðÃÓ, (Óðãåí÷, Óçáåêèñòàí); Khasanov
Temur (Urgench State University, Urgench, Uzbekistan)

Èñêàíäàðîâ Àááîñáåê Óëóãáåê óãëè, ìàãèñòðàíò ÓðÃÓ, (Óðãåí÷, Óçáåêèñòàí);
Iskandarov U.A. (Urgench State University, Urgench, Uzbekistan)
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The inverse spectral problem method is used to integrate the modified
Korteweg-de Vries equation with loaded terms and an integral source
in the class of infinite-gap periodic functions. The evolution of the
spectral data of the periodic Dirac operator is derived, the coefficient
of which is a solution to the mKdV equation with loaded terms and
an integral source. It is shown that the sum of a uniformly converging
functional series constructed using the solution of an analogue of the
Dubrovin system of equations and the formula for the first trace does
indeed satisfy the mKdV equation with loaded terms and an integral
source. Moreover, it was proved that

1) if the initial function is a real π - periodic analytic function, then the
solution of the Cauchy problem for the mKdV equation with loaded
terms and a source of integral type is also a real analytic function in
the variable x;

2) if the number π/2 is the period (antiperiod) of the initial function,
then the number π/2 is the period (antiperiod) for solving the Cauchy
problem with respect to the variable x.

Keywords: Defocusing nonlinear Schrodinger equation (DNUSH), Dirac
operator, spectral data, system of Dubrovin equations, trace formulas.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ ìîäèôèöèðîâàí-
íîãî óðàâíåíèÿ Êîðòåâåãà-äå Ôðèçà ñ íàãðóæåííûìè ÷ëåíàìè è èñòî÷-
íèêîì âèäà

qt = a(t)q(x0, t)[6q
2qx − qxxx] + b(t)q(x1, t)qx+

+

∫ ∞
−∞

β(λ, t)s1(π, λ, t)(ψ+
1 ψ
−
1 − ψ

+
2 ψ
−
2 )dλ, t > 0 (1)

q(x, t)|t=0 = q0(x), x ∈ R (2)

â êëàññå äåéñòâèòåëüíûõ π - ïåðèîäè÷åñêèõ ïî x (íå îáÿçàòåëüíî êîíå÷-
íîçîííûõ) ôóíêöèé

q(x+ π, t) = q(x, t) ∈ C3
x(t > 0)

⋂
C1
t (t > 0)

⋂
C(t ≥ 0). (3)

Â óðàâíåíèå (1), êîýôôèöèåíòû a(t), b(t) ∈ C[0,∞) -çàäàííûå îãðàíè-
÷åííûå ôóíêöèè, à x0, x1 ∈ R è β(λ, t) -äåéñòâèòåëüíàÿ íåïðåðûâíàÿ
ôóíêöèÿ, èìåþùàÿ ðàâíîìåðíóþ àñèìïòîòèêó

β(λ, t) = O(λ−2), λ→ ±∞.

ψ± = (ψ±1 (x, λ, t), ψ±2 (x, λ, t))T ÿâëÿþòñÿ ðåøåíèÿìè Ôëîêå (íîðìèðî-
âàííûìè óñëîâèåì ψ±1 (0, λ, t) = 1) óðàâíåíèå Äèðàêà

L(t) ≡ B dy
dx

+ Ω(x, t)y = λy, x ∈ R (4)
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ãäå

B =

(
0 1
−1 0

)
, Ω(x, t) =

(
0 q(x, t)

q(x, t) 0

)
, y =

(
y1(x)
y2(x)

)
.

×åðåç s(x, λ, t) = (s1(x, λ, t), s2(x, λ, t))T îáîçíà÷åíî ðåøåíèå óðàâíåíèå
(4), óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì s(0, λ, t) = (0, 1)T .

Â äàííîé ðàáîòå ïðåäëàãàåòñÿ àëãîðèòì ïîñòðîåíèÿ ðåøåíèÿ q(x, t),
ψ±(x, λ, t), x ∈ R, t > 0 çàäà÷è (1)-(3), ñ ïîìîùüþ îáðàòíîé ñïåêòðàëü-
íîé çàäà÷è äëÿ îïåðàòîðà Äèðàêà.

Îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû ñîäåðæèòñÿ â ñëåäóþùåé òåî-
ðåìå.

Òåîðåìà 1. Åñëè q(x, t), ψ±(x, t, λ), x ∈ R, t > 0 ÿâëÿåòñÿ ðåøåíè-
åì çàäà÷è (1)-(3), òî ñïåêòðàëüíûå äàííûå λn(τ, t), ξn(τ, t), σn(τ, t) =
±1, n ∈ Z - îïåðàòîðà Äèðàêà

L(τ, t)y ≡
(

0 1
−1 0

)(
y′1
y′2

)
+

(
0 q(x+ τ, t)

q(x+ τ, t) 0

)(
y1

y2

)
= λ

(
y1

y2

)
(5)

óäîâëåòâîðÿþò àíàëîãó ñèñòåìû óðàâíåíèé Äóáðîâèíà

λ̇n(τ, t) = 0, n ∈ Z, (6)

∂ξn(τ, t)

∂t
= 2(−1)nσn(τ, t)hn(ξ){−2ξna(t)q(x0, t)[q

2(τ, t)+qτ (τ, t)+2ξ2
n(τ, t)]−

−b(t)ξnq(x1, t) +

∫ ∞
−∞

ξn(τ, t)β(λ, t)s1(π, λ, τ, t)

ξ2
n(τ, t)− λ2

dλ}, n ∈ Z (7)

ãäå

hn(ξ) =
√

(ξn − λ2n−1)(λ2n − ξn) ·

√√√√√√√
∞∏

k = −∞
k 6= n

(λ2k−1 − ξn)(λ2k − ξn)

(ξk − ξn)2
.

Çíàêè σn(τ, t) = ±1, n ∈ Z ìåíÿþòñÿ ïðè êàæäîì ñòîëêíîâåíèè òî÷êè
ξn(τ, t) ñ ãðàíèöàìè ñâîåé ëàêóíû [λ2n−1, λ2n]. Êðîìå òîãî, âûïîëíÿþò-
ñÿ ñëåäóþùèå íà÷àëüíûå óñëîâèÿ

ξn(τ, t)|t=0 = ξ0
n(τ), σn(τ, t)|t=0 = σ0

n(τ), n ∈ Z (8)

ãäå ξ0
n(τ), σ0

n(τ), n ∈ Z ñïåêòðàëüíûå ïàðàìåòðû îïåðàòîðà Äèðàêà
L(τ) ≡ L(τ, 0).
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Ñëåäñòâèå 1. Ó÷èòûâàÿ ôîðìóëû ñëåäîâ

q2(τ, t) + q′τ (τ, t) =

∞∑
k=−∞

(
λ2

2k−1 + λ2
2k

2
− ξ2

k(τ, t)),

q(τ, t) =

∞∑
k=−∞

(−1)k−1σk(τ, t)hk(ξ(τ, t)) (9)

ñèñòåìó (7) ìîæíî ïåðåïèñàòü â çàìêíóòîé ôîðìå

∂ξn(τ, t)

∂t
= 2(−1)nσn(τ, t)hn(ξ(τ, t)){a(t)ξn(τ, t)

∞∑
k=−∞

(−1)kσk(x0, t)hk(ξ(x0, t))·

·[
∞∑

k=−∞

(λ2
2k−1 + λ2

2k − 2ξk(τ, t)) + 4ξ2
n(τ, t)]+

+b(t)ξn(τ, t)

∞∑
k=−∞

(−1)kσk(x1, t)hk(ξ(x1, t))+

+

∫ ∞
−∞

ξn(τ, t)β(λ, t)s1(π, λ, τ, t)

ξ2
n(τ, t)− λ2

dλ}, n ∈ Z. (10)

Ñëåäñòâèå 2. Ýòà òåîðåìà äàåò ìåòîä ðåøåíèå çàäà÷ (1)-(3). Äëÿ
ýòîãî, ñíà÷àëà íàéäåì ñïåêòðàëüíûå äàííûå λn, ξ

0
n(τ), σ0

n(τ) = ±1, n ∈
Z, îïåðàòîðà Äèðàêà L(τ, 0) ñîîòâåòñòâóþùèå êîýôôèöèåíòó q0(x+τ).
Îáîçíà÷èì ñïåêòðàëüíûå äàííûå îïåðàòîðà L(τ, t), ÷åðåç λn, ξn(τ, t),
sigman(τ, t) = ±1, n ∈ Z. Òåïåðü â ñèñòåìó óðàâíåíèå (10) è íà÷àëü-
íûì óñëîâèÿì (8) ïîñëåäîâàòåëüíî ïîëîæèì τ = x0 è τ = x1. Ðåøàÿ
ïîëó÷åííóþ çàäà÷ó Êîøè, íàõîäèì

ξn(x0, t), σn(x0, t), n ∈ Z è ξn(x1, t), σn(x1, t), n ∈ Z.

Çàòåì èç ôîðìóëû ñëåäîâ (9) îïðåäåëèì ôóíêöèè q(x0, t) è q(x1, t). Ïî-
ñëå ýòîãî ïîäñòàâëÿåì ýòè äàííûå â ñèñòåìó óðàâíåíèå (7), è ðåøàÿ
çàäà÷ó Êîøè (7), (8) ïðè ïðîèçâîëüíîì çíà÷åíèè τ , íàõîäèì

ξn(τ, t), σn(τ, t), n ∈ Z.

Èç ôîðìóëû ñëåäîâ (9) îïðåäåëèì q(τ, t). Ïîñëå ýòîãî ëåãêî íàéòè ðå-
øåíèÿ Ôëîêå ψ±(x, λ, t) óðàâíåíèÿ L(0, t)y = λy.

Ëèòåðàòóðà
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AND PSEUDO-MODES

@ G.L. Al�mov, A.O. Slobodyanyuk, D.A. Zezyulin
gal�mov@yahoo.com

ÓÄÊ 517.957.6

DOI: 10.33184/mnkuomsh2t-2021-10-06.5.

Íåäàâíî Þ. Êîìèíèñ è ñîàâòîðû [Õàîñ, ñîëèòîíû è ôðàêòàëû,
bf 118, 222-233 (2019)] ïðåäïîëîæèëè, ÷òî íåëèíåéíîå óðàâíåíèå
Øð¼äèíãåðà (NLS) ñ êîìïëåêñíûì ïîòåíöèàëîì âèäàW (x) = W1(x)+
iCW1,x(x), ïîääåðæèâàåò íåïðåðûâíûå ñåìåéñòâà ëîêàëèçîâàííûõ
íåëèíåéíûõ ìîä. Çäåñü C ∈ R èW1(x) - äåéñòâèòåëüíûé è îãðàíè-
÷åííûé äèôôåðåíöèðóåìàÿ ôóíêöèÿ. Ìû íàçûâàåì ýòè ïîòåíöèà-
ëûW-dW-ïîòåíöèàëàìè è ïîäðîáíî èçó÷àåì íåëèíåéíûå ðåæèìû
äëÿ NLS ñ W-dW-ïîòåíöèàëîì. Ìû ïîêàçûâàåì, ÷òî (i) ýòè ðåæè-
ìû ñóùåñòâóþò òîëüêî äëÿ ìàëûå àìïëèòóäû ïîòåíöèàëà W-dW
è ÿâëÿþòñÿ òîëüêî ïðèáëèæåííûìè (ïñåâäîìîäû); (ii) íåñìîòðÿ
íà ýòîò ôàêò, îíè óñòîé÷èâû è äåìîíñòðèðóþò äèíàìèêó, êîòîðàÿ
îïèñûâàåòñÿ êîëëåêòèâíûì êîîðäèíàòíûì ïîäõîäîì.

Êëþ÷åâûå ñëîâà: íåëèíåéíîå óðàâíåíèå Øð¼äèíãåðà, íåëèíåéíûå
ðåæèìû, äèññèïàöèÿ, ÷åòíî-âðåìåííàÿ ñèììåòðèÿ.

Recently Y. Kominis and coauthors [Chaos, Solitons and Fractals,
118, 222-233 (2019)] have suggested that Nonlinear Schrödinger Equa-
tion (NLS) with complex potential of the form W (x) = W1(x) +
iCW1,x(x), supports the continuous families of localized nonlinear
modes. Here C ∈ R and W1(x) is a real-valued and bounded pe-
riodic, quasiperiodic, etc.) differentiable function. We call these po-
tentials W-dW potentials and study in detail the nonlinear modes for
NLS with W-dW potential. We show that (i) these modes exist only
for small amplitudes of W-dW potential and are approximative only
(pseudo-modes); (ii) in spite of this fact, they are robust and exhibit
the dynamics that is described by the collective coordinate approach.

Keywords: nonlinear Schrödinger equation, nonlinear modes, dissipa-
tion, parity-time symmetry.

There are two cases when the nonlinear Schr�odinger equation (NLSE)
with an external complex potential W (x),

iΦt = −Φxx +W (x)Φ± 2|Φ|2Φ, (1)

The work is supported by Russian Science Foundation (Grant No. 20-11-19995.)
Georgy Al�mov, PhD, MIET University (Moscow, Russia), professor;
Alexander Slobodyanyuk, MIET University (Moscow, Russia), master student;
Dmitry Zezyulin, PhD, ITMO University, (St-Petersburg, Russia), postdoc;
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supports continuous families of localized stationary modes of the form

Φ(x, t) = φ(x)eiµt, µ ∈ R,

limx→∞ φ(x) = limx→−∞ φ(x) = 0.

They are (i) the PT-symmetric potentials and (ii) the Wadati potentials.
Recently Y. Kominis and coauthors, [1], have suggested that the continuous
families can be also found for complex potentials of the form

W (x) = W1(x) + iCW1,x(x),

where C is an arbitrary real and W1(x) is a real-valued and bounded diffe-
rentiable function.

For brevity, we call these potentials W-dW potentials. The results of our
study for NLS with W-dW potentials are as follows.

(A) If W-dW potential is small (of order ε� 1) our asymptotic procedure
stops at the terms of the ε2 order. So we conjecture that no continuous
families of authentic nonlinear modes exist in this case, but pseudo-modes
that satisfy the equation up to ε2-error can indeed be found.

(B) For a W-dW potential well of �nite depth we support the hypothesis
of the point (A) with numerical arguments.

(C) The simulation of dynamics of the pseudo-modes show that if the
amplitude of W-dW potential is small, the pseudo-modes are robust and
display persistent oscillations around the certain position predicted by the
asymptotic expansion.

(D) We found the authentic stationary modes of (1) which do not form a
continuous family, but exist as isolated points. Numerical simulations reveal
dynamical instability of these stationary modes.

The details of our study can be found in [2].

Ëèòåðàòóðà
1. Y. Kominis, J. Cuevas-Maraver, P. G. Kevrekidis et al, Continuous families

of solitary waves in non-symmetric complex potentials: A Melnikov theory approach,
Chaos, Solitons & Fractals 118, 222, (2019).

2. D.A. Zezyulin, A.O. Slobodyanyuk, G.L. Al�mov,On existence of continuous
families of stationary nonlinear modes for a class of complex potentials, arXiv:2104.11920.
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Â ðàáîòå ïðèâîäèòñÿ ñðàâíåíèå ïîâåäåíèé ðåøåíèé íåëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà. Ïîëó÷åíû íîâûå
óñëîâèÿ äëÿ êîýôôèöèåíòîâ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé âòîðîãî ïîðÿäêà êîòîðûå îáåñïå÷èâàþò óñòîé÷èâîñòü â öå-
ëîì åãî ðåøåíèé.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíîå óðàâíåíèå, ïåðèîäè÷åñêîå ðå-
øåíèå, óñòîé÷èâî÷òü â öåëîì, ïðåäåëüíûé öèêë.

ANALYSIS AND COMPARISON OF SOLUTION
BEHAVIOR PIECE-NONLINEAR DIFFERENTIAL

EQUATIONS OF THE SECOND ORDER

The paper compares the behavior of solutions to nonlinear differen-
tials general equations of the second order. New conditions for the
coefficients of nonlinear differential equations of the second order that
provide stability in the whole of its solutions.

Keywords: differential equation, periodic solution, stable overall, limit
cycle

Îòìåòèì, ÷òî îñîáîå ìåñòî â òåîðèè �íåãëàäêèõ� ñèñòåì çàíèìàþò çà-
äà÷è î äèôôåðåíöèàëüíûõ óðàâíåíèÿõ, ñîäåðæàùèõ êóñî÷íî-ëèíåéíûå
ôóíêöèè è, â ÷àñòíîñòè, ôóíêöèè òèïà ìîäóëÿ [1-3]. Òàê, ìíîãèå òåîðå-
òè÷åñêèå è ïðàêòè÷åñêèå çàäà÷è ïðèâîäÿò ê íåîáõîäèìîñòè ðàññìîòðå-
íèÿ êâàçèëèíåéíûõ àâòîíîìíûõ ñèñòåì:

y′′ + ay′ + by = ϕ(x, x′, λ), (1)

ãäå a, b, c, λ - íåêîòîðûå ÷èñëà, à ôóíêöèÿ ϕ(y, y′)-íåïðåðûâíî äèôôå-
ðåíöèðóåìàÿ è îãðàíè÷åííàÿ, òî åñòü ñóùåñòâóåò M > 0, òàêàÿ ÷òî

sup
(y,y′)

|ϕ(y, y′)| < M.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðåñïóáëèêè Òàäæèêèñòàí (ïðîåêò
� 0117TJ00807).

Àðàáîâ Ìóëëîøàðàô Êóðáîíîâè÷, äîöåíò êàôåäðû èíôîðìàòèêè è ÈÒ, ÐÒ-
ÑÓ (Äóøàíáå, Òàäæèêèñòàí); Arabov Mullosharaf Kurbonovich (Russian tajik slavonik
University, Dushanbe, Tajikistan)
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Â ÷àñòíîñòè, ê ñèñòåìå âèäà (1) ïðèâîäÿò äèôôåðåíöèàëüíûå óðàâíåíèÿ
âòîðîãî ïîðÿäêà âèäà[1-2]:

y′′ + ay′ + by = c|y − λ|, (2)

y′′ + ay′ + by = c|y′ − λ|, (3)

Êàê âèäíî, óðàâíåíèÿ (2) è (3) ïîõîæè äðóã íà äðóãà, íî èõ ðåøå-
íèÿ èìåþò ðàçíîå ïîâåäåíèå. Íàïðèìåð, äëÿ óðàâíåíèÿ (2) ñóùåñòâóåò
ïðåäåëüíûé öèêë, à äëÿ óðàâíåíèÿ (2) òàêîãî ïîâåäåíèÿ ðåøåíèé íåò[2].

Â ðàáîòå [1] èññëåäóåòñÿ óðàâíåíèå âèäà (2). È ñ ïîìîùþ àíàëèòè-
÷åñêèõ è êîìïüþòåðíûõ ìåòîäîâ óñòàíîâëåíî ÷òî äëÿ íåãî ñóùåñòâóåò
ïðåäåëüíûé öèêë.

Â ðàìêàõ äàííîé ðàáîòû èññëåäóåì óñòîé÷èâîñòü ðåøåíèé óðàâíåíèé
âèäà [2].

Ââîäÿ îáîçíà÷åíèÿ x1 = x, x2 = x′ îò óðàâíåíèÿ (3) ïåðåéäåì ê
ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà{

x′1 = x2,
x′2 = −ax2 − bx1 − c|x1 − λ|.

(4)

Ñòàöèîíàðíûå ðåøåíèÿ (îñîáûå òî÷êè) ñèñòåìû (4) ëåæàò íà ïðÿìîé
(x1, 0), x1 ∈ R è îïðåäåëÿþòñÿ êàê ðåøåíèÿ óðàâíåíèÿ

bx1 + c|x1 − λ| = 0

Òåîðåìà 1. Ïóñòü λ 6= 0, a > 0 è b− |c| > a2

4 , òîãäà ñòàöèîíàðíûå
ðåøåíèÿ óðàâíåíèÿ (2) óñòîé÷èâû â öåëîì.

Ïðåæäå ÷åì ïðèâåñòè äîêàçàòåëüñòâî ýòîé òåîðåìû â âèäå îòäåëüíûõ
ëåìì ñôîðìóëèðóåì è äîêàæåì íåêîòîðûå îáùèå ñâîéñòâà óðàâíåíèÿ (2)
èëè ñèñòåìû (4).

Ëåììà 1. Åñëè óðàâíåíèå (2) èìååò ïåðèîäè÷åñêîå ðåøåíèå, îò-
ëè÷íîå îò ñòàöèîíàðíîãî ðåøåíèÿ, ïðè íåêîòîðîì çíà÷åíèè λ = λ0 > 0
(λ = λ0 < 0), òî îíî èìååò ïåðèîäè÷åñêîå ðåøåíèå, îòëè÷íîå îò ñòàöèî-
íàðíîãî, ïðè ëþáîì λ > 0 (λ < 0).

Ëåììà 2. Ïóñòü a > 0 è b > |c|+ a2

4 . Òîãäà åñëè íåñòàöèîíàðíîå ïåðè-
îäè÷åñêîå ðåøåíèå y(t) óðàâíåíèÿ (2) ñóùåñòâóåò, òî îíî óäîâëåòâîðÿåò
óñëîâèÿì

max
t

y(t) > λ, min
t

y(t) < − cλ

b− c
.

ïðè λ > 0 è óñëîâèÿì

min
t

y(t) < λ, max
t

y(t) >
cλ

b+ c
,
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åñëè λ < 0.
Àíàëîãè÷íûì îáðàçîì äëÿ äîêàçàòåëüñòâà òåîðåìû 1 ïðèâåäåì íåñêîëü-

êî òåîðåì ïîñðåäñòâîì êîòîðûõ äîêàçûâàåòñÿ òåîðåìà 1.

Ëèòåðàòóðà
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Ðàññìîòðåíà ñèñòåìà íåîäíîðîäíûõ èíòåãðàëüíûõ óðàâíåíèé âîëü-
òåððîâñêîãî òèïà ñ ñóììàðíûìè ÿäðàìè è ñòåïåííîé íåëèíåéíî-
ñòüþ, âîçíèêàþùèõ ïðè ðåøåíèè íåêîòîðûõ çàäà÷ ãèäðîàýðîäè-
íàìèêè è äðóãèõ. Â ñâÿçè ñ óêàçàííûìè ïðèëîæåíèÿìè ðàçûñ-
êèâàþòñÿ íåîòðèöàòåëüíûå íåïðåðûâíûå íà ïîëîæèòåëüíîé ïî-
ëóîñè ðåøåíèÿ ýòîé ñèñòåìû. Ìåòîäîì âåñîâûõ ìåòðèê äîêàçàíà
ãëîáàëüíàÿ òåîðåìà î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ
âî âñåì êëàññå íåïðåðûâíûõ íåîòðèöàòåëüíûõ íà ïîëîæèòåëüíîé
ïîëóîñè ôóíêöèé.

Êëþ÷åâûå ñëîâà: èíòåãðàëüíûå óðàâíåíèÿ, ñòåïåííàÿ íåëèíåéíîñòü,
ñóììàðíûå ÿäðà.

On a system of nonlinear inhomogeneous integral equations
with sum kernels

A system of inhomogeneous integral equations of the Volterra type
with sum kernels and power nonlinearity arising in the solution of
some problems of hydroaerodynamics and others is considered. In
connection with the indicated applications, nonnegative solutions of
this system that are continuous on the positive semiaxis are sought.
A global theorem on the existence and uniqueness of a solution in
the entire class of continuous non-negative functions on the positive
semiaxis is proved by the method of weighted metrics.

Keywords: integral equations, power nonlinearity, sum kernels.

Â ñâÿçè ñ ïðèëîæåíèÿìè â ãèäðîàýðîäèíàìèêå, ïîïóëÿöèîííîé ãåíå-
òèêå è äðóãèõ (ñì., íàïðèìåð, [1], [2]), â êîíóñå

Q0,n =
{
u : u = {ui}ni=1, ui ∈ C[0,∞) è ui(x) > 0 ïðè x > 0

}
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî

îáðàçîâàíèÿ ÐÔ â ðàìêàõ ðåàëèçàöèè ãîñóäàðñòâåííîãî çàäàíèÿ â ñîîòâåòñòâèè ñ
Ñîãëàøåíèåì � 075�03�2021�071 îò 29.12.2020.

Àñõàáîâ Ñóëòàí Íàæìóäèíîâè÷, ä.ô.-ì.í., ïðîôåññîð, ×ÃÓ èìåíè À.À. Êàäû-
ðîâà (Ãðîçíûé, Ðîññèÿ); Sultan Askhabov (Kadyrov Chechen State University, Grozny,
Russia)
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ðàçûñêèâàþòñÿ ðåøåíèÿ ñèñòåìû íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé

uαi (x) =

n∑
j=1

x∫
0

kij(x+ t) · uj(t) dt+ fi(x), α > 1 , x > 0 , i = 1, n, (1)

ãäå ÿäðî k(x) =
{
kij(x)

}n
i,j=1

è íåîäíîðîäíîñòü f(x) =
{
fi(x)

}n
i=1

óäî-

âëåòâîðÿþò íà [0,∞) óñëîâèÿì:

kij ∈ C[0,∞), kij(x) íå óáûâàþò è kij(x) > 0 ïðè x > 0, (2)

fi ∈ C[0,∞), fi(x) íå óáûâàþò è fi(0) ≥ 0. (3)

Ïðè óñëîâèÿõ (2) è (3) ïîëó÷åíû òî÷íûå äâóñòîðîííèå àïðèîðíûå îöåí-
êè äëÿ ëþáîãî ðåøåíèÿ ñèñòåìû (1) â êîíóñå Q0,n. Èñïîëüçóÿ ýòè àïðè-
îðíûå îöåíêè ïîñòðîåí êîíóñíûé îòðåçîê èíâàðèàíòíûé îòíîñèòåëüíî
íåëèíåéíîãî èíòåãðàëüíîãî îïåðàòîðà ñ ñóììàðíûì ÿäðîì, ïîðîæäåí-
íûì ñèñòåìîé óðàâíåíèé (1). Ïðè äîïîëíèòåëüíîì óñëîâèè, ñâÿçûâàþ-
ùåì α, kij è fi, ìåòîäîì âåñîâûõ ìåòðèê (ñì., íàïðèìåð, [1], [2, ãëàâà
IV]) äîêàçàíà ãëîáàëüíàÿ òåîðåìà î ñóùåñòâîâàíèè è åäèíñòâåííîñòè
ðåøåíèÿ ñèñòåìû óðàâíåíèé (1) â êîíóñå Q0,n. Ïîêàçàíî, ÷òî íà ëþáîì
îòðåçêå [0, b], ãäå b > 0 åñòü ïðîèçâîëüíîå ÷èñëî, ðåøåíèå ñèñòåìû óðàâ-
íåíèé (1) ìîæåò áûòü íàéäåíî ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé
ïèêàðîâñêîãî òèïà è ïîëó÷åíà îöåíêà ñêîðîñòè èõ ñõîäèìîñòè ê òî÷íîìó
ðåøåíèþ â òåðìèíàõ ìåòðèêè ïîñòðîåííîãî â äàííîé ðàáîòå ïîëíîãî âå-
ñîâîãî ìåòðè÷åñêîãî ïðîñòðàíñòâà. Òåì ñàìûì îáîáùàþòñÿ ðåçóëüòàòû
ðàáîòû [3] íà ñëó÷àé ñèñòåì íåëèíåéíûõ íåîäíîðîäíûõ èíòåãðàëüíûõ
óðàâíåíèé ñ ñóììàðíûìè ÿäðàìè.
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Â ðàáîòå èññëåäóþòñÿ âîïðîñû î ñóùåñòâîâàíèè ïåðèîäè÷åñêèõ ðå-
øåíèé íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿä-
êà. Ïîëó÷åíû íîâûå óñëîâèÿ âîçíèêíîâàíèè ïåðèîäè÷åñêèõ ðåøå-
íèé. Èñïîëüçîâàíû ìåòîäû ôóíêöèîíàëüíîãî àíàëèçà, êàê ãîìî-
òîïèÿ è âðàùåíèÿ âïîëíå íåïðåðûâíûõ âåêòîðíûõ ïîëåé.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíîå óðàâíåíèå, ïåðèîäè÷åñêîå ðå-
øåíèå, ãîìîòîïèÿ, âðàùåíèå âåêòîðíûõ ïîëåé.

On the question of periodic solutions of a second-order
nonlinear differential equation

The paper investigates questions about the existence of periodic solu-
tions of nonlinear second-order differential equations. New conditions
for the emergence of periodic solutions are obtained. Methods of func-
tional analysis are used, such as homotopy and rotation of completely
continuous vector fields.

Keywords: differential equation, periodic solution, homotopy, rotation
of vector fields.

Íàñòîÿùèé äîêëàä ïîñâÿùåí àíàëèçó ïåðèîäè÷åñêèõ ðåøåíèé ñèñòå-
ìû íåëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âèäà

x′1 = x2, x′2 = −g(x1, x2) + f(t, x1, x2). (1)

ãäå ôóíêöèÿ g(y, z)- íåïðåðûâíà è ïîëîæèòåëüíî îäíîðîäíà ïåðâîãî ïî-
ðÿäêà: g(λy, λz) = λg(y, z), λ > 0, à f(t, y, z)-íåïðåðûâíàÿ ôóíêöèÿ,
îïðåäåëåííàÿ ïðè âñåõ çíà÷åíèÿõ t, y, z è óäîâëåòâîðÿþùàÿ óñëîâèþ

lim
r→∞

1

r
sup

t,|y|+|z|≤r
|f(t, y, z)| = 0. (2)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðåñïóáëèêè Òàäæèêèñòàí (ïðîåêò
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Ñëåäóåò îòìåòèòü, ÷òî îòûñêàíèå T -ïåðèîäè÷åñêèõ ðåøåíèé ñèñòåìû
(1) ýêâèâàëåíòíî íàõîæäåíèþ ðåøåíèé ñèñòåìû èíòåãðàëüíûõ óðàâíå-
íèé

x1(t) = x1(T ) +

∫ t

0

x2(s)ds,

x2(t) = x2(T )−
∫ t

0

[g(x1(s), x2(s))− f(s, x1(s), x2(s))]ds. (3)

â ïðîñòðàíñòâå C[0, T ]− íåïðåðûâíûõ íà îòðåçêå [0, T ] ôóíêöèé. Íàðÿäó
ñèñòåìîé (3) ðàññìîòðèì ñèñòåìû[1]

x1(t) = x1(T ) +

∫ t

0

x2(s)ds, x2(t) = x2(T )−
∫ t

0

g(x1(s), x2(s))ds. (4)

Â ýòîì ïðîñòðàíñòâå ðàññìîòðèì ñåìåéñòâî âïîëíå íåïðåðûâíûõ âåê-
òîðíûõ ïîëåé Φ(x, λ) = x(t)−A(x(t), λ), ãäå

A(x(t), λ) = (x1(T ) +

∫ t

0

x2(s)ds,

x2(T )−
∫ t

0

[g(x1(s), x2(s))− λf(s, x1(s), x2(s))]ds),

çàâèñÿùåå îò ïàðàìåòðà λ ∈ [0, 1]. Íóëè ïîëÿ Φ(x, 1) ñîâïàäàþò ñ ðåøå-
íèåì ñèñòåìû (3), à Φ(x, 0) = x(t)−Ax(t), Ax(t) = A(x(t), 0).

Ëåììà 1. Ïóñòü ñèñòåìà (4) íå èìååò íåíóëåâûõ ðåøåíèé. Òî-
ãäà âåêòîðíîå ïîëå Φ(x, 1), ñîîòâåòñòâóþùåå ñèñòåìå èíòåãðàëüíûõ
óðàâíåíèé (3), íå èìååò íóëåé íà ñôåðå S(R) äîñòàòî÷íî áîëüøîãî
ðàäèóñà R è äëÿ åãî âðàùåíèÿ γ(Φ(·, 1), S(R)) ñïðàâåäëèâî ðàâåíñòâî
γ(Φ(·, 1), S(R)) = γ(Φ(·, 0), S(R)) = ind(Ψ, θ), ãäå

Ψx = (−T · x2, T · g(x1, x2)) x ∈ E2.

Ëåììà 2. Ïóñòü g(1, 0) · g(−1, 0) < 0. Òîãäà ind(Ψ, 0) = (signg(1, 0) −
signg(−1, 0))/2.

Òåîðåìà 1. Ïóñòü g(1, 0) ·g(−1, 0) < 0 è êðîìå òîãî ñèñòåìû (4) íå
èìååò íåíóëåâûõ ðåøåíèé. Òîãäà óðàâíåíèå (1) èìååò T−ïåðèîäè÷åñêîå
ðåøåíèå äëÿ ëþáîé ôóíêöèè f(t, y, z) óäîâëåòâîðÿþùåé óñëîâèþ (2).

Çàìåòèì, ÷òî, åñëè g(1, 0) · g(−1, 0) 6= 0, òî äëÿ ñóùåñòâîâàíèÿ T - ïå-
ðèîäè÷åñêèõ ðåøåíèé óðàâíåíèÿ (1) ïðè ëþáîé ôóíêöèè f óäîâëåòâîðÿ-
þùåé óñëîâèþ (2) óñëîâèå g(1, 0) ·g(−1, 0) < 0 íåîáõîäèìî. Äåéñòâèòåëü-
íî, åñëè g(1, 0)·g(−1, 0) > 0, òî äëÿ ôóíêöèè f(t, y, z) ≡ −g(1, 0)/(1+|y|),
êîòîðàÿ, î÷åâèäíî, óäîâëåòâîðÿåò óñëîâèþ (2), óðàâíåíèå (1) íå èìååò
ïåðèîäè÷åñêèõ ðåøåíèé.
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Åñëè ôóíêöèÿ g(x, y) óäîâëåòâîðÿåò óñëîâèþ g(1, 0)·g(−1, 0) > 0, òî â
ìíîæåñòâå ôóíêöèé f(t, y, z), óäîâëåòâîðÿþùèõ óñëîâèþ (2), ìîæíî âû-
äåëèòü ïîäìíîæåñòâî, äëÿ êîòîðîãî ñóùåñòâóåò íåíóëåâîå T−ïåðèîäè÷åñêîå
ðåøåíèå óðàâíåíèÿ (1). Äëÿ ïðîñòîòû èçëîæåíèÿ îãðàíè÷èìñÿ ðàññìîò-
ðåíèåì ôóíêöèè, óäîâëåòâîðÿþùåé óñëîâèþ (2) è ïðè íåêîòîðûõ a > 0,
0 < α < 1

lim
r→0

max
|y|,|z|≤1,t

|f(t, ry, r1−σz)

rα
− ay|y|α−1| = 0, σ = (1 + α)/2. (5)

Òåîðåìà 2. Ïóñòü ñèñòåìà (4) íå èìååò íåíóëåâûõ ðåøåíèé è
g(1, 0) · g(−1, 0) > 0, à ôóíêöèÿ f(t, y, z) óäîâëåòâîðÿåò óñëîâèþ (2)
è ïðè íåêîòîðûõ a > 0, 0 < α < 1 óñëîâèþ (5). Òîãäà óðàâíåíèå (1)
èìååò ïî êðàéíåé ìåðå îäíî íåíóëåâîå T−ïåðèîäè÷åñêîå ðåøåíèå.

Ëèòåðàòóðà
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This work is devoted to the application of the inverse scattering theory
for integration of the discrete Sine-Gordon equation with a self-consistent
source.

Keywords: discrete sine-Gordon equation, self-consistent source, dis-
crete Dirac-type operator, scattering data, inverse scattering method

Hirota showed the integrabilty of discrete version of the sine�Gordon
equation and found its Lax pair, Backlund transformations and N-soliton
solutions [1]. In [2] generalization of Hirota's discretization scheme for the
sine-Gordon equation was considered. The soliton solutions are obtained by
extending the generalized inverse method [3] and the related linear spectral
problem for the discrete sine-Gordon equation was studied in [4].

It needs to point out the sG equations and its close allies are valued in
the investigation of a great variety of diverse �elds[5], such as the study of
surfaces with constant negative curvature, or integrable surfaces [6], elementary
particle physics, quantum optics, Josephson junctions [7], nonlinear excitations
in condensed matter physics[8], vortex structures in �uids and plasmas [9].

This study investigated the integration of the discrete sine-Gordon(sG)
equation with a self-consistent source via the inverse scattering method.

The �rst investigation of the soliton equations with self-consistent sources
has been considered in [10] and still attracts considerable attention in recent
years [11-13, see also their reference].

We consider the following system of equations

θ̇n+1− θ̇n = 2 (sin θn+1 + sin θn)+

N∑
k=1

(
fk1,n+1f

k
1,n + fk2,n+1f

k
2,n

)
, n ∈ Z, (1)

θn(t)|t=0 = θ0
n, n ∈ Z, (2)

Babajanov Bazar Atajanovich, DSc, Dotsent, Urgench State University, (Urgench,
Uzbekistan);

Babadjanova Oygul Komiljanovna, PhD, Urgench State University, (Urgench,
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Ln(zk, t)f
k
n = fkn+1, n ∈ Z (3)

where Ln(z, t) = zPn(t)+ 1
zQn(t), Pn(t) = 1

2

(
1 + cos θn(t) sin θn(t)

sin θn(t) 1− cos θn(t)

)
,

Qn(t) =
1

2

(
1− cos θn(t) − sin θn(t)
− sin θn(t) 1 + cos θn(t)

)
,

θn = θn(t) and fkn = fn(zk, t), f̂
k
n = σ2fn(zk, t) column-vector functions

satisfy the following normalizing conditions

βk(t) =

∞∑
i=−∞

(
fki
)T

(Qi − Pi)σ2f
k
i , β̂k(t) =

∞∑
i=−∞

(
f̂ki

)T (
z2
kQi − Pi

)
σ2f̂

k
i .

Here βk(t), β̂k(t) are given scalar continuous functions and σi(i = 1, 2, 3) are
the usual Pauli matrices of rank 2.

The purpose of the work is to �nd the set of functions {θn(t), fkn(t)}, n ∈
Z supposing the existence in the class of functions

lim
|n|→±∞

ωn = lim
|n|→±∞

∞∑
j=n

sin θj(t) = 0, θn(t)
|n|→∞

= 0(mod2π) (4)

which is the solution of the considering (1)-(3) problem.
Theorem 1. If the set of functions {θn(t), fkn(t)} represent the solution

of the (1)-(3) in the class of functions (4), then the scattering data of the
Ln(t) operator with the potential θn(t) satisfy the following time evolution
equations

Ṙ(z) = −2

(
z2 + 1

z2 − 1

)
R(z), |z| = 1, z 6= ±1,

żk = 0, Ċk =

(
−2

z2
k + 1

z2
k − 1

+ βk + β̂k

)
Ck, k = 1, ..., N.

The obtained results completely de�ne the time evolution of the scattering
data, which allows us to solve the problem (1)-(3) by using the method of
the inverse spectral problem of (3) [see 4].
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Ïðåäëàãàþòñÿ îñíîâàííûå íà ìåòîäàõ òåîðèè âîçìóùåíèé ïðè-
çíàêè óñòîé÷èâîñòè ïî Ëÿïóíîâó ëèíåéíûõ è íåëèíåéíûõ ñèñòåì
Ëóðüå ñî ñëàáîñöèëëèðóþùèìè ïàðàìåòðàìè. Îñíîâíîå âíèìàíèå
óäåëÿåòñÿ ïîëó÷åíèþ ôîðìóë ïåðâîãî ïðèáëèæåíèÿ äëÿ âîçìó-
ùåíèé êðàòíûõ äåôèíèòíûõ è èíäåôèíèòíûõ ìóëüòèïëèêàòîðîâ
ëèíåéíûõ ãàìèëüòîíîâûõ ñèñòåì è èõ ïðèëîæåíèÿì â çàäà÷å èñ-
ñëåäîâàíèÿ óñòîé÷èâîñòè. Ýôôåêòèâíîñòü ïðåäëàãàåìûõ ôîðìóë
èëëþñòðèðóåòñÿ íà ïðèìåðå çàäà÷è î ïàðàìåòðè÷åñêîãî ðåçîíàíñå
â ñèñòåìå ñâÿçàííûõ îñöèëëÿòîðîâ.

Êëþ÷åâûå ñëîâà: ãàìèëüòîíîâà ñèñòåìà, ñèñòåìà Ëóðüå, óñòîé÷è-
âîñòü, ìàëûé ïàðàìåòð, ïàðàìåòðè÷åñêèé ðåçîíàíñ.

Investigation of the problem of parametric resonance in
Lurie systems with weakly oscillating coefficients

Suggested method-based perturbation theory stability criteria accord-
ing to Lyapunov linear and nonlinear Lurie systems with weakly os-
cillating parameters. The focus is on obtaining formulas for the first
approximations for perturbations of multiple definite and indefinite
multipliers of linear Hamiltonian systems and their applications in the
problem stability studies. The effectiveness of the proposed formulas
is illustrated on the example of the problem of parametric resonance
in a system of coupled oscillators.

Keywords: Hamiltonian system, Lurie system, stability, small param-
eter, parametric resonance.

Ðàññìàòðèâàåòñÿ çàâèñÿùàÿ îò ìàëîãî ïàðàìåòðà ε äèíàìè÷åñêàÿ ñè-
ñòåìà, îïèñûâàåìàÿ íåàâòîíîìíûì óðàâíåíèåì

L

(
d2

dt2
, t, ε

)
x = M

(
d2

dt2
, t, ε

)
f(x) ; (1)

Èññëåäîâàíèå âûïîëíåíî â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåðñòâà íà-
óêè è âûñøåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè (êîä íàó÷íîé òåìû FZWU-2020-
0027).
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çäåñü L è M � îïåðàòîðíûå ìíîãî÷ëåíû:

L(p, t, ε) = pl + (a1 + εϕ1(t))pl−1 + (a2 + εϕ2(t))pl−2 + . . .+ (al + εϕl(t)) ,

M(p, t, ε) = (b0+εψ0(t))pm+(b1+εψ1(t))pm−1+. . .+(bm+εψm(t)) , (l > m) ;

ôóíêöèè ϕ1(t), . . . , ϕl(t) , ψ0(t), . . . , ψm(t) ïðåäïîëàãàþòñÿ íåïðåðûâíû-
ìè è T -ïåðèîäè÷åñêèìè ïî t, à êîýôôèöèåíòû aj è bj ÿâëÿþòñÿ êîí-
ñòàíòàìè. Íåëèíåéíîñòü f(x) ïðåäñòàâèìà â âèäå:

f(x) = k0x+ δ(x) , ãäå |δ(x)| = O(x2) ïðè x→ 0 ,

à k0 � íåêîòîðàÿ êîíñòàíòà. Âñå âõîäÿùèå â óðàâíåíèå (1) ôóíêöèè è
êîýôôèöèåíòû ïðåäïîëàãàþòñÿ âåùåñòâåííûìè.

Óðàâíåíèå (1) ìîæíî ðàññìàòðèâàòü êàê îäíîêîíòóðíóþ ñèñòåìó óïðàâ-
ëåíèÿ ñî ñëàáîñöèëëèðóþùèìè ïàðàìåòðàìè. Îòìåòèì òàêæå, ÷òî ñè-
ñòåìû âèäà (1) ÷àñòî íàçûâàþò ñèñòåìàìè Ëóðüå (ñì. [1, 2]).

Èçó÷àåòñÿ âîïðîñ îá óñòîé÷èâîñòè ëèíåéíîãî óðàâíåíèÿ (1) â ñèòóà-
öèÿõ, êîãäà ðåàëèçóþòñÿ óñëîâèÿ ïðîñòîãî è êîìáèíàöèîííîãî ðåçîíàí-
ñà. Ïîëó÷åííûå ðåçóëüòàòû ÿâëÿþòñÿ ðàçâèòèåì ðåçóëüòàòîâ [3].
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Íà îñíîâå ïîëó÷åííûõ ðàíåå ðåçóëüòàòîâ ñôîðìóëèðîâàíû äîñòà-
òî÷íûå óñëîâèÿ äëÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïî ïîêàçàòåëü-
íîìó çàêîíó ïîëîæèòåëüíîãî ñòàöèîíàðíîãî ðåøåíèÿ ðàññìàòðè-
âàåìîé ñèñòåìû ¾õèøíèê-æåðòâà¿ ñ çàïàçäûâàíèåì ïðè 0 ≤ τ <
τ0. Ïðîèçâåäåíà îöåíêà âåëè÷èíû τ0 > 0.

Êëþ÷åâûå ñëîâà: ñèñòåìà ¾õèùíèê-æåðòâà¿ ñ çàïàçäûâàíèåì, àñèìï-
òîòè÷åñêàÿ óñòîé÷èâîñòü ïî ïîêàçàòåëüíîìó çàêîíó ðåøåíèÿ ñè-
ñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåí-
òîì, ïîëîæèòåëüíî îïðåäåë¼ííàÿ ìàòðèöà, ìàòðè÷íîå óðàâíåíèå
Ëÿïóíîâà, ñïåêòðàëüíàÿ íîðìà ìàòðèöû.

On the study of asymptotic stability according to the
exponential law of a positive stationary solution of the
delayed predator-prey system, modified according to

Leslie-Gower schemes and belonging to the Holling–type II

There are formulated on the basis of some earlier obtained results
the sufficient conditions for the asymptotic stability according to the
exponential law of the positive stationary solution of the considered
delayed predator-prey system when time-lag in this system 0 ≤ τ < τ0.
The value of τ0 > 0 is estimated.

Keywords: a predator-prey system with time delay, asymptotic sta-
bility according to the exponential law of a solution of a system of
differential equations with time delay, positive definite matrix, matrix
Lyapunov equation, spectral norm of matrix.

Ðàññìàòðèâàåòñÿ íåëèíåéíàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé
ñ çàïàçäûâàþùèì àðãóìåíòîì ẋ1(t) = x1(t)

[
a− bx1(t)− cx2(t−τ)

m1+x1(t−τ)

]
,

ẋ2(t) = x2(t)
[
r − dx2(t−τ)

m2+x1(t−τ)

]
.

(1)

Áîðçäûêî Âåðîíèêà Èâàíîâíà, ä.ô.-ì.í., Èíñòèòóò ìàòåìàòèêè èì. À.Äæóðàåâà
ÍÀÍÒ (Äóøàíáå, Òàäæèêèñòàí); Borzdyko Veronika Ivanovna (Institute of
Mathematics. A. Dzhuraeva, Dushanbe, Tajikistan)
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Â ñèñòåìå (1) ïàðàìåòðû {a, b, c, d, r,m1,m2} ïîëîæèòåëüíû, çàïàç-
äûâàíèå τ ≥ 0. Ýòà ñèñòåìà ïðè τ = 0, ðàññìàòðèâàëàñü â êà÷åñòâå
ìàòåìàòè÷åñêîé ìîäåëè ¾õèùíèê-æåðòâà¿ â ðÿäå ñòàòåé. Â (1) x1(t) �
÷èñëåííîñòü ïîïóëÿöèè ¾æåðòâû¿, x2(t) � ÷èñëåííîñòü ïîïóëÿöèè ¾õèù-
íèêà¿ â ìîìåíò âðåìåíè t. Â [1] äëÿ ìàòåìàòè÷åñêîé ìîäåëè ¾õèùíèê-
æåðòâà¿ ñ çàïàçäûâàíèåì âèäà (1) ïðè τ ≥ 0 èññëåäîâàëñÿ âîïðîñ î
ãëîáàëüíîé óñòîé÷èâîñòè ïîëîæèòåëüíîãî ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòå-
ìû.

Ñèñòåìà (1) ïðè îïðåäåë¼ííîì âûáîðå ïîëîæèòåëüíûõ çíà÷åíèé å¼
ïàðàìåòðîâ èìååò ïîëîæèòåëüíîå ñòàöèîíàðíîå ðåøåíèå

x1(t) ≡ x > 0, x2(t) ≡ r

d
(m2 + x) > 0. (2)

Ëèíåàðèçóÿ ñèñòåìó (1) íà ðåøåíèè (2), ïîëó÷èì ñèñòåìó âèäà

dz

dt
= B0z(t) +B1z(t− τ), (3)

ãäå z = (x1, x2) ∈ R2; R2 � åâêëèäîâî ïðîñòðàíñòâî äâóìåðíûõ âåêòîðîâ
ñ âåùåñòâåííûìè êîìïîíåíòàìè.

Äëÿ ðàññìàòðèâàåìîé íàìè çàäà÷è ýëåìåíòû êâàäðàòíîé ìàòðèöû
A = B0 +B1, ñîîòâåòñòâóþùåé ëèíåàðèçîâàííîìó óðàâíåíèþ (3), îïðå-
äåëÿþòñÿ ðàâåíñòâàìè

a11 = a− 2bx− crm1(m2 + x)

d(m1 + x)2
; a12 = − cx

m1 + x
; a21 =

r2

d
, a22 = −r. (4)

Èñïîëüçóÿ ðåçóëüòàòû ñòàòåé [2], [3] äîêàçàíà

Òåîðåìà. Ïóñòü äëÿ ýëåìåíòîâ (4) ìàòðèöû A = B0 + B1 âûïîë-
íÿþòñÿ äâà íåðàâåíñòâà a11 + a22 < 0; a11a22 − a12a21 > 0. Òîãäà ïîëî-
æèòåëüíîå ñòàöèîíàðíîå ðåøåíèå (2) ñèñòåìû (1) àñèìïòîòè÷åñêè
óñòîé÷èâî ïî ïîêàçàòåëüíîìó çàêîíó ïðè 0 ≤ τ < τ0,

τ0 = min(2li)[2(‖B0‖+ ‖B1‖)‖HB1‖]−1 [λmin(H)/λmax(H)]
1
2 , (5)

ãäå H ñèììåòðè÷åñêàÿ âåùåñòâåííàÿ ïîëîæèòåëüíî îïðåäåë¼ííàÿ ìàò-
ðèöà, ÿâëÿþùàÿñÿ ðåøåíèåì ìàòðè÷íîãî óðàâíåíèÿ Ëÿïóíîâà

(BT0 +BT1 )H +H(B0 +B1) = −C. (6)

Â óðàâíåíèè (6) îáîçíà÷åíî: BTj � ìàòðèöà, òðàíñïîíèðîâàííàÿ ê ìàò-
ðèöå Bj , j = 0, 1; ìàòðèöà

C =

(
2l1 0
0 2l2

)
, ãäå li > 0, i = 1, 2.
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Â (5) íîðìû ìàòðèö � ýòî ñïåêòðàëüíûå ìàòðè÷íûå íîðìû, èíäóöèðî-
âàííûå åâêëèäîâîé íîðìîé â R2, [4, c. 184-186].

Ñäåëàíà ïðîâåðêà, ÷òî ïðè íåêîòîðûõ êîíêðåòíûõ ïîäáîðàõ ïîëîæè-
òåëüíûõ çíà÷åíèé ïàðàìåòðîâ ñèñòåìû ¾õèùíèê-æåðòâà¿ (1) âñå óñëî-
âèÿ ñôîðìóëèðîâàííîé âûøå òåîðåìû ìîãóò îäíîâðåìåííî âûïîëíÿòü-
ñÿ è ïðè ýòîì ðàâåíñòâî (5) îïðåäåëÿåò êîíå÷íîå ïîëîæèòåëüíîå ÷èñëî
τ0 > 0.
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Ïðîàíàëèçèðîâàíû ìàãíèòíûå äèñêðåòíûå áðèçåðíûå ìîäû â îä-
íîîñíîì êèðàëüíîì ãåëèìàãíåòèêå CrNb3S6.

Êëþ÷åâûå ñëîâà: õèðàëüíûé ãåëèìàãíåòèê, äèñêðåòíûå áðèçåðû.

Dark discrete breather modes in monoaxial chiral
helimagnet with easy-plane anisotropy

We analyze magnetic discrete breather modes in the monoaxial chiral
helimagnet CrNb3S6.

Keywords: chiral helimagnet, discrete breather.

Ôàçà âûíóæäåííîãî ôåððîìàãíåòèçìà ìîíîàêñèàëüíîãî õèðàëüíîãî
ãåëèìàãíåòèêà CrNb3S6 äîïóñêàåò âîçáóæäåíèÿ â âèäå äèñêðåòíûõ áðè-
çåðíûõ ðåøåòîê. Ýòè ìîäû èìåþò ñòàöèîíàðíûé õàðàêòåð áëàãîäàðÿ
ñïåöèôè÷åñêîé äîìåííîé ñòðóêòóðå îáðàçöîâ CrNb3S6, ñîñòîÿùåé èç çå-
ðåí ìèêðîííîãî ðàçìåðà ñ ðàçëè÷íîé, ëåâîé èëè ïðàâîé, õèðàëüíîñòüþ.
Ìû äåìîíñòðèðóåì àíàëèòè÷åñêè è ÷èñëåííî, ÷òî ýòè ïðîñòðàíñòâåííî-
ïåðèîäè÷åñêèå ñòîÿ÷èå ðåøåíèÿ ñ àìïëèòóäîé, ìåíÿþùåéñÿ âî âðåìåíè,
ìîæíî ðàçäåëèòü íà ÷åòûðå òèïà, â çàâèñèìîñòè îò ïîëîæåíèÿ èõ ÷à-
ñòîò ïî îòíîøåíèþ ê ñïåêòðó ëèíåéíûõ ñïèíîâûõ âîëí. Ýòî ïîëîæåíèå
çàäàåòñÿ âåëè÷èíîé è çíàêîì îäíîèîííîé àíèçîòðîïèè, è, êàê ñëåäñòâèå,
åäèíñòâåííûì âèäîì áðèçåðíîé ðåøåòêè, äîïóñêàåìûì àíèçîòðîïèåé
òèïà ëåãêîé ïëîñêîñòè â CrNb3S6, ÿâëÿþòñÿ òàê íàçûâàåìûå òåìíûå
áðèçåðíûå ìîäû [1], âîçíèêàþùèå âíóòðè ñïèí-âîëíîâîé çîíû, âáëèçè
åå íèæíåãî êðàÿ. Îíè ïðåäñòàâëÿþò ñîáîé êíîèäàëüíûå ñîñòîÿíèÿ íà-
ìàãíè÷åííîñòè, àíàëîãè÷íûå õîðîøî èçâåñòíîìó îñíîâíîìó ñîñòîÿíèþ
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õèðàëüíîãî ãåëèìàãíåòèêà â âèäå ñîëèòîííîé ðåøåòêè ñ ðàçëè÷íûì ÷èñ-
ëîì êèíêîâ. Ñóùåñòâåííûìè îñîáåííîñòÿìè "òåìíîé"áðèçåðíîé ðåøåò-
êè ÿâëÿþòñÿ ïåðèîä, íåñîèçìåðèìûé ñ ðàçìåðîì ñèñòåìû, è ëèíåéíîå
óìåíüøåíèå ýíåðãèè ýòèõ âîçáóæäåíèé ñ ðîñòîì ÷èñëà êèíêîâ. Óñòàíîâ-
ëåíà ëèíåéíàÿ óñòîé÷èâîñòü ýòèõ ìîä ñ ïîìîùüþ àíàëèçà Ôëîêå [2].
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Â ãèïåðáîëè÷åñêîì ïðîñòðàíñòâå ðàññìàòðèâàåòñÿ çàäà÷à Êîøè
äëÿ óðàâíåíèÿ àãðåãàöèè ñ ïåðåìåííûì ïîêàçàòåëåì íåëèíåéíî-
ñòè. Íåîòðèöàòåëüíàÿ íà÷àëüíàÿ ôóíêöèÿ îãðàíè÷åíà è ñóììèðó-
åìà. Äîêàçàíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü ñëàáîãî ðåøåíèÿ
çàäà÷è.

Êëþ÷åâûå ñëîâà: óðàâíåíèå àãðåãàöèè ñ ïåðåìåííûì ïîêàçàòåëåì
íåëèíåéíîñòè, ñóùåñòâîâàíèå ðåøåíèÿ, åäèíñòâåííîñòü ðåøåíèÿ,
ãèïåðáîëè÷åñêîå ïðîñòðàíñòâî

On Cauchy problem for the aggregation equation with
variable nonlinearity exponents in hyperbolic space

In hyperbolic space, we consider the Cauchy problem for the aggre-
gation equation with variable nonlinearity exponents. Non-negative
initial function limited and summable. The existence and uniqueness
of a weak solution to the problem is proved.

Keywords: the aggregation equation with variable nonlinearity expo-
nents, solution existence, uniqueness of solution, hyperbolic space

Â ñëîå QT = Hn × [0, T ), ãäå Hn � ãèïåðáîëè÷åñêîå ïðîñòðàíñòâî
ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ óðàâíåíèÿ àãðåãàöèè

ut = divg(|∇gA(u)|p(x)−2
g ∇gA(u)− uG(u)), (1)

ñ îãðàíè÷åííîé íà÷àëüíîé ôóíêöèåé u0 ∈ L1(Hn):

u(x, 0) = u0, u0(x) ≥ 0, x ∈ Hn. (2).

Ãäå 0 < p− ≤ p(x) ≤ p+, x ∈ Hn, p− = inf
x∈Hn

p(x), p+ = sup
x∈Hn

p(x). Çäåñü

íèæíèé èíäåêñ g ó îïåðàòîðîâ divg, ∇g íà ìíîãîîáðàçèè Hn áóäåò îòëè-
÷àòü èõ îò ñîîòâåòñòâóþùèõ îïåðàòîðîâ â Rn. Èíòåãðàëüíûé îïåðàòîð

Âèëüäàíîâà Âåíåðà Ôèäàðèñîâíà, ê.ô.-ì.í., äîöåíò, ÈÌÂÖ ÓÔÈÖ ÐÀÍ (Óôà,
Ðîññèÿ); Venera Vil'danova (Institute of Mathematics with Computing Centre -
Subdivision of the Ufa Federal Research Centre of the Russian Academy of Sciences,
Ufa, Russia)
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G(v), îïðåäåëÿåòñÿ ôîðìóëîé

G(v) =

∫
Hn

X(y)v(y)dν,

ãäå dν � ýëåìåíò îáúåìà â Hn.
Áóäåì ïðåäïîëàãàòü, ÷òî A(u) ∈ C1[0,∞), A(0) = 0, è

A′(u) > 0, u > 0. (3)

Óñëîâèÿ íà ÿäðî îïåðàòîðà G(v) ñëåäóþùèå: X(y) ∈ χ1(P ), P = Hn \
{y}, y ∈ B1,

|dxXx(y)|+ |Xx(y)| ≤ C(|x|)(1 + |x− y|−λ), λ ∈ (0, n), x, y ∈ B1, (4)

ãäå C(r) � íåóáûâàþùàÿ ôóíêöèÿ.
Öåëüþ ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ è åäèíñòâåí-

íîñòè ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ àãðåãàöèè (1), (2).

Òåîðåìà 1. Ïóñòü 0 ≤ u0(x) ≤ M0, u0 ∈ L1(Hn) è âûïîëíåíû óñëî-
âèÿ (3), (4). Òîãäà ñóùåñòâóåò ñëàáîå ðåøåíèå çàäà÷è (1), (2) â öèëèí-
äðå QTr ìàëîé âûñîòû T .

Ïðè íåêîòîðûõ áîëåå æåñòêèõ îãðàíè÷åíèÿõ äîêàçàíà åäèíñòâåí-
íîñòü ðåøåíèÿ çàäà÷è (1), (2) â QT .

Ëèòåðàòóðà
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Â ýòîé ðàáîòå ìû ñòðîèì ïðèáëèæåíèå êîíå÷íûõ ýëåìåíòîâ äëÿ
ïðîñòðàíñòâåííîé ïåðåìåííîé è ìåòîä Ðîòý äëÿ äèñêðåòèçàöèè
ïî âðåìåíè äëÿ íåëîêàëüíîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ. Îïòè-
ìàëüíûå àïðèîðíûå îöåíêè ïîãðåøíîñòè êàê äëÿ ïîëóäèñêðåòíûõ,
òàê è äëÿ ïîëíîñòüþ äèñêðåòíûõ ñõåì äëÿ ôóíêöèé u äîêàçàíû â
V è H1. Íàêîíåö, ðàçðàáàòûâàåòñÿ ïîëíîñòüþ äèñêðåòíàÿ ñõåìà,
è ñõîäèìîñòü ïîëó÷åííîé ñõåìû ïðîâåðÿåòñÿ ÷èñëåííûì ýêñïåðè-
ìåíòîì.

Êëþ÷åâûå ñëîâà: Îïòèìàëüíûå îöåíêè ïîãðåøíîñòè, ìåòîä Ðîòý,
ìåòîä êîíå÷íûõ ýëåìåíòîâ, ìåòîä Íüþòîíà-Ðàôñîíà.

In this paper, we build a finite element approximation for spacial vari-
able and Rothe?s method to time discretization for nonlocal hyperbolic
equation. Optimal a priori error estimates for both semi discrete and
fully discrete schemes for functions u are proved in V and H1. Fi-
nally A fully discrete scheme is designed and the Convergence of the
obtained scheme is verified by a numerical experiment.

Keywords: An Optimal Error Estimates, Rothe’s method, finite ele-
ment method, Newton Raphson method.

Theorem 1. We assume that mmin(b(x))
2 ≥ 16e3c2LM

m . Then, there exists
a positive constant C such that∥∥ui − uih∥∥L2(0,T,τ,H1(Ω))

≤ C(h+ h2). (1)
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Â ýòîé ðàáîòå èçó÷åíû íåêîòîðûå èíòåãðèðóåìûå óðàâíåíèÿ ôåð-
ðîìàãíåòèêà Ãåéçåíáåðãà ñ ñàìîñîãëàñîâàííûìè ïîòåíöèàëàìè (ÓÔÃ-
ÑÑÏ). Íàéäåíû èõ Ëàêñîâûå ïðåäñòàâëåíèÿ, ñîëèòîííûå ðåøå-
íèÿ, èíòåãðàëû äâèæåíèÿ. Äîêàçàíî, ÷òî ýòè ÓÔÃÑÑÏ ÿâëÿþòñÿ
êàëèáðîâî÷íî ýêâèâàëåíòíû ê óðàâíåíèÿì òèïà ßäæèìû-Îéêàâû.

Êëþ÷åâûå ñëîâà: Óðàâíåíèÿ ôåððîìàãíåòèêà Ãåéçåíáåðãà, ñàìð-
ñîãëàñîâàíûå ïîòåíöèàëû, óðàâíåíèÿ òèïà ßäæèìû-Îéêàâû.

Integrable Heisenberg ferromagnet equations with
self-consistent potentials and related Yajima-Oikawa type

equations

In this paper, some integrable Heisenberg ferromagnet equations with
self-consistent potentials are studied. The corresponding Lax repre-
sentations, soliton solutions, integrals of motion are presented. The
gauge between these HFESCP and the YAjima-Oikawa type equations
are established.

Keywords: Nonlinear Schrodinger equation, Heisenberg model, Lie al-
gebra.

We study some Heisenberg ferromagnet equations with self-consistent
potentials (HFESCP). Some of these HFESCP are integrable. It means admit
as integrable system possesses the Lax pair, in�nitely many conservation
laws and solvable by using the inverse scattering transformation (IST). One
of examples of such integrable HFESCP reads as

St + S ∧ Sxx − vSx = 0, (1a)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÌÎÍ ÐÊ (ïðîåêò AP08856912,
AP09261147).
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vt + k(S2
x)x = 0, (1b)

where S = (S1, S2, S3) is the unit spin vector, S2 = 1, v is a scalar real
function (potential). Eq.(1) is equivalent to the Yajima-Oikawa equation
(YOE) [1]

iqt + qxx − uq = 0, (2a)

ut − 2(|q|2)x = 0. (2b)

This YOE is integrable, admits Lax representation, in�nity number conservation
of laws, n-soliton solutions and so on. In this paper, we have established a
gauge equivalence between the equations (1) and (2). Also the exact soliton
solutions of these equation are presented. Some integrals of motion of these
equations and the relations between them are found.

Ëèòåðàòóðà
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Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ñèñòåì ïîëóäèñêðåòíûõ óðàâíå-
íèé r̄n+1,x = h̄(x, n, r̄n, r̄n+1, r̄n,x) â ðàìêàõ ïîäõîäà, îñíîâàííîãî
íà ïîíÿòèè õàðàêòåðèñòè÷åñêîãî êîëüöà Ëè. Çäåñü r̄n = (r1n, r

2
n, . . . , r

N
n ),

h̄ = (h1, h2, . . . , hN ), n ∈ Z.
Êëþ÷åâûå ñëîâà: ïîëóäèñêðåòíàÿ ñèñòåìà óðàâíåíèé, õàðàêòåðè-
ñòè÷åñêîå êîëüöî, x-èíòåãðàë, ñèñòåìà, èíòåãðèðóåìàÿ ïî Äàðáó

Integrability conditions for semi-discrete systems of
equations

The paper is devoted to the study of systems of semi-discrete equations
r̄n+1,x = h̄(x, n, r̄n, r̄n+1, r̄n,x) within the framework of an approach
based on the concept of a characteristic Lie ring. .

Keywords: semi-discrete system of equations, characteristic ring, x -
integral, Darboux integrable system

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ñèñòåì ïîëóäèñêðåòíûõ óðàâíåíèé

r̄n+1,x = h̄(x, n, r̄n, r̄n+1, r̄n,x) (1)

â ðàìêàõ ïîäõîäà, îñíîâàííîãî íà ïîíÿòèè õàðàêòåðèñòè÷åñêîãî êîëüöà
Ëè. Çäåñü r̄n = (r1

n, r
2
n, . . . , r

N
n ), h̄ = (h1, h2, . . . , hN ), n ∈ Z.

Ñðåäè èíòåãðèðóåìûõ íåëèíåéíûõ óðàâíåíèé è ñèñòåì â ÷àñòíûõ
ïðîèçâîäíûõ â îòäåëüíûé øèðîêèé êëàññ âûäåëåíû íåëèíåéíûå ãèïåð-
áîëè÷åñêèå óðàâíåíèÿ è ñèñòåìû, èíòåãðèðóåìûå �ïî Äàðáó�. Îòëè÷è-
òåëüíûì ñâîéñòâîì òàêèõ óðàâíåíèé ÿâëÿåòñÿ íàëè÷èå èíòåãðàëîâ ïî
êàæäîìó õàðàêòåðèñòè÷åñêîìó íàïðàâëåíèþ (òàê íàçûâàåìûõ x- è y-
èíòåãðàëîâ). Óðàâíåíèÿ è ñèñòåìû, èíòåãðèðóåìûå �ïî Äàðáó� ýôôåê-
òèâíî ïîääàþòñÿ èññëåäîâàíèþ è êëàññèôèêàöèè ïðè ïîìîùè õàðàêòå-
ðèñòè÷åñêèõ êîëåö Ëè. Â íàñòîÿùåå âðåìÿ àëãåáðàè÷åñêèé ïîäõîä ðàñ-
ïðîñòðàíåí íà ïîëóäèñêðåòíûå è äèñêðåòíûå óðàâíåíèÿ.
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Â ðàáîòå [1] ñôîðìóëèðîâàíà ãèïîòåçà: ñèñòåìà óðàâíåíèé (1) îáëà-
äàåò ïîëíûì íàáîðîì x− è n− èíòåãðàëîâ, òîãäà è òîëüêî òîãäà, êîãäà
õàðàêòåðèñòè÷åñêîå êîëüöî ïî êàæäîìó õàðàêòåðèñòè÷åñêîìó íàïðàâëå-
íèþ êîíå÷íîìåðíî.

Â äàííîé ðàáîòå äîêàçàíî, ÷òî ñèñòåìà îáëàäàåò N x-èíòåãðàëàìè,
íåçàâèñèìûìè â ãëàâíîì, òîãäà è òîëüêî òîãäà, êîãäà õàðàêòåðèñòè÷å-
ñêîå êîëüöî Ëè, ñîîòâåòñòâóþùåå íåïðåðûâíîìó õàðàêòåðèñòè÷åñêîìó
íàïðàâëåíèþ, êîíå÷íîìåðíî.
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Èññëåäóåòñÿ âîïðîñ î ïîñòðîåíèè îïåðàòîðà èíâàðèàíòíîãî äèô-
ôåðåíöèðîâàíèÿ äëÿ àëãåáð Ëè êîíòàêòíûõ ïðåîáðàçîâàíèé è ïðè-
ìåíèìîñòü ìåòîäà ïîíèæåíèÿ ïîðÿäêà ê îáûêíîâåííûì äèôôå-
ðåíöèàëüíûì óðàâíåíèÿì, äîïóñêàþùèì òàêèå àëãåáðû Ëè.

Êëþ÷åâûå ñëîâà: îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, àë-
ãåáðà Ëè, êîíòàêòíûå ïðåîáðàçîâàíèÿ, äèôôåðåíöèàëüíûå èíâà-
ðèàíòû, îïåðàòîð èíâàðèàíòíîãî äèôôåðåíöèðîâàíèÿ

The invariant differentiation operator for the Lie algebra of
contact transformations

We study the question of constructing an operator of invariant differ-
entiation for Lie algebras of contact transformations and the applica-
bility of the order reduction method to ordinary differential equations
that admit such Lie algebras.

Keywords: ordinary differential equations, Lie algebra, contact trans-
formations, differential invariants, invariant differentiation operator

Ìíîæåñòâî ìàòåìàòè÷åñêèõ ìîäåëåé ðàçëè÷íûõ ïðîöåññîâ îïèñûâà-
þòñÿ îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè (ÎÄÓ). Íåñìîò-
ðÿ íà ðàçâèòèå ÷èñëåííûõ ìåòîäîâ, àíàëèòè÷åñêèå ìåòîäû ðåøåíèÿ ÎÄÓ
èãðàþò âàæíóþ ðîëü â èññëåäîâàíèè ñâîéñòâ ìîäåëåé. Îäíèì èç òà-
êèõ ìåòîäîâ ÿâëÿåòñÿ ìåòîä ïîñëåäîâàòåëüíîãî ïîíèæåíèÿ ïîðÿäêà ñ
èñïîëüçîâàíèåì ñèììåòðèé óðàâíåíèÿ.

Ìîäèôèêàöèÿ ìåòîäà ïîíèæåíèÿ ïîðÿäêà, îïèñàííàÿ â [1, 2], èñïîëü-
çóåò òåîðèþ äèôôåðåíöèàëüíûõ èíâàðèàíòîâ äîïóñêàåìîé àëãåáðû Ëè,
â ÷àñòíîñòè � îïåðàòîð èíâàðèàíòíîãî äèôôåðåíöèðîâàíèÿ (ÎÈÄ) (ñì.
[3, 4]). Ýòà ìîäèôèêàöèÿ ïðåäïîëàãàåò, ÷òî êîëè÷åñòâî òî÷å÷íûõ ñèì-
ìåòðèé ñèñòåìû ÎÄÓ ñîâïàäàåò ñ å¼ ïîðÿäêîì. Îäíàêî ÷àñòî áûâàåò òàê,
÷òî óðàâíåíèå äîïóñêàåò íåäîñòàòî÷íîå ÷èñëî òî÷å÷íûõ ñèììåòðèé. Â
ýòîì ñëó÷àå ìîæíî ðàññìîòðåòü åå íåëîêàëüíûå ñèììåòðèè [5].
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Â äàííîé ðàáîòå èññëåäóåòñÿ âîïðîñ ïîíèæåíèÿ ïîðÿäêà óðàâíåíèÿ
P -ãî ïîðÿäêà âèäà

y(P ) = f(x, y, y′, ..., y(P−1)), (1)

äîïóñêàþùåå P - ìåðíóþ àëãåáðó Ëè êîíòàêòíûõ ñèììåòðèé, íàòÿíóòóþ
íà îïåðàòîðû

Xi = ξi(x, y, y
′)
∂

∂x
+ ηi(x, y, y

′)
∂

∂y
, i = 1, ..., n, (2)

ãäå x - íåçàâèñèìàÿ ïåðåìåííàÿ, ξi(x, y, y
′), ηi(x, y, y

′) - èçâåòíûå ôóíê-
öèè.

Ïóñòü ðàíã ìàòðèöû M (P ), ñîñòàâëåííîé èç êîîðäèíàò îïåðàòîðîâ
Xi

(P ), ïîëó÷åííûõ ïðîäîëæåíèåì îïåðàòîðîâ (2) íà âñå ïðîèçâîäíûå äî
P - ãî ïîðÿäêà, ðàâåí P. Òîãäà ÎÄÓ (1) ìîæíî ïðåäñòàâèòü ÷åðåç èíâà-
ðèàíò P - ãî ïîðÿäêà I(P ) = I(P )(x, y, y′, ..., y(P )) è äèôôåðåíöèàëüíûé
èíâàðèàíò I(k) = I(k)(x, y, y′, ..., y(k)) k - ãî ïîðÿäêà (0 ≤ k < P ) äîïóñ-
êàåìîé àëãåáðû Ëè â âèäå

I(P ) = F (I(k)).

ãäå F - íåêîòîðàÿ ôóíêöèÿ.
Ñîãëàñíî [1,2] ôóíêöèþ λ = λ(x, y′, ..., y(P )) äëÿ ÎÈÄ λDx ñëåäóåò

ñòðîèòü â ñïåöèàëüíîì âèäå

λ =
1

Dx(Φ)
, (3)

ãäå Φ = Φ(x, y, . . . , y(P−1)) - íåêîòîðàÿ ôóíêöèÿ, ÿâëÿþùàÿñÿ äèôôåðåí-
öèàëüíûì èíâàðèàíòîì ðàçðåøèìîé ïîäàëãåáðû èñõîäíîé àëãåáðû Ëè.
Â ðàáîòàõ [1, 2] ïðèâåäåíà ñõåìà ïîñòðîåíèÿ ýòîé ôóíêöèè Φ äëÿ àë-
ãåáð Ëè òî÷å÷íûõ ïðåîáðàçîâàíèé, à â ðàáîòå [6] ïîêàçàíî, ÷òî â ñëó÷àå
àëãåáð Ëè êîíòàêòíûõ ïðåîáðàçîâàíèé ñõåìà íå òåðïèò èçìåíåíèé.

Ïðèìåíåíèå ïîñòðîåííîãî ÎÈÄ ê èíâàðèàíòó ìëàäøåãî ïîðÿäêà äà-
¼ò ñîîòíîøåíèå

λDx(I(k)) = H(I(k), I(P )),

ãäå H = H(I, ..., I(P )) - íåêîòîðàÿ ãëàäêàÿ ôóíêöèÿ. Ïîëó÷èâøååñÿ âû-
ðàæåíèå ðàññìàòðèâàåòñÿ íà ìíîãîîáðàçèè, îïðåäåëÿåìîì èññëåäóåìûì
óðàâíåíèåì (1):

λDx(I(k))|(1) = G(I(k)),

çäåñü G(I(k)) = H(I(k), F (I(k))) - ãëàäêàÿ ôóíêöèÿ.
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dI(k)

dΦ
= G(I(k)).

Èíòåãðèðóÿ ýòî óðàâíåíèå, ïîëó÷èì ðåøåíèå âèäà U(Φ, I(k)) = C,C =
const, êîòîðîå ÿâëÿåòñÿ ïåðâûì èíòåãðàëîì èñõîäíîãî óðàâíåíèÿ (1).

Ê ïîëó÷åííîìó óðàâíåíèþ (P-1)-ãî ïîðÿäêà ïðèìåíÿåòñÿ òà æå ïðî-
öåäóðà ïðè óñëîâèè âîçìîæíîñòè ïîñòðîåíèÿ ÎÈÄ ñî ìíîæèòåëåì ñïå-
öèàëüíîãî âèäà (3).

Èç âûøåñêàçàííîãî ñëåäóåò, ÷òî îïèñàííûé ìåòîä ïîíèæåíèÿ ïîðÿä-
êà íå çàâèñèò îò ïðîñòðàíñòâà, â êîòîðîì ðåàëèçîâàíà äîïóñêàåìàÿ àë-
ãåáðà Ëè, íî çàâèñèò îò ñòðóêòóðû ýòîé àëãåáðû Ëè.
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It was obtained the sufficient conditions on the right-hand side and
the parameters of the Lorenz model for a baroclinic atmosphere with
white noise perturbation for the existence a limiting point for any
sequence of the stationary measures for this system when any sequence
of the kinematic viscosity coefficients goes to zero. We consider white
noise perturbation proportional to the kinematic viscosity in different
degrees. A similar result was obtained for the equation of a barotropic
atmosphere and the two-dimensional Navier-Stokes equation.

Keywords: Lorenz model for a baroclinic atmosphere, white noise per-
turbation, inviscid limit of stationary measures, the two-dimensional
Navier-Stokes equation

We consider the system of equations for the quasi-solenoidal Lorenz
model for a baroclinic atmosphere

∂

∂t
A1u+ νA2u+A3u+B(u) = g, t > 0, (1)

on the two-dimensional unit sphere S centered at the origin of the spherical
polar coordinates (λ, ϕ), λ ∈ [0, 2π), ϕ ∈

[
−π2 ,

π
2

]
, µ = sinϕ. Here ν > 0 is

the kinematic viscosity, u(t, x, ω) = (u1(t, x, ω), u2(t, x, ω))
T
is an unknown

vector function and g(t, x, ω) = (g1(t, x, ω), g2(t, x, ω))
T
is a given vector

function, x = (λ, µ), ω ∈ Ω, (Ω, P, F ) is a complete probability space,

A1 =

(
−∆ 0
0 −∆ + γI

)
, A2 =

(
∆2 0
0 ∆2

)
,

This research was carried out within the framework of the Research Plan of Federal
Service for Hydrometeorology and Environmental Monitoring for 2020�2024, the research
project 1.1.3 �Development and improvement of the new generation of COSMO-Ru ultra-
high-resolution short-range weather prediction system (with grid steps up to 1 km) based
on the ICON seamless non-hydrostatic atmospheric model�.

Yulia Kletsova (Federal State Budgetary Institution �Siberian Regional Hydrome-
teorological Research Institute�, Siberian State University of Telecommunications and
Information Sciences, Novosibirsk, Russia)
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A3 =

(
−k0∆ 2k0∆
k0∆ −(2k0 + k1 + νγ)∆ + ρI

)
,

B(u) =
(
J(∆u1 + 2µ, u1) + J(∆u2, u2), J(∆u2 − γu2, u1) + J(∆u1 + 2µ, u2)

)T
.

Also, γ, ρ, k0, k1 ≥ 0 are numerical parameters, I is the identity operator,
J(ψ, θ) = ψλθµ − ψµθλ is the Jacobi operator and ∆ψ = ((1 − µ2)ψµ)µ +
(1− µ2)−1ψλλ is the Laplace-Beltrami operator on the sphere S. A random
vector function g = f + η is taken as the right-hand side of (1); here f(x)=
(f1(x), f2(x))T and η(t, x, ω) = (η1(t, x, ω), η2(t, x, ω))T is a white noise in t.
In [1] it was obtained for existence of a unique stationary measure of Markov
semigroup de�ned by solutions of the Cauchy problem for (1) and for the
exponential convergence of the distributions of solutions to the stationary
measure as t → +∞ the su�cient conditions on the right-hand side of (1)
and the parameters ν, γ, ρ, k0, k1:

k0 < F (ν, γ, ρ, k1), (2)

where F > 0 is some real function of the arguments ν, γ, ρ, k1.
Let {Ei}∞i=1 be an orthonormal basis for the space H0 (for de�nitions

of H0 see the third paragraph of [1]). As a random vector function η, we
consider

ηω(t, x) =
∂

∂t
ζω(t, x), ζω(t, x) =

∞∑
i=1

biβ
ω
i (t)Ei,

where {bi}∞i=1 ∈ l
+
2 , and {βωi (t)}∞i=1, t ≥ 0, is a sequence of independent real

Brownian motions with respect to some right continuous �ltration {Ft}t≥0

such that all the P -nullsets of the σ-algebra F lie in F0 (for de�nitions of
H0, l+2 see the third paragraph of [1]).

Let
k0 = νk′0, k1 = νk′1, ρ = νρ′, f = νf ′,

bi = ναb′i, α ∈ R, i = 1, 2, . . . , {b′i}∞i=1 6= 0, ζ = ναζ ′,

where k′0, k
′, ρ′, f ′ and {b′i}∞i=1 are independent of ν.

In the present work we consider the di�erent values of α and give the
answer when there exists a limiting point for any sequence of the stationary
measures for the system (1) when any sequence of the kinematic viscosity
coe�cients goes to zero and when it is absent.

A similar result is obtained for the equation of a barotropic atmosphere
and the two-dimensional Navier-Stokes equation. A comparative analysis
with some of the available related results is given for the latter.
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Â ðàáîòå ðàññìàòðèâàþòñÿ íåëèíåéíûå ýëëèïòè÷åñêèå óðàâíåíèÿ
âòîðîãî ïîðÿäêà ñ ñóììèðóåìîé ïðàâîé ÷àñòüþ. Â îãðàíè÷åííûõ
îáëàñòÿõ äîêàçàíî ñóùåñòâîâàíèå ýíòðîïèéíûõ ðåøåíèé çàäà÷è
Íåéìàíà â ñåïàðàáåëüíûõ ïðîñòðàíñòâàõ Ìóçèëàêà-Ñîáîëåâà-Îðëè÷à.

Êëþ÷åâûå ñëîâà: êâàçèëèíåéíîå ýëëèïòè÷åñêîå óðàâíåíèå, çàäà÷à
Íåéìàíà, ïðîñòðàíñòâî Ìóçèëàêà-Îðëè÷à-Ñîáîëåâà, ýíòðîïèéíîå
ðåøåíèå, ñåïàðàáåëüíîå ïðîñòðàíñòâî.

Entropy solutions of the Neumann problem for quasilinear
elliptic equations in Muzilak-Orlicz-Sobolev spaces

In this work, nonlinear elliptic equations of the second order with
the summable right-hand side. In bounded domains, the existence
of entropy solutions to the Neumann problem in separable Muzilak-
Sobolev-Orlicz spaces is proved.

Keywords: quasilinear elliptic equation, Neumann problem, Muzilak-
Orlicz-Sobolev space, entropy solution, separable space.

