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Óôèìñêèé óíèâåðñèòåò íàóêè è òåõíîëîãèé ñîâìåñòíî ñ Èíñòèòó-
òîì ìàòåìàòèêè ñ ÂÖ ÓÔÈÖ ÐÀÍ åæåãîäíî, íà÷èíàÿ ñ 2012 ã., ïðîâî-
äèò ìåæäóíàðîäíûå íàó÷íûå êîíôåðåíöèè, îñíîâíûå òåìàòèêè êîòî-
ðûõ ñâÿçàíû ñî ñïåêòðàëüíîé òåîðèåé, ñ íåëèíåéíûì è êîìïëåêñíûì
àíàëèçîì, äèôôåðåíöèàëüíûìè óðàâíåíèÿìè è ìàòåìàòè÷åñêèì ìîäå-
ëèðîâàíèåì. Âûáîð òàêèõ íàïðàâëåíèé îïðåäåëÿëñÿ êàê àêòèâíîé ðà-
áîòîé â óêàçàííûõ îáëàñòÿõ ìíîãèõ ìàòåìàòèêîâ èç Áàøêîðòîñòàíà,
âçàèìîïðîíèêíîâåíèåì èäåé è ìåòîäîâ ñïåêòðàëüíîé òåîðèè, íåëèíåé-
íîãî è êîìïëåêñíîãî àíàëèçà ïðè ðåøåíèè ìíîãèõ àêòóàëüíûõ çàäà÷
â óêàçàííûõ îáëàñòÿõ, òàê è ñîòðóäíè÷åñòâîì ñ êîëëåãàìè èç ìíîãèõ
íàó÷íûõ öåíòðîâ Ðîññèè è çàðóáåæüÿ.

Â ïîñëåäíèå ãîäû îñîáåííî àêòèâíûì ñòàëî ñîòðóäíè÷åñòâî â óêà-
çàííûõ îáëàñòÿõ ìàòåìàòèêè ñ ó÷åíûìè èç ðÿäà íàó÷íûõ è îáðàçî-
âàòåëüíûõ îðãàíèçàöèé Óçáåêèñòàíà, Êàçàõñòàíà è Òàäæèêèñòàíà. Ñî
ìíîãèìè îðãàíèçàöèÿìè çàêëþ÷åíû ñîîòâåòñòâóþùèå Äîãîâîðà î íà-
ó÷íîì ñîòðóäíè÷åñòâå.

Íà÷èíàÿ ñ 2019 ã. êîíôåðåíöèÿ ïðèîáðåëà íîâûé ñòàòóñ, ïðåîáðàçî-
âàâøèñü â "Óôèìñêóþ îñåííþþ ìàòåìàòè÷åñêóþ øêîëó". Òåïåðü, íà-
ðÿäó ñ îáñóæäåíèåì íîâåéøèõ íàó÷íûõ ðåçóëüòàòîâ è îòêðûòûõ ïðî-
áëåì, âàæíîå ìåñòî â ðàáîòå êîíôåðåíöèè çàíèìàþò îáçîðíûå ëåêöèè
âåäóùèõ ó÷åíûõ äëÿ àñïèðàíòîâ è ìîëîäûõ ó÷åíûõ.

Íàó÷íàÿ ïðîãðàììà êîíôåðåíöèè ÓÎÌØ-24 îõâàòûâàåò ñëåäóþ-
ùèå íàïðàâëåíèÿ:

� ñïåêòðàëüíàÿ òåîðèÿ îïåðàòîðîâ;

� êîìïëåêñíûé è ôóíêöèîíàëüíûé àíàëèç;

� íåëèíåéíûå óðàâíåíèÿ;

� äèôôåðåíöèàëüíûå óðàâíåíèÿ è èõ ïðèëîæåíèÿ;

� ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå.
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ËÎÊÀËÈÇÎÂÀÍÍÛÉ ÒÎÏÎËÎÃÈ×ÅÑÊÈÉ ÈÍÄÅÊÑ È
ÍÅÏÎÄÂÈÆÍÛÅ ÒÎ×ÊÈ
Õ.Õ Àááàñ, À.Þ. Ñàâèí

haydar-abbas@outlook.com, a.yu.savin@gmail.com

Ñ äåéñòâèåì ãðóïïû íà ìíîãîîáðàçèè àññîöèèðîâàí êëàññ íåëî-
êàëüíûõ îïåðàòîðîâ, ïîðîæä¼ííûé ïñåâäîäèôôåðåíöèàëüíûìè
îïåðàòîðàìè è îïåðàòîðàìè ñäâèãà âäîëü îðáèò äåéñòâèÿ. Â äàí-
íîé ðàáîòå ïðåäúÿâëÿåòñÿ ôîðìóëà èíäåêñà äëÿ íåèçîìåòðè÷åñêî-
ãî äåéñòâèÿ ãðóïïû Z×F , ãäå F � êîíå÷íàÿ ãðóïïà. Â ÷àñòíîñòè,
íàéäåíû âêëàäû â èíäåêñ îò ýëåìåíòîâ êîíå÷íîãî ïîðÿäêà è ñîîò-
âåòñòâóþùèõ ïîäìíîãîîáðàçèé íåïîäâèæíûõ òî÷åê.

Êëþ÷åâûå ñëîâà: õàðàêòåð ×åðíà, êëàññ òîääà, íåïîäâèæíûå òî÷-
êè, òåîðåìà îá èíäåêñå.
LOCALISED TOPOLOGICAL INDEX AND FIXED
POINTS

The action of a group on a manifold is associated with a class of non-
local operators generated by pseudo-differential operators and shift
operators along the orbits of the action. In this paper, we present an
index formula for a non-isometric action of the group Z × F , where
F is a finite group. In particular, we find contributions to the index
from elements of finite order and the corresponding submanifolds of
fixed points.

Keywords: Chern character, Todd class, fixed points, index theorem.

Â ìàòåìàòè÷åñêîé ôèçèêå è íåêîììóòàòèâíîé ãåîìåòðèè âîçíèêàþò
îïåðàòîðû âèäà ëèíåéíîé êîìáèíàöèè

D =
∑
g∈G

DgTg : C∞(M) −→ C∞(M) (1)

îïåðàòîðîâ ñäâèãà (Tgu)(x) = u(g−1(x)), îòâå÷àþùèõ äåéñòâèþ ãðóïïû
G íà ãëàäêîì ìíîãîîáðàçèè M äèôôåîìîðôèçìàìè, ãäå êîýôôèöèåí-
òû Dg ÿâëÿþòñÿ (ïñåâäî)äèôôåðåíöèàëüíûìè îïåðàòîðàìè íà M .

Îïåðàòîðó (1) ñîïîñòàâëÿåòñÿ ñèìâîë σ(D) ∈ C∞(S∗M) ⋊ G êàê
ýëåìåíò (àëãåáðàè÷åñêîãî) ñêðåùåííîãî ïðîèçâåäåíèÿ àëãåáðû ôóíê-
öèé íà êîñôåðè÷åñêîì ðàññëîåíèè ìíîãîîáðàçèÿ è ãðóïïû G, äåé-
ñòâóþùåé íà ýòîé àëãåáðå. Ïðè ýòîì óñëîâèå ýëëèïòè÷íîñòè ñîñòîèò

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà �24-21-
0033.

Àááàñ Õàéäàð Õàìåä, àñïèðàíò, ÐÓÄÍ (Ìîñêâà, Ðîññèÿ); Haydar Abbas (Peoples'
Friendship University of Russia, Moscow, Russia)

Ñàâèí Àíòîí Þðüåâè÷, ä.ô.-ì.í., ïðîôåññîð, ÐÓÄÍ (Ìîñêâà, Ðîññèÿ); Anton
Savin (Peoples' Friendship University of Russia, Moscow, Russia)
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â òðåáîâàíèè îáðàòèìîñòè ýòîãî ýëåìåíòà (äëÿ ïðîñòîòû áóäåì òðå-
áîâàòü îáðàòèìîñòè â óêàçàííîì ñêðåùåííîì ïðîèçâåäåíèè). Ýòî ïî-
êàçûâàåò, ÷òî ñèìâîë ýëëèïòè÷åñêîãî îïåðàòîðà îïðåäåëÿåò ýëåìåíò
[σ(D)] ∈ K1(C

∞(S∗M)⋊G) â K-ãðóïïå ñêðåùåííîãî ïðîèçâåäåíèÿ. Òå-
ïåðü òîïîëîãè÷åñêèé èíäåêñ îïåðàòîðà D, îáîçíà÷àåìûé ÷åðåç indtD,
ìîæíî ñòðîèòü êàê ñïàðèâàíèå ×åðíà�Êîííà

indtD = ⟨[σ(D)],Td⟩, Td ∈ HP odd(C∞(S∗M)⋊G) (2)

êëàññà â K-òåîðèè, îïðåäåëÿåìîãî ñèìâîëîì îïåðàòîðà, è íåêîòîðîãî
êëàññà Td (àíàëîãà êëàññà Òîääà â òîïîëîãèè) â ïåðèîäè÷åñêèõ öèêëè-
÷åñêèõ êîãîìîëîãèÿõ ñêðåùåííîãî ïðîèçâåäåíèÿ.

Öåëü äàííîé ðàáîòû � ïîñòðîèòü ëîêàëèçîâàííûå íà êëàññå ñîïðÿ-
æåííîñòè ⟨f⟩ ⊂ G êëàññû Òîääà Tdf ∈ HP odd(C∞(S∗M) ⋊ G)⟨f⟩ äëÿ
âñåõ ýëëèïòè÷åñêèõ ýëåìåíòîâ f , ò.å. äëÿ ýëåìåíòîâ êîíå÷íîãî ïîðÿäêà.
Íàøå ïîñòðîåíèå îñíîâàíî íà îáîáùåíèè ýêâèâàðèàíòíîãî õàðàêòåðà
×åðíà èç [1] íà ñëó÷àé, êîãäà ðàññìàòðèâàåòñÿ ðàññëîåíèå íàä ìíîæå-
ñòâîì íåïîäâèæíûõ òî÷åê ýëåìåíòà f , à òàêæå îïåðàöèÿõ â K-òåîðèè,
ïîçâîëÿþùèõ ó÷åñòü ïîïðàâêè ê êëàññó Òîääà, îòâå÷àþùèå íîðìàëü-
íîìó ðàññëîåíèþ ê ìíîãîîáðàçèþ íåïîäâèæíûõ òî÷åê (ñì.[2]).

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ òåîðåìà îá èíäåêñå äëÿ
ãðóïïû G = Z× F , ãäå F � ïðîèçâîëüíàÿ êîíå÷íàÿ ãðóïïà.

Ëèòåðàòóðà

1. A. Gorokhovsky. Characters of cycles, equivariant characteristic
classes and Fredholm modules. Comm. Math. Phys., 208(1):1�23, 1999

2. M. F. Atiyah and I. M. Singer. The index of elliptic operators III.
Ann. Math., 87:546�604, 1968.

3. H. H. Abbas, A. Yu. Savin, �Index of elliptic operators associated
with discrete groups and �xed points�, Math. Notes, 116:2 (2024), 139�167
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ÀÑÈÌÏÒÎÒÈ×ÅÑÊÎÅ ÐÀÇËÎÆÅÍÈÅ ÐÅØÅÍÈß
ÇÀÄÀ×È ÄËß ÑÈÍÃÓËßÐÍÎ ÂÎÇÌÓÙÅÍÍÛÕ

ËÈÍÅÉÍÛÕ ÈÌÏÓËÜÑÍÛÕ ÑÈÑÒÅÌÛ Ñ
ÑÈÍÃÓËßÐÍÛÌÈ ÈÌÏÓËÜÑÀÌÈ

Í. Àâèëòàé,
avyltay.nauryzbay@gmail.com

ÓÄÊ 517.9

Â íàñòîÿùåé ðàáîòå ïîñòðîåíî àñèìïòîòè÷åñêîå ðàçëîæåíèå ðå-
øåíèÿ ñèíãóëÿðíî âîçìóùåííîé íà÷àëüíîé çàäà÷è ñ ïðîèçâîëü-
íîé ñòåïåíüþ òî÷íîñòè ïî ìàëîìó ïàðàìåòðó. Ñôîðìóëèðîâàíà
òåîðåìà îá îöåíêå îñòàòî÷íîãî ÷ëåíà àñèìïòîòè÷åñêîãî ðàçëîæå-
íèÿ, ÷òî ïîêàçûâàåò îöåíêó ðàçíîñòè ìåæäó òî÷íûì ðåøåíèåì è
åãî ïðèáëèæåííûì ðåøåíèåì. Ïðèâåäåí ïðèìåð ñ ìîäåëèðîâàíè-
åì, ïîäòâåðæäàþùèé òåîðåòè÷åñêèé ðåçóëüòàò.

Êëþ÷åâûå ñëîâà: ñèíãóëÿðíîå âîçìóùåíèå, äèôôåðåíöèàëüíûå
óðàâíåíèÿ ñ ñèíãóëÿðíûìè èìïóëüñàìè, ìàëûé ïàðàìåòð.
Asymptotic expansion of the solution for singular perturbed
linear impulsive systems

In this study, an asymptotic expansion of the solution of a singularly
perturbed initial problem with an arbitrary degree of accuracy for a
small parameter is constructed. A theorem for estimating the resid-
ual term of the asymptotic expansion is formulated, which estimates
the difference between the exact solution and its approximation. The
theoretical results are confirmed by a modelling example.

Keywords: singular perturbation, differential equations with singular
impulses, small parameter.

Ðàññìîòðèì ñèíãóëÿðíî âîçìóùåííóþ ñèñòåìó äèôôåðåíöèàëüíûõ
óðàâíåíèé, â êîòîðîé èìïóëüñû òàêæå ÿâëÿþòñÿ ñèíãóëÿðíî âîçìóùåí-
íûìè. Â öåíòðå íàøåãî îáñóæäåíèÿ íàõîäèòñÿ ñëåäóþùàÿ ñèñòåìà

ε
dz

dt
= A1(t)z +B1(t)y + εf1(t),

dy

dt
= A2(t)z +B2(t)y + f2(t),

è

ε∆z|t=θi = C1(θi)z + C2(θi)y + εI1(θi),

∆y|t=θi = C3(θi)y + I2(θi)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 19-01-00000).
Àâèëòàé Íàóðûçáàé, ìàãèñòð, ÊàçÍÓ (Àëìàòû, Êàçàõñòàí); Aviltay Nauryzbay (

Al-Farabi Kazakh National University, Almaty, Kazakhstan)
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ñ íà÷àëüíûìè óñëîâÿìè

z(0, ε) = z0, y(0, ε) = y0,

ãäå ε > 0 ìàëûé ïàðàìåòð, z0 è y0 íåêîòîðûå êîíñòàíòû, íå çàâèñÿùèå
îò ε, 0 < θ1 < θ2 < ... < θp < T, θi, i = 1, 2, ..., p, ÿâëÿþòñÿ ðàçëè÷íûìè
ìîìåíòàìè ðàçðûâà â (0, T ).

Âî ìíîãèõ ðàáîòàõ ðàññìàòðèâàëèñü èìïóëüñíûå ñèñòåìû ñ ìàëûì
ïàðàìåòðîì òîëüêî â äèôôåðåíöèàëüíûõ óðàâíåíèÿõ. Ìû ââåäåì ìà-
ëûé ïàðàìåòð è â óðàâíåíèå èìïóëüñà. Óñòàíîâèì íåîáõîäèìîå óñëî-
âèå äëÿ òîãî, ÷òîáû ïðåäîòâðàùàòü êîëëàïñ èìïóëüñíîé ôóíêöèè ïðè
óìåíüøåíèè ïàðàìåòðà äî íóëÿ. Ïîñòðîèì àñèìïòîòè÷åñêîå ðàçëîæå-
íèå ðåøåíèÿ ñèíãóëÿðíî âîçìóùåííîé íà÷àëüíîé çàäà÷è ñ ïðîèçâîëü-
íîé ñòåïåíüþ òî÷íîñòè ïî ìàëîìó ïàðàìåòðó. Äëÿ ïîñòðîåíèÿ èñêîìûõ
àñèìïòîòè÷åñêèõ ðåøåíèé èñïîëüçóåì ìåòîä ãðàíè÷íûõ ôóíêöèé.

Òåîðåìà 1. Ïðè óñëîâèÿõ I-IV ðÿä (7) ÿâëÿåòñÿ àñèìïòîòè÷å-
ñêèì ðÿäîì äëÿ ðåøåíèÿ çàäà÷è (1)-(3) ïðè ε→ 0 íà îòðåçêå 0 ≤ t ≤ T,
ò.å. ñïðàâåäëèâà îöåíêà

|z(t, ε)− Zn(t, ε)| = O(εn+1), 0 ≤ t ≤ T,

|y(t, ε)− Yn(t, ε)| = O(εn+1), 0 ≤ t ≤ T,

ãäå

Zn(t, ε) = Z(i)
n (t, ε), Yn(t, ε) = Y (i)

n (t, ε), θi < t ≤ θi+1,

Z(i)
n (t, ε) =

n∑
k=0

εkzk(t) +

n∑
k=0

εkω
(i)
k (τi), τi =

t− θi
ε

,

Y (i)
n (t, ε) =

n∑
k=0

εkyk(t) + ε
n∑
k=0

εkν
(i)
k (τi), i = 1, 2, ..., p.

Ëèòåðàòóðà

1. Akhmet M., �Ca�g S. Tikhonov theorem for di�erential equations with
singular impulses, Discontinuity, Nonlinearity and Complexity, 7(3) (2018),
291-303.

2. Akhmet M., Aviltay N., Dauylbayev M.K. A case of impulsive
singularity, KazNU Bulletin. Mathematics, Mechanics, Computer Science
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ÑÈÌÌÅÒÐÈÈ ÏßÒÈÌÅÐÍÛÕ ÆÅÑÒÊÈÕ
H-ÏÐÎÑÒÐÀÍÑÒÂ H32,2

À.Â. Àìèíîâà, Ä.Ð. Õàêèìîâ
asya.aminova@kpfu.ru, dzhamoliddink@mail.ru

ÓÄÊ 514.763

Èññëåäóþòñÿ ïÿòèìåðíûå ïñåâäîðèìàíîâû ìíîãîîáðàçèÿ â ôîðìå
h-ïðîñòðàíñòâ H32 òèïà {32}. Äàíà êëàññèôèêàöèÿ h-ïðîñòðàíñòâ
H32,2 ïî (íåãîìîòåòè÷åñêèì) àëãåáðàì Ëè èíôèíèòåçèìàëü-
íûõ ïðîåêòèâíûõ è àôôèííûõ ïðåîáðàçîâàíèé, íàéäåíû âñå
ïðîåêòèâíî-ïîäâèæíûå ìåòðèêè è óêàçàíû ðàçìåðíîñòè, áàçèñíûå
ýëåìåíòû è ñòðóêòóðíûå óðàâíåíèÿ äåéñòâóþùèõ â íèõ ìàêñè-
ìàëüíûõ íåãîìîòåòè÷åñêèõ ïðîåêòèâíûõ àëãåáð Ëè.

Êëþ÷åâûå ñëîâà: ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñò-
íûìè ïðîèçâîäíûìè, äèôôåðåíöèàëüíàÿ ãåîìåòðèÿ, ïÿòèìåðíîå
ïñåâäîðèìàíîâî ìíîãîîáðàçèå, h-ïðîñòðàíñòâî H32 òèïà {32},
íåãîìîòåòè÷åñêîå ïðîåêòèâíîå äâèæåíèå, óðàâíåíèÿ Êèëëèíãà,
ïðîåêòèâíàÿ àëãåáðà Ëè, ïðîåêòèâíî-ãåîìåòðè÷åñêàÿ òåîðèÿ ñè-
ñòåì ÎÄÓ.
SYMMETRIES OF FIVE-DIMENSIONAL RIGID H-
SPACES H32,2

Five-dimensional pseudo-Riemannian manifolds are investigated in the
form of h-spaces H32 of type {32}. We classify h-spaces H32,2 by
(non-homothetic) Lie algebras of infinitesimal projective and affine
transformations, find all projectively movable metrics, and indicate the
dimensions, basis elements, and structure equations of the maximal
non-homothetic projective Lie algebras acting in them.

Keywords: systems of partial differential equations, differential geom-
etry, five-dimensional pseudo-Riemannian manifold, h-space H32 of
type {32}, non-homothetical projective motion, equations projective
Lie algebra, projective-geometric theory of ODE.

Ïðîåêòèâíîå ïðåîáðàçîâàíèå ïñåâäîðèìàíîâà ìíîãîîáðàçèÿ Mn ñ
ïðîåêòèâíîé ñòðóêòóðîé Π ñîõðàíÿåò ïðîåêòèâíóþ ñòðóêòóðó Π è ïå-
ðåâîäèò ãåîäåçè÷åñêèå ëèíèè ñíîâà â ãåîäåçè÷åñêèå.

Ðàáîòà âûïîëíåíà â ðàìêàõ ðåàëèçàöèè Ïðîãðàììû ðàçâèòèÿ Íàó÷íî-
îáðàçîâàòåëüíîãî ìàòåìàòè÷åñêîãî öåíòðà Ïðèâîëæñêîãî ôåäåðàëüíîãî îêðóãà (ñî-
ãëàøåíèå � 075-02-2024-1438).