Ïóñòü Ω � îãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà

Rn = {x = (x1, x2, . . . , xn)}, n ≥ 2,

ñ ëèïøåöåâîé ãðàíèöåé ∂Ω. Ðàññìàòðèâàåòñÿ çàäà÷à Íåéìàíà äëÿ êâà-
çèëèíåéíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà âèäà

−div a(x,∇u) +M ′(x, u) + a(x, u) = f, x ∈ Ω, f ∈ L1(Ω); (1)

ñ îäíîðîäíûì êðàåâûì óñëîâèåì

a(x,∇u) · η
∣∣∣
∂Ω

= 0, (2)

Êîæåâíèêîâà Ëàðèñà Ìèõàéëîâíà, äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåñ-
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ëèòàìàê, Ðîññèÿ); Larisa Kozhevnikova (Sterlitamak Branch of Bashkir State University
of Sterlitamak, Russia)

Êàøíèêîâà Àíàñòàñèÿ Ïàâëîâíà, ñòóäåíò, Ñòåðëèòàìàêñêèé ôèëèàë Áàøêèð-
ñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà (Ñòåðëèòàìàê, Ðîññèÿ); Anastasia Kashnikova
(Sterlitamak Branch of Bashkir State University of Sterlitamak, Russia)

51



ãäå η � åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê ∂Ω.
Äëÿ êâàçèëèíåéíûõ ýëëèïòè÷åñêèõ óðàâíåíèé ñ íåëèíåéíîñòÿìè, îï-

ðåäåëÿåìûìè ôóíêöèÿìè Ìóçèëàêà-Îðëè÷à, ðàíåå áûëî äîêàçàíî ñó-
ùåñòâîâàíèå ýíòðîïèéíûõ (ñì. [1]) è ðåíîðìàëèçîâàííûõ (ñì. [2]) ðå-
øåíèé çàäà÷è Äèðèõëå. Çàäà÷à Íåéìàíà ìåíåå èçó÷åíà, èçâåñòíû ëèøü
ðåçóëüòàòû ñóùåñòâîâàíèÿ ñëàáûõ ðåøåíèé â áàíàõîâûõ ïðîñòðàíñòâàõ
Ìóçèëàêà-Îðëè÷à-Ñîáîëåâà (ñì. [3], [4]). Â íàñòîÿùåé ðàáîòå âûäåëåí
íåêîòîðûé êëàññ íåëèíåéíûõ ýëëèïòè÷åñêèõ óðàâíåíèé âèäà (1), äëÿ
êîòîðûõ ïîñòðîåíû ýíòðîïèéíûå ðåøåíèÿ çàäà÷è Íåéìàíà â ñåïàðàáåëü-
íûõ ïðîñòðàíñòâàõ Ìóçèëàêà-Îðëè÷à-Ñîáîëåâà. Îãðàíè÷åíèÿ íà êàðà-
òåîäîðèåâû ôóíêöèè

a(x, s) = (a1(x, s), . . . , an(x, s)) : Ω× Rn → Rn, a0(x, s0) : Ω× R→ R,

âõîäÿùèå â óðàâíåíèå (1), ôîðìóëèðóþòñÿ â òåðìèíàõ ñïåöèàëüíîãî
êëàññà âûïóêëûõ ôóíêöèé Ìóçèëàêà-Îðëè÷à.

Óñëîâèÿ ÌN. Ïðåäïîëàãàåòñÿ, ÷òî íåïðåðûâíî äèôôåðåíöèðóåìàÿ
â R è èíòåãðèðóåìàÿ â Ω ôóíêöèÿ Ìóçèëàêà-Îðëè÷à M(x, z) ïîä÷èíÿ-
åòñÿ ∆2-óñëîâèþ, äîïîëíèòåëüíàÿ ê M ôóíêöèÿ M(x, z) òàêæå èíòåãðè-
ðóåìàÿ â Ω è âûïîëíåíû ñëåäóþùèå óñëîâèÿ:∫ ∞

1

M−1(x, z)z−(n+1)/ndz =∞,
∫ 1

0

M−1(x, z)z−(n+1)/ndz <∞;

äëÿ ëþáîãî z0 > 0 ñóùåñòâóåò c(z0) > 0 òàêîå, ÷òî äëÿ ëþáîãî z ≥ z0

ñïðàâåäëèâû ñîîòíîøåíèÿ

inf
x∈Ω

M(x, z)

z
≥ c, inf

x∈Ω

M(x, z)

z
≥ c.

Ïóñòü ñóùåñòâóþò íåîòðèöàòåëüíûå ôóíêöèè Φ ∈ EM (Ω), φ ∈ L1(Ω) è

ïîëîæèòåëüíûå êîíñòàíòû Â, a òàêèå, ÷òî äëÿ ï.â. x ∈ Ω è äëÿ ëþáûõ
s, t ∈ Rn, s 6= t ñïðàâåäëèâû íåðàâåíñòâà:

a(x, s) · s ≥ aM(x, |s|)− φ(x);

|a(x, s)|) ≤ Φ(x) + ÂM
−1

(x,M(x, |s|));
(a(x, s)− a(x, t)) · (s− t) > 0.

ãäå s · t =
∑n
i=1 siti, |s| =

(
sumn

i=1s
2
i

)1/2
.

Êðîìå òîãî, ïóñòü ñóùåñòâóåò íåîòðèöàòåëüíàÿ ôóíêöèÿ Φ0 ∈ L1(Ω)
òàêàÿ, ÷òî ïðè ï.â. x ∈ Ω äëÿ âñåõ k > 0 è s0 ∈ R ñïðàâåäëèâû íåðàâåí-
ñòâà:

sup
|t0|≤k

|b(x, t0)| = Bk(x) ∈ L1(Ω);
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b(x, s0)s0 ≥ 0.

Îïðåäåëèì ôóíêöèþ Tk(r) = max(−k,min(k, r)). ×åðåç T1
M (Ω) îáî-

çíà÷èì ìíîæåñòâî èçìåðèìûõ ôóíêöèé u : Ω → R òàêèõ, ÷òî Tk(u) ∈
W 1LM (Ω) ïðè ëþáîì k > 0.

Îïðåäåëèì T1
M,tr(Ω) êàê ìíîæåñòâî ôóíêöèé u ∈ T1

M (Ω) òàêèõ, ÷òî

ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {un}n∈N ⊂ T1
M (Ω), óäîâëåòâîðÿþùàÿ óñëî-

âèÿì:

(C1) un → u ï.â. â Ω;
(C2) ∀ k > 0 ∇Tk(un)→ ∇Tk(u) â  L1(Ω);
(C3) ñóùåñòâóåò èçìåðèìàÿ ôóíêöèÿ v íà ∂Ω : un → v ï.â. â ∂Ω.

Ââåäåì îáîçíà÷åíèå 〈u〉 =
∫
Ω

udx.

Îïðåäåëåíèå. Ýíòðîïèéíûì ðåøåíèåì çàäà÷è (1), (2) íàçûâàåòñÿ
ôóíêöèÿ u ∈ T1

M,tr(Ω) òàêàÿ, ÷òî

1) b(x, u),M ′(x, u) ∈ L1(Ω);

2) ïðè âñåõ k > 0, ξ ∈W 1LM (Ω) ∩ L∞(Ω) ñïðàâåäëèâî íåðàâåíñòâî:

〈(b(x, u) +M ′(x, u)− f)Tk(u− ξ)〉+ 〈a(x,∇u) · ∇Tk(u− ξ)〉 ≤ 0.

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ
Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ MN, òîãäà ñóùåñòâóåò ýíòðî-

ïèéíîå ðåøåíèå çàäà÷è (1)�(2).
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Ïîñòðîåíî ðåøåíèå êðàåâîé çàäà÷è

Êëþ÷åâûå ñëîâà: Êëþ÷åâûå ñëîâà: óðàâíåíèå ñìåøàííîãî òèïà,
êðàåâàÿ çàäà÷à

The Tricomi - Neumann Spatial Problem for a Mixed Type
Equation

The solution to the boundary value problem.

Keywords: mixed-type equation, boundary value problem

Ðàññìîòðèì óðàâíåíèå

LW ≡Wxx + sgn y ·Wyy +Wzz = 0, (1)

â îáëàñòè G = D× (0, π), ãäå D � îáëàñòü ïëîñêîñòè R2
xy, îãðàíè÷åííîé:

1) ïðîñòîé êðèâîé Æîðäàíà Γ, ëåæàùåé â âåðõíåé ïîëóïëîñêîñòè y > 0
ñ êîíöàìè â òî÷êàõ A1(−1, 0) è A2(1, 0); 2) õàðàêòåðèñòèêàìè A1C1

(x + y = −1) è C1O (x − y = 0), OC2 (x + y = 0) è C2A2 (x − y = 1)
óðàâíåíèÿ (1) ïðè y < 0, ãäå C1 = (− 1

2 ,−
1
2 ), C2 = ( 1

2 ,−
1
2 ), O = (0, 0).

Îáîçíà÷èì D0 = D ∩ {y > 0}, D1 = D ∩ {x < 0, y < 0}, D2 =
D ∩ {x > 0, y < 0}, S = {x2 + y2 = 1, y > 0, z ∈ [0, π]}; G0 = G ∩ {y > 0};
G1 = G ∩ {x > 0, y < 0}; G2 = G ∩ {x > 0, y < 0}.

Ïîñòàâèì ñëåäóþùóþ çàäà÷ó Òðèêîìè�Íåéìàíà.
Çàäà÷à Ò. Íàéòè ôóíêöèþ W (x, y, z), óäîâëåòâîðÿþùóþ óñëîâèÿì:

W (x, y, z) ∈ C (G ) ∩ C1(G) ∩ C2(G0 ∪G1 ∪G2),

LW (x, y, z) ≡ 0, (x, y, z) ∈ G0 ∪G1 ∪G2,

∂W (x, y, z)

∂n

∣∣∣∣
S

=
∂V (r, ϕ, z)

∂r

∣∣∣∣
r=1

= F (ϕ, z), ϕ ∈ [0, π/2], z ∈ [0, π],

W (x, y, z)

∣∣∣∣
y=x

= 0, x ∈
[
−1

2
, 0

]
, z ∈ [0, π],

Êó÷êàðîâà Àéãóëü Íàèëåâíà, ê.ô.-ì.í., äîöåíò, ÁàøÃÓ (Óôà, Ðîññèÿ); Àigul
Kuchkarova (Bashkir State University, Ufa, Russia)
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Kuchkarova (Bashkir State University, Ufa, Russia)
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W (x, y, z)

∣∣∣∣
y=−x

= 0, x ∈
[
0,

1

2

]
, z ∈ [0, π],

W (x, y, z)

∣∣∣∣
z=0

= W (x, y, z)

∣∣∣∣
z=π

= 0,

ãäå F � çàäàííàÿ äîñòàòî÷íî ãëàäêàÿ ôóíêöèÿ.
Ïîñòðîåíî ðåøåíèå çàäà÷è Òðèêîìè�Íåéìàíà â âèäå ðÿäà.
Îòìåòèì,÷òî â ðàáîòå [1] ïîñòðîåíî ðåøåíèå çàäà÷è Ãåëëåðñòåäòà äëÿ

óðàâíåíèÿ (1)
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Â ðàáîòå ìåòîäîì îáðàòíîé ñïåêòðàëüíîé çàäà÷è èíòåãðèðóåòñÿ
íåëèíåéíîå óðàâíåíèå Øðåäèíãåðà ñ äîïîëíèòåëüíûìè ÷ëåíàìè â
êëàññå áåñêîíå÷íîçîííûõ ïåðèîäè÷åñêèõ ôóíêöèé.

Êëþ÷åâûå ñëîâà: Äåôîêóñèðóåøåãî íåëèíåéíîãî óðàâíåíèÿ Øðå-
äèíãåðà (ÄÍÓØ), îïåðàòîð Äèðàêà, ñïåêòðàëüíûå äàííûå, ñèñòå-
ìà óðàâíåíèé Äóáðîâèíà, ôîðìóëû ñëåäîâ.

Integration of the nonlinear defocusing Schrodinger
equation with additional terms

Short abstract. In this paper, the method of the inverse spectral
problem is applied to the integration of the nonlinear Schrodinger
equation with additional terms in the class of infinite-zone periodical
functions.

Keywords: Defocusing nonlinear Schrodinger equation (DNUSH), Dirac
operator, spectral data, system of Dubrovin equations, trace formulas.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ íåëèíåéíîãî óðàâ-
íåíèÿ Øðåäèíãåðà ñ äîïîëíèòåëüíûìè ÷ëåíàìè âèäà

pt = −qxx + 2q(p2 + q2) + a(t)[p2(x0, t) + q2(x0, t)]px+
+{b(t) + c(t)[p2(x1, t) + q2(x1, t)]} · q,

qt = pxx − 2p(p2 + q2) + a(t)[p2(x0, t) + q2(x0, t)]qx−
−{b(t) + c(t)[p2(x1, t) + q2(x1, t)]} · p,

(1)

ïðè íà÷àëüíûõ óñëîâèÿõ

p(x, t)|t=0 = p0(x) , q(x, t)|t=0 = q0(x), x ∈ R, (1)

â êëàññå äåéñòâèòåëüíûõ áåñêîíå÷íîçîííûõ π - ïåðèîäè÷åñêèõ ïî xôóíê-
öèé:

p(x+ π, t) = p(x, t), q(x+ π, t) = q(x, t), x ∈ R, t > 0,

Ìóìèíîâ Óëóãáåê Áîáîìóðîäîâè÷, äîêòîðàíò ÑàìÃÓ, (Ñàìàðêàíä, Óçáåêèñòàí);
Muminov Ulugbek (Samarkand State University, Samarkand, Uzbekistan)

Èáðàãèìîâ Ðàøèä Êàìèëäæàíîâè÷, ìàãèñòðàíò ÓðÃÓ, (Óðãåí÷, Óçáåêèñòàí);
Ibragimov R.K. (Urgench State University,Urgench, Uzbekistan)
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p(x, t), q(x, t) ∈ C2
x(t > 0) ∩ C1

t (t > 0) ∩ C(t ≥ 0). (3)

Çäåñü a(t) , b(t) , c(t) ∈ C[0,∞) - çàäàííûå íåïðåðûâíûå îãðàíè÷åí-
íûå ôóíêöèè, à x0,x1 ∈ R .

Õîðîøî èçâåñòíî, ÷òî îäíèì èç ïðåäñòàâèòåëåé èíòåãðèðóåìûõ íåëè-
íåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, êîòîðûé èìååò íàèáîëüøåå
÷èñëî ïðèëîæåíèé, ÿâëÿåòñÿ íåëèíåéíûå óðàâíåíèÿØðåäèíãåðà (ÍÓØ),
êîòîðîå âïåðâûå áûëî ïðîèíòåãðèðîâàíî Â.Å. Çàõàðîâûì è À.Á. Øàáà-
òîì [1] â êëàññå "áûñòðîóáûâàþùèõ"ôóíêöèé.

Â ðàáîòàõ À.Ð. Èòñà [2], À.Ð.Èòñà è Â.Ï. Êàòëÿðîâà [3], à òàêæå À.Î.
Ñìèðíîâà [4] èññëåäîâàíî íåëèíåéíîå óðàâíåíèå Øðåäèíãåðà (ÍÓØ)
iut = uxx − 2|u|2 · u , â êëàññå êîíå÷íîçîííûõ ôóíêöèé.

Â ðàáîòå À.Á. Õàñàíîâà, Ì.Ì. Õàñàíîâà [5], áûëî èññëåäîâàíî íåëè-
íåéíîå óðàâíåíèå Øðåäèíãåðà ñ äîïîëíèòåëüíûì ÷ëåíîì âèäà ut =
2i|u|2 ·u− iuxx+γ(t)|u(0, t)|2 ·ux , â êëàññå áåñêîíå÷íîçîííûõ ïåðèîäè÷å-
ñêèõ ôóíêöèé. Ñëåäóåò îòìåòèòü, ÷òî â ðàáîòå [6] èçó÷åíî âåùåñòâåííî-
àíàëèòè÷åñêîå ðåøåíèå íåëèíåéíîãî óðàâíåíèÿ Øðåäèíãåðà âèäà iut =
Auxx + B |u|2 · u + Cu , ãäå A,B,C ∈ R - çàäàííûå êîíñòàíòû, êîòîðûå
óäîâëåòâîðÿåò óñëîâèþ A·B 6= 0 . Â ñîîòâåòñòâèè ñ ôèçè÷åñêèì ñìûñëîì
ðåøåíèé ðàçëè÷àþò ôîêóñèðóþùèé ñëó÷àé AB > 0 è äåôîêóñèðóþùèé
ñëó÷àé AB < 0 .

Ñëåäóÿ [6] óðàâíåíèå (1) îòíîñèòñÿ ê äåôîêóñèðóþùåìó ñëó÷àþ, ò.ê.
A = −1 , B = 2 , (AB = −2 < 0) . Çàìåòèì, ÷òî ïðè a(t) = 0,c(t) = 0 è
b(t) = c = const , ñèñòåìà (1) ïðèìåò âèä{

qt = pxx − 2(p2 + q2)p− cp,
pt = −qxx + 2(p2 + q2)q + cq.

(4)

Â äàííîé ñòàòüå ïðåäëàãàåòñÿ àëãîðèòì ïîñòðîåíèÿ ðåøåíèÿ p(x, t) ,
q(x, t) , x ∈ R , t > 0 , çàäà÷è (1) � (3), ñ ïîìîùüþ îáðàòíîé ñïåêòðàëüíîé
çàäà÷è äëÿ îïåðàòîðà Äèðàêà:

L(τ, t)y ≡ By′ + Ω(x+ τ, t)y = λy, x ∈ R, t > 0, (5)

ãäå

B =

(
0 1
−1 0

)
, Ω (x, t) =

(
p(x, t) q(x, t)
q(x, t) − p(x, t)

)
, y =

(
y1

y2

)
.

Îáîçíà÷èì ÷åðåç c(x, λ, τ, t) = (c1(x, λ, τ, t), c2(x, λ, τ, t))T è s(x, λ, τ, t) =
(s1(x, λ, τ, t), s2(x, λ, τ, t))T ðåøåíèÿ óðàâíåíèÿ (5) ñ íà÷àëüíûìè óñëîâè-
ÿìè c(0, λ, τ, t) = (1, 0)T è s(0, λ, τ, t) = (0, 1)T . Ôóíêöèÿ ∆(λ, τ, t) =
c1(π, λ, τ, t)+s2(π, λ, τ, t) íàçûâàåòñÿ ôóíêöèåé Ëÿïóíîâà äëÿ óðàâíåíèÿ
(5).
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Êîðíè óðàâíåíèé ∆(λ, τ, t) = ±2 îáîçíà÷èì ÷åðåç λn(τ, t) , îíà ñîâ-
ïàäàåò ñ ñîáñòâåííûìè çíà÷åíèÿìè ïåðèîäè÷åñêîé è àíòèïåðèîäè÷åñêîé
çàäà÷ y(0, τ, t) = ±y(π, τ, t) äëÿ óðàâíåíèÿ (5).

Òåïåðü ðàññìîòðèì çàäà÷ó Äèðèõëå

y1(0, τ, t) = 0 , y1(π, τ, t) = 0, (6)

äëÿ óðàâíåíèÿ(5). Ïåðâàÿ êîìïîíåíòà âåêòîð-ôóíêöèè s(x, λ, τ, t) óäî-
âëåòâîðÿåò ïåðâîìó ãðàíè÷íîìó óñëîâèþ (6), ïîäñòàâëÿÿ åãî íà âòîðîå
ãðàíè÷íîå óñëîâèå, ïîëó÷èì s1(π, λ, τ, t) = 0 . Ðåøàÿ åãî îòíîñèòåëüíî λ
, íàõîäèì ñîáñòâåííîå çíà÷åíèå ξn = ξn(τ, t) , n ∈ Z , çàäà÷è Äèðèõëå
(5),(6). Îáîçíà÷èì ÷åðåç σn(τ, t) çíàê:

σn(τ, t) = sign{s2(π, ξn, τ, t)− c1(π, ξn, τ, t)}.

Ìíîæåñòâî {ξn(τ, t), σn(τ, t), n ∈ Z} ,íàçûâàåòñÿ ñïåêòðàëüíûìè ïà-
ðàìåòðàìè, à íàáîð {λn(τ, t), ξn(τ, t), σn(τ, t), n ∈ Z} - ñïåêòðàëüíûìè
äàííûìè îïåðàòîðà L(τ, t) . Âîññòàíîâëåíèå êîýôôèöèåíòà Ω (x, t) îïå-
ðàòîðà L(τ, t) ïî ñïåêòðàëüíûì äàííûì íàçûâàåòñÿ îáðàòíîé çàäà÷åé.
Êîýôôèöèåíò Ω (x, t) - îïåðàòîðà L(τ, t) îïðåäåëÿåòñÿ îäíîçíà÷íî ïî
ñïåêòðàëüíûì äàííûì {λn(τ, t), ξn(τ, t), σn(τ, t), n ∈ Z} .Òåïåðü ñ ïî-
ìîùüþ íà÷àëüíîé ôóíêöèé p0(x + τ) , q0(x + τ) , τ ∈ R , ïîñòðîèì
îïåðàòîð Äèðàêà âèäà L(τ, 0)y = λy,x, τ ∈ R. Ðåøàÿ ïðÿìóþ çàäà÷ó, íà-
õîäèì ñïåêòðàëüíûå äàííûå {λn, ξ0

n(τ), σ0
n(τ), n ∈ Z} îïåðàòîðà L(τ, 0)

. Îòñþäà ñëåäóåò, ÷òî ξ0
n(τ + π) = ξ0

n(τ) , σ0
n(τ + π) = σ0

n(τ) , n ∈ Z .
Îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû ñîäåðæèòñÿ â ñëåäóþùåé òåîðå-
ìå.

Òåîðåìà 1. Ïóñòü ïàðà p(x, t) , q(x, t) , x ∈ R , t > 0 , ÿâëÿåòñÿ
ðåøåíèåì çàäà÷è Êîøè (1) � (3). Òîãäà ñïåêòðàëüíûå äàííûå

{λn(τ, t), ξn(τ, t), σn(τ, t), n ∈ Z}

îïåðàòîðà L(τ, t) óäîâëåòâîðÿþò àíàëîãó ñèñòåìû óðàâíåíèé Äóáðîâè-
íà:

1) λn(τ, t) = λn, n ∈ Z,

2)
∂ξn(τ, t)

∂t
= 2(−1)nσn(τ, t)hn(ξ(τ, t)) · {q2(τ, t) + qτ (τ, t)+

+ [p(τ, t) + ξn(τ, t)]
2

+ ξ2
n(τ, t)− a(t)(p(τ, t) + ξn(τ, t))[p2(x0, t)+

+q2(x0, t)] +
1

2
[b(t) + c(t)(p2(x1, t) + q2(x1, t))]} , n ∈ Z, (7)
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ãäå

hn(ξ) =
√

(ξn − λ2n−1)(λ2n − ξn) ·

√√√√√√√
∞∏

k = −∞
k 6= n

(λ2k−1 − ξn)(λ2k − ξn)

(ξk − ξn)2
.

(8)
Çíàêè σn(τ, t) = ±1 , n ∈ Z , ìåíÿþòñÿ ïðè êàæäîì ñòîëêíîâåíèè
òî÷êè ξn(τ, t) , n ∈ Z , ñ ãðàíèöàìè ñâîåé ëàêóíû [λ 2n−1, λ 2n] . Êðîìå
òîãî, âûïîëíÿþòñÿ ñëåäóþùèå íà÷àëüíûå óñëîâèÿ

ξn(τ, t)|t=0 = ξ0
n(τ) , σn(τ, t)|t=0 = σ0

n(τ) , n ∈ Z, (9)

Ñëåäñòâèå 1. Ó÷èòûâàÿ ôîðìóëû ñëåäîâ

p(τ, t) =

∞∑
k=−∞

(
λ2k−1 + λ2k

2
− ξk(τ, t)) , q(τ, t) =

=

∞∑
k=−∞

(−1)k−1σk(τ, t)hk(ξ(τ, t)), (10)

q2(τ, t) + qτ (τ, t) =

∞∑
k=−∞

(
λ2

2k−1 + λ2
2k

2
− ξ2

k(τ, t)), (11)

ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé (7) ìîæíî ïåðåïèñàòü â çàìêíó-
òîé ôîðìå.

Ñëåäñòâèå 2. Ýòà òåîðåìà äàåò ìåòîä ðåøåíèÿ çàäà÷è (1) � (3).
Äëÿ ýòîãî ñíà÷àëà íàéäåì ñïåêòðàëüíûå äàííûå λn , ξ

0
n(τ) , σ0

n(τ) = ±1
, n ∈ Z , îïåðàòîðà L(τ, 0) ñîîòâåòñòâóþùèå êîýôôèöèåíòàì p0(x+ τ)
, q0(x+ τ) , τ ∈ R . Îáîçíà÷èì ñïåêòðàëüíûå äàííûå îïåðàòîðà L(τ, t)
÷åðåç λn , ξn(τ, t) , σn(τ, t) = ±1 , n ∈ Z . Òåïåðü â ñèñòåìå óðàâíåíèÿ (7)
ñ íà÷àëüíûì óñëîâèåì (9) ïîñëåäîâàòåëüíî ïîëîæèì τ = x0 è τ = x1 .
Ðåøàÿ ïîëó÷åííóþ çàäà÷ó Êîøè, íàõîäèì ξn(x0, t) , σn(x0, t) , n ∈ Z , è
ξn(x1, t) , σn(x1, t) , n ∈ Z . Çàòåì èç ôîðìóëû ñëåäîâ (10), îïðåäåëèì
ôóíêöèè p(x0, t) , q(x0, t) , è p(x1, t) , q(x1, t) . Ïîñëå ýòîãî ïîäñòàâëÿåì
ýòè äàííûå â ñèñòåìó óðàâíåíèé (7) è ðåøàÿ çàäà÷ó Êîøè (7) � (8) ïðè
ïðîèçâîëüíîì çíà÷åíèè τ , íàõîäèì ξn(τ, t) , σn(τ, t) , n ∈ Z . Èç ôîðìóë
ñëåäîâ (10), îïðåäåëèì p (τ, t) è q(τ, t) , ò.å. ðåøåíèå çàäà÷è (1)� (3).
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Ïðåäñòàâëåí îáçîð ñòàðûõ è ñâåæèõ ðåçóëüòàòîâ î çàäà÷å Äèðèõ-
ëå â ïîëóïðîñòðàíñòâå äëÿ ýëëèïòè÷åñêèõ äèôôåðåíöèàëüíî-ðàç-
íîñòíûõ óðàâíåíèé. Îáçîðîì îõâà÷åíû äâà ïðèíöèïèàëüíî ðàç-
ëè÷íûõ òèïà êðàåâûõ äàííûõ.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíî-ðàçíîñòíûå óðàâíåíèÿ, ýëëèï-
òè÷åñêèå óðàâíåíèÿ, çàäà÷è â ïîëóïðîñòðàíñòâå, âðåìåíèïîäîáíàÿ
ïåðåìåííàÿ.

Elliptic differential-difference equations in half-spaces:
old and new results

A review of old and recent results on the Dirichlet problem in half-
spaces for elliptic differential-difference equations is presented. Two
qualitatively different types of boundary-value data are covered.

Keywords: differential-difference equations, elliptic equations, half-space
problems, timelike variables.

Êðàåâûå çàäà÷è â ïîëóïðîñòðàíñòâå òðàäèöèîííî ñ÷èòàþòñÿ õàðàê-
òåðíûìè äëÿ íåñòàöèîíàðíûõ óðàâíåíèé: åäèíñòâåííàÿ íåçàâèñèìàÿ
ïåðåìåííàÿ, èçìåíÿþùàÿñÿ íà ïîëóîñè, åñòåñòâåííûì îáðàçîì òðàêòóåò-
ñÿ, êàê âðåìÿ, âñå îñòàëüíûå ïåðåìåííûå� ïðîñòðàíñòâåííûå, à äàííûå,
çàäàâàåìûå íà ãðàíèöå îáëàñòè (ò. å. íà ãèïåðïëîñêîñòè, îðòîãîíàëüíîé
ýòîé ïîëóîñè), òðàêòóþòñÿ, ñîîòâåòñòâåííî, êàê íà÷àëüíûå äàííûå. Îä-
íàêî, íàïð., çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà â ïîëóïðîñòðàí-
ñòâå òîæå êîððåêòíà, ïðè÷åì âûäåëåííàÿ óêàçàííûì âûøå îáðàçîì ïðî-
ñòðàíñòâåííàÿ ïåðåìåííàÿ ïðèîáðåòàåò òàê íàçûâàåìûå âðåìåíèïîäîá-
íûå ñâîéñòâà � â ÷àñòíîñòè, ðàçðåøàþùèé îïåðàòîð îáëàäàåò ïîëóãðóï-
ïîâûì ñâîéñòâîì, à äëÿ ðåøåíèé ñïðàâåäëèâ êðèòåðèé ñòàáèëèçàöèè
Ðåïíèêîâà�Ýéäåëüìàíà ïðè ñòðåìëåíèè óêàçàííîé âðåìåíèïîäîáíîé ïå-
ðåìåííîé ê áåñêîíå÷íîñòè. Òàêèì îáðàçîì, óêàçàííàÿ çàäà÷à îáëàäàåò
çíà÷èòåëüíûì êà÷åñòâåííûì ñõîäñòâîì ñ çàäà÷åé Êîøè (ñ òåì æå ñà-
ìûì êðàåâûì óñëîâèåì) äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè, ÷òî âåñüìà

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 20-01-00288 À).
Ìóðàâíèê Àíäðåé Áîðèñîâè÷, ä.ô.-ì.í., ÀÎ ¾Êîíöåðí ¾Ñîçâåçäèå¿ (Âîðîíåæ,

Ðîññèÿ); Andrey Muravnik (JSC �Concern �Sozvezdie�, Russia)
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íåòðèâèàëüíî: ó÷èòûâàÿ, ÷òî ýòè äâà óðàâíåíèÿ� ðàçíûõ òèïîâ, äàæå
òî, ÷òî îäíà è òà æå çàäà÷à ÿâëÿåòñÿ êîððåêòíîé äëÿ êàæäîãî èç íèõ,
íå î÷åâèäíî.

Èññëåäóåìûå çàäà÷è åñòåñòâåííûì îáðàçîì ðàçäåëÿþòñÿ íà äâà êëàñ-
ñà � çàäà÷è ñ îãðàíè÷åííûìè êðàåâûìè äàííûìè è çàäà÷è ñ èíòåãðèðó-
åìûìè êðàåâûìè äàííûìè. Â êëàññè÷åñêîì ñëó÷àå äèôôåðåíöèàëüíûõ
óðàâíåíèé (êàê ýëëèïòè÷åñêèõ, òàê è ïàðàáîëè÷åñêèõ), ýòà ðàçíèöà â
ïîñòàíîâêå çàäà÷è ïðèíöèïèàëüíà � îíà ïðèâîäèò ê òîìó, ÷òî ìû ïîëó-
÷àåì ðåøåíèÿ ñ êà÷åñòâåííî ðàçëè÷íûìè ñâîéñòâàìè. Â ÷àñòíîñòè, òîëü-
êî â çàäà÷àõ ïåðâîãî èç ýòèõ êëàññîâ äîïóñòèìû ïîñòîÿííûå ðåøåíèÿ, è
òîëüêî ðåøåíèÿ ñ êîíå÷íîé ýíåðãèåé äîïóñòèìû â çàäà÷àõ âòîðîãî êëàñ-
ñà. Èíûìè ñëîâàìè, êðèòåðèé ñòàáèëèçàöèè Ðåïíèêîâà�Ýéäåëüìàíà �
ðåøåíèå ìîæåò èìåòü ïðåäåë (ïðè÷åì íå îáÿçàòåëüíî ðàâíûé íóëþ), à
ìîæåò âîîáùå íå èìåòü åãî � èìååò ìåñòî òîëüêî äëÿ çàäà÷ ïåðâîãî
êëàññà. À â çàäà÷àõ âòîðîãî êëàññà ðåøåíèå âñåãäà èìååò íóëåâîé ïðå-
äåë, è îñíîâíûì ïðåäìåòîì èññëåäîâàíèÿ ÿâëÿåòñÿ ñêîðîñòü óáûâàíèÿ
ðåøåíèÿ.

Â ðàìêàõ íàñòîÿùåãî äîêëàäà â èçëàãàþòñÿ ðåçóëüòàòû èññëåäîâàíèé
çàäà÷è Äèðèõëå â ïîëóïðîñòðàíñòâå äëÿ ýëëèïòè÷åñêèõ äèôôåðåíöèàëü-
íî-ðàçíîñòíûõ óðàâíåíèé, ò. å. óðàâíåíèé, â êîòîðûõ íà íåèçâåñòíóþ
ôóíêöèþ, ïîìèìî äèôôåðåíöèàëüíûõ îïåðàòîðîâ, äåéñòâóþò îïåðàòî-
ðû ñäâèãà. Òàêèå ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûå óðàâíåíèÿ â íà-
ñòîÿùåå âðåìÿ àêòèâíî èññëåäóþòñÿ âî âñåì ìèðå, ÷òî îáóñëîâëåíî êàê
èõ ìíîãî÷èñëåííûìè ïðèëîæåíèÿìè, íå ïîêðûâàåìûìè êëàññè÷åñêèìè
ìîäåëÿìè ìàòåìàòè÷åñêîé ôèçèêè, òàê è ÷èñòî òåîðåòè÷åñêèì èíòåðå-
ñîì: íåëîêàëüíàÿ ïðèðîäà òàêèõ óðàâíåíèé ïîðîæäàåò êà÷åñòâåííî íî-
âûå ýôôåêòû, îòñóòñòâóþùèå â êëàññè÷åñêîì ñëó÷àå äèôôåðåíöèàëü-
íûõ óðàâíåíèé, à ìíîãèå ìåòîäû èññëåäîâàíèé, ïðèâû÷íûå äëÿ òåîðèè
äèôôåðåíöèàëüíûõ óðàâíåíèé, îêàçûâàþòñÿ íåïðèìåíèìûìè (òàêîâû,
íàïð., âñå ìåòîäû, îñíîâàííûå íà ïðèíöèïå ìàêñèìóìà), è, ñîîòâåòñòâåí-
íî, òðåáóåòñÿ ðàçðàáîòàòü íîâûå ìåòîäû.

Áóäåò ïîêàçàíî, ÷òî ïðèíöèïèàëüíàÿ ðàçíèöà ìåæäó òèïàìè êðàå-
âûõ äàííûõ, èìåþùàÿ ìåñòî äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé, ñîõðà-
íÿåòñÿ è â äèôôåðåíöèàëüíî-ðàçíîñòíîì ñëó÷àå. Áóäóò ïðåäñòàâëåíû
ðåçóëüòàòû, ïîëó÷åííûå â òå÷åíèå ïîñëåäíèõ ïÿòè ëåò äëÿ çàäà÷ ñ îáî-
èìè òèïàìè êðàåâûõ äàííûõ, óêàçàííûìè âûøå: ðàçðåøèìîñòü óêàçàí-
íûõ çàäà÷, èíòåãðàëüíîå ïðåäñòàâëåíèå èõ ðåøåíèé ôîðìóëàìè Ïóàññî-
íîâñêîãî òèïà, àñèìïòîòè÷åñêèå ñâîéñòâà ðåøåíèé ïðè íåîãðàíè÷åííîì
âîçðàñòàíèè âðåìåíèïîäîáíîé ïåðåìåííîé.
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Ðàññìàòðèâàåòñÿ ãàðìîíè÷åñêàÿ ôóíêöèÿ â îòêðûòîì êóáå. Èçó-
÷àåòñÿ âîïðîñ ñóùåñòâîâàíèÿ ïðåäåëà ãàðìîíè÷åñêîé ôóíêöèè íà
ãðàíèöå êóáà. Óòâåðæäàåòñÿ äåéñòâèå ãðàíè÷íîãî îïåðàòîðà â ïðî-
ñòðàíñòâå íåïðåðûâíûõ ôóíêöèé.

Êëþ÷åâûå ñëîâà: ãàðìîíè÷åñêàÿ ôóíêöèÿ, ïîòåíöèàë äâîéíîãî ñëîÿ,
ïëîòíîñòü ïîòåíöèàëà, ãðàíè÷íûå çíà÷åíèÿ

ON THE LIMIT VALUES OF THE HARMONIC
FUNCTION ON THE BOUNDARY OF THE CUBE

A harmonic function in an open cube is considered. The question of
the existence of a limit of a harmonic function on the boundary of a
cube is studied. The action of the boundary operator in the space of
continuous functions is stated.

Keywords: harmonic function, double layer potential, boundary values

Ðàññìàòðèâàåòñÿ ãàðìîíè÷åñêàÿ â êóáå

T = {(x, y, z) ∈ R3 : 0 < x, y, z < 1}

ôóíêöèÿ u(x, y, z), ïðåñòàâëåííàÿ ïîòåíöèàëîì äâîéíîãî ñëîÿ [1]

u(x, y, z) = − 1

2π

∫ ∫
Σ

ϕ(ξ, η, ζ)
∂

∂n(ξ,η,ζ)

1

r
dS(ξ,η,ζ),

ãäå

r =
(
(x− ξ)2 + (y − η)2 + (z − ζ)2

)1/2
,

ñ çàäàííîé ïëîòíîñòüþ ϕ(ξ, η, ζ), îïðåäåëåííîé è íåïðåðûâíîé íà ãðàíè-
öå Σ êóáà T . Ïîâåðõíîñòíûé èíòåãðàë ðàññìàòðèâàåòñÿ êàê ñóììà øåñòè
ïîâåðõíîñòíûõ èíòåãðàëîâ ïî ãðàíÿì Σi, i = 1, . . . , 6 êóáà T :

u(x, y, z) =

6∑
i=1

ui(x, y, z).

Ìóõàìàäèåâ Ýðãàøáîé, ä.ô.-ì.í., ïðîôåññîð, ÂîÃÓ (Âîëîãäà, Ðîññèÿ); Ergashboy
Mukhamadiev (Vologda State University, Vologda, Russia)

Íàçèìîâ Àêáàð Áàãàäóðîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÂîÃÓ (Âîëîãäà, Ðîññèÿ);
Akbar Nazimov (Vologda State University, Vologda, Russia)

Î÷èëîâà Ìóõàé¼õîí Àêáàðîâíà, ñòàðøèé ïðåïîäàâàòåëü, ÕÃÓ èìåíè Á. Ãàôóðîâà
(Õóäæàíä, Òàäæèêèñòàí); Muhajekhon Ochilova (Gafurov State University of Khujand,
Tajikistan)

63



Èçó÷àåòñÿ ñóùåñòâîâàíèå ïðåäåëà ôóíêöèè u(x, y, z) ïðè ïðèáëèæåíèè
(x, y, z) ê ãðàíè÷íîé òî÷êå (x0, y0, z0) ∈ Σ êóáà T . Îêàçûâàåòñÿ, ïðåäåë
ñóùåñòâóåò, íî, â îòëè÷èå îò ïîòåíöèàëà äâîéíîãî ñëîÿ âäîëü ãëàäêîé
ïîâåðõíîñòè [2], ðàçëè÷àþòñÿ òðè ñëó÷àÿ:

1) (x0, y0, z0) ÿâëÿåòñÿ âíóòðåííåé òî÷êîé ãðàíè Σi;
2) (x0, y0, z0) ÿâëÿåòñÿ âíóòðåííåé òî÷êîé ðåáðà Γi,j = Σi ∩ Σj ;
3) (x0, y0, z0) ñîâïàäàåò ñ âåðøèíîé Vi,j,k = Σi ∩ Σi ∩ Σk.
Çàìåòèì, ÷òî åñëè (x0, y0, z0) ∈ Σ \ Σj , òî ñóùåñòâóåò ïðåäåë

uj(x0, y0, z0) = lim
(x,y,z)→(x0,y0,z0)

uj(x, y, z).

Ñïðàâåäëèâû ñëåäóþùèå ëåììû.

Ëåììà 1. Åñëè (x0, y0, z0) ÿâëÿåòñÿ âíóòðåííåé òî÷êîé ãðàíè Σi,
òî ñóùåñòâóåò ïðåäåë

lim
(x,y,z)→(x0,y0,z0)

u(x, y, z) = ϕi(x0, y0, z0) +
∑
j 6=i

uj(x0, y0, z0).

Ëåììà 2. Åñëè (x0, y0, z0) ÿâëÿåòñÿ âíóòðåííåé òî÷êîé ðåáåðà Γi,j =
Σi ∩ Σj, òî ñóùåñòâóåò ïðåäåë

lim
(x,y,z)→(x0,y0,z0)

u(x, y, z) =
3

2
ϕi(x0, y0, z0) +

∑
k 6=i,k 6=j

uk(x0, y0, z0).

Ëåììà 3. Åñëè (x0, y0, z0) ñîâïàäàåò ñ îäíîé èç âåðøèí Vi,j,k = Σi∩
Σi ∩ Σk, òî ñóùåñòâóåò ïðåäåë

lim
(x,y,z)→(x0,y0,z0)

u(x, y, z) =
7

4
ϕi(x0, y0, z0) +

∑
l 6=i,l 6=j,l 6=k

ul(x0, y0, z0).

Îòñþäà âûòåêàåò

Òåîðåìà 1. Ôóíêöèÿ u(x, y, z) íåïðåðûâíî ïðîäîëæèìà íà çàìûêà-
íèè T = T ∪ Σ êóáà T .

Â áàíàõîâîì ïðîñòðàíñòâå C(Σ) íåïðåðûâíûõ íà Σ ôóíêöèé ñ ðàâ-
íîìåðíîé íîðìîé îïðåäåëèì îïåðàòîð

(Aϕ)(x, y, z) = u(x, y, z), (x, y, z) ∈ Σ,

ãäå u(x, y, z) � ãðàíè÷íîå çíà÷åíèå ïîòåíöèàëà äâîéíîãî ñëîÿ ñ ïëîòíî-
ñòüþ ϕ ∈ C(Σ).
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Òåîðåìà 2. Îïåðàòîð A íåïðåðûâíî äåéñòâóåò èç C(Σ) â C(Σ).
Ïîëó÷åííûå ðåçóëüòàòû ìîæíî ñ÷èòàòü òðåõìåðíûì àíàëîãîì ðå-

çóëüòàòîâ, ïîëó÷åííûõ â ðàáîòå [2].
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Â ðàáîòå èññëåäîâàíà çàäà÷à îïèñàíèÿ ãîìîòîïè÷åñêèõ êëàññîâ
ìíîæåñòâà F ïîëîæèòåëüíî îäíîðîäíûõ ãëàäêèõ ôóíêöèé îò òðåõ
ïåðåìåííûõ, ãðàäèåíòû êîòîðûõ íå îáðàùàþòñÿ â íîëü â íåíóëå-
âûõ òî÷êàõ. Êàæäîé ôóíêöèè f ∈ F ñîïîñòàâëåíî äåðåâî (êîíå÷-
íûé ñâÿçíûé ãðàô áåç öèêëîâ) Tr(f), âåðøèíû êîòîðîãî îòìå÷å-
íû ÷åðåäóþùèìèñÿ çíàêàìè + è -. Äîêàçàíî, ÷òî äâå ôóíêöèè
f1, f2 ∈ F ïðèíàäëåæàò îäíîìó ãîìîòîïè÷åñêîìó êëàññó òîãäà è
òîëüêî òîãäà, êîãäà ñîîòâåòñòâóþùèå èì äåðåâà Tr(f1) è Tr(f2)
èçîìîðôíû ñ ñîõðàíåíèåì çíàêîâ âåðøèí.

Êëþ÷åâûå ñëîâà: ïîëîæèòåëüíî îäíîðîäíàÿ ôóíêöèÿ, ãîìîòîïè-
÷åñêèé êëàññ, äåðåâî ôóíêöèè

Homotopy classes of positively homogeneous functions in
three variables

The paper investigates the problem of describing homotopy classes the
set F of positively homogeneous smooth functions of three variables
whose gradients do not vanish at non-zero points. Each function f ∈ F

is associated with a tree (finite connected graph without cycles) Tr(f),
the vertices of which are marked with alternating signs + and -. It
is proved that two functions f1, f2 ∈ F belong to the same homotopy
class if and only if the corresponding trees Tr(f1) and Tr(f2) are
isomorphic with preservation of the vertex signs.

Keywords: positively homogeneous function, homotopy class, function
tree

Ðàññìîòðèì ìíîæåñòâî F ôóíêöèé f(x), óäîâëåòâîðÿþùèõ óñëîâèÿì
a) f ∈ C1

(
R3 \ {0};R1

)
;

b) f(λx) ≡ λmf(x) ∀λ > 0, ãäå m = m(f) 6= 0;

c) ∇f(x) 6= 0 ∀x 6= 0, ãäå ∇f(x) =
(
∂f
∂x1

, ∂f∂x2
, ∂f∂x3

)
.

Äâå ôóíêöèè f1, f2 ∈ F íàçûâàþòñÿ ãîìîòîïíûìè, åñëè ñóùåñòâóåò
ñåìåéñòâî ôóíêöèé f̃(·, t) ∈ F, t ∈ [0, 1], íåïðåðûâíî çàâèñÿùåå îò t è

Ìóõàìàäèåâ Ýðãàøáîé, ä.ô.-ì.í., ïðîôåññîð, ÂîÃÓ (Âîëîãäà, Ðîññèÿ); Ergashboy
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òàêîå, ÷òî f̃(·, 0) = f1, f̃(·, 1) = f2. Áèíàðíîå îòíîøåíèå ãîìîòîïíîñòè
ÿâëÿåòñÿ îòíîøåíèåì ýêâèâàëåíòíîñòè, è ïîýòîìó ìíîæåñòâî F ðàçáè-
âàåòñÿ íà ãîìîòîïè÷åñêèå êëàññû.

Â íàñòîÿùåé ðàáîòå èññëåäîâàíà çàäà÷à îïèñàíèÿ ãîìîòîïè÷åñêèõ
êëàññîâ ìíîæåñòâà F: ïðè êàêèõ óñëîâèÿõ äâå ôóíêöèè èç F ïðèíàäëå-
æàò îäíîìó ãîìîòîïè÷åñêîìó êëàññó?. Äàííàÿ çàäà÷à ïðåäñòàâëÿåò èí-
òåðåñ ïðè èññëåäîâàíèè ïåðèîäè÷åñêèõ è îãðàíè÷åííûõ ðåøåíèé ñèñòåì
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ãëàâíîé ïîëîæèòåëüíî
îäíîðîäíîé íåëèíåéíîñòüþ [1].

Â ðàáîòå [2] äîêàçàíî, ÷òî ëþáàÿ ôóíêöèÿ èç F ãîìîòîïíà íåêîòîðîé
ôóíêöèè âèäà g(x) = |x|ν(〈c1, x〉 − d1|x|) · . . . · (〈cp, x〉 − dp|x|), ãäå |x|2 =
〈x, x〉, 〈x, y〉 � åâêëèäîâî ñêàëÿðíîå ïðîèçâåäåíèå â R3. Ïðè ýòîì âîïðîñ
î ãîìîòîïíîñòè äâóõ ïðîèçâîëüíûõ ôóíêöèé èç F îñòàåòñÿ îòêðûòûì.

Êàæäîé ôóíêöèè f ∈ F ñîïîñòàâèì êîíå÷íûé ãðàô Tr(f), âåðøèíà-
ìè êîòîðîãî ÿâëÿþòñÿ ñâÿçíûå êîìïîíåíòû ìíîæåñòâà

Ωc0(f) =
{
x ∈ R3 : |x| = 1, f(x) 6= 0

}
,

è äâå ñâÿçíûå êîìïîíåíòû ñ÷èòàåì ñìåæíûìè, åñëè èõ ãðàíèöû ïåðåñå-
êàþòñÿ. Êàæäóþ âåðøèíó ãðàôà Tr(f) îòìåòèì çíàêîì + èëè -, åñëè f
ïîëîæèòåëüíà èëè îòðèöàòåëüíà íà ýòîé âåðøèíå. Î÷åâèäíî, ãðàô Tr(f)
ñâÿçíûé è ÷èñëî åãî ðåáåð íà îäíó åäèíèöó ìåíüøå, ÷åì ÷èñëî âåðøèí.
Ñëåäîâòàåëüíî, Tr(f) ÿâëÿåòñÿ äåðåâîì. Â ñèëó óñëîâèÿ c) ëþáûå äâå
ñìåæíûå âåðøèíû äåðåâà Tr(f) èìåþò ïðîòèâîïîëîæíûå çíàêè. Áîëåå
òîãî, çíàêîì îäíîé âåðøèíû îäíîçíà÷íî îïðåäåëÿþòñÿ çíàêè îñòàëüíûõ
âåðøèí.

Äâà êîíå÷íûõ äåðåâà, âåðøèíû êîòîðûõ îòìå÷åíû çíàêàìè + èëè -,
íàçîâåì èçîìîðôíûìè ñ ñîõðàíåíèåì çíàêîì âåðøèí, åñëè ñóùåñòâóåò
âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå (îòîáðàæåíèå) ìåæäó èõ ìíîæåñòâà-
ìè âåðøèí ïðè êîòîðîì ñìåæíîñòü âåðøèí è çíàêè âåðøèí ñîõðàíÿþò-
ñÿ.

Èìåþò ìåñòî ñëåäóþùèå òåîðåìû.

Òåîðåìà 1. Äâå ôóíêöèè f1, f2 ∈ F ïðèíàäëåæàò îäíîìó ãîìîòî-
ïè÷åñêîìó êëàññó òîãäà è òîëüêî òîãäà, êîãäà ñîîòâåòñòâóþùèå èì
äåðåâà Tr(f1) è Tr(f2) èçîìîðôíû ñ ñîõðàíåíèåì çíàêîâ âåðøèí

Òåîðåìà 2. Ëþáîå êîíå÷íîå äåðåâî, âåðøèíû êîòîðîãî îòìå÷åíû
÷åðåäóþùèìèñÿ çíàêàìè + è -, ñîîòâåòñòâóåò êàêîé-ëèáî ôóíêöèè
f ∈ F, ò.å. ñîâïàäàåò ñ Tr(f).

Òåîðåìà 3. Ïóñòü f ∈ F è p+(f), p−(f) � ÷èñëî ïîëîæèòåëíûõ è
îòðèöàòåëüíûõ âåðøèí äåðåâà Tr(f). Òîãäà âðàùåíèå γ(∇f) ãðàäèåíòà
∇f íà åäèíè÷íîé ñôåðå |x| = 1 ìîæíî íàõîäèòü ôîðìóëîé

γ(∇f) = p+(f)− p−(f). (1)
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Òàêèì îáðàçîì, ìíîæåñòâî ôóíêöèé F ðàçáèâàåòñÿ íà ñ÷åòíîå ÷èñ-
ëî ãîìîòîïè÷åñêèõ êëàññîâ è êàæäûé ãîìîòîïè÷åñêèé êëàññ îäíîçíà÷íî
îïðåäåëÿåòñÿ îäíèì êîíå÷íûì äåðåâîì ñ âåðøèíàìè îòìå÷åííûìè ÷å-
ðåäóþùèìèñÿ çíàêàìè + è -.

Ôîðìóëà (1) âûâåäåíà èç ôîðìóëû

γ(∇f) = 1− χ(Ω−(f)), (2)

àíîíñèðîâàííîé â ðàáîòå [3], ãäå χ(Ω−(f)) � õàðàêòåðèñòèêà Ýéëåðà çà-
ìûêàíèÿ ìíîæåñòâà

Ω−(f) =
{
x ∈ R3 : |x| = 1, f(x) < 0

}
.
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Ïðåäëîæåí ìåòîä ðåøåíèÿ îáðàòíîãî ñòîõàñòè÷åñêîãî äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ ñ ñèììåòðè÷íûì èíòåãðàëîì ïî ïðîèçâîëü-
íîìó ñëó÷àéíîìó ïðîöåññó ñ íåïðåðûâíûìè ðåàëèçàöèÿìè.

Êëþ÷åâûå ñëîâà: ñèììåòðè÷íûé èíòåãðàë, ñòîõàñòè÷åñêèé èíòå-
ãðàë Ñòðàòîíîâè÷à, îáðàòíîå ñòîõàñòè÷åñêîå äèôôåðåíöèàëüíîå
óðàâíåíèå.

Inverse stochastic differential equations with symmetric
integral

A method is proposed for solving a backward stochastic differential
equation with a symmetric integral over an arbitrary random process
with continuous realizations.

Keywords: symmetric integrals, stochastic integral of Stratonovich,
backward stochastic differential equations.

Ïóñòü äàíî ïîëíîå âåðîÿòíîñòíîå ïðîñòðàíñòâî ñ ôèëüòðàöèåé

(Ω,F, (Ft), P ),

ïðåäïîëàãàåòñÿ, ÷òî ôèëüòðàöèÿ (Ft) ïîðîæäåíà ñëó÷àéíûì ïðîöåññîì
Q(s) ñ íåïðåðûâíûìè ðåàëèçàöèÿìè. Ðàññìàòðèâàåòñÿ îáðàòíîå ñòîõà-
ñòè÷åñêîå äèôôåðåíöèàëüíîå óðàâíåíèå (BSD-equation) âèäà

ψ(T )− ψ(t)=

∫ T

t

D(s, ψ(s), (q)′v(s,Q(s)))ds+

∫ T

t

q(s,Q(s)) ∗ dQ(s), (1)

ψ(T )=h(T,Q(T )), t ∈ [0, T ], çäåñü âòîðîé èíòåãðàë â ïðàâîé ÷àñòè óðàâ-
íåíèÿ (1) åñòü ñèììåòðè÷íûé èíòåãðàë ïî ïðîöåññó Q(s). Ïîä ðåøåíèåì
óðàâíåíèÿ (1) ïîíèìàåòñÿ ïàðà ñîãëàñîâàííûõ ñ ôèëüòðàöèåé (Ft) ïðî-
öåññîâ (ψ(t), q(s,Q(s))), êîòîðûå ïîä÷èíåíû ñëåäóþùèì óñëîâèÿì

• ïðîöåññ ψ(t) íåïðåðûâåí ñ âåðîÿòíîñòüþ 1;

Íàñûðîâ Ôàðèò Ñàãèòîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÓÃÀÒÓ (Óôà, Ðîññèÿ); Farit
Nasyrov (Ufa State Aviation Technical University, Russia)
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• ïðîöåññ q(s,Q(s)) ïðåäñêàçóåì è ñèììåòðè÷íûé èíòãðàë
∫ T
t
q(s,Q(s))∗

dQ(s) êîíå÷åí;

• ïðè ïîäñòàíîâêå ïðîöåññîâ (ψ(t), q(s,Q(s))) â óðàâíåíèå (1) ñ âåðî-
ÿòíîñòüþ 1 îíî îáðàùàåòñÿ â òîæäåñòâî.

Ôàêòè÷åñêè ïðîöåññ q(s,Q(s)) èãðàåò ðîëü óïðàâëåíèÿ, êîòîðîå çàñòàâ-
ëÿåò îñíîâíîé ïðîöåññ ψ(t) îñòàâàòüñÿ ñîãëàñîâàííûì ñ ôèëüòðàöèåé
(Ft).

Òåîðåìà. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
(a) äåòåðìèíèðîâàííàÿ ôóíêöèÿ D(t, ψ, r) è åå ÷àñòíûå ïðîèçâîäíûå

D′ψ(t, ψ, r) è D′r(t, ψ, r) íåïðåðûâíû;
(b) h(t, v) åñòü äåòåðìèíèðîâàííàÿ ôóíêöèÿ ñ íåïðåðûâíûìè ÷àñò-

íûìè ïðîèçâîäíûìè h′t(t, v), h′v(t, v), h′′vv(t, v) è h′′vt(t, v);
(c) ôóíêöèè D′ψ(t, ψ, r) è D′r(t, ψ, r) óäîâëåòâîðÿþò óñëîâèþ Ëèï-

øèöà îòíîñèòåëüíî ïåðåìåííîé ψ ñ ëèïøèöåâûìè êîíñòàíòàìè, íå
çàâèñÿùèìè îò t, ψ, r;

(d) ñ âåðîÿòíîñòüþ 1 h′t(t, Q(0)) 6= 0 äëÿ âñåõ t ∈ [0, T ].
Ïóñòü p(t) åñòü ðåøåíèå çàäà÷è

p′ = G(t, p), p(T ) = 1,

ãäå

G(t, p) =
1

h′t(t, V (0))
[D′ψ(t, h(t, V (0)) p, h′v(t, V (0)))h′v(t, V (0)) p

+D′r(t, h(t, V (0)) p, h′v(t, V (0)))h′′vv(t, V (0))− h′′tv(t, v) p].

Òîãäà BSD-óðàâíåíèå (1) èìååò ðåøåíèå

ψ(t) = h(t, Q(t)) · p(t), q(t, Q(t)) = h′v(t, Q(t)) · p(t).
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Â äàííîé ðàáîòå èçó÷àåòñÿ ãåîìåòðè÷åñêàÿ ýêâèâàëåíòíîñòü ìåæ-
äó íåëèíåéíûì óðàâíåíèåì Øðåäèíãåðà ñ ïðîèçâîäíûì è îáîá-
ùåííîé ìîäåëüþ Ãåéçåíáåðãà íà îñíîâå òåîðèè èçîìîðôèçìà àë-
ãåáðû Ëè.

Êëþ÷åâûå ñëîâà: Íåëèíåéíîå óðàâíåíèå Øðåäèíãåðà, ìîäåëü Ãåé-
çåíáåðãà, àëãåáðà Ëè.

Derivative Schrodinger equation and its geometric
counterpart

In this paper, we study the geometric equivalence between the deriva-
tive nonlinear Schredinger equation and the generalized Heisenberg
model based on the isomorphism of the Lie algebra.

Keywords: Nonlinear Schrodinger equation, Heisenberg model, Lie al-
gebra

Ðàññìàòðèâàåòñÿ ïðîñòðàíñòâåííàÿ êðèâàÿ, èíäóöèðîâàííàÿ íåëè-
íåéíûì óðàâíåíèåì Øðåäèíãåðà ñ ïðîèçâîäíûì

iqt − qxx + i(q2q∗)x = 0 (1)

ñ ñîîòâåòñòâóþùåé ïàðîé Ëàêñà

U = λ2σ3 + λQ (2a)

V = λ4B4 + λ3B3 + λ2B2 + λB1, (2b)

ãäå B4 = −2iσ3, B3 = −2iQ, B2 = irqσ3, B1 = irqQ − i
(

0 qx
−rx 0

)
.

Òåîðåìà1. Èçîìîðôèçì su(2) ∼= so(3) àëãåáðû Ëè äëÿ ïàðû Ëàêñà U, V

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÌÎÍ ÐÊ (ïðîåêò AP08857372).
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Ñóëòàí, Êàçàõñòàí); Gulgassyl Nugmanova (Eurasian National University, Nur-Sultan,
Kazakhstan)
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(2) ïîðîæäàåò äëÿ e3 ñëåäóþùåå óðàâíåíèå

e3t + e3 × e3xx − 4λe3x = 0,

êîòîðîå ÿâëÿåòñÿ îáîáùåííîé èíòåãðèðóåìîé ìîäåëüþ Ãåéçåíáåðãà ïðè
λ = 0 è îòîæäåñòâëåíèè S = e3, â òî æå âðåìÿ, ïðè κ = 0, σ 6= 0, τ 6= 0
äëÿ äâóõ îñòàëüíûõ áàçèñíûõ âåêòîðîâ ïîëó÷àþòñÿ íîâûå èíòåãðèðóå-
ìûå óðàâíåíèÿ âèäà

e1t = a1e1 × e1xx + b1e1x,

e2t = a2e2 × e2xx + b2e2x,

ãäå

a1 = −τ
2 + σ2

2σx
, b1 =

τx
σ
− (τ2 + σ2)τ

2σx
è

a2 = −τ
2 + σ2

2τx
, b2 = −σx

τ
+

(τ2 + σ2)σ

2τx
.
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Ðàññìàòðèâàåòñÿ ýëëèïòè÷åñêàÿ êðàåâàÿ çàäà÷à ñ ðàçðûâíîé íåëè-
íåéíîñòüþ ýêñïîíåíöèàëüíîãî ðîñòà íà áåñêîíå÷íîñòè. Âàðèàöèîí-
íûì ìåòîäîì ïîëó÷åíà òåîðåìà ñóùåñòâîâàíèÿ ñëàáîãî ïîëóïðà-
âèëüíîãî ðåøåíèÿ èññëåäóåìîé çàäà÷è.

Êëþ÷åâûå ñëîâà: ýëëèïòè÷åñêàÿ êðàåâàÿ çàäà÷à, ðàçðûâíàÿ íåëè-
íåéíîñòü, ýêñïîíåíöèàëüíûé ðîñò, ñëàáîå ðåøåíèå, ïîëóïðàâèëü-
íîå ðåøåíèå, âàðèàöèîííûé ìåòîä.

Elliptic equations with discontinuous nonlinearities
of exponential growth

We consider an elliptic boundary value problem with a discontinuous
nonlinearity of exponential growth at infinity. Using a variational
method, we establish a theorem on the existence of a weak semiregular
solution.

Keywords: elliptic boundary value problem, discontinuous nonlinear-
ity, exponential growth, weak solution, semiregular solution, varia-
tional method.

Èçó÷àåòñÿ çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ ýëëèïòè÷åñêîãî òèïà ñ ðàç-
ðûâíîé íåëèíåéíîñòüþ ñëåäóþùåãî âèäà:

Lu(x) ≡ −
2∑

i,j=1

(aij(x)uxi)xj + c(x)u(x) = g(x, u(x)), x ∈ Ω, (1)

u(x) = 0, x ∈ ∂Ω. (2)

Çäåñü Ω � îãðàíè÷åííàÿ îáëàñòü êëàññà C1,1, Ω ⊂ R2; L � ôîðìàëüíî
ñàìîñîïðÿæ¼ííûé ðàâíîìåðíî ýëëèïòè÷åñêèé â îáëàñòè Ω äèôôåðåí-
öèàëüíûé îïåðàòîð ñ êîíñòàíòîé ýëëèïòè÷íîñòè χ > 0; êîýôôèöèåíòû

Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ è ×åëÿáèíñêîé îá-
ëàñòè â ðàìêàõ íàó÷íîãî ïðîåêòà � 20-41-740003.
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aij ∈ C1(Ω), c ∈ C(Ω), c(x) ≥ 0 â Ω; g(x, u) � ñóïåðïîçèöèîííî èçìåðè-
ìàÿ íà Ω× R ôóíêöèÿ.

Ïðåäïîëàãàåòñÿ, ÷òî äëÿ ïî÷òè âñåõ x ∈ Ω ñå÷åíèå g(x, ·) èìååò êî-
íå÷íûå îäíîñòîðîííèå ïðåäåëû g(x, u±) = lim

η→u±0
g(x, η) â ëþáîé òî÷êå

u ∈ R. Íà áåñêîíå÷íîñòè íåëèíåéíîñòü g(x, u) äîïóñêàåò ïî ôàçîâîé
ïåðåìåííîé u ðîñò ïîðÿäêà |u|αeA|u|τ , ãäå ïîñòîÿííûå α, A è τ ïîëîæè-
òåëüíûå, τ < 2.

Ñëàáûì ðåøåíèåì çàäà÷è (1), (2) íàçûâàåòñÿ ôóíêöèÿ u ∈ H1
◦ (Ω)

òàêàÿ, ÷òî äëÿ ëþáîãî v ∈ H1
◦ (Ω) âûïîëíÿåòñÿ ðàâåíñòâî

2∑
i,j=1

∫
Ω

aij(x)uxivxjdx+

∫
Ω

c(x)u(x)v(x)dx =

∫
Ω

g(x, u(x))v(x)dx.

Ïîëóïðàâèëüíûì ðåøåíèåì çàäà÷è (1), (2) íàçûâàåòñÿ òàêîå å¼ ñëàáîå
ðåøåíèå u(x), ÷òî äëÿ ïî÷òè âñåõ x ∈ Ω çíà÷åíèå u(x) ÿâëÿåòñÿ òî÷êîé
íåïðåðûâíîñòè ôóíêöèè g(x, ·).

Âàðèàöèîííûì ìåòîäîì ïîëó÷åí ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
1) äëÿ ïî÷òè âñåõ x ∈ Ω âåðíî íåðàâåíñòâî g(x, u−) ≤ g(x, u+) è èìååò
ìåñòî âêëþ÷åíèå g(x, u) ∈ [g(x, u−), g(x, u+)] äëÿ ëþáîãî u ∈ R;
2) ñóùåñòâóþò ïîëîæèòåëüíûå êîíñòàíòû b, α, A è τ , τ < 2, òà-
êèå, ÷òî äëÿ ïî÷òè âñåõ x ∈ Ω ñïðàâåäëèâà îöåíêà |g(x, u)| ≤ a(x) +
b|u|αeA|u|τ äëÿ ëþáîãî u ∈ R, ãäå a ∈ LN (Ω), LN (Ω) � êëàññ Îðëè÷à
èçìåðèìûõ íà Ω ôóíêöèé, àññîöèèðîâàííûé ñ N -ôóíêöèåé N(u), N(u)
äîïîëíèòåëüíàÿ ê N -ôóíêöèè M(u) = |u|α+2e|u|

s

, s ∈ (τ, 2);

3) äëÿ ïî÷òè âñåõ x ∈ Ω âåðíî íåðàâåíñòâî
u∫
0

g(x, s)ds ≤ (ku2+d(x)|u|θ+

d1(x))/2 äëÿ ëþáîãî u ∈ R, ãäå k < χ/||P1||2, χ � êîíñòàíòà ýëëèï-
òè÷íîñòè äèôôåðåíöèàëüíîãî îïåðàòîðà L, P1 � îïåðàòîð âëîæåíèÿ
H1
◦ (Ω) â L2(Ω), d ∈ L2/(2−θ)(Ω), θ ∈ (0, 2), d1 � ñóììèðóåìàÿ íà Ω ôóíê-

öèÿ.
Òîãäà çàäà÷à (1), (2) èìååò ñëàáîå ïîëóïðàâèëüíîå ðåøåíèå u ∈ H1

◦ (Ω).

Ïðîáëåìà ñóùåñòâîâàíèÿ ñëàáûõ ðåøåíèé ýëëèïòè÷åñêèõ êðàåâûõ
çàäà÷ ñ ðàçðûâíûìè íåëèíåéíîñòÿìè ýêñïîíåíöèàëüíîãî ðîñòà èçó÷à-
ëàñü, íàïðèìåð, â [1]�[6]. Â îòëè÷èå îò [1]�[5] â äàííîé ðàáîòå íå ïðåä-
ïîëàãàåòñÿ, ÷òî íåëèíåéíîñòü g(x, u) íåóáûâàþùàÿ ïî u, à â îòëè÷èå
îò [6] � ÷òî äëÿ íåêîòîðîãî u0 ≥ 0 ôóíêöèÿ g(x, u) = 0 ïðè u < u0 è
g(x, u) > 0 ïðè u > u0. Â ðàáîòàõ [1]�[6] ïîëóïðàâèëüíûå ðåøåíèÿ íå
ðàññìàòðèâàëèñü. Êðîìå òîãî, ïðè äîêàçàòåëüñòâå òåîðåìû èñïîëüçóåò-
ñÿ âàðèàöèîííûé ïîäõîä, áàçèðóþùèéñÿ íà ïîíÿòèè êâàçèïîòåíöèàëü-
íîãî îïåðàòîðà, â îòëè÷èå îò òðàäèöèîííîãî ïîäõîäà, ãäå èñïîëüçóåòñÿ
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îáîáù¼ííàÿ ïðîèçâîäíàÿ Êëàðêà. Ïîñëåäíèå ðàáîòû, ãäå îí áûë ïðèìå-
íåí, [7], [8]. Îòìåòèì òàêæå, ÷òî â [7], [8] óðàâíåíèÿ ñ íåëèíåéíîñòÿìè
ýêñïîíåíöèàëüíîãî ðîñòà íå ðàññìàòðèâàëèñü.
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Ìû ðàññìàòðèâàåì ðàçðåøèìîñòü ïåðèîäè÷åñêîé çàäà÷è äëÿ ïî-
ëóëèíåéíûõ äèôôåðåíöèàëüíûõ âêëþ÷åíèé äðîáíîãî ïîðÿäêà 2 <
q < 3 â áàíàõîâîì ïðîñòðàíñòâå, íà îñíîâå ìåòîäà ôóíêöèè Ãðèíà
è òåîðèè òîïîëîãè÷åñêîé ñòåïåíè äëÿ óïëîòíÿþùèõ ìíîãîçíà÷íûõ
îòîáðàæåíèé.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíîå âêëþ÷åíèå äðîáíîãî ïîðÿä-
êà, ïîëóëèíåéíîå äèôôåðåíöèàëüíîå âêëþ÷åíèå, ïåðèîäè÷åñêàÿ
çàäà÷à, ìåðà íåêîìïàêòíîñòè, óïëîòíÿþùèé îïåðàòîð.

On the solvability of the periodic problem for semilinear
differential inclusions of fractional order 2 < q < 3

We consider the solvability of the periodic problem for semilinear dif-
ferential inclusions of fractional order 2 < q < 3 in a Banach space,
based on the Green’s function method and topological degree theory
for condensing multivalued maps.

Keywords: fractional-order differential inclusion, semilinear differen-
tial inclusion, periodic problem, measure of noncompactness, condens-
ing operator.

Ìû ðàññìàòðèâàåì â ñåïàðàáåëüíîì áàíàõîâîì ïðîñòðàíñòâå E äëÿ
ïîëóëèíåéíûõ äèôôåðåíöèàëüíûõ âêëþ÷åíèé äðîáíîãî ïîðÿäêà q ∈
(2, 3) ñëåäóþùåãî âèäà:

CDqx(t) ∈ λx(t) + F (t, x(t)), t ∈ [0, T ], (1)

ñóùåñòâîâàíèå ðåøåíèé, ïîä÷èíÿþùèõñÿ ïåðèîäè÷åñêèì óñëîâèÿì:

x(0) = x(T ), x′(0) = x′(T ), x′′(0) = x′′(T ), (2)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà ïðîñâåùåíèÿ Ðîñ-
ñèè â ðàìêàõ âûïîëíåíèÿ ãîñóäàðñòâåííîãî çàäàíèÿ â ñôåðå íàóêè (íîìåð òåìû
FZGF-2020-0009) è ãðàíòà Ïðåçèäåíòà ÐÔ äëÿ ãîñóäàðñòâåííîé ïîääåðæêè ìîëîäûõ
ðîññèéñêèõ ó÷åíûõ � êàíäèäàòîâ íàóê, ïðîåêò ÌÊ-338.2021.1.1.
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ãäå CDq � äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî, λ > 0 è F : [0, T ] × E ( E �
ìóëüòèîòîáðàæåíèå ñ âûïóêëûìè êîìïàêòíûìè çíà÷åíèÿìè, óäîâëåòâî-
ðÿþùåå óñëîâèÿì:

(F1) äëÿ ëþáîãî ξ ∈ E ìóëüòèôóíêöèÿ F (·, ξ) : [0, T ] ( E äîïóñêàåò
èçìåðèìîå ñå÷åíèå;

(F2) äëÿ ï.â. t ∈ [0, T ] ìóëüòèîïåðàòîð F (t, ·) : E ( E � ïîëóíåïðå-
ðûâíûé ñâåðõó;

(F3) ñóùåñòâóåò ôóíêöèÿ α ∈ L∞+ [0, T ], òàêàÿ, ÷òî

‖F (t, ξ)‖E ≤ α(t)(1 + ‖ξ‖E);

(F4) ñóùåñòâóåò ôóíêöèÿ µ ∈ L∞([0, T ]) òàêàÿ, ÷òî äëÿ êàæäîãî
îãðàíè÷åííîãî ìíîæåñòâà ∆ ⊂ E :

χ(F (t,∆)) ≤ µ(t)χ(∆),

äëÿ ï.â. t ∈ [0, T ], χ � ìåðà íåêîìïàêòíîñòè Õàóñäîðôà â E.
Òåîðåìà 1. Ïðè âûïîëíåíèè óñëîâèé (F1)− (F4), åñëè

k

λ
< 1,

ãäå k = max {‖α‖∞, ‖µ‖∞} , çàäà÷à (1)�(2) èìååò ðåøåíèå.
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Â ðàáîòå èññëåäóåòñÿ îäèí êëàññ íåëèíåéíûõ ñèñòåì óêàçàííûå â
çàãëàâèè.

Êëþ÷åâûå ñëîâà: ìíîãîîáðàçèÿ ðåøåíèÿ, ïåðåîïðåäåëåííûå ñèñòå-
ìû, óñëîâèÿ ñîâìåñòíîñòè.

Studied one class of systems of four second-order differential
equations with two unknown functions on the plane

The paper investigates one class of nonlinear systems in the title.

Keywords: varieties of solutions, overdetermined systems, compatibil-
ity conditions.

Ðàññìîòðèì ñèñòåìó

Uxy, Uyy, Vyy, Vxy = fk(x, y, U, V, Ux, Uy, Vx, Vy, Uxx, Vxx), (1)

ãäå k = 1, 4 (x, y) ∈ R2, íåèçâåñòíûå U è V ïðèíàäëåæàòü êëàññó C4, à
ïðàâûå ÷àñòè C3.

Ýòà ñèñòåìà îòîáðàíà èç 15 âñåâîçìîæíûõ ïîäîáíûõ òèïîâ, à èìåí-
íî, ñîäåðæàùèå â ïðàâûõ ÷àñòÿõ äâå ðàçëè÷íûå ïðîèçâîäíûå âòîðîãî
ïîðÿäêà èç øåñòè Uxx, Uxy, Uyy, Vxx, Vxy, Vyy.

Íàáëþäàåòñÿ èíòåðåñíàÿ êàðòèíà: åñëè â øåñòè ïåðâûõ ñèñòåìàõ ïî-
ìåíÿòü U íà V , òî ïîëó÷èì ñëåäóþùèå øåñòü äðóãèõ ñèñòåì, ÷åãî íåëü-
çÿ ñêàçàòü î òðåõ ïîñëåäíèõ âûøå öèòèðîâàííûõ (îíè íîâûõ ñèñòåì íå
äàþò). Îãîâîðèìñÿ ñðàçó, ÷òî íåïîñðåäñòâåííîé ïðîâåðêîé óñòàíîâëåíî
ñëåäóþùåå: âñå îñòàëüíûå 14 ñèñòåì èññëåäóþòñÿ àíàëîãè÷íîé ñõåìîé,
êàê (1), è äîïóñêàþò êà÷åñòâåííî ñõîäíûå ðåçóëüòàòû.

Âîçâðàùàÿñü ê ñèñòåìå (1), ïðèìåíÿåì ê íåé çàìåíó ïðèíèìàþùèé
ñëåäóþùèé

Ux = P (x, y), Uy = q(x, y), Vx = θ(x, y), Vy = τ(x, y),
Px = W (x, y), Py = f ′(x, y, U, V, P, q, θ, τ,W, t),
qx, qy = f i(x, y, U, V, P, q, θ, τ,W, t), i = 1, 2,
θx = t(x, y), θy = f4(x, y, U, V, P, q, θ, τ,W, t),
τy, τx = fk(x, y, U, V, P, q, θ, τ,W, t), k = 1, 3.

(2)

Ïèðîâ Ðàõìîí, ÒÃÏÓ èì.Ñ.Àéíè
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è 
−f1

W ·Wx + 1 ·Wy − f1
t · tx + 0 · ty = L1,

−f2
W ·Wx + f1

W ·Wy − f2
t · tx + f1

t · ty = L2,
−f4

W ·Wx + 0 ·Wy − f4
t · tx + 0 · ty = L3,

−f3
W ·Wx + f4

W ·Wy − f3
t · tx + f1

t · ty = L4,

(3)

ãäå

L1 = f1
x + f1

U · P + f1
V · θ + f1

p ·W + f1
q · f1 + f1

θ · t+ f1
τ · f4,

L2 = f2
x − f1

y + f2
U · P − f1

U · q + f2
V · θ − f1

v · τ + f2
p ·W − f1

p · f1+

+f2
q · f1 − f1

q · f2 + f2
θ · t− f1

θ · f4 + f2
τ · f3,

L3 = f4
x + f4

U · P + f4
V · θ + f4

p ·W + f4
q · f1 + f4

θ · t+ f4
τ · f4, (4)

L4 = f3
x − f4

y + f3
U · P − f4

U · q + f3
V · θ − f4

v · τ + f3
p ·W − f4

p · f1+

+f3
q · f1 − f4

q · f2 + f3
θ · t− f4

θ · f4 + f3
τ · f4 − f4

τ · F 3.

Åñëè îïðåäåëèòåëü ÷åòâåðòîãî ïîðÿäêà, ñîñòàâëåííûé èç êîýôôèöè-
åíòîâ ïðè Wx,Wy, tx è ty ñèñòåìû (3), îòëè÷åí îò íóëÿ (à ýòî ðàâíî-
ñèëüíî ∆ = α1β1 − α2β2 6= 2, f1

t 6= 0; çíà÷åíèå ïðèâîäèòñÿ αk, βk, k = 1, 2
íèæå), òî

Wx,Wy, tx, ty = f j(x, y, U, V, P, ς, θ, τ,W, t), j = 5, 8, (5)

ãäå
∆ · f5 = β2γ1 − β1γ2, ∆ · f6 = d1γ2 − d2γ1,

f1
t · f7 = f6 − f1

W · f5 − L1,

(f1
t ) · f8 = (f1

t · f2
W − f1

W · f2
t ) · f5 + (f2

t − f1
t · f1

W ) · f6+

+f2
t · L1 + f1

t · L2 (6)

α1 = f1
wf

1
t f

4
t − (f1

t )2f4
w−f1

t f
2
w+f1

wf
2
t , α2 = f1

wf
3
t −f1

t ·f3
w+f1

t f
2
w−f2

wf
2
t ,

β1 = f1
t (f1

w − f4
t )− f2

t , β2 = f1
t (f4

w − f1
t )− f3

t ,

γ1 = (f2
t −f1

t f
4
t )L′+f1

t ·L2 + (f1
t )2L3, γ2 = f1

t ·L2− (f3
t −f2

t )L′−f1
t ·L2.

Óñëîâèÿìè ñîâìåñòíîñòè ï.ä.- ñèñòåìû (2) (5) (ýêâèâàëåíòíîé (1))
áóäóò Dyf

5 ≡ dxf
6 è Dyf

7 ≡ dxf
8. Çàìåòèì, ÷òî äëÿ íåå èìååò ìåñòî

ñëåäóþùåå óðàâíåíèé ìíîãîîáðàçèÿ ðåøåíèÿ ñèñòåìû â îäíèõ ñëó÷àÿõ
ñîäåðæàò íå áîëåå âîñüìè ïðîèçâîëüíûõ ïîñòîÿííûõ, à â äðóãèõ ïðîèç-
âîëüíóþ ôóíêöèþ.
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Ïðèìåð.

Uxy = Vxx, Uyy = Vxx, Vxy = Uxx + Vxx, Vyy = Vxx.

U(x, y) =
c2
2
x2 + c1xy + c5x+

c1y
2

2
+ c6y + c7

Îòâåò:

V (x, y) =
c1x

2

2
+ (c1 + c2)xy + c3x+

c1y
2

2
+ c4y + c8.
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Â ðàáîòå èññëåäóåòñÿ íåêîòîðûå íåëèíåéíûå ïåðåîïðåäåëåííûå ñè-
ñòåìû âòîðîãî ïîðÿäêà. Íàéäåíû ÿâíûå óñëîâèè ñîâìåñòíîñòè, äî-
êàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèé.

Êëþ÷åâûå ñëîâà: ìíîãîîáðàçèÿ ðåøåíèÿ, ïåðåîïðåäåëåííûå ñèñòå-
ìû, óñëîâèÿ ñîâìåñòíîñòè.

Investigation of some overdetermined second-order systems
with three unknown functions in space

The paper investigates some nonlinear overdetermined systems of the
second order. Explicit conditions of compatibility are found, theorems
of existence and uniqueness of solutions are proved.

Keywords: solution varieties, overdetermined systems, compatibility
conditions.

Äëÿ ëèíåéíûå ñèñòåìû

LkU =

n∑
j=1

akj (x1, x2, ..., xk, U1, U2, ..., Uk)∂kjU = 0, k = 1,m (1)

òåîðèÿ êîòîðîé ñâÿçàíà èìåíåì ßêîáè. Â ñîâðåìåííîì èçëîæåíèå
òåîðèè ýòîé ñèñòåìû ñèíòåçèðîâàíû òåîðåìîé Ôðîáåíèóñà.

Íàñòîÿùàÿ ñòàòüÿ, ïîñâÿùåíà èçó÷åíèþ âîïðîñîâ ñîâìåñòíîñòè è îä-
íîçíà÷íîé ðàçðåøèìîñòè ïåðåîïðåäåëåííûõ ñèñòåì îò ïÿòè äèôôåðåí-
öèàëüíûõ óðàâíåíèé (ä.ó.):

Uxx, Uxy, Uxz, Uzy, Uzz = f i(x, y, z, U, Ux, Uy, Uz, Uyy),

i = 1, 5, (x, y, z) ∈ R3, (3)

Uxx, Uxy, Uyy, Vxx, Vyy = f i(x, y, z, U, V, Ux, Uy, Vx, Vy, Vxy),

i = 1, 5, (x, y, z) ∈ R3, (4)

Ïèðîâ Ðàõìîí, ÒÃÏÓ èì.Ñ.Àéíè
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Èñïîëüçîâàíèå â ñèñòåìàõ (3) è (4) îäèíàêîâîãî îáîçíà÷åíèÿ αiU +
βiV + γiW + δi, f i, è fk ôóíêöèé ïðàâîé ÷àñòè îò ðàçëè÷íîãî ÷èñëà
àðãóìåíòîâ îïðàâäàíî òåì, ÷òî îíè èçó÷àþòñÿ íåçàâèñèìî äðóã îò äðóãà.
Â ýòèõ ñèñòåìàõ íåèçâåñòíûå ôóíêöèè U, V è W çàâèñÿò îò x, y, z â
îñíîâíîì èùóòñÿ â Π0(a, b) êëàññà C3 èëè C4; çäåñü Π0 = {(x, y, z) :
|x− x0| < a, |y − y0| < a, |z − z0| < a} ïðè íåêîòîðîì a � 0.

Îñíîâíîé ìåòîä èññëåäîâàíèÿ ñîñòîèò â çàìåíå ïðîèçâîäíûõ ïåðâîãî
è âòîðîãî ïîðÿäêà íà íîâûå íåèçâåñòíûå ôóíêöèè, ïåðåõîäå ê ñèñòåìàì
ñ áîëüøèì ÷èñëîì íåèçâåñòíûõ è â óñòàíîâëåíèè ñâÿçåé ñ äîñòàòî÷íî
èçó÷åííûìè ñèñòåìàìè â ïîëíûõ äèôôåðåíöèàëàõ (ï.ä. - ñèñòåìà).

2. Ïåðåîïðåäåë¼ííûå ñèñòåìû ïÿòü äèôôåðåíöèàëüíûõ óðàâíåíèé
âòîðîãî ïîðÿäêà ñ îäíîé (3) è äâóìÿ (4) íåèçâåñòíûìè ôóíêöèÿìè.

Îãîâîðèìñÿ ñðàçó, ÷òî ñèñòåìû ñ ÷åòûðüìÿ óðàâíåíèÿìè â îñíîâíîì
ïîäðîáíî èçó÷åíû ïðîôåññîðîì Ð. Ïèðîâûì. Ê ïðèìåðó ðàññìàòðèâàÿ
ñèñòåì

Uxx, Uxy, Uxz, Uyz,= f i(x, y, z, U, Ux, Uy, Uz, Uyy), i = 1, 4, (5)

Uxx, Uxy, Uxz, Uyz = f i(x, y, z, U, Ux, Uy, Uz, Uyy, Uzz), i = 1, 4, (6)

óñòàíîâëåíà ÷òî íåëèíåéíûå ñèñòåìû ÷åòûð¼õ óðàâíåíèé óêàçàííûå âû-
øå ïðèâîäÿòñÿ ê ï.ä.-ñèñòåìà ñ øåñòåãî íåèçâåñòíûìû ôóíêöèÿìè.

Â äàííîé ðàáîòå, íàìè ðàññìàòðèâàþòñÿ ñèñòåìû ïÿòü óðàâíåíèé
âèäà (3) è (4) îòëè÷àþùèå îò (5) è (6) âî - ïåðâûõ òåì, ÷òî êàæäàÿ èç
íèõ ñîäåðæàòü íà îäíî óðàâíåíèå áîëüøå è âî - âòîðûõ âòîðàÿ ñèñòåìà
(ò.å. (4)) çàâèñÿò îò äâóõ íåèçâåñòíûõ ôóíêöèé.

Ñèñòåìà (3), ãäå f i ∈ C3(Π), U ∈ C4(Π), çàìåíîé Ux = p(x, y, z),
Uy = q(x, y, z), Uz = R(x, y, z), Uyy = qy = Ry = τ(x, y, z) ñ ó÷¼òîì
îáÿçàòåëüíîãî òîæäåñòâåííîãî âûïîëíåíèÿ ðàâåíñòâ qx = py(≡ f2), qx =
Ry(≡ f4), pz = Rz(≡ f3) è ð.ñ.ï. pyz = pzy, qyz = qzy, Ryz = Rzy, ïðè
f2
τ 6= 0, f5

τ − f3
τ · f4

τ 6= 0 ïðèâîäèòñÿ ê ñèñòåìå
Ux = p, Uy = q, Uz = R
px, py, pz, Ry, Rz = f j(x, y, x, p, q, R, τ), j = 1, 5,
Rx = f3, qx = f2, qy = τ, qz = f4,
τx, τy, τz = fk(x, y, x, p, q, R, τ), k = 6, 7, 8.

(7)

Òîæäåñòâåííîå îòíîñèòåëüíî U, p, q, R, τ âûïîëíåíèå ñåìü ðàçâåðíó-
òûõ ðàâåíñòâî ñìåøàííûõ ïðîèçâîäíûõ.

Rxy = Ryz, Rxz = Rzx, qxy = qyx, τxy = τyx, τyz = τzy, τxz = τzx (8)

â íåêîòîðîé îêðåñòíîñòè òî÷êè (x0, y0, z0, U0, p0, q0, R0, τ0) áóäóò óñëîâè-
ÿìè ïîëíîé èíòåãðèðóåìîñòè. Çàäàâàÿ çàäà÷ó ñ íà÷àëüíûìè äàííûìè

[U ]0 = c1, [Ux]0 = c2, [Uy]0 = c3, [Uz]0 = c4, [Uyy]0 = c5, (9)
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äîêàçàíà òåîðåìà óòâåðæäàþùàÿ îäíîçíà÷íóþ ðàçðåøèìîñòü çàäà÷ó (3)
(9).

Äëÿ ñèñòåìû (4) íà ïëîñêîñòè îñóùåñòâëÿåòñÿ çàìåíà Ux = p(x, y), Uy =
q(x, y), Vx = τ(x, y), Vy = θ(x, y)Vyy = θy(x, y) = t(x, y). Òîãäà â ñèëó ýòèõ
çàìåí î÷åâèäíûõ òîæäåñòâ py ≡ qx, τy ≡ θx, è ð.ñ.ï. pxy = pyx, qxy =
qyx, τxy = τyx, θxy = θyx(f1

t · f3
t − (f2

t )2 6= 0, f4
t − (f5

t )2) 6= 0 ïðèõîäèì ê
ï.ä. - ñèñòåìå îòíîñèòåëüíî ñåìè íåèçâåñòíûõ ôóíêöèé U, V, p, q, τ, θ, t,
ñîâìåñòíîñòü êîòîðîé çàâèñÿò îò ñîîòíîøåíèÿ

H(x, y, U, V, p, q, τ, θ, t) = f6
y − f7

x + f6
U · q − f7

U · p+ f6
V · τ + f6

p · f2−

−f7
p · f1 + f6

q · f3 − f7
q · f2 + f6

τ · f5 − f7
τ · f4+ (10)

+f6
t · t− f7

θ · f5 + f6
t · f7 − f7

t · f6 = 0.

Çàäà÷à ñ íà÷àëüíûìè äàííûìè çàäàåòñÿ ôîðìóëàìè

[U ]0 = C1, [V ]0 = C2, [Ux]0 = C3, [Uy]0 = C4, [Vx]0 = C5,

[Vy]0 = C6, [Uyy]0 = C7, (11)

Òåîðåìà Ïóñòü äàíà ñèñòåìà (4) äëÿ êîòîðîé âûïîëíÿþòñÿ âûøå-
óêàçàííûå óñëîâèè. Òîãäà ïðè òîæäåñòâåííîì âûïîëíåíèè óñëîâèè (10),
α < min

(
α, bM

)
,M = max |f i|, i = 1, 5, çàäà÷à (4) (11) â êëàññå C4(Π0)

ðàçðåøèìà åäèíñòâåííûì îáðàçîì.
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Â äîêëàäå äàíû ïðèìåðû äèíàìè÷åñêèõ ñèñòåì êàê ñ íåïðåðûâ-
íûì, òàê è ñ äèñêðåòíûì âðåìåíåì, ñ ôàçîâûì ïðîñòðàíñòâîì â
âèäå ìíîæåñòâà äåéñòâèòåëüíûõ äâóñòîðîííèõ ïîñëåäîâàòåëüíî-
ñòåé. Ïîêàçàíà ñâÿçü ýòèõ ïðèìåðîâ ñ äèíàìè÷åñêèìè ñèñòåìàìè
â êîíå÷íîìåðíûõ ïðîñòðàíñòâàõ, îáëàäàþùèìè ðåæèìàìè äåòåð-
ìèíèðîâàííîãî õàîñà.

Êëþ÷åâûå ñëîâà: êîììóòàòèâíàÿ àëãåáðà ñ åäèíèöåé, ïîòîê, êàñ-
êàä.

Dynamical systems in the space of double-sided sequences
and deterministic chaos.

The report gives examples of dynamical systems with both contin-
uous and discrete time with a phase space in the form of a set of
real double-sided sequences. The connection of these examples with
dynamical systems in finite-dimensional spaces with regimes of deter-
ministic chaos is demonstrated.

Keywords: commutative algebra with unity element, flow, cascade

Ïóñòü Λ � ïðîñòðàíñòâî âñåõ äâóñòîðîííèõ ñóììèðóåìûõ äåéñòâè-
òåëüíûõ ïîñëåäîâàòåëüíîñòåé, ò.e.

x = (. . . , x−n, . . . , x−1, x0, x1, . . . , xn, . . .) ∈ Λ,

åñëè êîíå÷íà ñóììà ðÿäà èç å¼ ÷ëåíîâ:

< x >≡
+∞∑

n=−∞
xn . (1)

Âåëè÷èíó (1) áóäåì íàçûâàòü ïñåâäîñðåäíèì çíà÷åíèåì ïîñëåäîâà-
òåëüíîñòè x : Z→ R.

Ðàññàäèí Àëåêñàíäð Ýäóàðäîâè÷, ìàãèñòðàíò, Âûñøàÿ øêîëà ýêîíîìèêè (Íèæ-
íèé Íîâãîðîä, Ðîññèÿ); Alexander Rassadin (Higher School of Economics, Russia)
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Åñëè x ∈ Λ è y ∈ Λ, òî ìîæíî îïðåäåëèòü èõ ïðîèçâåäåíèå x ? y êàê
äâóñòîðîííþþ ïîñëåäîâàòåëüíîñòü ñ ÷ëåíàìè:

(x ? y)n ≡
+∞∑

k=−∞

xk yn−k . (2)

Èç ôîðìóë (1) è (2) ëåãêî âûâåñòè, ÷òî:

< x ? y >≡< x >< y > , (3)

çíà÷èò, x ? y ∈ Λ è Λ � êîììóòàòèâíàÿ àëãåáðà ñ åäèíèöåé.
Ïðåäïîëîæèì äàëåå, ÷òî ýëåìåíòû àëãåáðû Λ ÿâëÿþòñÿ ôóíêöèÿìè

íåïðåðûâíîãî âðåìåíè t: x(t), y(t), z(t), . . . ∈ Λ, òîãäà íà Λ ìîæíî çà-
äàâàòü ôàçîâûå ïîòîêè ñ ïîìîùüþ ñ÷¼òíîìåðíûõ ñèñòåì îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ðàññìîòðèì ïðèìåð òàêîé ñèñòåìû:

dx
dt = σ y − σ x

dy
dt = r x− x ? z − y
dz
dt = −b z + x ? y

, (4)

èëè â ïî÷ëåííîé çàïèñè:

dxn
dt = σ yn − σ xn

dyn
dt = r xn −

∑+∞
k=−∞ xk zn−k − yn

dzn
dt = −b zn +

∑+∞
k=−∞ xk yn−k

, (5)

ãäå σ, r, b ∈ R � å¼ ïàðàìåòðû, à n ∈ Z.
Ïðèìåíÿÿ ê îáåèì ÷àñòÿì ñèñòåìû (4)-(5) îïåðàöèþ (1) è èñïîëüçóÿ

ôîðìóëó (3), ïîëó÷èì, ÷òî âðåìåííàÿ ýâîëþöèÿ ïñåâäîñðåäíèõ < x(t) >,
< y(t) > è < z(t) > îïðåäåëÿåòñÿ èçâåñòíîé ñèñòåìîé Ëîðåíöà [1]:

d<x>
dt = σ < y > −σ < x >

d<y>
dt = r < x > − < x >< z > − < y >
d<z>
dt = −b < z > + < x >< y >

, (6)

äåìîíñòðèðóþùåé ñòðàííûé àòòðàêòîð â øèðîêîì äèàïàçîíå ñâîèõ ïà-
ðàìåòðîâ [1].

Äèíàìè÷åñêóþ ñèñòåìó íà àëãåáðå Λ ìîæíî çàäàòü è â äèñêðåòíîì
âðåìåíè, íàïðèìåð, ïóñòü:

x(m) = λx(m− 1)− λx(m− 1) ? x(m− 1) , m ∈ N , λ ∈ R , (7)
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èëè â ïî÷ëåííîé çàïèñè:

xn(m) = λxn(m− 1)− λ
+∞∑

k=−∞

xk(m− 1)xn−k(m− 1) , n ∈ Z , (8)

òîãäà, ïåðåõîäÿ â ñèñòåìå (7) (èëè (8)) ê ïñåâäîñðåäíèì, ïîëó÷èì, ÷òî:

< x(m+ 1) >= λ < x(m) > ( 1− < x(m) >) . (9)

Åñëè < x(0) >∈ [ 0, 1 ], òî ïðè λ ∈ ( 0, 4 ] ýòî îòîáðàæåíèå ÿâëÿåòñÿ
îòîáðàæåíèåì îòðåçêà [ 0, 1 ] â ñåáÿ. Êàê õîðîøî èçâåñòíî, â ýòîì ñëó÷àå
ïðè âîçðàñòàíèè ïàðàìåòðà λ îò 0 äî 4 îòîáðàæåíèå (9) äåìîíñòðèðó-
åò ïåðåõîä ê õàîòè÷åñêîé äèíàìèêå ÷åðåç ñåðèþ áèôóðêàöèé óäâîåíèÿ
ïåðèîäà [2].

Äèíàìè÷åñêèå ñèñòåìû íà Λ, äàþùèå ïðè âçÿòèè ïñåâäîñðåäíèõ èíûå
èçâåñòíûå ñèñòåìû ñ äåòåðìèíèðîâàííûì õàîñîì, òàêèå êàê ñèñòåìà
Ð�eññëåðà èëè îòîáðàæåíèå Ýíî (ñì. [3] è ññûëêè òàì), âûïèñûâàþòñÿ
ñ ïîìîùüþ ñîîòíîøåíèÿ (3) î÷åâèäíûì îáðàçîì.
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Â ðàáîòå ïðîâîäèòñÿ èññëåäîâàíèå óðàâíåíèÿØðåäèíãåðà íåðåëÿ-
òèâèñòñêîãî ïîòåíöèàëüíîãî ðàññåÿíèÿ äâóõ ÷àñòèö ïðè óñëîâèè
çàâèñèìîñòè ïîòåíöèàëîâ âçàèìîäåéñòâèÿ òîëüêî îò ðàññòîÿíèÿ x
ìåæäó ÷àñòèöàìè. Ïîêàçàíî, ÷òî ðåøåíèå R(λ, r) ÿâëÿåòñÿ àíàëè-
òè÷åñêîé ôóíêöèåé λ.

Êëþ÷åâûå ñëîâà: ðàäèàëüíîå óðàâíåíèå, ïàðöèàëüíûå âîëíû, ïî-
òåíöèàëüíîå ðàññåÿíèå

Investigation of the radial equation at a regular boundary
point

The Schredinger equation for nonrelativistic potential scattering of two
particles under the condition that the interaction potentials depend
only on the distance x between the particles has been researched in
this work. It is shown that the solution R(λ, r) is an analytic function
λ.

Keywords: radial equation, partial waves, potential scattering

Ïðè êâàíòîâîìåõàíè÷åñêîì îïèñàíèè íåðåëÿòèâèñòñêîãî ïîòåíöèàëü-
íîãî ðàññåÿíèÿ äâèæåíèå äâóõ ÷àñòèö â ñèñòåìå èõ öåíòðà òÿæåñòè îïè-
ñûâàåòñÿ óðàâíåíèåì Øðåäèíãåðà (ñì. [?])

− h2

2M
∆ϕ(~x) + (u(x)− E)ϕ(~x) = 0. (1)

Çäåñü h - ïîñòîÿííàÿ Ïëàíêà, M = m1m2

m1+m2
- ïðèâåäåííàÿ ìàññà, m1 è m2

- ìàññû ÷àñòèö, u(x) - ïîòåíöèàë, x - îòíîñèòåëüíîå ðàññòîÿíèå ìåæäó
÷àñòèöàìè, E - ýíåðãèÿ ñèñòåìû, ϕ - âîëíîâàÿ ôóíêöèÿ.

Äàííîå óðàâíåíèå èç-çà ñôåðè÷åñêîé ñèììåòðèè ïîòåíöèàëà óäîáíî
ðåøàòü â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò, çàïèñûâàÿ âîëíîâóþ ôóíê-
öèþ ϕ(r, φ, θ) êàê ïðîèçâåäåíèå ðàäèàëüíîé R(r) è óãëîâîé Y (φ, θ) ôóíê-
öèé

1

r
R(r)Y (φ, θ) = R(r)Φ(φ)F (θ).
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âèñòñêîãî ïîòåíöèàëüíîãî ðàññåÿíèÿ äâóõ ÷àñòèö ïðè óñëîâèè çàâèñèìî-
ñòè ïîòåíöèàëîâ âçàèìîäåéñòâèÿ òîëüêî îò ðàññòîÿíèÿ x ìåæäó ÷àñòè-
öàìè. Ïîêàçàíî, ÷òî ðåøåíèå R(λ, r) ÿâëÿåòñÿ àíàëèòè÷åñêîé ôóíêöèåé
λ.
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Â ðàáîòå íàéäåíî òî÷íîå ðåøåíèå óðàâíåíèÿ Âàí äåð Ïîëÿ - Äóô-
ôèíãà ñ îòêëîíÿþùèìñÿ àðãóìåíòîì ñ ïîìîùüþ ýëëèïòè÷åñêîé
ôóíêöèè - äåëüòà àìïëèòóäû - dnu.
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Exact solution of the functional - differential van der
Pol-Duffing equation with constant deviations of the

argument

An exact solution of the Van der Pol - Duffing equation with a devi-
ating argument using elliptic function - amplitude delta - dnu.

Keywords: Differential equation, periodic solution, argument devia-
tions, elliptic functions.

Ðàññìîòðèì íåëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïî-
ðÿäêà [1],[2]

ϕ
′′
(t)−αϕ′(t)+βϕ′(t+τ1)ϕ(t+τ2)ϕ(t+τ3)+aϕ(t)+b

3∏
j=1

ϕ(t+hj) = 0, (1)

ãäå êîýôôèöèåíòû α, β, a, b è îòêëîíåíèÿ τj , hj , j = 1, 3− ïîñòîÿííûå.
Óðàâíåíèå (1) ïðè τ1 = τ2 = τ3 = 0 è h1 = h2 = h3 = 0 ïðèìåò âèä

ϕ
′′
(t)− ϕ′(t)(α− βϕ2(t)) + aϕ(t) + bϕ3(t) = 0. (2)

Ýòî óðàâíåíèå, ïðè α = β > 0, b = 0, èçâåñòíî ïîä íàçâàíèåì óðàâ-
íåíèÿ Âàí äåð Ïîëÿ, à ïðè α = β = 0, a 6= 0, b 6= 0, êàê óðàâíåíèå
Äóôôèíãà [3],[4].
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Î÷åâèäíî, ÷òî óðàâíåíèå (2) ïðè α = β > 0, è a = −b äîïóñêàåò
òðèâèàëüíîå ðåøåíèå ϕ(t) = 1.

Öåëü íàñòîÿùåé çàìåòêè ÿâëÿåòñÿ íàõîæäåíèå íåòðèâèàëüíîãî îãðà-
íè÷åííîãî ïåðèîäè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ (1), ïðè íåêîòîðûõ çíà-
÷åíèÿõ τj , hj , j = 1, 3.

Åñëè ϕ(t) äâàæäû äèôôåðåíöèðóåìîå ïåðèîäè÷åñêîå ðåøåíèå, ñ ïå-
ðèîäîì T > 0, óðàâíåíèÿ (1) è âñå îòêëîíåíèÿ τj , hj− êðàòíû T, òî ϕ(t)
ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (2).

Ê òîìó æå, åñëè íå âñå τj− êðàòíû T, íàïðèìåð hj , τ1, τ2−êðàòíû T
à τ3− íå êðàòåí T, òî ϕ(t) óäîâëåòâîðÿåò óðàâíåíèþ

ϕ
′′
(t)− ϕ′(t) [α− βϕ(t)ϕ(t+ τ3)] + aϕ(t) + bϕ3(t) = 0. (3)

Â ýòîì ñëó÷àå óðàâíåíèÿ (1) è (3) íàçûâàþò ôóíêöèîíàëüíî-ýêâèâà-
ëåíòíûå ñèñòåìû, îòíîñèòåëüíî ïåðèîäè÷åñêîé ôóíêöèè ϕ(t), ϕ(t+T ) =
ϕ(t) [2]. Ïîêàæåì, ÷òî ïðè îïðåäåëåííûõ çíà÷åíèÿõ τj , hj , j = 1, 3, ðå-
øåíèå óðàâíåíèÿ (1) ìîæíî íàéòè ÷åðåç ðåøåíèå óðàâíåíèÿ Äóôôèíãà

ψ′′(t) + aψ(t) + bψ3(t) = 0. (4)

Â ìîíîãðàôèè [4] ðåøåíèå óðàâíåíèÿ (4) ïðè a > 0, b < 0 íàéäåíî ñ
ïîìîùüþ ýëëèïòè÷åñêîé ôóíêöèè ßêîáè - ýëëèïòè÷åñêèé ñèíóñ - Asnu.
Íàéäåíî ÿâíûé âèä àìïëèòóäà À, ÷àñòîòà ω, è ìîäóëü ôóíêöèè k, 0 <
k2 < 1, ÷åðåç a, b

Êàê ïîêàçàíî â [5], ðåøåíèå óðàâíåíèÿ Äóôôèíãà ñ ïîñòîÿííûìè îò-
êëîíåíèÿìè àðãóìåíòà ìîæíî íàéòè ñ ïîìîùüþ ôóíêöèè äåëüòà-àìïëèòóäû

ϕ(t) = Adn(ωt, k) = Adnu, (5)

ãäå A− àìïëèòóäà, ω−÷àñòîòà-êîëåáàíèÿ, k− ìîäóëü ôóíêöèè.
Ôóíêöèÿ Adnu óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ

ϕ
′′
(t)− (2− k2)ω2ϕ(t) +

2ω2

A2
ϕ3(t) = 0 (6)

è èìååò ïåðèîä T = 2K(k)/ω, ãäåK(k)− ïîëíûé ýëëèïòè÷åñêèé èíòåãðàë
ïåðâîãî ðîäà [4], à íà ïîëóïåðèîäå K óäîâëåòâîðÿåò ôóíêöèîíàëüíîìó
ñîîòíîøåíèþ

ϕ(u+K)ϕ(u) = k′, (7)

k′− äîïîëíèòåëüíûé ìîäóëü äëÿ k, k2 + k′2 = 1, 0 < k′2 < 1.
Òåïåðü îòûñêèâàåì ðåøåíèå óðàâíåíèÿ (1) â âèäå (5), ïðè óñëîâèè,

÷òî ìîäóëü ôóíêöèè k2− èçâåñòíî è âñå ÷èñëà ωτ1, ωτ3, ωτj , j = 1, 3 êðàò-
íû ïåðèîäó 2K(k), ωτ3 = K(k) è a < 0, b > 0.
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Òåîðåìà. Ïóñòü â óðàâíåíèè (1) âñå êîýôôèöèåíòû α, β, a, b îòëè÷-
íû îò íóëÿ a < 0, b > 0, αb < −aβ, è ìîäóëü ôóíêöèè k2 è åå àìïëèòóäà
ω2 âû÷èñëåíû ôîðìóëàìè

k2 = (1− (B −
√
B2 − 1))2, B = −aβ/αb, B > 1 è ω2 = −a(2− k2).

Òîãäà óðàâíåíèå (1) ïðè óñëîâèè, ÷òî ωτ1, ωτ2, ωhj , j = 1, 3 êðàò-
íû 2K(k) è ωτ3 = K(k), äîïóñêàåò îäíîïàðàìåòðè÷åñêèå îãðàíè÷åííûå
ïåðèîäè÷åñêèå ðåøåíèÿ âèäà

ϕ(t) = ±

√
− 2a

b(2− k2)
dn

[√
− 2a

2− k2
t, k

]
.
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Âèõðè Ãèíçáóðãà�Ëàíäàó � ýòî ñòàòè÷åñêèå ðåøåíèÿ óðàâíåíèé
Ãèíçáóðãà�Ëàíäàó, âîçíèêàþùèõ â òåîðèè ñâåðõïðîâîäèìîñòè. Îíè
íàïîìèíàþò ãèäðîäèíàìè÷åñêèå âèõðè, ÷åì è îáúÿñíÿåòñÿ èõ íà-
çâàíèå. Åñëè âêëþ÷èòü â ðàññìàòðèâàåìîé ìîäåëè âðåìÿ, òî âèõðè
íà÷èíàþò äâèãàòüñÿ è ìîãóò ñòàëêèâàòüñÿ. Íàïðèìåð, äâà âèõðÿ,
äâèæóùèõñÿ ïî ïðÿìîé íàâñòðå÷ó äðóã äðóãó, ðàññåèâàþòñÿ ïîä
ïðÿìûì óãëîì. Äëÿ îïèñàíèÿ äèíàìèêè âèõðåé ìîæíî âîñïîëüçî-
âàòüñÿ ò.í. àäèàáàòè÷åñêèì ïðåäåëîì, óñòðåìëÿÿ ñêîðîñòü äâèæå-
íèÿ âèõðåé ê íóëþ. Ïðåäåëüíîå ïîâåäåíèå âèõðåâûõ òðàåêòîðèé
îïèñûâàåòñÿ ãåîäåçè÷åñêèìè íà ïðîñòðàíñòâå âèõðåé â ìåòðèêå,
çàäàâàåìîé êèíåòè÷åñêîé ýíåðãèåé.

Îêàçûâàåòñÿ ó ýòîé ìîäåëè åñòü íåòðèâèàëüíûé 4-ìåðíûé àíà-
ëîã, îïèñûâàåìûé óðàâíåíèÿìè Çàéáåðãà�Âèòòåíà. Ýòî óðàâíåíèÿ
íà 4-ìåðíûõ ðèìàíîâûõ ìíîãîîáðàçèÿõ, ÿâëÿþùèåñÿ ïðåäåëüíûì
ñëó÷àåì ñóïåðñèììåòðè÷íîé òåîðèè ßíãà�Ìèëëñà. Îñîáûé èíòå-
ðåñ ïðåäñòàâëÿåò äëÿ íàñ ñèìïëåêòè÷åñêèå ìíîãîîáðàçèÿ, îáëàäà-
þùèå íàðÿäó ñ ðèìàíîâîé ìåòðèêîé åùå è ñîâìåñòèìîé ñ íåé ïî-
÷òè êîìïëåêñíîé ñòðóêòóðîé. Åñëè ââåñòè â óðàâíåíèÿ Çàéáåðãà�
Âèòòåíà ìàñøòàáíûé ïàðàìåòð, òî ìîæíî ïåðåéòè â íèõ ê àäèà-
áàòè÷åñêîìó ïðåäåëó, óñòðåìëÿÿ ýòîò ïàðàìåòð ê áåñêîíå÷íîñòè.
Ïðåäåëüíûå òðàåêòîðèè îïèñûâàþòñÿ ïñåâäîãîëîìîðôíûìè êðè-
âûìè, êîòîðûå ìîæíî ðàññìàòðèâàòü êàê êîìïëåêñíûå àíàëîãè
ãåîäåçè÷åñêèõ Ãèíçáóðãà�Ëàíäàó. Ðåøåíèÿ óðàâíåíèé Ãèíçáóðãà�
Ëàíäàó â àäèàáàòè÷åñêîì ïðåäåëå ðåäóöèðóþòñÿ ê ñåìåéñòâàì âèõ-
ðåé Ãèíçáóðãà�Ëàíäàó â ïëîñêîñòÿõ, íîðìàëüíûõ ê ïðåäåëüíîé
ïñåâäîãîìîðôíîé êðèâîé. Òàêèì îáðàçîì, óðàâíåíèÿ Çàéáåðãà�
Âèòòåíà ìîæíî ðàññìàòðèâàòü êàê êîìïëåêñíûé àíàëîã äèíàìè-
÷åñêèõ óðàâíåíèé Ãèíçáóðãà�Ëàíäàó, â êîòîðîì ðîëü "âðåìåíè"
èãðàåò ïàðàìåòð, ïðîáåãàþùèé ïðåäåëüíóþ ïñåâäîãîëîìîðôíóþ
êðèâóþ.

Êëþ÷åâûå ñëîâà: âèõðè Ãèíçáóðãà�Ëàíäàó, óðàâíåíèÿ Çàéáåðãà�
Âèòòåíà

Keywords: Ginzburg - Landau vortices, Seiberg - Witten equations
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Sergeev (Steklov Mathematical Institute, Moscow, Russia)
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Â äîêëàäå ðàññìàòðèâàåòñÿ ñåìåéñòâî íåëèíåéíûõ îñöèëëÿòîðîâ
ñ êóáè÷åñêîé, îòíîñèòåëüíî ïåðâîé ïðîèçâîäíîé, íåëèíåéíîñòüþ.
Ïîêàçàíî ÷òî íåëîêàëüíûå ïðåîáðàçîâàíèÿ ñîõðàíÿþò àâòîíîì-
íûå èíâàðèàíòíûå êðèâûå äëÿ óðàâíåíèé èç ðàññìàòðèâàåìîãî
ñåìåéñòâà. Òàêæå äåìîíñòðèðóåòñÿ âîçìîæíîñòü ïîñòðîåíèÿ â ïà-
ðàìåòðè÷åñêîì âèäå àâòîíîìíîãî ïåðâîãî èíòåãðàëà äëÿ îäíî èç
äâóõ óðàâíåíèé, ñâÿçàííûõ íåëîêàëüíûìè ïðåîáðàçîâàíèÿìè, ïðè
óñëîâèè ÷òî èçâåñòíî îáùåå ðåøåíèå äðóãîãî óðàâíåíèÿ. Ðåçóëü-
òàòû èëëþñòðèðóþòñÿ íà ïðèìåðå êëàññîâ ýêâèâàëåíòíîñòè äëÿ
äâóõ óðàâíåíèé òèïà Ïåíëåâå.

Êëþ÷åâûå ñëîâà: íåëîêàëüíûå ïðåîáðàçîâàíèÿ, ïåðâûå èíòåãðàëû,
èíâàðèàíòíûå êðèâûå.

Nonlocal transformations and integrable nonlinear
oscillators

We consider a family of nonlinear oscillators that is cubic, with respect
to the first derivative. We show that certain nonlocal transformations
preserve autonomous invariant curves for the equations from the stud-
ied family. We also demonstrate that an autonomous first integral for
one of two non-locally related equations can be constructed in the
parametric form from the general solution of the other equation. We
illustrate our results by constructing nonlocal equivalence classes for
two Painlevé type equations.

Keywords: nonlocal transformations, first integrals, invariant curves.

Ðàññìàòðèâàåòñÿ ñåìåéñòâî óðàâíåíèé

yzz + k(y)y3
z + h(y)y2

z + f(y)yz + g(y) = 0, (1)

ãäå k, h, f 6= 0 è g 6= 0 ïðîèçâîëüíûå, äîñòàòî÷íî ãëàäêèå ôóíêöèè.
Äàííîå ñåìåéñòâî óðàâíåíèé ÿâëÿåòñÿ çàìêíóòûì îòíîñèòåëüíî ïðåîá-
ðàçîâàíèé [1-3]

w = F (y), dζ = (G1(y)yz +G2(y))dz. (2).

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 19-71-10003).
Ñèíåëüùèêîâ Äìèòðèé Èãîðåâè÷, ê.ô.-ì.í., äîöåíò, ÍÈÓ ÂØÝ (Ìîñêâà, Ðîñ-

ñèÿ); Dmitry Sinelshchikov (HSE University, Moskow, Russia)

94



Çäåñü G1, G2 6= 0 è Fy 6= 0 ïðîèçâîëüíûå äîñòàòî÷íî ãëàäêèå ôóíêöèè.
Â ðàáîòå ïîêàçàíî ÷òî ïðåîáðàçîâàíèÿ (2) ñîõðàíÿþò èíâàðèàíòíûå

êðèâûå äîïóñêàåìûå óðàâíåíèÿìè èç (1). Ïðèâîäÿòñÿ ÿâíûå ôîðìóëû
ñâÿçûâàþùèå èíâàðèàíòíûå êðèâûå è èõ êîôàêòîðû äëÿ äâóõ óðàâíå-
íèé èç (1) ñâÿçàííûõ ïðåîáðàçîâàíèÿìè (2). Òàêèì îáðàçîì, íåëîêàëü-
íûå ïðåîáðàçîâàíèÿ (2) ìîãóò áûòü èñïîëüçîâàíû äëÿ ðàñøèðåíèÿ óæå
ñóùåñòâóþùåé êëàññèôèêàöèè èíâàðèàíòíûõ êðèâûõ äëÿ êàêîãî-ëèáî
óðàâíåíèÿ èç (1) íà åãî êëàññ ýêâèâàëåíòíîñòè. Â ÷àñòíîñòè, ýòî ïîç-
âîëÿåò ïîëó÷àòü êëàññèôèêàöèþ èíâàðèàíòíûõ êðèâûõ äëÿ íåïîëèíî-
ìèàëüíûõ óðàâíåíèé, íåëîêàëüíî ñâÿçàííûõ ñ óðàâíåíèåì ñ èçâåñòíîé
êëàññèôèêàöèåé èíâàðèàíòíûõ êðèâûõ.

Òàêæå ïîêàçàíî ÷òî åñëè èçâåñòíî îáùåå ðåøåíèå îäíîãî èç äâóõ
óðàâíåíèé, ñâÿçàííûõ ïðåîáðàçîâàíèÿìè (2), òî äëÿ äðóãîãî óðàâíåíèÿ
ìîæíî ïîñòðîèòü àâòîíîìíûé ïåðâûé èíòåãðàë â ïàðàìåòðè÷åñêîì âè-
äå. Äëÿ èëëþñòðàöèè ïîëó÷åííûõ ðåçóëüòàòîâ ïîñòðîåíû äâà èíòåãðè-
ðóåìûõ ïîäñåìåéñòâà (1), ýêâèâàëåíòíûõ äâóì óðàâíåíèÿì òèïà Ïåëí-
âå ñ èçâåñòíîé êëàññèôèêàöèåé èíâàðèàíòíûõ êðèâûõ. Ðàññìàòðèâàþò-
ñÿ ðÿä êîíêðåòíûå ïðèìåðû èíòåãðèðóåìûõ óðàâíåíèé èç (1), âêëþ-
÷àÿ íåïîëèíîìèàëüíûå óðàâíåíèÿ, äëÿ êîòîðûõ ñòðîÿòñÿ èíâàðèàíòíûå
êðèâûå è ïåðâûå èíòåãðàëû. Â ÷àñòíîñòè, ðàññìàòðèâàþòñÿ íåêîòîðûå
ïîëèíîìèàëüíûå óðàâíåíèÿ Ëüåíàðà è ðåäóêöèÿ ê ïåðåìåííûì áåãóùåé
âîëíû ñåìåéñòâà óðàâíåíèé ðåàêöèè-äèôôóçèè.
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Â ðàáîòå ïðèâîäèòñÿ ôîðóëà äëÿ ðåøåíèÿ îäíîðîäíîãî âîëíîâîãî
óðàâíåíèÿ íà ðèìàíîâîì ìíîãîîáðàçèè, çàäàííàÿ ñ ïîìîùüþ îïå-
ðàòîðà ñôåðè÷åñêîãî ñðåäíåãî, ïðèìåíÿåìîãî ê íà÷àëüíûì äàí-
íûì.

Êëþ÷åâûå ñëîâà: âîëíîâîå óðàâíåíèå, äèôôåðåíöèàëüíûå óðàâíå-
íèÿ, îïåðàòîð ñôåðè÷åñêîãî ñðåäíåãî.

Wave equation on a Riemannian manifold and the Spherical
mean operator

We give a formula for the solution to the homogeneous wave equation
on a Riemannian manifold in terms of Spherical mean operator which
is being applied to initial data.

Keywords: wave equation, differential equations, Spherical mean op-
erator.

Êëàññè÷åñêèé ðåçóëüòàò, èçâåñòíûé êàê ôîðìóëà Êèðõãîôà, ïîçâî-
ëÿåò âûðàçèòü ðåøåíèÿ (îäíîðîäíîãî) âîëíîâîãî óðàâíåíèÿ íà R3 ñ ïî-
ìîùüþ îïåðàòîðà ñôåðè÷åñêîãî ñðåäíåãî, ïðèìåíÿåìîãî ê íà÷àëüíûì
äàííûì. Ìû ïðèâîäèì îáîáùåíèå ýòîãî ðåçóëüòàòà íà ñëó÷àé ïðîèç-
âîëüíûõ ðèìàíîâûõ ìíîãîîáðàçèé.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ: ñîãëàøåíèå � 075-03-2020-
223/3 (FSSF-2020-0018)

Ñèïàéëî Ïàâåë Àíäðååâè÷, ÐÓÄÍ (Ìîñêâà, Ðîññèÿ); Pavel Sipailo (RUDN
University, Moscow, Russia)
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Ðàññìàòðèâàåòñÿ ñèñòåìà óðàâíåíèé Âëàñîâà�Ïóàññîíà ñ âíåøíèì
ìàãíèòíûì ïîëåì, îïèñûâàþùàÿ êèíåòèêó âûñîêîòåìïåðàòóðíîé
ïëàçìû â òîêàìàêå. Äîêàçàíî ñóùåñòâîâàíèå ñòàöèîíàðíûõ ðåøå-
íèé ñ ôóíêöèÿìè ïëîòíîñòè ðàñïðåäåëåíèÿ çàðÿæåííûõ ÷àñòèö,
èìåþùèõ êîìïàêòíûå íîñèòåëè âíóòðè òîðîèäàëüíîé îáëàñòè.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ Âëàñîâà�Ïóàññîíà, ñòàöèîíàðíûå ðå-
øåíèÿ.

Stationary solutions of the Vlasov–Poisson equations in
torus and applications to the theory of high temperature

plasma

We consider the Vlasov–Poisson system of equations with external
magnetic field, which describes kinetics of high temperature plasma
in tokomak. It was proved an existence of stationary solutions with
density distribution functions for charged particles having compact
supports in toroidal domain.

Keywords: Vlasov–Poisson equations, stationary solution.

Mû ðàññìàòðèâàåì ñèñòåìó Âëàñîâà-Ïóàññîíà äëÿ äâóõêîìïîíåíò-
íîé âûñîêîòåìïåðàòóðíîé ïëàçìû ñ âíåøíèì ìàãíèòíûì ïîëåì â òðåõ-
ìåðíîì òîðå. Ñèñòåìà óðàâíåíèé Âëàñîâà-Ïóàññîíà îòíîñèòåëüíî ôóíê-
öèé ðàñïðåäåëåíèÿ ïëîòíîñòè çàðÿæåííûõ ÷àñòèö è ýëåêòðè÷åñêîãî ïî-
òåíöèàëà îïèñûâàåò êèíåòèêó âûñîêîòåìïåðàòóðíîé ïëàçìû â òåðìî-
ÿäåðíîì ðåàêòîðå. Åñëè çíà÷èòåëüíàÿ ÷àñòü çàðÿæåííûõ ÷àñòèö äîñòè-
ãàåò ãðàíèöû, ýòî ìîæåò ïðèâåñòè ëèáî ê ðàçðóøåíèþ ðåàêòîðà, ëèáî
ê îõëàæäåíèþ ïëàçìû èç-çà åå êîíòàêòà ñî ñòåíêîé âàêóóìíîé êàìå-
ðû. Ïîýòîìó íåîáõîäèìî îáåñïå÷èòü óäåðæàíèå ïëàçìû íà íåêîòîðîì

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ
ãîñóäàðñòâåííîãî çàäàíèÿ: ñîãëàøåíèå � 075-03-2020-223/3 (FSSF-2020-0018).

Ñêóáà÷åâñêèé Àëåêñàíäð Ëåîíèäîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÐÓÄÍ (Ìîñêâà, Ðîñ-
ñèÿ); Skubachevskii Alexander L. (RUDN University, Moscow, Russia)

Áåëÿåâà Þëèÿ Îëåãîâíà, ê.ô.-ì.í., ÐÓÄÍ (Ìîñêâà, Ðîññèÿ); Belyaeva Yulia O.
(RUDN University, Moscow, Russia)

Ãåáõàðä Áü¼ðí (Ëåéïöèã, Ãåðìàíèÿ); Gebhard Bjorn, PhD (Universit�at Leipzig,
Germany)
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ðàññòîÿíèè îò ñòåíêè âàêóóìíîãî êîíòåéíåðà. Â áîëüøèíñòâå ìîäåëåé
òåðìîÿäåðíûõ ðåàêòîðîâ âíåøíåå ìàãíèòíîå ïîëå èñïîëüçóåòñÿ â êà÷å-
ñòâå óïðàâëåíèÿ, îáåñïå÷èâàþùåãî óäåðæàíèå ïëàçìû. Ñ òî÷êè çðåíèÿ
äèôôåðåíöèàëüíûõ óðàâíåíèé ýòî îçíà÷àåò, ÷òî íóæíî äîêàçàòü ñóùå-
ñòâîâàíèå ðåøåíèé ñèñòåìû Âëàñîâà-Ïóàññîíà ñ âíåøíèì ìàãíèòíûì
ïîëåì, äëÿ êîòîðûõ íîñèòåëè ôóíêöèé ðàñïðåäåëåíèÿ ïëîòíîñòè çàðÿ-
æåííûõ ÷àñòèö íå ïåðåñåêàþòñÿ ñ ãðàíèöåé. Ìû ðàññìàòðèâàåì ñèñòåìó
Âëàñîâà-Ïóàññîíà äëÿ äâóõêîìïîíåíòíîé âûñîêîòåìïåðàòóðíîé ïëàçìû
ñ âíåøíèì ìàãíèòíûì ïîëåì â òðåõìåðíîì òîðå, êîòîðûé ñîîòâåòñòâóåò
¾òîêàìàêó¿. Ìû äîêàçûâàåì íàëè÷èå ñòàöèîíàðíûõ ðåøåíèé ñèñòåìû
Âëàñîâà-Ïóàññîíà â âûøåóêàçàííûõ îáëàñòÿõ ñ êîìïàêòíûìè íîñèòåëÿ-
ìè ôóíêöèé ðàñïðåäåëåíèÿ ïëîòíîñòè çàðÿæåííûõ ÷àñòèö. Èñïîëüçóÿ
ñèììåòðèþ òîðà, ìû ñâîäèì ýòó ïðîáëåìó ê ïîëóëèíåéíîìó ýëëèïòè-
÷åñêîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ âòîðîãî ïîðÿäêà, êîòîðîå èçó-
÷àåòñÿ ñ ïîìîùüþ ìåòîäà ñóá- è ñóïåððåøåíèé. Êîíñòðóêöèÿ ñòàöèî-
íàðíîãî ðåøåíèÿ ñ êîìïàêòíûì íîñèòåëåì îñíîâàíà òàêæå íà ìåòîäå
ñðåçàþùèõ ôóíêöèé. Âîïðîñ î ñóùåñòâîâàíèè ñòàöèîíàðíûõ ðåøåíèé
ñèñòåìû Âëàñîâà-Ïóàññîíà ñ îäíîðîäíûì âíåøíèì ìàãíèòíûì ïîëåì
â áåñêîíå÷íîì öèëèíäðå, èìåþùèõ íîñèòåëè ôóíêöèé ðàñïðåäåëåíèÿ
ïëîòíîñòè çàðÿæåííûõ ÷àñòèö âíóòðè îáëàñòè, áûë âïåðâûå èçó÷åí â
ðàáîòå [1]. Àíàëîãè÷íûå ðåçóëüòàòû, êàñàþùèåñÿ ñòàöèîíàðíûõ ðåøå-
íèé ñ êîìïàêòíûìè íîñèòåëÿìè â òîðå, áûëè ïîëó÷åíû â [2].

Ëèòåðàòóðà
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2. Belyaeva Yu.O., Gebhard B., Skubachevskii A.L. A general way to con�ned

stationary Vlasov-Poisson plasma con�gurations.// Kinetics and Related Models,
14:2 (2021), 257-282.
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Äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ïåðèîäè÷åñêî-
ãî ðåøåíèÿ ëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ êðàåâûì óñëî-
âèåì òèïà Áèöàäçå�Ñàìàðñêîãî. Ðàññìîòðåí ïðèìåð ñ îïåðàòîðîì
Ëàïëàñà. Èñïîëüçîâàíû ìåòîäû ýëëèïòè÷åñêîé òåîðèè äèôôåðåí-
öèàëüíî�ðàçíîñòíûõ óðàâíåíèé è òåîðèè ìîíîòîííûõ îïåðàòîðîâ.

Êëþ÷åâûå ñëîâà: íåëîêàëüíàÿ ïàðàáîëè÷åñêàÿ çàäà÷à, ïåðèîäè÷å-
ñêîå ðåøåíèå, ìàêñèìàëüíî ìîíîòîííûé îïåðàòîð, ñèëüíî ýëëèï-
òè÷åñêèé îïåðàòîð.

On periodic solution of some linear parabolic problem with
Bitsadze–Samarskii boundary conditions

The existence and uniqueness theorem of a periodic solution of a lin-
ear parabolic equation with a boundary condition of the Bitsadze-
Samarsky type is proved. An example with the Laplace operator is
considered. We use the elliptic theory of differential-difference equa-
tions and the theory of monotone operators.

Keywords: nonlocal parabolic problem, periodic solution, maximally
monotone operator, strongly elliptic operator.

Ðàññìàòðèâàåòñÿ ëèíåéíîå ïàðàáîëè÷åñêîå óðàâíåíèå ñ êðàåâûìè óñëî-
âèÿìè òèïà Áèöàäçå�Ñàìàðñêîãî. Äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è
åäèíñòâåííîñòè ïåðèîäè÷åñêîãî îáîáùåííîãî ðåøåíèÿ. Â êà÷åñòâå ìî-
äåëüíîãî ïðèìåðà ðàññìîòðåíà ïàðàáîëè÷åñêàÿ çàäà÷à ñ Ëàïëàñèàíîì â
ïðÿìîóãîëüíîì ïàðàëëåëåïèïåäå ΩT = (0, T )× (0, 2)× (0, 1)

∂tw(t, x)−∆w(t, x) = f(t, x) ((t, x) ∈ ΩT ), (1)

çäåñü f ∈ L2(ΩT ), c íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè

w(t, x1, 0) = w(t, x1, 1) = 0 (t ∈ (0, T ), 0 ≤ x1 ≤ 2),
w(t, 0, x2) = γ1w(t, 1, x2) (t ∈ (0, T ), 0 < x2 < 1),
w(t, 2, x2) = γ2w(t, 1, x2) (t ∈ (0, T ), 0 < x2 < 1).

 (2)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè ÐÔ â ðàìêàõ ãîñó-
äàðñòâåííîãî çàäàíèÿ (íîìåð òåìû 075�03�2020�223/3 (FSSF-2020-0018)).

Ñîëîíóõà Îëåñÿ Âëàäèìèðîâíà, ê.ô.-ì.í., äîöåíò, ÔÈÖ ÈÓ ÐÀÍ, ÐÓÄÍ (Ìîñêâà,
Ðîññèÿ); Olesya V. Solonukha ( CC RAS, RUDN University; Moscow, Russia)
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Ïåðèîäè÷åñêîå ðåøåíèå óðàâíåíèÿ (1) óäîâëåòâîðÿåò óñëîâèþ

w(0, x) = w(T, x) (x = (x1, x2) ∈ Q = (0, 2)× (0, 1)). (3)

Ââåäåì ïðîñòðàíñòâî

Wγ := {w ∈ L2(0, T ;W 1
2 (Q)) : ∂tw ∈ L2(ΩT ), w óäîâëåòâîðÿåò (2), (3)}.

Òåîðåìà. Ïóñòü |γ1 + γ2| < 2. Òîãäà äëÿ ëþáîãî f ∈ L2(ΩT ) ñó-
ùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1) w ∈ Wγ ⊂ C(0, T ;L2(Q)).
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Â äîêëàäå èçëàãàåòñÿ ñîäåðæàíèå ñîâìåñòíîé ñòàòüè Á.È. Ñóëåé-
ìàíîâà è À. Ì. Øàâëóêîâà [1].

Êëþ÷åâûå ñëîâà: èíòåãèðóåìîñòü, óðàâíåíèå Àáåëÿ, óðàâíåíèå Êîð-
òåâåãà äå Âðèçà, ñèììåòðèÿ.

An integrable Abel equation of the second kind arising
from the asymptotic integration of the symmetry solution

of the Korteweg - de Vries equation

The report outlines the content of the joint article by B.I. Suleimanov
and A. M. Shavlukov [1].

Keywords: integrability, Abel equation, Korteweg - de Vries equation,
cimmetry.
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Ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à íà îãðàíè÷åííîì èí-
òåðâàëå äëÿ êëàññà êâàçèëèíåéíûõ ýâîëþöèîííûõ óðàâíåíèé íå÷åò-
íîãî ïîðÿäêà (âûøå ïåðâîãî) ñ íåëèíåéíîñòüþ îáùåãî âèäà. Ïðåä-
ïîëîæåíèÿ íà âèä óðàâíåíèÿ íå ïðåäïîëàãàþò ãëîáàëüíûõ àïðèîð-
íûõ îöåíîê äëÿ ðåøåíèé ïðîèçâîëüíîãî ðàçìåðà. Â ñëó÷àå ìàëûõ
ãðàííè÷íûõ ôóíêöèé è ìàëîé ïðàâîé ÷àñòè óðàâíåíèÿ óñòàíîâ-
ëåíû ðåçóëüòàòû î ãëîáàëüíîì ñóùåñòâîâàíèè è åäèíñòâåííîñòè
ñëàáûõ ðåøåíèé, à òàêæå îá èõ ýêñïîíåíöèàëüíîì óáûâàíèè ïðè
áîëüøèõ âðåìåíàõ.

Êëþ÷åâûå ñëîâà: íà÷àëüíî-êðàåâûå çàäà÷è, ýâîëþöèîííûå óðàâíå-
íèÿ íå÷åòíîãî ïîðÿäêà êâàçèëèíåéíûå ýâîëþöèîííûå óðàâíåíèÿ,
ãëîáàëüíàÿ ðàçðåøèìîñòü, ïîâåäåíèå ðåøåíèé ïðè áîëüøèõ âðå-
ìåíàõ.

On odd-order quasilinear evolution equations on bounded
intervals with general nonlinearity

An Initial-boundary value problem, posed on a bounded interval, is
considered for a class of odd-order (more than one) quasilinear evo-
lution equations with general nonlinearity. Assumptions on the equa-
tions do not provide global a priori estimates for solutions of an arbi-
trary size. For small initial and boundary data, small right-hand side
function results on global existence and uniqueness of weak solutions,
as well as on their large-time exponential decay are established.

Keywords: initial-boundary value problem, odd-order evolution equa-
tion, quasilinear evolution equation, global solubility, large-time be-
havior.

Íà èíòåðâàëå (0, R) äëÿ ïðîèçâîëüíîãî R > 0 ðàññìàòðèâàåòñÿ íà-

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ
ãîñóäàðñòâåííîãî çàäàíèÿ: ñîãëàøåíèå � 075-03-2020-223/3(FSSF-2020-0018).

Ôàìèíñêèé Àíäðåé Âàäèìîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÐÓÄÍ (Ìîñêâà, Ðîññèÿ);
Andrei Faminskii (RUDN University, Moscow, Russia)
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÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ

ut−(−1)l(∂2l+1
x u+a2l∂

2l
x u)−

l−1∑
j=0

(−1)j∂jx
[
a2j+1(t, x)∂j+1

x u+a2j(t, x)∂jxu
]

+

l∑
k=0

(−1)k∂kx
[
gk(t, x, u, . . . , ∂l−1

x u)
]

= f(t, x), l ∈ N,

ñ íà÷àëüíûì óñëîâèåì u(0, x) = u0(x) è êðàåâûìè óñëîâèÿìè

∂jxu(t, 0) = ∂jxu(t, R) = 0, j = 0, . . . , l − 1, ∂lxu(t, R) = ν(t).

Óðàâíåíèÿ ïîäîáíîãî òèïà ñîñòàâëÿþò êëàññ êâàçèëèíåéíûõ ýâîëþ-
öèîííûõ óðàâíåíèé, îïèñûâàþùèõ âîëíîâûå ïðîöåññû â ðàçëè÷íûõ ñðå-
äàõ ñ äèñïåðñèåé.

Ïðåäïîëàãàåòñÿ, ÷òî a2l ≤ 0, êîýôôèöèåíòû aj ïðè j ≤ 2l− 1 ìàëû â
íåêîòîðîì ñìûñëå èëè èìåþò ïîäõîäÿùèé çíàê, ôóíêöèè gk(t, x, y0, . . . , yl−1)
óäîâëåòâîðÿþò íåêîòîðîûì óñëîâèÿì îãðàíè÷åíèÿ ðîñòè ïî ïåðåìåí-
íûì yj . Òîãäà ïðè ìàëûõ ôóíêöèÿõ u0 ∈ L2(0, R), ν ∈ L2(0,+∞) è
f ∈ L2((0,+∞) × (0, R)) ñóùåñòâóåò åäèíñòâåííîå ñëàáîå ðåøåíèå ðàñ-
ñìàòðèâàåìîé çàäà÷è u(t, x), òàêîå ÷òî u ∈ C([0, T ];L2(0, R)), ∂lxu ∈
L2((0, T )×(0, R)) ∀T > 0. Áîëåå òîãî, åñëè ôóíêöèè ν è f ýêñïîíåíöèàëü-
íî óáûâàþò ïðè t→ +∞, òî ðåøåíèå òàêæå ýêñïîíåíöèàëüíî óáûâàåò â
ïðîñòðàíñòâå L2(0, R).

Ïîëó÷åííûé ðåçóëüòàò ïðèìåíèì, íàïðèìåð äëÿ óðàâíåíèÿ Êàóïà�
Êóïåðøìèäòà

ut − uxxxxx + buxxx + aux + c1u
2uxxx + c2uuxuxx + c3u

3
x + c4uuxxx+

+ c5uxuxx + c6u
2ux + c7uux = 0,

äëÿ êîòîðîãî íå ñóùåñòâóåò ãëîáàëüíîé àïðèîðíîé îöåíêè ðåøåíèÿ â
ïðîñòðàíñòâå L2(0, R) ïðè îòñóòñòâèè óñëîâèé íà ìàëîñòü ðåøåíèÿ.

Äàííûå ðåçóëüòàòû îïóáëèêîâàíû â ñòàòüå [1].
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Äîêëàä îñíîâàí íà ðåçóëüòàòàõ ïîëó÷åííûõ â ñîâìåñòíîé ñ È.Ò.
Õàáèáóëëèíûì è À.Î. Ñìèðíîâûì ðàáîòå [1], â êîòîðîé îáñóæäà-
þòñÿ ïðèëîæåíèÿ ïîíÿòèÿ îáîáùåííîãî èíâàðèàíòíîãî ìíîãîîá-
ðàçèÿ (ÎÈÌ) â òåîðèè èíòåãðèðóåìîñòè. Ïîêàçàíî, ÷òî ïîäõîäÿ-
ùèì îáðàçîì ïîäîáðàííîå ÎÈÌ ïîçâîëÿåò ñòðîèòü ïàðó Ëàêñà,
îïåðàòîð ðåêóðñèè è ÷àñòíûå ðåøåíèÿ äëÿ çàäàííîãî èíòåãðèðóå-
ìîãî óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà: íåëèíåéíûå èíòåãðèðóåìûå óðàâíåíèÿ, ëèíåàðè-
çîâàííîå óðàâíåíèå, èíâàðèàíòíîå ìíîãîîáðàçèå.

Some applications of generalized invariant manifolds

The report is based on the results obtained in collaboration with I.T.
Habibullin and A.O. Smirnov [1], which discusses applications of the
notion of a generalized invariant manifold (GIM) in integrability the-
ory. It is shown that an appropriately selected GIM allows us to
construct a Lax pair, a recursion operator, and particular solutions
for a given integrable equation.

Keywords: nonlinear integrable equations, linearized equation, invari-
ant manifold.

Â äîêëàäå îáñóæäàåòñÿ ïîíÿòèå îáîáùåííîãî èíâàðèàíòíîãî ìíîãî-
îáðàçèÿ, ââåäåííîå â íàøèõ ïðåäûäóùèõ ðàáîòàõ (ñì. [2]�[6]). Â ëèòå-
ðàòóðå ìåòîä äèôôåðåíöèàëüíûõ ñâÿçåé èñïîëüçóåòñÿ äëÿ ïîñòðîåíèÿ
÷àñòíûõ ðåøåíèé íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ. Åãî ñóòü ñîñòîèò â òîì, ÷òîáû äîáàâèòü ê çàäàííîìó íåëè-
íåéíîìó óðàâíåíèþ â ÷àñòíûõ ïðîèçâîäíûõ áîëåå ïðîñòîå, êàê ïðàâè-
ëî, îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå, ñîâìåñòíîå ñ çàäàííûì.
Òîãäà ëþáîå ðåøåíèå ÎÄÓ òàêæå ÿâëÿåòñÿ ÷àñòíûì ðåøåíèåì óðàâíå-
íèÿ â ÷àñòíûõ ïðîèçâîäíûõ. Îäíàêî ãëàâíîé ïðîáëåìîé ÿâëÿåòñÿ íàéòè
ýòî ñîâìåñòíîå ÎÄÓ. Íàøå îáîáùåíèå ñîñòîèò â òîì, ÷òî ìû èùåì îáûê-
íîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå, êîòîðîå ñîâìåñòíî íå ñ ñàìèì

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå êîíêóðñà ¾Ìîëîäàÿ ìàòåìàòèêà Ðîññèè¿.
Õàêèìîâà Àéãóëü Ðèíàòîâíà, íàó÷íûé ñîòðóäíèê ÎÌÔ, Èíñòèòóò ìàòåìàòèêè ñ

ÂÖ ÓÔÈÖ ÐÀÍ (Óôà, Ðîññèÿ); Aigul Khakimova (Institute of Mathematics, Ufa Federal
Research Centre, RAS, Ufa, Russia)
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íåëèíåéíûì óðàâíåíèåì â ÷àñòíûõ ïðîèçâîäíûõ, à ñ åãî ëèíåàðèçàöè-
åé. Òàêîå îáîáùåííîå èíâàðèàíòíîå ìíîãîîáðàçèå ýôôåêòèâíî èùåòñÿ.
Êðîìå òîãî, îíî ïîçâîëÿåò ïîñòðîèòü òàêèå âàæíûå àòðèáóòû òåîðèè
èíòåãðèðóåìîñòè, êàê ïàðû Ëàêñà è îïåðàòîðû ðåêóðñèè èíòåãðèðóå-
ìûõ íåëèíåéíûõ óðàâíåíèé. Â äîêëàäå áóäåò ïîêàçàíî, ÷òî îíè ïîçâî-
ëÿþò ñòðîèòü òàêæå è ÷àñòíûå ðåøåíèÿ íåëèíåéíîãî óðàâíåíèÿ (áîëåå
ïîäðîáíî ñì. [1]).
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ÍÅËÈÍÅÉÍÎÃÎ ÓÐÀÂÍÅÍÈß ØÐÅÄÈÍÃÅÐÀ Ñ

ÍÀÃÐÓÆÅÍÍÛÌÈ ×ËÅÍÀÌÈ
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Ìåòîä îáðàòíîé ñïåêòðàëüíîé çàäà÷è ïðèìåíÿåòñÿ äëÿ èíòåãðèðî-
âàíèÿ äåôîêóñèðóåùåãî íåëèíåéíîãî óðàâíåíèÿ Øðåäèíãåðà ñ íà-
ãðóæåííûìè ÷ëåíàìè â êëàññå áåñêîíå÷íîçîííûõ ïåðèîäè÷åñêèõ
ôóíêöèé. Âûâîäèòñÿ ýâîëþöèÿ ñïåêòðàëüíûõ äàííûõ ïåðèîäè÷å-
ñêîãî îïåðàòîðà Äèðàêà, êîýôôèöèåíò êîòîðîãî ÿâëÿåòñÿ ðåøåíè-
åì äåôîêóñèðóåùåãî íåëèíåéíîãî óðàâíåíèÿØðåäèíãåðà (ÄÍÓØ)
ñ íàãðóæåííûìè ÷ëåíàìè. Äîêàçàíî, ÷òî

1) åñëè íà÷àëüíàÿ ôóíêöèÿ ÿâëÿåòñÿ äåéñòâèòåëüíîé π - ïåðèî-
äè÷åñêîé àíàëèòè÷åñêîé ôóíêöèåé, òî ðåøåíèå çàäà÷è Êîøè äëÿ
óðàâíåíèÿ ÄÍÓØ ñ íàãðóæåííûìè ÷ëåíàìè òîæå ÿâëÿåòñÿ äåé-
ñòâèòåëüíîé àíàëèòè÷åñêîé ôóíêöèåé ïî ïåðåìåííîé x.

2) åñëè ÷èñëî π/2 ÿâëÿåòñÿ ïåðèäîì (àíòèïåðèîäîì) íà÷àëüíîé
ôóíêöèè, òî π/2 ÿâëÿåòñÿ ïåðèîäîì (àíòèïåðèîäîì) äëÿ ðåøåíèÿ
çàäà÷è Êîøè ïî ïåðåìåííîé x.

Êëþ÷åâûå ñëîâà: Äåôîêóñèðóåøåãî íåëèíåéíîãî óðàâíåíèÿ Øðå-
äèíãåðà (ÄÍÓØ), îïåðàòîð Äèðàêà, ñïåêòðàëüíûå äàííûå, ñèñòå-
ìà óðàâíåíèé Äóáðîâèíà, ôîðìóëû ñëåäîâ.

Cauchy problem for defocusing nonlinear Schrodinger
equation with loaded terms

The inverse spectral problem method is used to integrate the defo-
cusing nonlinear Schrodinger equation with loaded terms in the class
of infinite-gap periodic functions. The evolution of the spectral data
of the periodic Dirac operator is derived, the coefficient of which is
a solution to the defocusing nonlinear Schrodinger equation (DNLS)
with loaded terms. It is proved that

1) if the initial function is a real π - periodic analytic function, then the
solution of the Cauchy problem for the DNLS equation with loaded
terms is also a real analytic function with respect to the variable x.

Õàñàíîâ Àêíàçàð Áåêäóðäèåâè÷, ä.ô.-ì.í., ïðîôåññîð, ÑàìÃÓ (Ñàìàðêàíä, Óç-
áåêèñòàí); Khasanov Aknazar (Samarkand State University, Samarkand, Uzbekistan)

Ìóìèíîâ Óëóãáåê Áîáîìóðîäîâè÷, äîêòîðàíò ÑàìÃÓ, (Ñàìàðêàíä, Óçáåêèñòàí);
Muminov Ulugbek (Samarkand State University, Samarkand, Uzbekistan)

Äàíèÿðîâ Ñàõîáèääèí, ìàãèñòðàíò ÑàìÃÓ, (Ñàìàðêàíä, Óçáåêèñòàí); Daniyarov
Sakhobiddin (Samarkand State University, Samarkand, Uzbekistan)
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2) if the number π/2 is the period (antiperiod) of the initial function,
then π/2 is the period (antiperiod) for solving the Cauchy problem
with respect to the variable x.

Keywords: Defocusing nonlinear Schrodinger equation (DNUSH), Dirac
operator, spectral data, system of Dubrovin equations, trace formulas.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ äåôîêóñèðóþùå-
ãî íåëèíåéíîãî óðàâíåíèÿ Øðåäèíãåðà (ÄÍÓØ) ñ íàãðóæåííûìè ÷ëå-
íàìè âèäà{

pt = −qxx + 2q(p2 + q2) + a(t)p(x0, t)px + b(t)q(x0, t)q,
qt = pxx − 2p(p2 + q2) + a(t)p(x0, t)qx − b(t)q(x0, t)p,

(1)

ïðè íà÷àëüíûõ óñëîâèÿõ

p(x, t)|t=0 = p0(x), q(x, t)|t=0 = q0(x), x ∈ R (2)

â êëàññå äåéñòâèòåëüíûõ áåñêîíå÷íîçîííûõ π - ïåðèîäè÷åñêèõ ïî xôóíê-
öèé:

p(x+ π, t) = p(x, t), q(x+ π, t) = q(x, t), x ∈ R, t ≥ 0,
p(x, t), q(x, t) ∈ C2

x(t > 0)
⋂
C1
t (t > 0)C(t ≥ 0).

(3)

Çäåñü a(t), b(t) ∈ C([0,∞)) çàäàííûå íåïðåðûâíûå îãðàíè÷åííûå ôóíê-
öèè, à x0 ∈ R.

Õîðîøî èçâåñòíî, ÷òî îäíèì èç ïðåäñòàâèòåëåé èíòåãðèðóåìûõ íåëè-
íåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, êîòîðûé èìååò íàèáîëüøåå
÷èñëî ïðèëîæåíèé, ÿâëÿåòñÿ íåëèíåéíûå óðàâíåíèÿØðåäèíãåðà (ÍÓØ),
êîòîðîå âïåðâûå áûëî ïðîèíòåãðèðîâàíî Â.Å. Çàõàðîâûì è À.Á. Øàáà-
òîì [1] â êëàññå "áûñòðîóáûâàþùèõ"ôóíêöèé.

Â ðàáîòàõ À.Ð. Èòñà [2], À.Ð.Èòñà è Â.Ï. Êàòëÿðîâà [3], à òàêæå À.Î.
Ñìèðíîâà [4] èññëåäîâàíî íåëèíåéíîå óðàâíåíèå Øðåäèíãåðà (ÍÓØ)
iut = uxx − 2|u|2 · u, â êëàññå êîíå÷íîçîííûõ ôóíêöèé.

Â ðàáîòå À.Á. Õàñàíîâà, Ì.Ì. Õàñàíîâà [5], áûëî èññëåäîâàíî íåëè-
íåéíîå óðàâíåíèå Øðåäèíãåðà ñ äîïîëíèòåëüíûì ÷ëåíîì âèäà ut =
2i|u|2 ·u− iuxx + γ(t)|u(0, t)|2 ·ux, â êëàññå áåñêîíå÷íîçîííûõ ïåðèîäè÷å-
ñêèõ ôóíêöèé. Ñëåäóåò îòìåòèòü, ÷òî â ðàáîòå [6] èçó÷åíî âåùåñòâåííî-
àíàëèòè÷åñêîå ðåøåíèå íåëèíåéíîãî óðàâíåíèÿ Øðåäèíãåðà âèäà iut =
Auxx + B |u|2 · u + Cu, ãäå A,B,C ∈ R - çàäàííûå êîíñòàíòû, êîòîðûå
óäîâëåòâîðÿåò óñëîâèþ A ·B 6= 0. Â ñîîòâåòñòâèè ñ ôèçè÷åñêèì ñìûñëîì
ðåøåíèé ðàçëè÷àþò ôîêóñèðóþùèé ñëó÷àé AB > 0 è äåôîêóñèðóþùèé
ñëó÷àé AB < 0.

Ñëåäóÿ [6] óðàâíåíèå (1) îòíîñèòñÿ ê äåôîêóñèðóþùåìó ñëó÷àþ, ò.ê.
A = −1, B = 2, (AB = −2 < 0).
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Â äàííîé ñòàòüå ïðåäëàãàåòñÿ àëãîðèòì ïîñòðîåíèÿ ðåøåíèÿ p(x, t),
q(x, t), x ∈ R, t > 0, çàäà÷è (1)-(3), ñ ïîìîùüþ îáðàòíîé ñïåêòðàëüíîé
çàäà÷è äëÿ îïåðàòîðà Äèðàêà:

L(τ, t)y ≡ By′ + Ω(x+ τ, t)y = λy, x ∈ R, t > 0, (4)

ãäå

B =

(
0 1
−1 0

)
, Ω (x, t) =

(
p(x, t) q(x, t)
q(x, t) − p(x, t)

)
, y =

(
y1

y2

)
.

Îáîçíà÷èì ÷åðåç c(x, λ, τ, t) = (c1(x, λ, τ, t), c2(x, λ, τ, t))T è s(x, λ, τ, t) =
(s1(x, λ, τ, t), s2(x, λ, τ, t))T ðåøåíèÿ óðàâíåíèÿ (4) ñ íà÷àëüíûìè óñëî-
âèÿìè c(0, λ, τ, t) = (1, 0)T è s(0, λ, τ, t) = (0, 1)T . Ôóíêöèÿ ∆(λ, τ, t) =
c1(π, λ, τ, t)+s2(π, λ, τ, t) íàçûâàåòñÿ ôóíêöèåé Ëÿïóíîâà äëÿ óðàâíåíèÿ
(4).

Êîðíè óðàâíåíèé ∆(λ, τ, t) = ±2 îáîçíà÷èì ÷åðåç λn(τ, t), îíà ñîâ-
ïàäàåò ñ ñîáñòâåííûìè çíà÷åíèÿìè ïåðèîäè÷åñêîé è àíòèïåðèîäè÷åñêîé
çàäà÷ y(0, τ, t) = ±y(π, τ, t) äëÿ óðàâíåíèÿ (4).

Òåïåðü ðàññìîòðèì çàäà÷ó Äèðèõëå

y1(0, τ, t) = 0 , y1(π, τ, t) = 0, (5)

äëÿ óðàâíåíèÿ (4). Ïåðâàÿ êîìïîíåíòà âåêòîð-ôóíêöèè s(x, λ, τ, t) óäî-
âëåòâîðÿåò ïåðâîìó ãðàíè÷íîìó óñëîâèþ (5), ïîäñòàâëÿÿ åãî íà âòîðîå
ãðàíè÷íîå óñëîâèå, ïîëó÷èì s1(π, λ, τ, t) = 0. Ðåøàÿ åãî îòíîñèòåëüíî
λ, íàõîäèì ñîáñòâåííîå çíà÷åíèå ξn = ξn(τ, t), n ∈ Z, çàäà÷è Äèðèõ-
ëå (4), (5). Îáîçíà÷èì ÷åðåç σn(τ, t)çíàê:σn(τ, t) = sign{s2(π, ξn, τ, t) −
c1(π, ξn, τ, t)}.

Ìíîæåñòâî {ξn(τ, t), σn(τ, t), n ∈ Z}, íàçûâàåòñÿ ñïåêòðàëüíûìè ïà-
ðàìåòðàìè, à íàáîð {λn(τ, t), ξn(τ, t), σn(τ, t), n ∈ Z}- ñïåêòðàëüíûìè
äàííûìè îïåðàòîðà L(τ, t). Âîññòàíîâëåíèå êîýôôèöèåíòà Ω (x, t) îïåðà-
òîðà L(τ, t) ïî ñïåêòðàëüíûì äàííûì íàçûâàåòñÿ îáðàòíîé çàäà÷åé. Êî-
ýôôèöèåíò Ω (x, t) - îïåðàòîðà L(τ, t) îïðåäåëÿåòñÿ îäíîçíà÷íî ïî ñïåê-
òðàëüíûì äàííûì {λn(τ, t), ξn(τ, t), σn(τ, t), n ∈ Z}. Òåïåðü ñ ïîìîùüþ
íà÷àëüíîé ôóíêöèé p0(x+τ),q0(x+τ), τ ∈ R, ïîñòðîèì îïåðàòîð Äèðàêà
âèäà L(τ, 0)y = λy,x, τ ∈ R. Ðåøàÿ ïðÿìóþ çàäà÷ó, íàõîäèì ñïåêòðàëü-
íûå äàííûå {λn, ξ0

n(τ), σ0
n(τ), n ∈ Z} îïåðàòîðà L(τ, 0). Îòñþäà ñëåäóåò,

÷òî ξ0
n(τ + π) = ξ0

n(τ), σ0
n(τ + π) = σ0

n(τ), n ∈ Z.
Îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû ñîäåðæèòñÿ â ñëåäóþùåé òåîðå-
ìå.

Òåîðåìà 1. Ïóñòü ïàðà p(x, t), q(x, t), x ∈ R, t > 0, ÿâëÿåòñÿ
ðåøåíèåì çàäà÷è Êîøè (1)-(3). Òîãäà ñïåêòðàëüíûå äàííûå

{λn(τ, t), ξn(τ, t), σn(τ, t), n ∈ Z}
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îïåðàòîðà L(τ, t) óäîâëåòâîðÿþò àíàëîãó ñèñòåìû óðàâíåíèé Äóáðîâè-
íà:

1) λn(τ, t) = λn, n ∈ Z,

2)
∂ξn(τ, t)

∂t
= 2(−1)nσn(τ, t)hn(ξ){q2(τ, t) + qτ (τ, t) + [p(τ, t) + ξn(τ, t)]2+

+ξ2
n(τ, t)− a(t)p(x0, t)[p(τ, t) + ξn(τ, t)] +

1

2
b(t)q(x0, t)} (6)

ãäå

hn(ξ) =
√

(ξn − λ2n−1)(λ2n − ξn) ·

√√√√√√√
∞∏

k = −∞
k 6= n

(λ2k−1 − ξn)(λ2k − ξn)

(ξk − ξn)2
.

(7)
Çíàêè σn(τ, t) = ±1,n ∈ Z, ìåíÿþòñÿ ïðè êàæäîì ñòîëêíîâåíèè òî÷êè
ξn(τ, t), n ∈ Z, ñ ãðàíèöàìè ñâîåé ëàêóíû [λ 2n−1, λ 2n]. Êðîìå òîãî,
âûïîëíÿþòñÿ ñëåäóþùèå íà÷àëüíûå óñëîâèÿ

ξn(τ, t)|t=0 = ξ0
n(τ) , σn(τ, t)|t=0 = σ0

n(τ) , n ∈ Z, (8)

Ñëåäñòâèå 1. Ó÷èòûâàÿ ôîðìóëû ñëåäîâ

p(τ, t) =

∞∑
k=−∞

(
λ2k−1 + λ2k

2
−ξk(τ, t)) , q(τ, t) =

∞∑
k=−∞

(−1)k−1σk(τ, t)hk(ξ(τ, t)),

(9)

q2(τ, t) + qτ (τ, t) =

∞∑
k=−∞

(
λ2

2k−1 + λ2
2k

2
− ξ2

k(τ, t)), (10)

ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé (6) ìîæíî ïåðåïèñàòü â çàìêíó-
òîé ôîðìå.

Ñëåäñòâèå 2. Ýòà òåîðåìà äàåò ìåòîä ðåøåíèÿ çàäà÷è (1)-(3).
Äëÿ ýòîãî ñíà÷àëà íàéäåì ñïåêòðàëüíûå äàííûå λn, ξ

0
n(τ), σ0

n(τ) = ±1,
n ∈ Z, îïåðàòîðà L(τ, 0) ñîîòâåòñòâóþùèå êîýôôèöèåíòàì p0(x + τ),
q0(x + τ), τ ∈ R. Îáîçíà÷èì ñïåêòðàëüíûå äàííûå îïåðàòîðà L(τ, t)
÷åðåç λn, ξn(τ, t), σn(τ, t) = ±1, n ∈ Z. Òåïåðü â ñèñòåìå óðàâíåíèÿ (6)
ñ íà÷àëüíûì óñëîâèåì (8) ïîñëåäîâàòåëüíî ïîëîæèì τ = x0. Ðåøàÿ
ïîëó÷åííóþ çàäà÷ó Êîøè, íàõîäèì ξn(x0, t), σn(x0, t), n ∈ Z. Çàòåì èç
ôîðìóëû ñëåäîâ (9), îïðåäåëèì ôóíêöèè p(x0, t) è q(x0, t). Ïîñëå ýòîãî
ïîäñòàâëÿåì ýòè äàííûå â ñèñòåìó óðàâíåíèé (6) è ðåøàÿ çàäà÷ó Êîøè
(6)-(7) ïðè ïðîèçâîëüíîì çíà÷åíèè τ , íàõîäèì ξn(τ, t), σn(τ, t), n ∈ Z.
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Èç ôîðìóë ñëåäîâ (9), îïðåäåëèì p (τ, t) è q(τ, t), ò.å. ðåøåíèå çàäà÷è
(1)-(3).
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Ðàáîòà ïîñâÿùåíà èíòåãðèðîâàíèþ ìîäèôèöèðîâàííîãî óðàâíå-
íèÿ Êîðòåâåãà-äå Ôðèçà ñ äîïîëíèòåëüíûì ÷ëåíîì â êëàññå áûñò-
ðîóáûâàþùèõ ôóíêöèé.

Êëþ÷åâûå ñëîâà: ìîäèôèöèðîâàííîå óðàâíåíèå Êîðòåâåãà-äå Ôðè-
çà, îáðàòíàÿ çàäà÷à òåîðèè ðàññåÿíèÿ, ýâîëþöèÿ äàííûõ ðàññåÿ-
íèÿ.

Integration of the modified Korteweg-de Vries equation
with an additional term

The work is devoted to the integration of the modified Korteweg-de
Vries equation with an additional term in the class of rapidly decreas-
ing functions.

Keywords: modified Korteweg-de Vries equation,inverse scattering prob-
lem, evolution of scattering data.

Â äàííîé ðàáîòå èçó÷àåòñÿ ìîäèôèöèðîâàííîå óðàâíåíèå Êîðòåâåãà-
äå Ôðèçà ñ äîïîëíèòåëüíûì ÷ëåíîì, à èìåííî, ðàññìàòðèâàåòñÿ ñëåäó-
þùåå óðàâíåíèå

ut + 6u2ux + uxxx + γ(t)u(0, t)ux(x, t) = 0, (1)

ãäå γ(t) - çàäàííàÿ íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ. Óðàâíåíèå
(1) ðàññìàòðèâàåòñÿ ïðè íà÷àëüíîì óñëîâèè

u(x, 0) = u0(x) (2)

ãäå íà÷àëüíàÿ ôóíêöèÿ u0(x) (−∞ < x < ∞) îáëàäàåò ñëåäóþùèìè
ñâîéñòâàìè:

Õàñàíîâ Àêíàçàð Áåêäóðäèåâè÷, ä.ô.-ì.í., ïðîôåññîð, ÑàìÃÓ (Ñàìàðêàíä, Óç-
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òóòà ìàòåìàòèêè èì. Â.È. Ðîìàíîâñêîãî, (Óðãåí÷, Óçáåêèñòàí); Umid Hoitmetov
(Khorezm Branch of the Institute of Mathematics named after V.I. Romanovsky, Urgench,
Uzbekistan)
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1) äëÿ íåêîòîðîãî ε > 0∫ ∞
−∞
|u0(x)| e2ε|x|dx <∞; (3)

2) íåñàìîñîïðÿæåííûé îïåðàòîð L(0) = i

(
d
dx − u0(x)
−u0(x) − d

dx

)
èìååò ðîâ-

íî 2N ñîáñòâåííûõ çíà÷åíèé ξ1(0), ξ2(0), . . . , ξ2N (0) ñ êðàòíîñòÿìè

m1(0), m2(0), . . . , m2N (0).

Ïóñòü ôóíêöèÿ u(x, t) îáëàäàåò òðåáóåìîé ãëàäêîñòüþ è äîñòàòî÷íî
áûñòðî ñòðåìèòñÿ ê ñâîèì ïðåäåëàì ïðè x→ ±∞ ò.÷.∫ ∞

−∞

∣∣∣∣∂ju(x, t)

∂xj

∣∣∣∣ e2ε|x|dx <∞, j = 0, 1, 2, 3. (4)

Îñíîâíûì ðåçóëüòàòîì äàííîé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1. Åñëè ôóíêöèÿ u(x, t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1)-(4),

òî äàííûå ðàññåÿíèÿ íåñàìîñîïðÿæåííîãî îïåðàòîðà L(t) ñ ïîòåíöèà-
ëîì u(x, t) óäîâëåòâîðÿþò äèôôåðåíöèàëüíûì óðàâíåíèÿì

mk(t) = mk(0), ξk(t) = ξk(0), k = 1, N.

dr+

dt
=
(
8iξ3 − 2iξγ(t)u(0, t)

)
r+, (|Im ξ| < ε) .

dχn0
dt

=
(
8iξ3

n − 2iξnγ(t)u(0, t)
)
χn0 ,

dχn1
dt

=
(
8iξ3

n − 2iξnγ(t)u(0, t)
)
χn1 +

(
24iξ2

n − 2iγ(t)u(0, t)
)
χn0 ,

dχn2
dt

=
(
8iξ3

n − 2iξnγ(t)u(0, t)
)
χn2 +

(
24iξ2

n − 2iγ(t)u(0, t)
)
χn1 + 24iξnχ

n
0 ,

dχn3
dt

=
(
8iξ3

n−2iξnγ(t)u(0, t)
)
χn3 +

(
24iξ2

n−2iγ(t)u(0, t)
)
χn2 +24iξnχ

n
1 +8iχn0 ,

dχnl
dt

=
(
8iξ3

n − 2iξnγ(t)u(0, t)
)
χnl +

(
24iξ2

n − 2iξnγ(t)u(0, t)
)
χnl−1

+24iξnχ
n
l−2 + 8iχnl−3, n = 1, 2, . . . , N, l = 4, 5, . . . ,mn − 1.

Ïîëó÷åííûå ðàâåíñòâà ïîëíîñòüþ îïðåäåëÿþò ýâîëþöèþ äàííûõ ðàñ-
ñåÿíèÿ, ÷òî ïîçâîëÿåò ïðèìåíèòü ìåòîä îáðàòíîé çàäà÷è ðàññåÿíèÿ äëÿ
ðåøåíèÿ çàäà÷è (1)-(4).
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Ïðèìåð 1. Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó

ut + 6u2ux + uxxx + γ(t)u(0, t)ux = 0; u(x, 0) = − 2

ch 2x
,

ãäå γ(t) = 2(t2 + 1) +
t2 + 1

2
√
t2 + 2

.

Ðåøåíèå äàííîé çàäà÷è Êîøè èìååò âèä u (x, t) = − 2

ch2
(
x+ arcsh t√

2

) .
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Èññëåäóåòñÿ ôàçîâûå òðàåêòîðèè îäíîé íåëèíåéíîé ñèñòåìû äèô-
ôåðåíöèàëüíûõ óðàâíåíèé. Íàéäåíû äîñòàòî÷íûå óñëîâèÿ ñîñó-
ùåñòâîâàíèÿ èçîëèðîâàííûõ îñîáûõ òî÷åê ñèñòåìû â áåñêîíå÷íî-
ñòè.

Êëþ÷åâûå ñëîâà: íåëèíåéíàÿ ñèñòåìà, ïðåîáðàçîâàíèå Ïóàíêàðå,
èçîëèðîâàííûå îñîáûå òî÷êè, ñåäëî, óçåë.

Investigation of the behavior of phase trajectories of a
plane system of differential equations in infinity

The phase trajectories of one nonlinear system of differential equations
are investigated. Sufficient conditions are found for the coexistence of
isolated singular points of the system at infinity.