Àìèíîâà Àñÿ Âàñèëüåâíà, ä.ô.-ì.í., ïðîôåññîð, ÊÔÓ (Êàçàíü, Ðîññèÿ); Asya
Aminova (Kazan (Volga Region) Federal University, Kazan, Russia)

Õàêèìîâ Ä.Ð., ê.ô.-ì.í., äîöåíò, ÊÔÓ (Êàçàíü, Ðîññèÿ); Dzhamoliddin Khakimov
(Kazan (Volga Region) Federal University, Kazan, Russia)
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Â ðàçâèòîé À. Â. Àìèíîâîé è Í. À.-Ì. Àìèíîâûì ïðîåêòèâíî-
ãåîìåòðè÷åñêîé òåîðèè ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé [1�9] îò-
ìå÷àåòñÿ, ÷òî ïðîåêòèâíûå ïðåîáðàçîâàíèÿ ñèñòåìàòè÷åñêè âîçíèêàþò
ïðè èññëåäîâàíèè ñèììåòðèé äèôôåðåíöèàëüíûõ óðàâíåíèé ìàòåìà-
òè÷åñêîé ôèçèêè. Â ÷àñòíîñòè, àëãåáðà Ëè èíôèíèòåçèìàëüíûõ òî-
÷å÷íûõ ñèììåòðèé óðàâíåíèÿ Êîðòåâåãà-äå Ôðèçà ÿâëÿåòñÿ ïîäàëãåá-
ðîé ïðîåêòèâíîé, òî÷íåå, àôôèííîé àëãåáðû Ëè, à óðàâíåíèå Ðèêêàòè
ìîæíî ðàññìàòðèâàòü êàê "ñâîåîáðàçíóþ ðåàëèçàöèþ" ãðóïïû ïðîåê-
òèâíûõ ïðåîáðàçîâàíèé íà ïðÿìîé [10].

Äîêëàä ïîñâÿùåí èññëåäîâàíèþ ñèììåòðèé ñèñòåì äèôôåðåíöè-
àëüíûõ óðàâíåíèé ãåîäåçè÷åñêèõ â ôîðìå àëãåáð Ëè èíôèíèòåçèìàëü-
íûõ ïðîåêòèâíûõ ïðåîáðàçîâàíèé (ïðîåêòèâíûõ äâèæåíèé) 5-ìåðíûõ
ïñåâäîðèìàíîâûõ ìíîãîîáðàçèé (M5, g) � h-ïðîñòðàíñòâ H32,2 òèïà
{32} [11], [12], [13]. Îïðåäåëÿþòñÿ íåîáõîäèìûå è äîñòàòî÷íûå óñëî-
âèÿ, ïðè êîòîðûõ H32,2 ÿâëÿåòñÿ ïðîñòðàíñòâîì ïîñòîÿííîé (íóëåâîé)
êðèâèçíû. Íàõîäÿòñÿ íåãîìîòåòè÷åñêèå ïðîåêòèâíûå äâèæåíèÿ âH32,2

íåïîñòîÿííîé êðèâèçíû, èññëåäóþòñÿ ãîìîòåòèè è èçîìåòðèè óêàçàí-
íûõ ïðîñòðàíñòâ, îïðåäåëÿþòñÿ ðàçìåðíîñòè, áàçèñíûå ýëåìåíòû è
ñòðóêòóðíûå óðàâíåíèÿ äåéñòâóþùèõ â íèõ ìàêñèìàëüíûõ ïðîåêòèâ-
íûõ àëãåáð Ëè. Â èòîãå ïîëó÷åíà êëàññèôèêàöèÿ h-ïðîñòðàíñòâ H32,2

òèïà {32} ïî (íåãîìîòåòè÷åñêèì) àëãåáðàì Ëè èíôèíèòåçèìàëüíûõ
ïðîåêòèâíûõ è àôôèííûõ ïðåîáðàçîâàíèé.
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ÎÁ ÓÏÐÀÂËÅÍÈÈ Ñ×ÅÒÍÛÌÈ ÑÏÅÊÒÐÀÌÈ
ÕÀÐÀÊÒÅÐÈÑÒÈÊ ÊÎËÅÁËÅÌÎÑÒÈ ËÈÍÅÉÍÛÕ

ÎÄÍÎÐÎÄÍÛÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ
À.Å. Àðòèñåâè÷

artisevichangela@gmail.com

ÓÄÊ 517.926.4

Äëÿ ëþáîãî ñ÷åòíîãî ìíîæåñòâà íåîòðèöàòåëüíûõ ÷èñåë, ñîäåð-
æàùåãî íóëü, ñóùåñòâóåò óðàâíåíèå ñ íàïåðåä çàäàííûì ïîðÿäêîì
n > 2, ó êîòîðîãî ñïåêòðû õàðàêòåðèñòèê êîëåáëåìîñòè ñîâïàäàþò
ñ ýòèì ìíîæåñòâîì.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíîå óðàâíåíèå, ÷èñëî íóëåé, õà-
ðàêòåðèñòè÷åñêàÿ ÷àñòîòà, ïîêàçàòåëü êîëåáëåìîñòè.
On the control of countable spectra of oscillation character-
istics of linear homogeneous differential equations

For any countable set of non-negative numbers containing zero, there
exists an equation with a predetermined order n > 2, whose spectra
of oscillation characteristics coincide with this set.

Keywords: differential equation, number of zeros, characteristic fre-
quency, oscillation exponent.

Äëÿ çàäàííîãî íàòóðàëüíîãî n ðàññìîòðèì ìíîæåñòâî Ẽn ëèíåéíûõ
îäíîðîäíûõ óðàâíåíèé n-ãî ïîðÿäêà

y(n) + a1(t)y
(n−1) + · · ·+ an−1(t)ẏ + an(t)y = 0, t ∈ R+ ≡ [0;+∞),

çàäàâàåìûõ íàáîðàìè íåïðåðûâíûõ ôóíêöèé a ≡ (a1, . . . , an) : R+ →
Rn, ñ êîòîðûìè â äàëüíåéøåì è áóäåì îòîæäåñòâëÿòü ñàìè óðàâíåíèÿ.
Ìíîæåñòâî âñåõ íåíóëåâûõ ðåøåíèé óðàâíåíèÿ a ∈ Ẽn îáîçíà÷èì ÷åðåç
S∗(a).

Îïðåäåëåíèå 1[1,2]. Âåðõíÿÿ (íèæíÿÿ) õàðàêòåðèñòè÷åñêàÿ ÷à-
ñòîòà íóëåé ôóíêöèè y : R+ → R çàäàäèì ôîðìóëîé

ω̂(y) ≡ lim
t→+∞

π

t
ν(y, t)

(
ω̌(y) ≡ lim

t→+∞

π

t
ν(y, t)

)
,

ãäå ν(y, t) � ÷èñëî íóëåé ôóíêöèè y íà ïðîìåæóòêå (0, t].

Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñ-
øåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ � 075-
03-2024-074 ïî ïðîåêòó ¾Èññëåäîâàíèå àñèìïòîòè÷åñêèõ õàðàêòåðèñòèê êîëåáëåìîñòè
äèôôåðåíöèàëüíûõ óðàâíåíèé è ñèñòåì, à òàêæå îïòèìèçàöèîííûõ ìåòîäîâ¿.

Àðòèñåâè÷ Àíæåëà Åâãåíüåâíà, ñòàðøèé ïðåïîäàâàòåëü ÀÃÓ (Ìàéêîï, Ðîññèÿ);
Angela Artisevich (Adyghe State University, Maykop, Russia)
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Îïðåäåëåíèå 2 [2,3]. Âåðõíèå (íèæíèå) ñèëüíûé è ñëàáûé ïîêà-
çàòåëè êîëåáëåìîñòè íóëåé ëþáîãî ðåøåíèÿ y ∈ S∗(a) êàæäîãî óðàâ-
íåíèÿ a ∈ Ẽn çàäàäèì ôîðìóëàìè

ν̂•(y) ≡ inf
m∈Rn

lim
t→+∞

π

t
ν(y,m, t)

(
ν̌•(y) ≡ inf

m∈Rn
lim

t→+∞

π

t
ν(y,m, t)

)
,

ν̂◦(y) ≡ lim
t→+∞

inf
m∈Rn

π

t
ν(y,m, t)

(
ν̌◦(y) ≡ lim

t→+∞
inf
m∈Rn

π

t
ν(y,m, t)

)
,

ãäå ν(y,m, t) � ÷èñëî íóëåé ñêàëÿðíîãî ïðîèâåäåíèÿ âåêòîðà m è
âåêòîð-ôóíêöèè (y, ẏ, . . . , y(n−1)) íà ïðîìåæóòêå (0, t].

Äëÿ ðåøåíèé ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà âñå
õàðàêòåðèñòèêè êîëåáëåìîñòè ðàâíû íóëþ, òàê êàê ýòè ðåøåíèÿ â ñè-
ëó òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè íå èìåþò íóëåé. Ñïåêòðû
(ìíîæåñòâà çíà÷åíèé íà íåíóëåâûõ ðåøåíèÿõ) õàðàêòåðèñòèê êîëåáëå-
ìîñòè ëþáîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñîñòîÿò èç îäíîãî íåîòðèöà-
òåëüíîãî ÷èñëà [2]. Â [4] ïðîäåìîíñòðèðîâàíà âîçìîæíîñòü óïðàâëåíèÿ
ñ÷åòíûì ñïåêòðîì âåðõíåé õàðàêòåðèñòè÷åñêîé ÷àñòîòû íóëåé óðàâíå-
íèÿ òðåòüåãî ïîðÿäêà. Îêàçàëîñü, ÷òî ýòîò ðåçóëüòàò ìîæíî îáîáùèòü è
íà îñòàëüíûå õàðàêòåðèñòèêè êîëåáëåìîñòè äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ïîðÿäêà âûøå âòîðîãî.

Òåîðåìà. Äëÿ ëþáûõ n ≥ 3 è ñ÷åòíîãî ìíîæåñòâà S ïîëîæè-
òåëüíûõ ÷èñåë ñóùåñòâóåò òàêîå óðàâíåíèå a ∈ Ẽn, ÷òî ñïðàâåäëèâû
ðàâåíñòâà

ω̌(y) = ω̂(y) = ν̌◦(y) = ν̂◦(y) = ν̌•(y) = ν̂•(y), y ∈ S∗(a),

ω̌(S∗(a)) = S ∪ {0}.

Ëèòåðàòóðà
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íûõ ñèñòåì // Èçâåñòèÿ Èíñòèòóòà ìàòåìàòèêè è èíôîðìàòèêè ÓäÃÓ,
46:2 (2015), 171-183.

4. Âîéäåëåâè÷ À.Ñ. Ñóùåñòâîâàíèå áåñêîíå÷íûõ âñþäó ðàçðûâíûõ
ñïåêòðîâ âåðõíèõ õàðàêòåðèñòè÷åñêèõ ÷àñòîò íóëåé è çíàêîâ ëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé // Èçâ. ÍÀÍ Áåëàðóñè. Ñåð. ôèçèêî-
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MULTI-POINT BOUNDARY PROBLEMS
Æ. Àðòûêáàåâà,

artykbaeva.zhanar@gmail.com

ÓÄÊ 517.9

In this report questions of number and type of conditions requirements
to some equation for it to have a unique solution in the designated
space.

Keywords: Differential-algebraic equation, differential-boundary op-
erator, boundary value problem, inverse operator, uniqueness of solu-
tions.

We study a di�erential-boundary equation incorporating algebraic terms
over the �nite interval 0 < x < 1

l(y) ≡ d

dx

(
dy(x)

dx
+

k∑
i=1

hi(x)Ui(y) +

s∑
j=1

λjqj(x)

)
+ r1(x)

dy(x)

dx
+ r0(x)y(x) = f(x).

A key aspect of these equations is that, along with the function to be
determined, a number of unknown values must also be found. This prompts
the important question of unique solvability: What number and type of
conditions need to be applied to equation (1) to ensure that the problem
has a unique solution in the designated space?

Such equations fall under the classi�cation of di�erential operator
equations as noted in [1].

Reference

1. Dezin A. A. Di�erential Operator Equations: A Method of Model
Operators in the Theory of Boundary Value Problems, Proc. Steklov Inst.
Math., vol. 229, 1�161, 2000.

Àðòûêáàåâà Æàíàð Íóðëàíêûçû, ìàãèñòð, ÊàçÍÓ (Àëìàòû, Êàçàõñòàí);
Artykbayeva Zhanar Nurlankyzy ( Al-Farabi Kazakh National University, Almaty,
Kazakhstan)

14



BITSADZE-SAMARSKII PROBLEM FOR AN ELLIPTIC
EQUATION IN AN INFINITE DOMAIN

R.R. Ashurov
N.Sh. Nuraliyeva

ashurovr@gmail.com, n.navbahor2197@gmail.com

ÓÄÊ 517.518

Keywords: Fourier method, abstract operator, complete system, ellip-
tic equation.

Let H be a separable Hilbert space with an inner product (·, ·) and a norm
|| · ||. Let A be an unbounded, positive, self-adjoint operator on H with
domain D(A) ⊂ H. Let {Vk} be the orthonormal basis of H consisting
of eigenfunctions of operator A, and we can assume that the positive,
countable eigenvalues λk is nondecreasing and does not have a �nite limit
point: 0 < λ1 ≤ λ2 · ·· → +∞. Let τ be an arbitrary real number. One can
de�ne the the power of operator A, acting in H as follows

Aτh =

∞∑
k=1

λτkhkVk,

where hk are the Fourier coe�cients of element h ∈ H: hk = (h, Vk). It is
evident that, the domain of this operator has the form

D(Aτ ) = {h ∈ H :

∞∑
k=1

λ2τ
k |hk|2 <∞}.

For elements of D(Aτ ) we introduce the norm

||h||2τ =

∞∑
k=1

λ2τ
k |hk|2 = ||Aτh||2,

and together with this norm D(Aτ ) turns into a Hilbert space. Consider
the following nonlocal boundary value problem

utt(t)−Au(t) = fg(t), t > 0;

u(0) = αu(t0) + φ, t0 > 0;

lim
t→∞

u(t) = 0,

(1)

The authors acknowledge �nancial support from the Ministry of Innovative
Development of the Republic of Uzbekistan, Grant no. F-FA-2021-424.

Ravshan Radjabovich Ashurov (Doctor of Physical and Mathematical Sciences,
Professor, Institute of Mathematics, Uzbekistan Academy of Science, Student Town str.,
100174, Tashkent, Uzbekistan,)

Navbahor Nuraliyeva (PhD student, Institute of Mathematics, Uzbekistan Academy
of Science, Student Town str., 100174, Tashkent, Uzbekistan,)
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where g(t) ∈ C[0,∞) is a given scalar function. f, φ ∈ H are known
elements of H, α is constant. This problem is called a forward problem.

To solve this problem, the method of dividing the main problem into
auxiliary simple problems was used (see, for example, [1]). Let us note that
if we take the Laplace operator as the operator (-A), we obtain the classical
Bitsadze-Samarskii problem in an in�nite domain [2].

De�nition 1. A function u(t) ∈ C([0,∞);H) with the properties
utt(t), Au(t) ∈ C((0,∞);H) and satisfying conditions (1) is called of the
nonlocal problem (1).

Theorem 1. Let α ≤ 1 or α > 1 and 1 > αe−
√
λ1t0 . If for such M > 0,

|g(t)| ≤M and g(t) ∈ C[0,∞), φ ∈ D(A
1
2 ), f ∈ H, then there is the unique

solution of problem (1) and it has the following form:

u(t) =

∞∑
k=1

[
φk + αvk(t0)

1− αe−
√
λkt0

e−
√
λkt + vk(t)

]
Vk,

where

vk(t) =
fk√
λk

[
sh
√
λkt

t∫
0

e−
√
λkηg(η)dη + e−

√
λkt

∞∫
t

sh
√
λkηg(η)dη

]
.

Moreover, there are the constants C > 0 and CM > 0 (CM =
max{5M2, C}) such that the following coercive type inequality holds:

||utt(t)||2 + ||u(t)||21 ≤ CM (1 + t−2)||f ||2 + Ct−2||φ||21
2
, t > 0.
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Î ÑÕÎÄÈÌÎÑÒÈ ÐÀÇÍÎÑÒÍÛÕ ÑÕÅÌ ÄËß
ÍÅËÎÊÀËÜÍÛÕ ÊÐÀÅÂÛÕ ÇÀÄÀ× Ñ ÏÐÎÈÇÂÎÄÍÎÉ

ÄÐÎÁÍÎÃÎ ÏÎÐßÄÊÀ
À.Ê. Áàççàåâ, a.k.bazzaev@yandex.ru

ÓÄÊ 519.633

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ ñåìåéñòâî ðàçíîñòíûõ ñõåì ñ âå-
ñàìè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè äðîáíîãî ïîðÿäêà ñ íåêëàñ-
ñè÷åñêèìè êðàåâûìè óñëîâèÿìè. Ñ ïîìîùüþ ïðèíöèïà ìàêñèìó-
ìà äëÿ ðàçíîñòíîé çàäà÷è ïîëó÷åíà àïðèîðíàÿ îöåíêà, èç êîòîðîé
ñëåäóåò óñòîé÷èâîñòü ðàçíîñòíûõ ñõåì è ñõîäèìîñòü ÷èñëåííîãî
ðåøåíèÿ ê òî÷íîìó â íîðìå C.

Êëþ÷åâûå ñëîâà: äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî, óðàâíåíèå äðîáíî-
ãî ïîðÿäêà, óðàâíåíèå äèôôóçèè äðîáíîãî ïîðÿäêà, êðàåâàÿ çà-
äà÷à, íåëîêàëüíàÿ êðàåâàÿ çàäà÷à, ïðèíöèï ìàêñèìóìà, àïðèîð-
íàÿ îöåíêà, àïïðîêñèìàöèÿ, óñòîé÷èâîñòü ðàçíîñòíîé ñõåìû, ñõî-
äèìîñòü ðàçíîñòíîé ñõåìû.
On the convergence of difference schemes for nonlocal bound-
ary value problems with a fractional derivative

This work is devoted to the study of the boundary value problem for
the fractional order diffusion equation with nonlocal boundary con-
ditions. For the problem under consideration, a family of difference
schemes with weights σ, 0 ≤ σ ≤ 1 has been studied. Using the maxi-
mum principle for the grid equation, an a priori estimate is obtained,
from which it follows that the difference schemes are stable and the
numerical solution converges to the exact one in the C norm.

Keywords: fractional differential equation, Caputo differential opera-
tor, maximum principal, an a priori estimate, the difference schemes,
stability and convergence of the difference scheme.

1 Ïîñòàíîâêà çàäà÷è

Â ðàáîòå [1] èññëåäóåòñÿ ñåìåéñòâî ðàçíîñòíûõ ñõåì ñ âåñàìè äëÿ
óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè. Ñ
ïîìîùüþ ïðèíöèïà ìàêñèìóìà äëÿ ðàçíîñòíîé çàäà÷è ïîëó÷åíà àïðè-
îðíàÿ îöåíêà, èç êîòîðîé ñëåäóåò óñòîé÷èâîñòü ðàçíîñòíûõ ñõåì è ñõî-
äèìîñòü ÷èñëåííîãî ðåøåíèÿ ê òî÷íîìó â íîðìå C. Òàêæå â äàííîé

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè. Ñîãëàøåíèå �075-02-2024-1447

Áàççàåâ Àëåêñàíäð Êàçáåêîâè÷, ê.ô.-ì.í., äîöåíò, (Âëàäèêàâêàç, Ðîññèÿ);
Alexander Bazzaev (1) North Ossetian State University, Vladikavkaz, Russia; 2)
Vladikavkaz Institute of Management, Vladikavkaz, Russia)
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ðàáîòå ïðåäëîæåíà ìîäèôèêàöèÿ ìåòîäà ïðîãîíêè äëÿ ðåøåíèÿ ïîëó-
÷åííîé ÑËÀÓ. Ïî àíàëîãèè ñ ðàáîòîé [1] ìû ñòðîèì ðàçíîñòíûå ñõåìû
äëÿ óðàâíåíèÿ äèôôóçèè äðîáíîãî ïîðÿäêà ñ àíàëîãè÷íûìè íåêëàññè-
÷åñêèìè êðàåâûìè óñëîâèÿìè è ïîêàçûâàåì ñïðàâåäëèâîñòü ïðèíöèïà
ìàêñèìóìà äëÿ ðàññìàòðèâàåìîé çàäà÷è.