Keywords: nonlinear system, Poincare transform, isolated singular
points, saddle, node.

Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé{
dx
dt

= x (a1x
m + b1y

m + c1) ,
dy

dt
= y (a2x

m + b2y
m + c2)

(1)

ãäå a1, b1, c1, a2, b2, c2 ïîñòîÿííûå è m− íå÷åòíîå ÷èñëî (m > 1).
Äëÿ èññëåäîâàíèÿ áåñêîíå÷íî óäàëåííûõ îñîáûõ òî÷åê ñèñòåìû (1)

ïðèìåíèì ïðåîáðàçîâàíèå Ïóàíêàðå [1] :

x =
1

z
, y =

τ

z
,

(
x =

µ

z
, y

1

z

)
ïîëó÷èì ñèñòåìó êîòîðàÿ èìååò øåñòü äèàìåòðàëüíî ïðîòèâîïîëîæíî
ðàñïîëîæåííûõ îñîáûõ òî÷åê, óãëîâûå êîýôôèöèåíòû íàïðàâëåíèé êî-
òîðûõ áóäåò

τ1 = 0, τ2 =

(
−a2 − a1

b2 − b1

) 1
m

, τ3 =

(
1

µ = 0
=∞

)
ïðè b2 6= b1è a2 6= a1
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Èìååò ìåñòî
Òåîðåìà 1. Âñå òðè èçîëèðîâàííûå áåñêîíå÷íî óäàëåííûå îñîáûå

òî÷êè

(z = 0, τ1 = 0) ,

(
z = 0, τ2 =

(
−a2 − a1

b2 − b1

) 1
m

)
, (z = 0, τ3 = µ = 0)

ñèñòåìû (1) íå ìîãóò áûòü ñåäëàìè.
Òåîðåìà 2. Åñëè ñèñòåìà (1) ïðè a1b2 − b1a2 6= 0 èìååò òðè áåñ-

êîíå÷íî óäàëåííûå îñîáûå òî÷êè, òî ðåàëèçóåòñÿ ñëåäóþùèå ñëó÷àè èõ
ñîâìåñòíîãî ñîñóùåñòâîâàíèÿ:

1. òðè óçëà;

2. äâà óçëà, ñåäëî;

3. óçåë, äâà ñåäëà.

Åñëè m− ÷åòíîå è (a2 − a1)(b2 − b1) < 0 , òî íà ýêâàòîðå ñóùåñòâóåò
÷åòûðå èçîëèðîâàííûå îñîáûå òî÷êè.

Òåîðåìà 3. Åñëè m− ÷åòíîå è (a2−a1)(b2−b1) < 0 , òî ñèñòåìà (1)
èìååò íà ýêâàòîðå ÷åòûðå èçîëèðîâàííûõ îñîáûõ òî÷åê, äëÿ êîòîðûõ
ðåàëèçóåòñÿ ñëåäóþùèå ñëó÷àè:

1. äâà ñåäëà, äâà óçëà;

2. òðè óçëà, îäíî ñåäëî.
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Îïèñàíà îñîáåííîñòü òèïà ãèïåðáîëè÷åñêîé îìáèëèêè (D4+) ôîð-
ìàëüíîãî ðåøåíèÿ ñèñòåìû óðàâíåíèé ãàçîâîé äèíàìèêè. Óòî÷íÿ-
åòñÿ êëàññèôèêàöèÿ îñîáåííîñòåé ðèìàíîâûõ èíâàðèàíòîâ.

Êëþ÷åâûå ñëîâà: ìàòåìàòèêà, äèôôåðåíöèàëüíûå óðàâíåíèÿ, óðàâ-
íåíèÿ ìàòåìàòè÷åñêîé ôèçèêè, óðàâíåíèé ãàçîâîé äèíàìèêè, òåî-
ðèÿ îñîáåííîñòåé, òåîðèÿ êàòàñòðîô.

Hyperbolic umbilic catastrophe of the formal solution of
one-dimensional gas dynamics system

Hyperbolic umbilic catastrophe of the formal solution of one-dimensional
gas dynamics system described. Riemannian inavariants singularities
classification corrected.

Keywords: mathematics, differential equations, mathematical physics
equations, gas dynamics equations, singularity theory, catastrophe
theory.

Ðàññìàòðèâàåòñÿ òèïè÷íàÿ (ñ òî÷êè çðåíèÿ ìàòåìàòè÷åñêîé òåîðèè
êàòàñòðîô) îìáèëè÷åñêàÿ îñîáåííîñòü ðåøåíèÿ ñèñòåìû óðàâíåíèé îä-
íîìåðíîé ãàçîâîé äèíàìèêè{

ut + uux + α(ρ)ρx = 0,
ρt + (ρu)x = 0,

(1)

ãäå ôóíêöèÿ α(ρ) =
pρ
ρ ðàñêëàäûâàåòñÿ â ðÿä Òåéëîðà â îêðåñòíîñòè

òî÷êè ρ∗ > 0. Çäåñü p(ρ) � óðàâíåíèå ñîñòîÿíèÿ ãàçà, ρ > 0.
Â òåðìèíàõ èíâàðèàíòîâ Ðèìàíà

r = u+

∫ ρ

0

c

ρ
dρ, l = u−

∫ ρ

0

c

ρ
dρ, c2 = pρ,

Øàâëóêîâ Àçàìàò Ìàâëåòîâè÷, àñïèðàíò ÁàøÃÓ (Óôà, Ðîññèÿ), èíæåíåð-
èññëåäîâàòåëü îòäåëà äèôôåðåíöèàëüíûõ óðàâíåíèé Èíñòèòóòà ìàòåìàòèêè ñ ÂÖ
ÓÔÈÖ ÐÀÍ; Azamat Shavlukov (Bashkir State University, Institute of Mathematics with
Computing Centre - Subdivision of the Ufa Federal Research Centre of Russian Academy
of Science, Ufa, Russia)
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ãäå c � ñêîðîñòü çâóêà (ðàññìàòðèâàåòñÿ c > 0), r 6= l, ñèñòåìà (1) ïðè-
íèìàåò âèä {

rt + ( r+l2 + c)rx = 0
lt + ( r+l2 − c)lx = 0.

(2)

Âîçìóùåíèå ðîñòêà êàòàñòðîôû îñîáåííîñòè îòëè÷àåòñÿ îò îïèñàí-
íîãî â [1]. Óòâåðæäàåòñÿ íåòî÷íîñòü ïðåäñòàâëåííîé â [1] êëàññèôèêà-
öèè îñîáåííîñòåé èíâàðèàíòîâ Ðèìàíà.

Èññëåäîâàíèå âûïîëíåíî ñîâìåñòíî ñ Á.È. Ñóëåéìàíîâûì.

Ëèòåðàòóðà
1. Ðàõèìîâ À.Õ. Îñîáåííîñòè ðèìàíîâûõ èíâàðèàíòîâ // Ôóíêö. àíàëèç

è åãî ïðèë., 27:1 (1993), 46-59; Funct. Anal. Appl., 27:1 (1993), 39-50
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Â íàñòîÿùåì ñîîáùåíèè ðàññìàòðèâàåòñÿ îäíà íåëèíåéíàÿ îáîá-
ù¼ííàÿ ñèñòåìà Êîøè-Ðèìàíà ñ ñèíãóëÿðíûìè òî÷êàìè. Â ñëó-
÷àè òîæäåñòâåííîãî âûïîëíåíèÿ óñëîâèé ñîâìåñòíîñòè ïîëó÷åíû
ìíîãîîáðàçèÿ ðåøåíèé ýòîé ñèñòåìû íåïðåðûâíîé âî âñåé îáëàñòè
èññëåäîâàíèÿ.

Êëþ÷åâûå ñëîâà: ïåðåîïðåäåëåííàÿ ñèñòåìà äèôôåðåíöèàëüíûõ
óðàâíåíèé, óñëîâèÿ ñîâìåñòíîñòè, òîæäåñòâåííîå âûïîëíåíèå, ìíî-
ãîîáðàçèÿ ðåøåíèé ñèñòåìû, ñèíãóëÿðíûå òî÷êè.

On one nonlinear generalized system Coshi-Riemana with
singular coefficients

In this post, we consider one nonlinear generalized Cauchy-Riemann
system with singular points. In the case of identical fulfillment of the
compatibility conditions, the manifolds of solutions of this system are
obtained, which are continuous in the entire field of study.

Keywords: overdetermined system of differential equations, compat-
ibility conditions, identical fulfillment, manifolds of solutions to the
system, singular points.

Ðàññìîòðèì ïåðåîïðåäåëåííóþ îáîáùåííóþ ñèñòåìó Êîøè-Ðèìàíà
(ï.î.ñ. Ê.-Ð.) âèäà 

∂W
∂z1

= f(z1, z1, z2, z2, z3, z3;W ),
∂W
∂z1

= g(z1,z1,z2,z2,z3,z3;W )
z1

,
∂W
∂z3

= h(z1,z1,z2,z2,z3,z3;W )
z2

,

(1)

ãäå f, g, h ∈ RA(Π3),W ∈ RA(Π
(0)
4 )), f, g, h - âåùåñòâåííî-àíàëèòè÷åñêèå

ôóíêöèè ïî ïåðåìåííîé W .

Øàðèïîâ Áîáîàëè, ê.ô.-ì.í., äîöåíò, ÒÃÓÝÔ (Äóøàíáå, Òàäæèêèñòàí); Boboali
Sharipov (Tajik State Financial and Economical University, Dushanbe, Tajikistan)

Äæóìàåâ Ýðàæ Õàêíàçàðîâè÷, ê.ô.-ì.í., äîöåíò, Ôèëèàë ÌÃÓ èì. Ì.Â. Ëîìîíî-
ñîâà â ã. Äóøàíáå (Äóøàíáå, Òàäæèêèñòàí); Jumaev Eraj Khaqnazarovich (lomonosov
Moskow State University in Dushanbe, Dushanbe, Tajikistan)
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Ñèñòåìà (1) ðàññìàòðèâàåòñÿ â áèöèëèíäðå Π3 = {zk : |zk| ≤ ak, k =

1, 2, 3}, à Π
(0)
4 ÿâëÿåòñÿ ïîëèöèëèíäðîì íå ñîäåðæàùèì îñîáûå òî÷êè

îáëàñòè zk = 0, ò.å. Π4 = {zk : |zk| < ak, |W | < b, (k = 1, 2, 3)}.
Äëÿ ñóùåñòâîâàíèÿ íåïðåðûâíîãî ðåøåíèÿ ñèñòåìû (1), àíàëîãè÷íî

[1− 2], òðåáóåòñÿ îãðàíè÷åííîñòü ïðîèçâîäíûõ íåèçâåñòíîé ôóíêöèè W
ïî ïåðåìåííûì z2, z3 è âûïîëíåíèå óñëîâèé

lim
z1→0

(z1 ·
∂W

∂z2
) = 0, lim

z2→0
(z2 ·

∂W

∂z3
) = 0, (2)

Ïðè âûïîëíåíèè óñëîâèé (2) èìååì

W = h1(z2, z2, z3, z3),W = h2(z1, z1, z3, z3).

Âîçìîæíî, ýòè íàéäåííûå ôóíêöèé áóäóò ëèáî ÷àñòíûìè, ëèáî îñî-
áûìè ðåøåíèÿìè äàííîé ñèñòåìû.

Ñëåäóÿ ðåçóëüòàòîâ ðàáîò [2 − 3] ìîæíî äîêàçàòü, ÷òî ïðè òîæäå-
ñòâåííîì âûïîëíåíèè óñëîâèé ñîâìåñòíîñòè ñèñòåìû (1) ìíîãîîáðàçèÿ
ðåøåíèé ýòîé ñèñòåìû ìîæíî ïðåäñòàâèòü â âèäå

W = F [z, z;V (z, z3; Φ(z))], z = (z1, z2, z3). (3)

Òåîðåìà. Ïóñòü â ï.î.ñ. Ê.-Ð. (1) f, g ∈ RA(Π3) W ∈ RA(Π
(0)
4 ),

f, g - àíàëèòè÷åñêèå ïî ïåðåìåííîé W . Åñëè äëÿ ýòîé ñèñòåìû èìåþò
ìåñòà óñëîâèÿ (2), à òàêæå óñëîâèÿ ñîâìåñòíîñòè ñèñòåìû âûïîëíÿ-
þòñÿ, íî íå òîæäåñòâåííî, òî íàõîäÿòñÿ íåêîòîðûå ÷àñòíûå, ëèáî
îñîáûå ðåøåíèÿ ñèñòåìû (1). Â ñëó÷àè, êîãäà óñëîâèÿ ñîâìåñòíîñòè
ñèñòåìû (1) âûïîëíÿþòñÿ òîæäåñòâåííî, òîãäà ñèñòåìà (1) ðàçðåøè-
ìà è ìíîãîîáðàçèÿ å¼ ðåøåíèé îïðåäåëÿåòñÿ ôîðìóëîé (3), íåïðåðûâíîé
âñþäó â îáëàñòè Π3, âîçìîæíî ìíîãîçíà÷íîé íà äàííîì áèöèëèíäðå.

Ïîëó÷åííûå ðåçóëüòàòû îáîáùåíû äëÿ íåêîòîðûõ áîëåå îáùèõ ïî-
äîáíûõ ï.î.ñ. Ê.-Ð.

Ëèòåðàòóðà
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Â ðàáîòå ðàññìàòðèâàþòñÿ çàäà÷è ñ äâóìÿ òèïàìè óïðàâëÿþùåãî
âîçäåéñòâèÿ: ðàñïðåäåëåííûì è ñòàðòîâûì. Îñíîâíûå ðåçóëüòàòû
êàñàþòñÿ ðàçðåøèìîñòè çàäà÷è Êîøè äëÿ íåëèíåéíîãî óðàâíåíèÿ
ñ âûäåëåííîé äðîáíîé ïðîèçâîäíîé Ãåðàñèìîâà � Êàïóòî.

Êëþ÷åâûå ñëîâà: ñìåøàííîå óïðàâëåíèå, óðàâíåíèå äðîáíîãî ïî-
ðÿäêà.

Mixed control of solutions to a degenerate nonlinear
fractional equation

The paper considers tasks with two types of control action: distributed
and initial. The main results concern the solvability of the Cauchy
problem for a nonlinear equation with a distinguished Gerasimov -
Caputo fractional derivative.

Keywords: mixed control, fractional-order equation.

Ïóñòü Z, Z1 � ðåôëåêñèâíûå áàíàõîâû ïðîñòðàíñòâà, Z êîìïàêòíî
âëîæåíî â Z1, U � áàíàõîâî ïðîñòðàíñòâî, L ∈ L(Z), kerL 6= {0}, M ∈
Cl(Z), (L, p)-îãðàíè÷åííûé îïåðàòîð, B ∈ L(U;Z), F : (t0, T )×Zm−1 → Z.
Ââåä¼ì â ðàññìîòðåíèå ïðîñòðàíñòâî óïðàâëåíèé U = Lq(t0, T ;U)×Zm ñ
íîðìîé ‖(u, v)‖2U = ‖u‖2Lq(t0,T ;U)+‖v‖2Zm . Ðàññìîòðèì çàäà÷ó ñìåøàííîãî
óïðàâëåíèÿ

LDα
t z(t) = Mz(t) + F (t, z(t), z(1)(t), . . . , z(r)(t)) +Bu(t), t ∈ (t0, T ), (1)

(Pz)(k)(t0) = vk, k = 0, 1, . . . ,m− 1, (2)

(u, v) = (u, v0, v1, . . . , vm−1) ∈ U∂ , (3)

J(z, u, v) = ‖z−zd‖Cm−1([t0,T ];Z)+δ‖u−ud‖qLq(t0,T ;U)+δ1

m−1∑
k=0

‖vk−vdk‖2Z → inf,

(4)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 21-51-54003).
Øóêëèíà Àííà Ôàðèäîâíà, ê.ô.-ì.í., äîöåíò, ×åëÃÓ (×åëÿáèíñê, Ðîññèÿ); Anna

Shuklina (Chelyabinsk State University, Chelyabinsk, Russia)
Ïëåõàíîâà Ìàðèíà Âàñèëüåâíà, ä.ô.-ì.í., ïðîôåññîð, ×åëÃÓ (×åëÿáèíñê, Ðîñ-

ñèÿ); Marina Plekhanova (Chelyabinsk State University, Chelyabinsk, Russia)
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ãäå U∂ � ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé, U∂ ⊂ U, J � íåêîòî-
ðûé ôóíêöèîíàë êà÷åñòâà, ïðè çàäàííûõ zd ∈ Cm−1([t0, T ];Z), ud ∈
Lq(t0, T ;U), vdk ∈ Z, k = 0, 1, . . . ,m − 1, δ > 0, δ1 > 0, m ∈ N, m − 1 <
α ≤ m, r ∈ {0, 1, . . . ,m− 1}.

Ðåøåíèÿ çàäà÷è (1), (2) áóäåì èñêàòü â ïðîñòðàíñòâå

Qα,q(t0, T ;Z) ≡
{
z ∈ L2(t0, T ;DM ) ∪ Cm−1([t0, T ];Z) :

Jm−αt

(
z −

m−1∑
k=0

z(k)(t0)g̃k+1

)
∈Wm

q (t0, T ;Z)

}
.

Íàçîâåì îòîáðàæåíèå F : [t0, T ] × Zm1 → Z1 ëîêàëüíî ëèïøèöåâûì
ïî z ∈ Z1 ðàâíîìåðíî ïî t ∈ [t0, T ], åñëè äëÿ ëþáîãî z ∈ Z1 ñóùåñòâóþò

δ, l > 0, òàêèå, ÷òî ïðè âñåõ y ∈ Z1, äëÿ êîòîðûõ
m−1∑
k=0

‖yk − zk‖Z1 < δ,

äëÿ âñåõ t ∈ [t0, T ] âûïîëíÿåòñÿ íåðàâåíñòâî

‖F (t, y0, y1, . . . , ym−1)− F (t, z0, z1, . . . , zm−1)‖Z1 ≤ l
m−1∑
k=0

‖yk − zk‖Z1 .

Òåîðåìà 1. Ïóñòü α > 1, q > (α − m + 1)−1, r = m − 2, îòîáðà-
æåíèå F : (t0, T ) × Zm−1

1 → Z1 êàðàòåîäîðèåâî, ðàâíîìåðíî ëèïøèöåâî
ïî z ∈ Zm−1

1 , F : (t0, T ) × Zm−1 → Z êàðàòåîäîðèåâî, ðàâíîìåðíî ëèï-
øèöåâî ïî z ∈ Zm−1, ïðè íåêîòîðîì y ∈ Zm−1 âûïîëíÿåòñÿ F (·, y) ∈
Lq(t0, T ;Z). Îïåðàòîð M (L, p)-îãðàíè÷åí. Ïðåäïîëîæèì, ÷òî U∂ �
íåïóñòîå âûïóêëîå çàìêíóòîå ïîäìíîæåñòâî â U = Lq(t0, T ;U) × Zm

ñîäåðæèò (ũ, ṽ), äëÿ êîòîðîãî (GDα
t )kM−1

0 (I−Q)Bũ ∈ Cm−1([t0, T ];Z),
Dα
t (GDα

t )kM−1
0 (I−Q)Bũ ∈ Lq(t0, T ;Z) ïðè k = 0, 1, . . . , p, ïðîñòðàíñòâî

Qα,q(t0, T ;Z) íåïðåðûâíî âëîæåíî â áàíàõîâî ïðîñòðàíñòâî Y, êîòîðîå,
â ñâîþ î÷åðåäü, íåïðåðûâíî âëîæåíî â Wm−2

q (t0, T ;Z1). Òîãäà çàäà÷à
(1)�(4). èìååò ðåøåíèå (ẑ, û, v̂) ∈ Qα,q(t0, T ;Z)× U∂ .

Ëèòåðàòóðà
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Äëÿ íåêîòîðîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïîñòàâëå-
íà íà÷àëüíî-êðàåâàÿ çàäà÷à ñî âòîðûìè êðàåâûìè óñëîâèÿìè. Ðå-
øåíèå ýòîé çàäà÷è ñâÿçàíî ñ ðåøåíèåì ëèíåéíîé âòîðîé íà÷àëüíî-
êðàåâîé çàäà÷è ãèïåðáîëè÷åñêîãî òèïà.

Êëþ÷åâûå ñëîâà: èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå, íà÷àëüíî-
êðàåâàÿ çàäà÷à, çàäà÷à ãèïåðáîëè÷åñêîãî òèïà.

On the connection between solutions of two
initial-boundary value problems

The integro-differential equation with the second-type boundary and
initial conditions is considered. The solution of this problem is associ-
ated with the solution of the standard linear second initial-boundary
value problem of hyperbolic type.

Keywords: integro-differential equation, initial-boundary value prob-
lem, hyperbolic type problem.

Ïóñòü ìíîæåñòâî Q = (0, l) × (0, T ), l > 0, T > 0 ñ "ãðàíèöåé"Σ, ñî-
ñòîÿùåé èç òî÷åê {(x, t) : t = 0 èëè (l− x)x = 0}. Ðàññìîòðèì íà÷àëüíî-
êðàåâóþ çàäà÷ó äëÿ èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ: íà ìíîæå-
ñòâå Q ñ ãðàíèöåé Σ, íàéòè ôóíêöèþ y(x, t) ∈ C2(Q)∩C1(Q), � ðåøåíèå
óðàâíåíèÿ:

y′′tt(x, t) = a2y′′xx(x, t) + b(x, t)y(x, t)−2y′t(x, t)

l∫
0

b(x, t)y(x, t) dx−y(x, t)R[y],

(1)
ñ êðàåâûìè è íà÷àëüíûìè óñëîâèÿìè

y′x(0, t) = y′x(l, t) = 0, y(x, 0) = ϕ(x), y′t(x, 0) = ψ(x). (2)

Ýãàìîâ Àëüáåðò Èñìàèëîâè÷, ê.ô.-ì.í., äîöåíò, ÍÍÃÓ èì. Í.È.Ëîáà÷åâñêîãî
(Í.Íîâãîðîä, Ðîññèÿ); A.I. Egamov (Lobachevsky University of Nizhny Novgorod,
Nizhny Novgorod, Russia)
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Ôóíêöèÿ b(x, t) � íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ ïî t è
íåïðåðûâíàÿ ïî x. Íà÷àëüíûå ôóíêöèè ϕ(x) ∈ C3

2 [0, l], ψ(x) ∈ C2[0, l].
Îïåðàòîð

R[y] =

(∫ l

0

b(x, t)y(x, t) dx

)2

+

∫ l

0

(b′t(x, t)y(x, t) + b(x, t)y′t(x, t)) dx. (3)

Øèðîêî èçâåñòíà [1] íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ ãèïåðáîëè÷åñêîãî
óðàâíåíèÿ: íà ìíîæåñòâå Q, íàéòè ôóíêöèþ z(x, t) ∈ C2(Q) ∩ C1(Q), �
ðåøåíèå óðàâíåíèÿ:

z′′tt(x, t) = a2z′′xx(x, t) + b(x, t)z(x, t), (4)

ñ êðàåâûìè è íà÷àëüíûìè óñëîâèÿìè

z′x(0, t) = z′x(l, t) = 0, z(x, 0) = ϕ(x), z′t(x, 0) = ψ(x). (5)

Ïóñòü p(t) =
l∫

0

z′t(x, t) dx. Òîãäà

p′t(t) =

l∫
0

b(x, t)z(x, t) dx,
p′t(t)

p(t)
=

l∫
0

b(x, t)y(x, t) dx,

p′′tt(t)

p(t)
=

(
p′t(t)

p(t)

)′
t

+

(
p′t(t)

p(t)

)2

= R[y].

Èç ðàáîòû [2] (ñì. òàêæå [3]) ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Ïóñòü íà÷àëüíûå ôóíêöèè ϕ(x) è ψ(x) ïîëîæèòåëüíû è

óäîâëåòâîðÿþò óêàçàííûì óñëîâèÿì ãëàäêîñòè, êðîìå òîãî, âûïîëíÿ-

þòñÿ ðàâåíñòâà
l∫

0

ψ(x) dx = 1,
l∫

0

b(x, 0)ϕ(x) dx = 0. Ôóíêöèÿ p(t) =

l∫
0

z′t(x, t) dx > 0 äëÿ ëþáîãî t ∈ [0, T ]. Òîãäà íà ýòîì îòðåçêå ñïðàâåä-

ëèâî òîæäåñòâî

y(x, t) =
z(x, t)

p(t)
,

ãäå y(x, t) � åäèíñòâåííîå ðåøåíèå çàäà÷è (1)�(2), z(x, t) � åäèíñòâåííîå
ðåøåíèå çàäà÷è (4)�(5).
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ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß ÂÒÎÐÎÃÎ
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Â ðàáîòå ðàññìàòðèâàåòñÿ îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâ-
íåíèå âòîðîãî ïîðÿäêà, äîïóñêàþùåå ãðóïïó Ëè. Ïî çàäàííîé ãðóï-
ïå âûâîäèòñÿ îáùèé âèä òàêèõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà: Ãðóïïà ïðåîáðàçîâàíèé, îïåðàòîð ãðóïïû, èíâà-
ðèàíò, äèôôåðåíöèàëüíîå óðàâíåíèå, èíâàðèàíòíîå óðàâíåíèå.

Constructions of the ordinary differential equation of the
second order, admitting a given Lie hum

The paper considers an ordinary differential equation of the second
order admitting a lie group. For a given group, the general form of
such equations is displayed.

Keywords: Transformation group, group operator, invariant, differen-
tial equation, invariant equation.

Ïóñòü
(x̄, ȳ) = Ta(x, y) = (ϕ(x, y, a), ψ(x, y, a)), (1)

ãðóïïà ïðåîáðàçîâàíèé G ïëîñêîñòè R2 (a ∈ ∆ ⊂ R) è

X = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y

îïåðàòîð ãðóïïû (1), ãäå ξ = ∂ϕ
∂a

∣∣∣
a=0

, η = ∂ψ
∂a

∣∣∣
a=0

([1], �1. ñ. 4-6).

Ôóíêöèÿ F (x, y) íàçûâàåòñÿ èíâàðèàíòîì ãðóïïû (1), åñëè âûïîëíå-
íî óñëîâèå F (x̄, ȳ) = F (x, y). Ôóíêöèÿ F (x, y) ÿâëÿåòñÿ èíâàðèàíòîì
ãðóïïû (1) òîãäà è òîëüêî òîãäà, êîãäà èìååò ìåñòî ðàâåíñòâî

XF = ξ
∂F

∂x
+ η

∂F

∂y
= 0
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Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà

F (x, y, y′, y′′) = 0 (2)

Èíâàðèàíòíîñòü äèôôåðåíöèàëüíîãî óðàâíåíèÿ (2) ñâÿçàíà ñ îïåðà-
òîðîì X

2
= X

1
+ ς2

∂
∂y′′ , ãäå

X
1

= ξ
∂F

∂x
+ η

∂F

∂y
+ ς1

∂F

∂y′
= 0, (3)

çäåñü ς1 = D(η)− y′D(ξ), ς2 = D(ς1)− y′′D(ξ).
Óðàâíåíèå (2) èíâàðèàíòíî òîãäà è òîëüêî òîãäà, êîãäà èìååò ìåñòî

ðàâåíñòâî

X
2
F = X

1
F + ς2

∂F

∂y′′
= 0 (4)

Ñîñòàâëÿÿ õàðàêòåðèñòè÷åñêîå óðàâíåíèå íàõîäèì èíâàðèàíò ãðóï-
ïû G

2
[1,c. 7]. Ðàññìîòðèì ðåàëèçàöèè ýòèõ ðåçóëüòàòîâ íà êîíêðåòíîì

ïðèìåðå.
Ïðèìåð. Ïóñòü çàäàí îïåðàòîð ãðóïïû ïðåîáðàçîâàíèé ïëîñêîñòè

X = x
∂

∂x
+ y

∂

∂y

Íàéäåì îáùèé âèä äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿä-
êà, äîïóñêàþùèé ãðóïïó ïðåîáðàçîâàíèé x̄ = xea, ȳ = yea. Òàê êàê
ξ = x, η = y è ς1 = ηx + (ηy − ξx)y′ − y′2ξy = 0, òî ñîñòàâëÿÿ õàðàêòåðè-
ñòè÷åñêîå óðàâíåíèå äëÿ (3) íàõîäèì

dx

x
=
dy

y
=
dy′

0
.

Òîãäà èíâàðèàíò u(x, y) = J0(x, y) = y
x íóëåâîãî, à ϑ(x, y) = y′

èíâàðèàíò ïåðâîãî ïîðÿäêà. Òàê êàê ς2 = D(ς1)− y′′D(ξ) = −y′′, òî
J2 = xy′′ èíâàðèàíò âòîðîãî ïîðÿäêà, êîòîðûé íàõîäèòñÿ èç õàðàêòå-
ðèñòè÷åñêîãî óðàâíåíèÿ äëÿ (4). Òîãäà óðàâíåíèå xy′′ = F

(
y
x , y

′) ÿâ-
ëÿåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì âòîðîãî ïîðÿäêà, èíâàðèàíòíîå
îòíîñèòåëüíî ãðóïïû x̄ = xea, ȳ = yea.
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Ñâîåâðåìåííîå óñòðàíåíèå äåôåêòîâ â çîíàõ ïîâûøåííîé òðàíñ-
ïîðòíîé íàãðóçêè ñíèæàåò ðèñê àâàðèé. Â íàñòîÿùåå âðåìÿ äëÿ
êîíòðîëÿ ñîñòîÿíèÿ äîðîæíîãî ïîêðûòèÿ èñïîëüçóþòñÿ ìåòîäû
ôîòî- è âèäåîíàáëþäåíèÿ. Îöåíêà è àíàëèç íîâûõ ðó÷íûõ äàí-
íûõ ìîæåò çàíÿòü ñëèøêîì ìíîãî âðåìåíè. Òàêèì îáðàçîì, äëÿ
îöåíêè ñîñòîÿíèÿ îáúåêòîâ òðåáóåòñÿ ñîâåðøåííî äðóãàÿ ïðîöåäó-
ðà. Àâòîðû ñðàâíèëè ðåçóëüòàòû ðàáîòû 3 íåéðîííûõ ñåòåé (Unet,
Linknet, PSPNet), èñïîëüçóåìûå äëÿ ñåìàíòè÷åñêîé ñåãìåíòàöèè,
íà ïðèìåðå íàáîðà äàííûõ Crack500. Ïîëó÷åííûå ðåçóëüòàòû ìî-
ãóò áûòü èñïîëüçîâàíû â ïðîöåññå ìîíèòîðèíãà è ïðîãíîçèðîâàíèÿ
èçíîñà äîðîæíîãî ïîêðûòèÿ.

Êëþ÷åâûå ñëîâà: òðåùèíà, äîðîæíîå ïîêðûòèå, íåéðîííàÿ ñåòü,
Unet, LinkNet, PSPNet

Application of Semantic Convolutional Neural Networks to
detect pavement cracks

Timely repair of defects (cracks, spalls, etc.) in areas of increased traf-
fic reduces the risk of accidents. Currently, photo and video surveil-
lance methods are used to monitor the condition of the road surface.
Evaluating and analyzing new manual data can take too long. There-
fore, a completely different method is needed to check and evaluate the
condition of the controlled objects using technical vision. The authors
compared the results of 3 neural networks (Unet, Linknet, PSPNet)
used for semantic segmentation using the Crack500 dataset as an ex-
ample. The obtained results can be used in modeling, monitoring and
predicting road surface wear.

Keywords: crack, road surface, neural network, Unet, LinkNet, PSP-
Net

Íåïðåðûâíûé âèäåîìîíèòîðèíã äîðîæíîãî ïîêðûòèÿ ìîæåò áûòü
÷ðåçâû÷àéíî óòîìèòåëüíîé çàäà÷åé äëÿ ëþäåé, íî äîñòàòî÷íî ïðîñòîé

Àêèìîâ Àíäðåé Àíàòîëüåâè÷, ê.ô.-ì.í., äîöåíò, ÁàøÃÓ (Óôà, Ðîññèÿ); Akimov
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Ìóñòàôèíà Ñîôüÿ Èëüøàòîâíà, ñòóäåíò, ÁàøÃÓ (Óôà, Ðîññèÿ); Musta�na Sofya,
student, (Bashkir State University, Ufa, Russia)
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çàäà÷åé äëÿ àâòîìàòèçèðîâàííûõ ñèñòåì íà áàçå êîìïüþòåðíîãî çðåíèÿ
(CV). Êàê áûëî îòìå÷åíî â [1], òðàíñïîðòíàÿ èíôðàñòðóêòóðà ÿâëÿåòñÿ
îñíîâîé íàöèîíàëüíîé ýêîíîìèêè, êîòîðóþ íåîáõîäèìî ñèñòåìàòè÷åñêè
óëó÷øàòü. Ìíîãèå èññëåäîâàíèÿ ïîñâÿùåíû ñîâåðøåíñòâîâàíèþ àëãî-
ðèòìîâ îáíàðóæåíèÿ äîðîæíûõ äåôåêòîâ. Îáíàðóæåíèå äåôåêòîâ âîç-
ìîæíî ïðîâîäèòü, êàê íà äâóìåðíûõ èçîáðàæåíèÿõ(2D), òàê è òðåõìåð-
íûõ(3D), ïîëó÷àåìûõ ñ ïîìîùüþ ëàçåðíîãî ñêàíèðîâàíèÿ â âèäå îáëà-
êà òî÷åê. Ïî ñðàâíåíèþ ñ äâóìåðíûìè (2D) èçîáðàæåíèÿìè äîðîæíîãî
ïîêðûòèÿ, òðåõìåðíûå äàííûå î ïîâåðõíîñòè äîðîæíîãî ïîêðûòèÿ ìå-
íåå óÿçâèìû ê óñëîâèÿì îñâåùåíèÿ è ïðåäîñòàâëÿþò áîëüøå ïîëåçíîé
èíôîðìàöèè. Êðîìå òîãî, 2D-ìåòîäû íå ìîãóò îáíàðóæèòü íåêîòîðûå
äåôåêòû èç-çà íåäîñòàòêà èíôîðìàöèè î ãëóáèíå. Ñóùåñòâóþùèå àë-
ãîðèòìû âèçóàëüíîãî îáíàðóæåíèÿ äåôåêòîâ íà äîðîãå ìîæíî óñëîâíî
ðàçäåëèòü íà äâå âåòâè: òðàäèöèîííûå ìåòîäû [2] îáíàðóæåíèÿ äåôåê-
òîâ è ìåòîäû èñêóññòâåííîãî èíòåëëåêòà [3]. Äî íåäàâíåãî âðåìåíè äëÿ
ðåøåíèÿ óêàçàííûõ çàäà÷ èñïîëüçîâàëèñü â îñíîâíîì ðó÷íûå òåõíèêè
ìîíèòîðèíãà, òàêèå, êàê:

� ìîðôîëîãè÷åñêèå îïåðàöèè [4],
� àíàëèç ãåîìåòðè÷åñêèõ îñîáåííîñòåé ,
� ïðèìåíåíèå ôèëüòðîâ Ãàáîðà [5],
� âåéâëåò-ïðåîáðàçîâàíèÿ ,
�ïîñòðîåíèå ãèñòîãðàìì îðèåíòèðîâàííûõ ãðàäèåíòîâ (HOG, histo-

grams oriented gradients),
� òåêñòóðíûé àíàëèç,
� ìàøèííîå îáó÷åíèå [6].
Â ðàáîòå ïðîâåäåíî èññëåäîâàíèå ñåãìåíòàöèè òðåùèí äîðîæíîãî ïî-

êðûòèÿ íà îñíîâå ñåìàíòè÷åñêèõ íåéðîííûõ ñåòåé è èçó÷åíà ýôôåê-
òèâíîñòü ïðèìåíåíèÿ ìåòîäîâ ìàøèííîãî îáó÷åíèÿ è íåéðîñåòåâûõ òåõ-
íîëîãèé äëÿ îáíàðóæåíèÿ è êëàññèôèêàöèè ïîâðåæäåíèé àñôàëüòîáå-
òîííûõ ïîêðûòèé ïî ñðàâíåíèþ ñ òðàäèöèîííûìè ìåòîäàìè. Íà îñíîâå
ðåçóëüòàòîâ àíàëèçà èçâåñòíûõ àðõèòåêòóð, äëÿ äåòåêòèðîâàíèÿ äåôåê-
òîâ, áûëè âûáðàíû ñëåäóþùèå àðõèòåêòóðû: êëàññè÷åñêàÿ àðõèòåêòóðà
àâòîýíêîäåðà U-Net [7] è àâòîýíêîäåðû LinkNet [8], PSPNet [9]. Äëÿ îáó-
÷åíèÿ ïîñòðîåííûõ ìîäåëåé èñïîëüçóåòñÿ íàáîð äàííûõ òðåùèí íà àñ-
ôàëüòå Crack500. Ðàçìåð êàæäîãî èçîáðàæåíèÿ â íàáîðå äàííûõ äîñòà-
òî÷íî âåëèê, ïîýòîìó ñóùåñòâóåò ïðîáëåìà ñ ðàçìåðîì âõîäíûõ äàííûõ
íåéðîííîé ñåòè, êîòîðàÿ ðåøàåòñÿ ïóòåì ¾ðàçðåçàíèÿ¿ èçîáðàæåíèÿ íà
ôðàãìåíòû ðàçìåðîì 320 íà 320 ïèêñåëåé. Íà êàæäîì èçîáðàæåíèè ïðè-
ñóòñòâóåò õîòÿ áû îäèí äåôåêò. Ïðè ýòîì ó÷èòûâàþòñÿ òîëüêî äåôåêòû,
çàíèìàþùèå íå ìåíåå 6% ïëîùàäè èçîáðàæåíèÿ. Âñå äàííûå ðàçäåëåíû
íà òðè ÷àñòè: îáó÷àþùàÿ âûáîðêà (ñîäåðæèò 2270 èçîáðàæåíèé), âà-
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ëèäàöèîííàÿ (164 èçîáðàæåíèÿ) è òåñòîâàÿ (759 èçîáðàæåíèé). Â ðàáî-
òå ïðîâîäèòñÿ èñêóññòâåííîå óâåëè÷åíèå ÷èñëà äàííûõ (augamentation)
ïóòåì èçìåíåíèÿ ÿðêîñòè, ìàñøòàáèðîâàíèÿ, îñåâîé ñèììåòðèè, äîáàâ-
ëåíèÿ ãàóññîâñêîãî øóìà. Ìîäåëè áûëè îáó÷åíû íà ñìåøàííîì íàáîðå
äàííûõ äëÿ 5 ýïîõ ñî ñêîðîñòüþ îáó÷åíèÿ 0,001. Ó÷èòûâàëèñü òîëüêî
çíà÷åíèÿ èç âûõîäíûõ äàííûõ íåéðîííîé ñåòè ñ äîâåðèòåëüíîé âåðîÿò-
íîñòüþ âûøå èëè ðàâíîé 50%. Ëó÷øåå ðåøåíèå îöåíèâàëîñü ñ ïîìîùüþ
ìåòðèê êà÷åñòâà accuracy, F1 è IoU. Ïðèìåð ðàáîòû íåéðîííîé ñåòè Unet
ñ ðàçëè÷íûìè áýêáîíàìè ïðèâåäåí íà ðèñóíêå

Ðèñóíîê 1. Ðåçóëüòàòû ðàáîòû îáó÷åííîé íåéðîííîé ñåòè U-Net ñ
ðàçëè÷íûìè áýêáîíàìè a) Densenet121 b) Inceptionv3 c) Inceptionresnetv2
d) Mobilnet e) Seresnext50 f) E�cientnetb0

Â ðàáîòå ïðåäñòàâëåíû ðåçóëüòàòû ñðàâíåíèÿ ðàáîòû òðåõ íåéðîí-
íûõ ñåòåé íà çàäàííîì äàòàñåòå. Ïðåäñòàâëåíû òåõíèêè ïîñòðîåíèÿ îáó-
÷àþùåé âûáîðêè. Ïðîäåëàííàÿ ðàáîòà ïîêàçàëà, ÷òî ïðèìåíåíèå ïîäîá-
íûõ àðõèòåêòóð äîñòàòî÷íî ýôôåêòèâíî äëÿ îáíàðóæåíèÿ òðåùèí íà
äîðîæíîì ïîêðûòèè.
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ÌÍÎÃÎÊÐÈÒÅÐÈÀËÜÍÀß ÎÏÒÈÌÈÇÀÖÈß ÐÅÀÊÖÈÈ
ÑÈÍÒÅÇÀ ÁÅÍÇÈËÀËÊÈËÎÂÛÕ ÝÔÈÐÎÂ ÍÀ PYTHON
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nastena1425@gmail.com, koledinakamila@mail.ru
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Íà îñíîâå êèíåòè÷åñêîé ìîäåëè êàòàëèòè÷åñêîé ðåàêöèè ñèíòåçà
áåíçèëàëêèëîâûõ ýôèðîâ ðàññìîòðåíà çàäà÷à ìíîãîêðèòåðèàëü-
íîé îïòèìèçàöèè â çàâèñèìîñòè îò èçìåíÿåìûõ ïàðàìåòðîâ òåì-
ïåðàòóðû, ìîëüíîãî ñîîòíîøåíèÿ ðåàãåíòîâ è âðåìåíè ïðîâåäå-
íèÿ, èìåþùèõ îãðàíè÷åíèÿ. Â ðîëè êðèòåðèåâ îïòèìàëüíîñòè èñ-
ïîëüçîâàíû âûõîä öåëåâîãî è ïîáî÷íûõ ïðîäóêòîâ. Ïðè ïîìîùè
ñðåäñòâ ÿçûêà ïðîãðàììèðîâàíèÿ Python ïîñòðîåí ôðîíò Ïàðå-
òî, ïðèâåäåíî ðåøåíèå çàäà÷è ìíîãîêðèòåðèàëüíîé îïòèìèçàöèè
ñ èñïîëüçîâàíèåì áèáëèîòåêè Platypus, ìåòîäà èäåàëüíîé òî÷êè è
ìåòîäà ëåêñèêî-ãðàôè÷åñêîãî óïîðÿäî÷èâàíèÿ.

Êëþ÷åâûå ñëîâà: ìíîãîêðèòåðèàëüíàÿ îïòèìèçàöèÿ, çàäà÷à íåëè-
íåéíîãî ïðîãðàììèðîâàíèÿ, ôðîíò Ïàðåòî, êèíåòè÷åñêàÿ ìîäåëü,
ìîëüíûå ñîîòíîøåíèÿ èñõîäíûõ ðåàãåíòîâ, Python.

Multi-criteria optimization of the synthesis reaction of
benzylalkyl esters in Python

Based on the kinetic model of the catalytic reaction of the synthe-
sis of benzylalkyl esters, the problem of multi-criteria optimization
is considered depending on the variable parameters of temperature,
the molar ratio of reagents and the time of conducting, which have
limitations. The yield of the target and by-products are used as opti-
mality criteria. Using the tools of the Python programming language,
the Pareto front is constructed, the solution of the multi-criteria opti-
mization problem is given using the Platypus library, the ideal point
method and the lexico-graphical ordering method.

Keywords: multi-criteria optimization, nonlinear programming prob-
lem, Pareto front, kinetic model, molar ratios of initial reagents, Python.

Êèíåòè÷åñêàÿ ìîäåëü êàòàëèòè÷åñêîé ðåàêöèè ñèíòåçà áåíçèëàëêè-
ëîâûõ ýôèðîâ âûãëÿäèò ñëåäóþùèì îáðàçîì [1]:

dyi
dt

=

J∑
j=1

νijk
0
j exp(−

Ej
RT

)

I∏
i=1

y
|aij |
i , i = 1, ...I (1)
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Êîëåäèíà Êàìèëà Ôåëèêñîâíà, ê.ô.-ì.í., äîöåíò êàôåäðû ÈÒÌ, ÓÃÍÒÓ (Óôà,
Ðîññèÿ); Koledina Kamila Felixovna (Ufa State Petroleum Technical University of Ufa,
Russia)
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Ñ íà÷àëüíûìè óñëîâèÿìè t = 0, yi(0) = y0
i , t ∈ [0, t∗].

Çäåñü yi - êîíöåíòðàöèè âåùåñòâ, ó÷àñòâóþùèõ â ðåàêöèè, ìîëü/ë;
t-âðåìÿ, ìèí; J-÷èñëî ñòàäèé; I-÷èñëî ðåàãåíòîâ; νij-êîýôôèöèåíòû ñòå-
õèîìåòðè÷åñêîé ìàòðèöû; k0

j -ïðåäýêñïîíåíöèàëüíûå ìíîæèòåëè êîíñòàíò

ñêîðîñòåé ñòàäèé, 1/min; aij-îòðèöàòåëüíûå ýëåìåíòû ìàòðèöû k0
j ; Ej-

ýíåðãèè àêòèâàöèè ñòàäèé á êêàë/ìîëü; R-ãàçîâàÿ ïîñòîÿííàÿ, 2 êàë/(ìîëü*Ê);
T -òåìïåðàòóðà, Ê;

Êðèòåðèè îïòèìàëüíîñòè äëÿ çàäà÷è ìíîãîêðèòåðèàëüíîé îïòèìè-
çàöèè:

f1(X) = yPhCH2OBu(Y6)(t
∗, T,N)→ max (2)

f2(X) = yPhCH2OCH2Ph(Y9)(t
∗, T,N)→ min (3)

f3(X) = yBuOBu(Y12)(t
∗, T,N)→ min (4)

Ïîñòàíîâêà çàäà÷è íåëèíåéíîãî ïðîãðàììèðîâàíèÿ [2]:
Ìèíèìèçèðîâàòü

f(x), x ∈ En (5)

ïðè m ëèíåéíûõ èëè íåëèíåéíûõ îãðàíè÷åíèÿõ â âèäå ðàâåíñòâ

hj(x) = 0, j = 1, ...m (6)

è (p−m) ëèíåéíûõ èëè íåëèíåéíûõ îãðàíè÷åíèÿõ â âèäå íåðàâåíñòâ

gj(x) ≥ 0, j = m+ 1, ..., p (7)

Ïðè ðåøåíèè çàäà÷è áûë ïîñòðîåí ôðîíò Ïàðåòî. Îïòèìàëüíîñòü
ïî Ïàðåòî � òàêîå ñîñòîÿíèå ñèñòåìû, ïðè êîòîðîì íè îäèí ïîêàçàòåëü
ñèñòåìû íå ìîæåò áûòü óëó÷øåí áåç óõóäøåíèÿ êàêîãî-ëèáî äðóãîãî
ïîêàçàòåëÿ.

Ðåøåíèå ÑÄÓ ñðåäñòâàìè ÿçûêà python
Ìàòåìàòè÷åñêàÿ ìîäåëü õèìè÷åñêîãî ïðîöåññà ÿâëÿåòñÿ ñèñòåìîé îáûê-

íîâåííûõ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Äëÿ ðåøåíèÿ ÑÄÓ
èñïîëüçóåì ôóíêöèþ odeint, íàõîäÿùóþñÿ â ìîäóëå scipy.integrate. Ïî-
èñê ðåøåíèÿ çàäà÷è îïòèìèçàöèè ñðåäñòâàìè ÿçûêà Python

Ïîèñê ðåøåíèÿ çàäà÷è ìíîãîêðèòåðèàëüíîé îïòèìèçàöèè ïðîâîäè-
ëîñü ñ èñïîëüçîâàíèåì áèáëèîòåêè äëÿ ðàáîòû ñ ìíîãîöåëåâîé îïòè-
ìèçàöèåé - Platypus è îïèñàíèÿ ìåòîäîâ èäåàëüíîé òî÷êè è ëåêñèêî-
ãðàôè÷åñêîãîî óïîðÿäî÷èâàíèÿ.
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Â ðàáîòå ïðèâåäåíû ðåçóëüòàòû ðàñ÷åòà îïòèìàëüíîãî òåìïåðà-
òóðíîãî ðåæèìà äëÿ ðåàêöèè àìèíîìåòèëèðîâàíèÿ òèîëîâ ñ ïîìî-
ùüþ òåòðàìåòèëìåòàíäèàìèíà ñ öåëüþ ïîëó÷åíèÿ ìàêñèìàëüíîãî
âûõîäà ïðîäóêòà ðåàêöèè.

Êëþ÷åâûå ñëîâà: êèíåòè÷åñêàÿ ìîäåëü ðåàêöèè, îïòèìàëüíîå óïðàâ-
ëåíèå, ãåíåòè÷åñêèé àëãîðèòì.

Search for optimal conditions for a chemical reaction based
on a kinetic model

The paper presents the results of calculating the optimal temperature
regime for the reaction of aminomethylation of thiols using tetram-
ethylmethanediamine in order to obtain the maximum yield of the
reaction product.

Keywords: kinetic reaction model, optimal control, genetic algorithm.

Â íàñòîÿùåå âðåìÿ ïðèìåíåíèå ìåòîäîâ ìàòåìàòè÷åñêîãî ìîäåëè-
ðîâàíèÿ äàåò âîçìîæíîñòü ïîâûñèòü ïðîèçâîäèòåëüíîñòü òåõíîëîãè÷å-
ñêîé ñõåìû ïðîöåññà è ïîëó÷èòü êîíêðåòíûå êîëè÷åñòâåííûå ðåçóëüòà-
òû, èìèòèðóÿ íàòóðíûé è ëàáîðàòîðíûé ýêñïåðèìåíòû ñ ïîìîùüþ êîì-
ïüþòåðíûõ ïðîãðàìì. Îäíèì èç ñïîñîáîâ ïîèñêà îïòèìàëüíîãî óïðàâ-
ëåíèÿ õèìèêî-òåõíîëîãè÷åñêèì ïðîöåññîì ÿâëÿåòñÿ ïðèìåíåíèå ãåíåòè-
÷åñêèõ àëãîðèòìîâ. Ãåíåòè÷åñêèå àëãîðèòìû èìèòèðóþò ïðîöåññû, ïðî-
èñõîäÿùèå â õîäå ýâîëþöèè (íàñëåäñòâåííîñòü, èçìåí÷èâîñòü, åñòåñòâåí-
íûé îòáîð), â ðåçóëüòàòå ÷åãî âûæèâàþò íàèáîëåå ïðèñïîñîáëåííûå îñî-
áè, êîòîðûå ïîðîæäàþò íîâîå ïîêîëåíèå ïîòîìêîâ.

Èññëåäîâàíèå âûïîëíåíî â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåðñòâà íà-
óêè è âûñøåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè (êîä íàó÷íîé òåìû FZWU-2020-
0027).
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Íà îñíîâå ñôîðìóëèðîâàííîãî àâòîðàìè àëãîðèòìà â ðàáîòå [1] ðå-
øèì çàäà÷ó ïîèñêà îïòèìàëüíîãî òåìïåðàòóðíîãî ðåæèìà äëÿ ðåàêöèè
àìèíîìåòèëèðîâàíèÿ òèîëîâ ñ èñïîëüçîâàíèåì òåòðàìåòèëìåòàíäèàìè-
íà. Ñõåìà äàííîé ðåàêöèè ïðåäñòàâëÿåòñÿ ïîñëåäîâàòåëüíîñòüþ ñòàäèé
[2]:

X1 +X2 → X3, X3 +X4 → X2 +X5 +X6, (1)

ãäå X1 = N2(CH3)4, X2 = Sm,X3 = N2(CH3)4 · [Sm], X4 = HSC5H11,
X5 = (CH3)2NSC5H11, X6 = (CH3)2NH.

Êèíåòè÷åñêèå óðàâíåíèÿ ñêîðîñòåé ñòàäèé îïðåäåëÿþòñÿ ñîãëàñíî
çàêîíó äåéñòâóþùèõ ìàññ è èìåþò âèä:

ω1 = k1x1x2, ω2 = k2x3x4,

ãäå x = (x1, x2, . . . , x6)T � âåêòîð êîíöåíòðàöèé âåùåñòâ (ìîëü/ë), k1,
k2 � êèíåòè÷åñêèå êîíñòàíòû ðåàêöèè (ë/(ìîëü·÷)), ðàññ÷èòûâàåìûå èñ-
õîäÿ èç óðàâíåíèÿ Àððåíèóñà.

Êèíåòè÷åñêàÿ ìîäåëü ðåàêöèè àìèíîìåòèëèðîâàíèÿ òèîëîâ ïðåäñòàâ-
ëÿåò ñîáîé ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé:

dxi
dt

=

2∑
j=1

γijωj , i = 1, 6, (2)

ñ íà÷àëüíûìè óñëîâèÿìè

xi(0) = x0
i , i = 1, 6, (3)

ãäå (γij) � ìàòðèöà ñòåõèîìåòðè÷åñêèõ êîýôôèöèåíòîâ âåùåñòâ, t �
âðåìÿ ïðîòåêàíèÿ ðåàêöèè (÷).

Ïóñòü óïðàâëÿþùèì ïàðàìåòðîì ÿâëÿåòñÿ òåìïåðàòóðà â ðåàêòîðå.
Íåîáõîäèìî íàéòè îïòèìàëüíûé òåìïåðàòóðíûé ðåæèì T = T (t) õè-
ìè÷åñêîãî ïðîöåññà (1), ïðåäñòàâëÿåìîãî ñèñòåìîé äèôôåðåíöèàëüíûõ
óðàâíåíèé (2) ñ íà÷àëüíûìè óñëîâèÿìè (3) ñ öåëüþ îáåñïå÷åíèÿ ìàêñè-
ìàëüíîãî âûõîäà öåëåâîãî ïðîäóêòà ðåàêöèè

G(x, T ) = x5(tend)→ max.

Äîïóñòèìûå çíà÷åíèÿ òåìïåðàòóðû çàäàþòñÿ íåðàâåíñòâîì:

293K ≤ T (t) ≤ 333K.

Ñôîðìóëèðîâàííàÿ çàäà÷à ðåøåíà ñ ïîìîùüþ ãåíåòè÷åñêîãî àëãîðèòìà
ñî ñëåäóþùèìè ïàðàìåòðàìè: ðàçìåð ïîïóëÿöèè � 60, ìàêñèìàëüíîå êî-
ëè÷åñòâî ïîïóëÿöèé � 5000, êîëè÷åñòâî òî÷åê ðàçáèåíèÿ âðåìåííîãî èí-
òåðâàëà � 450. Âðåìÿ ïðîòåêàíèÿ ðåàêöèè � 1 ÷. Äëÿ ðåøåíèÿ ñèñòåìû
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äèôôåðåíöèàëüíûõ óðàâíåíèé ïðèìåíåí ìåòîä Ðóíãå-Êóòòà ÷åòâåðòîãî
ïîðÿäêà.

Â ðåçóëüòàòå ðàñ÷åòà îïòèìàëüíîãî òåìïåðàòóðíîãî ðåæèìà ðåàêöèè
(1) óñòàíîâëåíî, ÷òî äëÿ îáåñïå÷åíèÿ ìàêñèìàëüíîãî âûõîäà ïðîäóêòà
ðåàêöèè íåîáõîäèìî óäåðæèâàòü ìàêñèìàëüíî äîïóñòèìóþ òåìïåðàòóðó
333 Ê â òå÷åíèå âñåãî âðåìåíè ïðîòåêàíèÿ ðåàêöèè (1 ÷), à ìàêñèìàëü-
íûé âûõîä öåëåâîãî ïðîäóêòà X5 ñîñòàâëÿåò 86 %. Ïîëó÷åííûé ðåçóëü-
òàò ðåøåíèÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ íà îñíîâå ãåíåòè÷åñêîãî
àëãîðèòìà äëÿ ñõåìû ðåàêöèè (1) ñîãëàñóåòñÿ ñ òåì, ÷òî äëÿ ïîëîæè-
òåëüíûõ çíà÷åíèé ýíåðãèé àêòèâàöèè âûõîä ïðîäóêòà âñåãäà áóäåò ìàê-
ñèìàëüíûì ïðè ìàêñèìàëüíîé òåìïåðàòóðå.
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Ðàññìàòðèâàþòñÿ óëüòðàçâóêîâûå ïîêàçàòåëè ñåãìåíòàðíîé ôóíê-
öèè àîðòû è ñîííûõ àðòåðèé 30 çäîðîâûõ äåòåé. Ýêñïåðèìåíòàëü-
íûå äàííûå ïîëó÷åíû íà óëüòðàçâóêîâîì ñêàíåðå Acuson S 2000
(Siemens Medical Systems, Mountain View, CA, USA) ñ èñïîëüçîâà-
íèåì òåõíîëîãèè âèçóàëèçàöèè âåêòîðà ñêîðîñòè äâèæåíèÿ. Ïðî-
àíàëèçèðîâàíû êîððåëÿöèîííûå çàâèñèìîñòè äàííûõ ïîêàçàòåëåé
ñ âûÿâëåíèåì ñèëüíîé ñâÿçè ñ äèíàìè÷åñêèìè ïàðàìåòðàìè âîñõî-
äÿùåãî îòäåëà àîðòû è îòäåëà ñîííîé àðòåðèè. Óñòàíîâëåíà ñâÿçü
ïîêàçàòåëåé ñ êàñàòåëüíûìè íàïðÿæåíèÿìè íà âíóòðèñîñóäèñòîé
ñòåíêå, îïðåäåëåííûìè â ðàìêàõ êëàññè÷åñêîé çàäà÷è Ïóàçåéëÿ.

Êëþ÷åâûå ñëîâà: êîððåëÿöèîííàÿ ìîäåëü, àîðòà, ñîííàÿ àðòåðèÿ,
óëüòðàçâóêîâàÿ îöåíêà ïîêàçàòåëåé, êàñàòåëüíûå íàïðÿæåíèÿ.

Correlation model of ultrasound indicators of the dynamics
of the aorta and carotid arteries

The ultrasound indices of the segmental function of the aorta and
carotid arteries of 30 healthy children are considered. The experi-
mental data were obtained on an Acuson S 2000 ultrasound scanner
(Siemens Medical Systems, Mountain View, CA, USA) using the mo-
tion velocity vector visualization technology. The correlation depen-
dences of these indicators were analyzed, with the identification of a
strong connection with the dynamic parameters of the ascending aorta
and the carotid artery. The relationship between the indicators and
the shear stresses on the intravascular wall, determined within the
framework of the classical Poiseuille problem, has been established.

Keywords: correlation model, aorta, carotid artery, ultrasound evalu-
ation of indicators, shear stresses.
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Ôóíêöèîíàëüíûå íàðóøåíèÿ àðòåðèàëüíîé ñòåíêè ñ÷èòàþòñÿ ïåð-
âûì ïðîÿâëåíèåì ñòðóêòóðíûõ èçìåíåíèé è ïðåäøåñòâóþò äàëüíåéøèì
ñåðäå÷íî-ñîñóäèñòûì çàáîëåâàíèÿì [1]. Îñíîâíûå ìåõàíè÷åñêèå ñâîé-
ñòâà àðòåðèé îïðåäåëÿþòñÿ íåëèíåéíûìè óïðóãèìè õàðàêòåðèñòèêàìè,
íåîäíîðîäíîñòüþ è àíèçîòðîïèåé, âÿçêîóïðóãèìè ñâîéñòâàìè [2, 3]. Â
íîðìå àðòåðèàëüíàÿ ñòåíêà äåìîíñòðèðóåò ïàññèâíûå è àêòèâíûå ìå-
õàíè÷åñêèå ñâîéñòâà. Ïàññèâíûå ìåõàíè÷åñêèå ñâîéñòâà ðåàëèçóþòñÿ çà
ñ÷åò íàëè÷èÿ ýëàñòèíà è êîëëàãåíà. Àêòèâíûå ìåõàíè÷åñêèå ñâîéñòâà
àðòåðèàëüíîé ñòåíêè � ýòî óïðóãèå äåôîðìàöèè.

Íàðÿäó ñ äèíàìè÷åñêèìè ïàðàìåòðàìè êðîâîòîêà, âåëè÷èíîé äåôîð-
ìàöèè, àðòåðèàëüíîé æåñòêîñòè ñîñóäà è äðóãèìè ôóíêöèîíàëüíûìè
ïîêàçàòåëÿìè, âàæíîå çíà÷åíèå èìååò âåëè÷èíà êàñàòåëüíûõ íàïðÿæå-
íèé (ÊÍ) íà âíóòðèñîñóäèñòîé ñòåíêå (èíòèìàëüíûé ñëîé).

Â íàøåì èññëåäîâàíèè ïðåäïðèíÿòà ïîïûòêà îöåíêè ÊÍ íà âíóòðè-
ñîñóäèñòîé ñòåíêå â ðàìêàõ êëàññè÷åñêîé çàäà÷è òåîðèè Ïóàçåéëÿ [4]. Â
èññëåäîâàíèè ïðèíÿëè ó÷àñòèå 30 çäîðîâûõ äåòåé.

Ðåçóëüòàòû. Âûÿâëåíî, ÷òî ÊÍ íà ñòåíêå âîñõîäÿùåãî îòäåëà àîð-
òû ïðÿìî êîððåëèðóåò ñî ñêîðîñòíûìè ïàðàìåòðàìè òðàíñàîðòàëüíîãî
äîïïëåðîâñêîãî êðîâîòîêà (R=0,682). Äèàìåòð ïåðåøåéêà àîðòû îáðàò-
íî êîððåëèðóåò ñ ÊÍ. Ïîëó÷åííûå íàìè ðåôåðåíñíûå çíà÷åíèÿ ÊÍ â
âîñõîäÿùåì îòäåëå àîðòû ó îáñëåäîâàííûõ çäîðîâûõ äåòåé âàæíû äëÿ
ïðàêòèêè, òàê êàê ïîçâîëÿò áîëåå òî÷íî îöåíèòü ãåìîäèíàìè÷åñêóþ çíà-
÷èìîñòü ãèïîïëàçèðîâàííîãî ó÷àñòêà äèñòàëüíîé äóãè è ïåðåøåéêà àîð-
òû ïðè íàëè÷èè ãèïîïëàçèè äóãè àîðòû è ðåêîàðêòàöèè àîðòû.

Âûâîäû. Äàííûå î ÊÍ âîñõîäÿùåãî îòäåëà àîðòû è îáùåé ñîííîé
àðòåðèè (ÎÑÀ) ó äåòåé ìîãóò áûòü èñïîëüçîâàíû êàê íîðìàòèâíûå äëÿ
îöåíêè ìåõàíè÷åñêîé ôóíêöèè àðòåðèàëüíîé ñòåíêè. Ïàðàìåòðû ÊÍ
âîñõîäÿùåãî îòäåëà àîðòû ñâÿçàíû ñ ðàçìåðàìè ïåðåøåéêà àîðòû. Êàñà-
òåëüíûå íàïðÿæåíèÿ â îòäåëå ñîííîé àðòåðèè êîððåëèðóþò ñ àðòåðèàëü-
íîé æåñòêîñòüþ ÎÑÀ. Ðàçðàáîòàíà êîððåëÿöèîííàÿ ìîäåëü.Êàñàòåëüíûå
íàïðÿæåíèÿ îòðàæàþò íàðóøåíèÿ áèîìåõàíèêè àîðòû è ñîííûõ àðòå-
ðèé, ÷òî ñîïðÿæåíî ñ ïîâûøåííûì ðèñêîì ñåðäå÷íî-ñîñóäèñòûõ îñëîæ-
íåíèé. Äàëüíåéøèå èññëåäîâàíèÿ ïî ðàçðàáîòàííîé êîððåëÿöèîííîé ìî-
äåëè ìîãóò áûòü ñâÿçàíû ñ îáîáùåíèåì ïðèáëèæåííîãî ðåøåíèÿ äëÿ
îöåíêè ÊÍ íà èñêðèâëåííûå ñîñóäû ñ ïðèìåíåíèåì ÷èñëåííûõ ìåòîäîâ.
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Íà îñíîâå ëèòåðàòóðíîãî àíàëèçà âîçìîæíûõ ñõåì õèìè÷åñêèõ
ïðåâðàùåíèé, ìåõàíèçìà ïðîöåññà è ëèòåðàòóðíûõ äàííûõ ïîñòðî-
åíà ìàòåìàòè÷åñêàÿ ìîäåëü ðåàêòîðíîãî áëîêà ïðîöåññà è îïðåäå-
ëåíû êèíåòè÷åñêèå ïàðàìåòðû, ïðîòåêàþùèõ ðåàêöèé. Ïðîâåäåíû
ðàñ÷¼òû ïî ïîèñêó îïòèìàëüíîãî ñîîòíîøåíèÿ èçîáóòàí:îëåôèí â
ñûðüå äëÿ óâåëè÷åíèÿ âûõîäà öåëåâûõ è ñíèæåíèÿ âûõîäà ïîáî÷-
íûõ ïðîäóêòîâ ïðîöåññà ñåðíîêèñëîòíîãî àëêèëèðîâàíèÿ.

Êëþ÷åâûå ñëîâà: àëêèëèðîâàíèå, ìàòåìàòè÷åñêàÿ ìîäåëü, êèíåòè-
÷åñêàÿ ìîäåëü, õèìè÷åñêàÿ ðåàêöèÿ.

Optimization of the process of sulfuric acid alkylation of
isobutane with olefins by developing a mathematical model

Based on the literary analysis of possible schemes of chemical trans-
formations, the mechanism of the process and the literary data, a
mathematical model of the reactor unit of the process is constructed
and the kinetic parameters of the reactions are determined. Calcula-
tions are carried out to find the optimal ratio of isobutane:olefin in
raw materials to increase the yield of target and reduce the yield of
by-products of the sulfuric acid alkylation process.

Keywords: alkylation, mathematical model, kinetic model, chemical
reaction.
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è îòå÷åñòâåííûå íîðìàòèâû ñóùåñòâåííî îãðàíè÷èâàþò ñîäåðæàíèå àðî-
ìàòè÷åñêèõ óãëåâîäîðîäîâ, áåíçîëà, îëåôèíîâ è ñåðû â òîïëèâå.

Â ñåðåäèíå XX âåêà íà ýòàïå ïðîåêòèðîâàíèÿ áîëüøèíñòâà ïðîìûø-
ëåííûõ òåõíîëîãè÷åñêèõ óñòàíîâîê, ãëóáîêîìó èçó÷åíèþ ìåõàíèçìà ïðî-
öåññîâ óäåëÿëîñü íåäîñòàòî÷íî âíèìàíèÿ. Â íàñòîÿùåå æå âðåìÿ ðàçâè-
òûå èíôîðìàöèîííûå òåõíîëîãèè, ïðèâåëè ê ñîçäàíèþ óíèâåðñàëüíûõ
ïðîãðàììíûõ êîìïëåêñîâ, ïîçâîëÿþùèõ áîëåå ïîäðîáíî ïîäîéòè ê èçó-
÷åíèþ õèìèçìà ïðîòåêàþùèõ ðåàêöèé è ðàçðàáàòûâàòü ìîäåëè ïðîìûø-
ëåííûõ ïðîöåññîâ, ñ ïîìîùüþ êîòîðûõ ìîæíî îòñëåæèâàòü òåêóùóþ
äåÿòåëüíîñòü è çàëîæèòü îñíîâû äëÿ èíòåíñèôèêàöèè ïðîöåññà [1,2].

Ïîñêîëüêó ëþáàÿ ìàòåìàòè÷åñêàÿ ìîäåëü õèìèêî-òåõíîëîãè÷åñêèõ
ïðîöåññîâ ñòðîèòñÿ íà ôèçèêî-õèìè÷åñêîé îñíîâå, äëÿ óñïåøíîãî ìî-
äåëèðîâàíèÿ ïðîöåññà íåîáõîäèìî äåòàëèçèðîâàííîå èçó÷åíèå õèìèçìà
è ñîñòàâëåíèå ïîäðîáíîé êèíåòè÷åñêîé ìîäåëè ñ íàèáîëåå ïîëíûì ó÷å-
òîì òåðìîäèíàìè÷åñêèõ è êèíåòè÷åñêèõ çàêîíîìåðíîñòåé öåëåâûõ è ïî-
áî÷íûõ ðåàêöèé [3,4]. Íà ÿçûêå Python áûë íàïèñàí ïðîãðàììíûé êîä
äëÿ ïîñòðîåíèÿ êèíåòè÷åñêîé ìîäåëè ïðîöåññà ñåðíîêèñëîòíîãî àëêèëè-
ðîâàíèÿ èçîáóòàíà îëåôèíàìè, çàäà÷à ðåøàëàñü èñïîëüçîâàíèåì íåÿâ-
íîãî ìåòîäà Ðóíãå-Êóòòû ìåòîäà Ðàäî � II A ïÿòîãî ïîðÿäêà (Radau
5). Äëÿ îïðåäåëåíèÿ êîíñòàíò ñêîðîñòåé ðåàêöèé, áûë âûáðàí ìåòîä
GeneticAlgorithmBase. Ðåøåíèå îáðàòíîé êèíåòè÷åñêîé çàäà÷è îïðåäå-
ëÿåòñÿ ôóíêöèîíàëîì:

F =

N∑
i=1

M∑
i=1

|xexpij − x
calc
ij | (1)

ãäå N - êîëè÷åñòâî ïàðàìåòðîâ îïòèìèçàöèè, M - êîëè÷åñòâî îïûòîâ,
xexpij - ýêñïåðèìåíòàëüíîå çíà÷åíèå, xcalcij - ðàñ÷åòíîå çíà÷åíèå.

Êîëè÷åñòâî ïàðàìåòðîâ îïòèìèçàöèè ñîñòàâèëî 15(n= 15).
Ìåòîäîì Di�erentialEvolutionBase ïðîâåäåíû ðàñ÷¼òû ïî ïîèñêó îï-

òèìàëüíîãî ñîîòíîøåíèÿ èçîáóòàí:îëåôèí â ñûðüå. Ñîãëàñíî ëèòåðàòó-
ðå íåîáõîäèìî, ÷òîáû ñîîòíîøåíèå èçîáóòàí:îëåôèí íàõîäèëîñü â ïðåäå-
ëàõ (6-10):1. Ýòî ñâÿçàíî ñ òåì, ÷òî èçáûòîê èçîáóòàíà èíòåíñèôèöèðóåò
öåëåâûå ðåàêöèè àëêèëèðîâàíèÿ è ïîäàâëÿåò ïðîòåêàíèå ïîáî÷íûõ, íî
ïðè ýòîì ÷åðåç ÷óð áîëüøîé èçáûòîê èçîáóòàíà ìîæåò ñïîñîáñòâîâàòü
ïðîòåêàíèþ ïîáî÷íûõ ðåàêöèé ñàìîàëêèëèðîâàíèÿ.
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Â äàííîé ðàáîòå ïðåäñòàâëåíû ðåçóëüòàòû ðàçðàáîòêè êîìïüþ-
òåðíîé ïðîãðàììû, êîòîðàÿ ïîçâîëÿåò ïîäáèðàòü (ìîäåëèðîâàòü)
ïðàéìåðû ñ ó÷åòîì ðåêîìåíäóåìûõ óñëîâèé ïîäáîðà äëÿ ïðîâåäå-
íèÿ ïåòëåâîé èçîòåðìè÷åñêîé àìïëèôèêàöèè (Lîop-mediated isothermal
AMPli�cation). Ïðîãðàììà íàïèñàíà íà ÿçûêå ïðîãðàììèðîâàíèÿ
Python ñ èñïîëüçîâàíèåì áèîèíôîðìàòè÷åñêîé áèáëèîòåêè biopython.

Êëþ÷åâûå ñëîâà: äèçàéí ïðàéìåðîâ, LAMP, èçîòåðìè÷åñêàÿ ïåò-
ëåâàÿ àìïëèôèêàöèÿ, Python.

Design of primers for loop-mediated isothermal
amplification

This paper presents the software which allows user to do primer design
(primer modeling) for taking into account the recommended selection
conditions for loop-mediated isothermal amplification. The authors
used the Python programming language with biopython library.

Keywords: primer design, LAMP, loop mediated isothermal amplifica-
tion, Python.

Ïåòëåâàÿ èçîòåðìè÷åñêàÿ àìïëèôèêàöèÿ (Loop-mediated isothermal
ampli�cation, LAMP) � ýòî ñïîñîá àìïëèôèêàöèè íóêëåèíîâûõ êèñëîò,
êîòîðûé çàêëþ÷àåòñÿ â èñïîëüçîâàíèè äëÿ àìïëèôèêàöèè äåçîêñèðè-
áîíóêëåèíîâîé êèñëîòû (ÄÍÊ) èëè ðèáîíóêëåèíîâîé êèñëîòû (ÐÍÊ) â
èçîòåðìè÷åñêèõ óñëîâèÿõ [1]. Äëÿ óñïåøíîãî ïðîâåäåíèÿ LAMP íåîáõî-
äèìî ïðàâèëüíî ïîäîáðàòü ïðàéìåðû. Ïðàéìåðû � ýòî êîðîòêèå èñêóñ-
ñòâåííî ñîçäàííûå íóêëåîòèäíûå ïîñëåäîâàòåëüíîñòè êîìïëåìåíòàðíûå
öåëåâûì ó÷àñòêàì ÄÍÊ [2]. ×àùå âñåãî èñïîëüçóþò íàáîðû èç øåñòè
ïðàéìåðîâ, ñõåìà ðàñïîëîæåíèÿ êîòîðûõ ïðåäñòàâëåíà íà ðèñóíêå 1 [3].
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Ðèñ. 1: Ñõåìà ðàñïîëîæåíèÿ ïðàéìåðîâ ïðè LAMP

Êîìïëåêò ïðàéìåðîâ ñîäåðæèò âíåøíèå (F3, B3), âíóòðåííèå (F2,
F1c, B1c, B2, èìåþò óäâîåííóþ äëèíó (FIP, BIP)) è ïåòëåâûå (LoopF,
LoopB) ïðàéìåðû.

Äèçàéí ïðàéìåðîâ äëÿ LAMP ïðåäñòàâëÿåò ñîáîé íåòðèâèàëüíóþ
çàäà÷ó èç-çà áîëüøîãî êîëè÷åñòâà ïðàéìåðîâ è äëèíû ãåíîìà, è ïî-
ýòîìó òðåáóåò ðàçðàáîòêè ñïåöèàëüíûõ êîìïüþòåðíûõ ïðîãðàìì. Îä-
íàêî ñóùåñòâóþùèå ïðîãðàììû íå îáëàäàþò äîñòàòî÷íûì ôóíêöèîíà-
ëîì äëÿ ýôôåêòèâíîãî êîìïüþòåðíîãî ìîäåëèðîâàíèÿ [4, 5]. Êðîìå òîãî,
îíè ïîçâîëÿþò ïðîâîäèòü ïîäáîð ïðàéìåðîâ èñêëþ÷èòåëüíî äëÿ ñòàí-
äàðòíîãî ïðîâåäåíèÿ LAMP, íå ïðåäóñìàòðèâàþùåãî ïîâûøåííîé ñïå-
öèôè÷íîñòè ïðîâåäåíèÿ ýòîé ðåàêöèè. Íàìè ðàçðàáîòàíà ñïåöèàëüíàÿ
êîìïüþòåðíàÿ ïðîãðàììà, ðåàëèçîâàííàÿ íà ÿçûêå ïðîãðàììèðîâàíèÿ
Python ñ èñïîëüçîâàíèåì áèáëèîòåêè biopython, ïîçâîëÿþùåé ðàáîòàòü
ñ ïîñëåäîâàòåëüíîñòÿìè ÄÍÊ, ÐÍÊ.

Âõîäíûìè ïàðàìåòðàìè ÿâëÿþòñÿ: ôàéë â ôîðìàòå FASTA, â êîòî-
ðîì õðàíèòñÿ íóêëåîòèäíàÿ ïîñëåäîâàòåëüíîñòü ãåíîìà äëÿ ïðîâåäåíèÿ
LAMP, äëèíà öåëåâîãî ó÷àñòêà (íóêëåîòèäû), äèàïàçîí äëèíû ïðàéìå-
ðîâ (íóêëåîòèäû), GC-ñîñòàâ (%), òåìïåðàòóðà ïëàâëåíèÿ (◦Ñ). Ïðî-
ãðàììà ôîðìèðóåò ïðàéìåðû ñîãëàñíî çàäàííûì íà÷àëüíûì óñëîâèÿì
è ãðóïïèðóåò èõ ïî íàáîðàì. Íàáîðû ôîðìèðóþòñÿ ñ ó÷åòîì çàäàííûõ
íà÷àëüíûõ óñëîâèé ïîäáîðà ïðàéìåðîâ è êëþ÷åâûõ ïàðàìåòðîâ: îòñóò-
ñòâèå ãîìî- è ãåòåðîäèìåðîâ, ìèíèìàëüíàÿ ðàçíèöà òåìïåðàòóð ïëàâëå-
íèÿ è GC-ñîñòàâà ñðåäè ïðàéìåðîâ â íàáîðå. Âûõîäíûìè äàííûìè ïðî-
ãðàììû ÿâëÿþòñÿ: îïòèìàëüíûå íàáîðû ïðàéìåðîâ, èõ ïîçèöèè ïðèñî-
åäèíåíèÿ ê ãåíîìó, òåìïåðàòóðà ïëàâëåíèÿ, GC-ñîñòàâ è ýíåðãèÿ Ãèááñà.
Äëÿ ïðîâåäåíèÿ êîíêðåòíîãî ëàáîðàòîðíîãî ýêñïåðèìåíòà ïîëüçîâàòåëü
ìîæåò âûáðàòü ïîäõîäÿùèé íàáîð èç ïðåäñòàâëåííûõ.

Â äàëüíåéøåì ïëàíèðóåòñÿ ó÷èòûâàòü òåðìîäèíàìè÷åñêèå õàðàêòå-
ðèñòèêè ïðàéìåðîâ, à òàêæå äîáàâèòü íåîáõîäèìûé êëþ÷åâîé ïàðàìåòð
ãèáðèäèçàöèîííûé çîíä ñ ñàìîñòîÿòåëüíûì ìåñòîì îòæèãà, êîòîðûé áó-
äåò ñëóæèòü äîïîëíèòåëüíûì èäåíòèôèêàòîðîì àìïëèôèêàöèè èñêî-
ìîé ïîñëåäîâàòåëüíîñòè, òåì ñàìûì, èñêëþ÷àÿ ëîæíûå ðåçóëüòàòû.
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Using mathematical models to create an image of the human brain
reproduction of machines by artificial intelligence. An artificial neu-
ral network consists of three components: input layer, hidden layers,
output layer. Also, in the center of the neural network is the loss
function. Which minimizes errors known as: quadratic, cross-entropy,
AdaBoost, Kullback distance. Loss function should not depend on the
activation values of the neural network.

Keywords: artificial intelligence, neural networks, automation of intel-
ligence.

Arti�cial intelligence worked at a high level required to use deep neural
networks. It is a class of machine learning algorithms for creating e�cient
and multilayer neural networks. With this method, we can achieve great
results in machine learning. As the data grows, noise appears that interferes
with the accuracy of the results. In many problems it uses the Bayesian
method to solve. However, this method cannot guarantee the accuracy of
the results. Also, the maximum a posteriori is used for the accuracy of the
results. All methods su�er from over�tting. For this we will use probability
theory to train neural networks. As a result, we will use batch size data
that will not lead to over�tting. This will greatly reduce the resources and
time used. In practice, with data processing in a Python program, we got
98 percentage e�ciency. Using this technique, you do not need to guess the
layers of neural networks and training steps. In this practice, the system
automatically selects the necessary parameters for e�ective results.

Ëèòåðàòóðà
1. Cybenko, G.V. Approximation by Superpositions of a Sigmoidal function

// In van Schuppen, Jan H. (ed.). Mathematics of Control, Signals, and Systems.
Springer International. pp. 303â��314.

2. Duda R.O., Hart P.E, Stork D.G. Pattern classi�cation (2 ed.). Wiley.

Ashimov Yeskendyr, Master, Al-Farabi Kazakh National University (Almaty,
Kazakhstan)

147



ÂÛ×ÈÑËÅÍÈß ÎÏÐÅÄÅËÈÒÅËß ÇÀØÈÔÐÎÂÀÍÍÎÉ
ÊÂÀÄÐÀÒÍÎÉ ÌÀÒÐÈÖÛ
@ Ì.Ã. Áàáåíêî, Í.Í. Êó÷åðîâ
mgbabenko@ncfu.ru, nkucherov@ncfu.ru

ÓÄÊ 004.042

DOI: 10.33184/mnkuomsh2t-2021-10-06.57.

Çàäà÷à âû÷èñëåíèÿ îïðåäåëèòåëÿ âîçíèêàåò ïðè ðåøåíèè öåëî-
ãî ïðàêòè÷åñêèõ ðÿä çàäà÷. Îäíàêî âû÷èñëåíèÿ îïðåäåëèòåëÿ çà-
øèôðîâàííîé ìàòðèöû ÿâëÿåòñÿ âû÷èñëèòåëüíî ñëîæíîé çàäà÷åé.
Ñóùåñòâóþùèå íà äàííûé ìîìåíò àëãîðèòìû âû÷èñëåíèÿ îïðåäå-
ëèòåëÿ çàøèôðîâàííîé êâàäðàòíîé ìàòðèöû ïðèâîäÿò ê ÷àñòè÷-
íîé èëè ïîëíîé êðàæè ñåêðåòíîãî êëþ÷à íåñàíêöèîíèðîâàííûì
ïîëüçîâàòåëåì. Â ðàáîòå ïðåäëàãàåì äâà àëãîðèòìà âû÷èñëåíèÿ
îïðåäåëèòåëÿ çàøèôðîâàííîé ìàòðèöû. Ïåðâûé àëãîðèòì îñíî-
âàí íà îïðåäåëåíèè, îí ïðèìåíèì äëÿ ìàòðèö 2 è 3 ïîðÿäêà. Âòî-
ðîé àëãîðèòì îñíîâàí íà ìîäèôèêàöèè ôîðìóëû äîïîëíåíèÿ ïî
Øóðà, ïîçâîëÿþùèé óìåíüøèòü êîëè÷åñòâî øàãîâ ïî ñðàâíåíèþ
ñ ïåðâûì àëãîðèòìîì.

Êëþ÷åâûå ñëîâà: âû÷èñëåíèå îïðåäåëèòåëÿ, øèôðîâàíèå, ñåêðåò-
íûé êëþ÷.