Èòàê, â ïðÿìîóãîëüíèêå QT = {(x, t), 0 < x < ℓ, 0 < t ≤ T}
ðàññìàòðèâàåòñÿ çàäà÷à

∂α0tu =
∂

∂x

(
k(x, t)

∂u

∂x

)
− q(x, t)u+ f(x, t), (x, t) ∈ QT , (1)

u(0, t) = u(ℓ, t),
∂u

∂x
(ℓ, t) = 0, 0 ≤ t ≤ T, (2)

u(x, 0) = φ(x), 0 ≤ x ≤ ℓ, (3)

ãäå ∂α0tu =
1

Γ(1− α)

t∫
0

uη(x, η)dη

(t− η)α
� äðîáíàÿ ïðîèçâîäíàÿ Ãåðàñèìîâà

� Êàïóòî ïî âðåìåíè ïîðÿäêà α, 0 < α < 1.
Áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèè q(x, t), f(x, t) íåïðåðûâíû, k(x, t)

íåïðåðûâíî äèôôåðåíöèðóåìà, u0(x) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì
(2), 0 < c1 ≤ k(x, t) ≤ c2, 0 ≤ q(x, t) ≤ c3, c1, c2, c3 � ïîëîæèòåëüíûå
ïîñòîÿííûå.

2 Ðàçíîñòíàÿ ñõåìà

Ââåäåì íà îòðåçêå [0, ℓ] ñåòêó ωh = {xi = ih : i = 0, 1 . . . , N} ñ
øàãîì h = ℓ/N ïî ïåðåìåííîé x è íà îòðåçêå [0, T ] ñåòêó ωτ = {xi =
jτ : j = 0, 1 . . . , j0} ñ øàãîì τ = T/j0 ïî ïåðåìåííîé t. Íà ìíîæåñòâå
QT ðàññìîòðèì ñåòêó ωhτ = ωh × ωτ = {(xi, tj), i = 0, 1, 2, . . . , N ; j =
0, 1, 2, . . . , j0}.

Â ðàáîòå [2] ïîëó÷åí äèñêðåòíûé àíàëîã äðîáíîé ïðîèçâîäíîé ïî
âðåìåíè

∂α0tju = ∆α
0tju+O(τ2−α), (4)

∆α
0tju =

1

Γ(2− α)

j∑
s=0

(
t1−αj−s+1 − t1−αj−s

)
ust , u

s
t =

us+1 − us

τ
.

Äèôôåðåíöèàëüíîé çàäà÷å (1) � (3) ïîñòàâèì â ñîîòâåòñòâèå îäíî-
ïàðàìåòðè÷åñêîå ïî σ, 0 ≤ σ ≤ 1, ñåìåéñòâî ðàçíîñòíûõ ñõåì [3]

∆α
0tjyi = Λy

(σ)
i − diy

(σ)
i + fi, i = 1, 2, . . . , N − 1, (5)

(aNyx,N )(σ) = −0.5h
(
∆α

0tjyN + (dNyN )(σ) − fN
)
, (6)

yj0 = yjN , j = 0, 1, 2, . . . , j0, y
0
i = φi, i = 0, 1, 2, . . . , N, (7)
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ãäå y(σ)i = σŷi + (1 − σ)yi, Λy = (ayx̄)x, ai = 0.5(ki−1 + ki), ki =
k(xi, t̄), di = q(xi, t̄), fi = f ji = f(xi, t̄), φi = φ(xi), t̄ = tj + 0.5τ ,
ŷ = yj+1

i , y = yji , y̌ = yj−1
i , yx,N =

yN−yN−1

h
.

Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ

τα(1− σ) ≤ (2− 21−α)h2

Γ(2− α)(2c2 + c3h2)
, 0 ≤ σ ≤ 1.

Òîãäà
à) ðàçíîñòíàÿ ñõåìà (5) � (7) ðàâíîìåðíî óñòîé÷èâà ïî íà÷àëüíîìó
óñëîâèþ è ïðàâîé ÷àñòè óðàâíåíèÿ;
á) ðåøåíèå ðàçíîñòíîé çàäà÷è (5) � (7) ðàâíîìåðíî ñõîäèòñÿ ê ðåøå-
íèþ çàäà÷è (1) � (3) è èìååò òî÷íîñòü, ñîâïàäàþùóþ ñ ïîðÿäêîì
ïîãðåøíîñòè àïïðîêñèìàöèè.
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3. Òàóêåíîâà Ô.È., Øõàíóêîâ � Ëàôèøåâ Ì.Õ. Ðàçíîñòíûå ìåòîäû
ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé äðîáíîãî
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Î ÌÅÒÎÄÅ ÏÎÑÒÐÎÅÍÈß ÐÅÃÓËßÐÍÛÕ ÐÅØÅÍÈÉ
ÎÄÍÎÃÎ ÊËÀÑÑÀ ÎÁÎÁÙÅÍÍÛÕ ÑÈÑÒÅÌ

ÊÎØÈ-ÐÈÌÀÍÀ ÑÎ ÑËÀÁÎ ÎÑÖÈËËÈÐÓÞÙÈÌÈ
ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ
Ñ. Áàéçàåâ, Ð.Í. Áàðîòîâ

sattor_bayzoev@rambler.ru, ruzmet.tj@mail.ru

ÓÄÊ 517.9

Äëÿ îáîáùåííîé ñèñòåìû Êîøè-Ðèìàíà ñ êîýôôèöèåíòîì âèäà
eimφ ïðè ñîïðÿæåíèè èñêîìîé ôóíêöèè ïîñòðîåíû ðåãóëÿðíûå, â
òîì ÷èñëå îãðàíè÷åííûå âî âñåé ïëîñêîñòè ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: îáîáùåíèÿ ñèñòåìà Êîøè-Ðèìàíà, îãðàíè÷åííûå
êîýôôèöèåíòû, ðåãóëÿðíûå è îãðàíè÷åííûå ðåøåíèÿ.
On the method of constructing regular solutions of a class of
generalized Cauchy-Riemann systems with weakly oscillating
coefficients

For the generalized Cauchy-Riemann system with a coefficient of the
form eimφ, regular solutions have been constructed upon conjugation
of the sought function, including solutions that are bounded through-
out the entire plane.

Keywords: generalized Cauchy-Riemann system, bounded coefficients,
regular and bounded solutions.

Ðàññìîòðèì óðàâíåíèå

Lmw ≡ wz + ε (z) eimφw = 0, (1)

çäåñü m ∈ Z− ìíîæåñòâî öåëûõ ÷èñåë, z = reiφ è ε (z) ={
|z| , ïðè |z| ≤ 1,
1, ïðè |z| > 1.

Èç ðåçóëüòàòîâ ðàáîòû [1] ñëåäóåò, ÷òî îïåðà-

òîð Lm : C1
α → Cα áóäåò í¼òåðîâûì, ïðè÷åì èíäåêñ ýòîãî îïåðàòîðà

áóäåò ðàâåí èíäåêñó Êîøè êîýôôèöèåíòà ε (z) eimφ íà áåñêîíå÷íîñòè,
ò.å. indLm = m.

Äîêëàä ïîñâÿùåí ìåòîäó ïîñòðîåíèÿ ðåãóëÿðíûõ âî âñåé ïëîñêîñòè
ðåøåíèé, ò.å. ïðèíàäëåæàùèõ êëàññó C1, â ÷àñòíîñòè îãðàíè÷åííûõ âî
âñåé ïëîñêîñòè, ðåøåíèé óðàâíåíèÿ (1) .

Òåîðåìà 1. Ïóñòü m− ÷åòíîå è m > 0. Òîãäà ðåãóëÿðíûå ðåøåíèÿ
óðàâíåíèÿ (1) îïðåäåëÿþòñÿ ôîðìóëîé

Áàéçàåâ Ñàòòîð, ä.ô.ì.í., ïðîôåññîð, ÒÃÓÏÁÏ (Õóäæàíä, Òàäæèêèñòàí); Sattor
Baizaev (Tajik State University of Law, Business and Politics, Khujand, Tajikistan)

Áàðîòîâ Ðóçèáîé Íóìîíæîíîâè÷, ïðåïîäàâàòåëü, ÕÃÓ èìåíè àê. Á. Ãàôóðîâà
(Õóäæàíä, Òàäæèêèñòàí); Ruziboy Barotov (Khujand State University named after
Academician B. Gafurov, Khujand, Tajikistan)
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w(z) = r
m+1

2

 ∞∑
n=m

2

(
AnIn

2
−m+1

4

(
r2
)
einφ−AnIn

2
−m−3

4

(
r2
)
ei(m−1−n)φ

)

+

m−1∑
n=m

2

(
BnKn

2
−m+1

4

(
r2
)
einφ +BnKn

2
−m−3

4

(
r2
)
ei(m−1−n)φ

) ïðè r ≤ 1,

w(z) = r
m
2

 ∞∑
n=m

2

(
CnIn−m

2
(2r) +DnKn−m

2
(2r)

)
einφ −

−
(
CnIn−m−2

2
(2r)−DnKn−m−2

2
(2r)

)
ei(m−1−n)φ

]
ïðè r > 1,

çäåñü Iν− ôóíêöèÿ Áåññåëÿ ìíèìîãî àðãóìåíòà, Kν − ôóíêöèÿ Ìàê-
äîíàëüäà ïîðÿäêà ν, An ïðîèçâîëüíàÿ êîìïëåêñíàÿ ïîñòîÿííàÿ, à Cn
è Dn îäíîçíà÷íî âûðàæàþòñÿ ÷åðåç An è Bn.

Òåîðåìà 2. Ïóñòü m− ÷åòíîå è m > 0. Òîãäà îãðàíè÷åííûå âî
âñåé ïëîñêîñòè ðåøåíèÿ óðàâíåíèÿ (1) îïðåäåëÿþòñÿ ñëåäóþùèì îá-
ðàçîì:

w(z) = r
m+1

2

m−1∑
n=m

2

(
AnIn

2
−m+1

4

(
r2
)
+BnKn

2
−m+1

4

(
r2
))
einφ +

(
−AnIn

2
−m−3

4

(
r2
)
+BnKn

2
−m−3

4

(
r2
))
ei(m−1−n)φ

]
ïðè r ≤ 1,

w(z) = r
m
2

m−1∑
n=m

2

DnKn−m
2
(2r) einφ +DnKn−m−2

2
(2r) e

i(m−1−n)φ
]
ïðè r > 1,

ãäå Dn− ïðîèçâîëüíûå , à An è Bn âûðàæàþòñÿ ÷åðåç Dn.
Èç òåîðåìû 2 ñëåäóåò, ÷òî ðàçìåðíîñòü ìíîæåñòâà îãðàíè÷åííûõ

âî âñåé ïëîñêîñòè ðåøåíèé óðàâíåíèÿ (1) êàê ëèíåéíîå ïðîñòðàíñòâî
íàä ïîëåì âåùåñòâåííûõ ÷èñåë ðàâíà m.

Àíàëîãè÷íûå óòâåðæäåíèÿ èìåþò ìåñòî è äëÿ ñëó÷àÿ íå÷åòíîãî
m > 0. Äëÿ m ≤ 0 óðàâíåíèå (1) â C1

α èìååò òîëüêî íóëåâîå ðåøåíèå.
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Î ÐÅÃÓËßÐÍÛÕ ÐÅØÅÍÈßÕ ÎÄÍÎÃÎ ÊËÀÑÑÀ
ÌÍÎÃÎÌÅÐÍÛÕ ÎÁÎÁÙÅÍÍÛÕ ÑÈÑÒÅÌ

ÊÎØÈ-ÐÈÌÀÍÀ Ñ ÑÈÍÃÓËßÐÍÛÌÈ
ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

Ñ. Áàéçàåâ, Ì.Ì. Øîêèðîâà
sattor_bayzoev@rambler.ru, shokirova2002_1977@mail.ru

ÓÄÊ 517.9

Ïîñòðîåíî îáùåå ðåøåíèå ìíîãîìåðíîé îáîáùåííîé ñè-
ñòåìû Êîøè-Ðèìàíà ñ ñèíãóëÿðíûìè êîýôôèöèåíòà-
ìè âèäà z−αz̄−βA, α, β− âåùåñòâåííûå ÷èñëà, ïðè÷åì
α+ β > 0, α− β −öåëîå, A− ìàòðèöà.

Êëþ÷åâûå ñëîâà: ìíîãîìåðíàÿ îáîáùåííàÿ ñèñòåìà Êîøè-Ðèìàíà,
ñèíãóëÿðíûå êîýôôèöèåíòû, îáùåå ðåøåíèå.
On regular solutions of a class of multi-dimensional general-
ized Koshi-Riman systems with singular coefficients

A general solution of a multi-dimensional generalized Cauchy-
Riemann system with singular coefficients of the form z−αz̄−βA, where
α, β are real numbers, α+β > 0, α−β is an integer, and A is a matrix,
has been constructed.

Keywords: multi-dimensional generalized Cauchy-Riemann system,
singular coefficients, general solution.

Â äîêëàäå èçëàãàåòñÿ ñõåìà ïîñòðîåíèÿ îáùåãî ðåøåíèÿ ìíîãîìåð-
íîé îáîáùåííîé ñèñòåìû Êîøè-Ðèìàíà âèäà

wẑ +
1

zαzβ
Aw = 0, (1)

ãäå w ∈ Cm− êîìïëåêñíîåm-ìåðíîå ïðîñòðàíñòâî, α, β− âåùåñòâåííûå
÷èñëà, òàêèå ÷òî α + β > 0 è α − β− öåëîå, A− êîìïëåêñíàÿ ìàòðèöà
ïîðÿäêà m.

Ñïðàâåäëèâà ñëåäóþùàÿ
Òåîðåìà 1. Ïóñòü ÷èñëî s = β−α−1 íå÷åòíîå è âñå ñîáñòâåííûå

çíà÷åíèÿ λj ìàòðèöû AA ïîëóïðîñòûå. Òîãäà îáùåå ðåøåíèå ñèñòåìû
(1) èìååò âèä

w =

∞∑
n≥p

{
wn (r) e

inφ + wp−ne
i(p−n)φ

}
,

Áàéçàåâ Ñàòòîð, ä.ô.ì.í., ïðîôåññîð, ÒÃÓÏÁÏ (Õóäæàíä, Òàäæèêèñòàí); Sattor
Baizaev (Tajik State University of Law, Business and Politics, Khujand, Tajikistan)

Øîêèðîâà Ìóõáèðà Ìóõòîðõîíîâíà, ñòàðøèé ïðåïîäàâàòåëü, ÒÃÓÏÁÏ (Õóä-
æàíä, Òàäæèêèñòàí); Mukhbira Shokirova(Tajik State University of Law, Business and
Politics, Khujand, Tajikistan)
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çäåñü p = s+1
2
, wn (r) = S [u1n, . . . , uqn] , S− ìàòðèöà, ñòîëáöû êî-

òîðîé ñîñòîÿò èç ñîáñòâåííûõ âåêòîðîâ ìàòðèöû AA, îòâå÷àþùèõ
ñîáñòâåííûì çíà÷åíèÿì λj, êîîðäèíàòû âåêòîð-ôóíêöèé ujn ïðè
γ ̸= 1 è λj ̸= 0 íàõîäÿòñÿ ïî ôîðìóëå

v (r) = r−αZν

(
2i
√
λj

1− γ
r1−γ

)
,

ãäå Zν−öèëèíäðè÷åñêàÿ ôóíêöèÿ ïîðÿäêà ν = |α+n|
1−γ , à ïðè γ = 1 � ïî

ôîðìóëå

v (r) =

{
C1r

−α+µ
2 + C2r

−α−µ
2 ïðè µ ̸= 0,

r−α (C1 + C2lnr) ïðè µ = 0,

çäåñü C1, C2− ïðîèçâîëüíûå êîìïëåêñíûå ïîñòîÿííûå,

µ =2
√

(α+ n)2 + 4λj , âåêòîð-ôóíêöèè wp−n îïðåäåëÿþòñÿ èç
ñèñòåìû

Awp−n (r) =
rγ

2

[
−w′

n (r) +
n

r
wn (r)

]
.

Àíàëîãè÷íîå óòâåðæäåíèå èìååò ìåñòî è äëÿ ñëó÷àÿ íå÷åòíîãî s.
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ÂÎÑÑÒÀÍÎÂËÅÍÈÅ ÔÓÍÊÖÈÈ ÏÎ ÅÅ
ÈÍÒÅÃÐÀËÜÍÛÌ ÄÀÍÍÛÌ ÍÀ ËßÌÁÄÀ-ËÈÍÈßÕ

À.Õ. Áåãìàòîâ, akbar_begmatov@mail.ru

ÓÄÊ 517.968

Ðàññìîòðåíà çàäà÷à èíòåãðàëüíîé ãåîìåòðèè äëÿ ñåìåéñòâà
ëÿìáäà-ëèíèé íà ïëîñêîñòè ñ øèðîêèì äèàïàçîíîì óãëîâ è âåñî-
âîé ôóíêöèåé ýêñïîíåíöèàëüíîãî òèïà. Äîêàçàíû òåîðåìû åäèí-
ñòâåííîñòè è ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è. Ïîëó÷åíû îöåíêè
óñòîé÷èâîñòè â ïðîñòðàíñòâàõ ñîáîëåâñêîãî òèïà, à òàêæå ÿâíàÿ
ôîðìóëà îáðàùåíèÿ. Ïðåäñòàâëåíû ðåçóëüòàòû ïî åäèíñòâåííîñòè
è óñòîé÷èâîñòè ñîîòâåòñòâóþùåé çàäà÷è èíòåãðàëüíîé ãåîìåòðèè
ñ âîçìóùåíèåì äëÿ äîñòàòî÷íî øèðîêîãî êëàññà âåñîâûõ ôóíêöèé
âîçìóùåíèÿ.

Êëþ÷åâûå ñëîâà: îáðàòíûå çàäà÷è, èíòåãðàëüíàÿ ãåîìåòðèÿ, èíòå-
ãðàëüíûå ïðåîáðàçîâàíèÿ, ôîðìóëû îáðàùåíèÿ, îöåíêè óñòîé÷è-
âîñòè.
Reconstruction of the function from integral data on lambda
lines

The problem of integral geometry for a family of lambda lines in the
plane with a wide range of angles and a weight function of exponential
type is considered. The theorems of uniqueness and existence of the
solution of the problem are proved. Stability estimates in Sobolev-
type spaces and an explicit inversion formula are obtained. Results
on the uniqueness and stability of the corresponding problem of inte-
gral geometry with perturbation for a sufficiently wide class of weight
functions of the perturbation are presented.

Keywords: inverse problems, integral geometry, integral transforms,
inversion formulas, stability estimates.

Ðàññìàòðèâàåòñÿ çàäà÷à âîññòàíîâëåíèÿ ôóíêöèè ïî åå èíòåãðàëüíûì
äàííûì ñ çàäàííûì âåñîì âäîëü ñåìåéñòâà ïëîñêèõ ëèíèé. Ïðîèçâîëü-
íàÿ ëèíèÿ ñåìåéñòâà îáðàçóåò ëîìàíóþ ñ âåðøèíîé, îïèðàþùóþñÿ íà
îñü OX.

Ïîëó÷åíû íîâûå ðåçóëüòàòû ïî óêàçàííîé çàäà÷å èíòåãðàëüíîé ãåî-
ìåòðèè [1,2] äëÿ âåñîâîé ôóíêöèè ýêñïîíåíöèàëüíîãî òèïà è øèðîêîãî
äèàïàçîíà óãëîâ, êîòîðûå îáðàçóþò â âåðøèíå îòðåçêè ëîìàíûõ. Ïî-
äîáíûå çàäà÷è ðàññìàòðèâàëèñü ðàíåå â ñòàòüÿõ àâòîðà [3-5].

Áåãìàòîâ Àêáàð Õàñàíîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÑèáÓÏÊ (Íîâîñèáèðñê, Ðîñ-
ñèÿ); Akbar Begmatov (Siberian State University of Consumer Cooperation, Novosibirsk,
Russia)
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Â ðàáîòå ïðåäñòàâëåíû òåîðåìà åäèíñòâåííîñòè è îöåíêà óñòîé÷è-
âîñòè ðåøåíèÿ çàäà÷è â ïðîñòðàíñòâàõ ñîáîëåâñêîãî òèïà. Íà ýòîé îñ-
íîâå äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è. Ïîëó÷åíà ÿâíàÿ
ôîðìóëà îáðàùåíèÿ äëÿ èñõîäíîãî èíòåãðàëüíîãî îïåðàòîðà çàäà÷è,
ïðåäñòàâëåííîãî êàê îáîáùåííûé îïåðàòîð Ðàäîíà [6].

Èçó÷àåòñÿ òàêæå ñîîòâåòñòâóþùàÿ çàäà÷à èíòåãðàëüíîé ãåîìåòðèè
ñ âîçìóùåíèåì, êîòîðîå ïðåäñòàâëÿåò ñîáîé èíòåãðàë îò èñêîìîé ôóíê-
öèè ñ ãëàäêèì âåñîì ïî âíóòðåííåé ÷àñòè ëîìàíîé. Çäåñü òàêæå ïîëó-
÷åíû òåîðåìà åäèíñòâåííîñòè è àíàëîãè÷íàÿ îöåíêà óñòîé÷èâîñòè.
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Â ýòîì ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à âîññòàíîâëåíèÿ ôóíêöèè
ïî ñåìåéñòâàì ñôåð â ïðîñòðàíñòâå. Äîêàçûâàåòñÿ åäèíñòâåííîñòü
ðåøåíèÿ çàäà÷è ïóòåì ñâåäåíèÿ ê èíòåãðàëüíîìó óðàâíåíèþ Âîëü-
òåððà ïåðâîãî, à çàòåì âòîðîãî ðîäà.