Calculating the determinant of an encrypted square matrix

The problem of calculating the determinant arises when solving a num-
ber of practical problems. However, computing the determinant of
an encrypted matrix is computationally challenging. Moreover, the
currently existing algorithms for calculating the determinant of an en-
crypted square matrix lead to partial or complete theft of the secret
key by an unauthorized user. In this paper, we propose two algorithms
for calculating the determinant of an encrypted matrix. The first algo-
rithm is based on the definition applicable for matrices of orders 2 and
3. The second algorithm is based on modifying the Schur complement
formula, making it possible to reduce the number of steps compared
to the first algorithm.

Keywords: calculation of determinant, encryption, secret key.

Ïóñòü çàäàíà êâàäðàòíàÿ ìàòðèöà A äëÿ êîòîðîé íåîáõîäèìî âû÷èñ-
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Îïðåäåëåíèå [1]. Îïðåäåëèòåëåì êâàäðàòíîé ìàòðèöû A = (ai,j),
ïîðÿäêà n íàçûâàåòñÿ ÷èñëî

detA =
∑

k1,k2,...,kn

sign(k1, k2, . . . , kn) · a1,k1 · a2,k2 · · · an,kn

ãäå çíàê ïåðåñòàíîâêè (k1, k2, . . . , kn) îáîçíà÷àåòñÿ ÷åðåç sign(k1, k2, . . . , kn).
Ðàññìîòðèì àëãîðèòì âû÷èñëåíèÿ îïðåäåëåíèÿ, îñíîâàííûé íà Îïðå-

äåëåíèè 1, ìû ïîëó÷èì:
Àëãîðèòì. Âû÷èñëåíèÿ îïðåäåëèòåëÿ çàøèôðîâàííîé êâàäðàòíîé

ìàòðèöû Ai(x) = (ai,j) ïîðÿäêà n ïî îïðåäåëåíèþ:
Input:Ìàòðèöà A ïðåäñòàâëåííàÿ â øèôðîâàííîì âèäå n-ìíîãî÷ëåíàìè

Ai(x), ãäå i-ÿ ñòðîêà ìàòðèöû A çàêîäèðîâàíà ìíîãî÷ëåíîì Ai(x). Åäè-
íè÷íàÿ ìàòðèöà E ïîðÿäêà n, ïðåäñòàâëåííàÿ â çàøèôðîâàííîì âèäå n
ìíîãî÷ëåíàìè Ei(x), ãäå i-ÿ ñòðîêà ìàòðèöû E çàêîäèðîâàíà ìíîãî÷ëå-
íîì Ei(x).

Output: A(x) � çíà÷åíèå îïðåäåëèòåëÿ detA â çàøèôðîâàííîì âèäå.

1. Per = (1, 2, . . . , n)

2. A(x) = A1(x)⊗ E1(x)

3. For i = 2 to n do:

(a) a(x) = Ai(x)⊗ Ei(x)

(b) A(x) = A(x)⊗ a(x)

4. while (nextPermutation(Per)):

(a) S = sign(Per)

(b) Temp(x) = A1(x)⊗ EPer1(x)

(c) For i = 2 to n do:

i. a(x) = Ai(x)⊗ EPeri(x)

ii. Temp(x) = Temp(x)⊗ a(x)

(d) IF S > 0 then A(x) = A(x) ⊕ Temp(x) else A(x) = A(x) 	
Temp(x)

5. return(A(x))

Ôóíêöèÿ nextPermutation(Per) âîçâðàùàåò True â ñëó÷àå, åñëè ñó-
ùåñòâóåò ñëåäóþùàÿ ïåðåñòàíîâêà â ëåêñèêîãðàôè÷åñêîì ïîðÿäêå, è
False, åñëè íåò.

149



Åñëè ôóíêöèÿ nextPermutation(Per) âåðíóëà True, òî çíà÷åíèå ñëå-
äóþùåé â ëåêñèêîãðàôè÷åñêîì ïîðÿäêå ïåðåñòàíîâêè áóäåò çàïèñàíî â
ïåðåìåííóþ Per. Îöåíèì íåîáõîäèìîå êîëè÷åñòâî àðèôìåòè÷åñêèõ îïå-
ðàöèé ñ çàøèôðîâàííûìè ÷èñëàìè: ãëóáèíà óìíîæåíèé ðàâíà 2 · n− 1,
êîëè÷åñòâî ñëîæåíèé çàøèôðîâàííûõ ÷èñåë n!− 1 (òàê êàê êîëè÷åñòâî
ïåðåñòàíîâîê ðàâíî n! [2]).
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Ðàáîòà ïîñâÿùåíà ñîçäàíèþ óäîáíîãî è èíòóèòèâíî ïîíÿòíîãî ïðè-
ëîæåíèÿ äëÿ ñðàâíåíèÿ äàííûõ èç ñïðàâîê äëÿ ïåðåâîäà è ó÷åá-
íîãî ïëàíà.

Êëþ÷åâûå ñëîâà: ïðèëîæåíèå, ðàñïîçíàâàíèå, àíàëèç.

Automated processing of applications for transfer and
restoration to BSU

The work is devoted to creating a convenient and intuitive application
for comparing data from translation references and the curriculum.

Keywords: application, recognition, analysis.

Î÷åíü ÷àñòî ñòóäåíòû âóçîâ ïðèíîñÿò â äåêàíàòû çàÿâëåíèÿ è äî-
êóìåíòû î ïåðåâîäå èëè âîññòàíîâëåíèè, â ñâÿçè ñ ÷åì ïðèõîäèòñÿ èõ
àíàëèçèðîâàòü è ðåøàòü êàêèå äèñöèïëèíû ìîæíî ïåðåçà÷åñòü äàííîìó
ñòóäåíòó, à êàêèå íåîáõîäèìî åìó äîñäàòü. Äåëàåòñÿ ýòî âñå âðó÷íóþ,
çàíèìàåò ìíîãî âðåìåíè, ïîýòîìó àâòîìàòèçàöèÿ ýòîãî ïðîöåññà î÷åíü
àêòóàëüíà äëÿ ìíîãèõ ó÷åáíûõ çàâåäåíèé.

Òàê êàê ýòè äîêóìåíòû îôîðìëåíû íà áóìàæíûõ íîñèòåëÿõ, íåîáõî-
äèìî ïåðåâåñòè èõ â ýëåêòðîííûé âèä ñ öåëüþ äàëüíåéøåé îáðàáîòêè.
Ïîýòîìó èìåþòñÿ äâå çàäà÷è, êîòîðûå íóæíî ðåøèòü: ïåðåâîä äàííûõ
â ýëåêòðîííûé âèä è èõ ïîñëåäóþùèé àíàëèç.

Áûëî ðàçðàáîòàíî ïðèëîæåíèå, êîòîðîå ïîëó÷àåò íà âõîä çàÿâëåíèå
ñòóäåíòà, ïåðåâîäèò åãî â ýëåêòðîííûé òàáëè÷íûé âèä, àíàëèçèðóåò ïî-
ëó÷åííóþ èíôîðìàöèþ è â êà÷åñòâå âûõîäíîãî ôàéëà âûâîäèò òàáëèöó,
ãäå ñîäåðæèòñÿ èíôîðìàöèÿ, êàêèå äèñöèïëèíû ìîæíî ïåðåçà÷åñòü, êà-
êèõ äèñöèïëèí íå õâàòàåò, à äëÿ êàêèõ äèñöèïëèí íåäîñòàòî÷íî àêàäå-
ìè÷åñêèõ ÷àñîâ. Ïîëüçîâàòåëþ æå îñòàåòñÿ òîëüêî êîíå÷íàÿ îáðàáîòêà
ïîëó÷åííîé èíôîðìàöèè.

Äëÿ ðåøåíèÿ ïðîáëåìû êîíâåðòàöèè èíôîðìàöèè èç ïîñòóïàþùåãî
íà âõîä ñêàíà äîêóìåíòà â ýëåêòðîííûé âèä áûëà èñïîëüçîâàíà íåé-
ðîííàÿ ñåòü Tesseract-OCR, êîòîðàÿ èç êàðòèíêè êîíâåðòèðóåò òåêñò è
çàïèñûâàåò åãî â ôàéë äëÿ òàáëè÷íîãî ïðîöåññà Excel.

Áàéáàêîâ Âëàäèñëàâ Ñòàíèñëàâîâè÷, ñòóäåíò, ÁàøÃÓ (Óôà, Ðîññèÿ); Vladislav
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Äàëåå ïðîãðàììà ñðàâíèâàåò ñîäåðæèìîå ñôîðìèðîâàííîãî .xls ôàé-
ëà ñ ó÷åáíûì ïëàíîì, â êîòîðîì ñîäåðæèòñÿ èíôîðìàöèÿ î âñåõ êóðñàõ
è ÷àñàõ òîé ñïåöèàëüíîñòè, íà êîòîðóþ ñòóäåíò ïåðåâîäèòñÿ èëè âîññòà-
íàâëèâàåòñÿ. Ðåçóëüòàò âûâîäèòñÿ â ôàéë â âèäå òàáëèöû. Â íåé íàçâà-
íèÿ ïðåäìåòîâ èç ó÷åáíîãî ïëàíà áóäóò âûäåëåíû îäíèì èç òðåõ öâåòîâ.

Åñëè ó ñòóäåíòà â ñïèñêå äèñöèïëèí åñòü äàííûé ïðåäìåò è êîëè÷å-
ñòâî ÷àñîâ íå ìåíåå, ÷åì â îáðàçîâàòåëüíîé ïðîãðàììå, òî òåêñò áóäåò
çåëåíîãî öâåòà.

Åñëè äàííûé ïðåäìåò åñòü, íî ÷àñîâ íåäîñòàòî÷íî, òî òåêñò â ÿ÷åéêå
áóäåò îêðàøåí â æåëòûé öâåò, è â ÿ÷åéêå ñ ÷àñàìè îáðàçîâàòåëüíîé
ïðîãðàììû â ñêîáêàõ áóäåò óêàçàíî êîëè÷åñòâî àêàäåìè÷åñêèõ ÷àñîâ èç
ñïðàâêè ñòóäåíòà.

Â ñëó÷àå, åñëè â ñïèñêå äèñöèïëèí ñòóäåíòà íåò êàêîãî-òî ïðåäìåòà,
òî åãî íàçâàíèå áóäåò âûäåëåíî êðàñíûì öâåòîì.

Ïðîãðàììà íàïèñàíà íà ÿçûêå ïðîãðàììèðîâàíèÿ Python. Âåñü ïðî-
öåññ ðàçðàáîòêè ïðîèñõîäèë â ñðåäå ïðîãðàììèðîâàíèÿ PyCharm.

Ïðèëîæåíèå ìîæåò áûòü èñïîëüçîâàíî âíå çàâèñèìîñòè îò ôàêóëüòå-
òà è äàæå âóçà. Äëÿ ýòîãî íåîáõîäèìî âûáðàòü ôàéë ó÷åáíîãî ïëàíà ñî-
îòâåòñòâóþùåé ñïåöèàëüíîñòè, êîòîðûé äîëæåí ðàñïîëàãàòüñÿ â ïàïêå
ïðîåêòà. Ïîýòîìó ïðèëîæåíèå ìîæíî èñïîëüçîâàòü íå òîëüêî â ÁàøÃÓ,
íî è â äðóãèõ âóçàõ.
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Ñ ïîìîùüþ ìåòîäà ïîñëåäîâàòåëüíîé ñìåíû ñòàöèîíàðíûõ ñîñòî-
ÿíèé (ÏÑÑÑ) íàõîäèòñÿ ïðèáëèæåííîå ðåøåíèå ñèñòåìû óðàâíå-
íèé, îïèñûâàþùèõ ôèëüòðàöèþ ôëþèäà â òðåùèíå ÃÐÏ è ïëàñòå,
îêðóæàþùåì òðåùèíó ïðè ïåðåìåííûõ ðåæèìàõ ðàáîòû íåôòÿ-
íîé ñêâàæèíû.

Êëþ÷åâûå ñëîâà: ìåòîä ïîñëåäîâàòåëüíîé ñìåíû ñòàöèîíàðíûõ ñî-
ñòîÿíèé, íåôòÿíàÿ ñêâàæèíà, òðåùèíà ÃÐÏ, ãèäðîðàçðûâ ïëàñòà,
ýâîëþöèÿ äàâëåíèÿ, ðàñõîä æèäêîñòè, íèçêîïðîíèöàåìûé êîëëåê-
òîð.

Application of the method of sequential change of steady
states to describe transient well operation modes in the

presence of a hydraulic fracture

Using the method of sequential change of steady states, an approx-
imate solution of the system of equations describing fluid filtration
in the fracture and the reservoir surrounding the fracture at variable
operating modes of the oil well is found.

Keywords: method of sequential change of steady states,, oil well, hy-
draulic fracturing, pressure evolution, fluid flow rate, low-permeability
reservoir.
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èçìåíÿòüñÿ äàâëåíèå íà ñêâàæèíå äëÿ ïîääåðæàíèÿ âûáðàííîãî ðåæè-
ìà ðàáîòû è, íàîáîðîò, ïî çàäàííîìó ãðàôèêó èçìåíåíèÿ äàâëåíèÿ íà
ñêâàæèíå îïðåäåëÿòü èçìåíåíèå äåáèòà.

Ðåçóëüòàòû ðàáîòû òàêæå ïîçâîëÿþò ïî äàííûì î ðàáîòå ñêâàæèíû
àíàëèçèðîâàòü êîëëåêòîðñêèå õàðàêòåðèñòèêè ïëàñòà è òðåùèíû, îïðå-
äåëÿòü ïàðàìåòðû òðåùèíû.

Ìåòîä ïîñëåäîâàòåëüíîé ñìåíû ñòàöèîíàðíûõ ñîñòîÿíèé (ÏÑÑÑ) áûë
ïðåäëîæåí È.À. ×àðíûì (ñì. [1]). Áóäåì òàêæå èñïîëüçîâàòü ðåçóëüòàòû
ðàáîò [2-6].

Ïóñòü â ìîìåíò âðåìåíè τ0 = 0 íà÷èíàåòñÿ ðàáîòà ñêâàæèíû è äàâëå-
íèå íà ñêâàæèíå, ïðèíÿâ çíà÷åíèå P(w)0, ïîääåðæèâàåòñÿ ïîñòîÿííûì äî
ìîìåíòà âðåìåíè τ1, ïåðâîíà÷àëüíîå äàâëåíèå â ïëàñòå ñ÷èòàåì ðàâíûì
0. Ñ ìîìåíòà âðåìåíè τ1 äî ìîìåíòà âðåìåíè τ2 äàâëåíèå íà ñêâàæèíå
ðàâíî P(w)1 è ò. ä., òî åñòü äàâëåíèå íà ñêâàæèíå èçìåíÿåòñÿ ñòóïåí÷àòî.
Òîãäà ðåøåíèå, ïîëó÷åííîå ïðèìåíåíèåì ìåòîäà ÏÑÑÑ, îïèñûâàþùåå
èçìåíåíèå äàâëåíèÿ â òðåùèíå, ìîæåò áûòü çàïèñàíî â âèäå

Pf (t, x) = H(t)∆P(w)0 exp

(
−2

1
4

√
A

2

x

t1/4

)
+

+

n∑
i=1

H(t− τi)
(
P(w)i − P(w)i−1

)
exp

(
−2

1
4

√
A

2

x

(t− τi)1/4

)
,

ãäå H(t) � ôóíêöèÿ Õåâèñàéäà, x� êîîðäèíàòà (ðàññòîÿíèå ïî òðåùèíå
îò ñêâàæèíû).

Äåáèò (ðàñõîä) æèäêîñòè íà åäèíèöó âûñîòû òðåùèíû â ýòîì ñëó÷àå
áóäåò ðàâåí

q = −21/4

√
A

2

dfkf
µ

(
∆P(w)0H(t)t−1/4+

+

n∑
i=1

(
∆P(w)i −∆P(w)i−1

)
H (t− τi)(t− τi)−1/4

)
,

Îòñþäà ìîæíî íàéòè êîëè÷åñòâî æèäêîñòè, èçâëåêàåìîå èç äâóõ ðóêà-
âîâ òðåùèíû âûñîòû hf çà âðåìÿ t:

V =
27/4dfkf

√
A

3µ

(
t3/4∆P(w)0 +

n∑
i=1

(
∆P(w)i −∆P(w)i−1

)
H (t− τi) (t− τi)3/4

)
.

Ïóñòü òåïåðü äåáèò æèäêîñòè ïðèíèìàåò ïîñòîÿííûå çíà÷åíèÿ q0, q1,
q2, . . . , qn â ïðîìåæóòêàõ âðåìåíè [0, τ1), [τ1, τ2), . . . , [τn,∞). Òîãäà ìû
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ìîæåì íàéòè ñîîòâåòñòâóþùèé çàêîí èçìåíåíèÿ äàâëåíèÿ â òðåùèíå:

Pf =
−µ

21/4dfkf
√
A/2

(
q0H(t)t1/4 exp

(
−x
√
A/
√

2t

)
+

+

n∑
i=1

H(t− ti)(qi − qi−1)(t− τi)1/4
exp

(
−x
√
A/
√

2(t− τi)
))

.

Äëÿ ïåðåïàäà äàâëåíèÿ íà çàáîå ñêâàæèíû Pf(w) = Pf (t, 0) ïîëó÷èì:

Pf(w) =
−µ

2
1/4dfkf

√
A/2

(
t1/4q0H(t) +

n∑
i=1

(t− τi)1/4
H(t− τi)(qi − qi−1)

)
.

Äàííûå ôîðìóëû óäîáíû â ïðèìåíåíèè è äàþò ðåçóëüòàòû î÷åíü áëèç-
êèå ê òî÷íûì àíàëèòè÷åñêèì âûðàæåíèÿì.
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Â ðàáîòå ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïüåçîïðîâîä-
íûõ ïðîöåññîâ äâóõôàçíîé æèäêîñòè â òðåùèíîâàòî-ïîðîâîì êîë-
ëåêòîðå. Ìîäåëü ïðåäñòàâëåíà ñèñòåìîé, ñîñòîÿùåé èç ÷åòûðåõ
óðàâíåíèé, îïèñûâàþùèõ ôèëüòðàöèþ äâóõôàçíîé æèäêîñòè â
òðåùèíàõ è â ìàòðèöå. Îïèñàí ìåòîä ÷èñëåííîãî ìîäåëèðîâàíèÿ
íà îñíîâå ðàñùåïëåíèÿ ïî ôèçè÷åñêèì ïðîöåññàì. Ïîñòàâëåííàÿ
çàäà÷à àïïðîêñèìèðîâàëàñü íåÿâíîé ðàçíîñòíîé ñõåìîé. Äëÿ ðå-
øåíèÿ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé èñïîëüçîâàë-
ñÿ ìåòîä ñêàëÿðíîé ïðîãîíêè. Ïðîâåäåíû âû÷èñëèòåëüíûå ýêñïå-
ðèìåíòû.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü, äèôôåðåíöèàëüíûå óðàâ-
íåíèÿ, ìàññîïåðåíîñ, òðåùèíîâàòûé êîëëåêòîð, íàñûùåííîñòü.

Numerical modeling of piezoconductive processes of a
two-phase fluid system in a fractured-porous reservoir

The paper considers a mathematical model of piezo-conductive pro-
cesses of a two-phase fluid in a fractured-porous reservoir. The model
is represented by a system of four equations describing the filtration of
a two-phase fluid in fractures and in a matrix. A numerical simulation
method based on splitting into physical processes is described. The
problem posed was approximated by an implicit difference scheme.
The scalar sweep method was used to solve a system of linear alge-
braic equations. Computational experiments have been carried out.

Keywords: mathematical model, differential equations, fluid transfer,
fractured reservoir, saturation.
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Òðåùèíîâàòî-ïîðèñòûå êîëëåêòîðà õàðàêòåðèçóþòñÿ èíòåíñèâíûì îá-
ìåííûì ïîòîêîì æèäêîñòè ìåæäó òðåùèíàìè è ïîðèñòûìè áëîêàìè.
Êàæäàÿ ðàññìàòðèâàåìàÿ ñèñòåìà èìååò ñâîé èíäèâèäóàëüíûé íàáîð
ôèëüòðàöèîííî-åìêîñòíûõ ïàðàìåòðîâ, ÷òî óñëîæíÿåò ðàññìàòðèâàåìóþ
çàäà÷ó. Äëÿ èçó÷åíèÿ ìàññîïåðåíîñà äâóõôàçíîé æèäêîñòè â ñðåäå ñ
äâîéíîé ïîðèñòîñòüþ ïðåäëîæåíà ìàòåìàòè÷åñêàÿ ìîäåëü, êîòîðàÿ îïè-
ñûâàåòñÿ ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîä-
íûìè. Â îñíîâå ìàòåìàòè÷åñêîãî îïèñàíèÿ ïðîöåññîâ ôèëüòðàöèè ëå-
æàò óðàâíåíèÿ ìåõàíèêè ñïëîøíûõ ñðåä, âêëþ÷àþùèå â ñåáÿ çàêîíû
ñîõðàíåíèÿ ìàññû, èìïóëüñà è ýíåðãèè, äîïîëíåííûå ôàçîâûìè ðàâíî-
âåñíûìè ñîîòíîøåíèÿìè. Â êà÷åñòâå ôóíêöèé ïåðåòîêà èñïîëüçóþòñÿ
êëàññè÷åñêèå ôóíêöèè, ïðåäëîæåííûå â ðàáîòàõ Óîððåíà-Ðóòà.

∂(ϕfρfoS
f
o )

∂t +∇(ρoU
f
o ) + qfo = ρoqj ,

∂(ϕfρfwS
f
w)

∂t +∇(ρwU
f
w) + qfw = ρwqj ,

∂(ϕmρmo S
m
o )

∂t + qmo = ρoqj ,

qmo = −qfo = −ρmo σλmo (P f − Pm), λmo =
kmkro(Smo )

µo
,

∂(ϕmρmw S
m
w )

∂t + qmw = ρwqj ,

qmw = −qfw = −ρmw σλmw (P f − Pm), λmw =
kmkrw(Smw )

µw

. (1)

P f� ïëàñòîâîå äàâëåíèå â ñåòè òðåùèí (ÌÏà),Pm � ïëàñòîâîå äàâëå-
íèå â ìàòðèöå (ÌÏà),ϕf � ïîðèñòîñòü â ñèñòåìå òðåùèí, ϕm- ïîðèñòîñòü

â ìàòðèöå, ρo � ïëîòíîñòü íåôòè (ã/ì
3),ρw � ïëîòíîñòü âîäû (ã/ì3), Sfi �

íàñûùåííîñòü íåôòè/âîäû â ñèñòåìå òðåùèí,Smi � íàñûùåííîñòü íåô-

òè/âîäû â ìàòðèöå, Ufi - ñêîðîñòü òå÷åíèÿ íåôòè/âîäû,qj- äåáèò æèäêî-
ñòè (ì3/ñóò), qαi � ôóíêöèÿ ïåðåòîêà ìåæäó ìàòðèöåé è òðåùèíàìè,k

α �
àáñîëþòíàÿ ïðîíèöàåìîñòü (ì2),krw, kro � îòíîñèòåëüíûå ôàçîâûå ïðî-
íèöàåìîñòè (ì2),µo � âÿçêîñòü íåôòè (Ïà·ñ),µw � âÿçêîñòü âîäû (Ïà·ñ),σ
� êîýôôèöèåíò òðåùèíîâàòîé ïîðîäû (1/ì2), α = f,m , ãäå f -ñèñòåìà
òðåùèí, m-ñèñòåìà ìàòðèö,i = o, w, ãäå o- íåôòü,w-âîäà [1, 2].

Ïîëó÷åííàÿ ñèñòåìà ÿâëÿåòñÿ ñëîæíîé è âëå÷åò çà ñîáîé ðÿä òðóäíî-
ñòåé, êîòîðûå ñâÿçàíû ñ îòñóòñòâèåì âàæíûõ ñâîéñòâ ëèíåàðèçîâàííîé
ñèñòåìû óðàâíåíèé, òàêèõ êàê ñàìîñîïðÿæåííîñòü è ñèììåòðè÷íîñòü,
ïðèñóòñòâóþùèõ ïðè îïèñàíèè ïüåçîïðîâîäíûõ ïðîöåññîâ [3]. Äëÿ óñòðà-
íåíèÿ âîçíèêøåé ïðîáëåìû ïðîâîäèòñÿ ïîëíîå ðàñùåïëåíèå ñèñòåìû ïî
ôèçè÷åñêèì ïðîöåññàì [4]. Ïîñëå ðàñùåïëåíèÿ ñèñòåìû ñòðîèòñÿ íåÿâ-
íàÿ ðàçíîñòíàÿ ñõåìà äëÿ áëîêà ïî ïüåçîïðîâîäíîñòè. Íà îñíîâå ïðåäëî-
æåííîé ðàçíîñòíîñòíîé ñõåìû ðàññ÷èòûâàþòñÿ äàâëåíèÿ â ñèñòåìå òðå-
ùèí è ìàòðèöå. Äëÿ ðåøåíèÿ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâ-
íåíèé èñïîëüçîâàëñÿ ìåòîä ñêàëÿðíîé ïðîãîíêè. Ïðîâåäåíû âû÷èñëè-
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òåëüíûå ýêñïåðèìåíòû.
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Â ñòàòüå ðàññìàòðèâàåòñÿ ïðîöåññ çàáîëåâàíèÿ ñàõàðíûì äèàáå-
òîì êàê ïðîöåññ ìíîãèõ ñîñòîÿíèé. Ïðè ìàòåìàòè÷åñêîì ìîäåëè-
ðîâàíèè èñïîëüçóåòñÿ Ìàðêîâñêèé ïðîöåññ.

Êëþ÷åâûå ñëîâà: Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, Ìàðêîâñêèé ïðî-
öåññ, ìåäèöèíñêîå ñòðàõîâàíèå

Mathematical modeling of the process of diabetes mellitus

The article examines the process of diabetes mellitus as a process of
many conditions. In mathematical modeling, the Markov process is
used.

Keywords: Mathematical modeling, Markov process, health insurance

Â ñîâðåìåííîì ìèðå âàæíî çàðàíåå ìîäåëèðîâàòü ðàçëè÷íûå ñèòó-
àöèè âîçìîæíîãî áóäóùåãî. Â íàøå âðåìÿ ñóùåñòâóåò ïîäõîä, êîòîðûé
ïîçâîëÿåò ïðèìåíÿòü òåîðèþ ìàðêîâñêèõ ïðîöåññîâ äëÿ ìîäåëèðîâàíèÿ
ñèòóàöèè êàê ïîâåäåíèå ñèñòåìû ñî ìíîãèìè ñîñòîÿíèÿìè. Ðàññìîòðèì
ïðîöåññ çàáîëåâàíèÿ ñàõàðíûì äèàáåòîì, êàê ìîäåëü ñîñòîÿíèé, êîòî-
ðóþ èñïîëüçóþò äëÿ îïèñàíèÿ ñîñòîÿíèÿ çàñòðàõîâàííîãî ÷åëîâåêà.

Ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè íà îñíîâå Ìàðêîâñêèõ ïðîöåñ-
ñîâ ìîæíî ïðîâåñòè ðàñ÷åò âåðîÿòíîñòåé ñîîòâåòñòâóþùèõ ñîñòîÿíèé
ïðè èçâåñòíûõ ïàðàìåòðàõ ìîäåëè.

Â êàæäûé ìîìåíò âðåìåíè èíäèâèä ìîæåò íàõîäèòñÿ â îäíîì èç ïå-
ðå÷èñëåííûõ ñîñòîÿíèé. Íóæíî îöåíèâàòü âåðîÿòíîñòü åãî íàõîæäåíèÿ
â òîì èëè èíîì ñîñòîÿíèè.

Äëÿ ïðîöåññà çàáîëåâàíèÿ ñàõàðíûì äèàáåòîì ðàññìîòðèì ÷åòûðå
ñîñòîÿíèÿ ñèñòåìû: À1 � ¾çäîðîâ¿, À2 � ¾áîëåí ñàõàðíûì äèàáåòîì
ïåðâîãî òèïà¿, À3 � ¾áîëåí ñàõàðíûì äèàáåòîì âòîðîãî òèïà¿, À4 �
¾ñìåðòü¿, ãäå λ - èíòåíñèâíîñòè ïåðåõîäîâ èç îäíîãî ñîñòîÿíèÿ â äðóãîå.
Ñîîòâåòñòâóþùàÿ ñõåìà ïðåäñòàâëåíà íà ðèñóíêå.

Äëÿ òîãî, ÷òîáû íàéòè âåðîÿòíîñòè íàõîæäåíèÿ èíäèâèäà â òîì èëè
èíîì ñîñòîÿíèè ñîñòàâèì óðàâíåíèÿ Êîëìîãîðîâà. Äëÿ ñõåìû, ïðåäñòàâ-
ëåííîé íà ðèñóíêå, ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé èìååò âèä:
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

dp1

dt
= −λ12p1(t)− λ13p1(t),

dp2

dt
= λ12p1(t)− λ24p2(t),

dp3

dt
= λ13p1(t)− λ34p3(t),

dp4

dt
= λ24p2(t) + λ34p3(t),

Çäåñü p1(t), p2(t), p3(t), p4(t) âåðîÿòíîñòè ñîñòîÿíèé ñèñòåìû À1,À2,À3,À4

ñîîòâåñòâåííî. Êðîìå òîãî, äëÿ ëþáîãî ìîìåíòà âðåìåíè t âûïîëíÿåòñÿ
íîðìèðîâî÷íîå óñëîâèå p1(t) + p2(t) + p3(t) + p4(t) = 1.

Êîãäà ñòàíîâÿòñÿ èçâåñòíûìè èíòåíñèâíîñòè ïåðåõîäîâ, îñòàåòñÿ òîëü-
êî ðåøèòü óðàâíåíèÿ Êîëìîãîðîâà. Äëÿ ñîîòâåòñòâîâàíèÿ ðàñ÷åòà ðå-
àëüíûì äàííûì, íóæíî íàéòè òàêèå çíà÷åíèÿ èíòåíñèâíîñòè ïåðåõîäîâ,
ïðè êîòîðûõ ìîäåëü áóäåò îïèñûâàòü ýêñïåðèìåíòàëüíûå äàííûå è äàñò
âîçìîæíîñòü ïðîãíîçèðîâàíèÿ.

Äàííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü îïèñûâàåò ïðîöåññ çàáîëåâàíèÿ ñà-
õàðíûì äèàáåòîì. Çíàÿ çíà÷åíèÿ èíòåíñèâíîñòè ïåðåõîäîâ, ìû ïî ìîäå-
ëè ìîæåì ïîñ÷èòàòü âåðîÿòíîñòè íàõîæäåíèÿ ñèñòåìû â òîì èëè èíîì
ñîñòîÿíèå, à çàòåì è êîëè÷åñòâî ÷åëîâåê íàõîäÿùèõñÿ â ñîîòâåòñòâóþ-
ùèõ ñîñòîÿíèÿõ.

Ëèòåðàòóðà
1. Âåíòöåëü Å.Ñ. Èññëåäîâàíèå îïåðàöèé. Çàäà÷è, ïðèíöèïû, ìåòîäîëîãèÿ

�Ìîñêâà, âûñøàÿ øêîëà 2001.
2. Ñïèâàê Ñ.È., Àáäþøåâà Ñ.Ð. Îáðàòíûå çàäà÷è äëÿ ìàðêîâñêèõ ìîäåëåé.

Ñèñòåìû óïðàâëåíèÿ è èíôîðìàöèîííûå òåõíîëîãèè, 2008, �3(33), ñ.20-25

160



ÎÏÐÅÄÅËÅÍÈÅ ÔÓÍÄÀÌÅÍÒÀËÜÍÎÃÎ ÐÅØÅÍÈß
ÇÀÄÀ×È ÑÐÅÄÍÅÃÎ ÈÇÃÈÁÀ ÀÍÈÇÎÒÐÎÏÍÎÉ

ÏËÀÑÒÈÍÛ
@ Ï.Ã. Âåëèêàíîâ, Ä.Ì. Õàëèòîâà

pvelikanov@mail.ru, diana98200093@gmail.com

ÓÄÊ 531.39

DOI: 10.33184/mnkuomsh2t-2021-10-06.62.

Ðàçâèòèå îòðàñëåé ñîâðåìåííîãî ìàøèíîñòðîåíèÿ ñòàâèò çàäà÷è
ðàñ÷åòà òîíêîñòåííûõ êîíñòðóêöèé, ñî÷åòàþùèõ â ñåáå ëåãêîñòü
è ýêîíîìè÷íîñòü ñ îäíîé ñòîðîíû è âûñîêóþ ïðî÷íîñòü è íàäåæ-
íîñòü ñ äðóãîé. Â ñâÿçè ñ ýòèì øèðîêîå èñïîëüçîâàíèå àíèçîòðîï-
íûõ ìàòåðèàëîâ è ïëàñòèêîâ ïðåäñòàâëÿåòñÿ îïðàâäàííûì. Çàäà-
÷è òåîðèè ïëàñòèí è îáîëî÷åê îòíîñÿòñÿ ê êëàññó êðàåâûõ çàäà÷,
àíàëèòè÷åñêîå ðåøåíèå êîòîðûõ â ñèëó ðàçëè÷íûõ îáñòîÿòåëüñòâ
(íåëèíåéíîñòü äèôôåðåíöèàëüíûõ óðàâíåíèé è äð.) îïðåäåëèòü
íåâîçìîæíî. Ðåøèòü ýòó ïðîáëåìó ïîìîãàþò ÷èñëåííûå ìåòîäû.
Ñðåäè ÷èñëåííûõ ìåòîäîâ íåçàñëóæåííî ìàëî âíèìàíèÿ óäåëåíî
ìåòîäó ãðàíè÷íûõ ýëåìåíòîâ (ÌÃÝ). Â ñâÿçè ñ ýòèì äàëüíåéøåå
ðàçâèòèå ÌÃÝ äëÿ ðåøåíèÿ çàäà÷ òåîðèè àíèçîòðîïíûõ ïëàñòèí è
îáîëî÷åê, îñíîâàííûõ íà ïðèìåíåíèè ôóíäàìåíòàëüíûõ ðåøåíèé,
ÿâëÿåòñÿ àêòóàëüíûì.

Êëþ÷åâûå ñëîâà: ìåõàíèêà, ìàòåìàòèêà, äèôôåðåíöèàëüíûå óðàâ-
íåíèÿ, ôóíäàìåíòàëüíûå ðåøåíèÿ.

Determination of the fundamental solution problem of an
anisotropic plate average bending

The development of branches of modern mechanical engineering poses
the task of calculating thin-walled structures that combine lightness
and economy on the one hand and high strength and reliability on the
other. In this regard, the widespread use of anisotropic materials and
plastics seems justified. The problems of the theory of plates and shells
belong to the class of boundary value problems, the analytical solution
of which, due to various circumstances (the nonlinearity of differential
equations, etc.), cannot be determined. Numerical methods help to
solve this problem. Among the numerical methods, undeservedly little
attention is paid to the boundary element method (BEM). In this
regard, the further development of the BEM for solving problems of
the theory of anisotropic plates and shells based on the application of
fundamental solutions is relevant.
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Ðàññìàòðèâàþòñÿ ìàëûå äåôîðìàöèè òîíêîé ëèíåéíî-óïðóãîé ïîëî-
ãîé îáîëî÷êè, äåôîðìèðîâàíèå êîòîðîé îïèñûâàåòñÿ ìîäåëüþ, îñíîâàí-
íîé íà ãèïîòåçàõ Êèðõãîôà-Ëÿâà â ðàìêàõ òåîðèè ñðåäíåãî èçãèáà [1].

Ïðè ðàññìîòðåíèè ïëàñòèí è îáîëî÷åê ïîñòîÿííîé òîëùèíû ïîëó÷èì
ñèñòåìó íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ðàâíîâåñèÿ ãèáêîé
ïîëîãîé àíèçîòðîïíîé îáîëî÷êè, â êîòîðîé áûëè âûäåëåíû ñëåâà ëèíåé-
íûå îïåðàòîðû çàäà÷ î ïëîñêîì íàïðÿæåííîì ñîñòîÿíèè è èçãèáå àíè-
çîòðîïíîé ïëàñòèíû. Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ÌÃÝ íåîáõîäè-
ìî ïðåäâàðèòåëüíî îïðåäåëèòü êîìïîíåíòû ìàòðèöû ôóíäàìåíòàëüíîãî
ðåøåíèÿ çàäà÷è î ïëîñêîì íàïðÿæåííîì ñîñòîÿíèè è ôóíäàìåíòàëüíîå
ðåøåíèå çàäà÷è èçãèáà àíèçîòðîïíîé ïëàñòèíû.

Äëÿ òîãî, ÷òîáû ñâåñòè çàäà÷ó ïî ïîèñêó êîìïîíåíò ìàòðèöû ôóíäà-
ìåíòàëüíîãî ðåøåíèÿ çàäà÷è î ïëîñêîì íàïðÿæåííîì ñîñòîÿíèè àíèçî-
òðîïíîé ïëàñòèíû ê äèôôåðåíöèàëüíîìó óðàâíåíèþ, ïîäîáíîìó çàäà÷å
èçãèáà àíèçîòðîïíîé ïëàñòèíû, áûëà èñïîëüçîâàíà ìåòîäèêà, ïðåäëî-
æåííàÿ â [2]. Òàêèì îáðàçîì, îïðåäåëåíèå ìàòðèöû ôóíäàìåíòàëüíîãî
ðåøåíèÿ ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé äàííûì ìå-
òîäîì ïðåäïîëàãàåò:

1) Âû÷èñëåíèå êîìïîíåíò àññîöèèðîâàííîãî äèôôåðåíöèàëüíîãî îïå-
ðàòîðà ïî ìåòîäèêå, àíàëîãè÷íîé ìåòîäèêå âû÷èñëåíèÿ êîìïîíåíò îá-
ðàòíîé ìàòðèöû;

2) Ðåøåíèå óðàâíåíèÿ, ïîäîáíîãî óðàâíåíèþ çàäà÷è èçãèáà;
3) Â ñîîòâåòñòâèè ñ íàéäåííûì àññîöèèðîâàííûì äèôôåðåíöèàëü-

íûì îïåðàòîðîì ïðîâåäåíèå âñåõ íåîáõîäèìûõ âû÷èñëåíèé ïðîèçâîäíûõ
ôóíêöèè ñêàëÿðíîé ôóíêöèè.

Äèôôåðåíöèàëüíûå óðàâíåíèÿ äëÿ äâóõ îòìå÷åííûõ çàäà÷ îòëè÷à-
þòñÿ ëèøü êîýôôèöèåíòàìè â äèôôåðåíöèàëüíûõ îïåðàòîðàõ, è èõ ðå-
øåíèå ìîæåò áûòü íàéäåíî ïî àíàëîãè÷íîé ìåòîäèêå.

Â ïðîöåññå ïîëó÷åíèÿ ôóíäàìåíòàëüíûõ ðåøåíèé äëÿ çàäà÷è èçãèáà
àíèçîòðîïíûõ ïëàñòèí âñå àâòîðû, ñëåäóÿ [3], ñ÷èòàëè, ÷òî êîðíè õà-
ðàêòåðèñòè÷åñêîãî óðàâíåíèÿ çàäà÷è èçãèáà äëÿ ðåàëüíûõ îäíîðîäíûõ
àíèçîòðîïíûõ ìàòåðèàëîâ ÿâëÿþòñÿ êîìïëåêñíî ñîïðÿæåííûìè (ïåðâîé
èëè âòîðîé êðàòíîñòè). Â îáùåì ñëó÷àå, ÷òî îñîáåííî âàæíî äëÿ ïîèñ-
êà êîìïîíåíò ìàòðèöû ôóíäàìåíòàëüíîãî ðåøåíèÿ çàäà÷è î ïëîñêîì
íàïðÿæåííîì ñîñòîÿíèè àíèçîòðîïíîé ïëàñòèíû, êîðíè õàðàêòåðèñòè-
÷åñêîãî óðàâíåíèÿ ìîãóò áûòü è äåéñòâèòåëüíûìè (ïåðâîé èëè âòîðîé
êðàòíîñòè) � ýòîò âàðèàíò ðàíåå â ðàáîòàõ ó÷òåí íå áûë.
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Ñòàòüÿ ïîñâÿùåíà ðàçðàáîòêå ðàçëè÷íûõ òèïîâ ìîäåëåé ñ èñïîëü-
çîâàíèåì êîãíèòèâíûõ âû÷èñëåíèé ïî ðå÷åâûì äàííûì àêòîðîâ
ñîöèàëüíûõ ìåäèà äëÿ âûÿâëåíèÿ íàëè÷èÿ/îòñóòñòâèå ñîöèàëü-
íîé íàïðÿæ¼ííîñòè â ðàéîíàõ ðåàëèçàöèè ãðàäîñòðîèòåëüíûõ ïðî-
åêòîâ íà ïðèìåðå ñòðîèòåëüñòâà òðàíñïîðòíî-ïåðåñàäî÷íîãî óçëà
¾Íèæåãîðîäñêàÿ¿ â ãîðîäå Ìîñêâå (Ðîññèÿ). Ýìïèðè÷åñêîé áàçîé
èññëåäîâàíèÿ ïîñëóæèëè äàííûå ñîöèàëüíûõ ñåòåé. Èññëåäîâà-
íèå ïðîâîäèëîñü ñ èñïîëüçîâàíèåì òðàíñäèñöèïëèíàðíîãî ïîäõî-
äà, âêëþ÷àëî ñåìàíòè÷åñêèé àíàëèç ñ èñïîëüçîâàíèå íåéðîñåòåâûõ
òåõíîëîãèé, ìåòîäîâ ìàòåìàòè÷åñêîé ñòàòèñòèêè è òîïîëîãè÷åñêî-
ãî àíàëèçà äàííûõ.

Êëþ÷åâûå ñëîâà: íåéðîííàÿ ñåòü, âîñïðèÿòèå ðå÷è, òîïîëîãè÷å-
ñêèé àíàëèç äàííûõ

Mathematical modeling and Cognitive Computing from
Social Media Data

The paper deals with the development of various types of models us-
ing cognitive computing based on speech data of social media actors
to reveal the pres-ence/absence of social tension in the areas where
urban development projects are being implemented, as illustrated by
the construction of the Nizhegorodskaya transport interchange hub in
Moscow (Russia). The empirical base of the study was data from so-
cial networks. The research was carried out using a transdisciplinary
approach, including semantic analysis using neural network technolo-
gies and methods of mathematical statistics, topological data analysis

Keywords: neural network, speech perception, topological data analy-
sis

Êîãíèòèâíûå èññëåäîâàíèÿ â ïîñëåäíåå âðåìÿ ïðèâëåêàþò âñå áîëü-
øåå âíèìàíèå èññëåäîâàòåëåé. Ïîä êîãíèòèâíûìè âû÷èñëåíèÿìè îáîá-
ùàþò ðàçëè÷íûå òåõíîëîãè÷åñêèå ïîäõîäû, òàêèå êàê èñêóññòâåííûå
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íåéðîííûå ñåòè, íå÷åòêèå ñèñòåìû è ýâîëþöèîííûå âû÷èñëåíèÿ, äëÿ ìî-
äåëèðîâàíèÿ êîãíèòèâíûõ ñïîñîáíîñòåé ÷åëîâåêà (ìûøëåíèå, îáó÷åíèå,
ðàññóæäåíèå è ò. ä.) ñ ïîìîùüþ êîìïüþòåðíûõ ìîäåëåé [1]. Êîãíèòèâ-
íûå âû÷èñëåíèÿ ïðèìåíÿþòñÿ â ðàçëè÷íûõ ïðîôåññèîíàëüíûõ ñôåðàõ.
Öåëü ðàáîòû: ðàçðàáîòêà ìàòåìàòè÷åñêèõ ìîäåëåé ñ èñïîëüçîâàíèåì êî-
ãíèòèâíûõ âû÷èñëåíèé ïî ðå÷åâûì äàííûì àêòîðîâ ñîöèàëüíûõ ìåäèà
äëÿ âûÿâëåíèÿ íàëè÷èÿ/îòñóòñòâèå ñîöèàëüíîé íàïðÿæ¼ííîñòè â ðàé-
îíàõ ðåàëèçàöèè ãðàäîñòðîèòåëüíûõ ïðîåêòîâ íà ïðèìåðå ñòðîèòåëü-
ñòâà òðàíñïîðòíî-ïåðåñàäî÷íîãî óçëà (ÒÏÓ) ¾Íèæåãîðîäñêàÿ¿ â ãîðîäå
Ìîñêâå (Ðîññèÿ). Ýìïèðè÷åñêîé áàçîé èññëåäîâàíèÿ ïîñëóæèëè äàííûå
ñîöèàëüíûõ ñåòåé, ìèêðîáëîãîâ, áëîãîâ, ìåññåíäæåðîâ, âèäåî õîñèíãîâ,
ôîðóìîâ, Èíòåðíåò-ÑÌÈ, òåìàòè÷åñêèõ ïîðòàëîâ è îòçûâû, ïîñâÿùåí-
íûå ðåàëèçàöèè ïðîåêòà ÒÏÓ ¾Íèæåãîðîäñêàÿ¿. Date of collection: 1
ßíâàðü 2020 - 31 Ìàðò 2021. Ñáîð äàííûõ ïðîâîäèëèñü ñ èñïîëüçîâàíè-
åì àëãîðèòìîâ Brand Analytics. Äëÿ èíòåðïðåòàöèè äàííûõ ïðèìåíÿë-
ñÿ òðàíñäèñöèïëèíàðíûé ïîäõîä. Íåéðîñåòåâàÿ òåõíîëîãèÿ TextAnalyst
2.3. ïîçâîëèëà âûÿâèòü è ïðîàíàëèçèðîâàíà òåìàòè÷åñêóþ ñòðóêòóðó
áàçû äàííûõ, âûäåëèòü ñåìàíòè÷åñêóþ ñåòü è ïðîàíàëèçèðîâàòü ÿä-
ðî ñåìàíòè÷åñêîé ñåòè, ïðîâåñòè îáîáùåíèå è àíàëèç ñëîâåñíûõ àññî-
öèàöèé. Ñåíòèìåíò-àíàëèç îñóùåñòâëÿëñÿ ñ ïîìîùüþ ìîäóëÿ îïðåäå-
ëåíèÿ òîíàëüíîñòè Eureka Engine. Êîíòåíò-àíàëèç ïðîâîäèëñÿ ñ ïîìî-
ùüþ ñåðâèñà AutoMap. Ñêàëÿðíûå äàííûå, ïîëó÷åííûå ñ èñïîëüçîâàíè-
åì TextAnalyst 2.3, ìîæíî ðàññìàòðèâàòü êàê âðåìåííûå ðÿäû. Äîñòà-
òî÷íî îáùåé ìàòåìàòè÷åñêîé ìîäåëüþ äëÿ âðåìåííûõ ðÿäîâ x(t) ñëóæèò
ìîäåëü âèäà: x(t)=u(t)+v(t) , ãäå u(t) � äåòåðìèíèðîâàííàÿ ïîñëåäîâà-
òåëüíîñòü èëè ñèñòåìàòè÷åñêàÿ ñîñòàâëÿþùàÿ, v(t) � ñëó÷àéíàÿ ñîñòàâ-
ëÿþùàÿ. Â ðàáîòå, äëÿ îöåíêè u(t) èñïîëüçîâàíû ðåãðåññèîííûå ìîäåëè
[2], äëÿ îöåíêè v(t) � àâòîðåãðåññèîííûå ìîäåëè. Â ðàáîòå èññëåäîâàíû
âîçìîæíîñòè èñïîëüçîâàíèÿ òîïîëîãè÷åñêîãî àíàëèçà äàííûõ (ÒÄÀ) [3]
äëÿ êëàññèôèêàöèè ñèòóàöèè ïî äàííûì ñîöèàëüíûõ ìåäèà. Ïî äàííûì
âðåìåííûõ ðÿäîâ ïîñòðîåíû ïåðñèñòåíòíûå äèàãðàììû è áàððêîäû ñ
èñïîëüçîâàíèåì áèáëèîòåê ÿçûêà R. Ïîêàçàíî, ÷òî âû÷èñëåíèÿ îöåíîê
õàðàêòåðèñòèê Ýéëåðà ïîçâîëÿþò ðåøàòü àêòóàëüíûå çàäà÷è.

Ñåìàíòè÷åñêèé àíàëèç êîíòåíòà ñ èñïîëüçîâàíèåì íåéðîñåòåâûõ òåõ-
íîëîãèé ïîêàçàë íåéòðàëüíîå âîñïðèÿòèå æèòåëåé ðåàëèçàöèè ïðîåêòà,
îòñóòñòâèå ñîöèàëüíîãî ñòðåññà â ðàéîíàõ ñòðîèòåëüñòâà. Âîçãëàâëÿþò
ðåéòèíã êîíòåíòà îôèöèàëüíûå ñîîáùåíèÿ, êîòîðûå àíîíñèðóþò ïëà-
íû ìîñêîâñêèõ âëàñòåé ïî ðàçâèòèþ òðàíñïîðòíîé ñèñòåìû â ðàéîíå è
õîä ñòðîèòåëüñòâà. Öèôðîâûå ñëåäû ïîëüçîâàòåëåé ïîäòâåðæäàþò íåé-
òðàëüíîå âîñïðèÿòèå è îöåíêè ïîòðåáíîñòè æèòåëåé â èçìåíåíèè òðàíñ-
ïîðòíîé ñèòóàöèè ïîñëå îêîí÷àíèÿ ðåàëèçàöèè ïðîåêòà. Ïîñòðîåííûå
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ìàòåìàòè÷åñêèå ìîäåëè âðåìåííûõ ðÿäîâ ïî äàííûì èíòåíñèâíîñòåé ñî-
îáùåíèé ñ íåéòðàëüíûì, ïîçèòèâíûì è íåãàòèâíûì îòíîøåíèåì ê ñòðî-
èòåëüñòâó ïîçâîëÿþò: 1) êîëè÷åñòâåííî îöåíèòü äèíàìèêó ýòèõ ðÿäîâ;
2) ïðîãíîçèðîâàòü çíà÷åíèÿ âðåìåííûõ ðÿäîâ íà íåñêîëüêî øàãîâ. Ðå-
çóëüòàòû èññëåäîâàíèé èìåþò âàæíîå çíà÷åíèå äëÿ ïðèíÿòèÿ óïðàâ-
ëåí÷åñêèõ ðåøåíèé ïðè âûÿâëåíèè è ïðåäîòâðàùåíèè ãðàäîñòðîèòåëü-
íûõ êîíôëèêòîâ. Àëãîðèòìû, ðàçðàáîòàííûå ñ èñïîëüçîâàíèåì ìåòîäîâ
TDA, ïîêàçûâàþò ïîòåíöèàë èñïîëüçîâàíèÿ ýòèõ ìåòîäîâ äëÿ ðåøåíèÿ
àíàëîãè÷íûõ çàäà÷.
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Â ðàáîòå äà¼òñÿ îïèñàíèå ôóíêöèîíàëîâ äëÿ âåñîâîãî ïðîñòðàí-
ñòâà ìíîãèõ ïåðåìåííûõ

Êëþ÷åâûå ñëîâà: âåñîâîå ïðîñòðàíñòâî, ôóíêöèîíàë

On representation by series of exponents in the normed
space of analytic functions

The paper describes functionals for the weighted space of many num-
bers

Keywords: weight space, functional

Ïóñòü w (t) ïîëîæèòåëüíàÿ ôóíêöèÿ îïðåäåëåííàÿ íà Rn. Îáîçíà÷èì
÷åðåç L2 (w) ïðîñòðàíñòâî ëîêàëüíî èíòåãðèðóåìûõ ôóíêöèé Lloc (Rn) ,
äëÿ êîòîðûõ êîíå÷íà ñëåäóþùàÿ íîðìà

||f ||L2(w) =

∫
Rn

|f (t) |2/w(t) dt

1/2

,

ãäå t = (t1, t2, ..., tn) è dt = dt1dt2...dtn.
Ïóñòü S ëèíåéíûé íåïðåðûâíûé ôóíêöèîíàë íàä ãèëüáåðòîâûì ïðî-

ñòðàíñòâîì L2 (w). Îïðåäåëèì ïðåîáðàçîâàíèå Ôóðüå-Ëàïëàñà ôóíêöè-
îíàëà S ñëåäóþùèì îáðàçîì

Ŝ (z) = S (exp (< t, z >)) , ãäå < z, t >= z1t1 + z2t2 + ...+ zntn.

Ïðåîáðàçîâàíèå Ôóðüå-Ëàïëàñà ñîïîñòàâëÿåò êàæäîìó ëèíåéíîìó ôóíê-
öèîíàëó S öåëóþ ôóíêöèþ Ŝ (z) â Cn è, òåì ñàìûì, îïðåäåëÿåò ñîïðÿ-
æåííîå ïðîñòðàíñòâî L∗2 (w). Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ çàäà÷à
îïèñàíèå ýòîãî ïîäïðîñòðàíñòâà öåëûõ ôóíêöèé.
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Îäíî èç ðåøåíèé ýòîé çàäà÷è ñâîäèòñÿ ê îïðåäåëåíèþ íîðìû â ïðî-
ñòðàíñòâå öåëûõ ôóíêöèé ñ ïîìîùüþ ôîðìóëû

||F ||µ =

∫
Rn

|F (z) |2dµ (z)

1/2

,

ãäå µ (z)− íåîòðèöàòåëüíàÿ ìåðà Áîðåëÿ, òàêàÿ, ÷òî äëÿ ëþáîãî ôóíê-
öèîíàëà S âûïîëíÿåòñÿ ñëåäóþùåå ñîîòíîøåíèå

c||S||L∗2(w) ≤

∫
Rn

|Ŝ (z) |2dµ (z)

1/2

≤ C||S||L∗2(w)

Åñëè òàêàÿ ìåðà ñóùåñòâóåò, òî ïðåîáðàçîâàíèå Ôóðüå- Ëàïëàñà óñòà-
íàâëèâàåò èçîìîðôèçì ïðîñòðàíñòâà L∗2 (D,w) è ïðîñòðàíñòâà öåëûõ
ôóíêöèé ñ íîðìîé || · ||µ.

Ïðè n = 1 äëÿ ïðîèçâîëüíûõ ëîãàðèôìè÷åñêè âûïóêëûõ âåñîâ â ðà-
áîòå [4] ïîëó÷åíî îïèñàíèå ïðîñòðàíñòâà ôóíêöèîíàëîâ ñ àíàëîãîì ðà-
âåíñòâà Ïàðñåâàëÿ (1),ñ àáñîëþòíûìè êîíñòàíòàìè â îöåíêå. Â ðàáîòå
([1]) äîêàçàíî, ÷òî äëÿ ïîëó÷åíèÿ (1) ñ àáñîëþòíûìè îöåíêàìè òðåáîâà-
íèå ëîãàðèôìè÷åñêîé âûïóêëîñòè âåñîâîé ôóíêöèè íåîáõîäèìî.

Àíàëîãè÷íûå îïèñàíèÿ ïðîñòðàíñòâ ôóíêöèîíàëîâ íàä ïðîñòðàíñòâà-
ìè ïîñëåäîâàòåëüíîñòåé, Ñìèðíîâà, Áåðãìàíà ïðåäñòàâëåíû â ðàáîòàõ
[2-5].

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà Ïóñòü lnw (t) = 2ktα (α > 1) è h (t) = k|t|α� âûïóêëàÿ,
ðàäèàëüíàÿ ôóíêöèÿ â Rn. Òàêæå îïðåäåëèì ñîïðÿæåííóþ ïî Þíãó
ôóíêöèþ

h̃(|x|) = sup
t∈Rn

(< x, t > −h(t)) = (α− 1)k

(
|x|
kα

)β
,

ãäå 1/α+ 1/β = 1 Îáîçíà÷èì

s (y) =

{
y(n−1)/2, y > 1,
1, y ≤ 1.

Òîãäà ïðîñòðàíñòâî L∗2 (w) èçîìîðôíî îòíîñèòåëüíî ïðåîáðàçîâà-
íèÿ Ôóðüå - Ëàïëàñà ïðîñòðàíñòâó öåëûõ ôóíêöèé H2(Cn) ñ íîðìîé

||F ||H2 =

( ∫
Rn

∫
Rn
|F (x+ iy) |2dσ

(
h̃ (x)

)
dy

)1/2

,
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ãäå dy = dy1dy2...dyn,

dσ
(
h̃ (x)

)
= exp

(
−2h̃ (x)

)
ρ (|x|)

(
s
(
|x|

h̃′(|x|)

))
dA
(
h̃ (x)

)
, è

dA
(
h̃ (x)

)
= dh̃′x1

(x)∧dh̃′x2
(x)∧ ...∧dh̃′xn (x)− îáîáùåííûé îïåðàòîð

Ìîíæà-Àìïåðà, ïðè÷åì âûïîëíÿåòñÿ àíàëîã ðàâåíñòâà Ïàðñåâàëÿ

c||S||2L∗2 ≤ ||Ŝ (z) ||2H2 ≤ 3C

(
(n− 1)(β − 1)

2

) (n−1)
2

||S||2L∗2 (1)

Çàìå÷àíèå: Â ðàáîòå [1] äîêàçàíî, ÷òî âåðõíÿÿ îöåíêà ïðèíöèïèàëüíî íå
óëó÷øàåìà.
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Ìåòîäàìè âû÷èñëèòåëüíîé ãèäðîäèíàìèêè èçó÷àëîñü òå÷åíèå æèä-
êîñòè â óçêèõ êàíàëàõ ìàãíèòíîé ìóôòû, ïðèìåíÿåìîé äëÿ çà-
ùèòû ïîãðóæíîãî ýëåêòðîäâèãàòåëÿ. Óñòàíîâëåíî, ÷òî â çàçîðå
ìåæäó êîðïóñîì è âíåøíåé ïîëóìóôòîé ðåàëèçóåòñÿ ëàìèíàðíîå
òå÷åíèå ñ âèõðÿìè Òåéëîðà.

Êëþ÷åâûå ñëîâà: ìàãíèòíàÿ ìóôòà, âèõðè Òåéëîðà, ëàìèíàðíîå
òå÷åíèå, âû÷èñëèòåëüíàÿ ãèäðîäèíàìèêà

Unstructured fluid flow in the channels of the magnetic
coupling

The fluid flow in narrow channels of a magnetic coupling used to pro-
tect a submersible motor was studied using the methods of computa-
tional fluid dynamics. It was found that a laminar flow with Taylor
vortices is realized in the gap between the housing and the outer cou-
pling half.

Keywords: magnetic coupling, Taylor vortices, laminar flow, compu-
tational fluid dynamics

Îñíîâíîé âèä òå÷åíèÿ â ìàãíèòíîé ìóôòå � ýòî òå÷åíèå â óçêîì
çàçîðå ìåæäó âðàùàþùèìñÿ è íåïîäâèæíûì öèëèíäðàìè. Åãî ìîæíî
íàáëþäàòü â çàçîðå ìåæäó âíåøíåé ïîëóìóôòîé è êîðïóñîì ìóôòû, à
òàêæå â çàçîðå ìåæäó âíóòðåííåé ïîëóìóôòîé è çàùèòíûì ýêðàíîì. Òå-
÷åíèå ìåæäó êîàêñèàëüíûìè öèëèíäðàìè, îäèí èç êîòîðûõ âðàùàåòñÿ,
áûëî èçó÷åíî Äæ. È. Òåéëîðîì [1, 2] è îïðåäåëÿåòñÿ âûðàæåíèåì:

Ta =
Uid

ν

√
d

Ri
,

ãäå Ta� ÷èñëî Òåéëîðà, Ui � îêðóæíàÿ ñêîðîñòü âíóòðåííåãî öèëèíäðà,
d � øèðèíà çàçîðà ìåæäó âíóòðåííèì è âíåøíèì öèëèíäðîì, Ri �
ðàäèóñ âíóòðåííåãî öèëèíäðà, ν � êèíåìàòè÷åñêàÿ âÿçêîñòü æèäêîñòè.
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Ïðè íåáîëüøèõ ÷àñòîòàõ âðàùåíèÿ, êîãäà Ta ≥ 41.3 íàáëþäàåòñÿ
ëàìèíàðíîå òå÷åíèå ñ âèõðÿìè Òåéëîðà (ïðàâèëüíî ÷åðåäóþùèåñÿ âèõðè
ñ ïðàâûì è ëåâûì âðàùåíèåì è ñ îñÿìè, ïàðàëëåëüíûìè íàïðàâëåíèþ
îêðóæíîé ñêîðîñòè âðàùàþùåãîñÿ öèëèíäðà). Ïðè Ta > 400 òå÷åíèå
ñòàíîâèòñÿ ïîëíîñòüþ òóðáóëåíòíûì, õàîòè÷åñêèì [3, 4].

Â ìàãíèòíîé ìóôòå ìåæäó êîðïóñîì è âíåøíåé ïîëóìóôòîé Ri =
0.059 ì, d = 0.001 ì, f = 100 Ãö, ν = 1.3 · 10−5 ì2/ñ. ×èñëî Òåéëîðà
Ta = 371. Òå÷åíèå ñîäåðæèò âèõðè, ñì. ðèñóíîê 1. Òàêæå èç ðèñóíêà 1
âèäíî, ÷òî ÷àñòü ëèíèé òîêà ðàñïîëîæåíû ìåæäó âèõðÿìè è îãèáàþò èõ.
Ýòè ëèíèè õàðàêòåðèçóþò òå÷åíèå ïðîäîëüíîé ïðîêà÷êè âäîëü ãèëüçû.

Ðèñ. 1. Âèõðè Òåéëîðà â çàçîðå ìåæäó êîðïóñîì è âíåøíåé ïîëóìóôòîé
Ìåæäó çàùèòíûì ýêðàíîì è âíóòðåííåé ïîëóìóôòîé Ri = 0.03951

ì, d = 0.001115 ì, f = 100 Ãö, ν = 3.9 · 10−5 ì2/ñ. ×èñëî Òåéëîðà Ta =
11.8. Òå÷åíèå ëàìèíàðíîå, âèõðåé íåò, ëèíèè òîêà èìåþò âèä ñïèðàëåé.
Ðåàëèçóåòñÿ òîëüêî ïðîäîëüíàÿ ïðîêà÷êà æèäêîñòè.
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Â ñòàòüå èññëåäóþòñÿ àëãîðèòìû îáíàðóæåíèÿ, ëîêàëèçàöèè è èñ-
ïðàâëåíèÿ îøèáîê â ñèñòåìå îñòàòî÷íûõ êëàññîâ (ÑÎÊ). Â ðàáîòå
ïîêàçàíî, ÷òî àëãîðèòì ëîêàëèçàöèè, îñíîâàííûé íà ìåòîäå ïðî-
åêöèé, ÿâëÿåòñÿ óíèâåðñàëüíûì, íî ïðè ýòîì îáëàäàåò ýêñïîíåí-
öèàëüíîé âû÷èñëèòåëüíîé ñëîæíîñòüþ. Àëãîðèòì, îñíîâàííûé íà
ìåòîäå ñèíäðîìà, íàêëàäûâàåò äîïîëíèòåëüíûå îãðàíè÷åíèÿ íà
îñíîâàíèÿ ÑÎÊ è ïðè ýòîì äëÿ åãî ðåàëèçàöèè òðåáóþòñÿ LUT,
ðàçìåð êîòîðûõ ðàñò¼ò ïî ýêñïîíåíöèàëüíîìó çàêîíó â çàâèñèìî-
ñòè îò êîëè÷åñòâà èñïðàâëÿåìûõ îøèáîê. Ìû ïðåäëîæèëè ìîäè-
ôèêàöèþ ìåòîäà ïðîåêöèé ïîçâîëÿþùóþ ñíèçèòü âû÷èñëèòåëü-
íóþ ñëîæíîñòü ñ ýêñïîíåíöèàëüíîé äî ïîëèíîìèàëüíîé çà ñ÷åò
èñïîëüçîâàíèÿ íåéðîííîé ñåòè.

Êëþ÷åâûå ñëîâà: îáíàðóæåíèå îøèáîê, ñèñòåìà îñòàòî÷íûõ êëàñ-
ñîâ, íåéðîííûå ñåòè

Modification of the projection method to localize the error
in the residue number system

The article examines algorithms for detecting, localizing, and correct-
ing errors in the residue number system (RNS). The paper shows that
the localization algorithm based on the projection method is universal,
but at the same time, it has exponential computational complexity.
The algorithm based on the syndrome method imposes additional re-
strictions on the bases of the RNS. At the same time, LUT are required
for its implementation, the size of which grows exponentially depend-
ing on the number of errors being corrected. We have proposed a
modification of the projection method that allows us to reduce the
computational complexity from exponential to polynomial by using a
neural network.

Keywords: error detection, residue number system, neural networks
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Êîäû èñïðàâëåíèÿ îøèáîê îñíîâàíû íà èäåå Õýììèíãà î äîáàâëå-
íèè äîïîëíèòåëüíûõ äàííûõ äëÿ îáíàðóæåíèÿ è èñïðàâëåíèÿ îøèáîê
[1]. Â çàâèñèìîñòè îò îáëàñòè ïðèìåíåíèÿ ïîäõîäû ê ïîñòðîåíèþ ñèñòåì
èñïðàâëåíèÿ îøèáîê ðàçëè÷àþòñÿ. Áàëàíñ ìåæäó íàäåæíîñòüþ è èçáû-
òî÷íîñòüþ äàííûõ âàæåí äëÿ ñèñòåì õðàíåíèÿ, ïîñêîëüêó èçáûòî÷íîñòü
äàííûõ âëèÿåò íà îáúåì äàííûõ è çàòðàòû. Ñàìûé äîðîãîé ìåõàíèçì
îáåñïå÷åíèÿ íàäåæíîñòè - ýòî ðåïëèêàöèÿ äàííûõ.

Ñ äðóãîé ñòîðîíû, êîäû èñïðàâëåíèÿ îøèáîê è èõ ìîäèôèêàöèè, òà-
êèå êàê êîäû ñòèðàíèÿ è êîäû ðåãåíåðàöèè, ìîãóò îáåñïå÷èòü áîëüøóþ
íàäåæíîñòü ñ ìåíüøåé èçáûòî÷íîñòüþ, ÷åì ðåïëèêàöèÿ [2]. Âàæíûì âî-
ïðîñîì ïðè âûáîðå êîäà èñïðàâëåíèÿ îøèáîê ÿâëÿåòñÿ ìàêñèìàëüíîå
êîëè÷åñòâî îøèáîê, êîòîðûå ìîãóò áûòü îáíàðóæåíû è èñïðàâëåíû äëÿ
äàííîé èçáûòî÷íîñòè äàííûõ [3].

Watson & Hastings [4] ïðåäëàãàþò àëüòåðíàòèâíîå ðåøåíèå - ìîäó-
ëÿðíûå êîäû èñïðàâëåíèÿ îøèáîê, îñíîâàííûå íà èçáûòî÷íîé ñèñòåìå
îñòàòî÷íûõ êëàññîâ (ÈÑÎÊ). ÈÑÎÊ � íåïîçèöèîííàÿ ñèñòåìà, ïðåä-
ñòàâëÿþùàÿ öåëîå ÷èñëî êàê íàáîð îñòàòêîâ, ïîëó÷åííûõ ïóòåì äåëå-
íèÿ èñõîäíîãî ÷èñëà íà íàáîð âçàèìíî ïðîñòûõ ÷èñåë. Äîïîëíèòåëüíûì
ïðåèìóùåñòâîì ÈÑÎÊ äëÿ ïðîåêòèðîâàíèÿ ðàñïðåäåëåííûõ ñèñòåì õðà-
íåíèÿ ÿâëÿåòñÿ òî, ÷òî ýòî ñõåìà ñîâìåñòíîãî èñïîëüçîâàíèÿ ñåêðåòîâ,
îáåñïå÷èâàþùàÿ áåçîïàñíîñòü äàííûõ [3, 5].

Îäíàêî åñòü äâå îñíîâíûå ïðîáëåìû: âû÷èñëèòåëüíàÿ ñëîæíîñòü ìå-
òîäà ïðîåêöèé è áîëüøîé îáúåì äàííûõ äëÿ ìåòîäà ñèíäðîìà. Ìåòîä
ïðîåêöèè � óíèâåðñàëüíûé ìåòîä îáíàðóæåíèÿ è èñïðàâëåíèÿ îøèáêè
ñ ëþáûìè ìîäóëÿìè ÈÑÎÊ. Åãî íåäîñòàòêîì ÿâëÿåòñÿ ýêñïîíåíöèàëü-
íàÿ âû÷èñëèòåëüíàÿ ñëîæíîñòü, çàâèñÿùàÿ îò êîëè÷åñòâà èñïðàâëÿå-
ìûõ îøèáîê [4]. Ìåòîä ñèíäðîìà ñíèæàåò âû÷èñëèòåëüíóþ ñëîæíîñòü
äî êâàäðàòè÷íîé, íî òðåáóåò õðàíåíèÿ áîëüøîãî îáúåìà LUT [6].

×òîáû óìåíüøèòü îáúåì èñïîëüçóåìîé ïàìÿòè, èññëåäîâàòåëè ìîãóò
ïîëàãàòüñÿ íà äâà ïîäõîäà. Ïåðâûé èñïîëüçóåò âñïîìîãàòåëüíûå ôóíê-
öèè êàê ñèíäðîì îøèáêè, íàïðèìåð, ðàíã ÷èñëà [7]. Âòîðîé ïîäõîä ïðåä-
ïîëàãàåò äîïîëíèòåëüíûå îãðàíè÷åíèÿ íà ìîäóëè ÈÑÎÊ. Äðóãèå êîäû
èñïðàâëåíèÿ îøèáîê îáåñïå÷èâàþò íàäåæíîñòü õðàíåíèÿ îòäåëüíûõ ìî-
äóëåé.
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Îäíèì èç âàæíåéøèõ ïðîöåññîâ â îáëàñòè íåôòåõèìèè è íåôòåïå-
ðåðàáîòêè, êàê â Ðîññèè, òàê è çà ðóáåæîì, ÿâëÿåòñÿ ïðîöåññ âû-
æèãà êîêñà ñ ïîâåðõíîñòè êàòàëèçàòîðà. Â ðàìêàõ äàííîé ñòàòüè
ðàññìîòðåíà ìàòåìàòè÷åñêàÿ ìîäåëü, âêëþ÷àþùàÿ â ñåáÿ óðàâíå-
íèÿ ìàòåðèàëüíîãî è òåïëîâîãî áàëàíñîâ. Â êà÷åñòâå ìåòîäà ðå-
øåíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé âûáðàí ìåòîä ïðî-
ãîíêè, ðåàëèçîâàííûé íà ÿçûêå ïðîãðàììèðîâàíèÿ Python.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ, çåðíî êàòàëèçà-
òîðà, îêèñëèòåëüíàÿ ðåãåíåðàöèÿ, ìàòåìàòè÷åñêàÿ ìîäåëü, ïðî-
ãðàììíàÿ ðåàëèçàöèÿ.

Mathematical modeling of the process of oxidative
regeneration of coked catalysts

One of the most important processes in the field of petrochemistry and
oil refining, both in Russia and abroad, is the process of burning coke
from the surface of the catalyst. Within the framework of this article,
a mathematical model is considered, which includes the equations of
material and thermal balances. The run-through method implemented
in the Python programming language is chosen as a method for solving
a system of differential equations.

Keywords: differential equations, catalyst grain, oxidative regenera-
tion, mathematical model, software implementation.

Â ïðàêòèêå ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ è â ïðîìûøëåííûõ óñëî-
âèÿõ âûæèãó êîêñà ñ ïîâåðõíîñòè ðàññìàòðèâàåìîãî êàòàëèçàòîðà óäå-
ëÿåòñÿ áîëüøîå âíèìàíèå. Ãëàâíûì âîïðîñîì ÿâëÿåòñÿ âûáîð îïòèìàëü-
íîãî ðåæèìà ïðîâåäåíèÿ ïðîöåññà. Ýòî ñâÿçàíî ñ âîçìîæíûìè ïåðåãðå-
âàìè ïðè îñóùåñòâëåíèè ðåãåíåðàöèè, ÷òî ìîæåò ïðèâåñòè åãî ê ñïåêà-
íèþ. Ïåðåä íà÷àëîì ìîäåëèðîâàíèÿ âàæíî îïðåäåëèòü íà÷àëüíûå óñëî-
âèÿ, ê êîòîðûì ìîæíî îòíåñòè êîëè÷åñòâî è ìàññà êîêñà, ðàçìåð çåðíà
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è ãðàíóë êàòàëèçàòîðà, à òàêæå òåìïåðàòóðó ãàçà è ñîäåðæàíèÿ êèñëî-
ðîäà â í¼ì. Ñëîæíûì ìîìåíòîì ïðè ìàòåìàòè÷åñêîì ÿâëÿåòñÿ ïåðåíîñ
òåïëà è âåùåñòâà â ïîðàõ çåðíà, êîòîðûé âëèÿåò íà ñêîðîñòü è õàðàêòåð
âûæèãà êîêñà [1].

Äëÿ ðåàëèçàöèè ïîñòàâëåííîé çàäà÷è íåîáõîäèìî îïðåäåëèòü êèíå-
òè÷åñêèå ïàðàìåòðû ñêîðîñòåé ðåàêöèè äëÿ èñïîëüçóåìîé ìîäåëè. Èçìå-
íåíèå êîíöåíòðàöèè êîêñîâûõ îòëîæåíèé èññëåäîâàíî ýêñïåðèìåíòàëü-
íûì ïóò¼ì. Ïîýòîìó îáðàáîòêà ðåçóëüòàòîâ ýêñïåðèìåíòàëüíûõ èññëå-
äîâàíèé ïîêàçàëî, ÷òî ðåãåíåðàöèÿ ñîãëàñóåòÿñ ñ êèíåòè÷åñêîé ìîäåëüþ
[1].

Ìîäåëèðîâàíèå ðàññìàòðèâàåìîãî ïðîöåññà îðèåíòèðîâàíî íà ðàç-
äåëüíûé ó÷¼ò ìàòåðèàëüíîãî è ò¼ïëîãî áàëàíñîâ ãàçîâîãî ïîòîêà è êà-
òàëèçàòîðà. Íåäîñòàòêîì äèôôóçèîííîé ìîäåëè çàêëþ÷àåòñÿ â ó÷¼òå
ïåðåíîñà êîìïîíåíòîâ â ïîðàõ çåðíà çà ñ÷¼ò äèôôóçèè [1]. Ñëåäóåò îò-
ìåòèòü, ÷òî èçìåíåíèå ðåàêöèîííîãî îáú¼ìà ïðèâîäèò ê âîçíèêíîâåíèþ
ñòåôàíîâñêîãî ïîòîêà [2].

Â ðàññìàòðèâàåìîé ìîäåëè ó÷èòûâàåòñÿ ïåðåíîñ êîìïîíåíòîâ çà ñ÷¼ò
ñòåôàíîâñêîãî ïîòîêà è äèôôóçèè.
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Èññëåäîâàíèå òåðìîäèíàìè÷åñêèõ õàðàêòåðèñòèê ðåàêòîðîâ ÿâëÿ-
åòñÿ âàæíåéøåé çàäà÷åé ïðè ìîäåëèðîâàíèè ñèñòåìû. Ðàññìàòðè-
âàåòñÿ òåìïåðàòóðíàÿ çàâèñèìîñòü êîíñòàíòû ðàâíîâåñèÿ ðåàêòî-
ðà ñèíòåçà ÌÒÁÝ, à òàêæå ýíòàëüïèÿ ðåàêöèè.

Êëþ÷åâûå ñëîâà: ìàòåìàòèêà, äèôôåðåíöèàëüíûå óðàâíåíèÿ, ÌÒ-
ÁÝ

Study of changes in the thermodynamic parameters of the
MTBE synthesis reactor based on a mathematical model

The study of the thermodynamic characteristics of reactors is the most
important task in modeling the system. The temperature dependence
of the equilibrium constant of the MTBE synthesis reactor, as well as
the enthalpy of the reaction, is considered.

Keywords: mathematics, differential equations, mtbe.

Ìåòèë-òðåò-áóòèëîâûé ýôèð (ÌÒÁÝ) � ýôôåêòèâíûé íåòîêñè÷íûé
âûñîêîîêòàíîâûé êîìïîíåíò. Ïðèìåíåíèå ÌÒÁÝ ïîçâîëÿåò ïðîèçâîäèòü
âûñîêîîêòàíîâûé áåíçèí íà îñíîâå øèðîêîé ãàììû áàçîâîãî áåíçèíà.
Äëÿ ïðîèçâîäñòâà ÌÒÁÝ èñïîëüçóåòñÿ ðåàêòîð àäèàáàòè÷åñêîãî òèïà.
Ìîäåëèðîâàíèå ðåàêòîðà ÿâëÿåòñÿ àêòóàëüíîé çàäà÷åé, ðåøåíèå êîòî-
ðîé ïîçâîëÿåò ñîñòàâèòü àäåêâàòíóþ ìàòåìàòè÷åñêóþ ìîäåëü ïðîöåñ-
ñà, îïèñûâàþùóþ èçìåíåíèå òåðìîäèíàìè÷åñêèõ õàðàêòåðèñòèê ñèñòå-
ìû [2]. Òåìïåðàòóðíàÿ çàâèñèìîñòü êîíñòàíòû ðàâíîâåñèÿ ïðèâåäåíà â
[1]:

lnKp = Ik − IH/RT + (a/R)lnT + (b/2R)T + (c/6R)T 2 + (d/12R)T 3 (1)

ãäå Ií è Ik - êîíñòàíòû èíòåãðèðîâàíèÿ óðàâíåíèé Êèðõãîôà è Âàíò-
Õîôôà ñîîòâåòñòâåííî. Ïàðàìåòðû a, b, c è d ìîãóò áûòü âûâåäåíû èç
ìîëÿðíîé òåïëîåìêîñòè ñîåäèíåíèé, ó÷àñòâóþùèõ â ðåàêöèè â ôîðìå

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ãðàíòà ÐÔÔÈ (ïðîåêò
� 19-37-60014).

Äóáîâöåâ Äìèòðèé Àëåêñàíäðîâè÷, àñïèðàíò, ÓÔÈÖ ÐÀÍ ÈÍÊ (Óôà, Ðîññèÿ);
Dmitry Dubovtsev (Institute of Petrochemistry and Catalysis, Ufa, Russia)

Åíèêååâà Ëåíèçà Âàñèìîâíà, ê.ô.-ì.í., äîöåíò, Íîâîñèáèðñêèé ãîñóäàðñòâåííûé
óíèâåðñèòåò (Íîâîñèáèðñê, Ðîññèÿ); Leniza Enikeeva (Novosibirsk State University,
Russia)
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Cpi = ai + bi + ciT
2 + diT

3, (2)

è Ií ìîæíî ðàññ÷èòàòü ïî çàâèñèìîñòè èçìåíåíèÿ ýíòàëüïèè ðåàêöèè
îò òåìïåðàòóðû [1]:

∆H0 = I + aT + (b/2)T 2 + (c/3)T 3 + (d/4)T 4 (3)

Èçìåíåíèÿ ýíòàëüïèè è ñâîáîäíîé ýíåðãèè ðåàêöèè áûëè ðàññ÷èòàíû íà
îñíîâå ëèòåðàòóðíûõ äàííûõ ïðè 298 Ê, êîòîðûå ñîñòàâèëè ∆H0 =-14,4
êêàë?ìîëü-1 è ∆G0=-3,44 êêàë?ìîëü-1. Èç íèõ áûëè ïîëó÷åíû óðàâíå-
íèÿ äëÿ òåìïåðàòóðíîé çàâèñèìîñòè êîíñòàíòû ðàâíîâåñèÿ è èçìåíåíèÿ
ýíòàëüïèè ðåàêöèè [1]:

lnKp = −2, 18 + 6970T − 1˘3, 102lnT+

(8, 432?10− 3)T˘(3, 155?10− 6)T 2 + (2, 332?10− 9)T 3 (4)

∆H0 = −13800˘6, 142T+(1, 670?10−2)T 2−(1, 250?10−5)T 3+(1, 485?10−9)T 4

(5)
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1. Izqulerdo J.F. Êîíñòàíòû ðàâíîâåñèÿ äëÿ æèäêîôàçíîãî ñèíòåçà ìåòèë-

òðåò-áóòèëîâîãî ýôèðà // J. Chem. Eng. Date, 123:3 (2009), 339-343.
2. Öàðåâà Ç.Ì.,Îðëîâà Å.À.Òåîðåòè÷åñêèå îñíîâû õèìòåõíîëîãèè. � Âûñ-

øàÿ øêîëà: Êèåâ, 1986.

178



ÌÎÄÈÔÈÊÀÖÈß ÓÐÀÂÍÅÍÈß ÁËÝÊÀ-ØÎÓËÑÀ ÄËß
Ó×ÅÒÀ ÑÒÎÈÌÎÑÒÈ ËÈÊÂÈÄÍÎÑÒÈ È

ÒÐÀÍÇÀÊÖÈÎÍÍÛÕ ÈÇÄÅÐÆÅÊ
@ Ì.Ì. Äûøàåâ, Â.Å. Ôåäîðîâ

Mikhail.Dyshaev@gmail.com, kar@csu.ru

ÓÄÊ 517.957, 336.76

DOI: 10.33184/mnkuomsh2t-2021-10-06.69.

Äîáàâëÿÿ ó÷åò ñòîèìîñòè ëèêâèäíîñòè êàê êâàäðàòè÷íîé è ëè-
íåéíîé ôóíêöèé îò îáúåìà îïåðàöèé, ïîëó÷åíû íåëèíåéíûå óðàâ-
íåíèÿ òèïà Áëýêà � Øîóëñà. Äëÿ îïðåäåëåíèÿ òðàíçàêöèîííûõ
èçäåðæåê èñïîëüçóåòñÿ ìîäåëü ìåòîäîëîãèè öåíîîáðàçîâàíèÿ ñ ïî-
ïðàâêîé íà ðèñê (risk-adjusted pricing methodology (RAPM) model).

Êëþ÷åâûå ñëîâà: ëèêâèäíîñòü, òðàíçàêöèîííûå èçäåðæêè, íåëè-
íåéíûå óðàâíåíèÿ òèïà Áëýêà � Øîóëñà

Modification of the Black-Scholes equation to account for
the cost of liquidity and transaction costs

We take into account the liquidity of the underlying assets and trans-
action costs for delta hedging. The liquidity cost is considered as a
linear and quadratic function of the transaction amount. New nonlin-
ear equations of Black-Scholes type are obtained. The Risk Adjusted
Pricing Methodology (RAPM) model is used to determine transaction
costs.