Êëþ÷åâûå ñëîâà: Çàäà÷à èíòåãðàëüíîé ãåîìåòðèè, ñåìåéñòâî ñôåð,
èíòåãðàëüíîå óðàâíåíèå Âîëüòåðà, åäèíñòâåííîñòü ðåøåíèÿ.
Volterra-type integral geometry problem on families of
spheres in space

This paper discusses considers the problem of recovering a function
from families of spheres in space. The uniqueness of the solution of
the problem is proved by reducing it to the Volterra integral equation
of the first and then the second kind.

Keywords: Integral geometry problem, family of spheres, Volterra in-
tegral equation, uniqueness of solution.

Çàäà÷àìè èíòåãðàëüíîé ãåîìåòðèè âîëüòåðîâñêîãî òèïà íàçûâàþò-
ñÿ çàäà÷è, êîòîðûå ìîãóò áûòü ñâåäåíû ê èññëåäîâàíèþ îïåðàòîðíûõ
óðàâíåíèé Âîëüòåðà â ñìûñëå îïðåäåëåíèÿ, äàííîãî Ì.Ì. Ëàâðåíòüå-
âûì [1].

Â ðàáîòû Ì.Ì.Ëàâðåíòüåâà áûëà ïðåäëîæåíà âåñüìà ïëîäîòâîð-
íàÿ èäåÿ ñâåäåíèÿ øèðîêîãî êëàññà çàäà÷ èíòåãðàëüíîé ãåîìåòðèè ê
èññëåäîâàíèþ óðàâíåíèÿ ýâîëþöèîííîãî òèïà äëÿ íåêîòîðîé âñïîìîãà-
òåëüíîé ôóíêöèè. Ýòî, â ÷àñòíîñòè, ïîçâîëèëî äîêàçàòü òåîðåìó åäèí-
ñòâåííîñòè ðåøåíèÿ èñõîäíîé çàäà÷è. Ñëåäóåò îòìåòèòü, ÷òî íåêîòîðûå
êëàññû çàäà÷è èíòåãðàëüíîé ãåîìåòðèè Âîëüòåððîâñêîãî òèïà èçó÷à-
ëèñü òàêæå À.Ë.Áóõãåéìîì.

Íîâûå êëàññû çàäà÷ èíòåãðàëüíîé ãåîìåòðèè ïîëó÷èëè ñâîå ðàçâè-
òèå â ðàáîòàõ Àêð. Õ. Áåãìàòîâà [2 è äð.]. Â åãî ðàáîòàõ èçó÷àëèñü
çàäà÷è èíòåãðàëüíîé ãåîìåòðèè âîëüòåððîâñêîãî òèïà íà ïëîñêîñòè è
â ïðîñòðàíñòâå. Â ðàáîòàõ [3,4] èçó÷åíû íîâûå êëàññû çàäà÷è èíòå-
ãðàëüíîé ãåîìåòðèè è ââåäåíû íîâûå ïîäõîäû ê èññëåäîâàíèþ çàäà÷

Áåãìàòîâ Àêðàì Õàñàíîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÑÁÓÌÈÏÒÊ (Òàøêåíò, Óç-
áåêèñòàí); Akram Begmatov (Joint Belarusian-Uzbek intersectoral institute of applied
technical quali�cations, Tashkent, Uzbekistan)

Èñìîèëîâ Àëèøåð Ñèäèêîâè÷, ê.ô.-ì.í., Óç-ÔèíÏÈ (Ñàìàðêàíä, Óçáåêèñòàí);
Alisher Ismoilov (Uzbek-Finnish pedagogical institute, Samarkhand, Uzbekistan)
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âîññòàíîâëåíèÿ ôóíêöèè ïî âåñîâûì ôóíêöèÿì ñ îñîáåííîñòüþ. Â ðà-
áîòå [5,6] èçó÷åíà çàäà÷à âîññòàíîâëåíèÿ ôóíêöèè ïî ñåìåéñòâàì ñôåð
â òðåõìåðíîì ïðîñòðàíñòâå.

Â ñòàòüå ðàññìàòðèâàåòñÿ çàäà÷à âîññòàíîâëåíèÿ ôóíêöèè ïî ñå-
ìåéñòâàì ñôåð â ïðîñòðàíñòâå. Äîêàçûâàåòñÿ åäèíñòâåííîñòü ðåøåíèÿ
çàäà÷è ïóòåì ñâåäåíèÿ ê èíòåãðàëüíîìó óðàâíåíèþ Âîëüòåððà ïåðâîãî,
à çàòåì âòîðîãî ðîäà. Ïðèìåíÿþòñÿ ìåòîäû òåîðèè äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè. Äîêàçàòåëüñòâî òåîðåìû åäèí-
ñòâåííîñòè îñíîâàíû íà èçó÷åíèè êðàåâûõ çàäà÷ äëÿ âñïîìîãàòåëüíûõ
ôóíêöèé. Èñïîëüçóåòñÿ òàêæå ìåòîä ïðåîáðàçîâàíèÿ Ôóðüå. À òàêæå
ðàññìîòðåíà çàäà÷à èíòåãðàëüíîé ãåîìåòðèè äëÿ ñåìåéñòâà ïîâåðõíî-
ñòåé âòîðîãî ïîðÿäêà.

Çàäà÷è òàêîãî ðîäà âîçíèêàþò â ãåîôèçèêå è êîìïüþòåðíîé òîìî-
ãðàôèè. Ïðàêòè÷åñêàÿ çíà÷èìîñòü ñòàòüè çàêëþ÷àåòñÿ â òîì, ÷òî ïî-
ëó÷åííûå ðåçóëüòàòû ìîãóò áûòü èñïîëüçîâàíû ïðè ÷èñëåííîì ðåøå-
íèè çàäà÷ îïðåäåëåíèÿ âíóòðåííåé ñòðóêòóðû îáúåêòîâ, âîçíèêàþùèõ
â îáëàñòè ìåäèöèíû è ãåîôèçèêè.

Ïîñòàíîâêà çàäà÷è. Ðàññìîòðèì çàäà÷ó èíòåãðàëüíîé ãåîìåòðèè
äëÿ ñåìåéñòâà ïîâåðõíîñòåé â ïîëóïðîñòðàíñòâ z ≥ 0. Ïîâåðõíîñòü, ïî
êîòîðîé âåäåòñÿ èíòåãðèðîâàíèå, ïðåäñòàâëÿåò ñîáîé ñôåðó

z2 − ζ2 = (x− ξ)2 + (y − η)2. (1)

Îáîçíà÷èì LD = (x, y, z) : x ∈ R, y ∈ R, 0 ≤ z ≤ D.
Ôóíêöèÿ u(·) ïðåäïîëàãàåòñÿ ôèíèòíîé ïî x, y, òî åñòü u(x, y, z) = 0

ïðè (x, y) ∈ D , ãäå D - îãðàíè÷åííàÿ îáëàñòü íà ïëîñêîñòè z = 0 .
Çàäà÷à 1. Â ïîëóïðîñòðàíñòâ LD âîññòàíîâèòü ôóíêöèþ òð¼õ ïå-

ðåìåííûõ u(x, y, z), åñëè èçâåñòíû èíòåãðàëû îò íåå ïî ïîâåðõíîñòÿì
ñåìåéñòâà Υ(x, y, z):

f(x, y, z) =

∫
(Υ(x,y,z))

q(z, ζ)u(ξ, η, ζ)dω, (2)

ãäå ïðîèçâîëüíàÿ ïîâåðõíîñòü ñåìåéñòâà ïðåäñòàâëåíà âûðàæåíèåì

Υ(x, y, z) = (ξ, η, ζ) : z2 − ζ2 = (x− ξ)2 + (y − η)2, 0 ≤ ζ ≤ z ≤ D.

Ëåììà 1. Ïóñòü ôóíêöèÿ f(x, y, z) èçâåñòíà äëÿ âñåõ èç ïîëóïðî-
ñòðàíñòâ LD, âåñîâàÿ ôóíêöèÿ q(z, ζ) = 1√

z2−ζ2
.

Òîãäà ðåøåíèå óðàâíåíèÿ (2) â êëàññå äâàæäû íåïðåðûâíî äèôôå-
ðåíöèðóåìûõ ôèíèòíûõ ôóíêöèé ñ íîñèòåëåì â ïîëóïðîñòðàíñòâ LD
åäèíñòâåííî.
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Â ðàáîòå èññëåäóåòñÿ çàäà÷à èíòåãðàëüíîé ãåîìåòðèè â ïîëîñå íà
ñåìåéñòâå ïàðàáîë ñ çàäàííîé âåñîâîé ôóíêöèåé îáùåãî âèäà. Äî-
êàçàíà òåîðåìà åäèíñòâåííîñòè è òåîðåìà ñóùåñòâîâàíèÿ ðåøåíèÿ
çàäà÷è, ïîëó÷åíî àíàëèòè÷åñêîå ïðåäñòàâëåíèå ðåøåíèÿ â êëàññå
ãëàäêèõ êîíå÷íûõ ôóíêöèé. Ïðèâåäåíû ÷èñëåííûå è ãðàôè÷åñêèå
ðåçóëüòàòû ïðèìåíåíèÿ ýòèõ àëãîðèòìîâ äëÿ ðåøåíèÿ çàäà÷è.

Êëþ÷åâûå ñëîâà: çàäà÷à èíòåãðàëüíîé ãåîìåòðèè, îáðàòíûå çàäà-
÷è, íåêîððåêòíûå çàäà÷è, ÷èñëåííîå ðåøåíèå, ïðåîáðàçîâàíèå Ôó-
ðüå.
Volterra-type integral geometry problem on families of
spheres in space

The article deals with the study of problems of integral geometry in
a strip on a family of broken lines with a given weight function of a
general form. The theorems of uniqueness and existence for the solu-
tion of the task are proved; an analytic representation of the solution
in the class of smooth finite functions is obtained. The numerical and
graphical results of applying these algorithms to the solution of the
task are given.

Keywords: Problem of integral geometry, inverse tasks, ill-posed tasks,
numerical solution, Fourier transformation.

Çàäà÷è èíòåãðàëüíîé ãåîìåòðèè - èíòåíñèâíî ðàçâèâàþùååñÿ
íàïðàâ-ëåíèå ñîâðåìåííîé ìàòåìàòèêè, êîòîðîå ÿâëÿåòñÿ îäíèì èç
êðóïíåéøèõ íàïðàâëåíèé â òåîðèè íåêîððåêòíûõ çàäà÷ ìàòåìàòè÷å-
ñêîé ôèçèêè è àíàëèçà. Åå çàäà÷è òåñíî ñâÿçàíû ñ ìíîãî÷èñëåííûìè
ïðèëîæåíèÿìè - çàäà÷àìè èíòåðïðåòàöèè äàííûõ ãåîôèçè÷åñêèõ èñ-
ñëåäîâàíèé, ýëåêòðî-ðàçâåäêè, àêóñòèêè è êîìïüþòåðíîé òîìîãðàôèè.
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Îäíîé èç öåíòðàëüíûõ ïðîáëåì èíòåãðàëüíîé ãåîìåòðèè ÿâëÿåò-
ñÿ âîññòàíîâëåíèå ôóíêöèè, åñëè èçâåñòíû åå èíòåãðàëû ïî çàäàííûì
ìíî-ãîîáðàçèÿì.

Ïðèâåäåì îïðåäåëåíèå çàäà÷è èíòåãðàëüíîé ãåîìåòðèè [1]. Ïóñòü
u(x) - äîñòàòî÷íî ãëàäêàÿ ôóíêöèÿ, îïðåäåëåííàÿ â n - ìåðíîì ïðî-
ñòðàíñòâå x = (x1, ..., xn), è M(λ) - ñåìåéñòâî ãëàäêèõ ìíîãîîáðàçèé
â ýòîì ïðîñòðàíñòâå, çàâèñÿùèõ îò ïàðàìåòðà λ = (λ1, ..., λk). Ïóñòü,
äàëåå, îò ôóíêöèè u(x) èçâåñòíû èíòåãðàëû∫

M(λ)

u(x)dσ = v(λ). (1)

ãäå dσ îïðåäåëÿåò ýëåìåíò ìåðû ïî M(λ). Òðåáóåòñÿ ïî ôóíêöèè v(λ)
íàéòè ôóíêöèþ u(x).

Â ðàáîòû Ì.Ì.Ëàâðåíòüåâà áûëà ïðåäëîæåíà âåñüìà ïëîäîòâîð-
íàÿ èäåÿ ñâåäåíèÿ øèðîêîãî êëàññà çàäà÷ èíòåãðàëüíîé ãåîìåòðèè ê
èññëåäîâàíèþ óðàâíåíèÿ ýâîëþöèîííîãî òèïà äëÿ íåêîòîðîé âñïîìîãà-
òåëüíîé ôóíêöèè. Ýòî, â ÷àñòíîñòè, ïîçâîëèëî äîêàçàòü òåîðåìó åäèí-
ñòâåííîñòè ðåøåíèÿ èñõîäíîé çàäà÷è. Ñëåäóåò îòìåòèòü, ÷òî íåêîòîðûå
êëàññû çàäà÷è èíòåãðàëüíîé ãåîìåòðèè Âîëüòåððîâñêîãî òèïà èçó÷à-
ëèñü òàêæå À.Ë.Áóõãåéìîì.

Íîâûå êëàññû çàäà÷ èíòåãðàëüíîé ãåîìåòðèè ïîëó÷èëè ñâîå ðàçâè-
òèå â ðàáîòàõ Àêð. Õ. Áåãìàòîâà [2 è äð.]. Â åãî ðàáîòàõ èçó÷àëèñü
çàäà÷è èíòåãðàëüíîé ãåîìåòðèè âîëüòåððîâñêîãî òèïà íà ïëîñêîñòè è
â ïðîñòðàíñòâå. Â ðàáîòàõ [3-6] èçó÷åíû íîâûå êëàññû çàäà÷è èíòå-
ãðàëüíîé ãåîìåòðèè è ââåäåíû íîâûå ïîäõîäû ê èññëåäîâàíèþ çàäà÷
âîññòàíîâëåíèÿ ôóíêöèè ïî âåñîâûì ôóíêöèÿì ñ îñîáåííîñòüþ. Â ðà-
áîòàõ [7,8] èçó÷åíû àíàëèòè÷åñêîå ïðåäñòàâëåíèå ðåøåíèÿ çàäà÷è èíòå-
ãðàëüíîé ãåîìåòðèè â êëàññå ãëàäêèõ ôèíèòíûõ ôóíêöèé. Ó÷èòûâàÿ,
÷òî ïðè èçìåðåíèÿõ âñåãäà ïðèñóòñòâóþò çàøóìëåííûå èíòåãðàëüíûå
äàííûå, íà îñíîâå èäåè ðåãóëÿðèçàöèè Òèõîíîâà ñòðîèòñÿ óñòîé÷èâûé
àëãîðèòì äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è èíòåãðàëüíîé ãåîìåòðèè íà
ñåìåéñòâå ëîìàíûõ. Ïðîâåäåííûé ÷èñëåííûé ýêñïåðèìåíò ïîêàçûâàåò,
÷òî ðàçðàáîòàííûé àëãîðèòì ýôôåêòèâíî âîññòàíàâëèâàåò èçîáðàæå-
íèå âíóòðåííåé ñòðóêòóðû èññëåäóåìûõ îáúåêòîâ ñ äîñòàòî÷íîé òî÷-
íîñòüþ.

Â äàííîé ðàáîòå èññëåäóåòñÿ çàäà÷à èíòåãðàëüíîé ãåîìåòðèè â ïî-
ëîñå íà ñåìåéñòâå ïàðàáîë ñ çàäàííîé âåñîâîé ôóíêöèåé îáùåãî âè-
äà. Äîêàçàíà òåîðåìà åäèíñòâåííîñòè è òåîðåìà ñóùåñòâîâàíèÿ ðåøå-
íèÿ çàäà÷è, ïîëó÷åíî àíàëèòè÷åñêîå ïðåäñòàâëåíèå ðåøåíèÿ â êëàñ-
ñå ãëàäêèõ êîíå÷íûõ ôóíêöèé. Ïðåäñòàâëåíà îöåíêà ðåøåíèÿ çàäà÷è
â ïðîñòðàíñòâàõ Ñîáîëåâà, èç êîòîðîé âûòåêàåò å¼ ñëàáàÿ íåêîððåêò-
íîñòü. Ïîëó÷åííûå òåîðåòè÷åñêèå ðåçóëüòàòû èññëåäóþòñÿ ïî ýêñïåðè-
ìåíòàëüíûì äàííûì. Ïðèâåäåíû ÷èñëåííûå è ãðàôè÷åñêèå ðåçóëüòàòû
ïðèìåíåíèÿ ýòèõ àëãîðèòìîâ äëÿ ðåøåíèÿ çàäà÷è. Òàêèå çàäà÷è èìå-
þò ìíîãî÷èñëåííûå ïðèëîæåíèÿ â ìàòåìàòè÷åñêîì èçó÷åíèè ïðîáëåì
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ñåéñìîðàçâåäêè, èíòåðïðåòàöèè ãåîôèçè÷åñêèõ è àýðîêîñìè÷åñêèõ íà-
áëþäåíèé, â ðåøåíèè îáðàòíûõ çàäà÷ àñòðîôèçèêè è ãèäðîàêóñòèêè.
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Â ðàáîòå ðàññìàòðèâàåòñÿ âîïðîñ î ïîñòðîåíèè êîýôôèöèåíòîâ
àñèìïòîòè÷åñêèõ ðàçëîæåíèé ìóëüòèïëèêàòîðîâ ãàìèëüòîíîâûõ
ñèñòåì, çàâèñÿùèõ îò ìàëîãî ïàðàìåòðà.

Êëþ÷åâûå ñëîâà: ãàìèëüòîíîâà ñèñòåìà, óñòîé÷èâîñòü, ìóëüòèïëè-
êàòîð.
On the stability of motion of a dynamically symmetric satel-
lite relative to the center of mass

The paper considers the issue of constructing coefficients of asymptotic
expansions of multipliers of Hamiltonian systems depending on a small
parameter.

Keywords: Hamiltonian system, stability, multiplier.

Ðàññìàòðèâàåòñÿ ëèíåéíàÿ ïåðèîäè÷åñêàÿ ãàìèëüòîíîâà ñèñòåìà
(ËÃÏÑ), çàâèñÿùàÿ îò ìàëîãî ïàðàìåòðà ε, âèäà

dx

dt
= JA(t, ε)x, x ∈ R2N , (1)

ãäå A(t, ε) � âåùåñòâåííàÿ ñèììåòðè÷åñêàÿ (2N × 2N) ìàòðèöà, à ìàò-

ðèöà J îïðåäåëåíà ðàâåíñòâîì: J =

[
0 I
−I 0

]
; çäåñü I � åäèíè÷íàÿ

(N×N) ìàòðèöà. Ïðåäïîëàãàåòñÿ, ÷òî ìàòðèöàA(t, ε) ÿâëÿåòñÿ T -ïåðè-
îäè÷åñêîé è íåïðåðûâíî çàâèñÿùåé ïî t, ãëàäêîé ñ ïîðÿäêîì ãëàäêîñòè
k (k ≥ 1) ïî ïàðàìåòðó ε.

Ïðè ε = 0 ñèñòåìà (1) ïðèíèìàåò âèä

dx

dt
= JA0(t)x, x ∈ R2N , (2)

ãäå A0(t) = A(t, 0). Ñèñòåìó (2) áóäåì íàçûâàòü íåâîçìóùåííîé, à ñè-
ñòåìó (1) � âîçìóùåííîé ñèñòåìîé.

Âàæíóþ ðîëü ïðè èçó÷åíèè äèíàìèêè ñèñòåìû (1) èãðàþò àñèìïòî-
òè÷åñêèå ôîðìóëû äëÿ ñîáñòâåííûõ çíà÷åíèé µ(ε) ìàòðèöû ìîíîäðî-
ìèè V (ε). Èçâåñòíûå çäåñü ðàáîòû (ñì., íàïðèìåð, [1, 2]), êàê ïðàâèëî,

Èññëåäîâàíèå âûïîëíåíî â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ (êîä íàó÷íîé òåìû
FZWU-2023-0002)
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îãðàíè÷èâàþòñÿ ïîñòðîåíèåì òîëüêî ïåðâîãî ïðèáëèæåíèÿ ñîáñòâåí-
íîãî çíà÷åíèÿ µ(ε). Â òî æå âðåìÿ, èçâåñòåí ðÿä ïðèìåðîâ, êîãäà â
çàäà÷å èññëåäîâàíèÿ ñèñòåìû (1) ïðèõîäèòñÿ ó÷èòûâàòü è íåêîòîðûå
ïîñëåäóþùèå êîýôôèöèåíòû àñèìïòîòè÷åñêèõ ðàçëîæåíèé.