Keywords: liquidity, transaction costs, nonlinear Black — Scholes equa-
tions

Ìîäåëü Áëýêà � Øîóëñà [1] äëÿ êîëë (call) îïöèîíà Åâðîïåéñêîãî
òèïà ìîæíî çàïèñàòü êàê:

ut +
1

2
σ2x2uxx + r(xux − u) = 0,

u(0, t) = 0, lim
x→∞

u(x, t)

x−Ke−r(T−t)
= 1,

u(x, T ) = max(x−K, 0),

x ∈ [0,+∞), t ∈ [0, T ], K = const, K > 0,

σ = const, σ > 0, r = const, r ≥ 0.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 19-01-00244).
Äûøàåâ Ìèõàèë Ìèõàéëîâè÷, ê.ô.-ì.í., ×åëÃÓ (×åëÿáèíñê, Ðîññèÿ); Mikhail

Dyshaev (Chelyabinsk State University, Chelyabinsk, Russia)
Ôåäîðîâ Âëàäèìèð Åâãåíüåâè÷, ä.ô.-ì.í., ïðîôåññîð, ×åëÃÓ (×åëÿáèíñê, Ðîñ-

ñèÿ) Vladimir Fedorov (Chelyabinsk State University, Chelyabinsk, Russia)
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Çäåñü x ïðåäñòàâëÿåò ñîáîé öåíó áàçîâîãî àêòèâà, u(x, t) - öåíà êîëë
îïöèîíà Åâðîïåéñêîãî òèïà, K - öåíà ¾ñòðàéê¿, òî åñòü öåíà èñïîëíå-
íèÿ îïöèîíà, σ - ýòî èñòîðè÷åñêàÿ âîëàòèëüíîñòü, à r - ýòî áåçðèñêîâàÿ
ïðîöåíòíàÿ ñòàâêà.

Ìîäåëü RAPM ïîëó÷åíà â ðàáîòå [2]. Ñîîòâåòñòâóþùåå óðàâíåíèå
Áëýêà � Øîóëñà ñ ïîïðàâêîé íà ðèñê ïðåäñòàâëåíî â âèäå

ut +
1

2
σ2
(

1− q(xuxx)1/3
)
x2uxx − r (u− xux) = 0,

ãäå q = 3(k2R/2π)1/3. Çäåñü k - òðàíçàêöèîííûå èçäåðæêè, ïðîïîðöèî-
íàëüíûå îáúåìó îïåðàöèé, à R ≥ 0 - êîýôôèöèåíò ïðåìèè çà ðèñê.

Ïðåäñòàâëÿåòñÿ âîçìîæíûì äîïîëíèòü ìîäåëü RAPM íîâûì ôàêòî-
ðîì ðèñêà, åñëè ó÷èòûâàòü ïðåìèþ çà ðèñê íåëèêâèäíîñòè òàê æå, êàê
è äðóãèå ïðåìèè.

Ôóíêöèÿ îáùåé ïðåìèè çà ðèñê èìååò âèä

rR = rTC + rV P + rIL =

=
kxσ|uxx|√

2π
∆t−

1
2 +

1

2
Rσ4x2u2

xx∆t+
ε

2

(√
2√
π

)α
(σx|uxx|)α ∆t

α
2−1. (1)

Åñëè ðàññìîòðåòü ïðîñòóþ ìîäåëü, êîãäà ñòîèìîñòü ëèêâèäíîñòè ÿâ-
ëÿåòñÿ ëèíåéíîé ôóíêöèåé îòíîñèòåëüíî îáúåìà òðàíçàêöèè, òî åñòü
α = 1, ìû ïîëó÷èì ñëåäóþùåå íåëèíåéíîå óðàâíåíèå Áëýêà � Øîóëñà

ut −
1

2
σ2
(

1− q(xuxx)1/3
)
x2uxx − r(xux − u) = 0, (2)

q = 3((k + ε)2R/2π)1/3.

Äëÿ ñëó÷àÿ êâàäðàòè÷íîé ôóíêöèè ñòîèìîñòè ëèêâèäíîñòè, α = 2,
ïîëó÷åíà íîâàÿ íåëèíåéíàÿ ìîäåëü Áëýêà � Øîóëñà:

ut −
1

2
σ2
(

1− q(xuxx)1/3 − pxuxx
)
x2uxx − r(xux − u) = 0,

q = 3(k2R/2π)1/3, p = 2ε/π.

Ëèòåðàòóðà
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ÐÀÇÐÀÁÎÒÊÀ ÑÈÑÒÅÌÛ ÐÀÑÏÎÇÍÀÂÀÍÈß
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Â ðàáîòå ïðåäñòàâëåíà ñèñòåìà ðàñïîçíàâàíèÿ ðóññêîãî äàêòèëü-
íîãî àëôàâèòà, îñíîâàííàÿ íà ñâåðòî÷íîé íåéðîííîé ñåòè. Ñîáðà-
íà áàçà äàííûõ èç 400 ñòàòè÷íûõ æåñòîâ äëÿ îöåíêè òî÷íîñòü íåé-
ðîííîé ñåòè ñ ãëóáîêèì îáó÷åíèåì. Ýêñïåðèìåíò ïîêàçàë âûñîêóþ
òî÷íîñòü ïðåäëîæåííîé ñèñòåìû.

Êëþ÷åâûå ñëîâà: ðóññêèé äàêòèëüíûé ÿçûê, ðàñïîçíàâàíèå îáðà-
çîâ, íåéðîííàÿ ñåòü, Leap Motion

Development of a Russian dactyl language recognition
system

The paper presents a Russian dactyl alphabet recognition system
based on a convolutional neural network. We assembled a database of
400 static gestures to evaluate the accuracy of a deep learning neural
network. The experiment showed the high accuracy of the proposed
system.

Keywords: Russian dactyl, pattern recognition, neural net, Leap Mo-
tion

Ðóññêèé æåñòîâûé ÿçûê ÿâëÿåòñÿ îôèöèàëüíûì èíñòðóìåíòîì îá-
ùåíèÿ ëþäåé ñ íàðóøåíèÿìè ñëóõà. Îí ñîñòîèò èç íåâåðáàëüíûõ äåé-
ñòâèé: æåñòîâ ðóê, ìèìèêè, ïîëîæåíèÿ òåëà è ïîëíîñòüþ íåçàâèñèì îò
ñëîâåñíîé ðå÷è. Æåñòîâûé ÿçûê íåèçâåñòåí è ñëîæåí äëÿ âîñïðèÿòèÿ
îáùåñòâó, ïîýòîìó âîçíèêàåò êîììóíèêàòèâíûé áàðüåð. Ñèñòåìà ðàñïî-
çíàâàíèÿ æåñòîâîãî ÿçûêà ïðèçâàíà ïðåäîñòàâèòü áûñòðûé è óäîáíûé
èíòåðôåéñ äëÿ îáùåíèÿ ãëóõèõ è ñëûøàùèõ ëþäåé. Å¼ çàäà÷à ñîñòîèò
â ïåðåâîäå æåñòîâîãî ÿçûêà â ïèñüìåííóþ èëè óñòíóþ ðå÷ü.

Â ðàáîòå îáúåêòîì ðàñïîçíàâàíèÿ ÿâëÿåòñÿ ðóññêèé äàêòèëüíûé àë-
ôàâèò - îòäåëüíûé êîìïîíåíò æåñòîâîãî ÿçûêà, â êîòîðîì êàæäîé áóê-
âå ðóññêîãî àëôàâèòà ñîîòâåòñòâóåò îïðåäåëåííûé æåñò. Â îòëè÷èå îò

Åíèêååâ Äàíèÿð Ãàäèåâè÷, àñïèðàíò, ÑÔ ÁàøÃÓ (Ñòåðëèòàìàê, Ðîññèÿ); Daniyar
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èçìåíÿþùåãîñÿ ñî âðåìåíåì [1] ðóññêîãî æåñòîâîãî ÿçûêà, äàêòèëü îá-
ëàäàåò ñòðîãî îïðåäåëåííûì íàáîðîì æåñòîâ, óñòîÿâøèõñÿ â îáùåñòâå
ãëóõèõ. Æåñòû âûïîëíÿþòñÿ âñåãäà ïðàâîé ðóêîé è íå âêëþ÷àþò â ñåáÿ
ìèìèêó è ïðî÷èå àòðèáóòû æåñòîâîãî ÿçûêà. Îãðàíè÷åííîñòü ñëîâàðÿ
â ñîâîêóïíîñòè ñ îäíîé ðóêîé, âûñòóïàþùåé â êà÷åñòâå åäèíñòâåííîãî
îáúåêòà îòñëåæèâàíèÿ, çíà÷èòåëüíî óïðîùàåò ñîçäàíèå è òåñòèðîâàíèå
ñèñòåìû ðàñïîçíàâàíèÿ.

Äëÿ çàäà÷è îáó÷åíèÿ è ïîñëåäóþùåé ïðîâåðêè êëàññèôèêàöèè, èñ-
ñëåäîâàòåëåì, ïîä ðóêîâîäñòâîì ñóðäîïåðåâîä÷èêà, áûëà ñîçäàíà áàçà
äàííûõ, íàñ÷èòûâàþùàÿ 400 ïðèìåðîâ æåñòîâ. Íàáîð ñîñòîèò èç 10 ñòà-
òè÷åñêèõ áóêâ ðóññêîãî äàêòèëüíîãî àëôàâèòà. Â êà÷åñòâå èíñòðóìåíòà
ñáîðà âèçóàëüíîé èíôîðìàöèè î æåñòàõ áûë èñïîëüçîâàí êîíòðîëëåð
Leap Motion. Óñòðîéñòâî ñíèìàåò èçîáðàæåíèÿ â èíôðàêðàñíîì äèàïà-
çîíå, òåì ñàìûì íèâåëèðóÿ âëèÿíèå îñâåùåíèÿ íà äåòàëèçàöèþ è óðî-
âåíü øóìîâ. Ðåàëèçàöèÿ çàõâàòà èíôîðìàöèè â Leap Motion ïðåäîñòàâ-
ëÿåò äàííûå â âèäå èçîáðàæåíèÿ è ìàòåìàòè÷åñêîé ìîäåëè â òðåõìåðíîì
ïðîñòðàíñòâå.

Â êà÷åñòâå êëàññèôèêàòîðà èñïîëüçîâàíà ñâåðòî÷íàÿ íåéðîííàÿ ñåòü.
Îíà ïîçâîëÿåò ìèíèìèçèðîâàòü ýòàï ïîäãîòîâêè è ïðåïðîöåññèíãà èçîá-
ðàæåíèÿ, îáåñïå÷èâàåò àâòîìàòè÷åñêîå âûäåëåíèå ïàòòåðíîâ, õàðàêòå-
ðèçóþùèõ æåñò. Ñåòü ñîñòîèò èç äâóõ ïîñëåäîâàòåëüíûõ ñâåðòî÷íûõ
ñëîåâ, max pooling (îïåðàöèè âûäåëåíèÿ ìàêñèìóìà) è âûõîäíûõ ñâÿ-
çàííûõ ñëîåâ.

Ýêñïåðèìåíò ïîêàçàë, ÷òî ðàçðàáîòàííàÿ ñèñòåìà óñïåøíî êëàññèôè-
öèðóåò èçîáðàæåíèÿ ðàçëè÷íûõ æåñòîâ ñ äîñòîâåðíîñòüþ 97,5%. Îøè-
áî÷íûìè æåñòàìè âûáðàíû áóêâû àëôàâèòà, â êîòîðûõ ëàäîíü ñæàòà
(�Þ�, �À�), ëèáî ðàçëè÷àþòñÿ êîíôèãóðàöèè âûòÿíóòûõ ïàëüöåâ (�Ï�,
�ß�). Â áóäóùèõ èññëåäîâàíèÿõ ìû ïëàíèðóåì äîáàâèòü â ñèñòåìó ìà-
òåìàòè÷åñêóþ ìîäåëü èç Leap Motion API, ðàñøèðèòü áàçó äàííûõ è
äîáàâèòü àëãîðèòì îïðåäåëåíèÿ ïåðåõîäà ìåæäó æåñòàìè äëÿ ïðîöåäó-
ðû ðàñïîçíàâàíèÿ â ðåàëüíîì âðåìåíè.
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Ïåðâàÿ ëèíãâèñòè÷åñêàÿ êîíôåðåíöèÿ. � ÌÃÓ, Ìîñêâà, 2012. � 127-143.
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Ñòðîèòñÿ L-óñòîé÷èâûé ìåòîä òèïà Ðîçåíáðîêà ÷åòâåðòîãî ïîðÿä-
êà òî÷íîñòè, â êîòîðîì ïðîìåæóòî÷íûå ôîðìóëû òàêæåL-óñòîé÷èâûå.

Êëþ÷åâûå ñëîâà: æåñòêàÿ ñèñòåìà, ìåòîä Ðîçåíáðîêà

Rosenbrock type method of the fourth order with complex
parameters

An L-stable method of the Rosenbrock type of the fourth order of
accuracy is constructed, in which the intermediate formulas are also
L-stable.

Keywords: stiff system, Rosenbrock method

Äîâîëüíî ÷àñòî ïðè ðåøåíèè çàäà÷è Êîøè äëÿ æåñòêèõ ñèñòåì îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïðèìåíÿþò ðàçëè÷íûå âàðèàí-
òû ìåòîäîâ òèïà Ðîçåíáðîêà [1-4].

Â ðàáîòå äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è Êîøè

ẋ = ϕ (x) , x(t0) = x0

ðàññìàòðèâàåòñÿ ìåòîä òèïà Ðîçåíáðîêà ÷åòâåðòîãî ïîðÿäêà

xn+1 = xn + p1k1 + p2k2 + p3k3 + p4k4,

Dnk1 = τϕ (xn) ,

Dnk2 = τϕ (xn + β21k1) ,

Dnk3 = τϕ (xn + β31k1 + β32k2) ,

Dnk4 = τϕ (xn + β41k1 + β42k2 + β43k3) ,

ãäå Dn = E − ατϕ′n, E � åäèíè÷íàÿ ìàòðèöà, ϕ′n = ∂
∂xϕ (xn) � ÿêîáèàí

ñèñòåìû, α, pi, βij � ÷èñëîâûå êîýôôèöèåíòû.

Åôèìîâ Àíäðåé Ìèõàéëîâè÷, ê.ô.-ì.í., äîöåíò, ÁàøÃÓ (Óôà, Ðîññèÿ), Èíñòèòóò
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Ufa, Russia);
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(Bashkir State University, Ufa, Russia)
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Ñëåäóÿ ñõåìå îïðåäåëåíèÿ ïàðàìåòðîâ ìåòîäà, èçëîæåííîé Å. À. Íî-
âèêîâûì â [4], ïðèõîäèì ê óðàâíåíèþ

6α4 + 18α2 +
1

4
= 4

(
6α3 + α

)
,

êîðíÿìè êîòîðîãî ÿâëÿþòñÿ

α1 ≈ 0.106439, α2 ≈ 0.220428, α3 ≈ 0.572816, α4 ≈ 3.10032

Íàèáîëåå ïîäõîäÿùèì êîðíåì äëÿ óêàçàííîãî âûøå ìåòîäà ÿâëÿåòñÿ
α3 ≈ 0.572816. Îïðåäåëåíèå îñòàâøèõñÿ ïàðàìåòðîâ ìåòîäà ïî ñõåìå
Å. À. Íîâèêîâà äàåò ñëåäóþùèé ðåçóëüòàò:

α = 0.572816,

p1 = 0.572816, p2 = 0.281649± 0.00503726i,

p3 = 0.0336418∓ 0.0268835i, p4 = 0.111893± 0.0218462i,

β21 = 0.572816,

β31 = 0.572816, β32 = −2.98883± 1.27971i,

β41 = 0.572816, β42 = −2.09751∓ 0.580976i, β43 = −0.273906∓ 0.0588767i,

îòêóäà, åñòåñòâåííî, ïîëó÷àåì êîìïëåêñíîçíà÷íîå ðåøåíèå äëÿ çàäà÷è
Êîøè. Îäíàêî, ñëåäóåò îòìåòèòü, ÷òî, íåñìîòðÿ íà íåëèíåéíîñòü ñèñòå-
ìû äèôôåðåíöèàëüíûõ óðàâíåíèé â îáùåì ñëó÷àå, âåùåñòâåííàÿ ÷àñòü
ðåøåíèÿ äëÿ ïðîâåäåííûõ ðàñ÷åòîâ ïî íåñêîëüêèì çàäà÷àì õèìè÷åñêîé
êèíåòèêè íåïëîõî ñîãëàñóåòñÿ ñ îïûòíûìè äàííûìè, à ñàì ìåòîä â åãî
ðåàëèçàöèè ñ àâòîìàòè÷åñêèì âûáîðîì äëèíû øàãà äàåò íåïëîõîå ñî-
êðàùåíèå êîëè÷åñòâà èòåðàöèé ïî ñðàâíåíèþ ñ ìåòîäîì, èçëîæåííûì
Å. À. Íîâèêîâûì â [4], íåçíà÷èòåëüíî ïðîèãðûâàÿ åìó ïî âðåìåíè ðàñ-
÷åòîâ.
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Â äàííîé ðàáîòå, ïîñðåäñòâîì ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
â ïðîãðàììíîé ñðåäå MatLab, èññëåäîâàí ïðîöåññ ãèäðèðîâàíèÿ
ïîëèöèêëè÷åñêèõ àðîìàòè÷åñêèõ óãëåâîäîðîäîâ. Ðàññìîòðåíà äå-
òàëèçèðîâàííàÿ ñõåìà õèìè÷åñêèõ ïðåâðàùåíèé ñ îñíîâíûìè ðå-
àêöèÿìè: ãèäðèðîâàíèå ìîíîöèêëè÷åñêèõ àðîìàòè÷åñêèõ óãëåâî-
äîðîäîâ (áóòèë áåíçîë), ãèäðèðîâàíèå áèöèêëè÷åñêèõ àðîìàòè÷å-
ñêèõ óãëåâîäîðîäîâ (íàôòàëèí, äèôåíèë) è òðèöèêëè÷åñêèõ àðî-
ìàòè÷åñêèõ óãëåâîäîðîäîâ (àíòðàöåí). Ðàññ÷èòàíû êèíåòè÷åñêèå
ïàðàìåòðû: êîíñòàíòû ñêîðîñòåé ðåàêöèé, ïðåäýêñïîíåíöèàëüíûå
ìíîæèòåëè, ýíåðãèè àêòèâàöèè. Ïîëó÷åíî óäîâëåòâîðèòåëüíîå îïè-
ñàíèå èçìåíåíèé êîíöåíòðàöèé â çàâèñèìîñòè îò âðåìåíè êîíòàêòà
ïðè ðàçíûõ òåìïåðàòóðàõ ïðîöåññà.

Êëþ÷åâûå ñëîâà: ýíåðãèÿ àêòèâàöèè, êèíåòèêà, àðîìàòè÷åñêèå óã-
ëåâîäîðîäû, ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå

Calculation of the kinetic parameters of the hydrogenation
process of polycyclic aromatic hydrocarbons

In this work, by means of mathematical modeling in the MatLab soft-
ware environment, the process of hydrogenation of polycyclic aromatic
hydrocarbons is investigated. A detailed scheme of chemical trans-
formations with the main reactions is considered: hydrogenation of
monocyclic aromatic hydrocarbons (butyl benzene), hydrogenation of
bicyclic aromatic hydrocarbons (naphthalene, diphenyl) and tricyclic
aromatic hydrocarbons (anthracene). Kinetic parameters were cal-
culated: reaction rate constants, preexponential factors, activation
energies. A satisfactory description of changes in concentrations de-
pending on the contact time at different temperatures of the process
has been obtained.
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Ðàññìîòðåíà òåõíîëîãèÿ ïîëó÷åíèÿ ðåàêòèâíûõ òîïëèâ äëÿ ñâåðõ-
çâóêîâîé àâèàöèè � ãèäðèðîâàíèå ïîëèöèêëè÷åñêèõ àðîìàòè÷åñêèõ óã-
ëåâîäîðîäîâ, ñ öåëüþ äåòàëüíîãî èçó÷åíèÿ êèíåòèêè ðåàêöèé íà îñíîâå
ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ [1], ïîñêîëüêó äàííàÿ çàäà÷à ÿâëÿåòñÿ
àêòóàëüíûì íà ñåãîäíÿøíèé äåíü. Îïûòû äëÿ ïîëó÷åíèÿ äàííîãî âè-
äà òîïëèâà ïðîâîäèëèñü ïðè ðàçíûõ òåõíîëîãè÷åñêèõ ïàðàìåòðàõ è íà
ðàçíûõ êàòàëèçàòîðàõ: íèêåëü Ðåíåÿ, ÀÏ-64, Íèêåëü íà êèçåëüãóðå.

Äëÿ ìîäåëèðîâàíèÿ êèíåòèêè ïðîöåññà, íà îñíîâå ïîëó÷åííûõ äàí-
íûõ, ïðèìåíåíî ìàòåìàòè÷åñêîå îïèñàíèå íà áàçå çàêîíà äåéñòâóþùèõ
ìàññ, ÷òî ïðåäñòàâëÿåò ñîáîé ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé.
Ðåøåíèå ñèñòåìû óðàâíåíèé, ïðåäñòàâëÿåò ñîáîé ïðÿìóþ êèíåòè÷åñêóþ
çàäà÷ó. Äëÿ âîññòàíîâëåíèÿ êèíåòè÷åñêèõ ïàðàìåòðîâ ïðîöåññà áûëà ðå-
øåíà îáðàòíàÿ êèíåòè÷åñêàÿ çàäà÷à íà îñíîâå ýêñïåðèìåíòàëüíûõ äàí-
íûõ. Â ðàáîòå äëÿ ðåøåíèÿ ïðÿìîé çàäà÷è ïðèìåíÿåòñÿ ìíîãîøàãîâûé
ìåòîä Ãèðà ïåðåìåííîãî ïîðÿäêà. ×èñëåííûé ìåòîä Ãèðà óäîâëåòâîðÿåò
òðåáîâàíèþ æåñòêîé óñòîé÷èâîñòè [2].

Ïðè ðåøåíèè îáðàòíîé êèíåòè÷åñêîé çàäà÷è, êàê çàäà÷è îäíîêðèòå-
ðèàëüíîé îïòèìèçàöèè, íà ïåðâîì ýòàïå ïðèìåíÿåòñÿ àëãîðèòì ãëîáàëü-
íîé îïòèìèçàöèè - ãåíåòè÷åñêèé àëãîðèòì. Íà âòîðîì ýòàïå íàéäåííîå
ðåøåíèå óòî÷íÿåòñÿ àëãîðèòìîì ëîêàëüíîé îïòèìèçàöèè - ìåòîä Õóêà-
Äæèâñà (patternsearch) [3].

Ðàçðàáîòêà ìåòîäèêè ìíîãîêðèòåðèàëüíîé îïòèìèçàöèè (ÌÊÎ) ïðî-
öåññà äåàðîìàòèçàöèè íà îñíîâå êèíåòè÷åñêîé ìîäåëè, ïîçâîëèò îïðåäå-
ëÿòü íàèëó÷øèå óñëîâèÿ ïðîâåäåíèÿ, â çàâèñèìîñòè îò êðèòåðèåâ îï-
òèìàëüíîñòè (íàïðèìåð, äëÿ áîëåå ãëóáîêîãî ãèäðèðîâàíèÿ � ïîëíîãî
íàñûùåíèÿ) [4]. Òàêæå ïðèìåíåíèå ðàçðàáîòàííîé êèíåòè÷åñêîé ìîäåëè
ìîæíî ïðèìåíèòü è äëÿ äðóãèõ ïðîìûøëåííûõ çàäà÷: ðàñ÷åò íåîáõîäè-
ìîãî êîëè÷åñòâà êàòàëèçàòîðà, ãàáàðèòîâ ðåàêòîðà.
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Èçëàãàåòñÿ ïðèìåíåíèå ìåòîäà ðàçëîæåíèÿ ïî ñîáñòâåííûì ôóíê-
öèÿì ñàìîñîïðÿæåííîãî äèôôåðåíöèàëüíîãî îïåðàòîðà ê ðåøå-
íèþ îäíîé íåñòàöèîíàðíîé çàäà÷è òåïëîîáìåíà ñ ôàçîâûì ïåðå-
õîäîì â íåàâòîìîäåëüíîé ïîñòàíîâêå ïðè ñïåöèàëüíûõ íà÷àëüíûõ
óñëîâèÿõ íà ïðèìåðå ïðîöåññà ïðîìåðçàíèÿ íåêîòîðîé ñïëîøíîé
ñðåäû. Â õîäå ðåøåíèÿ çàäà÷è óñòàíàâëèâàåòñÿ ïàðàáîëè÷åñêèé
çàêîí äâèæåíèÿ ãðàíèöû ðàçäåëà äâóõ ôàç. Çàäà÷è ïîäîáíîãî òè-
ïà âîçíèêàþò ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè ïðîöåññîâ òåï-
ëîîáìåíà â ñòðîèòåëüñòâå, îñîáåííî â ðàéîíàõ âå÷íîé ìåðçëîòû, â
íåôòåãàçîäîáû÷å ïðè áóðåíèè è ýêñïëóàòàöèè ñêâàæèí, â ìåòàë-
ëóðãèè è ò.ä.

Êëþ÷åâûå ñëîâà: Ôàçîâûé ïåðåõîä, ñâîáîäíûå ãðàíèöû, äâèæóùè-
åñÿ ãðàíèöû, çàäà÷à Ñòåôàíà, êîíå÷íûå èíòåãðàëüíûå ïðåîáðà-
çîâàíèÿ, âûðîæäåííûå ãèïåðãåîìåòðè÷åñêèå ôóíêöèè, âîçìóùåí-
íûé äèôôåðåíöèàëüíûé îïåðàòîð.

NON-STATIONARY HEAT TRANSFER PROBLEM FOR
A PARABOLIC TYPE EQUATION IN A

NON-CYLINDRICAL DOMAIN

The application of the eigenfunction decomposition method of a self-
adjoint differential operator to the solution of a non-stationary heat
transfer problem with a phase transition in a non-automatic formula-
tion under special initial conditions is presented on the example of the
freezing process of a continuous medium. In the course of solving the
problem, a parabolic law of motion of the interface of two phases is es-
tablished. Problems of this type arise in the mathematical modeling
of heat exchange processes in construction, especially in permafrost
areas, in oil and gas production during drilling and operation of wells,
in metallurgy, etc.

Keywords: Phase transition, free boundaries, moving boundaries, Ste-
fan problem, finite integral transformations, degenerate hypergeomet-
ric functions, perturbed differential operator.

Çàéíóëëèí Ðèôàò Ãèëüìåòäèíîâè÷, ê.ô.-ì.í., äîöåíò, ÓÃÀÒÓ (Óôà, Ðîññèÿ);
Rifat Zaynulin (Ufa State Aviation Technical University, Ufa, Russia)

187



Ðàññìîòðèì çàäà÷ó î äèíàìèêå çîí êðèñòàëëèçàöèè (k = 1) è îõëà-
æäåíèÿ (k = 1) íåêîòîðîé ñïëîøíîé ñðåäû ïîä äåéñòâèåì òî÷å÷íîãî
èñòî÷íèêà õîëîäà, êîãäà ãðàíèöà ôàçîâîãî ïåðåõîä èìååò ñôåðè÷åñêóþ
ôîðìó è ñ òå÷åíèåì âðåìåíè ïðîäâèãàåòñÿ âíóòðü ñðåäû. Â íà÷àëüíûé
ìîìåíò âðåìåíè ñðåäà îáëàäàåò ïîñòîÿííîé òåìïåðàòóðîé t0 > 0 ïðè
r ≥ aξ0. Òî÷å÷íûé èñòî÷íèê îáëàäàåò òåìïåðàòóðîé te<0. Ìàòåìàòè÷å-
ñêóþ ìîäåëü ýòîãî ïðîöåññà äëÿ ðàäèàëüíîé ñõåìû ìîæíî ïðåäñòàâèòü
â âèäå:

1

a2
k

∂tk(r, τ)

∂τ
=
∂2tk(r, τ)

∂r2
+

2

r

∂tk(r, τ)

∂r
; (1)

r ∈ Dk(τ) : D1(τ) = {0 < r < ξ1 (τ)} , D2(τ) = {ξ1 (τ) < r < ξ2 (τ)} ;

τ > 0, ξ1 (+0) = ξ0 > 0, ξ2 (τ) = aξ1 (τ) , a > 1;

t1 (r, 0) =

(
1− r

ξ0

)
te; t2 (r, 0) =

r − ξ0
(a− 1) ξ0

t0; (2)

t1(0, τ) = te; tk(ξ1(τ), τ) = 0; t2(ξ2(τ), τ) = t0; (3)

λ1
∂t1(ξ1(τ), τ)

∂r
− λ2

∂t2(ξ1(τ), τ)

∂r
= σν

dξ1(τ)

dτ
. (4)

Çäåñü ak è λk � êîýôôèöèåíòû òåìïåðàòóðîïðîâîäíîñòè è òåïëîïðî-
âîäíîñòè â Dk (τ), σ � ñêðûòàÿ òåïëîòà êðèñòàëëèçàöèè, à ν � ïëîòíîñòü
îáðàçóþùåéñÿ ôàçû, a � áåçðàçìåðíûé ïàðàìåòð òåïëîâîãî âëèÿíèÿ [18].
Òðåáóåòñÿ íàéòè ôóíêöèè tk(r, τ) è ξ1(τ), òàêèå, ÷òî èìåþò ìåñòî ðàâåí-
ñòâà (1)-(4).

Äëÿ ðåøåíèÿ çàäà÷è ââîäèòñÿ ïîäâèæíàÿ ãðàíèöà; çàäà÷à ïðåîáðà-
çóåòñÿ ê îáëàñòè ñ íåïîäâèæíûìè ãðàíèöàìè ñ íåîäíîðîäíîé ïðàâîé
÷àñòüþ è ïåðåìåííûìè êîýôôèöèåíòàìè â èñõîäíîì óðàâíåíèè, íî ñ îä-
íîðîäíûìè êðàåâûìè óñëîâèÿìè, è äàëåå, äëÿ ðåøåíèÿ ïðåîáðàçîâàí-
íîé çàäà÷è ñòðîèòñÿ èíòåãðàëüíîå ïðåîáðàçîâàíèå ïî ïðîñòðàíñòâåííîé
êîîðäèíàòå ñ íåèçâåñòíûì ÿäðîì, íàõîæäåíèå êîòîðîãî ñâÿçàíî ñ ïîñòà-
íîâêîé è ðåøåíèåì ñîîòâåòñòâóþùåé ñïåêòðàëüíîé çàäà÷è ÷åðåç âûðîæ-
äåííûå ãèïåðãåîìåòðè÷åñêèå ôóíêöèè. Íàõîäÿòñÿ ñîáñòâåííûå ôóíêöèè
è ñîáñòâåííûå ÷èñëà, à òàêæå ôîðìóëà äëÿ îáðàùåíèÿ äëÿ ââåäåííîãî
èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ, ÷òî ïîçâîëÿåò âûïèñàòü àíàëèòè÷åñêîå
ðåøåíèå èñõîäíîé çàäà÷è è ðàññìîòðåòü ðÿä ÷àñòíûõ ñëó÷àåâ.
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Îáùàÿ òåîðèÿ àíàëèçà èíôîðìàòèâíîñòè êèíåòè÷åñêèõ ïàðàìåò-
ðîâ ïðè ðåøåíèè îáðàòíûõ çàäà÷ ïðåäñòàâëÿåò ñîáîé äîñòàòî÷íî
òðóäîåìêèé ïðîöåññ. Óâåëè÷åíèå êîëè÷åñòâà ïàðàìåòðîâ ìàòåìà-
òè÷åñêîé ìîäåëè âåäåò ê òðóäíîñòÿì âû÷èñëèòåëüíîãî õàðàêòåðà.
Çäåñü ðå÷ü èäåò îá àíàëèòè÷åñêèõ âû÷èñëåíèÿõ ñ íåëèíåéíûìè
âûðàæåíèÿìè. Â íàñòîÿùåé ðàáîòå ïðåäëîæåí àëãîðèòì îïðåäåëå-
íèÿ ôóíêöèîíàëüíûõ çàâèñèìîñòåé êèíåòè÷åñêèõ ïàðàìåòðîâ, îñ-
íîâàííûé íà àíàëèçå ãðàôà Âîëüïåðòà, êîòîðûé ïîçâîëèò îáîéòè
ãðîìîçäêèå âû÷èñëåíèÿ, íå íàðóøàÿ ôèçèêî-õèìè÷åñêîãî ñìûñëà.
Äàííûé àëãîðèòì ïðåäíàçíà÷åí äëÿ ïåðâè÷íîé îáðàáîòêè ýêñïå-
ðèìåíòàëüíîé èíôîðìàöèè ïðè ðåøåíèè îáðàòíûõ çàäà÷ õèìè÷å-
ñêîé êèíåòèêè.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, êèíåòè÷åñêèå ïà-
ðàìåòðû, ãðàô Âîëüïåðòà

Graph-theoretic algorithm for determining functional
dependencies of kinetic parameters

The general theory of analysis of the information content of kinetic pa-
rameters in solving inverse problems is a rather laborious process. An
increase in the number of parameters of a mathematical model leads
to computational difficulties. Here we are talking about analytical
calculations with nonlinear expressions. In this work, we propose an
algorithm for determining the functional dependences of the kinetic
parameters, based on the analysis of the Volpert graph, which will
make it possible to bypass cumbersome calculations without violating
the physicochemical meaning. This algorithm is intended for primary
processing of experimental information when solving inverse problems
of chemical kinetics.

Keywords: math modeling, kinetic parameters, Volpert graph
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Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ êàòàëèòè÷åñêèõ ðåàê-
öèé, ïðîòåêàþùèõ â êâàçèñòàöèîíàðíîì ðåæèìå, ïðåäñòàâëÿåòñÿ â âèäå
[1]:

dx

dt
= f1 (x, y, k) , 0 = f2 (x, y, k) , x′ (0) = x′0

ãäå x, y � âåêòîðà êîíöåíòðàöèé èçìåðÿåìûõ è ïðîìåæóòî÷íûõ âå-
ùåñòâ, k = (k1 . . . kS) � âåêòîð êèíåòè÷åñêèõ ïàðàìåòðîâ, x′ (0) = x′0 �
íà÷àëüíîå óñëîâèå, ôóíêöèè f1, f2 âûïèñûâàþòñÿ ñîãëàñíî çàêîíó äåé-
ñòâóþùèõ ìàññ.

Òàê êàê ýêñïåðèìåíòàëüíûå äàííûå ïî êîíöåíòðàöèè ïðîìåæóòî÷-
íûõ âåùåñòâ îòñóòñòâóþò, òî äëÿ îïðåäåëåíèÿ èçìåíåíèÿ êîíöåíòðàöèé
èñõîäíûõ âåùåñòâ è ïðîäóêòîâ ðåàêöèè âî âðåìåíè íåîáõîäèìî ðàçðå-
øèòü ñèñòåìó óðàâíåíèé îòíîñèòåëüíî ïðîìåæóòî÷íûõ âåùåñòâ. Ïðè
ýòîì îäíîçíà÷íî îöåíèòü êèíåòè÷åñêèå êîíñòàíòû îáû÷íî íåâîçìîæíî.
Ýòî âëå÷åò çà ñîáîé ïðîáëåìó íåîäíîçíà÷íîñòè ðåøåíèÿ îáðàòíîé çàäà-
÷è. Ðåøåíèå îáðàòíîé çàäà÷è õèìè÷åñêîé êèíåòèêè åñòü âîññòàíîâëåíèå
ìàòåìàòè÷åñêîé ìîäåëè íà îñíîâå ýêñïåðèìåíòàëüíûõ äàííûõ.

Îñíîâîé äëÿ ïîñòðîåíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé ñëîæíûõ õèìè÷å-
ñêèõ ðåàêöèé ñòàëà òåîðèÿ ñòàöèîíàðíûõ ðåàêöèé, ðàçðàáîòàííàÿ Ä.Õîðèóòè
è Ì.È.Òåìêèíûì [2]-[3].

Ôóíêöèîíàëüíûå çàâèñèìîñòè êèíåòè÷åñêèõ ïàðàìåòðîâ ìîæíî îïðå-
äåëèòü ïî îáùåé òåîðèè àíàëèçà èíôîðìàòèâíîñòè êèíåòè÷åñêèõ ïàðà-
ìåòðîâ [4]. Îäíàêî äàííûé ïîäõîä ïðåäñòàâëÿåò ñîáîé äîñòàòî÷íî òðó-
äîåìêèé ïðîöåññ. Áîëåå òîãî, óâåëè÷åíèå ðàçìåðíîñòè è íåëèíåéíîñòü
ìåõàíèçìîâ õèìè÷åñêèõ ðåàêöèé íà ïðàêòèêå ïîâûøàþò ñëîæíîñòü ðàñ-
÷åòîâ.

Âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå ìåõàíèçìà õèìè÷åñêîé ðåàêöèè è
ãðàôà Âîëüïåðòà [5] ïîçâîëÿåò ñôîðìóëèðîâàòü ñëåäóþùèå ïðàâèëà äëÿ
îïðåäåëåíèÿ ôóíêöèîíàëüíûõ çàâèñèìîñòåé êèíåòè÷åñêèõ ïàðàìåòðîâ.

1. Âûäåëèòü ïîäãðàôû â ãðàôå Âîëüïåðòà ïóòåì èñêëþ÷åíèÿ: à)
âåðøèí, ñîîòâåòñòâóþùèõ ïðîìåæóòî÷íûì âåùåñòâàì; á) âåðøèí, îò-
âå÷àþùèõ çà íàáëþäàåìûå âåùåñòâà, êîòîðûå íå ÿâëÿþòñÿ èñõîäíûìè
âåùåñòâàìè, â) âåðøèí-ðåàêöèé, äëÿ êîòîðûõ íåò ðåáåð èñõîäÿùèõ îò
âåðøèí-íàáëþäàåìûõ âåùåñòâ; ã) ðåáðà, èíöèäåíòíûå óäàëåííûì âåð-
øèíàì; ä) ðåáðà, íàïðàâëåííûå îò âåðøèí-ðåàêöèé ê âåðøèíàì-âåùåñòâàì.

2. Âûïèñàòü èç ïîëó÷åííîãî íåñâÿçíîãî ãðàôà ìàòðèöó ñâÿçåé. Ñòðî-
êàì äàííîé ìàòðèöû ñîîòâåòñòâóþò îïðåäåëÿåìûå êèíåòè÷åñêèå ïàðà-
ìåòðû. ×èñëî ñòîëáöîâ ìàòðèöû ñâÿçåé ðàâíî ÷èñëó âåðøèí-íàáëþäàåìûõ
âåùåñòâ. Âåðøèíû-ðåàêöèè è âåðøèíû-âåùåñòâà (íàáëþäàåìûå), ñìåæ-
íûå â ïîëó÷åííîì ïîäãðàôå, îïðåäåëÿþò ìåñòîïîëîæåíèå íåíóëåâûõ
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ýëåìåíòîâ ìàòðèöû. Çíà÷åíèå ýëåìåíòà îïðåäåëÿåòñÿ ñîîòâåòñòâóþùèì
êèíåòè÷åñêèì ïàðàìåòðîì.

3. Ôóíêöèîíàëüíûå çàâèñèìîñòè êèíåòè÷åñêèõ ïàðàìåòðîâ îïðåäåëÿ-
þòñÿ êàê ñîâîêóïíîñòü ÷àñòíûõ ðåøåíèé ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, ïîñòðîåííîé íà îñíîâàíèè ïîëó÷åí-
íîé ìàòðèöû ñâÿçåé, ñîãëàñíî îáùåé òåîðèè àíàëèçà èíôîðìàòèâíîñòè.

Îïðåäåëåíèå ôóíêöèîíàëüíûõ çàâèñèìîñòåé êèíåòè÷åñêèõ ïàðàìåò-
ðîâ íåîáõîäèìî äëÿ îïðåäåëåíèÿ ñòðóêòóðû òåîðåòè÷åñêèõ ìîäåëåé, ïðè-
âîäèò ê óìåíüøåíèþ îáùåãî êîëè÷åñòâà ïàðàìåòðîâ ìîäåëè, ÷òî áëàãî-
ïðèÿòíî äëÿ ìîäåëèðîâàíèÿ òåõíîëîãè÷åñêèõ ïðîöåññîâ. Ïîñëåäóþùàÿ
îöåíêà ÷èñëåííûõ çíà÷åíèé êèíåòè÷åñêèõ ïàðàìåòðîâ ïî äîñòóïíîìó
ìàññèâó ýêñïåðèìåíòàëüíûõ äàííûõ óâåëè÷èâàåò äîñòîâåðíîñòü ïðîãíî-
çèðóþùèõ ïîñòðîåííûõ ìîäåëåé.
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Â ðàìêàõ ðàáîòû âûïîëíåíî ìîäåëèðîâàíèå êîíòàêòíîãî âçàèìî-
äåéñòâèÿ ýëåìåíòîâ ñôåðè÷åñêèõ îïîðíûõ ÷àñòåé ìîñòîâ, âîñïðè-
íèìàþùèõ íàãðóçêè îò ìîñòîâîãî ïðîëåòà, â òðåõìåðíîé ïîñòà-
íîâêå ñ ó÷åòîì òåõíîëîãè÷åñêèõ óãëóáëåíèé ïîä ñìàçî÷íûé ìàòå-
ðèàë. Ñîçäàíû ïàðàìåòðèçèðîâàííûå êîíå÷íî-ýëåìåíòíûå ìîäå-
ëè îïîðíûõ ÷àñòåé ñ äâóìÿ òèïàìè óãëóáëåíèé ïîä ñìàçêó: êîëü-
öåâûå êàíàâêè, ñôåðè÷åñêèå ëóíêè. Âûïîëíåíà ñåðèÿ ÷èñëåííûõ
ýêñïåðèìåíòîâ, íàïðàâëåííàÿ íà ñðàâíèòåëüíûé àíàëèç âëèÿíèÿ
êîíôèãóðàöèè è ïîëîæåíèÿ óãëóáëåíèé íà ðàáîòîñïîñîáíîñòü êîí-
ñòðóêöèé. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå çàäà÷è âûïîëíåíî ñ èñ-
ïîëüçîâàíèåì ïðèêëàäíîãî ïàêåòà ANSYS.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, èòåðàöèîííàÿ ïðî-
öåäóðà, ñìàçêà, ãåîìåòðè÷åñêàÿ êîíôèãóðàöèÿ, ïîëèìåð

Mathematical modeling of the spherical bearing
deformation behavior of bridges with technological grooves

for lubrication under a normative vertical load

Modeling of the contact interaction elements spherical bearings of
bridges which perceive the loads from the bridge span in a three-
dimensional setting taking into account the technological grooves for
the lubricant was carried out as part of the work. Parameterized fi-
nite element models of bearings with two types of lubrication recesses
are created: annular grooves, spherical hole. A numerical experiments
series aimed at a comparative analysis of the configuration and posi-
tion influence of the recesses on the structures performance has been
carried out. Mathematical modeling of the problem was carried out
using the ANSYS application package.

Keywords: mathematical modeling, iterative procedure, lubricat, geo-
metric configuration, polymer
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Óïðîùåííàÿ ðàñ÷åòíàÿ ñõåìà ñôåðè÷åñêîé îïîðíîé ÷àñòè ïðîëåòíûõ
ñòðîåíèé ìîñòîâ âêëþ÷àåò âåðõíþþ è íèæíþþ ñòàëüíóþ ïëèòó, à òàê
æå ñôåðè÷åñêèé ñëîé ñêîëüæåíèÿ [1]. Â ðàáîòå ðàññìàòðèâàåòñÿ îäèí èç
âàðèàíòîâ òèïîðàçìåðà îïîðíîé ÷àñòè, ðàññ÷èòàííûé íà íîðìàòèâíóþ
âåðòèêàëüíóþ íàãðóçêó 1000 êÍ âûñîòîé 55 ìì è øèðèíîé 155 ìì. Ïðè
ýòîì îñîáûé èíòåðåñ ïðåäñòàâëÿåò âëèÿíèå íà ïàðàìåòðû çîí êîíòàê-
òà è äåôîðìàöèîííîå ïîâåäåíèå êîíñòðóêöèè â öåëîì òåõíîëîãè÷åñêèõ
óãëóáëåíèé ïîä ñìàçî÷íûé ìàòåðèàë. Ðàññìàòðèâàåòñÿ äâå ãåîìåòðè÷å-
ñêèå êîíôèãóðàöèè óãëóáëåíèé ïîä ñìàçêó: êîëüöåâûå êàíàâêè è ñôå-
ðè÷åñêèå ëóíêè. Â ðàìêàõ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ðàñ÷åòíûõ
ñõåì âûïîëíåíà ïàðàìåòðèçàöèÿ ìîäåëè ïî ãåîìåòðè÷åñêèì õàðàêòåðè-
ñòèêàì óãëóáëåíèé è èõ ïîëîæåíèþ îòíîñèòåëüíî öåíòðàëüíîé ÷àñòè
ñôåðè÷åñêîé îïîðû. Â ïðîöåññå ìîäåëèðîâàíèè ïðîñëîéêè ñî ñôåðè÷å-
ñêèìè âûðåçàìè ïîä ñìàçî÷íûé ìàòåðèàë âîçíèêëà íåîáõîäèìîñòü â ñî-
çäàíèè ïðîöåäóðû äëÿ âíåäðåíèÿ ëóíîê. Ïðîöåäóðà ïîçâîëÿåò ñòðîèòü
îòïàðàìåòðèçèðîâàííóþ ìîäåëü ñî ñôåðè÷åñêèìè âûðåçàìè ïîä ñìàçî÷-
íûé ìàòåðèàë è ïîñëåäóþùåå âíåäðåíèå, â íèõ, ñìàçî÷íîãî ìàòåðèàëà, â
çàâèñèìîñòè îò çàäàâàåìûõ ïàðàìåòðîâ êîíñòðóêöèè (ðàññòîÿíèå ìåæäó
âûðåçàìè ïîä ñìàçî÷íûé ìàòåðèàë, ãëóáèíà ëóíîê, òîëùèíà ïðîñëîéêè
è ò.ä.).

Èññëåäîâàíèÿ âêëþ÷àëè ñåðèþ ÷èñëåííûõ ýêñïåðèìåíòîâ, íàïðàâ-
ëåííûõ íà àíàëèç âëèÿíèÿ êîíôèãóðàöèè óãëóáëåíèé ïîä ñìàçêó è ïî-
ëîæåíèÿ óãëóáëåíèé îòíîñèòåëüíî öåíòðà îïîðíîé ÷àñòè. Â êà÷åñòâå ìà-
òåðèàëà ñôåðè÷åñêîãî ñëîÿ ñêîëüæåíèÿ èñïîëüçóåòñÿ ìîäèôèöèðîâàí-
íûé ôòîðîïëàñò, ôèçèêî-ìåõàíè÷åñêèå è ôðèêöèîííûå ñâîéñòâà ïîëó-
÷åíû ýêñïåðèìåíòàëüíî [2]. Ïðè ðåàëèçàöèè çàäà÷è ðàññìàòðèâàëîñü òðè
êîýôôèöèåíòà òðåíèÿ ñòàëü-ïîëèìåð (òàáëè÷íîå, ýêñïåðèìåíòàëüíîå ñ
ó÷åòîì è áåç ó÷åòà ñìàçêè ïî ñîïðÿãàåìûì ïîâåðõíîñòÿì) è äâà âàðèàíòà
òðåíèÿ ñìàçêà-ñòàëü (ìèíèìàëüíîå è ìàêñèìàëüíîå çíà÷åíèå êîýôôèöè-
åíòà òðåíèÿ äëÿ òâåðäûõ è ïàñòîîáðàçíûõ ñìàçîê). Äëÿ àâòîìàòèçàöèè
ðàñ÷åòà è îáðàáîòêè ðåçóëüòàòîâ áîëüøîãî íàáîðà âû÷èñëèòåëüíûõ ýêñ-
ïåðèìåíòîâ áûëà ðåàëèçîâàíà èòåðàöèîííàÿ ïðîöåäóðà.

Óñòàíîâëåíî, ÷òî ïðîñëîéêè ñî ñôåðè÷åñêèìè âûðåçàìè èìåþò íàè-
ìåíüøåå äåôîðìèðîâàíèå ïî ñðàâíåíèþ ñî ñëîåì ñêîëüæåíèÿ ñ êîëüöå-
âûìè êàíàâêàìè. Ìàêñèìàëüíûå çíà÷åíèÿ êîíòàêòíîãî äàâëåíèÿ è êîí-
òàêòíîãî êàñàòåëüíîãî íàïðÿæåíèÿ àíòèôðèêöèîííîé ïðîñëîéêè ñî ñôå-
ðè÷åñêèìè óãëóáëåíèÿìè âûøå, ÷åì ó ïðîñëîéêè ñ êîëüöåâûìè êàíàâêà-
ìè â ñðåäíåì íà 10-12%. Âëèÿíèå êîýôôèöèåíòà òðåíèÿ ñòàëü-ñìàçêà íà-
áëþäàåòñÿ òîëüêî ïðè ýêñïåðèìåíòàëüíî ïîëó÷åííîì êîýôôèöèåíòå òðå-
íèè ñòàëü-ïîëèìåð ñ ó÷åòîì ñìàçêè: ïðè ìèíèìàëüíîì çíà÷åíèè òðåíèÿ
ñòàëü-ñìàçêà ìàêñèìàëüíûé óðîâåíü êîíòàêòíîãî êàñàòåëüíîãî íàïðÿ-

194



æåíèÿ ìåíüøå íà 38,7%. Òðåíèå ñòàëü-ïîëèìåð îêàçûâàåò çíà÷èòåëüíîå
âëèÿíèå íà óðîâåíü êîíòàêòíîãî êàñàòåëüíîãî íàïðÿæåíèÿ.
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Â ðàáîòå ðàññìîòðåíî ÷èñëåííîå ìîäåëèðîâàíèå êîíòàêòà êîíñòðóê-
öèîííûõ ýëåìåíòîâ ñôåðè÷åñêèõ îïîðíûõ ÷àñòåé. Ñôåðè÷åñêèå
îïîðíûå ÷àñòè âîñïðèíèìàþò íàãðóçêè îò ìîñòîâîãî ïðîëåòà. Òà-
êèì îáðàçîì, ñîçäàíèå êà÷åñòâåííûõ ìàòåìàòè÷åñêèõ ìîäåëåé êîí-
ñòðóêöèé ÿâëÿåòñÿ îäíîé èç âàæíûõ ïðîáëåì ìîñòîñòðîåíèÿ è ìå-
õàíèêè äåôîðìèðóåìîãî òâåðäîãî òåëà. Ìàòåìàòè÷åñêîå ìîäåëè-
ðîâàíèå çàäà÷è ðåàëèçîâàíî â îñåñèììåòðè÷íîé ïîñòàíîâêå ñ ó÷å-
òîì ôðèêöèîííîãî êîíòàêòà ìåæäó ñîïðÿãàåìûìè ïîâåðõíîñòÿìè.
Ðàññìîòðåíû ðàçíûå âàðèàíòû êîíôèãóðàöèè ñôåðè÷åñêîãî ñëîÿ
ñêîëüæåíèÿ è åãî ìåñòîïîëîæåíèÿ îòíîñèòåëüíî äðóãèõ ýëåìåí-
òîâ êîíñòðóêöèè. Êàê ðåçóëüòàò ïîëó÷åíû êà÷åñòâåííûå è êîëè÷å-
ñòâåííûå çàêîíîìåðíîñòè äåôîðìàöèîííîãî ïîâåäåíèÿ êîíñòðóê-
öèè â çàâèñèìîñòè îò êîíôèãóðàöèè îïîðíîé ÷àñòè.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, ïîëèìåð, ãåî-
ìåòðè÷åñêàÿ êîíôèãóðàöèÿ, ñôåðè÷åñêèé ñëîé ñêîëüæåíèÿ

Numerical modeling of spherical bearing mating elements
within the framework of frictional contact

Numerical modeling of the structural elements contact of spherical
bearing is considered in the work. The spherical bearing take up the
loads from the bridge span. In this way one of the important prob-
lems of bridge construction and deformable solids mechanics is the
creation of high-quality mathematical models of structures. Mathe-
matical modeling of the problem is implemented in an axisymmet-
ric formulation taking into account the frictional contact between the
mating surfaces. Various configuration options for the spherical sliding
layer and its location relative to other structural elements are consid-
ered. Qualitative and quantitative patterns of the structure deforma-
tion behavior depending on the bearing configuration were obtained
as a result.
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Ñôåðè÷åñêèå îïîðíûå ÷àñòè ïðîëåòíûõ ñòðîåíèé ìîñòîâ âîñïðèíè-
ìàþò âåðòèêàëüíûå è ãîðèçîíòàëüíûå íàãðóçêè îò ìîñòîâîãî ïðîëåòà.
Îñíîâíîé êîíòàêòíûé óçåë îïîðíîé ÷àñòè âêëþ÷àåò â ñåáÿ ñôåðè÷åñêóþ
è ïëîñêóþ ïîâåðõíîñòè ñêîëüæåíèÿ, à òàê æå äâå ñòàëüíûå ïëèòû [1, 2].
Ïëîñêèé ñëîé ñêîëüæåíèÿ â êîíñòðóêöèÿõ îïîðíûõ ÷àñòåé ðàçíûõ ôèðì
ïðîèçâîäèòåëåé ðàñïîëàãàåòñÿ ëèáî íà âåðõíåé ïîâåðõíîñòè ñòàëüíîé
ïëèòû ñî ñôåðè÷åñêèì ñåãìåíòîì, ëèáî íà íèæíåé ïîâåðõíîñòè ïëèòû
ñî ñôåðè÷åñêèì âûðåçîì. Â äàííîé ðàáîòå íå ïëîñêèé ñëîé ñêîëüæå-
íèÿ íå ìîäåëèðóåòñÿ. Êëàññè÷åñêîå ìåñòîïîëîæåíèå ñôåðè÷åñêîãî ñëîÿ
ñêîëüæåíèÿ íèæíÿÿ ñòàëüíàÿ ïëèòà, ïðîñëîéêà âïðåññîâûâàåòñÿ â ñôå-
ðè÷åñêèé âûðåç è èìååò ñòàíäàðòíóþ òîëùèíó 4 ìì. Ãàáàðèòíûå ðàç-
ìåðû êîíñòðóêöèè èçìåíÿþòñÿ â çàâèñèìîñòè îò ïðîåêòíûõ íàãðóçîê,
íà êîòîðûå ðàcñ÷èòàíà îïîðíàÿ ÷àñòü. Èíòåðåñåí ðÿä âîïðîñîâ, ñâÿçàí-
íûõ ñ êîíôèãóðàöèåé ñôåðè÷åñêèõ îïîðíûõ ÷àñòåé: 1. ìåñòîïîëîæåíèå
ñôåðè÷åñêîãî ñëîÿ ñêîëüæåíèÿ îòíîñèòåëüíî ñòàëüíûõ ýëåìåíòîâ êîí-
ñòðóêöèè; 2. òîëùèíà àíòèôðèêöèîííîé ïðîñëîéêè.

Â ðàìêàõ ðàáîòû ðàññìîòðåíî äåôîðìèðîâàíèå ñôåðè÷åñêîé îïîðíîé
÷àñòè Ë-100 ïðîèçâîäñòâà ÎÎÎ "ÀëüôàÒåõ"ðàñc÷èòàííóþ íà íîðìàòèâ-
íóþ âåðòèêàëüíóþ è ãîðèçîíòàëüíóþ íàãðóçêó 1000 è 300 êÍ ñîîòâåò-
ñòâåííî. Òàê êàê çàäà÷à ðàññìàòðèâàåòñÿ â îñåñèììåòðè÷íîé ïîñòàíîâêå,
òî ãîðèçîíòàëüíàÿ íàãðóçêà íå ó÷èòûâàåòñÿ. Ïðîàíàëèçèðîâàíî âëèÿíèå
òîëùèíû ñëîÿ ñêîëüæåíèÿ ïðè ñòàíäàðòíîì óãëå íàêëîíà òîðöà è ìå-
ñòîïîëîæåíèåì àíòèôðèêöèîííîé ïðîñëîéêè [1]. Óñòàíîâëåíî, ÷òî ïðè
óâåëè÷åíèè òîëùèíû ñëîÿ ñêîëüæåíèÿ äî 6-8 ìì íàáëþäàåòñÿ ñíèæåíèå
ìàêñèìàëüíîãî óðîâíÿ ïàðàìåòðîâ çîí êîíòàêòà, íîðìàëüíûå ïåðåìå-
ùåíèÿ îòíîñèòåëüíî ñâîáîäíîãî òîðöà ñëîÿ ñêîëüæåíèÿ è ïëàñòè÷åñêèå
äåôîðìàöèè èçìåíÿþòñÿ íåçíà÷èòåëüíî. Äàëåå áûëî âûïîëíåíî ñðàâ-
íåíèå íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ è ðàáîòû êîíñòðóêöèè
Ë-100 ñ îïîðíîé ÷àñòüþ îòëè÷àþùåéñÿ òîëüêî ïîëîæåíèåì ñëîÿ ñêîëü-
æåíèÿ îòíîñèòåëüíî ïëèò [2]: àíòèôðèêöèîííàÿ ïðîñëîéêà íàíîñèòñÿ íà
ñôåðè÷åñêèé ýëåìåíò.

Óñòàíîâëåíî, ÷òî ïðè ñòàíäàðòíîì óãëå íàêëîíà òîðöà ñëîÿ ñêîëü-
æåíèÿ â êîíñòðóêöèè ñ àíòèôðèêöèîííîé ïðîñëîéêîé, ðàñïîëîæåííîé
â âåðõíåé ñòàëüíîé ïëèòå, íàáëþäàåòñÿ ðàñõîæäåíèå ïîâåðõíîñòåé ñî-
ïðÿæåíèÿ âáëèçè êðàÿ ñëîÿ ñêîëüæåíèÿ �íà 5 % ïëîùàäè êîíòàêòíîãî
âçàèìîäåéñòâèÿ. Ïîýòîìó áûëî ïðèíÿòî ðåøåíèå ðàññìîòðåòü âëèÿíèå
óãëà íàêëîíà òîðöà â êîíñòðóêöèÿõ îïîðíûõ ÷àñòåé ïðè ðàçíîì ìåñòî-
ïîëîæåíèè ñëîÿ ñêîëüæåíèÿ íà ðàáîòîñïîñîáíîñòü êîíñòðóêöèè. Áûëî
ðàññìîòðåíî 10 âàðèàíòîâ óãëà íàêëîíà òîðöà ñëîÿ ñêîëüæåíèÿ îò 5 äî
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45 ãðàäóñîâ. Ïðîàíàëèçèðîâàâ ðåçóëüòàòû èññëåäîâàíèÿ âûÿâëåíû óã-
ëû, êîòîðûå äàþò íàèáîëåå áëàãîïðèÿòíûé õàðàêòåð äåôîðìèðîâàíèÿ
êîíòàêòíîãî óçëà. Ìîäåëèðîâàíèå âûïîëíåíî äëÿ íàáîðà ðàçíûõ ìàòå-
ðèàëîâ ñëîÿ ñêîëüæåíèÿ ñ ðàçíûìè ôèçèêî-ìåõàíè÷åñêèìè è ôðèêöè-
îííûìè ñâîéñòâàìè [3].
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Ïîñòðîåíà êîíå÷íî-ýëåìåíòíàÿ ìîäåëü íàõîäÿùåéñÿ â ùåëî÷íîé
ñðåäå ñòåêëîïëàñòèêîâîé áàëêè ïðè åå êèíåìàòè÷åñêîì íàãðóæå-
íèè. Çàêîí äèôôóçèè ùåëî÷è ïî ãëóáèíå êîìïîçèòà îïèñûâàåòñÿ
óðàâíåíèåì Ôèêà. Ðàññìîòðåíà çàäà÷à îöåíêè äîëãîâå÷íîñòè.

Êëþ÷åâûå ñëîâà: ìîäåëü, äåãðàäàöèÿ, äèôôóçèÿ, êîíå÷íûé ýëå-
ìåíò, áàëêà

Modeling the degradation process of fiberglass under stress
and alkaline environment

A finite element model of a fiberglass beam in an alkaline medium
under its kinematic loading has been constructed. The law of diffusion
of alkali over the depth of the composite is described by the Fick
equation. The problem of assessing durability is considered.

Keywords: model, degradation, diffusion, finite element, beam

Ïðè ïîñòðîåíèè ìîäåëè ïðîöåññà äåãðàäàöèè ñòåêëîïëàñòèêà â êà-
÷åñòâå õàðàêòåðèñòèê ñîñòîÿíèÿ ââåäåíû ïàðàìåòð ïîâðåæäåííîñòè, êî-
òîðûé îïèñûâàåò íàêîïëåíèå â ìàòåðèàëå äåôåêòîâ òèïà ìèêðîòðåùèí
è ìèêðîïîð, à òàêæå ïàðàìåòð, îïðåäåëÿþùèé êîíöåíòðàöèþ ùåëî÷è â
ìàòåðèàëå. Ùåëî÷ü êàê õèìè÷åñêàÿ àãðåññèâíàÿ ñðåäà ïðèâîäèò ê èçìå-
íåíèþ ìåõàíè÷åñêèõ ñâîéñòâ êîìïîçèòà, à èìåííî ê íàêîïëåíèþ ìèêðî-
ïîâðåæäåíèé â ìàòåðèàëå. Çàêîí äèôôóçèè ùåëî÷è ïî ãëóáèíå êîìïîçè-
òà îïèñûâàåòñÿ óðàâíåíèåì Ôèêà. Ðàññìîòðåíà çàäà÷à îöåíêè äîëãîâå÷-
íîñòè ñòåêëîïëàñòèêîâîé áàëêè. Äëÿ ïðîâåäåíèÿ êà÷åñòâåííîãî àíàëèçà
ïîâåäåíèÿ èññëåäóåìîãî êîìïîçèòíîãî ìàòåðèàëà çàäà÷à ñôîðìóëèðî-
âàíà ïðè íåêîòîðûõ ìîäåëüíûõ îïðåäåëÿþùèõ ñîîòíîøåíèÿõ. Ïðåäëà-
ãàåìîå èññëåäîâàíèå ïîçâîëèò ðàçðàáîòàòü ìåòîäèêó ðàñ÷åòà, ïîçâîëÿþ-
ùóþ ïðîãíîçèðîâàòü ñðîê ñëóæáû êîíñòðóêöèé èç ñòåêëîïëàñòèêà ñ ó÷å-
òîì íàêîïëåíèÿ ïîâðåæäåíèé è äåñòðóêöèè ìàòåðèàëà ïîä âîçäåéñòâèåì

Ðàáîòà âûïîëíåíà â ðàìêàõ Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé
(ïðîåêò � 19-08-00349) è Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 19-19-00059).

Êàþìîâ Ðàøèò Àáäóëõàêîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÊàçÃÀÑÓ (Êàçàíü, Ðîññèÿ);
Rashit Kayumov (Kazan State University of Architecture and Engineering, Kazan, Russia)

Ìóõàìåäîâà Èíçèëèÿ Çàóäàòîâíà, ê.ô.-ì.í., äîöåíò, ÊàçÃÀÑÓ (Êàçàíü, Ðîññèÿ);
Inzilija Muhkamedova (Kazan State University of Architecture and Engineering, Kazan,
Russia)

199



àãðåññèâíûõ ôàêòîðîâ, âëèÿþùèõ íà ñíèæåíèå ïðî÷íîñòè èññëåäóåìîãî
ìàòåðèàëà.

Ëèòåðàòóðà
1. Ðàáîòíîâ Þ.Í. Ïîëçó÷åñòü ýëåìåíòîâ êîíñòðóêöèé (Ì.: Íàóêà, 1965)
2. Ðàáîòíîâ Þ.Í. Èçáðàííûå òðóäû. ïðîáëåìû äåôîðìèðóåìîãî òâåðäîãî

òåëà (Ì.: Íàóêà, 1991)
3. Êà÷àíîâ Ë.Ì. Îñíîâû ìåõàíèêè ðàçðóøåíèÿ (Ì.: Íàóêà, 1974)

200



ÇÀÊÐÈÒÈ×ÅÑÊÎÅ ÏÎÂÅÄÅÍÈÅ ÑÆÀÒÛÕ ÑÒÅÐÆÍÅÉ
Ñ ÍÅËÈÍÅÉÍÎ ÓÏÐÓÃÈÌÈ ÎÏÎÐÀÌÈ

@ Ð.À. Êàþìîâ
kayumov@rambler.ru

ÓÄÊ 539.3

DOI: 10.33184/mnkuomsh2t-2021-10-06.78.

Ðàññìàòðèâàåòñÿ çàêðèòè÷åñêèé èçãèá ñòåðæíÿ, ñæàòîãî ïðîäîëü-
íîé ñèëîé è èìåþùåãî â øàðíèðíûõ îïîðàõ íåëèíåéíî óïðóãèå
æåñòêîñòè ïîâîðîòó åãî îñè. Îòíîñèòåëüíî óãëà íàêëîíà ïîëó÷åíî
ðàçðåøàþùåå íåëèíåéíîå èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå.
Ïðåäëîæåíî ðåøàòü çàäà÷ó ìåòîäîì êîëëîêàöèé, ÷òî ïðèâîäèò
ê àëãåáðàè÷åñêîìó óðàâíåíèþ òðåòüåãî ïîðÿäêà. Èçëîæåí ïîäõîä
äëÿ âû÷èñëåíèÿ ïîäàòëèâîñòè ðàññìàòðèâàåìûõ ñòåðæíåé íà ñæà-
òèå ñ ó÷åòîì èõ çàêðèòè÷åñêîãî èçãèáà. Ïðèâîäÿòñÿ ðåçóëüòàòû
÷èñëåííûõ èññëåäîâàíèé, àíàëèç êîòîðûõ ïîçâîëèë âûÿâèòü ðÿä
îñîáåííîñòåé â ïîâåäåíèè ðàññìàòðèâàåìîãî ñòåðæíÿ, â ÷àñòíîñòè,
îáíàðóæåíî, ÷òî â íåêîòîðûõ ñëó÷àÿõ îí ìîæåò òåðÿòü óñòîé÷è-
âîñòü õëîïêîì.

Êëþ÷åâûå ñëîâà: çàêðèòè÷åñêèé èçãèá ñòåðæíÿ, íåëèíåéíîå èíòåãðî-
äèôôåðåíöèàëüíîå óðàâíåíèå, ìåòîä êîëëîêàöèé, îñîáåííîñòè ðå-
øåíèÿ

Postcritical behavior of compressed rods with nonlinearly
elastic supports

The article considers the postcritical bending of a bar compressed by
a longitudinal force and having nonlinear elastic stiffness in the pivot
bearings to the rotation of its axis. A resolving nonlinear integro-
differential equation is obtained with respect to the angle of inclina-
tion. It is proposed to solve the problem by the collocation method,
which leads to an algebraic equation of the third order. An approach
is presented for calculating the compressive compliance of the consid-
ered rods taking into account their postcritical bending. The results
of numerical studies are presented, the analysis of which made it pos-
sible to reveal a number of features in the behavior of the rod under
consideration, in particular, it was found that in some cases it can lose
stability with cotton.

Keywords: postcritical bending of a bar, nonlinear integro-differential
equation, collocation method, solution features
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Ñòàòüÿ ïîñâÿùåíà ïîñòðîåíèþ ìàòåìàòè÷åñêîãî ìîäåëÿ è ðàçðà-
áîòêè àëãîðèòìå ðåøåíèå ñòðóêòóðèðîâàííûõ ôëþèäîâ â òðåõ-
ñëîéíîé ïîðèñòîé ñðåäå.

Êëþ÷åâûå ñëîâà: ìîäåëü, ñòðóêòóðèðîâàííûé, ìíîãîñëîéíûé, ïëî-
õî ïðîíèöàåìûé, ðàñùåïëåíèÿ, àëãîðèòìû.

Mathematical modeling of the problem of the theory of
filtration of structured fluids in layered media

The article is devoted to the construction of a mathematical model
and the development of an algorithm for the solution of structured
fluids in a three-layer porous medium.

Keywords:

ííîòàöèÿ ïî-àíãëèéñêè model, structured, multilayer, poorly permeable,
splitting, algorithms.

Ñëîèñòûå ñðåäû ïî ñâîåé ñóòè ÿâëÿåòñÿ ñëîæíûìè ñòðóêòóðàìè, ãäå
îáû÷íî íåâîçìîæíî îïðåäåëèòü ÷åòêî íà÷åðòàííûå ãðàíèöû ñëîåâ. Ïðè
èññëåäîâàíèå ïîäçåìíóþ ñðåäó ñ÷èòàþò, êàê ñëîèñòûå ñðåäû ñ ÷åòêî
ðàçäåëåííûìè êðîâëÿìè è ïîäîøâàìè. Èñõîäÿ èç õàðàêòåðèñòèê ñðå-
äû ìîæíî èõ ñ÷èòàòü ãèäðîäèíàìè÷åñêè ñâÿçàííûõ èëè íåñâÿçàííûõ
ïëàñòåé. Èññëåäîâàíèå òàêèõ ïëàñòîâ ïîñâÿùåíû ðàáîòû [1-2]. Åñëè ôè-
çè÷åñêèå è õèìèêà - òåõíîëîãè÷åñêîå ïàðàìåòðû ñðåäû îòëè÷íûé îò ñó-
ùåñòâóþùèõ ìîäåëåé à òàêæå ñòðóêòóðíûå ñâîéñòâà ôëþèäà èíà÷å, òî
ïðèíÿòî òàêèå ôëþèäû íàçâàòü ñòðóêòóðèðîâàííûìè. Äëÿ íèõ õàðàê-
òåðíû íàëè÷èå òðåõ çîíû ôèëüòðàöèè (çîíà ïîëçó÷åñòè, çîíà àíîìàëü-
íîñòè è çîíà ñèëüíûõ ïîäâèæíîñòåé).

Èññëåäîâàíèå ñòðóêòóðèðîâàííûõ ôëþèäîâ â ñëîèñòûõ ñðåäàõ ïî÷òè
îòñóòñòâóåò, èìååòñÿ ÷àñòè÷íûå ðàáîòû [3,4], ïðåäïîëàãàþùèå ñóùåñòâî-
âàíèè ðàçëè÷íûõ òèïîâ ôëþèäîâ â ñëîÿõ ñðåäû.
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Ïóñòü îáëàñòü Ω ñîñòîèò èç òðåõ ïðîïëàñòêîâ (îáëàñòè D1, D2 è D3),
ãäå ïðåäïîëàãàåòñÿ ÷òî âåðõíèå D3 è íèæíèå D1 õîðîøî ïðîíèöàåìûå
(ãîðèçîíòàëüíûå õàðàêòåðèñòèêà ïðåîáëàäàåò íàä âåðòèêàëüíûìè), à
ñðåäíèé D2 ïëîõîïðîíèöàåìû è â íåì âåðòèêàëüíûå õàðàêòåðèñòèêè
ïðåîáëàäàåò íàä ãîðèçîíòàëüíûìè.

Òîãäà ìàòåìàòè÷åñêàÿ ìîäåëü ïðîöåññà ôèëüòðàöèè ôëþèäîâ â òà-
êèõ ñðåäàõ ñòàâèòñÿ òàê.

Íåîáõîäèìî íàéòè íåïðåðûâíóþ ôóíêöèè ui(x, y), (i = 1, 2), v(x, y, z)
à òàêæå Rj(x, y, t), (j = 1, 2) èç ñëåäóþùåé ñèñòåìû óðàâíåíèé.

∂

∂x
(χ(|∇u| , β)

∂ui
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=
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, t > 0, y ∈ (0, H) (1)
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, t > 0, z(h1;h2) (2)

Ñ íà÷àëüíûìè

ui(x, y, 0) = ui0(x, y), v(x, y, z, 0) = v0(x, y, z),

R1(x, y, 0) = R2(x, y, 0) = R0(x, y), (3)

è ãðàíè÷íûìè
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∂ui
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∣∣∣∣
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= χ2 (|∇u| , β2)
∂ui
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= χ3 (|∇u| , β3)
∂ui
∂x
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à òàêæå êðàåâûìè óñëîâèÿìè

ã1χ1 (|∇u| , β1)
∂ui
∂n

∣∣∣∣
(x,y)∈Γ0

= ϕ1(t), t > 0,

b̃1χ3 (|∇u| , β3)
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∂n

∣∣∣∣
(x,y)∈Γ

= 0, t > 0. (6)

S1
∂ui
∂n

∣∣∣∣
(x,y)∈H

= 0. (7)

Çäåñü ôóíêöèè χ(j = 1, 3), k(x, y, z) âûðàæàåò íåëèíåéíîñòè ïðîöåñ-
ñà ôèëüòðàöèè è áåðåòñÿ êàê â [3,4], {χ,A} = {χ1, A1; χ2, A2; χ3, A3} ïðè

204



x ∈ (0, R1(t)); x ∈ (R1(t), R2(t)); x ∈ (R2(t), L) ñîîòâåòñòâåííî. Íåëèíåé-
íàÿ çàäà÷à (1)-(7) ðåøàåòñÿ ìåòîäîì ïðÿìûõ ïî t à òàêæå ìåòîäîì ðàñ-
ùåïëåíèÿ ñ äàëüíåéøåì ïðèìåíåíèåì ïîòîêîâîãî âàðèàíòà ðàçíîñòíîé
ïðîãîíêè [5,6]. Ïîñòðîåííûå âû÷èñëèòåëüíûå àëãîðèòìû àïðîáèðîâàí
íà òåñòîâûõ äàííûõ, àíàëèç êîòîðûõ ïîêàçàëè ïðèìåíèìîñòè äàííîãî
ñïîñîáà ìîäåëèðîâàíèå äëÿ îïðåäåëåíèå òåõíîëîãè÷åñêèõ ïàðàìåòðîâ
ìåñòîðîæäåíèé àíàëîãè÷íîãî òèïà.
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Ìàòåìàòè÷åñêîå îïèñàíèå êèíåòèêè êàòàëèòè÷åñêèõ ðåàêöèé ïîç-
âîëÿåò ïîñòàâèòü è ðåøèòü çàäà÷ó îïðåäåëåíèÿ êèíåòè÷åñêèõ ïà-
ðàìåòðîâ è ìåõàíèçìà õèìè÷åñêîé ðåàêöèè, òî åñòü ðàçðàáîòàòü
êèíåòè÷åñêóþ ìîäåëü

Êëþ÷åâûå ñëîâà: êèíåòè÷åñêàÿ ìîäåëü, ñèñòåìû äèôôåðåíöèàëü-
íûõ óðàâíåíèé, ìàòåìàòè÷åñêîå îïèñàíèå

Mathematical description of the kinetics of catalytic
reactions

The mathematical description of the kinetics of catalytic reactions
makes it possible to formulate and solve the problem of determining
the kinetic parameters and the mechanism of a chemical reaction, that
is, to develop a kinetic model

Keywords: kinetic model, systems of differential equations, mathemat-
ical description

Îñíîâíûìè òåðìèíàìè êèíåòè÷åñêîãî ìîäåëèðîâàíèÿ êàòàëèòè÷åñêèõ
ðåàêöèé ÿâëÿåòñÿ:
1) ðåàãåíòû ïðîöåññà: èñõîäíûå êîìïîíåíòû, êàòàëèçàòîð, ïðîìåæóòî÷-
íûå âåùåñòâà, ïðîäóêòû ðåàêöèè (öåëåâûå è ïîáî÷íûå).
2) ïåðåìåííûå ïðîöåññà: íåçàâèñèìûå (èìåþò äåòåðìèíèðîâàííîå çíà÷å-
íèå äëÿ êàæäîãî ýêñïåðèìåíòà � âðåìÿ ïðîòåêàíèÿ ðåàêöèè, íà÷àëüíûå
çíà÷åíèÿ ïî ðåàãåíòàì, òåìïåðàòóðà è ò.ä.), çàâèñèìûå (õàðàêòåðèçóþò
òå÷åíèå ðåàêöèè � òåêóùèå êîíöåíòðàöèè ðåàãåíòîâ, òåìïåðàòóðà (äëÿ
íåèçîòåðìè÷åñêîãî ïðîöåññà) è äð.);

Ðàáîòà âûïîëíåíà ïî òåìå ¾Ðàçðàáîòêà íîâûõ òåîðåòè÷åñêèõ ïîäõîäîâ è ïðî-
ãðàììíîãî îáåñïå÷åíèÿ äëÿ ìîäåëèðîâàíèÿ ñëîæíûõ õèìè÷åñêèõ ïðîöåññîâ è ïî-
èñêà ñîåäèíåíèé ñ çàäàííûìè ôèçèêî-õèìè÷åñêèìè ñâîéñòâàìè¿ (Ðåãèñòðàöèîííûé
íîìåð: AAAA-A19-119022290011-6).
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3) ïàðàìåòðû ïðîöåññà: ïàðàìåòðû, âêëþ÷åííûå â êèíåòè÷åñêóþ ìî-
äåëü � ýíåðãèè àêòèâàöèè ñòàäèé, ïðåäýêñïîíåíöèàëüíûå ìíîæèòåëè,
êîíñòàíòû ñêîðîñòåé ñòàäèé, ïàðàìåòðû àäñîðáöèè ïðîöåññà;
4) êèíåòè÷åñêèå óðàâíåíèÿ � óðàâíåíèÿ ñêîðîñòåé ñòàäèé;
5) ìåõàíèçì ðåàêöèé � ïðåäñòàâëåíèå õèìè÷åñêîé ðåàêöèè ÷åðåç ýëåìåí-
òàðíûå èëè áðóòòî ñòàäèè;
6) êèíåòè÷åñêàÿ ìîäåëü � ñî÷åòàíèå ñõåìû õèìè÷åñêèõ ïðåâðàùåíèé ðå-
àêöèè, çíà÷åíèé êèíåòè÷åñêèõ ïàðàìåòðîâ, ôèçèêî-õèìè÷åñêèõ âûâîäîâ
ïî ðåàêöèè.

Óðàâíåíèÿ õèìè÷åñêîé êèíåòèêè, ñîñòàâëåííûå äëÿ îïèñàíèÿ ðåàê-
öèé � ñèñòåìà îáûêíîâåííûõ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé äëÿ ìîäåëè èçîòåðìè÷åñêîé íåñòàöèîíàðíîé ðåàêöèè, ïðîòåêàþùåé
áåç èçìåíåíèÿ îáúåìà ðåàêöèîííîé ñìåñè â çàêðûòîé ñèñòåìå ïî çàêîíó
äåéñòâóþùèõ ìàññ (1). Äëÿ ãîìîãåííûõ ðåàêöèé, è â ñëó÷àå, åñëè ðåàê-
öèÿ ïðîòåêàåò ïðè íåâûñîêèõ äàâëåíèÿõ è òåìïåðàòóðàõ, äîïóñêàåòñÿ,
÷òî ïðîöåññ îïèñûâàåòñÿ Àððåíèóñîâñêîé êèíåòèêîé [1, 2]:

dxi
dt

=

J∑
j=1

νijwj , i = 1, ...I;wj = kj

I∏
i=1

x
|αij |
i −k−j

I∏
i=1

x
βij
i ; kj = k0

j exp(−
Ej
RT

);

(1)
ñ íà÷àëüíûìè óñëîâèÿìè: ïðè t = 0, xi(0) = x0

i ; t ∈ [0, t∗];
ãäå νij � ñòåõèîìåòðè÷åñêèå êîýôôèöèåíòû; J � êîëè÷åñòâî ñòàäèé, xi�
êîíöåíòðàöèè âåùåñòâ ó÷àñòâóþùèõ â ðåàêöèè, ìîëü/ë; I � êîëè÷åñòâî
âåùåñòâ; wj � ñêîðîñòü j-îé ñòàäèè, 1/ìèí; Ej � ýíåðãèè àêòèâàöèè ïðÿ-
ìîé è îáðàòíîé ðåàêöèé, êêàë/ìîëü; R � ãàçîâàÿ ïîñòîÿííàÿ, ðàâíàÿ
8,31 Äæ/(ìîëü×Ê); T � òåìïåðàòóðà, K; αij � îòðèöàòåëüíûå ýëåìåíòû
ìàòðèöû (νij), βij ïîëîæèòåëüíûå ýëåìåíòû(νij), k

0
j � ïðåäýêñïîíåíöè-

àëüíûå ìíîæèòåëè, 1/ñ; t∗ - âðåìÿ ïðîâåäåíèÿ ðåàêöèè, ñ.
Äëÿ êàòàëèòè÷åñêèõ ðåàêöèé, ïðîòåêàþùèõ ñ èçìåíåíèåì òåìïåðà-

òóðû íåîáõîäèì ó÷åò òåðìîäèíàìè÷åñêèõ ïàðàìåòðîâ. Ïðè èññëåäîâà-
íèè ãåòåðîãåííûõ ïðîöåññîâ ìàòåìàòè÷åñêàÿ ìîäåëü ðàçðàáàòûâàåòñÿ íà
îñíîâå ìåõàíèçìà Ëåíãìþðà-Õèíøåëüâóäà ïî çàêîíó äåéñòâóþùèõ ïî-
âåðõíîñòåé ñ äîïóùåíèåì î ðàâíîìåðíîì ðàñïðåäåëåíèè àêòèâíûõ öåí-
òðîâ è èõ ðàâíîìåðíîé àêòèâíîñòè). Äëÿ íåñòàöèîíàðíîé ðåàêöèè â ìà-
òåìàòè÷åñêîå îïèñàíèå ââîäèòñÿ ó÷åò èçìåíåíèÿ îáúåìà ðåàêöèîííîé
ñìåñè.
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Ðàññìîòðåíà ìàòåìàòè÷åñêàÿ ìîäåëü îáðàòíîé çàäà÷è îïðåäåëå-
íèÿ ïåðåõîäíîãî ñîïðîòèâëåíèÿ íà ãðàíèöå "ãðóíò/òðóáà"ïî äàí-
íûì èçìåðåíèé ìîäóëÿ âåêòîðà ìàãíèòíîé èíäóêöèè ïîñòîÿííîãî
ìàãíèòíîãî ïîëÿ, âîçáóæäàåìîãî ñèñòåìîé êàòîäíîé ýëåêòðîõèìè-
÷åñêîé çàùèòû òðóáîïðîâîäà.