Â ðàáîòå ïðåäëàãàåòñÿ ïðîöåäóðà ïîñòðîåíèÿ àñèìïòîòè÷åñêèõ
ôîðìóë âûñîêèõ ïîðÿäêîâ äëÿ âîçìóùåíèé ìóëüòèïëèêàòîðîâ µ(ε) â
ðÿäå îñíîâíûõ ñëó÷àåâ. Íà îñíîâå ïîëó÷åííûõ ôîðìóë ïðåäëàãàþòñÿ
íîâûå êðèòåðèè óñòîé÷èâîñòè ãàìèëüòîíîâûõ ñèñòåì (1) ïðè ìàëûõ
çíà÷åíèÿõ |ε|.
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Î ÐÀÇÐÅØÈÌÎÑÒÈ ÓÐÀÂÍÅÍÈß ÄÈÔÔÓÇÈÈ Ñ
ÎÏÅÐÀÒÎÐÀÌÈ ÄÆÐÁÀØßÍÀ�ÍÅÐÑÅÑßÍÀ

Ô.Ò. Áîãàòûðåâà
fatima_bogatyreva@bk.ru

ÓÄÊ 517.95

Èññëåäóåòñÿ óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ñ äðîáíûì äèô-
ôåðåíöèðîâàíèåì ïî îäíîé èç äâóõ íåçàâèñèìûõ ïåðåìåííûõ, àñ-
ñîöèèðóåìîé ñî âðåìåíåì. Òàêèå óðàâíåíèÿ ïðèíÿòî îòíîñèòü ê
êëàññó óðàâíåíèé äðîáíîé äèôôóçèè. Îïåðàòîð äðîáíîãî äèô-
ôåðåíöèðîâàíèÿ ïðåäñòàâëÿåò ñîáîé ëèíåéíóþ êîìáèíàöèþ äâóõ
îïåðàòîðîâ Äæðáàøÿíà�Íåðñåñÿíà.

Êëþ÷åâûå ñëîâà: óðàâíåíèå äðîáíîé äèôôóçèè, îïåðàòîðû
Äæðáàøÿíà�Íåðñåñÿíà, äðîáíàÿ ïðîèçâîäíàÿ.
On the solvability of the diffusion equation with
Dzhrbashyan–Nersesyan operators

The paper investigates a parabolic partial differential equation with
fractional differentiation with respect to one of two independent vari-
ables associated with time. Such equations are usually referred to
the class of fractional diffusion equations. The fractional differentia-
tion operator is a linear combination of two Dzhrbashyan-Nersesyan
operators.

Keywords: fractional diffusion equation, Dzhrbashyan–Nersesyan op-
erators, fractional derivative.

Â îáëàñòè D = {(x, y) : x ∈ R, 0 < y < T} ðàññìîòðèì óðàâíåíèå

aD
{α,β}
0y u(x, y) + bD

{γ,δ}
0y u(x, y)− uxx(x, y) = f(x, y), (1)

ãäå D
{α,β}
0y , D

{γ,δ}
0y � îïåðàòîðû äðîáíîãî äèôôåðåíöèðîâàíèÿ

Äæðáàøÿíà�Íåðñåñÿíà ïîðÿäêîâ µ = α+ β − 1 > 0, ν = γ + δ − 1 > 0,
ñîîòâåòñòâåííî, µ > ν, α, β, γ, δ ∈]0, 1], a, b � const, f(x, y) � çàäàííàÿ
äåéñòâèòåëüíàÿ ôóíêöèÿ.

Îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ Äæðáàøÿíà�Íåðñåñÿíà
àññîöèèðîâàííûé ñ óïîðÿäî÷åííîé ïàðîé {ξ, η}, ïîðÿäêà σ = ξ + η − 1,
îïðåäåëÿåòñÿ ñîîòíîøåíèåì [1]

D
{ξ,η}
0y = Dη−1

0y Dξ
0y, (2)

ãäå Dη−1
0y è Dξ

0y � äðîáíûé èíòåãðàë è äðîáíàÿ ïðîèçâîäíàÿ Ðèìàíà�
Ëèóâèëëÿ, ñîîòâåòñòâåííî [2].

Áîãàòûðåâà Ôàòèìà Òàõèðîâíà, ÈÏÌÀ ÊÁÍÖ ÐÀÍ (Íàëü÷èê, Ðîññèÿ); Fatima
Bogatyreva (Institute of Applied Mathematics and Automation, Nalchik, Russia)
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Èññëåäîâàí âîïðîñ ðàçðåøèìîñòè íà÷àëüíûõ çàäà÷ äëÿ óðàâíåíèÿ
(1) â çàâèñèìîñòè îò ðàñïðåäåëåíèÿ ïàðàìåòðîâ α, β, γ, δ.
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ÎÁ ÝËËÈÏÒÈ×ÍÎÑÒÈ ÎÏÅÐÀÒÎÐÎÂ ÑÎ
ÑÊÐÓ×ÈÂÀÍÈßÌÈ

À.Â. Áîëòà÷åâ
boltachevandrew@gmail.com

ÓÄÊ 515.168.5, 517.96

Ðàññìàòðèâàþòñÿ íåëîêàëüíûå êðàåâûå çàäà÷è, â êîòîðûõ îñíîâ-
íîé îïåðàòîð è îïåðàòîðû ãðàíè÷íûõ óñëîâèé âêëþ÷àþò äèôôå-
ðåíöèàëüíûå îïåðàòîðû è îïåðàòîðû ñêðó÷èâàíèÿ. Äàíî îïðåäå-
ëåíèå òðàåêòîðíûõ ñèìâîëîâ äëÿ ýòîãî êëàññà êðàåâûõ çàäà÷. Ïî-
êàçàíî, ÷òî ýëëèïòè÷åñêèå çàäà÷è îïðåäåëÿþò ôðåäãîëüìîâû îïå-
ðàòîðû â ñîîòâåòñòâóþùèõ ïðîñòðàíñòâàõ Ñîáîëåâà. Äàíî óñëîâèå
ýëëèïòè÷íîñòè òàêèõ íåëîêàëüíûõ êðàåâûõ çàäà÷.

Êëþ÷åâûå ñëîâà: íåëîêàëüíûå çàäà÷è, ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíûå îïåðàòîðû, ôðåäãîëüìîâîñòü.
On Ellipticity of Operators with Shear Mappings

The nonlocal boundary value problems are considered, in which the
main operator and the operators in the boundary conditions include
the differential operators and shear operators. The definition of the
trajectory symbols for this class of problems is given. We show that the
elliptic problems define the Fredholm operators in the corresponding
Sobolev spaces. The ellipticity condition of such nonlocal boundary
value problem is given.

Keywords: nonlocal problems, functional differential equations, Fred-
holm property.

Ðàññìàòðèâàþòñÿ íåëîêàëüíûå êðàåâûå çàäà÷è, â êîòîðûõ îñíîâíîé
îïåðàòîðî è îïåðàòîðû â ãðàíè÷íûõ óñëîâèÿõ âêëþ÷àþò â ñåáÿ îïå-
ðàòîðû ñêðó÷èâàíèÿ.

Ôèêñèðóåì α > 0, íåñîèçìåðèìîå ñ π. Ðàññìîòðèì áåñêîíå÷íûé öè-
ëèíäð Y = S1 × R, íà êîòîðîì ãðóïïà Γ = Z äåéñòâóåò ñêðó÷èâàíèÿìè
ïåðïåíäèêóëÿðíî îáðàçóþùåé öèëèíäðà

(x, t) 7→ (x+ kαt, t), k ∈ Z.

Îïðåäåëèì îïåðàòîð ñäâèãà, îòâå÷àþùèé ñêðó÷èâàíèÿì, ôîðìóëîé

(Tu)(x, t) = u(x− αt, t).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ
Ðîññèéñêîé Ôåäåðàöèè (ìåãàãðàíò ñîãëàøåíèå � 075-15-2022-1115)

Áîëòà÷åâ Àíäðåé Âëàäèìèðîâè÷, ÐÓÄÍ (Ìîñêâà, Ðîññèÿ); Andrei Boltachev
(RUDN University, Moscow, Russia)
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Íà êîíå÷íîì öèëèíäðå M = S1 × [0, 1] ⊂ Y ðàññìîòðèì íåëîêàëüíóþ
êðàåâóþ çàäà÷ó

(
D
i∗B

)
: Hs(M) −→

Hs−m(M)
⊕

Hs−b−1/2(∂M,CN ).

(1)

Çäåñü D � äèôôåðåíöèàëüíûé îïåðàòîð ñî ñäâèãàìè íà öèëèíäðå M ,
îïåðàòîð B = (B0, B1) � ïàðà äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñî ñäâè-
ãàìè íà ëåâîì/ïðàâîì îñíîâàíèÿõ öèëèíäðà.

Îïðåäåëÿþòñÿ òðàåêòîðíûå ñèìâîëû íåëîêàëüíûõ êðàåâûõ çàäà÷
âèäà (1). Ïîêàçàíî, ÷òî ýëëèïòè÷åñêèå çàäà÷è îïðåäåëÿþò ôðåäãîëü-
ìîâûå îïåðàòîðû â ñîîòâåòñòâóþùèõ ïðîñòðàíñòâàõ Ñîáîëåâà. Äàíî
óñëîâèå ýëëèïòè÷íîñòè òàêèõ çàäà÷.
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ÎÁ ÎÏÅÐÀÒÎÐÍÛÕ ÎÖÅÍÊÀÕ ÄËß ÝËËÈÏÒÈ×ÅÑÊÈÕ
ÓÐÀÂÍÅÍÈÉ Â ÄÂÓÌÅÐÍÛÕ ÎÁËÀÑÒßÕ Ñ ÁÛÑÒÐÎ
ÎÑÖÈËËÈÐÓÞÙÅÉ ÃÐÀÍÈÖÅÉ È ×ÀÑÒÎÉ ÑÌÅÍÎÉ

ÊÐÀÅÂÛÕ ÓÑËÎÂÈÉ
Ä.È. Áîðèñîâ, Ð.Ð. Ñóëåéìàíîâ

borisovdi@yandex.ru, radimsul@mail.ru

ÓÄÊ 517.956

Â ðàáîòå ðàññìàòðèâàåòñÿ ïîëóëèíåéíîå ýëëèïòè÷åñêîå óðàâíå-
íèå âòîðîãî ïîðÿäêà â ïðîèçâîëüíîé äâóìåðíîé îáëàñòè ñ áûñòðî
îñöèëëèðóþùåé ãðàíèöåé ñ ìàëîé àìïëèòóäîé îñöèëëÿöèé. Îñ-
öèëëÿöèè ïðåäïîëàãàþòñÿ ïðîèçâîëüíûìè, íèêàêîé ïåðèîäè÷íî-
ñòè èëè ëîêàëüíîé ïåðèîäè÷íîñòè íå ïðåäïîëàãàåòñÿ. Íà òàêîé îñ-
öèëëèðóþùåé ãðàíèöå çàäàåòñÿ ÷àñòàÿ ñìåíà ãðàíè÷íûõ óñëîâèé
Äèðèõëå è Íåéìàíà. Ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà ïðè óñðåäíå-
íèè â ïðåäåëå âîçíèêàåò çàäà÷à Äèðèõëå ñ òåì æå äèôôåðåíöè-
àëüíûì âûðàæåíèåì. Îñíîâíîé ïîëó÷åííûé ðåçóëüòàò � W 1

2 - è
L2-îïåðàòîðíûå îöåíêè.

Êëþ÷åâûå ñëîâà: îñöèëëèðóþùàÿ ãðàíèöà, îïåðàòîðíàÿ îöåíêà,
ïîëóëèíåéíûå ýëëèïòè÷åñêèå óðàâíåíèÿ, ÷àñòàÿ ñìåíà êðàåâûõ
óñëîâèé.
On operator estimates for elliptic equations in two-
dimensional domains with frequently alternating boundary
conditions on rapidly oscillating boundary

We consider a second-order semilinear elliptic equation in an arbitrary
two-dimensional domain with a rapidly oscillating boundary with a
small amplitude of oscillations. The structure of oscillations is arbi-
trary and we suppose no periodicity or local periodicity in any form.
On the oscillating boundary we impose frequent alternation of the
Dirichlet and Neumann conditions. We consider the case, when the
homogenization leads to the Dirichlet problem for the same equation.
The main result is W 1

2 - and L2- operator estimates.

Keywords: oscillating boundary, operator estimates, semilinear elliptic
equations, frequently alternating boundary conditions.
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ÎÁ ÓÑÏÎÊÎÅÍÈÈ ÑÈÑÒÅÌÛ ÓÏÐÀÂËÅÍÈß Ñ
ÃËÎÁÀËÜÍÛÌ ÏÎÑËÅÄÅÉÑÒÂÈÅÌ ÍÀ

ÁÅÑÊÎÍÅ×ÍÎÌ ÂÐÅÌÅÍÍÎÌ ÃÐÀÔÅ-ÇÂÅÇÄÅ
Ñ.À. Áóòåðèí

buterinsa@sgu.ru

ÓÄÊ 517.9

Èññëåäóåòñÿ çàäà÷à îá óñïîêîåíèè óïðàâëÿåìîé ñèñòåìû, çàäàí-
íîé ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ïåðâîãî
ïîðÿäêà çàïàçäûâàþùåãî òèïà ñ ãëîáàëüíûì çàïàçäûâàíèåì íà
ãðàôå-çâåçäå ñî ñ÷åòíûì ÷èñëîì ðåáåð. Óñòàíîâëåíà îäíîçíà÷íàÿ
ðàçðåøèìîñòü âàðèàöèîííîé çàäà÷è î ìèíèìóìå ñîîòâåòñòâóþùå-
ãî ôóíêöèîíàëà ýíåðãèè, à òàêæå åå ýêâèâàëåíòíîñòü íåêîòîðîé
êðàåâîé çàäà÷å íà ãðàôå äëÿ óðàâíåíèé âòîðîãî ïîðÿäêà ñ äâóíà-
ïðàâëåííûìè ñäâèãàìè àðãóìåíòà è óñëîâèåì òèïà Êèðõãîôà âî
âíóòðåííåé âåðøèíå.

Êëþ÷åâûå ñëîâà: áåñêîíå÷íûé êâàíòîâûé ãðàô, ãëîáàëüíîå çàïàç-
äûâàíèå, îïòèìàëüíîå óïðàâëåíèå.
On damping a control system with global aftereffect on an
infinite temporal star graph

We study the problem of damping a control system determined by
functional-differential equations of the first order and retarded type
with global aftereffect on a star graph with countably many edges. The
unique solvability of the variational problem on minimizing the corre-
sponding energy functional is established along with its equivalence to
a certain boundary value problem on the graph for second-order equa-
tions with bi-directional shifts of the argument and a Kirchhoff-type
condition at the internal vertex.

Keywords: infinite quantum graph, global delay, optimal control.

Â [1] Êðàñîâñêèì áûëà ïîñòàâëåíà è èññëåäîâàíà çàäà÷à îá óñïîêîåíèè
óïðàâëÿåìîé ñèñòåìû ñ ïîñëåäåéñòâèåì äëÿ óðàâíåíèé ïåðâîãî ïîðÿä-
êà çàïàçäûâàþùåãî òèïà ñ ïîñòîÿííûìè âåùåñòâåííûìè êîýôôèöè-
åíòàìè. Ïîçäíåå Ñêóáà÷åâñêèé [2] ðàññìîòðåë áîëåå òðóäíûé ñëó÷àé
óðàâíåíèÿ íåéòðàëüíîãî òèïà

y′(t) + ay′(t− τ) + by(t) + cy(t− τ) = u(t), t > 0, (1)

ãäå a, b, c ∈ R è τ > 0. Ïðåäûñòîðèÿ ñèñòåìû îïðåäåëÿåòñÿ óñëîâè-
åì y(t) = φ(t), t ∈ [−τ, 0]. Äëÿ íåêîòîðîãî ôèêñèðîâàííîãî T > 2τ

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 24-71-10003).
Áóòåðèí Ñåðãåé Àëåêñàíäðîâè÷, ê.ô.-ì.í., äîöåíò, ÑÃÓ (Ñàðàòîâ, Ðîññèÿ);

Sergey Buterin (Saratov State University, Saratov, Russia)
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òðåáóåòñÿ ïîäîáðàòü óïðàâëåíèå u(t), ïðèâîäÿùåå ñèñòåìó â ñîñòîÿ-
íèå ðàâíîâåñèÿ y(t) = 0 ïðè t ∈ [T − τ, T ] è ìèíèìèçèðóþùåå íîðìó
∥u∥L2(0,T ). Òàêèì îáðàçîì, ïîëó÷àåòñÿ âàðèàöèîííàÿ çàäà÷à î ìèíèìó-
ìå ñîîòâåòñòâóþùåãî ôóíêöèîíàëà ýíåðãèè. Â [2] óñòàíîâëåíà åå ýê-
âèâàëåíòíîñòü íåêîòîðîé ñàìîñîïðÿæåííîé êðàåâîé çàäà÷å äëÿ óðàâ-
íåíèÿ âòîðîãî ïîðÿäêà ñ ðàçíîíàïðàâëåííûìè ñäâèãàìè àðãóìåíòà è
äîêàçàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü îáåèõ çàäà÷. Ïðè ýòîì ðåøåíèå
êðàåâîé çàäà÷è ïîíèìàåòñÿ â îáîáùåííîì ñìûñëå. À èìåííî, äîëæíî
âûïîëíÿòüñÿ âêëþ÷åíèå

(1 + a2)y′(t) + ay′(t− τ) + ay′(t+ τ) ∈W 1
2 [0, T − τ ].

Êðîìå òîãî, â [2] ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ â òåð-
ìèíàõ φ(t) ∈W k

2 [−τ, 0] äëÿ òîãî, ÷òîáû òàêîå îáîáùåííîå ðåøåíèå y(t)
ïðèíàäëåæàëî W k

2 [−τ, T ] ïðè k ≥ 2 (ñì. òàêæå ìîíîãðàôèþ [3]).
Â ðàáîòàõ [4, 5] äàííàÿ çàäà÷à áûëà ïåðåíåñåíà íà òàê íàçûâàåìûå

êâàíòîâûå ãðàôû ñ ãëîáàëüíûì ïîñëåäåéñòâèåì, êîãäà çàïàçäûâàíèå
ïðîõîäèò ÷åðåç âíóòðåííèå âåðøèíû [6]. Ýòî ïðèâåëî ê êîíöåïöèè âðå-
ìåíí�îãî ãðàôà, êîãäà ïåðåìåííàÿ íà ðåáðàõ îòîæäåñòâëÿåòñÿ ñî âðåìå-
íåì. Ïðè ýòîì êàæäàÿ âíóòðåííÿÿ âåðøèíà ñòàíîâèòñÿ òî÷êîé ðàçâåòâ-
ëåíèÿ ïðîöåññà, äàþùåé íåñêîëüêî ðàçëè÷íûõ ñöåíàðèåâ äàëüíåéøåãî
åãî ïðîòåêàíèÿ. Îáå ðàáîòû [4, 5] îõâàòûâàþò ñëó÷àé ïðîèçâîëüíîãî
äåðåâà, íî â [5] áûëà ðàññìîòðåíà îáùàÿ íåñòàöèîíàðíàÿ óïðàâëÿåìàÿ
ñèñòåìà ïðîèçâîëüíîãî ïîðÿäêà íåéòðàëüíîãî òèïà ñ íåãëàäêèìè êîì-
ïëåêñíûìè êîýôôèöèåíòàìè, ÷òî òàêæå ïðèâåëî ê èíòåðåñíîìó ðàçâè-
òèþ èäåè îáîáùåííîãî ðåøåíèÿ ñîîòâåòñòâóþùåé êðàåâîé çàäà÷è.

Â [4] áûëà äàíà òàê íàçûâàåìàÿ ñòîõàñòè÷åñêàÿ èíòåðïðåòàöèÿ
óïðàâëÿåìîé ñèñòåìû íà âðåìåíí�îì ãðàôå. Íàïðèìåð, ê ñèñòåìå íà
äåðåâå ïðèâåäåò çàìåíà êîýôôèöèåíòîâ èñõîäíîãî óðàâíåíèÿ (1) ñëó-
÷àéíûìè ïðîöåññàìè â äèñêðåòíîì âðåìåíè è ñ êîíå÷íûì ÷èñëîì ñî-
ñòîÿíèé â R.

Ñ÷åòíîå ÷èñëî ñîñòîÿíèé áóäåò ñîîòâåòñòâîâàòü ñëó÷àþ áåñêîíå÷-
íîãî äåðåâà, êîòîðîìó ïîñâÿùåíà íàñòîÿùàÿ ðàáîòà.

Äëÿ êðàòêîñòè îãðàíè÷èìñÿ çäåñü áåñêîíå÷íûì ãðàôîì-çâåçäîé Γ∞
è ñòàöèîíàðíîé ñèñòåìîé ïåðâîãî ïîðÿäêà çàïàçäûâàþùåãî òèïà.