Êëþ÷åâûå ñëîâà: Ñëîèñòîå ïîëóïðîñòðàíñòâî, êàòîäíàÿ ýëåêòðî-
õèìè÷åñêàÿ çàùèòà ìàãèñòðàëüíîãî òðóáîïðîâîäà, ìàòåìàòè÷åñêîå
ìîäåëèðîâàíèå ýëåêòðè÷åñêèõ è ìàãíèòíûõ ïîëåé, îáðàòíàÿ çàäà-
÷à îïðåäåëåíèÿ ïåðåõîäíîãî ñîïðîòèâëåíèÿ ïî äàííûì ìàãíèòî-
ìåòðèè.

On the definition of transition resistance cathode-polarized
main pipeline according to magnetometry data

The mathematical inverse problem of determining the transient resis-
tance from the measurement data of the modulus of the vector induc-
tion of a constant magnetic field, excited by the system of cathodic
electrochemical protection of the pipeline, is considered.

Keywords: Layered half-space, cathodic electrochemical protection of
the main pipeline, mathematical modeling of electric and magnetic
fields, the inverse problem of determining the transient resistance ac-
cording to magnetometry data.

Äëÿ çàùèòû òðóáîïðîâîäíûõ ìàãèñòðàëåé îò êîððîçèè â ñèñòåìàõ
êàòîäíîé ýëåêòðîõèìè÷åñêîé çàùèòû íåîáõîäèì ìîíèòîðèíã èõ ñîñòî-
ÿíèÿ, êîòîðûé òðàäèöèîííî îñóùåñòâëÿåòñÿ íà îñíîâå èçìåðåíèÿ ýëåê-
òðè÷åñêîãî ïîëÿ ìåòîäîì âûíîñíîãî ýëåêòðîäà íà ïîâåðõíîñòè ãðóíòà
íàä òðóáîïðîâîäîì. Ðàçðàáîòêà èíòåëëåêòóàëüíûõ ðîáîòèçèðîâàííûõ
ìàãíèòîìåòðè÷åñêèõ èçìåðèòåëüíûõ êîìïëåêñîâ è ñèñòåì íà îñíîâå áåñ-
ïèëîòíûõ ëåòàòåëüíûõ àïïàðàòîâ ïîçâîëÿåò îñóùåñòâëÿòü çàìåðû â âîç-
äóõå íàä òðàññîé, ÷òî îòêðûâàåò ïåðñïåêòèâû äëÿ ïîâûøåíèÿ ýôôåê-
òèâíîñòè ìîíèòîðèíãà (óâåëè÷åíèå ñêîðîñòè ïîëó÷åíèÿ èçìåðèòåëüíûõ
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Â ðàáîòå ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü îïðåäåëåíèÿ ïå-
ðåõîäíîãî ñîïðîòèâëåíèÿ èçîëÿöèè òðóáîïðîâîäà ïî äàííûì ìàãíèòî-
ìåòðèè â âîçäóõå íàä òðàññîé òðóáîïðîâîäà. Ìàòåìàòè÷åñêàÿ ìîäåëü
ïðåäñòàâëÿåò ñîáîé îáðàòíóþ çàäà÷ó ìàòåìàòè÷åñêîé ôèçèêè, â êîòî-
ðîé èñêîìîé ôóíêöèåé ÿâëÿåòñÿ êîýôôèöèåíòíàÿ ôóíêöèÿ ãðàíè÷íîãî
óñëîâèÿ òðåòüåãî ðîäà íà ãðàíèöå "ãðóíò/òðóáà". Ìàòåìàòè÷åñêèå ìî-
äåëè, àëãîðèòìû è ïðîãðàììû ðåøåíèÿ ïðÿìûõ [1�4] è îáðàòíûõ çàäà÷
ñèñòåì êàòîäíîé çàùèòû, íàðÿäó ñ ìîäåëÿìè ïðîöåññîâ ãèäðîäèíàìè-
êè, äåôîðìàöèè ãðóíòà è äð., ìîãóò ôîðìèðîâàòü àíàëèòè÷åñêîå ÿäðî
öèôðîâîãî äâîéíèêà ìàãèñòðàëüíûõ òðóáîïðîâîäîâ.

Äëÿ ïîèñêà ðåøåíèÿ îáðàòíîé çàäà÷è � ôóíêöèè ïåðåõîäíîãî ñîïðî-
òèâëåíèÿ èçîëÿöèîííîãî ïîêðûòèÿ òðóáû (cgt(s)) � ïðèìåíåí âàðèàöè-
îííûé ìåòîä àêàäåìèêà À.Í.Òèõîíîâà, ñîãëàñíî êîòîðîìó èñêîìîå ðå-
øåíèå èùåòñÿ êàê ìèíèìóì ðåãóëÿðèçèðóþùåãî ôóíêöèîíàëà

Fα(cgt(s)) = F1(cgt(s)) + αF2(cgt(s)) =

=
∥∥∥∣∣B(r0, cgt(s))

∣∣−∣∣BUAV (r0, cgt(s))
∣∣∥∥∥2

L2(VUAV )
+α
∥∥∥cgt(s)− c0gt(s)∥∥∥2

K(Vt(s))

ãäå F1(cgt) =
∥∥∥∣∣B(r0, cgt)

∣∣−∣∣BUAV (r0, cgt)
∣∣∥∥∥2

L2(VUAV )
� ôóíêöèîíàë íåâÿç-

êè;
∣∣BUAV (r0, cgt)

∣∣ � ìîäóëü èçìåðåííîãî âåêòîðà ìàãíèòíîé èíäóêöèè;∣∣B(r0, cgt)
∣∣ � ìîäåëèðóåìûé ìîäóëü âåêòîðà ìàãíèòíîé èíäóêöèè, ïî-

ëó÷åííûé â ðåçóëüòàòå âû÷èñëåíèÿ ïðÿìîé çàäà÷è; F2(cgt) =
∥∥∥cgt(s) −

c0gt(s)
∥∥∥2

K(Vt(s))
� ðåãóëÿðèçèðóþùèé ôóíêöèîíàë, c0gt(s) � àïðèîðè èçâåñò-

íîå ïåðåõîäíîå ñîïðîòèâëåíèå èçîëÿöèè âäîëü òðóáû (ïîëó÷åííîå, íà-
ïðèìåð, ïî äàííûì ïðåäûäóùåãî ìîíèòîðèíãà òðàññû ñ ó÷åòîì ñòàðåíèÿ
èçîëÿöèè çà âðåìÿ, ïðîøåäøåå ìåæäó ìîíèòîðèíãàìè); cgt(s) � èñêîìàÿ
ôóíêöèÿ ïåðåõîäíîãî ñîïðîòèâëåíèÿ èçîëÿöèîííîãî ïîêðûòèÿ òðóáû; α
� ïàðàìåòð ðåãóëÿðèçàöèè; VUAV � òðàåêòîðèÿ äâèæåíèÿ äàò÷èêîâ ìàã-
íèòîìåòðè÷åñêîé ñèñòåìû â âîçäóõå, L2 � ïðîñòðàíñòâî èíòåãðèðóåìûõ
ñ êâàäðàòîì ôóíêöèé, îïðåäåëåííûõ íà êðèâîé VUAV . Â êà÷åñòâå ìíî-
æåñòâà ôóíêöèé K(Vt(s)) ðàññìàòðèâàåòñÿ êîìïàêòíîå ìíîæåñòâî îãðà-
íè÷åííûõ êóñî÷íî-ïîñòîÿííûõ ôóíêöèé, íà êîòîðîì ñóùåñòâóåò åäèí-
ñòâåííîå êâàçèðåøåíèå äèñêðåòèçèðîâàííîé îáðàòíîé çàäà÷è.

Ïðîâåäåííûå âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïîêàçûâàþò, ÷òî â êëàñ-
ñå ïðåäëîæåííûõ ìàòåìàòè÷åñêèõ ìîäåëåé ôóíêöèÿ ïåðåõîäíîãî ñîïðî-
òèâëåíèÿ íà ãðàíèöå "ãðóíò/òðóáà îòðàæàþùàÿ ñîñòîÿíèå èçîëÿöèîí-
íîãî ïîêðûòèÿ òðóáîïðîâîäà, ìîæåò áûòü íàéäåíà. Ïîëó÷åííûå ðåçóëü-
òàòû êîìïüþòåðíûõ ýêñïåðèìåíòîâ ïîçâîëÿþò îöåíèòü âëèÿíèå óðîâíÿ
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øóìà â èñõîäíûõ äàííûõ è âûñîòû ïåðåìåùåíèÿ äàò÷èêîâ ìàãíèòîìåò-
ðè÷åñêîé ñèñòåìû â âîçäóõå íà ðåçóëüòàòû âû÷èñëåíèé.
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Àêòóàëüíîñòü ïîòðåáèòåëüñêîãî êðåäèòîâàíèÿ îáóñëîâëèâàåòñÿ òåì,
÷òî ðàçâèòèå îáëàñòè ïîòðåáèòåëüñêîãî êðåäèòîâàíèÿ ñïîñîáñòâó-
åò óñêîðåííîìó ðàçâèòèþ íå òîëüêî ïîòðåáèòåëüñêîãî ðûíêà, íî è
áàíêîâñêîãî ñåêòîðà ýêîíîìèêè, ÷òî ñïîñîáñòâóåò ðîñòó ýêîíîìèêè
íàøåé ñòðàíû â îáùåì, à òàêæå óâåëè÷åíèþ êà÷åñòâà è æèçíåí-
íîãî óðîâíÿ ðîññèéñêèõ ãðàæäàí.

Êëþ÷åâûå ñëîâà: ìàòåìàòèêà, ôèíàíñîâàÿ ìàòåìàòèêà, ïîòðåáè-
òåëüñêîå êðåäèòîâàíèå.

Modeling and calculation of loan repayment schemes

The relevance of consumer lending is due to the fact that the devel-
opment of consumer lending contributes to the accelerated develop-
ment of not only the consumer market, but also the banking sector of
the economy, which contributes to the growth of the economy of our
country in general, as well as to an increase in the quality and living
standards of Russian citizens.

Keywords: mathematics, financial mathematics, consumer lending.

Â íàñòîÿùåå âðåìÿ â íàøåé ñòðàíå íàáëþäàåòñÿ ñòðåìèòåëüíîå ðàç-
âèòèå ðûíêà êðåäèòîâàíèÿ íàñåëåíèÿ. Îáúåìû ïðåäîñòàâëåííûõ ôèçè-
÷åñêèì ëèöàì êðåäèòîâ ïðîäîëæàþò óâåëè÷èâàòüñÿ, íåñìîòðÿ íà òî, ÷òî
ìíîãèå êðåäèòíûå îðãàíèçàöèè âñÿ÷åñêè ñòàðàþòñÿ óòàèâàòü îò ïîòåí-
öèàëüíîãî çàåìùèêà ðåàëüíóþ ñòîèìîñòü êðåäèòà íà ñòàäèè îôîðìëå-
íèÿ êðåäèòíîé çàÿâêè.

Ïîòðåáèòåëüñêèé êðåäèò îòíîñèòñÿ ê îäíîìó èç íàèáîëåå ðàñïðî-
ñòðàíåííûõ âàðèàíòîâ áàíêîâñêèõ îïåðàöèé â áîëüøèíñòâå ñòðàí. Êðî-
ìå ýòîãî, ñôåðà ïðèìåíåíèÿ ïîòðåáèòåëüñêîãî êðåäèòà ÿâëÿåòñÿ áîëåå
øèðîêîé, ÷åì ïðîñòî ïðèîáðåòåíèå òîâàðîâ äëèòåëüíîãî ïîëüçîâàíèÿ,
íàïðèìåð, òàêèõ êàê àâòîìîáèëåé, áûòîâîé òåõíèêè. . . Îí ïðèîáðåë äî-
ñòàòî÷íî øèðîêîå ðàñïðîñòðàíåíèå â ðàçâèòûõ ñòðàíàõ â îñíîâíîì èç-çà
òîãî, ÷òî ïðè ïðèìåíåíèè äàííîé òåõíîëîãèè ôèíàíñèðîâàíèÿ ïîêóïîê
ïðîèñõîäèò çíà÷èòåëüíîå ðàñøèðåíèå ðûíêà ïî âíóøèòåëüíîìó ñïåêòðó
ïîòðåáèòåëüñêèõ òîâàðîâ, à òàêæå íåäâèæèìîñòè.

Êóçíåöîâ Àëåêñàíäð Èãîðåâè÷, ñòóäåíò, ÁàøÃÓ (Óôà, Ðîññèÿ); Aleksander
Kuznetsov, student (Bashkir State University, Ufa, Russia)
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Ðåàëèçîâàííàÿ ïðîãðàììà ïîìîãàåò ëåãêî è áûñòðî ðàññ÷èòàòü çà-
òðàòû íà ïðèîáðåòåíèå êðåäèòà ó ëþáîãî áàíêà.

Êðåäèòíûé êàëüêóëÿòîð � èíñòðóìåíò ðàñ÷åòà ñòîèìîñòè êðåäèòà,
êîòîðûé ïîçâîëÿåò ðàññ÷èòàòü êðåäèò, îïðåäåëèòü ñóììó åæåìåñÿ÷íîãî
ïëàòåæà è ïîñòðîèòü ãðàôèê ïëàòåæåé äî îêîí÷àíèÿ ñðîêà êðåäèòîâà-
íèÿ. Ñ ïîìîùüþ äàííîãî êàëüêóëÿòîðà, ìîæíî âûÿñíèòü êàêîé ðàçìåð
âûïëà÷åííîé ñóììû ïîøåë íà ïîãàøåíèå êðåäèòà, à êàêîé íà ïîãàøåíèå
ïðîöåíòîâ. Èñïîëüçóÿ êàëüêóëÿòîð, ìîæíî îïðåäåëèòü ïîëíûé ðàçìåð
âûïëàò ïî óæå âçÿòîìó èëè çàïëàíèðîâàííîìó êðåäèòó â çàâèñèìîñòè
îò âèäà ïëàòåæà. Êðåäèòíûé êàëüêóëÿòîð ïðåäîñòàâëÿåò âîçìîæíîñòü
ïðîèçâåñòè ðàñ÷åòû äëÿ àííóèòåòíîãî è äèôôåðåíöèðîâàííîãî ïëàòå-
æåé.

Íåñîìíåííûì äîñòîèíñòâîì ïðîãðàììû ÿâëÿåòñÿ åå óíèâåðñàëüíîñòü.
Â ïåðâóþ î÷åðåäü, ýòî îòíîñèòñÿ ê ïðîñ÷åòó óñëîâèé ðàçíûõ áàíêîâ.

Â ðåçóëüòàòå âû÷èñëåíèé âûÿâëåíî, ÷òî ïîãàøåíèå êðåäèòà ¾Ðàâíû-
ìè ñðî÷íûìè âûïëàòàìè¿ äëÿ çàåìùèêà ÿâëÿåòñÿ áîëåå íåâûãîäíûì, ïî
ñðàâíåíèþ ñ ïîãàøåíèåì êðåäèòà ïî ñõåìå ¾Ðàâíûìè äîëÿìè îò îáùåé
ñóììû äîëãà¿
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Â ñòàòüå ïðåäñòàâëåí íîâûé ÷èñëåííûé ìåòîä íà îñíîâå êîìáè-
íàöèè ìåòîäîâ Ãîäóíîâà è Ðóñàíîâà ñ èñïîëüçîâàíèåì êóñî÷íî-
ïàðàáîëè÷åñêîãî ìåòîäà íà ëîêàëüíîì øàáëîíå. Ìåòîä âåðèôè-
öèðîâàí íà çàäà÷å Ñåäîâà î òî÷å÷íîì âçðûâå è àñòðîôèçè÷åñêîì
ïðèëîæåíèè.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, âû÷èñëèòåëüíàÿ
àñòðîôèçèêà, ìåòîä Ãîäóíîâà

Keywords: Numerical Modeling, Computational Astrophysics, Godunov
Method

Ìåòîä îñíîâàí íà èñïîëüçîâàíèè êóñî÷íî-ïàðàáîëè÷åñêîãî ïðåäñòàâ-
ëåíèÿ ôèçè÷åñêèõ ïåðåìåííûõ â êîìáèíàöèè ìåòîäîâ Ãîäóíîâà è Ðó-
ñàíîâà äëÿ ïîëó÷åíèÿ èíâàðèàíòíîãî îòíîñèòåëüíî ïîâîðîòà ðåøåíèÿ.
×èñëåííûé ìåòîä âåðèôèöèðîâàí íà çàäà÷å Ñåäîâà î òî÷å÷íîì âçðû-
âå, äîïóñêàþùåé àíàëèòè÷åñêîå ðåøåíèå. Ïàðàëëåëüíàÿ ðåàëèçàöèÿ íà
îñíîâå ðàçðàáîòàííîãî ìåòîäà áûëà èñïîëüçîâàíà äëÿ èññëåäîâàíèÿ ñöå-
íàðèÿ ïðèëèâíîé äåòîíàöèè áåëîãî êàðëèêà ïðè áëèçêîì ïðîõîæäåíèè
÷åðíîé äûðû ñ ïîñëåäóþùèì âçðûâîì ñâåðõíîâîé òèïà Ia.
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Â äîêëàäå ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêîå îïèñàíèå àáëÿöèè ìà-
òåðèàëà ïîä äåéñòâèåì íàíî-ôåìòîñåêóíäíîãî èìïóëüñíîãî ëàçåð-
íîãî èçëó÷åíèÿ. Èñõîäíàÿ êðàåâàÿ çàäà÷à ñâîäèòñÿ ê ðåøåíèþ
ñèíãóëÿðíî âîçìóùåííîé êðàåâîé çàäà÷è íåñòàöèîíàðíîé òåïëî-
ïðîâîäíîñòè ñ íåëèíåéíûìè ãðàíè÷íûìè óñëîâèÿìè íà ïîäâèæ-
íûõ ãðàíèöàõ. Ïðèáëèæåííîå ðåøåíèå ïîëó÷àåòñÿ â âèäå àñèìï-
òîòè÷åñêîãî ðàçëîæåíèÿ ðåøåíèÿ â ñìûñëå Ïóàíêàðå ïî ñòåïåíÿì
ìàëûõ ïàðàìåòðîâ, â çàâèñèìîñòè îò áëèçîñòè ðàññìàòðèâàåìîé
òî÷êè ê ãðàíèöàì.

Êëþ÷åâûå ñëîâà: óðàâíåíèå òåïëîïðîâîäíîñòè, ñèíãóëÿðíîå âîç-
ìóùåíèå, ïîäâèæíàÿ ãðàíèöà, àñèìïòîòè÷åñêîå ðàçëîæåíèå

Modeling of pulsed laser ablation of a material

The paper considers a mathematical description of the ablation of
a material under the action of nano-femtosecond pulsed laser radia-
tion. The initial boundary value problem is reduced to the solution
of a singularly perturbed boundary value problem of non-stationary
thermal conductivity with nonlinear boundary conditions on mobile
boundaries. The approximate solution is obtained in the form of an
asymptotic expansion of the solution in the Poincare sense by degrees
of small parameters, depending on the proximity of the point under
consideration to the boundaries.

Keywords: heat equation, singular perturbation, moving boundary,
asymptotic expansion

Áûñòðîå ðàçâèòèå ýêñïåðèìåíòàëüíîé òåõíèêè ïðèâåëî ê òîìó, ÷òî
ñòàëî íåîáõîäèìûì èçó÷åíèÿ âîçäåéñòâèÿ âûñîêîýíåðãåòè÷åñêèõ èñòî÷-
íèêîâ íà ðàçëè÷íûå ìàòåðèàëû. Îäíèì èç ýòèõ íàïðàâëåíèé ÿâëÿåòñÿ
èññëåäîâàíèå àáëÿöèè ïîä äåéñòâèåì óëüòðàêîðîòêèõ ëàçåðíûõ èìïóëü-
ñîâ ïèêîñåêóíäíîãî è ôåìòîñåêóíäíîãî äèàïàçîíîâ, âàæíåéøèìè ïàðà-
ìåòðàìè êîòîðîãî ÿâëÿþòñÿ äëèíà âîëíû, èíòåíñèâíîñòü è äëèòåëüíîñòü
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èìïóëüñà. Ïðè ýòîì ïðîöåññû àáëÿöèè è ïëàçìîîáðàçîâàíèå ÿâëÿþòñÿ
îñíîâíûìè ïðè ëàçåðíîé îáðàáîòêå ìàòåðèàëîâ. Èìïóëüñíàÿ ëàçåðíàÿ
àáëÿöèÿ ëåæèò â îñíîâå ìíîãèõ òåõíîëîãèé îáðàáîòêè ìàòåðèàëîâ (ñâåð-
ëåíèå, ðåçêà, íàïûëåíèå òîíêèõ ïëåíîê, ñòðóêòóðèðîâàíèå ìàòåðèàëîâ
íà ìèêðî-è íàíî óðîâíÿõ). Ïðè âîçäåéñòâèå ëàçåðíîãî èçëó÷åíèÿ íà óëü-
òðàêîðîòêèõ äèàïàçîíàõ óñèëèâàåòñÿ ðîëü èñïàðåíèÿ (êàê ïîâåðõíîñò-
íîãî, òàê è îáúåìíîãî) [1]. Â ïîñëåäíèå ãîäû íàáëþäàåòñÿ ïîâûøåíèå
èíòåðåñà ê èññëåäîâàíèÿì âîçäåéñòâèÿ ëàçåðíîãî èçëó÷åíèÿ â ïèêî-è
ôåìòîñåêóíäíîì äèàïàçîíàõ íà ðàçëè÷íûå ìàòåðèàëû [3-5].

Â ðàáîòå ñòàâèòñÿ çàäà÷à àíàëèòè÷åñêîãî èññëåäîâàíèÿ ðàñïðåäåëå-
íèÿ òåìïåðàòóðû â ìàòåðèàëå, êîòîðûé ïîäâåðãàåòñÿ âûñîèíòåíñèâíîìó
âîçäåéñòâèþ ëàçåðíîãî èçëó÷åíèÿ óëüòðàêîðîòêîãî äèàïàçîíà. Ðàññìàò-
ðèâàåòñÿ ïðîöåññ àáëÿöèè ìàòåðèàëà, ïðåäïîëàãàÿ, ÷òî ðàñïëàâëåííûé
ìàòåðèàë ìãíîâåííî âûíîñèòñÿ èç îáëàñòè âîçäåéñòâèÿ, îáëàñòü îáëó÷å-
íèÿ íàìíîãî ïðåâîñõîäèò ãëóáèíó ïðîïëàâëåíèÿ, ÷òî ïîçâîëÿåò ìàòåìà-
òè÷åñêè îïèñàòü äàííûé ïðîöåññ â îäíîìåðíîì è îäíîôàçíîì ïðèáëè-
æåíèè [2,4,5].

ρ(T ) · c(T )
∂T (z, t)

∂t
= ρ(T )c(T )ν(t)

∂T (z, t)

∂z
+

∂

∂z

(
λ(T )

∂T (z, t)

∂z

)
+A(z, t),

−λ(T ) · ∂T (z, t)

∂z

∣∣∣∣
z=0

= ν(t) · L · ρ(Ts) + ψ1(t) + σ1

[
T 4(z, t)− U4

0

]
,

A(z, t) = I0Asα·e−α·z−αg·h·e−
t
t1 · t
t1
, As = 1−R(Ts), I0 =

F

t1
, h =

∫ t

0

ν(t)dt,

−χ · ∂T (z, t)

∂z

∣∣∣∣
z=H

= ψ2(t)+σ2

[
T 4(z, t)− U4

0

]
, T (z, 0) = T0, Ts = T (0, t),

Ω = { (x, t) : 0 < z < H, 0 < t < t∞} ,
ãäå c(T ), λ(T ), ρ(T ) - ñîîòâåòñòâåííî óäåëüíàÿ òåïëîåìêîñòü, òåïëî-
ïðîâîäíîñòü è ïëîòíîñòü ìàòåðèàëà ïðè òåìïåðàòóðå T (z, t); h - ãëóáè-
íà êðàòåðà íà ïîâåðõíîñòè ìàòåðèàëà; ν - ñêîðîñòü ïåðåìåùåíèÿ ãðàíè-
öû èç-çà èñïàðåíèÿ; L- óäêåëüíàÿ òåïëîòà ñóáëèìàöèè; I0-èíòåíñèâíîñòü
ëàçåðíîãî èçëó÷åíèÿ; R- êîýôôèöèåíò îòðàæåíèÿ ëàçåðíîãî èçëó÷åíèÿ;
α, αg - êîýôôèöèåíòû ïîãëîùåíèÿ ëàçåðíîãî èìïóëüñà; t1 äëèòåëüíîñòü
èìïóëüñà. Ôóíêöèè ψ1, ψ2 è êîíñòàíòû σ1, σ2 îïðåäåëÿþò ðåæèìû òåï-
ëîîáìåíàíà íà ñîîòâåòñòâóþùèõ ñòîðîíàõ ïëàñòèíû. Ôóíêöèÿ A(z, t) -
îïèñûâàåò âèä è õàðàêòåð èñòî÷íèêà òåïëà.
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Â ðàáîòå ðàññìîòðåíû çàäà÷è î äåôîðìèðîâàíèè îïòè÷åñêèõ âîëî-
êîí òèïà Panda ïðè ó÷åòå ðàçíûõ îñîáåííîñòåé ìîäåëåé. Ïðîàíà-
ëèçèðîâàíî âëèÿíèå ôèçèêî-ìåõàíè÷åñêèõ, òåðìîìåõàíè÷åñêèõ è
ôðèêöèîííûõ ñâîéñòâ ìàòåðèàëîâ, èç êîòîðûõ èçãîòîâëåíî âîëîê-
íî, íà åãî ðàáîòó. Îïòè÷åñêîå âîëîêíî òèïà Panda çàùèùåíî îò
âîçäåéñòâèÿ âíåøíåé ñðåäû ìíîãîñëîéíûì ïîëèìåðíûì ïîêðûòè-
åì. Çàâèñèìîñòè êîýôôèöèåíòà ëèíåéíîãî òåìïåðàòóðíîãî ðàñøè-
ðåíèå îò âðåìåíè è âÿçêîóïðóãèå ñâîéñòâà ìàòåðèàëîâ ïåðâè÷íîãî
è âòîðè÷íîãî çàùèòíî-óïðî÷íÿþùåãî ïîêðûòèÿ ïîëó÷åíû ýêñïå-
ðèìåíòàëüíî. Òàê æå âûïîëíåíà ðåàëèçàöèÿ çàäà÷ â ïðèêëàäíîì
èíæåíåðíîì ïàêåòå ANSYS ñ ââåäåíèåì â ìîäåëè ðàçíîãî õàðàê-
òåðà êîíòàêòíîãî âçàèìîäåéñòâèÿ âîëîêíà ñ ìåòàëëè÷åñêèìè è íå
ìåòàëëè÷åñêèìè ïîâåðõíîñòÿìè ñîïðÿæåíèÿ.

Êëþ÷åâûå ñëîâà: ïîêðûòèå, ïîëèìåð, îïòè÷åñêîå âîëîêíî, êîí-
òàêò, òåðìîìåõàíèêà

Analysis of the influence contact interaction pattern and
the linear thermal expansion coefficient on the deformation

and optical characteristics of a Panda-type fiber

The deformation problems of Panda type optical fibers taking into ac-
count different features of the models are considered in the work. The
influence of the materials physicomechanical, thermomechanical and
frictional properties from which the fiber is made has been analyzed.
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Panda type optical fiber is protected from the external environment
by a multilayer polymer coating. The dependences of the linear ther-
mal expansion coefficient on time and the viscoelastic properties of the
primary and secondary protective-hardening coatings materials were
obtained experimentally. The implementation of tasks in the applied
engineering package ANSYS with the introduction in the model of a
contact interaction different pattern of the fiber with metal and non-
metal interfaces is completed also.

Keywords: coating, polymer, optical fiber, contact, thermomechanics

Îïòè÷åñêèå âîëîêíà ïîëó÷èëè øèðîêîå ðàñïðîñòðàíåíèå ïî âñåìó
ìèðó è ÿâëÿþòñÿ àêòóàëüíûì îáúåêòîì èçó÷åíèÿ [1, 2]. Ó÷åíûå Ðîññèè
è ìèðà ðåøàþò ìíîãî çàäà÷, íàïðàâëåííûõ íà óëó÷øåíèå îïòè÷åñêèõ
õàðàêòåðèñòèê è óìåíüøåíèå âûáðàêîâêè âîëîêîí ïðè ïðîèçâîäñòâåí-
íûõ ïðîöåññàõ. Äàííîå èññëåäîâàíèå íàïðàâëåíî íà âûÿâëåíèå è àíà-
ëèç çàêîíîìåðíîñòåé äåôîðìàöèîííîãî ïîâåäåíèÿ îïòè÷åñêîãî âîëîêíà
ñ çàùèòíî-óïðî÷íÿþùèìè ïîêðûòèÿìè (ÇÓÏ) â ðàìêàõ òåðìîöèêëà è
ïðè êîìíàòíîé òåìïåðàòóðå è âêëþ÷àåò â ñåáÿ ðÿä çàäà÷. Èíòåðåñåí àíà-
ëèç âëèÿíèÿ õàðàêòåðà êîíòàêòíîãî âçàèìîäåéñòâèÿ â çîíå ñîïðÿæåíèÿ
îïòè÷åñêîãî âîëîêíà òèïà Panda ñ ìåòàëëè÷åñêèìè è íå ìåòàëëè÷åñêèìè
ýëåìåíòàìè êîíñòðóêöèé è ìåæäó ñëîÿìè ìíîãîñëîéíîãî âîëíîâîäà íà
íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå êîíñòðóêöèè. Òàê æå îñîáûé
èíòåðåñ ïðåäñòàâëÿåò àíàëèç âëèÿíèÿ òåðìîìåõàíè÷åñêèõ ñâîéñòâ ìàòå-
ðèàëîâ, èç êîòîðûõ èçãîòîâëåíî âîëîêíî è ÇÓÏ, íà äåôîðìàöèîííûå è
îïòè÷åñêèå õàðàêòåðèñòèêè.

Â ðàìêàõ èññëåäîâàíèÿ âûïîëíåí ðÿä çàäà÷:
1. Òåñòîâàÿ çàäà÷à îá èíäåíòèðîâàíèè îïòè÷åñêîãî âîëîêíà â ïîëó-

ïðîñòðàíñòâî, èçãîòîâëåííîãî èç ðàçíûõ ìàòåðèàëîâ;
2. Òåñòîâàÿ çàäà÷à î êîíòàêòíîì âçàèìîäåéñòâèè ìåæäó âîëîêíàìè;
3. Ìîäåëèðîâàíèå êîíòàêòíîãî âçàèìîäåéñòâèÿ âîëîêíà è àëþìèíè-

åâîé êàòóøêè â ðàìêàõ ïåðâè÷íîé òåõíîëîãè÷åñêîé ïðîáû.
Âñå çàäà÷è ðàññìàòðèâàþòñÿ ïðè ïîñòåïåííîì ââîäå ïàðàìåòðîâ òåð-

ìîìåõàíè÷åñêîãî ïîâåäåíèÿ. Ïåðâîíà÷àëüíî çàäà÷è ðàññìàòðèâàëèñü â
ðàìêàõ òåîðèè óïðóãîñòè, äàëåå âûïîëíåí ó÷åò âÿçêîóïðóãîãî ïîâåäåíèÿ
ìàòåðèàëîâ ÇÓÏ, ïîñëåäíèì ýòàïîì óñëîæíåíèÿ ìàòåìàòè÷åñêîé ìîäå-
ëè ïîâåäåíèÿ ìàòåðèàëîâ ñòàë ó÷åò ïåðåìåííîãî êîýôôèöèåíòà ëèíåé-
íîãî òåìïåðàòðóíîãî ðàñøèðåíèÿ (ÊËÒÐ). Ìîæíî îòìåòèòü, ÷òî ó÷åò
çàâèñèìîñòè ÊËÒÐ îò òåìïåðàòóðû îêàçûâàåò âëèÿíèå íà äåôîðìà-
öèîííûå è îïòè÷åñêèå õàðàêòåðèñòèêè, íàèáîëåå ñóùåñòâåííûé âêëàä
ïàðàìåòðà íàáëþäàåòñÿ ïðè îòðèöàòåëüíûõ òåìïåðàòóðàõ (çîíû îõëà-
æäåíèÿ äî -60◦Ñ è âûäåðæêè ïðè -60◦Ñ). Ïðè T áîëåå 14◦Ñ â ìîäå-
ëè íàáëþäàåòñÿ ðàñõîæäåíèå êîíòàêòà èç-çà óñàäêè êàòóøêè, ïîýòîìó
âëèÿíèå ïåðåìåííîãî ÊËÒÐ íà îïòè÷åñêèå õàðàêòåðèñòèêè íàáëþäàåò-
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ñÿ áîëåå çíà÷èòåëüíî, ïðè T>14◦Ñ âëèÿíèå êîíòàêòíîãî âçàèìîäåéñòâèÿ
íà äåôîðìàöèîííîå ïîâåäåíèå âîëîêíà áîëåå çíà÷èòåëüíîå, ÷åì âëèÿíèå
ïåðåìåííîãî ÊËÒÐ.

Â ðàìêàõ òåñòîâûõ çàäà÷ ðàññìàòðèâàåòñÿ òàê æå âëèÿíèå õàðàêòåðà
êîíòàêòíîãî âçàèìîäåéñòâèÿ êàê ìåæäó âîëîêíîì è ýëåìåíòàìè ñèñòå-
ìû, òàê è ìåæäó ýëåìåíòàìè îïòè÷åñêîãî âîëîêíà: êîíòàêò áåç òðåíèÿ,
ôðèêöèîííûé êîíòàêò, êîíòàêòíàÿ ñêëåéêà. Äàëüíåéøèì ðàçâèòèåì çà-
äà÷è ñòàíåò ó÷åò â ðåàëüíîé êîíñòðóêöèè ðàçíîãî õàðàêòåðà ñîïðÿæå-
íèÿ ýëåìåíòîâ è àíàëèç èõ âëèÿíèÿ íà äåôîðìàöèîííûå è îïòè÷åñêèå
õàðàêòåðèñòèêè.
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Ðàññìàòðèâàåòñÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé, ìîäåëèðóþùàÿ ïåäàãîãè÷åñêîå ââçàèìîäåéñòâèå â ãðóïïå
ñòóäåíòîâ. Ïåäàãîãè÷åñêîå âîçäåéñòâèå âûðàæåíî ñóììîé íåêîòî-
ðîé êîíñòàíòû è óïðàâëÿþùåãî ïàðàìåòðà. Íàéäåíû ñîñòîÿíèÿ
ðàâíîâåñèÿ ñèñòåìû, îïðåäåëåíû òèïû è ïîñëåäîâàòåëüíîñòè èõ
áèôóðêàöèé, âîçíèêàþùèå ïðè èçìåíåíèè óïðàâëÿþùåãî ïàðà-
ìåòðà. Ïîëó÷åíû êîýôôèöèåíòíûå óñëîâèÿ âîçíèêíîâåíèÿ óñòîé-
÷èâûõ ïðîäóêòèâíûõ ñîñòîÿíèé ðàâíîâåñèÿ è ñîîòâåòñòâóþùèå
áèôóðêàöèîííûå çíà÷åíèÿ ïàðàìåòðà.

Êëþ÷åâûå ñëîâà: îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, ñî-
ñòîÿíèå ðàâíîâåñèÿ, óñòîé÷èâîñòü áèôóðêàöèÿ

Cascades of bifurcations in a dynamic model of
socio-pedagogical interaction in a study group with a

negative informal leader

We consider a system of ordinary differential equations that models
pedagogical interaction in a group of students. The pedagogical im-
pact is the sum of a certain constant and a control parameter. We
found the equilibrium points of the system, determined the types and
sequences of their bifurcations that occur when the control parameter
changes. We obtained the coefficient conditions for the occurrence of
stable productive equilibrium points and the corresponding bifurca-
tion values of the parameter.

Keywords: ordinary differential equations, equilibrium point, stability,
bifurcation

Â ðàáîòå [1] ïðåäëîæåíà ìîäåëü ñîöèàëüíî-ïåäàãîãè÷åñêîãî âçàèìî-
äåéñòâèÿ â ñòóäåí÷åñêîé ãðóïïå. Âíåñåì â ìîäåëü óòî÷íåíèÿ:
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1) ñêîðîñòü èçìåíåíèÿ êîëè÷åñòâà âîâëå÷åííûõ ñòóäåíòîâ ïðîïîðöè-
îíàëüíà ÷èñëåííîñòè ýòèõ ñòóäåíòîâ, îãðàíè÷åííîé ìàêñèìàëüíîé ÷èñ-
ëåííîñòüþ w1 ñóììû êîëè÷åñòâà âîâëå÷åííûõ ñòóäåíòîâ è êîëè÷åñòâà
òåõ íå âîâëå÷åíûõ ñòóäåíòîâ ïîòîêà, êîòîðûå ìîãóò ðàññìàòðèâàòü ïðî-
ôåññèþ ó÷èòåëÿ ñðåäè ñâîèõ âîçìîæíûõ ïðîôåññèé (w1 ≤ w), è óáûâàåò
ïðè íàëè÷èè îòðèöàòåëüíîãî âîçäåéñòâèÿ íà âîâëå÷åííûõ ñòóäåíòîâ;

2) ñêîðîñòü èçìåíåíèÿ êîëè÷åñòâà íå âîâëå÷åííûõ ñòóäåíòîâ çàâè-
ñèò îò èõ ÷èñëåííîñòè, îãðàíè÷åííîé ìàêñèìàëüíîé ÷èñëåííîñòüþ w2

ñóììû êîëè÷åñòâà íå âîâëå÷åííûõ ñòóäåíòîâ è òåõ âîâëå÷åííûõ ñòóäåí-
òîâ ïîòîêà, êîòîðûå â ïðîöåññå îáó÷åíèÿ ìîãóò ïåðåñòàòü ðàññìàòðèâàòü
ïðîôåññèþ ó÷èòåëÿ ñâîåé âîçìîæíîé ïðîôåññèåé (w2 ≤ w), è óâåëè÷è-
âàåòñÿ çà ñ÷åò âëèÿíèÿ íå âîâëå÷åííûõ ñòóäåíòîâ íà âîâëå÷åííûõ (ò.å.
ñòóäåíò èç ãðóïïû âîâëå÷åííûõ ñòóäåíòîâ ìîæåò ïåðåéòè â ãðóïïó íå
âîâëå÷åííûõ ñòóäåíòîâ);

3) ÷èñëåííîñòü ïîòîêà w ÿâëÿåòñÿ ïîñòîÿííîé; w1 + w2 ≤ 2w.
Òîãäà ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé, ìîäåëèðóþùàÿ âçàèì-

íóþ äèíàìèêó âîâëå÷åííûõ è íå âîâëå÷åííûõ ñòóäåíòîâ, èìååò âèä
ẋ = ax

(
1− x

w1

)
− d1xy,

ẏ = −(a+ α)y

(
1− y

w2

)
+ d2xy.

(1)

Íåïîñðåäñòâåííûìè âû÷èñëåíèÿìè óñòàíîâëåíî, ÷òî ñèñòåìà (1) èìå-
åò 4 ñîñòîÿíèÿ ðàâíîâåñèÿ: O(0, 0), K(0, w2), L(w1, 0), M(x0(α); y0(α)),
ãäå

x0(α) =
(a+ α)w1(w2d1 − a)

w1w2d1d2 − a(a+ α)
, y0(α) =

aw2(w1d2 − (a+ α))

w1w2d1d2 − a(a+ α)
.

Ñîñòîÿíèå ðàâíîâåñèÿ M(x0(α), y0(α)) íåîáõîäèìî ðàññìàòðèâàòü â I
êîîðäèíàòíîé ÷åòâåðòè.

Ïðè ýòîì ïðåäåëüíîå ïîëîæåíèå òî÷êè M(x0(0), y0(0)) â I êîîðäè-
íàòíîé ÷åòâåðòè ñóùåñòâóåò ïðè âûïîëíåíèè ñëåäóþùåé ñîâîêóïíîñòè
êîýôôèöèåíòíûõ óñëîâèé: d1w2 − a > 0,

w1w2d1d2 − a2 > 0,
d2w1 − a ≥ 0;

 d1w2 − a < 0,
w1w2d1d2 − a2 < 0,
d2w1 − a ≤ 0.

(2)

Ïîëó÷åíû áèôóðêàöèîííûå çíà÷åíèÿ ïàðàìåòðà: α0 = d2w1−a, α1 =
d2w1 − d1w2, α2 ∈ (α1;α0).

Ïóñòü ñïðàâåäëèâà ïåðâàÿ ñèñòåìà íåðàâåíñòâ ñîâîêóïíîñòè (2). Òî-
ãäà â I ÷åòâåðòè ðàñïîëîæåíî 4 ñîñòîÿíèÿ ðàâíîâåñèÿ: ñåäëà O, K, L è
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òî÷êàM . Ïðè d1w2−d2w1 > 0 è α = 0 òî÷êàM � óñòîé÷èâûé óçåë. Ïðè
âîçðàñòàíèè α òî÷êà M ïðèáëèæàåòñÿ ê òî÷êå L, îñòàâàÿñü óñòîé÷èâûì
óçëîì. Ïðè d1w2−d2w1 < 0 è α = 0 òî÷êàM � íåóñòîé÷èâûé ôîêóñ. Ïðè
ïåðåõîäå ÷åðåç α = α1 ôîêóñ ìåíÿåò õàðàêòåð óñòîé÷èâîñòè, â ñèñòåìå
âîçìîæíî âîçíèêíîâåíèå ïåðèîäè÷åñêèõ ðåøåíèé. Ïðè α2 ∈ (α1, α0) òî÷-
êà M ìåíÿåò õàðàêòåð ñ ôîêóñà íà óçåë. Ïðè d1w2 − d2w1 = 0 è α = 0
òî÷êà M � ñëîæíîå ñîñòîÿíèå ðàâíîâåñèÿ. Ïðè âîçðàñòàíèè α ≥ 0 îíà
ìîæåò äî òðåõ ðàç ìåíÿòü õàðàêòåð ñ ôîêóñà íà óçåë (óñòîé÷èâûé). Âî
âñåõ òðåõ ñëó÷àÿõ ïðè α = α0 ïðîèñõîäèò ñåäëî-óçëîâàÿ áèôóðêàöèÿ
òî÷åê L è M , ñîñòîÿíèå ðàâíîâåñèÿ M èñ÷åçàåò â I ÷åòâåðòè. Ïðè äàëü-
íåéøåì âîçðàñòàíèè ïàðàìåòðà α òî÷êà L îñòàåòñÿ óñòîé÷èâûì óçëîì.

Åñëè ñïðàâåäëèâà âòîðàÿ ñèñòåìà íåðàâåíñòâ ñîâîêóïíîñòè (2), òî
ïðè ëþáîì ñîîòíîøåíèè d1w2 è d2w1 è ïðè α = 0 â ñèñòåìå (1) â I
÷åòâåðòè ðàñïîëîæåíî 4 ñîñòîÿíèÿ ðàâíîâåñèÿ: ñåäëà O, M , óñòîé÷èâûé
óçåë L è íåóñòîé÷èâûé óçåë K. Ïðè âîçðàñòàíèè α ≥ 0 òîïîëîãè÷åñêàÿ
ñòðóêòóðà ôàçîâîãî ïîðòðåòà â I êîîðäèíàòíîé ÷åòâåðòè íå ìåíÿåòñÿ.
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Until now, the problems of longitudinal - transverse vibrations of ob-
jects with moving boundaries were solved mainly in a linear setting,
the energy exchange through the moving boundary and the interaction
between longitudinal and transverse vibrations were not taken into
account. The paper presents a new nonlinear mathematical model of
transverse vibrations of an unbounded rope with a moving boundary,
in which geometric nonlinearity is taken into account. The obtained
mathematical model allows one to describe high-intensity vibrations
of a rope with a moving boundary.

Keywords: nonlinear mathematical model, vibrations of a rope, mov-
ing boundaries

Until now, the problems of longitudinal - transverse vibrations of objects
with moving boundaries were solved mainly in a linear setting, the energy
exchange through the moving boundary and the interaction between longitu-
dinal and transverse vibrations were not taken into account [1�5, 7�10]. In
rare cases, the action of the forces of resistance of the external environment
was taken into account [6]. Real technical objects are much more complicated,
for example, with an increase in the intensity of oscillations, the geometric
nonlinearities of the object have a great in�uence on the oscillatory process.
In connection with the intensive development of numerical methods, it became
possible to more accurately describe complex mathematical models of longitu-
dinal-transverse oscillations of objects with moving boundaries, taking into
account a large number of factors in�uencing the oscillatory process. The
paper presents a new nonlinear mathematical model of longitudinal-transverse
vibrations of a rope with a moving boundary, which takes into account
geometric nonlinearity, viscoelasticity, energy exchange across the boundary.
The boundary conditions are obtained in the case of interaction between the
parts of the object to the left and to the right of the moving boundary. The
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Syzran' Branch of Samara State Technical University (Syzran', Russia); doctoral student,
Moscow State University (Moscow, Russia)
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resulting model is linearized. In this case, the principle of homogeneity is
observed: in the particular case of small �uctuations, the obtained linear
models coincided with the classical ones, which indicates the correctness
of the results obtained. The obtained mathematical model allows one to
describe high-intensity vibrations of a rope with a moving boundary.
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Â ðàáîòå ïðåäëàãàåòñÿ èòåðàöèîííûé ìåòîä äëÿ ðåøåíèÿ çàäà÷è
îïòèìàëüíîãî óïðàâëåíèÿ ñèñòåìîé ýëëèïòè÷åñêîãî òèïà. Èññëå-
äîâàíû âîïðîñû ñõîäèìîñòè èòåðàöèîííîãî ïðîöåññà, óñòàíîâëåíû
îöåíêè ñêîðîñòè ñõîäèìîñòè èòåðàöèé.

Êëþ÷åâûå ñëîâà: èòåðàöèîííûé ìåòîä, îïòèìàëüíîå óïðàâëåíèå,
êðàåâàÿ çàäà÷à, ýëëèïòè÷åñêîå óðàâíåíèå, ñõîäèìîñòü èòåðàöèîí-
íîãî ìåòîäà.

On an iterative method for solving the optimal control
problem for an elliptic-type system

The paper proposes an iterative method for solving the optimal con-
trol problem for an elliptic system. The issues of convergence of the
iterative process are investigated, estimates of the rate of convergence
of iterations are established.

Keywords: iterative method, optimal control, boundary value problem,
elliptic equation, convergence of the iterative method.

Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ, ñîñòîÿùóþ â òîì, ÷òî-
áû íàéòè òàêîå óïðàâëåíèå u = u∗(x) ∈ U = L2(Ω), êîòîðîå ìèíèìèçè-
ðóåò íà ìíîæåñòâå óïðàâëåíèé U ôóíêöèîíàë öåëè

J(u) =

∫
Ω

(
T (x, u)− T0(x)

)2
dΩ + γ‖u(x)‖2L2(Ω), γ = const > 0, (1)

ïðè÷åì ñâÿçü óïðàâëåíèÿ u = u(x) ñ ñîñòîÿíèåì ïðîöåññà óïðàâëåíèÿ
T (x) = T (x, u), ñîîòâåòñòâóþùèé óïðàâëåíèþ u ∈ U , îïðåäåëÿåòñÿ êàê
ðåøåíèå çàäà÷è Äèðèõëå â Ω ∈ R2:

LT (x, u) = −∆T (x, u) = −
[
∂2T (x, u)

∂x2
1

+
∂2T (x, u)

∂x2
2

]
= u(x), x ∈ Ω, (2)
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T (x, u) = 0, x ∈ Γ; (3)

çäåñü Ω � îáëàñòü â R2 ñ äîñòàòî÷íî ãëàäêîé ãðàíèöåé Γ = ∂Ω.
Èíà÷å ãîâîðÿ, çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñîñòîèò â òîì, ÷òîáû

íàéòè ôóíêöèþ (óïðàâëåíèå) òàêóþ, ÷òî

u∗ ∈ U = L2(Ω), J(u∗) = inf
u∈U

J(u). (4)

Ýëåìåíò u∗ ∈ U , óäîâëåòâîðÿþùèé óñëîâèþ (4), íàçûâàåòñÿ îïòèìàëü-
íûì óïðàâëåíèåì, à ñîâîêóïíîñòü U∗ âñåõ ýëåìåíòîâ u∗, óäîâëåòâîðÿ-
þùèõ (4) íàçûâàåòñÿ ìíîæåñòâîì îïòèìàëüíûõ óïðàâëåíèé [1]-[4]. Â
ôóíêöèîíàëå (1) ôóíêöèÿ T0(x) � çàäàííûé ýëåìåíò ïðîñòðàíñòâà L2(Ω).

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû ýëåìåíò u∗ ∈ U = L2(Ω) áûë îïè-
ìàëüíûì óïðàâëåíèåì çàäà÷è (1)-(4) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû
âûïîëíÿëèñü óñëîâèÿ îïèìàëüíîñòè âèäà

LT (x, u∗) = −∆T (x, u∗) = − 1

γ
ψ(x, u∗), x ∈ Ω, (5)

T (x, u∗) = 0, x ∈ Γ = ∂Ω, (6)

Lψ(x, u∗) = −∆ψ(x, u∗) = T (x, u∗)− T0(x), x ∈ Ω, (7)

ψ(x, u∗) = 0, x ∈ Γ = ∂Ω, (8)

ψ(x, u∗) + γu∗ = 0, x ∈ Ω. (9)

Â ðàáîòå áûëî ïîêàçàíî, ÷òî îïòèìàëüíîå óïðàâëåíèå åäèíñòâåííî,
ò.å. ñîîòíîøåíèÿì (5)-(9) óäîâëåòâîðÿåò åäèíñòâåííûé ýëåìåíò u∗ ∈ U =
L2(Ω). Òàê ÷òî îïòèìàëüíîå óïðàâëåíèå u∗(x) íàõîäèòñÿ ïî ñëåäóþùåìó
ïðàâèëó: 1) ðåøàåòñÿ ãðàíè÷íàÿ çàäà÷à äëÿ ñèñòåìû óðàâíåíèé ñ ÷àñò-
íûìè ïðîèçâîäíûìè (5)-(8); 2) íàõîäèòñÿ îïòèìàëüíîå óïðàâëåíèå ïî
ôîðìóëå

u∗(x) = − 1

γ
ψ(x, u∗), x ∈ Ω.

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü óïðàâëåíèé
{
u

(n)
∗ (x)

}∞
n=0

, îïåðåäå-
ëÿåìóþ ôîðìóëîé

u
(n)
∗ (x) = − 1

γ
ψ(n)(x), n = 0, 1, 2, ..., (10)

ãäå ïîñëåäîâàòåëüíîñòü
{
ψ(n)(x)

}∞
n=0

îïðåäåëÿåòñÿ èç èòåðàöèîííîãî ïðî-
öåññà (ïðèáëèæåííîãî ðåøåíèÿ ñèñòåìû óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-
íûõ (5)-(8):

−∆T (n+1)(x) = −∆T (n)(x)− τ
[
LT (n)(x) +

1

γ
ψ(n)(x)

]
, x ∈ Ω, (10)
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T (n+1)(x) = 0, n = 0, 1, 2, ... , (11)

−∆ψ(n)(x) = T (n)(x)− T0(x), x ∈ Ω, (12)

ψ(n)(x) = 0, n = 0, 1, 2, ... . (13)

Çäåñü τ > 0, γ > 0 � ïàðàìåòðû, êîòîðûìè ñëåäóåò ðàñïîðÿäèòüñÿ äëÿ

äîñòèæåíèÿ ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè óïðàâëåíèé
{
u

(n)
∗ (x)

}∞
n=0

.
Â ðàáîòå èññëåäîâàíû âîïðîñû ñõîäèìîñòè èòåðàöèîííîãî ïðîöåññà

(10)-(13), óñòàíîâëåíû îöåíêè ñêîðîñòè ñõîäèìîñòè èòåðàöèé.

Ëèòåðàòóðà
1. Ëèîíñ Æ.-Ë. Îïòèìàëüíîå óïðàâëåíèå ñèñòåìàìè, îïèñûâàåìûìè óðàâ-

íåíèÿìè ñ ÷àñòíûìè ïðîèçâîäíûìè. � Ì.: Ìèð, 1972. 414 c.
2.Ëèòâèíîâ Â. Ã.Îïòèìèçàöèÿ â ýëëèïòè÷åñêèõ ãðàíè÷íûõ çàäà÷àõ ñ ïðè-

ëîæåíèÿìè ê ìåõàíèêå. � Ì.: Íàóêà, 1987. 368 c.
3. Âàñèëüåâ Ô.Ï.Ìåòîäû îïòèìèçàöèè. � Ì.: Ôàêòîðèàë Ïðåññ, 2002. 824

ñ.
4.Ëóáûøåâ Ô.Â. Ðàçíîñòíûå àïïðîêñèìàöèè çàäà÷ îïòèìàëüíîãî óïðàâëå-

íèÿ ñèñòåìàìè, îïèñûâàåìûìè óðàâíåíèÿìè â ÷àñòíûõ ïðîèçâîäíûõ. � Óôà:
ÁàøÃÓ, 1999. 244ñ.

228
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Äåêàðáîíèçàöèÿ â ýëåêòðîýíåðãåòèêå ïðåäïîëàãàåò ââîä â ýêñïëó-
àòàöèþ îáúåêòîâ íà îñíîâå âîçîáíîâëÿåìûõ èñòî÷íèêîâ ýíåðãèè, â
òîì ÷èñëå ñîâìåñòíî ñ ñèñòåìàìè íàêîïëåíèÿ ýíåðãèè, íàïðèìåð,
âîäîðîäíûìè. Îïòèìàëüíîñòü óñòàíîâêè îáúåêòà ãåíåðàöèè ñ òå-
ìè èëè èíûìè ïàðàìåòðàìè âîçìîæíî îïðåäåëèòü ïî çíà÷åíèþ
öåëåâîé ôóíêöèè. Â ñòàòüå ïðèâåäåíà ôîðìóëüíàÿ çàïèñü öåëå-
âîé ôóíêöèè â êîíòåêñòå îáîçíà÷åííîé çàäà÷è, à òàêæå ïîÿñíåíèå
èñïîëüçóåìûõ ïåðåìåííûõ.

Êëþ÷åâûå ñëîâà: îïòèìèçàöèîííàÿ çàäà÷à, âîçîáíîâëÿåìàÿ ãåíå-
ðàöèÿ, âîäîðîäíûå íàêîïèòåëè, öåëåâàÿ ôóíêöèÿ, ïåðåìåííûå, âå-
ñîâûå êîýôôèöèåíòû

Forming of the objective function for solving the
optimization task of renewable generation placement

Decarbonization in the electric power industry is involved the pene-
tration of facilities based on renewable energy sources, in particular,
in association with the storage systems, for example, hydrogen. The
optimality installation of the renewable generation with appropriate
parameters can be determined by the value of the objective function.
In the article is presented formula of the objective function in the
context of this task and also an explanation of the used variables.

Keywords: optimization task, renewable generation, hydrogen storage
systems, objective function, variables, weight coefficients

Òåíäåíöèåé ðàçâèòèÿ ñîâðåìåííîé ýêîíîìèêè ÿâëÿåòñÿ îöåíêà ïðåä-
ïðèÿòèÿìè óãëåðîäíîãî ñëåäà åäèíèöû ïðîèçâîäèìîé èìè ïðîäóêöèè, à
òàêæå ïðèíÿòèå è ïðîâåäåíèå ñîâîêóïíîñòè ìåðîïðèÿòèé ïî óìåíüøå-
íèþ âåëè÷èíû äàííîãî ñëåäà, ÷òî, â ñâîþ î÷åðåäü, èìååò ìåñòî â êîíòåê-
ñòå ñëåäîâàíèÿ ãëîáàëüíîé öåëè ïåðåõîäà ê óãëåðîäíîé íåéòðàëüíîñòè.

Â ýëåêòðîýíåðãåòè÷åñêîé îòðàñëè ê ìåðîïðèÿòèÿì ïî äåêàðáîíèçà-
öèè îòíîñèòñÿ ñëåäóþùåå:
� ïîâûøåíèå ýíåðãåòè÷åñêîé ýôôåêòèâíîñòè óæå ñóùåñòâóþùèõ îáú-
åêòîâ òðàäèöèîííîé ãåíåðàöèè, íàïðèìåð, òåïëîâûõ ýëåêòðîñòàíöèé, â

Ìàëüêîâà ßíàÞðüåâíà, ìàãèñòðàíò, ÒÏÓ (Òîìñê, Ðîññèÿ); Yana Malkova (Tomsk
Polytechnic University, Tomsk, Russia)
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êà÷åñòâå èñòî÷íèêà ýíåðãèè íà êîòîðûõ âûñòóïàþò óãëåâîäîðîäíûå òîï-
ëèâíûå ðåñóðñû;
� îáåñïå÷åíèå ðàñòóùåãî ñïðîñà íà ýëåêòðîýíåðãèþ (îæèäàåìûé ðîñò
ñïðîñà â 2021 ãîäó ñîñòàâëÿåò 4,6%, òåì ñàìûì ïðåâûøàÿ âåëè÷èíó ñïðî-
ñà äî îñëîæíåíèÿ ýïèäåìèîëîãè÷åñêîé îáñòàíîâêè â 2019 ãîäó íà 0,5%
[1]) åäèíè÷íîé óñòàíîâêîé îáúåêòîâ íà îñíîâå âîçîáíîâëÿåìûõ èñòî÷íè-
êîâ ýíåðãèè (ÂÈÝ), à òàêæå â ñîâîêóïíîñòè ñ âîäîðîäíûìè ñèñòåìàìè
íàêîïëåíèÿ ýíåðãèè (òàê íàçûâàåìûé "çåëåíûé" âîäîðîä).

Îïðåäåëèòü îïòèìàëüíûå ïàðàìåòðû, â òîì ÷èñëå, ìîùíîñòü è ìåñòî
ïîäêëþ÷åíèÿ ê ýíåðãîñèñòåìå, îáúåêòà ÂÈÝ ñ âîäîðîäíûì íàêîïèòåëåì
ïðåäñòàâëÿåòñÿ âîçìîæíûì ïî çíà÷åíèþ öåëåâîé ôóíêöèè. Ê ïåðåìåí-
íûì öåëåâîé ôóíêöèè â êîíòåêñòå îáîçíà÷åííîé çàäà÷è îòíîñèòñÿ ñëå-
äóþùåå:
� ñóììàðíûå ïîòåðè àêòèâíîé è ðåàêòèâíîé ìîùíîñòè íà ëèíèÿõ ñâÿçè
èññëåäóåìîé ñõåìû;
� ìàêñèìàëüíîå îòêëîíåíèå óðîâíÿ íàïðÿæåíèÿ îò íîìèíàëüíîãî çíà÷å-
íèÿ ñðåäè âñåõ óçëîâ ñõåìû;
� ñîîòíîøåíèå çàòðàò íà ñòðîèòåëüñòâî è ââîä â ýêñïëóàòàöèþ 1 êÂò
óñòàíîâëåííîé ìîùíîñòè îáúåêòà ÂÈÝ â ñîîòâåòñòâèè ñ ïðèðîäîé îáú-
åêòà (ñîëíå÷íûå, âåòðÿíûå, ãåîòåðìàëüíûå ýëåêòðîñòàíöèè è äð.) è âû-
ãîäû îò ñîêðàùåíèÿ ñóììàðíûõ ïîòåðü ìîùíîñòè ââèäó óìåíüøåíèÿ
ïåðåòîêîâ ìîùíîñòè îò îñíîâíîé ýíåðãîñèñòåìû.

Ïðèâåäåì ôîðìóëüíîå ïðåäñòàâëåíèå öåëåâîé ôóíêöèè:

F = a · P i + b ·Qi + c · U i + d · Si,
P i = dP ′

dP ,

Qi = dQ′

dQ ,

U i = dU−dU ′
dU ,

Si = d′ · s1 · PDG + d′′ · s2 · dP ′,

ãäå P i � èíäåêñ ñóììàðíûõ ïîòåðü àêòèâíîé ìîùíîñòè, dP è dP ′ � ñóì-
ìàðíûå ïîòåðè àêòèâíîé ìîùíîñòè â èñõîäíîé ñõåìå è â ñõåìå ïîñëå
óñòàíîâêè îáúåêòà ÂÈÝ, Qi � èíäåêñ ñóììàðíûõ ïîòåðü ðåàêòèâíîé
ìîùíîñòè, dQ è dQ′ � ñóììàðíûå ïîòåðè ðåàêòèâíîé ìîùíîñòè â èñ-
õîäíîé ñõåìå è â ñõåìå ïîñëå óñòàíîâêè îáúåêòà ÂÈÝ, U i � èíäåêñ ìàê-
ñèìàëüíîãî îòêëîíåíèÿ óðîâíÿ íàïðÿæåíèÿ îò íîìèíàëüíîãî çíà÷åíèÿ
ñðåäè âñåõ óçëîâ ñõåìû, dU è dU ′ � óðîâåíü íàïðÿæåíèÿ óçëà â èñõîäíîé
ñõåìå è â ñõåìå ïîñëå óñòàíîâêè îáúåêòà ÂÈÝ, Si � èíäåêñ ýêîíîìè÷åñêîé
ýôôåêòèâíîñòè óñòàíîâêè îáúåêòà ÂÈÝ, s1 � ñòîèìîñòü 1 êÂò óñòàíîâ-
ëåííîé ìîùíîñòè âûáðàííîãî òèïà îáúåêòà ÂÈÝ, PDG � óñòàíîâëåííàÿ
ìîùíîñòü îáúåêòà ÂÈÝ, s2 � ñòîèìîñòü 1 êÂò ïîòåðü àêòèâíîé ìîù-
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íîñòè íà ëèíèÿõ ñâÿçè èññëåäóåìîé ñõåìû, a, b, c, d, d′, d′′ � âåñîâûå
êîýôôèöèåíòû, ïðè÷åì a+ b+ c+ d ≡ 1 è d′ + d′′ ≡ 1.

Òàêèì îáðàçîì, ìèíèìàëüíîå èç âîçìîæíûõ çíà÷åíèé öåëåâîé ôóíê-
öèè â êîíòåêñòå îáîçíà÷åííîé çàäà÷è îïðåäåëåíèÿ îïòèìàëüíûõ ïàðà-
ìåòðîâ îáúåêòà âîçîáíîâëÿåìîé ãåíåðàöèè è âîäîðîäíîãî íàêîïèòåëÿ
ïðè èíòåãðàöèè â ýíåðãîñèñòåìó ñîîòâåòñòâóåò îïòèìàëüíîé óñòàíîâëåí-
íîé ìîùíîñòè è ìåñòó ïîäêëþ÷åíèÿ íîâîãî ââîäà ãåíåðàöèè. Íåïîñðåä-
ñòâåííûé ðàñ÷åò öåëåâîé ôóíêöèè îñóùåñòâëÿòñÿ â ïðîãðàììíîé ôîðìå
ñ ïðèìåíåíèåì îäíîãî èç ñóùåñòâóþùèõ îïòèìèçàöèîííûõ àëãîðèòìîâ,
â ÷àñòíîñòè, ýâðèñòè÷åñêîé ãðóïïû.

Ëèòåðàòóðà
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Ðàáîòà ïîñâÿùåíà ñîçäàíèþ óäîáíîãî â èñïîëüçîâàíèè ìîáèëüíîãî
ïðèëîæåíèÿ äëÿ àíàëèçà ëè÷íûõ ôèíàíñîâ.

Êëþ÷åâûå ñëîâà: ôèíàíñû, ïðèëîæåíèå, Android.

Development of a mobile application for personal finance
management

The work is devoted to creating an easy-to-use mobile application for
analyzing personal finances.

Keywords: finance, application, Android.

Óïðàâëåíèå ëè÷íûìè ôèíàíñàìè çà÷àñòóþ ïîíèìàåòñÿ ëþäüìè êàê
ýêîíîìèÿ äåíåæíûõ ñðåäñòâ. Â ñâîþ î÷åðåäü óïðàâëåíèå ëè÷íûìè ôè-
íàíñàìè ÿâëÿåòñÿ ðàñïðåäåëåíèåì äåíåã â çàâèñèìîñòè îò öåëåé ÷åëîâå-
êà. Âñå áîëüøóþ àêòóàëüíîñòü â íàøå âðåìÿ èìååò íåïðàâèëüíîå óïðàâ-
ëåíèå ëè÷íûìè ôèíàíñàìè. Ê ñîæàëåíèþ, ìíîãèå ëþäè åùå ñî øêîëü-
íîãî âîçðàñòà íå ïîíèìàþò, ÷òî ïîìèìî çíàíèé, êîòîðûå îíè ïîëó÷àþò
â øêîëå, íóæíî ðàñøèðÿòü ñâîé êðóãîçîð è îáó÷àòüñÿ íàâûêàì âåäåíèÿ
óïðàâëåíèåì ëè÷íûõ ôèíàíñîâ è äåíåæíûõ îòíîøåíèé. Êàê ïðàâèëî
áîëüøèíñòâî ïðîñòî âèäèò íåóäîâëåòâîðåííîñòü îïðåäåëåííîé ÷àñòè îá-
ùåñòâà ñâîèì ôèíàíñîâûì ïîëîæåíèåì, êîòîðûå íè÷åãî íå äåëàþò ÷òî-
áû íàó÷èòñÿ óïðàâëÿòü ñâîèìè ôèíàíñàìè, ïðèóìíîæàòü èõ, ïðàâèëüíî
ýêîíîìèòü è äåëàòü íàêîïëåíèÿ, è ïðîäîëæàþò ïîñòóïàòü òàê æå.

Óïðàâëåíèå ëè÷íûìè ôèíàíñàìè ïîìîãàåò âûáðàòü ïëàí ñîãëàñíî
öåëÿì, ó÷èò ñ óìîì òðàòèòü äåíüãè è îðãàíèçîâûâàòü ñåìåéíûé áþäæåò.

Óïðàâëÿÿ ëè÷íûìè ôèíàíñàìè ìîæíî ïîëó÷èòü îòâåò íà ñëåäóþùèå
âîïðîñû:

? Êàêèå äåíåæíûå ñðåäñòâà èñïîëüçóþòñÿ íåýôôåêòèâíî?
? Êàêîâû ïðè÷èíû íåäîñòàòêà äåíåã è êàê íàéòè ñïîñîá èõ ðåøåíèÿ?
? Êàê ïðîàíàëèçèðîâàòü ñòðóêòóðó ðàñõîäîâ ñ öåëüþ ïîâûøåíèÿ èõ

ýôôåêòèâíîñòè?

Ìàìàëèìîâ Ïàâåë Ðàëèôîâè÷, ñòóäåíò ÁàøÃÓ (Óôà, Ðîññèÿ); Pavel Mamalimov
(Bashkir State University, Ufa, Russia)

Áåðäíèêîâà Ìàðèíà Ëåîíèäîâíà, ê.ô.-ì.í., äîöåíò ÁàøÃÓ (Óôà, Ðîññèÿ); Marina
Berdnikova (Bashkir State University, Ufa, Russia)

232



Ðåçóëüòàòîì èññëåäîâàíèÿ ÿâèëîñü ñîçäàíèå ìîáèëüíîãî ïðèëîæåíèÿ
äëÿ óïðàâëåíèÿ ëè÷íûìè ôèíàíñàìè, êîòîðîå ÿâëÿåòñÿ ïðîñòûì â èñ-
ïîëüçîâàíèè è êîòîðîå îáåñïå÷èâàåò õðàíåíèå â ýëåêòðîííîì âèäå äàí-
íûõ î äîõîäàõ è ðàñõîäàõ ïîëüçîâàòåëÿ.

Äåêîìïîçèöèÿ èññëåäîâàíèÿ ïðèâåëà ê ñëåäóþùåìó ñïèñêó çàäà÷:
1. Àíàëèç àíàëîãè÷íûõ ïðèëîæåíèé äëÿ óïðàâëåíèÿ ëè÷íûìè ôè-

íàíñàìè.
2. Èçó÷åíèå ñðåäû ðàçðàáîòêè äëÿ ìîáèëüíûõ ïðèëîæåíèé.
3. Ðàçðàáîòêà ìîáèëüíîãî ïðèëîæåíèÿ ïîä óïðàâëåíèåì îïåðàöèîí-

íîé ñèñòåìû Android.
Áûëè ïðîàíàëèçèðîâàíû ìîáèëüíûå îïåðàöèîííûå ñèñòåìû òàêèå

êàê IOS, Android è â êà÷åñòâå îïåðàöèîííîé ñèñòåìû ïðèëîæåíèÿ áûëà
âûáðàíà Android OC. Òàê æå ðàññìàòðèâàëèñü àíàëîãè÷íûå ïðèëîæå-
íèÿ äëÿ óïðàâëåíèÿ ëè÷íûìè ôèíàíñàìè òàêèå, êàê Monefy è Spendee.
Ñðàâíèâàëèñü òàêèå ñðåäû ðàçðàáîòêè, êàê Eclipse è Android Studio è
áûëà âûáðàíà ñðåäà ðàçðàáîòêè Android Studio.

Â ðåçóëüòàòå èññëåäîâàíèÿ áûëî ðàçðàáîòàíî ìîáèëüíîå ïðèëîæå-
íèå äëÿ óïðàâëåíèÿ ëè÷íûìè ôèíàíñàìè. Ïðèëîæåíèå èìååò ñëåäóþ-
ùèå ôóíêöèè: ðåãèñòðàöèÿ, àâòîðèçàöèÿ, ãëàâíîå ìåíþ ïðèëîæåíèÿ,
äîáàâëåíèå òðàíçàêöèé, ïðîñìîòð òðàíçàêöèé çà îïðåäåëåííûé ïåðè-
îä, ñêàíåð QR êîäà, ïåðåíîñ òðàíçàêöèé â äîêóìåíò ôîðìàòà Excel è
âîçìîæíîñòü îòïðàâêè ýòîãî îò÷åòà ïî ïî÷òå.
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Â ïîñëåäíèå âðåìÿ èíòåíñèâíî ðàçâèâàþòñÿ àëãîðèòìû ïîèñêî-
âîé îïòèìèçàöèè. Ñðåäè íèõ íàèáîëüøóþ ïîïóëÿðíîñòü íàáèðàþò
ïîïóëÿöèîííûå àëãîðèòìû. Èõ ýôôåêòèâíîñòü ÷àñòî ïðåâîñõîäèò
ýâîëþöèîííûå àëãîðèòìû. Çíà÷èòåëüíîå âíèìàíèå â äîêëàäå óäå-
ëÿåòñÿ ìåòîäó ðîÿ ÷àñòèö è ãåíåòè÷åñêîìó àëãîðèòìó.

Êëþ÷åâûå ñëîâà: ìåòîä ðîÿ ÷àñòèö, ãåíåòè÷åñêèé àëãîðèòì, îïòè-
ìèçàöèÿ

Modeling the reaction of sulfuric acid alkylation of
isobutanes with olefins by the particle swarm method and

genetic algorithm

In recent years, search engine optimization algorithms have been in-
tensively developing. Among them, population algorithms are gaining
the greatest popularity. Their efficiency is often superior to evolution-
ary algorithms. Much attention is paid to the particle swarm method
and genetic algorithm.

Keywords: particle swarm method, genetic algorithm, optimization

Ïðîöåññ àëêèëèðîâàíèÿ èçîïàðàôèíîâ îëåôèíàìè ïðåäíàçíà÷åí äëÿ
ïîëó÷åíèÿ âûñîêîîêòàíîâûõ äîáàâîê ê áåíçèíàì. Áåíçèíû � àëêèëàòû,
ñîñòîÿùèå èç ðàçâåòâëåííûõ ïàðàôèíîâûõ óãëåâîäîðîäîâ. Îíè èìåþò
âûñîêîå îêòàíîâîå ÷èñëî. Àëêèëèðîâàíèå â íàñòîÿùåå âðåìÿ ÿâëÿåòñÿ
îäíèì èç íàïðàâëåíèé ðàçâèòèÿ íåôòåïåðåðàáîòêè, ãäå çà ïîñëåäíèå ãî-
äû ïîÿâèëîñü íàèáîëüøåå ÷èñëî íîâûõ òåõíîëîãèé.

Îïòèìèçàöèÿ � ýòî öåëåíàïðàâëåííàÿ äåÿòåëüíîñòü, çàêëþ÷àþùà-
ÿñÿ â ïîëó÷åíèè íàèëó÷øèõ ðåçóëüòàòîâ ïðè íàëè÷èè ìíîæåñòâà àëü-
òåðíàòèâíûõ ïðè îïðåäåëåííûõ óñëîâèÿõ. Îïòèìèçàöèîííîé íàçûâàåò-
ñÿ çàäà÷à îïðåäåëåíèÿ íàèëó÷øèõ ñòðóêòóðû èëè çíà÷åíèé ïàðàìåòðîâ
îáúåêòîâ. Îïòèìàëüíûé ðåçóëüòàò, êàê ïðàâèëî, íàõîäèòñÿ íå ñðàçó, à

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 19-37-60014).
Ìàõìóòîâà Äèàíà, ñòóäåíò, ÓÃÍÒÓ (Óôà, Ðîññèÿ); Makhmutova Diana (Ufa State

Petroleum Technical University)
Åíèêååâà Ëåíèçà Âàñèìîâíà, ê.ô.-ì.í., äîöåíò êàôåäðû ÈÒÌ, ÓÃÍÒÓ (Óôà,

Ðîññèÿ); Enikeeva Leniza (Ufa State Petroleum Technical University of Ufa, Russia)
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â ðåçóëüòàòå ïðîöåññà, íàçûâàåìîãî ïðîöåññîì îïòèìèçàöèè. Ïðèìåíÿå-
ìûå â ïðîöåññå îïòèìèçàöèè ìåòîäû ïîëó÷èëè íàçâàíèå ìåòîäîâ îïòè-
ìèçàöèè.

Ïîä ðîåâîé îïòèìèçàöèåé ïîíèìàåòñÿ êëàññ àëãîðèòìîâ, íàïðàâëåí-
íûõ íà ðåøåíèå ñëîæíûõ îïòèìèçàöèîííûõ çàäà÷ (äèñêðåòíàÿ îïòèìè-
çàöèÿ, ìíîãîìåðíàÿ îïòèìèçàöèÿ è ìíîãîêðèòåðèàëüíàÿ îïòèìèçàöèÿ),
ðàáîòà êîòîðûõ îñíîâàíà íà ìîäåëèðîâàíèè êîëëåêòèâíîãî ïîâåäåíèÿ
ðàçëè÷íûõ êîëîíèé æèâûõ îðãàíèçìîâ. Ñèñòåìû ðîåâîãî èíòåëëåêòà
ïðåäñòàâëÿþò ñîáîé ìîäåëè ðàçíîîáðàçíûõ òèïîâ êîëëåêòèâíîãî ïîâå-
äåíèÿ â êîëîíèÿõ ðàçëè÷íûõ æèâûõ îðãàíèçìîâ � ñòàÿõ ïòèö, êîñÿêàõ
ðûá, êîëîíèÿõ ìóðàâüåâ è ò. ï. Äëÿ òîãî, ÷òîáû ïîíÿòü, êàê ôóíêöèî-
íèðóåò àëãîðèòì ìåòîä ðîÿ ÷àñòèö, ìîæíî ðàññìîòðåòü îáëàñòü ïîèñêà
â âèäå ìíîãîìåðíîãî ïðîñòðàíñòâà ñ àãåíòàìè íàøåãî àëãîðèòìà. Èç-
íà÷àëüíî âñå àãåíòû íàõîäÿòñÿ â ñëó÷àéíûõ ìåñòàõ ïðîñòðàíñòâà è ñî
ñëó÷àéíûì âåêòîðîì ñêîðîñòè. Â êàæäîé èç òî÷åê, êîòîðóþ ÷àñòèöà ïî-
ñåùàåò, îíà ðàññ÷èòûâàåò çàäàííóþ ôóíêöèþ è ôèêñèðóåò íàèëó÷øåå
çíà÷åíèå èñêîìîé ôóíêöèè. Òàê æå âñå ÷àñòèöû çíàþò ìåñòîïîëîæåíèå
íàèëó÷øåãî ðåçóëüòàòà ïîèñêà âî âñ¼ì ðîå è ñ êàæäîé èòåðàöèåé àãåí-
òû êîððåêòèðóþò âåêòîðà ñâîèõ ñêîðîñòåé è èõ íàïðàâëåíèÿ, Ïðè ýòîì
ïîñòîÿííî ïðîèñõîäèò ðàñ÷¼ò èñêîìîé ôóíêöèè è ïîèñê íàèëó÷øåãî çíà-
÷åíèÿ [2].

Ãåíåòè÷åñêèé àëãîðèòì (ÃÀ) ïðåäñòàâëÿåò ñîáîé ýâðèñòè÷åñêèé àë-
ãîðèòì îïòèìèçàöèè, â îñíîâó êîòîðîãî ïîëîæåíû áèîëîãè÷åñêèå ïðèí-
öèïû åñòåñòâåííîãî îòáîðà è èçìåí÷èâîñòè. Ïðîöåññ ðàáîòû àëãîðèò-
ìà ïðåäñòàâëÿåò ñîáîé ïîñëåäîâàòåëüíóþ ñìåíó ïîêîëåíèé, ñîñòîÿùèõ
èç ôèêñèðîâàííîãî ÷èñëà îñîáåé-òî÷åê ïðîñòðàíñòâà ðåøåíèé, ïðè÷åì
îñîáè ñ áîëüøèì çíà÷åíèåì öåëåâîé ôóíêöèè (áîëåå ïðèñïîñîáëåííûå)
ïîëó÷àþò áîëüøå ïîòîìêîâ â êàæäîì ñëåäóþùåì ïîêîëåíèè. Äëÿ ðàáî-
òû ÃÀ âûáèðàþò ìíîæåñòâî íàòóðàëüíûõ ïàðàìåòðîâ îïòèìèçàöèîííîé
ïðîáëåìû è êîäèðóþò èõ â ïîñëåäîâàòåëüíîñòü êîíå÷íîé äëèíû â íåêî-
òîðîì àëôàâèòå. Îíè ðàáîòàþò äî òåõ ïîð, ïîêà íå áóäåò âûïîëíåíî
çàäàííîå ÷èñëî ãåíåðàöèé (èòåðàöèé àëãîðèòìà) èëè íà íåêîòîðîé ãåíå-
ðàöèè áóäåò ïîëó÷åíî ðåøåíèå îïðåäåëåííîãî êà÷åñòâà [3].

Â äàííîé ðàáîòå äëÿ ïîèñêà ïàðàìåòðîâ ïðèìåíÿþòñÿ ïåðå÷èñëåííûå
àëãîðèòìû.Íà êîíôåðåíöèè áóäóò ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåííîãî
ìîäåëèðîâàíèÿ.
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Ðàññìàòðèâàþòñÿ îñíîâíûå ñëîæíîñòè ïðîâåäåíèÿ âû÷èñëèòåëü-
íûõ ýêñïåðèìåíòîâ ñðåäñòâàìè ëîêàëüíûõ ÝÂÌ è àêòóàëüíîñòü
âíåäðåíèÿ òåõíîëîãèé îáëà÷íûõ âû÷èñëåíèé ïðè îïèñàíèè ðàñ-
÷åòíûõ ìîäóëåé ñ öåëüþ ìîäåëèðîâàíèÿ ôèçèêî-õèìè÷åñêèõ ïðî-
öåññîâ.

Êëþ÷åâûå ñëîâà: ìîäåëèðîâàíèå, îáëà÷íûå òåõíîëîãèè, âû÷èñëå-
íèÿ, ôèçè÷åñêàÿ õèìèÿ.

Cloud technologies in modeling physical and chemical
processes

The main difficulties of carrying out computational experiments by
means of local computers and the relevance of the introduction of cloud
computing technologies in the description of computational modules
in order to simulate physical and chemical processes are considered.

Keywords: modeling, cloud computing, computing, physical chemistry.

Áîëåå 60 ëåò ñóùåñòâóåò íàó÷íîå íàïðàâëåíèå � ìàòåìàòè÷åñêîå ìî-
äåëèðîâàíèå õèìè÷åñêèõ ïðîöåññîâ è ðåàêòîðîâ, ìåòîäîëîãèÿ êîòîðîãî
áûëà ðàçðàáîòàíà â êëàññè÷åñêèõ ðàáîòàõ àêàäåìèêà ÐÀÍ Ã.Ê. Áîðåñêî-
âà è ÷ëåíà-êîððåñïîíäåíòà ÐÀÍ Ì.Ã. Ñëèíüêî. Â îñíîâå ýòîé ìåòîäîëî-
ãèè ëåæàò çíàíèÿ êèíåòèêè õèìè÷åñêèõ ðåàêöèé, ïðèìåíåíèå êîòîðûõ
ïîçâîëÿåò ñîçäàâàòü èíñòðóìåíò ýìïèðè÷åñêîé îöåíêè êà÷åñòâà ïîëó÷à-
åìîãî ïðîäóêòà. Â íàñòîÿùèé ìîìåíò ðàçðàáîòêà âûñîêîýôôåêòèâíûõ
òåõíîëîãèé â õèìèêî-òåõíîëîãè÷åñêîé îòðàñëè ïðåäïîëàãàåò ñîçäàíèå
èííîâàöèîííûõ ìåòîäîâ, ïîçâîëÿþùèõ íå òîëüêî ïðîâîäèòü îöåíêó êà-
÷åñòâà ïîëó÷àåìîãî ïðîäóêòà, íî è ðåøàòü çàäà÷è ïðîåêòèðîâàíèÿ ýíåð-
ãîñáåðåãàþùèõ õèìèêî-òåõíîëîãè÷åñêèõ ïðîöåññîâ è ñèñòåì ñ öåëüþ ïî-
ëó÷åíèÿ ïðîäóêòîâ ïðîèçâîäñòâà ñ çàäàííûìè ñâîéñòâàìè. Â ñâÿçè ñ
ýòèì áîëüøóþ àêòóàëüíîñòü ïðèîáðåòàþò ìîäåëèðóþùèå ïðîãðàììû è
àëãîðèòìû, ïîçâîëÿþùèå íå òîëüêî îöåíèâàòü òåõíîëîãè÷íûå ñâîéñòâà

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåðñòâà íàóêè è
âûñøåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè (êîä íàó÷íîé òåìû FZWU-2020-0027).
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ïðîäóêöèè, íî è ñëóæàùèå â êà÷åñòâå èíñòðóìåíòà îðãàíèçàöèè ïîäáîðà
îïòèìàëüíûõ óñëîâèé îðãàíèçàöèè ïðîèçâîäñòâà.

Ñèñòåìíûé ïîäõîä â ìîäåëèðîâàíèè ñëîæíûõ õèìèêî-òåõíîëîãè÷åñêèõ
ïðîöåññîâ ïðåäïîëàãàåò ïåðåõîä îò îòäåëüíûõ ðåàêòîðîâ ê ñëîæíûì ñè-
ñòåìàì, ñîñòîÿùèõ èç ìíîæåñòâà àïïàðàòîâ, è ïîñëåäîâàòåëüíîå óñëîæ-
íåíèå ìîäåëüíîãî îïèñàíèÿ ñèñòåìû ïî ñõåìå êèíåòè÷åñêîå îïèñàíèå
ïðîöåññà � ó÷åò ãèäðîäèíàìè÷åñêèõ çàêîíîìåðíîñòåé ïðè îðãàíèçàöèè
íåïðåðûâíîãî ïðîèçâîäñòâà � êîíòðîëü êà÷åñòâåííûõ ïîêàçàòåëåé ïîëó-
÷àåìîãî ïðîäóêòà � óïðàâëåíèå òåõíîëîãè÷åñêèì ïðîöåññîì. Î÷åâèäíî,
÷òî çàäà÷à ïîñòðîåíèÿ àäåêâàòíîé ìàòåìàòè÷åñêîé ìîäåëè, ñïîñîáíîé â
ïîëíîé ìåðå îòðàæàòü ïîêàçàòåëè ïîëó÷àåìîãî ïðîäóêòà, ïðåäñòàâëÿåò
ñîáîé èòåðàöèîííîå ðåøåíèå ïðÿìûõ è îáðàòíûõ çàäà÷ õèìè÷åñêîé êè-
íåòèêè ñ ïðèìåíåíèåì ðàçëè÷íûõ ìàòåìàòè÷åñêèõ ïîäõîäîâ è ìåòîäîâ.
Ïîñòàíîâêà çàäà÷ ïîèñêà îïòèìàëüíûõ ðåæèìîâ âåäåíèÿ ïðîèçâîäñòâà
â ýòîì ñëó÷àå ïîòðåáóåò ìíîãîêðàòíîãî ðåøåíèÿ ïðÿìîé çàäà÷è è, êàê
ñëåäñòâèå, ìîæåò ïðèâåñòè ê íåâîçìîæíîñòè âû÷èñëåíèÿ ïîäîáíûõ çà-
äà÷ â ðàçóìíûå ñðîêè ñòàíäàðòíûìè ñðåäñòâàìè îðãàíèçàöèè âû÷èñëå-
íèé.

Ðåøåíèå ïðîáëåìû íåõâàòêè âû÷èñëèòåëüíûõ ðåñóðñîâ âîçìîæíî çà
ñ÷åò îðãàíèçàöèè ïðîâåäåíèÿ âñåõ âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ ñðåä-
ñòâàìè âûñîêîïðîèçâîäèòåëüíîãî êëàñòåðà. Íåîáõîäèìîñòü ðåãóëÿðíûõ
ðåñóðñîåìêèõ ðàñ÷åòîâ îïðåäåëÿåò àêòóàëüíîñòü ðàçðàáîòêè òàêèõ ñè-
ñòåì ñåòåâîé íàïðàâëåííîñòè, êîòîðûå ïîçâîëÿò â ðåæèìå åäèíîãî îê-
íà ïðåäîñòàâèòü äîñòóï ê âû÷èñëèòåëüíûì ðåñóðñàì âûñîêîïðîèçâîäè-
òåëüíîãî êëàñòåðà öåëîìó ðÿäó ïîëüçîâàòåëåé. À ñåòåâîé ïîäõîä ñ ðàçäå-
ëåíèåì ëîãèêè õðàíåíèÿ äàííûõ îò âû÷èñëèòåëüíîé ëîãèêè òàêæå ïîç-
âîëèò ðàçâèòü òåîðèþ õðàíåíèÿ âû÷èñëèòåëüíûõ è ëàáîðàòîðíûõ ýêñ-
ïåðèìåíòîâ â åäèíîì èíôîðìàöèîííîì ïðîñòðàíñòâå è ñôîðìèðîâàòü
öåííûé èñòî÷íèê äàííûõ äëÿ ãëîáàëüíîãî ðàçâèòèÿ òåîðèè èññëåäîâà-
íèÿ ôèçèêî-õèìè÷åñêèõ ïðîöåññîâ.
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Ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ êà÷åñòâà àò-
ìîñôåðíîãî âîçäóõà â óëè÷íîì êàíüîíå äëÿ ðàçëè÷íûõ óñëîâèé
ñîëíå÷íîãî íàãðåâà îãðàíè÷èâàþùèõ òóðáóëåíòíûé ïîòîê ïîâåðõ-
íîñòåé, ðàñïîëîæåíèÿ èñòî÷íèêà âûáðîñîâ è ãåîìåòðè÷åñêèõ õà-
ðàêòåðèñòèê óëè÷íîãî êàíüîíà.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, âû÷èñëèòåëüíàÿ
ãèäðîäèíàìèêà, ïåðåíîñ ïðèìåñè.

A numerical simulation of vehicle pollution distribution in a
street canyon

The results of numerical modeling of the quality of atmospheric air
in a street canyon for various solar heating conditions, limiting the
turbulent flow of surfaces, the location of the emission source and the
geometric characteristics of the street canyon are presented.

Keywords: mathematical modeling, computational fluid dynamics, im-
purity transport.

Ðàññìàòðèâàåòñÿ ñòàöèîíàðíîå íåèçîòåðìè÷åñêîå òóðáóëåíòíîå äâè-
æåíèå âîçäóõà íàä óëè÷íûì êàíüîíîì, êîòîðûé ïðåäñòàâëÿåò ñîáîé ïðî-
òÿæåííûé ó÷àñòîê óëèöû ñ ïàðàëëåëüíî ðàñïîëîæåííûìè âûñîêèìè çäà-
íèÿìè ñ îáåèõ åå ñòîðîí. Ïî íèæíåé ãðàíèöå óëè÷íîãî êàíüîíà èíòåí-
ñèâíî äâèæåòñÿ àâòîòðàíñïîðò, âûáðàñûâàþùèé â àòìîñôåðó ïðîäóêòó
ñãîðàíèÿ óãëåâîäîðîäíîãî òîïëèâà. Âûñîòà çäàíèé ñîèçìåðèìà ñ øèðè-
íîé óëèöû. Öåëüþ äàííîãî èññëåäîâàíèÿ ÿâëÿåòñÿ îïðåäåëåíèå íàèáîëåå
íåáëàãîïðèÿòíûõ óñëîâèé (íåðàâíîìåðíûé ñîëíå÷íûé íàãðåâ ñòåí çäà-
íèé, ðàñïîëîæåíèå èñòî÷íèêà âûáðîñîâ âáëèçè íèæíåé ãðàíèöû êàíüî-
íà, ñîîòíîøåíèå âûñîòû è øèðèíû êàíüîíà), ïðèâîäÿùèõ ê óõóäøåíèþ
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êà÷åñòâà âîçäóõà â çîíå äûõàíèÿ (äî 2 ìåòðîâ îò íèæíåé ãðàíèöû êà-
íüîíà) è ðîñòó ìàêñèìàëüíîé êîíöåíòðàöèè ïðèìåñè â îáëàñòè èññëåäî-
âàíèÿ. Ìàòåìàòè÷åñêàÿ ìîäåëü ðàññìàòðèâàåìîãî ïðîöåññà âêëþ÷àåò â
ñåáÿ îñðåäíåííûå ïî Ðåéíîëüäñó óðàâíåíèÿ Íàâüå-Ñòîêñà, íåðàçðûâíî-
ñòè, ýíåðãèè è ïåðåíîñà ïðèìåñè [1]. Çàìûêàíèå ýòîé ñèñòåìû ñòàöèîíàð-
íûõ óðàâíåíèé ïðîâîäèòñÿ ñ èñïîëüçîâàíèåì ãðàäèåíòíî-äèôôóçèîííîé
ãèïîòåçû Áóññèíåñêà. Äëÿ âû÷èñëåíèÿ òóðáóëåíòíîé âÿçêîñòè èñïîëüçó-
åòñÿ äâóõïàðàìåòðè÷åñêàÿ k-eps ìîäåëü òóðáóëåíòíîñòè, ó÷èòûâàþùàÿ
âëèÿíèå ñèë ïëàâó÷åñòè [2]. Äëÿ ðàñ÷åòà çíà÷åíèé ñêîðîñòè, òóðáóëåíò-
íûõ ïàðàìåòðîâ, òðåíèÿ è òåïëîâîãî ïîòîêà âáëèçè òâåðäîé ïîâåðõíîñòè
èñïîëüçóåòñÿ ìåòîä ïðèñòåíî÷íûõ ôóíêöèé Ëàóíäåðà-Ñïîëäèíãà.

Äèñêðåòèçàöèÿ äèôôåðåíöèàëüíîé çàäà÷è âûïîëíåíà ìåòîäîì êî-
íå÷íîãî îáúåìà íà ñòðóêòóðèðîâàííîé äåêàðòîâîé ñåòêå. Àïïðîêñèìà-
öèÿ êîíâåêòèâíûõ ÷ëåíîâ óðàâíåíèé ïåðåíîñà âûïîëíÿåòñÿ ñ èñïîëüçî-
âàíèåì ïðîòèâîïîòîêîâîé ñõåìû MLU Âàí Ëèðà. Àïïðîêñèìàöèÿ äèô-
ôóçèîííûõ ÷ëåíîâ îñóùåñòâëÿåòñÿ ñ èñïîëüçîâàíèåì öåíòðàëüíî-ðàç-
íîñòíîé ñõåìû âòîðîãî ïîðÿäêà. Äëÿ ñîãëàñîâàíèÿ ïîëåé ñêîðîñòè è
äàâëåíèÿ èñïîëüçîâàëñÿ ìåòîä Ïàòàíêàðà-Ñïîëäèíãà SIMPLE. Ðàçðà-
áîòàíà èòåðàöèîííàÿ âû÷èñëèòåëüíàÿ ïðîöåäóðà äëÿ ñîãëàñîâàíèÿ ïî-
ëÿ ñêîðîñòè è äàâëåíèÿ è ïîñëåäîâàòåëüíîãî ðåøåíèÿ ñèñòåì ñåòî÷íûõ
óðàâíåíèé � íåÿâíûõ äèñêðåòíûõ àíàëîãîâ àäâåêòèâíî-äèôôóçèîííûõ
óðàâíåíèé íåëèíåéíîé çàäà÷è íà îñíîâå ìåòîäà íåïîëíîé ôàêòîðèçàöèè
Í.È. Áóëååâà. Áîëåå ïîäðîáíîå îïèñàíèå àïïðîêñèìàöèè è ÷èñëåííîãî
ìåòîäà ðåøåíèÿ íà ïðèìåðå äâóìåðíîé çàäà÷è ïðåäñòàâëåíî â ðàáîòå
[3].

Ðàñ÷åòû ïðîâîäèëèñü ïðè ñëåäóþùèõ çíà÷åíèÿõ îïðåäåëÿþùèõ ïà-
ðàìåòðîâ: ñêîðîñòü ãîðèçîíòàëüíîãî ïîòîêà âîçäóõà 1ì/ñ, òåìïåðàòóðà
� 20◦Ñ. Òåìïåðàòóðà îáðàçóþùèõ óëè÷íîãî êàíüîíà ïðèíèìàëà çíà÷å-
íèÿ îò 20 äî 40◦Ñ. Âûñîòà çäàíèé è øèðèíà óëè÷íîãî êàíüîíà ìåíÿëèñü
â äèàïàçîíå îò 10 äî 40 ì. Èñòî÷íèê èíåðòíûõ âûáðîñîâ àâòîòðàíñïîð-
òà ðàñïîëàãàëñÿ íà âûñîòå 0,3 ì íàä íèæíåé ãðàíèöåé êàíüîíà â åãî
ñåðåäèíå, 1/4 è 3/4 îò ëåâîé ãðàíèöû êàíüîíà.

Àíàëèç ïîëó÷åííûõ ðåçóëüòàòîâ ïîêàçûâàåò, ÷òî íàèáîëåå õóäøèå
óñëîâèÿ äëÿ ïåøåõîäîâ îáðàçóþòñÿ ïðè íàãðåâå íàâåòðåííîé ñòîðîíû
óëè÷íîãî êàíüîíà (ìàêñèìàëüíûå êîíöåíòðàöèè â çîíå äûõàíèÿ óâåëè-
÷èâàþòñÿ ñ ðîñòîì ïåðåïàäà òåìïåðàòóð), â óëè÷íûõ êàíüîíàõ, âûñîòà
êîòîðîãî â íåñêîëüêî ðàç ïðåâûøàåò åãî øèðèíó, ïðè ñìåùåíèè èñòî÷íè-
êà ïðèìåñè ê çäàíèÿì, îáðàçóþùèì êàíüîí (ìàêñèìàëüíûå êîíöåíòðà-
öèè â çîíå äûõàíèÿ ïðè ðàçìåùåíèè èñòî÷íèêà âáëèçè ëåâîé ãðàíèöû
êàíüîíà).
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Â ðàáîòå ðàññìàòðèâàåòñÿ ôèëüòðàöèÿ ôëþèäà ê áåñêîíå÷íîé òðå-
ùèíå ÃÐÏ â îäíîðîäíîì ïëàñòå ïðè ïåðåõîäíûõ ðåæèìàõ ðàáîòû
ñêâàæèíû, à òàê æå âçàèìîñâÿçü ðàñïðåäåëåíèÿ äàâëåíèÿ è ðàñ-
õîäà.

Êëþ÷åâûå ñëîâà: ïåðåõîäíûé ðåæèì, ðàñõîä, íèçêîïðîíèöàåìûé
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Pressure distribution in a hydraulic fracturing during
transient well operation modes

The article discusses the fluid filtration to an infinite hydraulic fracture
in a homogeneous formation during transient well operation modes
and the relationship between pressure and flow rate.

Keywords: transient modes, rate, low-permeability reservoir, hydraulic
fracturing, fluid filtration.

Ãèäðîðàçðûâ ïëàñòà (ÃÐÏ) � îäèí èç âàæíåéøèõ ìåòîäîâ èíòåí-
ñèôèêàöèè äîáû÷è íåôòè èç íèçêîïðîíèöàåìûõ ïëàñòîâ. Îïðåäåëåíèå
ïàðàìåòðîâ òðåùèíû, ïîëó÷åííîé ïóòåì ãèäðîðàçðûâà ÿâëÿåòñÿ àêòó-
àëüíîé â íàñòîÿùåå âðåìÿ çàäà÷åé, êîãäà çíà÷èòåëüíàÿ ÷àñòü íåôòè äî-
áûâàåòñÿ èç íèçêîïðîíèöàåìûõ ïëàñòîâ, ëèáî îáëàäàåò áîëüøîé âÿçêî-
ñòüþ.

Ïî ðåçóëüòàòàì ìíîãîëåòíåãî îïûòà ïðèìåíåíèÿ ìåòîäà ÃÐÏ íàïè-
ñàíî îáøèðíîå êîëè÷åñòâî ðàáîò [1-2]. Â ñëó÷àå íèçêîïðîíèöàåìûõ ïëà-
ñòîâ, æèäêîñòü â îñíîâíîì ðàñòåêàåòñÿ ïî òðåùèíå, è èç òðåùèíû ïåðå-
òåêàåò â ïëàñò, ÷òî ìîæíî îïèñàòü ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâ-
íåíèé (ñì. [3-6]). Â ðàáîòàõ [5�6] îïèñàíèå ðàñïðåäåëåíèÿ äàâëåíèÿ â
òðåùèíå ñâåäåíî ê îäíîìó èíòåãðî - äèôôåðåíöèàëüíîìó óðàâíåíèþ è
èçó÷åíû âîïðîñû îá ýâîëþöèè äàâëåíèÿ â îêðåñòíîñòè òðåùèíû ÃÐÏ è
äèíàìèêå ðàñïðåäåëåíèå äàâëåíèÿ â ñêâàæèíå è âåðòèêàëüíîé òðåùèíå
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ïðè ïîääåðæàíèè ïîñòîÿííîãî ðàñõîäà è ïîñòîÿííîãî äàâëåíèÿ íà ñêâà-
æèíå [4-6].

Ðàññìîòðèì âåðòèêàëüíóþ çàêðåïë¼ííóþ ïðîïàíòîì òðåùèíó, ïîëó-
÷åííóþ ïóòåì ãèäðîðàçðûâà ïëàñòà. Ïëàñò îäíîðîäíûé, øèðèíà òðåùè-
íû çíà÷èòåëüíî ìåíüøå åå âûñîòû df << hf . Ñêåëåò ïîðèñòîé ñðåäû
ïëàñòà è òðåùèíû íåñæèìàåìûé, äëèíà òðåùèíû áåñêîíå÷íàÿ. Æèä-
êîñòü â ïëàñòå ðàñïðîñòðàíÿåòñÿ ïåðïåíäèêóëÿðíî åå íàïðàâëåíèþ è
äàëåå ïî òðåùèíå òå÷åò ê ñêâàæèíå. Â ñèëó ñèììåòðèè ðàññìàòðèâàåòñÿ
îäíî êðûëî òðåùèíû. Äâèæåíèå ôëþèäà â òðåùèíå êâàçèîäíîìåðíîå
âäîëü îñè OX, òàê êàê îò èçìåíåíèÿ ãëóáèíû äàâëåíèå â ïëàñòå è òðå-
ùèíå íå ìåíÿåòñÿ. Íà÷àëî êîîðäèíàò íà ñòåíêå çàáîéíîãî ó÷àñòêà. Îñü
OY ïåðïåíäèêóëÿðíà òðåùèíå. Îòñ÷åò èäåò îò ãðàíèöû ïëàñò � òðåùè-
íà. Ñèñòåìà, îïèñûâàþùàÿ ðàñïðåäåëåíèå äàâëåíèÿ â òðåùèíå è ïëàñòå:

∂Pf
∂t

= æf
∂2Pf
∂x2

+ 2
mp

mf

æp
df

(
∂Pp
∂y

)∣∣∣∣
y=0

, (0 < x <∞)

∂Pp
∂t

= æp
∂2Pp
∂y2

, (0 < x <∞, 0 < y <∞)

ãäå æi = ρ0C
2ki

µmi
� êîýôôèöèåíòû ïüåçîïðîâîäíîñòè, Pf = Pf (t, x), Pp =

Pp(t, x, y). Èíäåêñû i = f, p ñîîòâåòñòâóþò çíà÷åíèÿì ïàðàìåòðîâ â òðå-
ùèíå è ïëàñòå, îêðóæàþùåì òðåùèíó. Äàííûå óðàíåíèÿ ðàññìàòðèâà-
ëèñü â ðàáîòàõ [3], [4], [6] ïðè ðàçëè÷íûõ êðàåâûõ óñëîâèÿõ.

Ïóñòü äî ìîìåíòà τ0 ôëþèä â ïëàñòå íàõîäèòñÿ â ïîêîå, à â ìîìåíò
âðåìåíè τ0 ðàñõîä ðåçêî âûõîäèò íà çíà÷åíèå q0 è ïîääåðæèâàåòñÿ ïîñòî-
ÿííûì äî ìîìåíòà âðåìåíè τ1, êîãäà îí ðåçêî èçìåíÿåòñÿ äî âåëè÷èíû
q1 è äåðæèòñÿ ïîñòîÿííûì äî ìîìåíòà τ2, è ò. ä.

Äëÿ ïåðåïàäà äàâëåíèÿ ∆P(w) ìåæäó çíà÷åíèÿìè íà çàáîå ñêâàæèíû
è ïëàñòîì ïîëó÷èì

∆P(w) =
−0.78µ√
Af
2 dfkf

(
H(t− τ0)q0(t− τ0)

1
4 +

n∑
i=1

H(t− τi)(qi − qi−1)(t− τi)
1
4 )

)

Çäåñü H(t) � ôóíêöèÿ Õåâèñàéäà.
Ðåçóëüòàòû ðàáîòû ìîãóò áûòü ïðèìåíåíû äëÿ èíòåðïðåòàöèè ðå-

çóëüòàòîâ ãèäðîäèíàìè÷åñêèõ èññëåäîâàíèé ñêâàæèí. Íîâèçíà ñòàòüè â
èçó÷åíèè ïåðåìåííûõ ðåæèìîâ ðàáîòû ñêâàæèíû, ïîëó÷åíû ôîðìóëû
äëÿ îïðåäåëåíèÿ ñâÿçè äàâëåíèÿ è ðàñõîäà â òðåùèíå ÃÐÏ â çàâèñèìî-
ñòè îò âðåìåíè è ðàññòîÿíèÿ äî ñêâàæèíû. Â íàñòîÿùåå âðåìÿ âåäåòñÿ
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ðàáîòà ïî ñðàâíåíèþ ðåçóëüòàòîâ, ïîëó÷åííûõ â ðàáîòå ñ äàííûìè ïî-
ëåâûõ èñïûòàíèé.
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Âûâîäèòñÿ ìîäåëü ýâîëþöèè òðåùèíû ðîìáè÷åñêîãî ñå÷åíèÿ. Íà
îñíîâå ïðåäñòàâëåíèé î ðàçìåðàõ òðåùèíû è ïðèñêâàæèííîé çîíû
ïîëó÷åíû äâà íà÷àëüíûõ óñëîâèÿ, óñëîâèå íà ïîäâèæíîé ãðàíè-
öå è äâà óñëîâèÿ íà ñêâàæèíå. Ýâîëþöèÿ òðåùèíû îïèñûâàåòñÿ
êâàçèëèíåéíûì ïàðàáîëè÷åñêèì óðàâíåíèåì.

Êëþ÷åâûå ñëîâà: ýâîëþöèÿ òðåùèíû, íà÷àëüíûå óñëîâèÿ, ãðàíè÷-
íûå óñëîâèÿ, êâàçèëèíåéíûå ïàðàáîëè÷åñêèå óðàâíåíèÿ.

Evolution of a rhombic section fracture

A model of the evolution of a fracture with a rhombic section is de-
rived. Based on ideas about the size of the fracture and the near-
wellbore zone, two initial conditions, a condition at the moving bound-
ary and two conditions at the well were obtained. The fracture evo-
lution is described by a quasilinear parabolic equation.

Keywords: fracture evolution, initial conditions, boundary conditions,
quasilinear parabolic equations.

Ïðè çàêà÷èâàíèè æèäêîñòè èç ñêâàæèíû ðàäèóñà r, ÷åðåç ïåðôîðà-
öèþ â ïëàñò, îáðàçóåòñÿ ïåðâè÷íûé æèäêèé îáúåì òîëùèíîé l0 âîêðóã
îáñàäíîé êîëîííû. Çà âðåìÿ 4t èíòåíñèâíîé çàêà÷êè ìàññà æèäêîñòè
èç ñêâàæèíû ïîñòóïàåò â ïåðâè÷íûé îáúåì ñ òîëùèíîé

l0 =

√
2r4tQ0

ρ
+ r2 − r, (1)

ãäå Q0 � ìàññîâûé ðàñõîä â ñêâàæèíå â åäèíèöó âðåìåíè ÷åðåç åäèíèöó
ïëîùàäè, ρ � ïëîòíîñòü æèäêîñòè.

Òðåùèíó â ïëàñòå ïðåäñòàâëÿåì êàê áåñïîðîâûé îáúåì ñ ìàëîé øè-
ðèíîé 2a(t, x), ôèêñèðîâàííîé âûñîòîé 2b (a� b) è ìåíÿþùåéñÿ äëèíîé
l(t) (l(0) = l0). Îáîçíà÷àÿ ãðàíèöó íà÷àëüíîé îáëàñòè ðàçâèòèÿ òðåùèíû
÷åðåç a0(x), ïîëó÷èì

a0(x) =

√
l0

2 − x2 + 2r (l0 − x). (2)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 18-29-10071 ÌÊ)
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Õàáèðîâ Ñàëàâàò Ñàëàâàòîâè÷, àñïèðàíò, Èíñòèòóò ìåõàíèêè èì. Ð.Ð. Ìàâëþòî-
âà ÓÔÈÖ ÐÀÍ (Óôà, Ðîññèÿ); Salavat S Khabirov (Mavlyutov Institute of Mechanics
UFRC RAS, Ufa, Russia)

245



Êðàåâóþ ïîëóøèðèíó òðåùèíû íà ñêâàæèíå îáîçíà÷èì ÷åðåç a0(t).
Êîíòóðîì ñå÷åíèÿ òðåùèíû ìîæíî âûáðàòü ëþáóþ àëãåáðàè÷åñêóþ

êðèâóþ âòîðîãî ïîðÿäêà [1]. Ñàìûé ïðîñòîé âàðèàíò ñèììåòðè÷íîãî
êîíòóðà îãðàíè÷åí ïðÿìûìè ëèíèÿìè. Òîãäà ïëîùàäü ñå÷åíèÿ òðåùèíû
S ðàâíà 2a0(t)b ïðè x = 0, 2a0(x)b ïðè t = 0, 2a(t, x)b ïðè x > 0, t > 0.
Òåì ñàìûì îïðåäåëåí ñèììåòðè÷íûé ðîìá â ñå÷åíèè: a(0, x) = a0(x),
a(t, 0) = a0(t).

Ïðåäïîëàãàåì, ÷òî â íà÷àëüíûé ìîìåíò äåôîðìàöèÿ ïîðîäû èìååò
âèä îäíîñòîðîííåãî ñæàòèÿ. Ïî çàêîíó Ãóêà äåôîðìàöèÿ ïðîïîðöèî-
íàëüíà ïðèëîæåííîìó äàâëåíèþ, ÷òî, ñîãëàñíî [2], ïðèâîäèò ê ôîðìóëå

a0(t) = r

√(
Pnet
E′

+ 1

)2

− 1, (3)

ãäå E
′

= E (1− ν) (1 + ν)
−1

(1− 2ν)
−1
, E � ìîäóëü Þíãà, ν � êîýôôè-

öèåíò Ïóàññîíà, Pnet(t) = p0(t) − Σ0 � èçáûòî÷íîå äàâëåíèå æèäêîñòè
ïðè x = 0, p0(t) � äàâëåíèå æèäêîñòè â ñêâàæèíå ïðè x = 0, Σ0 � ïîëíîå
ãîðèçîíòàëüíîå íàïðÿæåíèå ïîðîäû.

Èñïîëüçóÿ ðåøåíèå êðàåâîé çàäà÷è î äâèæåíèè âÿçêîé æèäêîñòè â
òðåùèíå â êâàçèñòàöèîíàðíîì ñëó÷àå èç [1], ïîëó÷èì âòîðîå óñëîâèå íà
ãðàíèöå

ax(t, 0) = [a0(t)b (A1a0(t) +A2b)− 6Q0]
a2

0(t) + b2

a3
0(t)b3

2ν
(
1− ν2

)
bρ

E
, (4)

ãäå A1, A2 � ïðîèçâîëüíûå ïîñòîÿííûå.
Íà äâèãàþùåìñÿ êîíöå òðåùèíû l(t), èñïîëüçóÿ ñîîòíîøåíèå íà ñêà÷-

êå òå÷åíèÿ QS−1− q = l′(1−m) èç [1], ãäå q � âåëè÷èíà ñêîðîñòè óòå÷êè
æèäêîñòè ãèäðîðàçðûâà ÷åðåç áåðåãà òðåùèíû â ïîðîäó, m � ïîðèñòîñòü
ïîðîäû, Q � ðàñõîä æèäêîñòè â ñå÷åíèè ñêâàæèíû, ïîëó÷èì êðàåâîå
óñëîâèå

l
′

=
1

1−m

[
1

12

(
A1a+A2b−

a2b2

a2 + b2
Eax

2ν (1− ν2) bρ

)
− q
]
. (5)

Èç çàêîíà ñîõðàíåíèÿ ìàññû ïîëó÷åíî îñíîâíîå êâàçèëèíåéíîå äèô-
ôåðåíöèàëüíîå óðàâíåíèå ïàðàáîëè÷åñêîãî òèïà

2bat+
1

6

(
ab (A1a+A2b)−

a3b3

a2 + b2
Eax

2ν (1− ν2) bρ

)
x

+4q
√
a2 + b2 = 0. (6)

Â êà÷åñòâå ñêîðîñòè ôèëüòðàöèè íà ãðàíèöå èñïîëüçóåòñÿ àâòîìî-
äåëüíûé çàêîí âûâåäåííûé â ðàáîòå [3]

q =
C2

a

[
1− exp

(
σ

(
p∞ − p0(t)− E

2 (1− ν2) b
(axx+ a)

))]
,
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ãäå σ = 1/Kρ + 1/K, Kρ, K � ìîäóëè óïðóãîñòè, C2 � ýìïèðè÷åñêèé
êîýôôèöèåíò, p∞ � ïëàñòîâîå äàâëåíèå.

Èòàê, äëÿ óðàâíåíèÿ (6) èìååì íà÷àëüíûå óñëîâèÿ (1), (2) è êðàåâîå
óñëîâèå (5) íà ïîäâèæíîé ãðàíèöå (x = l(t)) è äâà óñëîâèÿ (3), (4) íà
ãðàíèöå x = 0. Èç îáùåé òåîðèè ïàðàáîëè÷åñêèõ óðàâíåíèé ñóùåñòâó-
åò ðåøåíèå, åñëè êîýôôèöèåíòû óðàâíåíèÿ íå âûðîæäàþòñÿ (a0 6= 0),
èíà÷å âîçìîæíû èíòåðâàëû ñõëîïûâàíèÿ èëè òî÷êè îáîñòðåíèÿ [4].
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Â ñòàòüå ðàññìàòðèâàåòñÿ ïðîöåññ ìîäåëèðîâàíèÿ âðåìåííûõ ðÿ-
äîâ ñ ó÷åòîì òðåíä-ñåçîííûõ ôàêòîðîâ, ñêðûòûõ ñâÿçåé âíóòðè
äàííûõ, à òàêæå èíòåãðèðîâàííîé ìîäåëè àâòîðåãðåññèè. Ïðåä-
ñòàâëåíû ðåçóëüòàòû ïðîâåäåííîãî èññëåäîâàíèÿ.

Êëþ÷åâûå ñëîâà: ìîäåëü Õîëüòà-Óèíòåðñà, ìîäåëü Òåéëà-Âåéäæà
, ìîäåëü Áðàóíà, ìîäåëü Áîêñà � Äæåíêèíñà, ñêðûòàÿ ìàðêîâñêàÿ
ìîäåëü.

Modeling and analysis of processes based on time series

The article discusses the process of modeling time series taking into
account trend-seasonal factors, hidden relationships within the data,
as well as an integrated autoregression model. The results of the
conducted research are presented.

Keywords: Holt-Winters model, Body-Wage model, Brown model, Box
— Jenkins model, hidden Markov model.
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ìîäåëÿìè, â êîòîðûõ ðàçâèòèå ìîäåëèðóåìîé ñèñòåìû îòðàæàåòñÿ ÷åðåç
òðåíä åå îñíîâíûõ ïîêàçàòåëåé [1,2]. Ïðè ýòîì åñëè âûáðàííûé âðåìåí-
íîé ðÿä ñîäåðæèò êâàðòàëüíóþ ñòàòèñòèêó, à ýòî çíà÷èò ïðèñóòñòâó-
åò çàâèñèìîñòü ñåçîííîãî õàðàêòåðà, òî âîçìîæíî èñïîëüçîâàíèå òàêèõ
àäàïòèâíûõ ìîäåëåé, êàê ìîäåëè Áðàóíà, Õîëüòà-Óèíòåðñà è Òåéëà-
Âåéäæà. Ìîäåëè Õîëüòà-Óèíòåðñà è Òåéëà-Âåéäæà ó÷èòûâàþò òðåíä-
ñåçîííûé ôàêòîð, ìîäåëü Áðàóíà ÿâëÿåòñÿ ïðîñòîé ìîäåëüþ, íå ó÷èòû-
âàþùåé äðóãèå ôàêòîðû. Îñòàíîâèìñÿ íà îäíîé èç íèõ áîëåå ïîäðîáíî.
Ìîäåëü Õîëüòà-Óèíòåðñà:

yth = (a0(t) + τa1(t))Ft−l+τ , (1)

ãäå l � çíà÷åíèå öèêëà ñåçîííîñòè, ïðèíèìàåòñÿ l=4 ïðè ïîñòðîåíèè
ìîäåëåé ïî êâàðòàëüíîé ñòàòèñòèêå è l=1 äëÿ ãîäîâîé ñòàòèñòèêè.

Ïàðàìåòðû a0, a1 îöåíèâàþòñÿ ÌÍÊ, çàòåì îñóùåñòâëÿåòñÿ êîððåê-
òèðîâêà ïî ôîðìóëàì

a0(t) =
λ1yt
Ft−1

+ (1− λ1)(a0(t−1) + a1(t−1)), (2)

Ft =
λ2yt
a0(t)

+ (1− λ2)Ft−l, (3)

a1(t) = λ3(a0(t) − a0(t−1)) + (1− λ3a1(t−1), (4)

Äëÿ èññëåäîâàíèÿ íåñòàöèîíàðíûõ âðåìåííûõ ðÿäîâ øèðîêîå ïðè-
ìåíåíèå èìååò èíòåãðèðîâàííàÿ ìîäåëü àâòîðåãðåññèè ARIMA (ìîäåëü
Áîêñà � Äæåíêèíñà) [3]:

∆dXt = c+

p∑
i=1

ai∆
dXt−i +

q∑
j=1

bjεt−j + εt, (5)

ãäå εt � ñòàöèîíàðíûé âðåìåííîé ðÿä; c, ai, bj � ïàðàìåòðû ìîäåëè;
∆d � îïåðàòîð ðàçíîñòè âðåìåííîãî ðÿäà ïîðÿäêà d.

Â ïðîöåññå ìîäåëèðîâàíèÿ è ïðîãíîçèðîâàíèÿ ôèíàíñîâûõ âðåìåí-
íûõ ðÿäîâ ìîæåò áûòü èñïîëüçîâàí ìåòîä ñêðûòûõ ìàðêîâñêèõ öåïåé.
Äàííûé àëãîðèòì ïîçâîëÿåò èññëåäîâàòü ñêðûòûå (íåíàáëþäàåìûå ÿâ-
íî) ñâÿçè âíóòðè äàííûõ (ïî àíàëîãèè ñ íåéðîííûìè ñåòÿìè).

Â èññëåäîâàíèè â êà÷åñòâå èñõîäíûõ äàííûõ áûë âûáðàí ðÿä, îòîá-
ðàæàþùèé ñòîèìîñòü óñëîâíîãî (ìèíèìàëüíîãî) íàáîðà ïðîäóêòîâ ïè-
òàíèÿ ïî Àðõàíãåëüñêîé îáëàñòè, âêëþ÷àÿ Íåíåöêèé àâòîíîìíûé îêðóã
â ðóáëÿõ. Äàííûå ïðåäñòàâëåíû çà êàæäûé ìåñÿö â ïåðèîä ñ 2002 ïî
ìàðò 2021ãîä. Ïðîâåðêà âðåìåííîãî ðÿäà íà ñòàöèîíàðíîñòü íà îñíî-
âå ñðåäíåêâàäðàòè÷åñêîãî îòêëîíåíèÿ è ñêîëüçÿùåãî ñðåäíåãî ïîêàçàëà
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åãî íåñòàöèîíàðíîñòü, ïîýòîìó áûëî ïðîâåäåíî äèôôåðåíöèðîâàíèå ðÿ-
äà. Ïðîâåäåííàÿ äåêîìïîçèöèÿ ðÿäà íà òðåíä è ñåçîííûå êîìïîíåíòû
ïîäòâåðäèëà íàëè÷èå ñåçîííîñòè è òðåíäà. Íåêîòîðûå ðåçóëüòàòû ïðî-
âåäåííîãî èññëåäîâàíèÿ ïðåäñòàâëåíû íèæå.

Ðèñ. 2: Ïîñòðîåííûå ìîäåëè Áðàóíà è Õîëüòà-Óèíòåðñà

Ðèñ. 3: Ìîäåëè Òåéëà-Âåéäæà è ARIMA

Ðèñ. 4: Ðåçóëüòàòû îáó÷åíèÿ (ñêðûòàÿ ìàðêîâñêàÿ ìîäåëü)

Ïðîâåäåííàÿ ïðîâåðêà ïîñòðîåííûõ ìîäåëåé íà òî÷íîñòü è àäåêâàò-
íîñòü ïîçâîëèëà îïðåäåëèòü ìîäåëü äëÿ ïðîãíîçèðîâàíèÿ èññëåäóåìîãî
ïîêàçàòåëÿ.
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Ðàññìàòðèâàåòñÿ ïðèëîæåíèå ìåòîäà ñïåêòðàëüíûõ ýëåìåíòîâ äëÿ
ðåøåíèÿ äèíàìè÷åñêèõ çàäà÷ òåîðèè óïðóãîñòè. Ðåøàåòñÿ àíòèï-
ëîñêàÿ çàäà÷à äëÿ ñîñòàâíîé îáëàñòè, ðåçóëüòàòû ðàñ÷åòîâ ñðàâ-
íèâàþòñÿ ñ èçâåñòíûìè ìåòîäàìè.

Êëþ÷åâûå ñëîâà: ñëîèñòûé âîëíîâîä, ìåòîä ñïåêòðàëüíûõ ýëåìåí-
òîâ

On the application of a hybrid approach for solving
dynamic problems of elasticity theory based on the spectral

element method

The application of the spectral element method for elastic dynamic
problems is considered. The antiplane problem for a composite domain
is solved, the calculation results are compared with known methods.

Keywords: layered waveguide, spectral element method.

Êàê ïðàâèëî, êîíå÷íîýëåìåíòíûå ïàêåòû (íàïðèìåð, COMSOL Mul-
typhysics), îñíîâàííûå íà ìåòîäå êîíå÷íûõ ýëåìåíòîâ, ïîçâîëÿþò ñòðî-
èòü ðåøåíèå äëÿ ïðîòÿæåííûõ âîëíîâîäîâ ñ íåîäíîðîäíîñòÿìè ñëîæíûõ
ôîðì, íî íå ïîçâîëÿþò ïðîâîäèòü ìîäàëüíûé àíàëèç ðåøåíèé [1]. Îñ-
íîâíîé ìîòèâàöèåé äàííîé ðàáîòû ÿâëÿåòñÿ ðàçâèòèå ïîäõîäîâ íà îñíîâå
ìåòîäà ñïåêòðàëüíûõ ýëåìåíòîâ (ÌÑÝ) [2] äëÿ ðåøåíèÿ äèíàìè÷åñêèõ
çàäà÷ òåîðèè óïðóãîñòè â ñëó÷àå ñëîèñòûõ âîëíîâîäîâ ñ íåîäíîðîäíîñòÿ-
ìè. Ïðè ýòîì ÌÑÝ èñïîëüçóåòñÿ íå òîëüêî äëÿ îïèñàíèÿ ïîâåäåíèÿ îá-
ëàñòåé ñëîæíîé ôîðìû, íî è äëÿ ìîäåëèðîâàíèÿ ðàñïðîñòðàíåíèÿ âîëí
â ïðîòÿæåííûõ âîëíîâîäàõ [3].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà Ïðåçèäåíòà Ðîññèéñêîé
Ôåäåðàöèè (ãðàíò � ÌÊ-470.2020.1).

Õàíàçàðÿí Àðòóð Äåðåíèêîâè÷, àñï., Êóáàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
(Êðàñíîäàð, Ðîññèÿ); Artur Khanazaryan (Kuban State University, Krasnodar, Russia)
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âåðñèòåò (Êðàñíîäàð, Ðîññèÿ); Alisa Shpak (Kuban State University, Krasnodar, Russia)
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óíèâåðñèòåò (Êðàñíîäàð, Ðîññèÿ); Mikhail Golub (Kuban State University, Krasnodar,
Russia)
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Ðèñ. 5: Ãåîìåòðèÿ çàäà÷è äëÿ ñîñòàâíîé îáëàñòè.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ àíòèïëîñêàÿ çàäà÷à äëÿ ñîñòàâíîé
îáëàñòè Ω1 ∪ Ω2 ⊂ R2, ñì. ðèñ. 1. Â ýòîì ñëó÷àå êîëåáàíèÿ êàæäîé
îáëàñòè Ωj îïèñûâàþòñÿ óðàâíåíèÿìè Ãåëüìãîëüöà

∇2uj(x1, x2) + κ2
juj(x1, x2) = 0.

Äëÿ ïåðâîé îáëàñòè Ω1 = [−b1, 0]× [0, h1] ðåøåíèå óðàâíåíèÿ Ãåëüì-
ãîëüöà îòûñêèâàåòñÿ ÷èñëåííî ñ èñïîëüçîâàíèåì ÌÑÝ â âèäå ðàçëîæå-
íèÿ ïî áàçèñíûì ôóíêöèÿì, à èìåííî, èñïîëüçóÿ èíòåðïîëÿöèîííûå ïî-
ëèíîìû íà óçëàõ Ãàóññà�Ëåæàíäðà�Ëîáàòòî

u1(x1, x2) =

M1∑
l1=1

M2∑
l2=1

N+1∑
i1=1

N+1∑
i2=1

ul1l2i1i2
Ci1(ξl11 )Ci2(ξl22 ) =

∑
I

uICi1(ξl11 )Ci2(ξl22 ).

Äëÿ âòîðîé îáëàñòè Ω2 = [0, b2]× [0, h2] ðåøåíèå îòûñêèâàåòñÿ ïîëóàíà-
ëèòè÷åñêè â âèäå

u2(x1, x2) =

2∑
m=1

G∑
n=1

cmn U(α, x2, βn)e(−1)mi
√
λn(bm−x1).

Íåèçâåñòíûå U(α, x2, βn), λn è βn íàõîäÿòñÿ èç ðåøåíèÿ âñïîìîãàòåëü-
íîé çàäà÷è òàêæå ñ èñïîëüçîâàíèåì ÌÑÝ, ãäå U(α, x2, βn) ÿâëÿåòñÿ ïðå-
îáðàçîâàíèåì Ôóðüå èñõîäíîãî óðàâíåíèÿ ïî ãîðèçîíòàëüíîé êîîðäèíà-
òå, à λn è βn ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå âåêòîðà ñîîòâåòñòâåíî.
Êîýôôèöèåíòû ðàçëîæåíèÿ cmn îòûñêèâàþòñÿ ñ ïîìîùüþ ïðîåêöèîííî-
ãî ìåòîäà Áóáíîâà-Ãàë¼ðêèíà.

Äëÿ óäîáñòâà ââîäèòñÿ âåêòîð íàãðóçêè τ = {σ12, σ22}, ñîñòîÿùèé èç
êàñàòåëüíûõ è íîðìàëüíûõ íàïðÿæåíèé. Íà îáùåé äëÿ äâóõ îáëàñòåé
ãðàíèöå Ω1 ∪ Ω2 çàäàþòñÿ óñëîâèÿ íà íåïðåðûâíîñòü ïåðåìåùåíèé è
íàïðÿæåíèé:

[u(0, x2)] = 0, [τ (0, x2)] = 0,
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çäåñü êâàäðàòíûå ñêîáêè [f ] îçíà÷àþò ñêà÷îê çàäàííîé ôóíêöèè f . Òàê-
æå íà ãðàíèöå äâóõ îáëàñòåé ââîäèòñÿ ôóíêöèÿ q è çàäàþòñÿ óñëîâèÿ
íà íàïðÿæåíèÿ:

q(x2) =

M2∑
l2=1

N+1∑
i2=1

ql2i2C
i2(ξl22 ), τ (0, x2) = q(x2).

Íåèçâåñòíûå êîýôôèöèåíòû ðàçëîæåíèÿ ôóíêöèè q(x2) íàõîäÿòñÿ
íà îñíîâå ìåòîäà êîëëîêàöèé. Ïðîâåðÿåòñÿ âûïîëíåíèå ãðàíè÷íûõ óñëî-
âèé. Ðåçóëüòàòû ðàñ÷åòîâ ñðàâíèâàþòñÿ ñ èçâåñòíûìè ìåòîäàìè.
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Äëÿ îáíàðóæåíèÿ ïîâðåæäåíèé ïðè òðàíñïîðòå óãëåâîäîðîäíûõ
æèäêîñòåé èëè ãàçîâ ïðåäëîæåíî ñîçäàâàòü çîíäèðóþùèé èìïóëüñ
äàâëåíèÿ âî ôëþèäå, çàïîëíÿþùåì òðóáîïðîâîä. Ïîñòðîåíà òåî-
ðåòè÷åñêàÿ ìîäåëü ðàñïðîñòðàíåíèÿ èìïóëüñà êîíå÷íîé äëèòåëü-
íîñòè ïî òðóáîïðîâîäó ñ ïîâðåæäåíèÿìè òèïà êîððîçèîííûõ ïðî-
ðæàâëåíèé, òðåùèí è ïðîáîèí, ïðîáîê. Ðàññìîòðåíû ñëó÷àè íà-
çåìíîãî è ïîäçåìíîãî ðàñïîëîæåíèÿ òðóáîïðîâîäîâ. Ïîëó÷åíû ñè-
ñòåìû èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé. Èññëåäîâàíû äèñ-
ïåðñèîííûå óðàâíåíèÿ, êîýôôèöèåíòû îòðàæåíèÿ è ïðîõîæäåíèÿ
â çàâèñèìîñòè îò òèïà ïîâðåæäåíèÿ. Èçó÷åíà äèíàìèêà èìïóëüñîâ
â òðóáîïðîâîäå ñ ïîâðåæäåííûìè ó÷àñòêàìè íà îñíîâå áûñòðîãî
ïðåîáðàçîâàíèÿ Ôóðüå.

Êëþ÷åâûå ñëîâà: èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ, ãàðìî-
íè÷åñêàÿ âîëíà, áûñòðîå ïðåîáðàçîâàíèå Ôóðüå.

Diagnostics of damaged pipeline sections by wave probing

To detect damage in pipelines during the transport of hydrocarbon
liquids or gases, it is proposed to create a probing pressure pulse in
the fluid filling the channel. A theoretical model of the propagation of
pulses of finite duration through a pipeline with damages such as cor-
rosive rusting, cracks and holes, plugs has been built. Cases of above-
ground and underground location of pipelines are considered. Systems
of integro-differential equations are obtained. Dispersion equations,
reflection and transmission coefficients are derived depending on the
type of damage. The dynamics of impulses in a pipeline with damaged
sections was studied based on the fast Fourier transform.
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Ðàññìàòðèâàåòñÿ òðóá÷àòûé êàíàë (òðóáîïðîâîä), çàïîëíåííûé ãà-
çîì èëè æèäêîñòüþ, ñîäåðæàùèé ïîâðåæäåííûé ó÷àñòîê ïðîòÿæåííî-
ñòüþ lδ â âèäå ùåëåé, òðåùèí, ïðîáîèí èëè ïðîáîê. Íà êîíöå òðóáî-
ïðîâîäà, ðàäèóñà a ñîçäàåòñÿ ñêàíèðóþùèé èìïóëüñ äàâëåíèÿ äëèòåëü-
íîñòüþ lδ è äëèíîé âîëíû λ. Ïðèíÿòû äîïóùåíèÿ [1]:λ � lδ, λ > 2a,
(λ = 2πC/ω, � ñêîðîñòü çâóêà â ñðåäå). Ïîâðåæäåíèÿ ðàññìàòðèâàþòñÿ
îòðàæàþùåé ïîâåðõíîñòüþ, âîçìóùåíèÿ äàâëåíèÿ è ñêîðîñòè � ôóíê-
öèè îäíîé ïðîñòðàíñòâåííîé êîîðäèíàòû z è âðåìåíè t; îñü Îz íàïðàâ-
ëåíà ïî îñè ñèììåòðèè òðóáîïðîâîäà, íà÷àëî îòñ÷åòà (z = 0) ñîâïàäàåò
ñ ïîâðåæäåííûì ó÷àñòêîì; ðàññòîÿíèå äî ïîâðåæäåíèÿ ðàâíî l.

Èìïóëüñíûé ñèãíàë ïðè ðàñïðîñòðàíåíèè ïî òðóáîïðîâîäó çàòóõà-
åò. Ïðèíÿòà ìîäåëü[2], â êîòîðîé âÿçêîñòü è òåïëîïðîâîäíîñòü ôëþè-
äà ïðîÿâëÿþòñÿ â òîíêîì ñëîå âáëèçè âíóòðåííåé ïîâåðõíîñòè ñòåíêè
òðóáîïðîâîäà(a � 2

√
ν(j)/ω, j = T, ν, ãäå ν(j), j = T, ν � êîýôôèöèåíò

òåìïåðàòóðîïðîâîäíîñòè è êèíåìàòè÷åñêîé âÿçêîñòè ãàçà èëè æèäêî-
ñòè).

Ðåøåíèå èùåòñÿ â âèäå çàòóõàþùèõ ãàðìîíè÷åñêèõ âîëí.
Â ðàáîòàõ [2-5] ïîëó÷åíû äèñïåðñèîííûå óðàâíåíèÿ, êîòîðûå ïðî-

àíàëèçèðîâàíû äëÿ ðàçëè÷íûõ ãàçîâ, æèäêîñòåé, çàïîëíÿþùèõ êàíàë,
õàðàêòåðèñòèê êàíàëà, âûâåäåíû êîýôôèöèåíòû îòðàæåíèÿ è ïðîõîæ-
äåíèÿ â çàâèñèìîñòè îò òèïà ïîâðåæäåíèÿ. Äèíàìèêà èìïóëüñíîãî ñèã-
íàëà êîíå÷íîé äëèòåëüíîñòè èçó÷àëàñü ñ ïîìîùüþ áûñòðîãî ïðåîáðàçî-
âàíèÿ Ôóðüå [6-7].Òåîðåòè÷åñêèå ïîñòðîåíèÿ ïîëîæåíû â îñíîâó ïàòåíòà
íà èçîáðåòåíèå [8].
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Ïðèâîäÿòñÿ ðåçóëüòàòû ýêñïåðèìåíòàëüíûõ è ÷èñëåííûõ èññëå-
äîâàíèé çàäà÷à î òðåõòî÷å÷íîì èçãèáå êîìïîçèòíîé áàëêè. Ïðè
÷èñëåííîì àíàëèçå ïîâåäåíèÿ áàëêè, êîòîðîå ïðîâîäèòñÿ â ôèçè-
÷åñêè è ãåîìåòðè÷åñêè íåëèíåéíîé ïîñòàíîâêå, ó÷èòûâàåòñÿ, ÷òî
îíà èçãîòîâëåíà ïóòåì ñêëåèâàíèÿ ïðåïðåãîâ, óëîæåííûõ âäîëü
îñè îáðàçöà. Äëÿ îïðåäåëåíèÿ ïðåäåëüíîé íàãðóçêè, ïðè äîñòè-
æåíèè êîòîðîé ïðîèñõîäèò ïîòåðÿ ïðî÷íîñòè ýëåìåíòîâ îáðàçöà,
èñïîëüçîâàí êðèòåðèé Öàÿ-Âó. Ïðîâåäåí ñðàâíèòåëüíûé àíàëèç
ïîâåäåíèÿ êîìïîçèòíîé áàëêè ïðè ðàçëè÷íûõ åå òîëùèíàõ è ðàç-
ëè÷íûõ äèàìåòðàõ íàãðóæàþùåãî ðîëèêà. Âûÿâëåíî, ÷òî ðàçðó-
øåíèå êîðîòêèõ áàëîê ïðîèñõîäèò â ðåçóëüòàòå ïîòåðè ïðî÷íîñòè
ìàòåðèàëà ïîä íàãðóæàþùèì ðîëèêîì (ïîñåðåäèíå), à â äëèííûõ
ïðîèñõîäèò ðàññëîåíèå îáðàçöîâ ïî àäãåçèîííîìó ñëîþ, êîòîðîå
âûçûâàåòñÿ ïîòåðåé óñòîé÷èâîñòè ýòîãî ñëîÿ ïî íåêëàññè÷åñêîé
ïîïåðå÷íî-ñäâèãîâîé ôîðìå. Ïîêàçàíî, ÷òî äèàìåòð ðîëèêà ïðàê-
òè÷åñêè íå âëèÿåò íà âåëè÷èíó ïðåäåëüíîé íàãðóçêè, â òî âðåìÿ
êàê íàãðóçêà, ïðè êîòîðîé ïðîèñõîäèò ïîòåðÿ óñòîé÷èâîñòè íåñó-
ùåãî ñëîÿ, âåñüìà ÷óâñòâèòåëüíà ê èçìåíåíèþ åãî âåëè÷èíû. Âû-
ÿâëåíà õîðîøàÿ êîððåëÿöèÿ ÷èñëåííûõ ðåçóëüòàòîâ ñ äàííûìè,
ïîëó÷åííûìè â ýêñïåðèìåíòàëüíûõ èññëåäîâàíèÿõ ðàññìàòðèâàå-
ìûõ òèïîâ îáðàçöîâ.
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On the causes of the loss of the bearing capacity of a
composite beam in three-point bending

The results of experimental and numerical studies of the problem of
three-point bending of a composite beam are presented. In the nu-
merical analysis of the behavior of the beam, which is carried out in
a physically and geometrically nonlinear formulation, it is taken into
account that it is made by gluing prepregs laid along the axis of the
sample. To determine the ultimate load, upon reaching which there is
a loss of strength of the sample elements, the Tsai-Wu criterion was
used. A comparative analysis of the behavior of a composite beam
for different thicknesses and different diameters of the loading roller is
carried out. It was revealed that the destruction of short beams occurs
as a result of the loss of strength of the material under the loading
roller (in the middle), and in the long beams, the delamination of the
samples along the adhesion layer occurs, which is caused by the loss of
stability of this layer in a nonclassical shear shape. It is shown that the
roller diameter has practically no effect on the value of the ultimate
load, while the load at which the stability of the bearing layer is lost is
very sensitive to a change in its value. A good correlation was found
between the numerical results and the data obtained in experimental
studies of the considered types of samples.

Keywords: composite, geometric nonlinearity, physical nonlinearity,
buckling, strength, adhesive layer.
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Â äîêëàäå äà¼òñÿ îïðåäåëåíèå ïñåâäîàäàìàðîâûõ ìàòðèö ïåðâîãî
è ïîñëåäóþùèõ ïîêîëåíèé. Â ñëó÷àå ïñåâäîàäàìàðîâûõ ìàòðèö
ïåðâîãî ïîêîëåíèÿ ïðèâîäÿòñÿ íåêîòîðûå äîêàçàííûå ðåçóëüòàòû
î ñòðîåíèè ýòèõ ìàòðèö è ôîðìóëèðóþòñÿ ãèïîòåçû, ïðîâåðåííûå
÷èñëåííûì ñ÷¼òîì äî ðàçìåðà m = 22.

Êëþ÷åâûå ñëîâà: àäàìàðîâû ìàòðèöû, ïñåâäîàäàìàðîâû ìàòðèöû.

Pseudo-Hadamard matrices

In the report pseudo-Hadamard matrices of the first and the further
generations are defined. In the case of pseudo-Hadamard matrices of
the first generation some proved results are given and some conjectures
are formulated which are tested for the sizes up to m = 22.

Keywords: Hadamard matrices, pseudo-Hadamard matrices.

Ñòàíäàðòíûå ìàòðèöû Àäàìàðà îïðåäåëÿþòñÿ êàê öåëî÷èñëåííûå
îðòîãîíàëüíûå ìàòðèöû n × n ñ ýëåìåíòàìè 1 è −1 (ñì. [1]). Èìååòñÿ
ïðîöåäóðà ïðåîáðàçîâàíèÿ òàêèõ ìàòðèö ê ìàòðèöàì ñ ýëåìåíòàìè 0 è
1 ñ ïîíèæåíèåì ðàçìåðà íà åäèíèöó (ñì. [2]). Ïîëó÷åííûå ìàòðèöû íà-
çûâàþòñÿ àäàìàðîâûìè ìàòðèöàìè â ïðåäñòàâëåíèè {0, 1}. Êëàññ òàêèõ
ìàòðèö èíâàðèàíòåí îòíîñèòåëüíî ïåðåñòàíîâîê ñòðîê è ñòîëáöîâ â íèõ.
Ïðè ïîìîùè òàêèõ ïåðåñòàíîâîê êàæäàÿ àäàìàðîâà ìàòðèöà ïðèâîäèòñÿ
ê âèäó

H =

∥∥∥∥∥∥∥∥∥∥∥∥∥

1 . . . 1 0 . . . 0
...

{0, 1}
1
0
...
0

∥∥∥∥∥∥∥∥∥∥∥∥∥
. (1)

Îïðåäåëåíèå. Ïñåâäîàäàìàðîâîé ìàòðèöåé ïåðâîãî ïîêîëåíèÿ íàçû-
âàåòñÿ îáâåä¼ííûé ðàìêîé ïðàâûé íèæíèé äèàãîíàëüíûé áëîê â íåêî-
òîðîé àäàìàðîâîé ìàòðèöå, ïðèâåä¼ííîé ê âèäó (1). Ïñåâäîàäàìàðîâû

Øàðèïîâ Ðóñëàí Àáäóëîâè÷, ê.ô.-ì.í., äîöåíò, ÁàøÃÓ (Óôà, Ðîññèÿ); Ruslan
Sharipov (Bashkir State University, Ufa, Russia)
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ìàòðèöû êàæäîãî ñëåäóþùåãî ïîêîëåíèÿ ïîëó÷àþòñÿ èç ìàòðèö ïðåäû-
äóùåãî ïîêîëåíèÿ ïîíèæåíèåì ðàçìåðà ïðè ïîìîùè ïðîöåäóðû, àíàëî-
ãè÷íîé (1).

Ïóñòüm = 4 q−2, ãäå q ∈ N, è ïóñòü a = (m+2)/4 = q, b = (m+2)/2 =
2 q, ã = a− 1, b̃ = b− 1. Ðàññìîòðèì ìàòðèöó

2 q−1︷ ︸︸ ︷ 2 q−1︷ ︸︸ ︷

G =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

b̃ . . . ã a . . . a
...

. . .
...

...
. . .

...

ã . . . b̃ a . . . a
a . . . a b . . . a
...

. . .
...

...
. . .

...
a . . . a a . . . b

∥∥∥∥∥∥∥∥∥∥∥∥∥∥
.

(2)

Òåîðåìà 1. Êâàäðàòíàÿ ìàòðèöà m×m ñ ýëåìåíòàìè 0 è 1 ÿâëÿåòñÿ
ïñåâäîàäìàðîâîé ìàòðèöåé ïåðâîãî ïîêîëåíèÿ â òîì è òîëüêî â òîì
ñëó÷àå, êîãäà m = 4 q − 2 äëÿ íåêîòîðîãî q ∈ N è êîãäà å¼ ñòîëáöû è
å¼ ñòðîêè, ðàññìàòðèâàåìûå êàê âåêòîðà â Rm, ïîðîæäàþò ìàòðèöû
Ãðàìà âèäà (2) ñ a = (m + 2)/4 = q, b = (m + 2)/2 = 2 q, ã = a − 1 è
b̃ = b− 1 îòíîñèòåëüíî ñòàíäàðòíîãî ñêàëÿðíîãî ïðîèçâåäåíèÿ â Rm.

Âåðîÿòíî òåîðåìà 1 ìîæåò áûòü óñèëåíà. Îäíàêî, ñîîòâåòñòâóþùåå
óòâåðæäåíèå åù¼ íå äîêàçàíî è îíî ôîðìóëèðóåòñÿ â âèäå ãèïîòåçû.

Ãèïîòåçà 1. Ïóñòü H̃ � êâàäðàòíàÿ m × m ìàòðèöà, ãäå m =
4 q − 2 äëÿ íåêîòîðîãî q ∈ N, ñ ýëåìåíòàìè 0 è 1, ñòðîêè êîòîðîé,
ðàññìàòðèâàåìûå êàê âåêòîðà â Rm, ïîðîæäàþò ìàòðèöó Ãðàìà âèäà
(2) ñ a = (m + 2)/4 = q, b = (m + 2)/2 = 2 q, ã = a − 1 è b̃ = b −
1 îòíîñèòåëüíî ñòàíäàðòíîãî ñêàëÿðíîãî ïðîèçâåäåíèÿ â Rm. Òîãäà
ìàòðèöà H̃ ñîâïàäàåò ñ íåêîòîðîé ïñåâäîàäàìàðîâîé ìàòðèöåé ïåðâîãî
ïîêîëåíèÿ ïîñëå íåêîòîðîé ïåðåñòàíîâêè å¼ ñòîëáöîâ.

Äðóãàÿ ãèïîòåçà, íàçîâ¼ì å¼ ãèïîòåçîé 2, ïîëó÷àåòñÿ èç ãèïîòåçû 1
ïóò¼ì çàìåíû â å¼ ôîðìóëèðîâêå ñòðîê íà ñòîëáöû è ñòîëáöîâ íà ñòðîêè.
Â [3] ãèïîòåçû 1 è 2 áûëè ïðîâåðåíû è ïîäòâåðæäåíû ÷èñëåííûì ñ÷¼òîì
íà ïñåâäîàäàìàðîâûõ ìàòðèöàõ ïåðâîãî ïîêîëåíèÿ ðàçìåðîì äî m =
22. Îáùåå ÷èñëî ìàòðèö, äëÿ êîòîðûõ îíè ïðîâåðåíû è ïîäòâåðæäåíû,
ïðåâûøàåò 31 òûñÿ÷ó.

Ñòàíäàðòíûå àäàìàðîâû ìàòðèöû ñâÿçàíû ñ ïðîáëåìîé Àäàìàðà î
ìàêñèìàëüíîñòè äåòåðìèíàíòà ìàòðèöû ñ ýëåìåíòàìè 1 è −1 (ñì. [4] è
[5]). Óïðîù¼ííàÿ âåðñèÿ ýòîé ïðîáëåìû ïðåäëîæåíà â [6]. Îäíàêî, êàê
ñàìà ïðîáëåìà Àäàìàðà, òàê è å¼ óïðîù¼ííàÿ âåðñèÿ îñòàþòñÿ íåðåø¼í-
íûìè ìàòåìàòè÷åñêèìè çàäà÷àìè.
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Ñòàíäàðòíûå ìàòðèöû Àäàìàðà íàõîäÿò ïðèìåíåíèå â êðèïòîãðà-
ôèè. Òàêîãî æå ïðèìåíåíèÿ ñëåäóåò îæèäàòü è äëÿ ïñåâäîàäàìàðîâûõ
ìàòðèö.
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Â äîêëàäå ïðåäñòàâëåíû ìàòåìàòè÷åñêèå ìîäåëè îêèñëèòåëüíîé
ðåãåíåðàöèè, îïèñàííûå íåëèíåéíûìè ñèñòåìàìè äèôôåðåíöèàëü-
íûõ óðàâíåíèé. Îñâåùåíû îñíîâíûå ïðîáëåìû, ñâÿçàííûå ñ èñ-
ñëåäîâàíèåì ìîäåëåé. Ïðèâåäåíû ðåçóëüòàòû êà÷åñòâåííîãî èññëå-
äîâàíèÿ óñòîé÷èâîñòè óñðåäíåííîé ìîäåëè, ðåçóëüòàòû âû÷èñëè-
òåëüíûõ ýêñïåðèìåíòîâ.

Êëþ÷åâûå ñëîâà: íåëèíåéíûå ìîäåëè, äèôôåðåíöèàëüíûå óðàâíå-
íèÿ, õèìè÷åñêàÿ êèíåòèêà, æåñòêèå ñèñòåìû.

Investigation of a mathematical model of oxidative catalyst
regeneration

The report presents mathematical models of oxidative regeneration
described by nonlinear systems of differential equations. There are
the main problems associated with the investigation of models. The
results of a qualitative study of the stability of the averaged model
and the results of computational experiments are presented.

Keywords: nonlinear models, differential equations, chemical kinetics,
stiff systems.

Íàñòîÿùèé äîêëàä ïîñâÿùåí èññëåäîâàíèþ ìàòåìàòè÷åñêèõ ìîäåëåé
îêèñëèòåëüíîé ðåãåíåðàöèè. Àêòóàëüíîñòü òåìû îáóñëîâëåíà ñòðàòåãè-
÷åñêè âàæíîé ïîëèòèêîé âòîðè÷íîãî èñïîëüçîâàíèÿ ìàòåðèàëîâ. Îòðà-
áîòàííûé êàòàëèçàòîð íåïðèãîäåí ê äàëüíåéøåìó èñïîëüçîâàíèþ èç-çà
êîêñîâûõ îòëîæåíèé íà åãî çåðíàõ, ñíèæàþùèõ êàòàëèòè÷åñêóþ àêòèâ-
íîñòü [1]. Îäíèì èç ìåòîäîâ âîññòàíîâëåíèÿ ýôôåêòèâíîñòè êàòàëèçà-
òîðà ÿâëÿåòñÿ îêèñëèòåëüíàÿ ðåãåíåðàöèÿ, ò. å. âûæèã êîêñà êèñëîðîä-
ñîäåðæàùèì ãàçîì [2]. Â ðàáîòàõ [3, 4] ïîêàçàíî, ÷òî ïðè ðàçëè÷íûõ íà-
÷àëüíûõ óñëîâèÿõ ïðîâåäåíèÿ ïîäîáíîãî ïðîöåññà âîçíèêàþò ðàçëè÷íûå
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ïðîáëåìû � îò íèçêîé ýôôåêòèâíîñòè ìåòîäà äî íåîáðàòèìîé ïîð÷è êà-
òàëèçàòîðà. Áåçîïàñíîå è ðåíòàáåëüíîå èññëåäîâàíèå ïðîöåññà âîçìîæíî
ïðè ïîìîùè ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ.

Â îáùåì ñëó÷àå ìàòåìàòè÷åñêàÿ ìîäåëü îêèñëèòåëüíîé ðåãåíåðàöèè
êàòàëèçàòîðà ïðåäñòàâëÿåò ñîáîé íåëèíåéíóþ ñèñòåìó îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ [3]. Îíà ó÷èòû-
âàåò ìàòåðèàëüíûé è òåïëîâîé áàëàíñû, òåïëîîáìåí ãàçà è ñëîÿ êàòàëè-
çàòîðà, ýêçîòåðìè÷åñêèé õàðàêòåð ïðîöåññà îêèñëåíèÿ è ïðî÷èå íåìàëî-
âàæíûå àñïåêòû. Íàèáîëåå ýôôåêòèâíûì ìåòîäîì èññëåäîâàíèÿ òàêèõ
ìîäåëåé ÿâëÿåòñÿ ÷èñëåííûé ìåòîä. Ìîäåëü ìîæíî îïèñàòü íåñêîëüêè-
ìè ñïîñîáàìè, íàïðèìåð, â ñôåðè÷åñêîé èëè äåêàðòîâîé ñèñòåìå êîîð-
äèíàò. Îñíîâíîé ïðîáëåìîé ïðè ýòîì îñòàåòñÿ æåñòêîñòü ñèñòåìû, äëÿ
èñêóññòâåííîãî ñíèæåíèÿ êîòîðîé ïðèáåãàþò ê îáåçðàçìåðèâàíèþ èëè
ìàñøòàáèðîâàíèþ [5].

Îäíîé èç îñíîâíûõ ïðîáëåì, âîçíèêàþùèõ â õîäå îêèñëèòåëüíîé ðå-
ãåíåðàöèè ÿâëÿåòñÿ îáðàçîâàíèå ¾ãîðÿ÷èõ ïÿòåí¿ [2-3]. Äëÿ èññëåäîâà-
íèÿ ìîãóò áûòü èñïîëüçîâàíû ìåòîäû òåîðèè óñòîé÷èâîñòè äèôôåðåí-
öèàëüíûõ óðàâíåíèé [6]. Ýòîò ýòàï äîïóñêàåò ñâåäåíèå ìîäåëè ê óñðåä-
íåííîìó âèäó â îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèÿõ áåç ïî-
òåðè îáùíîñòè [7]. Îäíàêî ïðàêòè÷åñêèå ìîäåëè ÷àùå âñåãî îáëàäàþò
áîëüøèì êîëè÷åñòâîì ôàçîâûõ ïåðåìåííûõ è òåõíîëîãè÷åñêèõ ïàðà-
ìåòðîâ, ÷òî çàòðóäíÿåò èñïîëüçîâàíèå âòîðîãî ìåòîäà Ëÿïóíîâà. Ïåð-
âûé ìåòîä æå íåïðèìåíèì ââèäó íàëè÷èÿ êðèòè÷åñêîãî ñëó÷àÿ (ìíî-
æåñòâà íóëåâûõ ñîáñòâåííûõ çíà÷åíèé ó ìàòðèöû ëèíåéíîãî ïðèáëèæå-
íèÿ). Âîçìîæíûì âàðèàíòîì ðåøåíèÿ ïðîáëåìû ïðåäñòàâëÿåòñÿ èñïîëü-
çîâàíèå ìåòîäà àñèìïòîòè÷åñêîé ýêâèâàëåíòíîñòè [8-10] èëè íàõîæäå-
íèå íåêîòîðîãî ïðåîáðàçîâàíèÿ, íå ìåíÿþùåãî àñèìïòîòè÷åñêèõ ñâîéñòâ
[11].

Â äîêëàäå ïðåäñòàâëåíû âèçóàëèçèðîâàííûå ðåçóëüòàòû âû÷èñëè-
òåëüíûõ ýêñïåðèìåíòîâ äëÿ ìîäåëè îêèñëèòåëüíîé ðåãåíåðàöèè è òåî-
ðåòè÷åñêîå èññëåäîâàíèå óñòîé÷èâîñòè äëÿ óñðåäíåííîé íåëèíåéíîé ìî-
äåëè.
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Ðàññìàòðèâàåòñÿ ïðîáëåìà ìîäåëèðîâàíèÿ ìíîãîôàçíûõ òå÷åíèé
æèäêîñòè è ãàçà â ïîðèñòîé ñðåäå, âîçíèêàþùàÿ â òåõíîëîãèè
î÷èñòêè ïðèðîäíûõ óãëåâîäîðîäîâ îò âðåäíûõ ïðèìåñåé. Ïðåä-
ëîæåí ìíîãîìàñøòàáíûé ïîäõîä äëÿ ðàñ÷åòà ïîäîáíûõ òå÷åíèé,
ïðåäïîëàãàþùèé ðàçäåëåíèå ìîäåëè ïî ïðîñòðàíñòâåííî-âðåìåííûì
ìàñøòàáàì è ôèçè÷åñêèì ïðîöåññàì. Ìàêðîñêîïè÷åñêèå êîìïî-
íåíòû ìîäåëè ðåàëèçóþòñÿ ñåòî÷íûìè ìåòîäàìè, ìèêðîñêîïè÷å-
ñêèå ìîäåëè èñïîëüçóþò ìåòîäû ÷àñòèö. Ïîäõîä îðèåíòèðîâàí íà
èñïîëüçîâàíèå âûñîêîïðîèçâîäèòåëüíûõ âû÷èñëèòåëüíûõ ñèñòåì.
Íà äàííîì ýòàïå èññëåäîâàíèÿ ïðîâåäåíî ñîãëàñîâàíèå âñåõ êîì-
ïîíåíò ìíîãîìàñøòàáíîé ìîäåëè.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, ìíîãîìàñøòàá-
íûé ïîäõîä, ìíîãîôàçíûå òå÷åíèÿ, ïåðåðàáîòêà îðãàíè÷åñêèõ òîï-
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Multiscale approach for modeling multiphase fluid flows
in installations for reprocessing organic fuels

The problem of modeling multiphase flows of liquid and gas in a
porous medium, which arises in the technology of purification of natu-
ral hydrocarbons from harmful impurities, is considered. A multiscale
approach is proposed for calculating such flows, which assumes the
separation of the model by space-time scales and physical processes.
Macroscopic components of the model are implemented with mesh
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methods, microscopic models use particle methods. The approach is
focused on the use of HPC systems. At this stage of the study, the co-
ordination of all components of the multiscale model has been carried
out.

Keywords: mathematical modeling, multiscale approach, multiphase
flows, reprocessing of organic fuels, purification of natural gas

Ðàáîòà ïîñâÿùåíà ðàçðàáîòêå ìíîãîìàñøòàáíûõ ïîäõîäîâ [1-3] äëÿ
ìîäåëèðîâàíèÿ ìíîãîôàçíûõ òå÷åíèé æèäêèõ è ãàçîîáðàçíûõ óãëåâîäî-
ðîäîâ â óñòàíîâêàõ ïî ïåðåðàáîòêå îðãàíè÷åñêèõ òîïëèâ. Îäíèì èç âàæ-
íûõ ýòàïîâ òàêîé ïåðåðàáîòêè ÿâëÿåòñÿ î÷èñòêà ñûðîé íåôòè èëè ïðè-
ðîäíîãî ãàçà îò ðàçëè÷íîãî ðîäà çàãðÿçíåíèé (ìåòàëëè÷åñêèõ ÷àñòèö,
òâåðäûõ îðãàíè÷åñêèõ ñîåäèíåíèé è äð.). Äëÿ ìîäåëèðîâàíèÿ ïðîöåñ-
ñîâ î÷èñòêè íàìè ïðåäëîæåíû ìíîãîóðîâíåâûå ìàòåìàòè÷åñêèå ìîäåëè,
ñî÷åòàþùèå ìàêðîñêîïè÷åñêèå è ìèêðîñêîïè÷åñêèå îïèñàíèÿ òå÷åíèé
ìíîãîôàçíûõ ôëþèäîâ â êàíàëå î÷èñòíîé ñèñòåìû. Â äàííîé ðàáîòå
ðå÷ü èäåò îá î÷èñòêå ïðèðîäíîãî ãàçà ïóòåì ïðîïóñêàíèåì åãî ÷åðåç
ïîðèñòûé ìàòåðèàë.

Îáùàÿ ìàòåìàòè÷åñêàÿ ìîäåëü òå÷åíèÿ çàãðÿçíåííîé ãàçîâîé ñìå-
ñè ñîñòîèò èç äâóõ îñíîâíûõ êîìïîíåíò. Ïåðâàÿ êîìïîíåíòà ñâÿçàíà ñ
ìàêðîñêîïè÷åñêèìè ìàñøòàáàìè î÷èñòíîé ñèñòåìû è âêëþ÷àåò ìîäèôè-
öèðîâàííûå êâàçèãàçîäèíàìè÷åñêèå (ÊÃÄ) óðàâíåíèÿ [4-5] äëÿ ñìåñè ãà-
çîâ, äîïîëíåííûå óðàâíåíèÿìè êîíâåêöèè-äèôôóçèè äëÿ êîíöåíòðàöèé
÷àñòèö òâåðäûõ ïðèìåñåé. Âòîðàÿ êîìïîíåíòà ìîäåëè îïèñûâàåò ïðî-
öåññû â ïîãðàíè÷íûõ ñëîÿõ è áàçèðóåòñÿ íà óðàâíåíèÿõ ìîëåêóëÿðíîé
äèíàìèêè (ÌÄ) [6]. Öåëüþ ðàáîòû ÿâëÿëàñü ôèçè÷åñêè îáîñíîâàííàÿ
ðåàëèçàöèÿ ñîïðÿæåíèÿ êîìïîíåíò ìîäåëè.

Íà ìàêðîñêîïè÷åñêîì ìàñøòàáå èñïîëüçîâàíà ìîäåëü ðàñ÷åòà íåèçî-
òåðìè÷åñêîãî òå÷åíèÿ ìíîãîôàçíîé ñëàáîñæèìàåìîé æèäêîñòè ÷åðåç ïî-
ðèñòóþ ñðåäó, ÿâëÿþùàÿñÿ àíàëîãîì ñèñòåìû ÊÃÄ óðàâíåíèé [4-5], çà-
ïèñàííàÿ â ãèïåðáîëè÷åñêîé ôîðìå [7-8]. Òðåáîâàíèÿ êîíñåðâàòèâíîñòè
òðåáóþò ó÷åòà â ìîäåëè ìíîãîêîìïîíåíòíîãî ñîñòàâà ôëþèäîâ. Çàêîíû
ñîõðàíåíèÿ â ïðåäëîæåííîé ôîðìóëèðîâêå ìîäåëè âûïîëíÿþòñÿ ïîêîì-
ïîíåíòíî è äëÿ êàæäîé ôàçû. Óðàâíåíèå áàëàíñà ìàññû âêëþ÷àåò â
ñåáÿ ðåãóëÿðèçóþùèé ÷ëåí è ïðîèçâîäíóþ ïî âðåìåíè âòîðîãî ïîðÿä-
êà ñ ìàëûìè ïàðàìåòðàìè, èìåþùèìè ñìûñë ìèíèìàëüíûõ ýòàëîííûõ
ìàñøòàáîâ â ïðîñòðàíñòâå è âî âðåìåíè. Óðàâíåíèå àïïðîêñèìèðóåòñÿ
òðåõóðîâíåâîé ÿâíîé ðàçíîñòíîé ñõåìîé ñî âòîðûì ïîðÿäêîì àïïðîê-
ñèìàöèè âî âðåìåíè è â ïðîñòðàíñòâå è ñ äîâîëüíî ìÿãêèì óñëîâèåì
óñòîé÷èâîñòè. Ìîäåëü âêëþ÷àåò â ñåáÿ îäíî óðàâíåíèå ñîõðàíåíèÿ ïîë-
íîé ýíåðãèè, èçìåíåííîå ïî àíàëîãèè ñ ÊÃÄ óðàâíåíèÿìè è àïïðîêñèìè-
ðîâàííîå ÿâíîé ñõåìîé. Ôàçîâûå ïëîòíîñòè, à òàêæå âÿçêîñòè çàâèñÿò îò
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ìíîãîêîìïîíåíòíîãî ñîñòàâà. Êîíñòàíòû ôàçîâîãî ðàâíîâåñèÿ óêàçàíû
äëÿ âñåõ êîìïîíåíòîâ, êîòîðûå äîëæíû áûòü êîíäåíñèðîâàíû. Ìîäåëü
ó÷èòûâàåò ãðàâèòàöèîííûå è êàïèëëÿðíûå ñèëû, âêëþ÷àåò ñèëüíî íåëè-
íåéíûå ôóíêöèè îòíîñèòåëüíîé ôàçîâîé ïðîíèöàåìîñòè.

Äëÿ ÷èñëåííîé ðåàëèçàöèè ìàêðîñêîïè÷åñêîé ìîäåëè áûë ðàçðàáî-
òàí àëãîðèòì ÿâíîãî òèïà. Ïðîâåðêà ÷èñòîé ìàêðîñêîïè÷åñêîé ìîäåëè
(áåç óðàâíåíèé êîíâåêöèè-äèôôóçèè è áåç ÌÄ) áûëà ïðîâåäåíà ñ ïî-
ìîùüþ øèðîêîãî ñïåêòðà òåñòîâûõ ïðîãíîçîâ èçâëå÷åíèÿ óãëåâîäîðî-
äîâ, ïðîíèêíîâåíèÿ çàãðÿçíÿþùèõ âåùåñòâ â ïî÷âó, ïîòîêîâ ñ ôàçîâû-
ìè ïåðåõîäàìè â òåõíîëîãè÷åñêèõ îáúåêòàõ. Ïîëó÷åíû ôèçè÷åñêè êîð-
ðåêòíûå ðåçóëüòàòû, õîðîøåå ñîãëàñèå ñ ðåçóëüòàòàìè äðóãèõ àâòîðîâ
[9-10] áûëî äîñòèãíóòî. Áûëà ïðîäåìîíñòðèðîâàíà âûñîêàÿ ýôôåêòèâ-
íîñòü ðàñïàðàëëåëèâàíèÿ íà CPU ÿäðàõ è íà ãðàôè÷åñêèõ ïðîöåññîðàõ
ãèáðèäíîãî ñóïåðêîìïüþòåðà.

Íà ìèêðîñêîïè÷åñêîì ìàñøòàáå â êà÷åñòâå ìîäåëè èñïîëüçóåòñÿ ìå-
òîä ìîëåêóëÿðíîé äèíàìèêè [6]. Ýâîëþöèÿ èññëåäóåìîé ñèñòåìû ìèê-
ðî÷àñòèö îïèñûâàåòñÿ óðàâíåíèÿìè Íüþòîíà. ÌÄ îïèñûâàåò âçàèìî-
äåéñòâèÿ ÷àñòèö ñ îãðàíè÷èâàþùèìè ñðåäó ïîâåðõíîñòÿìè, â òîì ÷èñëå
ïðîíèêíîâåíèå â ïîðû, ïðîöåññû â ñàìèõ ïîðàõ è â èõ ïîãðàíè÷íûõ ñëî-
ÿõ. Äëÿ èíòåãðèðîâàíèÿ óðàâíåíèé èñïîëüçóåòñÿ ñõåìà Âåðëå, êîòîðàÿ
ïîçâîëÿåò ñòàòèñòè÷åñêè ïðàâèëüíî âîñïðîèçâîäèòü ïîâåäåíèå ÷àñòèö
ñðåäû â òå÷åíèå áîëüøîãî ïðîìåæóòêà âðåìåíè.

Ïðîâåäåííûå ïðåäâàðèòåëüíûå ÷èñëåííûå ýêñïåðèìåíòû ïîçâîëèëè
îïðåäåëèòü ïàðàìåòðû ñîãëàñîâàíèÿ êîìïîíåíò ìîäåëè è ïîäòâåðäèëè
âîçìîæíîñòü åå ïðèìåíåíèÿ ê âûáðàííîìó êëàññó çàäà÷. Ïðåäñòàâëåí-
íóþ ìîäåëü ïëàíèðóåòñÿ â áóäóùåì ðàñøèðÿòü íà ñëó÷àé ìíîãîêîìïî-
íåíòíûõ òå÷åíèé, ñîäåðæàùèõ òâåðäûå, æèäêèå è ãàçîîáðàçíûå ôàçû.
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