Ïðåäïîëîæèì, ÷òî äî ìîìåíòà âðåìåíè t = T1, àññîöèèðîâàííîãî ñ
åäèíñòâåííîé âíóòðåííåé âåðøèíîé v1 ãðàôà Γ∞, íàøà óïðàâëÿåìàÿ
ñèñòåìà ñ çàïàçäûâàíèåì τ < T1 îïèñûâàåòñÿ óðàâíåíèåì

ℓ1y(t) := y′1(t) + b1y1(t) + c1y1(t− τ) = u1(t), 0 < t < T1, (2)

çàäàííûì íà ðåáðå e1 ãðàôà Γ∞, è èìååò ïðåäûñòîðèþ

y1(t) = φ(t), t ∈ [−τ, 0]. (3)

Ïðè t = T1, ò.å. â âåðøèíå v1, ïîÿâëÿåòñÿ áåñêîíå÷íîå ÷èñëî âîçìîæíûõ
ñöåíàðèåâ äàëüíåéøåãî òå÷åíèÿ ïðîöåññà, îïèñûâàåìûõ óðàâíåíèÿìè

ℓjy(t) := y′j(t) + bjyj(t) + cjyj(t− τ) = uj(t), t > 0, j ≥ 2, (4)
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ñ îáùåé ïðåäûñòîðèåé

yj(t) = y1(t+ T1), t ∈ [−τ, 0], j ≥ 2. (5)

Ñîîòâåòñòâåííî, j-îå óðàâíåíèå â (4) çàäàíî íà ðåáðå ej ãðàôà Γ∞,
ïðåäñòàâëÿþùåì ñîáîé, âîîáùå ãîâîðÿ, áåñêîíå÷íûé ëó÷, âûõîäÿùèé
èç v1.

Âåðîÿòíîñòü òîãî, ÷òî áóäåò ðåàëèçîâàí èìåííî j-é ñöåíàðèé ïðåä-
ïîëàãàåòñÿ ðàâíîé pj > 0, ïðè÷åì p2 + p3 + . . . = 1. Òàêæå ïîëîæèì
p1 := 1.

Ïðåäïîëîæèì äëÿ ïðîñòîòû, ÷òî êîýôôèöèåíòû bj , cj , j ∈ N, âå-
ùåñòâåííû è îãðàíè÷åíû ïî ìîäóëþ â ñîâîêóïíîñòè, à ôóíêöèÿ φ(t)
âåùåñòâåííîçíà÷íà è ïðèíàäëåæèò W 1

2 [−τ, 0].
Çàôèêñèðóåì T > τ è âûáåðåì ïðîèçâîëüíûå Tj ∈ (τ, T ], j ≥ 2.

Òàêæå ðàññìîòðèì ãèëüáåðòîâî ïðîñòðàíñòâî W k
2,p :=

∏∞
j=1W

k
2 [0, Tj ],

k ≥ 0, ñî ñêàëÿðíûì ïðîèçâåäåíèåì ⟨y, z⟩ =
∑∞
j=1 pj⟨yj , zj⟩j , ãäå y = [yj ]

è z = [zj ], à ⟨ · , · ⟩j � ñêàëÿðíîå ïðîèçâåäåíèå â W k
2 [0, Tj ].

Íåòðóäíî ïîêàçàòü, ÷òî äëÿ âñÿêîãî u = [uj ] ∈ L2,p := W 0
2,p çàäà÷à

Êîøè (2)�(5) èìååò åäèíñòâåííîå ðåøåíèå y = [yj ] ∈W 1
2,p, è, íàîáîðîò,

ïîñëåäíåå âñåãäà âëå÷åò ℓy := [ℓjy] ∈ L2,p.
Äîïóñòèì, ÷òî òðåáóåòñÿ ïîäîáðàòü óïðàâëåíèå u ∈ L2,p, êîòîðîå

ïðèâåäåò ñèñòåìó (2)�(5) â ñîñòîÿíèå ðàâíîâåñèÿ

yj(t) = 0, t ∈ [Tj − τ, Tj ], j ≥ 2. (6)

Ïîñêîëüêó òàêîå óïðàâëåíèå äàëåêî íå åäèíñòâåííî, åñòåñòâåííî ïîïû-
òàòüñÿ ìèíèìèçèðîâàòü íåîáõîäèìûå óñèëèÿ ∥u∥L2,p .

Òàêèì îáðàçîì, ïðèõîäèì ê âàðèàöèîííîé çàäà÷å î ìèíèìóìå ñî-
îòâåòñòâóþùåãî ôóíêöèîíàëà ýíåðãèè:

∞∑
j=1

pj

∫ Tj

0

(ℓjy(t))
2 dt→ min (7)

ïðè óñëîâèÿõ (3), (5) è (6).
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Òåîðåìà 1. Êîðòåæ y = [yj ] ∈W 1
2,p îáðàçóåò ðåøåíèå âàðèàöèîí-

íîé çàäà÷è (3), (5)�(7) òîãäà è òîëüêî òîãäà, êîãäà îí ïðèíàäëåæèò

òàêæå ïðîñòðàíñòâó W̃ 2
2,p è ÿâëÿåòñÿ ðåøåíèåì ñàìîñîïðÿæåííîé

êðàåâîé çàäà÷è B, ñîñòîÿùåé èç óðàâíåíèé

(ℓ1y)
′(t) = b1ℓ1y(t) +


c1ℓ1y(t+ τ), 0 < t < T1 − τ,

∞∑
ν=2

pνcνℓνy(t+ τ − T1), T1 − τ < t < T1,

(ℓjy)
′(t) = bjℓjy(t) + cjℓjyj(t+ τ), 0 < t < Tj − τ, j ≥ 2,

ñ óñëîâèÿìè (3), (5) è (6) âìåñòå ñ óñëîâèåì òèïà Êèðõãîôà â v1 :

y′1(T1) +
(
b1 −

∞∑
j=2

pjbj
)
y1(T1) +

(
c1 −

∞∑
j=2

pjcj
)
y1(T1 − τ) =

∞∑
j=2

pjy
′
j(0),

ãäå W̃ 2
2,p îòëè÷àåòñÿ îò W 2

2,p òîëüêî çàìåíîé Tj íà Tj − τ ïðè j ≥ 2.

Âìåñòå ñ òåîðåìîé 1 ñëåäóþùàÿ òåîðåìà äàåò îäíîçíà÷íóþ ðàçðå-
øèìîñòü âàðèàöèîííîé çàäà÷è (3), (5)�(7).

Òåîðåìà 2. Çàäà÷à B èìååò åäèíñòâåííîå ðåøåíèå y ∈W 1
2,p∩W̃ 2

2,p.
Êðîìå òîãî, ñïðàâåäëèâà àïðèîðíàÿ îöåíêà

∥y∥W1
2,p

≤ C∥φ∥W1
2 [−τ,0],

ãäå C íå çàâèñèò îò φ(t).

Àíàëîãè÷íûå ðåçóëüòàòû ìîæíî ïîëó÷èòü è â ñëó÷àå ïðîèçâîëüíî-
ãî äåðåâà è áîëåå îáùåé óïðàâëÿåìîé ñèñòåìû èç [5].
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Ðàññìàòðèâàåòñÿ îäíîðîäíîå ýëëèïòè÷åñêîå ïñåâäîäèôôåðåíöè-
àëüíîå óðàâíåíèå â ÷åòûðåõìåðíîì ïðîñòðàíñòâå ñ âûðåçàííûì
ñïåöèàëüíûì êîíóñîì ñ äâóìÿ èíòåãðàëüíûìè óñëîâèÿìè. Ïðè íà-
ëè÷èè ñïåöèàëüíîé âîëíîâîé ôàêòîðèçàöèè ýëëèïòè÷åñêîãî ñèì-
âîëà äîêàçûâàåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü ýòîé çàäà÷è â ïðî-
ñòðàíñòâå Ñîáîëåâà�Ñëîáîäåöêîãî è èññëåäóåòñÿ ïîâåäåíèå ðåøå-
íèÿ, êîãäà ðàñòâîð êîíóñà ñòðåìèòñÿ ê íóëþ.

Êëþ÷åâûå ñëîâà: ïñåâäîäèôôåðåíöèàëüíûå óðàâíåíèÿ, ìíîãîìåð-
íàÿ îáëàñòü, ðàçðåøèìîñòü.
On an elliptic equation in multidimensional domain with a
cut

A homogeneous elliptic pseudo-differential equation with two inte-
gral conditions in four dimensional space outside of a cone is con-
sidered. Under existence of special wave factorization of elliptic sym-
bol the unique solvability for this problem is proved in the Sobolev–
Slobodetskii space. and behavior of the solution is studied when pa-
rameters of cone tend to zero.

Keywords: pseudo-differential equations, multidimensional domain,
solvability.

Ìû èññëåäóåì óðàâíåíèå

(Au)(x) = 0, x ∈ R4 \ Ca+ × Cb+ (1)

ñ èíòåãðàëüíûìè óñëîâèÿìè∫
R

u(x1, x2, x3, x4)dx2 = f1(x1, x3, x4), (2)

∫
R

u(x1, x2, x3, x4)dx4 = f2(x1, x2, x3), (3)

ãäå: Ca+ ⊂ R2, Cb+ ⊂ R2 è

Ca+ × Cb+ = {x ∈ R4|x = (x1, x2, x3, x4), x2 > a|x1|, x4 > b|x3|, a, b > 0},

Âàñèëüåâ Âëàäèìèð Áîðèñîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÍÈÓ "ÁåëÃÓ"(Áåëãîðîä,
Ðîññèÿ); Vladimir Vasilyev (Belgorod State University, Belgorod, Russia)

Ãåáðåñëàñè Õàäèø, àñïèðàíò, ÍÈÓ "ÁåëÃÓ"(Áåëãîðîä, Ðîññèÿ); Hadish
Gebreslasie (Belgorod State University, Belgorod, Russia)
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f1, f2 � çàäàííûå ôóíêöèè èç Hs+1/2(R3, A � ïñåâäîäèôôåðåíöèàëü-
íûé îïåðàòîð ñ ñèìâîëîì A(ξ), óäîâëåòâîðÿþùèì óñëîâèþ

c1 ≤ |A(ξ)|(1 + |ξ|)−α ≤ c2, α ∈ R,

è äîïóñêàþùèì âîëíîâóþ ôàêòîðèçàöèþ [1] îòíîñèòåëüíî −(Ca+ ×Cb+)

A(ξ) = A̸=(ξ)Ȧ=(ξ),

ñ èíäåêñîì æ, òàêèì, ÷òî æ − s = 1 + ε, |ε| < 1/2. Ðåøåíèå óðàâíåíèÿ
(1) ðàçûñêèâàåòñÿ â ïðîñòðàíñòâå Hs(R4 \ Ca+ × Cb+) [1].

Ââåäåì îïåðàòîðû

Pk =
1

2
(I + Sk), Q =

1

2
(I − Sk), k = 1, 3,

ãäå I � åäèíè÷íûé îïåðàòîð, Sk � îäíîìåðíûå ñèíãóëÿðíûå èíòåãðàëü-
íûå îïåðàòîðû âèäà

(S1ũ)(ξ1, ξ2, ξ3, ξ4) =
i

π
v.p.

+∞∫
−∞

ũ(η, ξ2, ξ3, ξ4)dη

ξ1 − η
,

(S3ũ)(ξ1, ξ2, ξ3, ξ4) =
i

π
v.p.

+∞∫
−∞

ũ(ξ1, ξ2, η, ξ4)dη

ξ3 − η
,

çíàê "∼"íàä ôóíêöèåé îáîçíà÷àåò åå ïðåîáðàçîâàíèå Ôóðüå.
Òåîðåìà. Åñëè ñèìâîë A(ξ) äîïóñêàåò âîëíîâóþ ôàêòîðèçàöèþ

îòíîñèòåëüíî −(Ca+ × (0,+∞) ñ èíäåêñîì æ òàêèì, ÷òî æ− s = 1 +
ε, |ε| < 1/2, è ñóùåñòâóþò ïðåäåëû

lim
b→0

A ̸=(ξ) = B1(ξ),

lim
a→0

A̸=(ξ) = B2(ξ),

òî çàäà÷à (1),(2),(3) èìååò åäèíñòâåííîå ðåøåíèå, îïðåäåëÿåìîå ôîð-
ìóëîé

ũ(ξ) = A−1
̸= (ξ)g̃(ξ), (4)

g̃(ξ1, ξ2, ξ3, ξ4) = (P1P3h̃)(ξ1+aξ2, ξ2, ξ3+bξ4, ξ4)+(P1Q3h̃)(ξ1+aξ2, ξ2, ξ3−bξ4, ξ4)
+(Q1P3h̃)(ξ1 − aξ2, ξ2, ξ3 + bξ4, ξ4) + (Q1Q3h̃)(ξ1 − aξ2, ξ2, ξ3 − bξ4, ξ4),

ãäå ôóíêöèÿ h̃(ξ1, ξ2, ξ3, ξ4) çàäàåòñÿ ôîðìóëîé

h̃(ξ1, ξ2, ξ3, ξ4) = F̃1(ξ1, ξ3, ξ4) + F̃2(ξ1, ξ2, ξ3)− F̃1(ξ1, ξ3, 0),

F̃1(ξ1, ξ3, ξ4) = B1(ξ1, 0, ξ3, ξ4)f̃1(ξ1, ξ3, ξ4),

F̃2(ξ1, ξ2, ξ3) = B2(ξ1, ξ2, ξ3, 0)f̃2(ξ1, ξ2, ξ3).
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Ñ ó÷åòîì ýòîé òåîðåìû èññëåäóþòñÿ ñèòóàöèè, êîãäà îäèí èç ïà-
ðàìåòðîâ èëè îáà âìåñòå ñòðåìÿòñÿ ê áåñêîíå÷íîñòè. Ïîêàçàíî, ÷òî
ðåøåíèå (4) ìîæåò èìåòü ïðåäåëû ïðè a, b→ ∞, åñëè òîëüêî ôóíêöèè
f1, f2 óäîâëåòâîðÿþò íåêîòîðîìó èíòåãðàëüíîìó ñîîòíîøåíèþ.

Íåêîòîðûå àíàëîãè÷íûå ñèòóàöèè áûëè ðàññìîòðåíû ðàíåå [2,3].
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Äëÿ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ õèìè÷åñêèõ ðåàêöèé ñ ðàç-
ëè÷íûì ÷èñëîì ðåàãåíòîâ ïðèìåíÿþòñÿ äèñêðåòíûå êèíåòè÷åñêèå
ñèñòåìû óðàâíåíèé. Ðàññìîòðåíû ìàòåìàòè÷åñêèå ìîäåëè, îïèñû-
âàåìûå ñèñòåìàìè óðàâíåíèé Êàðëåìàíà, Ãîäóíîâà-Ñóëòàãàçèíà è
Áðîäâåëà. Íà îñíîâå èõ ÷èñëåííîãî èññëåäîâàíèÿ ïðîâåäåíî ñðàâ-
íåíèå âðåìåíè õèìè÷åñêèõ ðåàêöèé ñ ðàçëè÷íûì ÷èñëîì ðåàãåí-
òîâ.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü, õèìè÷åñêàÿ ðåàêöèÿ,
êèíåòè÷åñêàÿ ñèñòåìà óðàâíåíèé.
On the rate of stabilization of solutions of the Cauchy prob-
lem for the two-dimensional kinetic Broadwell equation with
periodic initial data (regular process)

Discrete kinetic systems of equations are used for mathematical mod-
eling of chemical reactions with different numbers of reagents. Math-
ematical models described by the Carleman, Godunov-Sultagazin and
Broadwell equation systems are considered. Based on their numerical
study, a comparison of the times of chemical reactions with different
numbers of reagents is made.

Keywords: mathematical model, chemical reaction, kinetic system of
equations.

Èññëåäóþòñÿ ïðîöåññû õèìè÷åñêèõ ðåàêöèé, ïðîâîäèìûõ â áåñêîíå÷-
íîì öèëèíäðå äëÿ ðàçëè÷íîãî ÷èñëà ðåàãåíòîâ, à èìåííî, äëÿ äâóõ,
òðåõ è ÷åòûðåõ ðåàãåíòîâ. Â êà÷åñòâå ìàòåìàòè÷åñêèõ ìîäåëåé óêàçàí-
íûõ õèìè÷åñêèõ ðåàêöèé ðàññìàòðèâàþòñÿ çàäà÷è Êîøè äëÿ ñèñòåì
êèíåòè÷åñêèõ óðàâíåíèé Êàðëåìàíà, Ãîäóíîâà-Ñóëòàãàçèíà è Áðîäâåë-
ëà äëÿ ñëó÷àÿ îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé [1-4]. Íà îñíîâå
÷èñëåííîãî èññëåäîâàíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé ïðîâåäåíî ñðàâíå-
íèå âðåìåíè ïðîâåäåíèÿ õèìè÷åñêèõ ðåàêöèé ñ ðàçëè÷íûì ÷èñëîì ðåà-
ãåíòîâ. Ïîëó÷åííûå ÷èñëåííûå ðåçóëüòàòû ñîãëàñóþòñÿ ñ èìåþùèìèñÿ
òåîðèòè÷åñêèìè ðåçóëüòàòàìè [5, 6].

Âàñèëüåâà Îëüãà Àëåêñàíäðîâíà, ê.ô.-ì.í., äîöåíò, ÍÈÓ ÌÃÑÓ(Ìîñêâà, Ðîñ-
ñèÿ)); Ðîññèéñêèé õèìèêî-òåõíîëîãè÷åñêèé óíèâåðñèòåò èìåíè Ä. È. Ìåíäåëåå-
âà, Âûñøèé õèìè÷åñêèé êîëëåäæ (Ìîñêâà, Ðîññèÿ) Olga Vasilieva (Moscow State
University Of Civil Engineering (National Research University), Moscow, Russia; Russian
University of Chemical Technology named after D.I. Mendeleev, Higher Chemical College,
Moscow, Russia)
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Ðàáîòà ïîñâåùàíà èññëåäîâàíèþ çàäà÷ î áèôóðêàöèÿõ Òüþðèí-
ãà è âîëíîâîé áèôóðêàöèè â òðåõêîìïîíåíòíûõ ñèñòåìàõ òèïà
�ðåàêöèÿ-äèôôóçèÿ� ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè Íåéìà-
íà. Ïðîâîäèòñÿ îáñóæäåíèå äîñòàòî÷íûõ óñëîâèé òàêèõ áèôóðêà-
öèé, à òàêæå èçó÷àþòñÿ ñâîéñòâà âîçíèêàþùèõ ðåøåíèé.

Êëþ÷åâûå ñëîâà: ðåàêöèÿ-äèôôóçèÿ, áèôóðêàöèÿ Òüþðèíãà, âîë-
íîâàÿ áèôóðêàöèÿ.
On Turing and Andronov-Hopf bifurcations in ternary com-
pounds of the ”reaction-diffusion” type

The work is devoted to the study of problems of Turing bifurcations
and wave instability in three-dimensional systems of the ‘reaction-
diffusion” type, namely, the problems of the occurrence (when the
system parameters change) in the vicinity of the equilibrium positions
of the system of new spatially inhomogeneous equilibrium positions
or wave (periodic) solutions. The main goal is to develop new ap-
proaches to the qualitative and analytical study of these bifurcations
in systems defined on a segment with homogeneous Neumann bound-
ary conditions. The bifurcation conditions for these three-component
reaction-diffusion systems are discussed

Keywords: bifurcation, equilibrium position, diffusion.

Ðàññìàòðèâàåòñÿ òðåõêîìïîíåíòíàÿ ñèñòåìà �ðåàêöèÿ-äèôôóçèÿ�, îïè-
ñûâàåìàÿ äèôôåðåíöèàëüíûì óðàâíåíèåì

wt = f(w) +D · wxx , w ∈ R3, (1)

â êîòîðîì f(w) � ãëàäêàÿ ôóíêöèÿ, D � ìàðèöà äèôôóçèè òðåòüãî
ïîðÿäêà ñ ïîëîæèòåëüíûìè ýëåìåíòàìè. Óðàâíåíèå (1) èçó÷àåòñÿ íà
îòðåçêå {x : 0 ⩽ x ⩽ π} . Â êà÷åñòâå ãðàíè÷íûõ óñëîâèé ðàññìàòðèâà-
þòñÿ óñëîâèÿ Íåéìàíà

wx(0) = wx(π) = 0. (2)

Ïðåäïîëàãàåòñÿ, ÷òî ñèñòåìà (1)-(2) èìååò ñòàöèîíàðíîå îäíîðîäíîå
ïîëîæåíèå ðàâíîâåñèÿ w = w0.

Âàñåíèíà Íàòàëüÿ Àíàòîëüåâíà , ê.ô.-ì.í., äîöåíò, ÓÓÍèÒ (Óôà, Ðîññèÿ);
Natalia Vasenina (Ufa University of Science and Technology, Ufa, Russia)
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Äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè ïîëîæåíèÿ ðàâíîâåñèÿ w = w0 ñè-
ñòåìû (1)-(2) è áèôóðêàöèé â åãî îêðåñòíîñòè îáû÷íî (ñì., íàïðèìåð,
[1]) ïåðåõîäÿò ê ëèíåàðèçîâàííîé ñèñòåìå, ÷òî ïðèâîäèò ê íåîáõîäèìî-
ñòè èçó÷åíèÿ ñïåêòðîâ ìàòðèö

Bk = A− k2D , k = 0, 1, ...,

â êîòîðîé A = f ′(v0). Îñîáûé èíòåðåñ âûçûâàþò çàäà÷è, ïðèâîäÿùèå
ê áèôóðêàöèè Òüþðèíãà è âîëíîâîé áèôóðêàöèè. Áèôóðêàöèÿ Òüþ-
ðèíãà ñâÿçàíà ñ íàëè÷èåì ñîáñòâåííîãî çíà÷åíèÿ λ = 0 ó íåêîòîðîé
ìàòðèöû Bk0 ïðè k0 ≥ 1, à âîëíîâàÿ áèôóðêàöèÿ âîçíèêàåò ïðè óñëî-
âèè, ÷òî íåêîòîðàÿ ìàòðèöà Bk1 ïðè k1 ≥ 1 èìååò ñîáñòâåííûå çíà-
÷åíèÿ λ = ±iω0. Ïðè ýòîì âñå îñòàëüíûå ìàòðèöû Bk äîëæíû áûòü
óñòîé÷èâûìè.

Â äîêëàäå ïðèâîäÿòñÿ íîâûå ðåçóëüòàòû, ñâÿçàííûå ñ èçó÷åíèåì çà-
äà÷è î äîñòàòî÷íûõ óñëîâèÿõ äëÿ ðåàëèçàöèè áèôóðêàöèè Òüþðèíãà
è âîëíîâîé áèôóðêàöèè, à òàêæå ñ âîïðîñàìè î ñâîéñòâàõ óñòîé÷èâî-
ñòè âîçíèêàþùèõ ïðè óêàçàííûõ áèôóðêàöèé ðåøåíèé ñèñòåìû (1)-(2).
Ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ, íà÷àòûå â [2, 3].

Ëèòåðàòóðà

1. Ìàãíèöêèé Í. À. Òåîðèÿ äèíàìè÷åñêîãî õàîñà. �Ì.: ËÅÍÀÍÄ,
2011.

2. Þìàãóëîâ Ì. Ã., Âàñåíèíà Í. À. Ñïåêòðàëüíûå ñâîéñòâà îïåðà-
òîðîâ ñèñòåìû "ðåàêöèÿ-äèôôóçèÿ"è ïðèçíàêè áèôóðêàöèé//Âåñòíèê
Ïåðìñêîãî óíèâåðñèòåòà, (2024), 17-26

3. Þìàãóëîâ Ì. Ã., Ñèäåëüíèêîâà Í. À. Ñèñòåìû òèïà �ðåàêöèÿ-
äèôôóçèÿ�:ïðèçíàêè óñòîé÷èâîñòè è áèôóðêàöèé//Âåñòíèê Áàøêèð-
ñêîãî óíèâåðñèòåòà,(2023), 303-309

49



ÓÍÈÂÅÐÑÀËÜÍÀß ÀÏÏÐÎÊÑÈÌÈÐÓÞÙÀß
ÔÓÍÊÖÈß ÄËß ÏÎËÓ×ÅÍÈß ÔÓÍÄÀÌÅÍÒÀËÜÍÛÕ
ÐÅØÅÍÈÉ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ È

ÑÈÑÒÅÌ Â ×ÀÑÒÍÛÕ ÏÐÎÈÇÂÎÄÍÛÕ
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ÓÄÊ 531.39

Îäíèì èç íàèáîëåå óñïåøíûõ ñîâðåìåííûõ ÷èñëåííûõ ìåòîäîâ
ðàñ÷åòà ñîîðóæåíèé ÿâëÿåòñÿ ìåòîä ãðàíè÷íûõ ýëåìåíòîâ (ÌÃÝ)
â ðàçëè÷íûõ åãî ìîäèôèêàöèÿõ, îñíîâàííûõ íà èñïîëüçîâàíèè
ïðåäâàðèòåëüíî âû÷èñëåííûõ òî÷íûõ ôóíäàìåíòàëüíûõ ðåøåíèé.
Â ñòàòüå ïîêàçàíî, êàê ñ ïîìîùüþ óíèâåðñàëüíîé àïïðîêñèìèðó-
þùåé ôóíêöèè ìîæíî ñóùåñòâåííî áûñòðåå è ñ íàèìåíüøèìè óñè-
ëèÿìè ïîëó÷àòü ðàçëè÷íûå ôóíäàìåíòàëüíûå ðåøåíèÿ çàäà÷ ìå-
õàíèêè äåôîðìèðóåìîãî òâåðäîãî òåëà.

Êëþ÷åâûå ñëîâà: îáîáùåííûå ôóíêöèè, ôóíäàìåíòàëüíûå ðåøå-
íèÿ, ìåòîä ãðàíè÷íûõ ýëåìåíòîâ.
A universal approximating function for obtaining fundamen-
tal solutions and systems of partial differential equations

One of the most successful modern numerical methods for calculat-
ing structures is the boundary element method (BEM) in its various
modifications based on the use of precomputed exact fundamental
solutions. The article shows how, with the help of a universal approx-
imating function, it is possible to obtain various fundamental solutions
to problems of deformable solid mechanics much faster and with the
least effort.

Keywords: generalized functions, fundamental solutions, boundary el-
ement method.

Â ñòàòüå ñ ïîìîùüþ óíèâåðñàëüíîé àïïðîêñèìèðóþùåé ôóíêöèè
óñïåøíî ðåàëèçîâàíà çàäà÷à ìàêñèìàëüíî óïðîñòèòü ìåòîäèêó âû-
÷èñëåíèÿ ôóíäàìåíòàëüíûõ ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
÷àñòíûìè ïðîèçâîäíûìè ñ ïîñòîÿííûìè êîýôôèöèåíòàìè áåç íåîáõî-
äèìîñòè ïðåäâàðèòåëüíîãî ãëóáîêîãî èçó÷åíèÿ ìàòåìàòè÷åñêîé òåîðèè
îáîáùåííûõ ôóíêöèé, àëãîðèòìîâ ìåòîäà èíòåãðàëüíîãî ïðåîáðàçîâà-
íèÿ Ôóðüå è äð., òåîðèè âû÷åòîâ èç êîìïëåêñíîãî àíàëèçà è ìíîãèõ

Âåëèêàíîâ Ïåòð Ãåííàäüåâè÷, ê.ô.-ì.í., äîöåíò, ÊÍÈÒÓ-ÊÀÈ(Êàçàíü, Ðîññèÿ);
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ÕóàíÆóé, ñòóäåíòêà, ÊÍÈÒÓ-ÊÀÈ (Êàçàíü, Ðîññèÿ); Huang Rui(Kazan National
Research Technical University named after A.N. Tupolev-KAI, Kazan , Russia)
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äðóãèõ. Äëÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèç-
âîäíûõ ïðåäëîæåííàÿ àïïðîêñèìèðóþùàÿ ôóíêöèÿ óñïåøíî ñî÷åòàåò-
ñÿ ñ ïðåäâàðèòåëüíûì èñïîëüçîâàíèåì àññîöèèðîâàííîãî äèôôåðåíöè-
àëüíîãî îïåðàòîðà. Ïåðå÷èñëåííûå òåîðèè, àëãîðèòìû è ìåòîäû ÷àñòî
âîñïðèíèìàþòñÿ èíæåíåðàìè-èññëåäîâàòåëÿìè, êàê òðóäíûå äëÿ ïîíè-
ìàíèÿ, ÷òî ïîðîé îãðàíè÷èâàåò îáëàñòü ïðèìåíåíèÿ ÌÃÝ. Ïðèâåäåí-
íàÿ â ñòàòüå ìåòîäèêà ïîçâîëÿåò çíà÷èòåëüíî óïðîñòèòü îòìå÷åííûå
ñëîæíîñòè ÌÃÝ, ÷òîáû, êàê è â äðóãèõ ÷èñëåííûõ ìåòîäàõ, îñíîâíîå
âíèìàíèå èíæåíåðà-èññëåäîâàòåëÿ áûëî óäåëåíî âîïðîñàì ìèíèìèçà-
öèè ïîãðåøíîñòåé àïïðîêñèìàöèè, äèñêðåòèçàöèè è ñ÷åòà. Ñ èñïîëüçî-
âàíèåì íàéäåííûõ ôóíäàìåíòàëüíûõ ðåøåíèé ñ ïîìîùüþ ÌÃÝ áûëè
âûïîëíåíû ðàñ÷åòû ðàçëè÷íûõ çàäà÷ èçãèáà è ïëîñêî-íàïðÿæåííîãî
ñîñòîÿíèÿ èçî-, îðòî- è àíèçîòðîïíûõ ïëàñòèí â ëèíåéíîé è íåëèíåé-
íîé ïîñòàíîâêàõ.
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Ïîëó÷åíû óñëîâèÿ íà îïåðàòîð ïðè èñêîìîé ôóíêöèè â ëèíåéíîì
óðàâíåíèè, ðàçðåøåííîì îòíîñèòåëüíî äðîáíîé ïðîèçâîäíîé Ðè-
ìàíà � Ëèóâèëëÿ ïîðÿäêà îò íóëÿ äî äâóõ, íåîáõîäèìûå è äîñòà-
òî÷íûå äëÿ ñóùåñòâîâàíèÿ ñèëüíî íåïðåðûâíîãî ðàçðåøàþùåãî
ñåìåéñòâà ýòîãî óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà: äðîáíàÿ ïðîèçâîäíàÿ Ðèìàíà � Ëèóâèëëÿ, ðàç-
ðåøàþùåå ñåìåéñòâî îïåðàòîðîâ, ïðåîáðàçîâàíèå Ëàïëàñà, ðå-
çîëüâåíòà îïåðàòîðà.
On the generation of resolving families of operators for equa-
tions with the Riemann–Liouville derivative

Conditions for an operator at the unknown function in a linear equa-
tion resolved with respect to the Riemann–Liouville fractional deriva-
tive of an order from zero to two are obtained, necessary and sufficient
for the existence of a strongly continuous resolving family of this equa-
tion.

Keywords: Riemann–Liouville fractional derivative, resolving family
of operators, Laplace transform, resolvent of an operator.

Ðàññìîòðèì çàäà÷ó òèïà Êîøè

Dα−m+kz(0) = zk, k = 0, 1, . . . ,m− 1, (1)

äëÿ óðàâíåíèÿ
Dαz(t) = Az(t), t ∈ R+, (2)

ãäå m− 1 < α ≤ m ∈ N, Dβ � äðîáíàÿ ïðîèçâîäíàÿ Ðèìàíà � Ëèóâèë-
ëÿ ïðè β > 0 èëè äðîáíûé èíòåãðàë Ðèìàíà � Ëèóâèëëÿ ïðè β ≤ 0,
A � ëèíåéíûé çàìêíóòûé îïåðàòîð c ïëîòíîé îáëàñòüþ îïðåäåëåíèÿ
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òåëüñòâà ×åëÿáèíñêîé îáëàñòè �24-11-20002.

Âåðøèíèíà Äàðüÿ Àëåêñàíäðîâíà, ëàáîðàíò-èññëåäîâàòåëü, ×åëÿáèíñêèé ãîñó-
äàðñòâåííûé óíèâåðñèòåò (×åëÿáèíñê, Ðîññèÿ); Darya Vershinina (Chelyabinsk State
University, Chelyabinsk, Russia)

Ôåäîðîâ Âëàäèìèð Åâãåíüåâè÷, ä.ô.-ì.í., çàâåäóþùèé êàôåäðîé ìàòåìàòè÷å-
ñêîãî àíàëèçà, ×åëÿáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (×åëÿáèíñê, Ðîññèÿ);
Vladimir Fedorov (Chelyabinsk State University, Chelyabinsk, Russia)

52



DA â áàíàõîâîì ïðîñòðàíñòâå Z. Ðåøåíèåì çàäà÷è (1), (2) íàçîâåì òà-
êóþ ôóíêöèþ z ∈ C(R+;DA) ∩ L1,loc(R+;Z), ÷òî Jm−αz ∈ Cm(R+;Z),
âûïîëíÿþòñÿ óñëîâèÿ (1) è ðàâåíñòâî (2) ïðè t ∈ R+.

Ñåìåéñòâî îïåðàòîðîâ {S(t) ∈ L(Z) : t ∈ R+} íàçûâàåòñÿ ðàçðåøà-
þùèì äëÿ óðàâíåíèÿ (2), åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

(i) ñóùåñòâóþò òàêèå êîíñòàíòû K > 0, ω ≥ 0, ÷òî ∥S(t)∥L(Z) ≤
Keωttα−m äëÿ âñåõ t ∈ R+;

(ii) äëÿ ëþáîãî z0 ∈ Z S(t)z0 ∈ C(R+;Z), s- lim
t→0+

Jm−αS(t) = I;

(iii) S(t)[DA] ⊂ DA, S(t)Az0 = AS(t)z0 ïðè âñåõ z0 ∈ DA, t ∈ R+;
(iv) äëÿ ëþáîãî z0 ∈ DA S(t)z0 ÿâëÿåòñÿ ðåøåíèåì çàäà÷è òèïà Êî-

øè Dα−mz(0) = z0, Dα−m+kz(0) = 0, k = 1, 2, . . . ,m− 1, äëÿ óðàâíåíèÿ
(2).

Áóäåì ïèñàòü A ∈ Cα,R(ω), åñëè ñóùåñòâóåò ðàçðåøàþùåå ñåìåé-
ñòâî îïåðàòîðîâ óðàâíåíèÿ (2) c ïîñòîÿííîé ω ≥ 0 â óñëîâèè (i).

Ëèíåéíûé çàìêíóòûé ïëîòíî îïðåäåëåííûé â Z îïåðàòîð A íàçû-
âàåòñÿ îïåðàòîðîì êëàññà Cα,R(ω) ïðè íåêîòîðîé êîíñòàíòå ω ≥ 0, åñëè
âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

(i) åñëè Reλ > ω, òî λα ∈ ρ(A) := {µ ∈ C : (µ−A)−1 ∈ L(Z)};
(ii) ñóùåñòâóåò K ∈ R+, òàêîå, ÷òî ïðè Reλ > ω äëÿ âñåõ n ∈ N0 :=

N ∪ {0} ∥∥∥∥ dndλn (λm−1(λα −A)−1)∥∥∥∥
L(Z)

≤ KΓ(α−m+ n+ 1)

(Reλ− ω)α−m+n+1
.

Òåîðåìà 1. Ïóñòü m − 1 < α ≤ m ∈ {1, 2}. Òîãäà Cα,R(ω) =
Cα,R(ω).

Òåîðåìà ÿâëÿåòñÿ îáîáùåíèåì òåîðåìû Õèëëå � Èîñèäû î ïîðîæ-
äàíèè (C0)-íåïðåðûâíûõ ïîëóãðóïï îïåðàòîðîâ [1, 2]. Äëÿ îïåðàòîðà
A ∈ Cα,R(ω) ïîñòðîåíû àïïðîêñèìàöèè òèïà Ôèëëèïñà [1, Òåîðåìà
6.3.3] ðàçðåøàþùåãî ñåìåéñòâà óðàâíåíèÿ (2): ïðè n ∈ N, t > 0

Sn(t) := e−nt
∞∑
k=0

(−1)k(n(n+ ω)t)k+1

k!(k + 1)!

dk

dλk
(
λm−1(λα −A)−1)∣∣

λ=n+ω
.

Îòìåòèì ðåçóëüòàòû À. Â. Ãëóøàêà äëÿ óðàâíåíèÿ (2) ïðè α ∈ (0, 1)
[3].
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ÏÎËÎÆÅÍÈÉ ÐÀÂÍÎÂÅÑÈß ÑÈÑÒÅÌÛ

�ÐÅÀÊÖÈß-ÄÈÔÔÓÇÈß�
Ð.È. Ãàáäðàõìàíîâ,

gabdrahmanov.robert@gmail.com

ÓÄÊ 517.518

Â äîêëàäå îáñóæäàþòñÿ âîïðîñû óñòîé÷èâîñòè è áèôóðêàöèé
ïîëîæåíèé ðàâíîâåñèÿ ñèñòåìû �ðåàêöèÿ-äèôôóçèÿ� â ñèòóà-
öèè êðàòíîãî âûðîæäåíèÿ ëèíåàðèçîâàííîé ñèñòåìû. Îïðåäåëå-
íû óñëîâèÿ êðàòíîãî âûðîæäåíèÿ, ïðåäëîæåíû ïîäõîäû èññëåäî-
âàíèÿ çàäà÷ îá óñòîé÷èâîñòè è áèôóðêàöèÿõ â îêðåñòíîñòÿõ ïîëî-
æåíèé ðàâíîâåñèÿ.

Êëþ÷åâûå ñëîâà: ñèñòåìà ðåàêöèè äèôôóçèè, êðàòíûå ñîáñòâåí-
íûå çíà÷åíèÿ, áèôóðêàöèÿ.
On multiple bifurcations in neighbourhood of fixed points of
the reaction diffusion system

The report discusses problems of stability and bifurcations of station-
ary points of the diffusion reaction system in case of multiple degen-
eracy of the linearized system. Conditions of multiple degeneracy are
defined and new approaches for studying problems of stability and
bifurcations in neighborhood of fixed points.

Keywords: reaction diffusion system, multiple eigenvalues, bifurcation.

Ðàññìàòðèâàåòñÿ ñèñòåìà

dw

dt
= Aw +D∆w + h(w) ,

∂w

∂n

∣∣∣∣
∂Ω

= 0 , (1)

â êîòîðîé A,D � êâàäðàòíûå ìàòðèöû ïîðÿäêà n, ïðè÷åì ýëå-
ìåíòû ìàòðèöû D ÿâëÿþòñÿ íåîòðèöàòåëüíûìè, ∆ - îïåðàòîð Ëà-
ïëàñà, à íåëèíåéíîñòü h(w) óäîâëåòâîðÿåò ñîîòíîøåíèþ: ∥h(w)∥ =
o(∥w∥) ïðè w → 0 . Çäåñü Ω � ýòî ïàðàëëåëåïèïåä Ω =
{x : 0 ⩽ x1 ⩽ π, 0 ⩽ x2 ⩽ π} .

Ñèñòåìà (1) èìååò íóëåâóþ òî÷êó ðàâíîâåñèÿ w = 0.
Äîêëàä ïîñâÿùåí èçó÷åíèþ íåêîòîðûõ âîïðîñîâ óñòîé÷èâîéñòè

òî÷êè ðàâíîâåñèÿ w = 0 è áèôóðêàöèé â åå îêðåñòíîñòè â ñèòóàöè-
ÿõ êðàòíîãî âûðîæäåíèÿ ëèíåéíîé çàäà÷è.

Âàæíûì âîïðîñîì ïî èçó÷åíèþ ñèñòåìû (1) ÿâëÿåòñÿ âîçíèêíîâå-
íèå áèôóðêàöèé â îêðåñòíîñòè òî÷êè ðàâíîâåñèÿ w = 0.

Ãàáäðàõìàíîâ Ðîáåðò Èëüãèçîâè÷, àñïèðàíò, ÓÓÍèÒ (Óôà, Ðîññèÿ);
Gabdrakhmanov Robert Il'gizovich (Ufa University of Science and Technology, Ufa,
Russia)
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Ñâîéñòâà óñòîé÷èâîñòè òî÷êè ðàâíîâåñèÿ w = 0 ñâÿçàíû ñî ñâîé-
ñòâàìè ñïåêòðà ëèíåéíîãî îïåðàòîðà [1]

S0 = A+D∆ : L2(Ω) → L2(Ω) (2)

Îïðåäåëèì ñåìåéñòâî ìàòðèö

Bk = A− (k21 + k22 + ...+ k2m)D ; (3)

çäåñü k - ìóëüòèèíäåêñ: k = k1, k2, ..., km, à kj - öåëûå íåîòðèöàòåëüíûå
÷èñëà.

Ïî ìàòðèöàì (3) îïðåäåëèì ÷èñëà ρk = k21 + k22 + ...+ k2m.
Îáîçíà÷èì ÷åðåç Z0 - ìíîæåñòâî ÷èñåë âèäà ρk; îíî ÿâëÿåòñÿ ïîä-

ìíîæåñòâîì ìíîæåñòâà Z+ âñåõ öåëûõ íåîòðèöàòåëüíûõ ÷èñåë.
Çàìå÷àíèå. Ïðè m ⩾ 4 èìååò ìåñòî ðàâåíñòâî Z+ = Z0 (òåî-

ðåìà Ëàãðàíæà î ñóììå ÷åòûðåõ êâàäðàòîâ). Ïðè m ⩾ 4 ìíîæåñòâî
ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà (2) ñîâïàäàåò ñ ìíîæåñòâîì ñîá-
ñòâåííûõ çíà÷åíèé âñåõ ìàòðèö Bj = A− jD, j ∈ Z+ .

Îïðåäåëèì òàêæå ìíîæåñòâî Z1, ñîñòîÿùåå èç òåõ ρ ∈ Z0, äëÿ êîòî-
ðûõ ñóùåñòâóåò åäèíñòâåííûé ìóëüòèèíäåêñ k = k1, k2, . . . , km òàêîé,
÷òî ρ = k21+k

2
2+. . .+k

2
m. ×åðåç Z2 îáîçíà÷èì ìíîæåñòâî òåõ ρ ∈ Z0, äëÿ

êîòîðûõ ñóùåñòâóþò äâà èëè áîëåå ìóëüòèèíäåêñîâ k = k1, k2, . . . , km
òàêèõ, ÷òî ρ = k21 + k22 + . . .+ k2m.

Êðàòíûå ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà S0 âîçíèêàþò ïðè ρ ∈
Z2. À èìåííî, ðàññìîòðåíû ñèòóàöèè, êîãäà ïðè íåêîòîðûõ ρ ∈ Z2

ñîîòâåòñòâóþùèå ìàòðèöû Bk0 èìåþò ñîáñòâåííîå çíà÷åíèå λ = 0 èëè
ïàðó ñîáñòâåííûõ çíà÷åíèé λ = ±iω0, ïðè ýòîì îñòàëüíûå ìàòðèöû
Bk ÿâëÿþòñÿ óñòîé÷èâûìè. Â ýòîì ñëó÷àå îïåðàòîð S0 èìååò êðàòíîå
ñîáñòâåííîå çíà÷åíèå λ = 0 èëè êðàòíûå ñîáñòâåííûå çíà÷åíèÿ λ =
±iω0.

Ïðåäëàãàþòñÿ íîâûå ïîäõîäû äëÿ èçó÷åíèÿ óñòîé÷èâîñòè è áèôóð-
êàöèé â ñèñòåìå (1) ïðè óêàçàííûõ óñëîâèÿõ.
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Ðàññìàòðèâàåòñÿ çàäà÷à óïðàâëåíèÿ ïî ìèíèìàêñíîìó êðèòå-
ðèþ äëÿ ñèíãóëÿðíî âîçìóùåííîé ñèñòåìû ñ çàïàçäûâàíèåì ïðè
íåîïðåäåëåííûõ íà÷àëüíûõ óñëîâèÿõ è èíòåãðàëüíûõ êâàäðàòè÷-
íûõ îãðàíè÷åíèÿõ íà ðåñóðñû óïðàâëåíèÿ. Ïðåäëàãàåòñÿ èòåðàöè-
îííàÿ ïðîöåäóðà ïîñòðîåíèÿ óïðàâëÿþùåãî âîçäåéñòâèÿ, àïïðîê-
ñèìèðóþùåãî îïòèìàëüíîå ðåøåíèå ñ çàäàííîé ñòåïåíüþ òî÷íîñòè
îòíîñèòåëüíî ìàëîãî ïîëîæèòåëüíîãî ïàðàìåòðà.

Êëþ÷åâûå ñëîâà: ñèíãóëÿðíî âîçìóùåííàÿ ñèñòåìà ñ çàïàçäûâà-
íèåì, îïòèìàëüíîå óïðàâëåíèå, äèôôåðåíöèàëüíûå óðàâíåíèÿ.
To the problem of control for singularly perturbed system
with delay with integral constraints

The control problem for the singularly perturbed system with de-
lay with indeterminate initial conditions and integral quadratic con-
straints on the control resources according to the minimax criterion is
considered. Iterative procedure of constructing control response that
approximates the optimal solution with given accuracy with respect
to a small positive parameter is proposed.

Keywords: singularly perturbed system with delay, optimal control,
differential equations.

Ðàññìàòðèâàþòñÿ óïðàâëÿåìûå ñèíãóëÿðíî âîçìóùåííûå ñèñòåìû
(ñ ìàëûì ïàðàìåòðîì µ > 0, çàïàçäûâàíèåì h > 0) :

M(µ)dz/dt = A(t)z(t) +G(t)z(t− h) +B(t)u(t),

ãäå t ∈ T = [t0, t1], ìàòðèöàM(µ) = diag(En, µEm), ãäå Ek � åäèíè÷íàÿ
k × k ìàòðèöà. Íà÷àëüíîå ñîñòîÿíèå ñèñòåìû z(t) = ψ(t), t0 − h ≤ t <
t0, z0 = z(t0) òî÷íî íåèçâåñòíî è çàäàíû ëèøü îãðàíè÷åíèÿ z0 ∈ Z0,
Z0 � âûïóêëûé êîìïàêò â Rn+m; ψ(t) ∈ Ψ(t), t0 − h ≤ t < t0, Ψ(t) �
çàäàííîå ìíîãîçíà÷íîå îòîáðàæåíèå ñî çíà÷åíèÿìè â âèäå âûïóêëûõ
êîìïàêòîâ, íåïðåðûâíîå ïî t â ìåòðèêå Õàóñäîðôà. Ðåàëèçàöèè óïðàâ-
ëåíèÿ u(t), t ∈ T � èçìåðèìûå ïî Ëåáåãó ôóíêöèè, óäîâëåòâîðÿþùèå

Ãðåáåííèêîâà Èðèíà Âëàäèìèðîâíà, ñòàðøèé ïðåîäàâàòåëü, ÓÃÃÓ (Åêàòåðèí-
áóðã, Ðîññèÿ); Irina Grebennikova (Ural State Mining University, Ekaterinburg, Russia)
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óñëîâèþ u(·) ∈ P , P � ñëàáî êîìïàêòíîå âûïóêëîå ìíîæåñòâî â Lr2(T ).
Â äàííîì ñëó÷àå

P = {u(·) |
t1∫
t0

u′(t)R(t)u(t)dt ≤ λ2}, λ = const > 0,

R(t) � ñèììåòðè÷íàÿ, ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà ñ íåïðå-
ðûâíûìè ýëåìåíòàìè; øòðèõ � çíàê òðàíñïîíèðîâàíèÿ. Âûïîëíåíî
óñëîâèå àñèìïòîòè÷åñêîé óñòîé÷èâîñòè äëÿ ëèíåéíûõ ñèñòåì ñ çàïàç-
äûâàíèåì.

Ðàññìàòðèâàåòñÿ ìèíèìàêñíàÿ çàäà÷à óïðàâëåíèÿ [1]: ñðåäè u(·) ∈
P íàéòè u0 = u0(·), äîñòàâëÿþùåå

ε0(t1, µ) = J(u0) = min
u(·)∈P

J(u(·)),

J(u(·)) = max
z0∈Z0

max
ψ(·)∈Ψ(·)

φ(z(t1;u(·), z0, ψ(·))),

ãäå φ(·) � çàäàííàÿ âûïóêëàÿ ôóíêöèÿ; z(t;u(·), z0, ψ(·)) � ðåøåíèå
èñõîäíîé ñèñòåìû, èñõîäÿùåå èç Z0, ïðè íåêîòîðîì ψ(·) ∈ Ψ(·) è ôèê-
ñèðîâàííîì u(·) ∈ P .

Ïðåäëàãàåìàÿ ïðîöåäóðà [2] ïîçâîëÿåò ïîñòðîèòü óïðàâëÿþùåå âîç-
äåéñòâèå, äîñòàâëÿþùåå îïòèìàëüíîå çíà÷åíèå ñ çàäàííîé ñòåïåíüþ
òî÷íîñòè o(µk). Ðàçðåøèìîñòü èñõîäíîé çàäà÷è óïðàâëåíèÿ, à òàêæå
äîïóñòèìîñòü èñïîëüçóåìûõ àíàëèòè÷åñêèõ êîíñòðóêöèé îïðåäåëÿåòñÿ
ðÿäîì òðåáîâàíèé.
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Â ðàáîòå ðàññìàòðèâàåòñÿ ïðîáëåìà ñâåäåíèÿ îäíîé îáîáùåííîé
ìíîãîòî÷å÷íî-ôóíêöèîíàëüíîé êðàåâîé çàäà÷è äëÿ íåëèíåéíîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ áåñêîíå÷íîãî ïîðÿäêà ê êðàåâîé
çàäà÷å äëÿ áåñêîíå÷íîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé
ïóòåì èñïîëüçîâàíèÿ òåîðèé áåñêîíå÷íûõ îïðåäåëåíèé è ðàçðå-
øèìîñòè áåñêîíå÷íûõ ñèñòåì àëãåáðàè÷åñêèõ óðàâíåíèé, îáîñíî-
âàííûõ â ðàáîòàõ Êîõà è Ïóàíêàðå.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ, óðàâíåíèå áåñêî-
íå÷íîãî ïîðÿäêà, îáîáùåííàÿ êðàåâàÿ çàäà÷à.
Study of a generalized boundary value problem for a differ-
ential equation of infinite order

The paper considers the problem of reducing one generalized
multipoint-functional boundary value problem for a nonlinear differ-
ential equation of infinite order to a boundary value problem for an
infinite system of differential equations by using theories of infinite
definitions and solvability of infinite systems of algebraic equations,
substantiated in the works of Koch and Poincaré.

Keywords: differential equations, equation of infinite order, general-
ized boundary value problem.

Ðàáîòà ïîñâÿùåíà ðàññìîòðåíèþ äëÿ îáùåãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ áåñêîíå÷íîãî ïîðÿäêà

∞∑
j=0

aj(x)y
(j) = f(x, y, y′, . . . , y(ν−1), . . . ) (1)

êðàåâîé çàäà÷è ñ ìíîãîòî÷å÷íî-ôóíêöèîíàëüíûìè óñëîâèÿìè

y(ki−1)(xi,ki) = Φi,ki(y, y
′, . . . , y(ν−1), . . . ), (2)

ãäå xi,ki ∈ [a, b], ki = 1, ni, i = 1,m, m ∈ {1, 2, . . . , n}, n−êîíå÷íîå
íàòóðàëüíîå ÷èñëî, ni ∈ {0, 1, . . . , n}, ïðè÷åì n1 + n2 + · · ·+ nm = n;

y(i−1)(xi) = Φi(y, y
′, . . . , y(ν−1), . . . ), i = n+ 1, n+ 2, . . . (3

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè ÐÔ (FEGS-2020-
0001).
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(Kadyrov Chechen State University, Grozny, Russia)

58



Êðàåâàÿ çàäà÷à â òàêîé ïîñòàíîâêå íå âñòðå÷àëàñü.
Ôóíêöèè aj(x), j = 1, 2, . . . , f(x, y, y′, .., y(ν−1), . . . ) ñ÷èòàþòñÿ íåïðå-

ðûâíûìè ïî ñâîèì àðãóìåíòàì â îáëàñòè

D : {|y(i)| ≤ di, i = 0, 1, . . . , x ∈ [a, b]}

(ñì. [3]) è äîïóñêàåòñÿ âûïîëíåíèå íåðàâåíñòâà

|f(x, y, y′, . . . , y(ν−1), . . . )| ≤M, (4)

M � íåêîòîðîå ÷èñëî, è óñëîâèÿ Ëèïøèöà

|f(x, u1, u2, . . . , uν , . . . )− f(x, v1, v2, . . . , vν , . . . )| ≤ L(x)

∞∑
i=1

|ui − vi|, (5)

∣∣∣Φi,ki (u, u′, . . . , u(ν−1), . . .
)
− Φi,ki

(
v, v′, . . . , v(ν−1), . . .

)∣∣∣ ≤ Li,ki ||u− v|| ,

i = 1,m,∣∣∣Φi (u, u′, . . . , u(ν−1), . . .
)
− Φi

(
v, v′, . . . , v(ν−1), . . .

)∣∣∣ ≤ L̃i ||u− v|| , (6)

i = n+ 1, n+ 2, . . .
Äëÿ ëþáûõ u = (ui)

∞
i=1, v = (vi)

∞
i=1 ∈ D, L(x) � íåïðåðûâíàÿ íà [a, b]

ôóíêöèÿ.
Ðåøåíèå çàäà÷è (1)�(3) áóäåì èñêàòü â ïðîñòðàíñòâå C(∞)(a, b)

áåñêîíå÷íî íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé y(x) ñ íîðìîé
||y|| = max

a≤x≤b

∑∞
i=1 |y

(i−1)(x)| è ñîîòâåòñòâóþùåé ìåòðèêîé. Åñòåñòâåííî,

çíà÷åíèÿ y(x), y′(x), . . . , y(ν−1)(x), . . . ïðè x ∈ [a, b] íå äîëæíû âûõîäèòü
èç îáëàñòè |y(i−1)(x)| ≤ di−1, i = 1, 2, . . .

Òåîðåìà 1. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
1) ôóíêöèÿ f(x, y, y′, . . . , y(ν−1), . . . ) è ôóíêöèîíàëû

Φi,ki(y, y
′, . . . , y(ν−1), . . . ), Φi(y, y

′, . . . , y(ν−1), . . . ) â îáëàñòè D óäîâëå-
òâîðÿþò óñëîâèÿì Ëèïøèöà (5) è (6);

2) ôóíêöèè aj(x), j = 0, 1, . . . èç óðàâíåíèÿ (1), ýëåìåíòû
ai,j(x), i, j = 1, 2, . . . , ìàòðèöû A(x), ôóíêöèè L(x) èç (5) è ÷èñëà

Li,ki , L̃i èç (6) òàêîâû, ÷òî ÷èñëîâûå ðÿäû
∑∞
i=1 L̃

∗
i ,
∑∞
i=1

∫ x∗i
a

L̃i(t)dt,∑∞
i=1

∫ b
x∗i
L̃i(t)dt ñõîäÿòñÿ;

3) âûïîëíÿåòñÿ íåðàâåíñòâî

P =

∞∑
i=1

[L̃∗
i + 2

x∗i∫
a

L̃i(t)dt+

b∫
x∗i

L̃i(t)dt] < 1.

Òîãäà â óñëîâèÿõ òåîðåìû çàäà÷à (1)�(3) èìååò òîëüêî åäèíñòâåí-
íîå ðåøåíèå.
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Êàê íàì èçâåñòíî, äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà êàê ïåðâîãî,
òàê è âòîðîãî ðîäà âòîðîãî ïîðÿäêà ïðàêòè÷åñêèå íå èññëåäîâà-
ëèñü êîýôôèöèåíòíûå îáðàòíûå çàäà÷è (ñâÿçàííûìè ñ ïîèñêîì
ðåøåíèå,êîýôôèöèåíò óðàâíåíèÿ è ýëåìåíò ïðàâîé ÷àñòè) â îãðà-
íè÷åííûõ è íåîãðàíè÷åííûõ îáëàñòÿõ.

Ñ ýòîé öåëüþ â äàííîé ðàáîòå ñ èñïîëüçîâàíèåì ðåçóëüòàòîâ ðàáîò
[1], èçó÷àþòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü êîýôôèöèåíòíîé îáðàò-
íîé çàäà÷è ñ íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè äëÿ òðåõìåðíîãî
óðàâíåíèÿ Òðèêîìè â ïàðàëëåëåïèïåäå.

Êëþ÷åâûå ñëîâà: ìåòîä Ôóðüå, ε−ðåãóëÿðèçàöèÿ, ñæèìàþùèå
îòîáðàæåíèÿ.

As we know, for equations of mixed type of both the first and sec-
ond kind of the second order, coefficient inverse problems (related to
finding a solution, coefficient of the equation and element of the right
side) in bounded and unbounded domains have not been practically
studied.

To this end, in this work, using the results of [1], we study the unique
solvability of the coefficient inverse problem with nonlocal bound-
ary conditions for the three-dimensional Tricomi equation in a par-
allelepiped.

Keywords: Fourier method, ε−regularization, contraction mapping.

Â îáëàñòè
G = (−1, 1)× (0, T )× (0, ℓ) = Q× (0, ℓ) =

= {(x, t, y)| − 1 < x < 1, 0 < t < T, 0 < y < ℓ}
ðàññìîòðèì òðåõìåðíîå óðàâíåíèå Òðèêîìè:

Lu = xutt − auxx − uyy + α(x, t)ut = c(x, t)u+ ψ(x, t, y), (1)

Äæàìàëîâ Ñèðîæèääèí Çóõðèääèíîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÈÌ èì. Â.È. Ðî-
ìàíîâñêîãî ÀÍ Ð.Óç. (Òàøêåíò, Óçáåêèñòàí); Sirojiddin Dzhamalov (V.I.Romanovskiy
Institute of Mathematics, Uzbekistan Academy of Sciences, Tashkent, Uzbekistan)

Øàêèðîâ Àáäóâàñèê Àáäóðàõìîí óãëè, àñïèðàíò, ÈÌ èì. Â.È. Ðîìàíîâñêîãî
ÀÍ Ð.Óç. (Òàøêåíò, Óçáåêèñòàí); Abduvosik Shokirov (V.I.Romanovskiy Institute of
Mathematics, Uzbekistan Academy of Sciences, Tashkent, Uzbekistan
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ãäå a−äîñòàòî÷íî áîëüøîå ÷èñëî, ψ(x, t, y) = g(x, t, y)+h(x, t) ·f(x, t, y),
g(x, t, y) è f(x, t, y) çàäàííûå ôóíêöèè, à ôóíêöèè h(x, t) è c(x, t) ïîä-
ëåæàò îïðåäåëåíèþ.

Êîýôôèöèåíòíàÿ îáðàòíàÿ çàäà÷à
Íàéòè ôóíêöèè (u(x, t, y), h(x, t), c(x, t)), óäîâëåòâîðÿþùèå óðàâ-

íåíèþ (1) ïî÷òè âñþäó â îáëàñòè G, òàêèå, ÷òî u(x, t, y) óäîâëåòâîðÿåò
ñëåäóþùèì óñëîâèÿì:

1. ïîëóíåëîêàëüíûå êðàåâûå óñëîâèÿ

γDp
t u|t=0 = Dp

t u|t=T , (2)

ρDp
xu|x=−1 = Dp

xu|x=1, p = 0, 1, 2, (3)

u|y=0 = u|y=ℓ = 0 (4)

ãäå γ, ρ - íåêîòîðîå ïîñòîÿííîå ÷èñëî, îòëè÷íîå îò íóëÿ;
2. äîïîëíèòåëüíûå óñëîâèÿ

u(x, t, ℓ0) = φ0(x, t) (5)

u(x, t, ℓ1) = φ1(x, t), (6)

0 < ℓ0 < ℓ1 < ℓ < +∞
è âìåñòå ñ ôóíêöèÿìè h(x, t), c(x, t) ïðèíàäëåæèò êëàññó

U =
{
(u, h, c)| u ∈W 2,3

2 (G), h ∈W 2
2 (Q), c ∈W 2

2 (Q), ∥c∥2(Q) ≤ r
}

ãäå r−ïîëîæèòåëüíîå ÷èñëî òî÷íîå çíà÷åíèÿ, êîòîðîå áóäåò îïðåäåëå-
íî íèæå. Çäåñü ÷åðåç W 2,3

2 (G) îáîçíà÷åíî àíèçîòðîïíàÿ ïðîñòðàíñòâà
Ñîáîëåâà c íîðìîé

⟨u⟩2l,s = ∥u∥2
W

l,s
2 (G)

=

√
2

ℓ

∞∑
k=1

(1 + λ2
k)
s ∥uk (x, t)∥2W l

2(Q) , (A)

ãäå W l
2(Q) ïðîñòðàíñòâà Ñîáîëåâà, uk(x, t) îçíà÷àþò êîýôôèöèåíòîâ

Ôóðüå ôóíêöèè u(x, t, y), λk = kπ
l
, k = 1, 2, 3....
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FORWARD AND INVERSE PROBLEMS FOR A MIXED
TYPE EQUATION WITH THE GERASIMOV�CAPUTO
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In this paper the forward and inverse problems of determining the
right-hand side in mixed-type equations are considered. In one part
of the domain, the considered equation is the subdiffusion equation
with a fractional derivative in the sense of Gerasimov–Caputo of the
order ρ ∈ (0, 1] and in the other part—a wave equation with a frac-
tional derivative of the order τ ∈ (1, 2]. The elliptic part of the equa-
tion is Laplace operator, considered in n-dimensional domain Ω. The
right-hand side of the equations has the form f(x)g(t). Three inverse
problems are investigated: in the first problem the unknown is g(t)
for t > 0, in the second - for t < 0, and in the third problem g(t) for
all t.

Keywords: Gerasimov–Caputo fractional derivative; subdiffusion
equation; Laplace operator; forward and inverse problems.

Let 0 < ρ ≤ 1 and 1 < τ ≤ 2. In an arbitrary n dimensional domain Ω
with a su�ciently smooth boundary ∂Ω, we consider the following mixed
type equation:

Lu = F (x, t), (1)

with the boundary

u(x, t) = 0, x ∈ ∂Ω − α ≤ t ≤ β, (2)

the initial
u(x,−α) = φ(x), x ∈ Ω, (3)

and the gluing conditions in the form

u(x,+0) = u(x,−0), lim
t→+0

Dρ
0tu(x, t) = ut(x,−0), x ∈ Ω. (4)

Here

Lu =

{
Dρ

0tu−∆u, 0 < t < β,

Dτ
t0u−∆u, −α < t < 0,

F (x, t) =

{
f1(x)g1(t), 0 < t < β,

f2(x)g2(t), −α < t < 0,

The authors acknowledge �nancial support from the Ministry of Innovative
Development of the Republic of Uzbekistan, Grant no. F-FA-2021-424.

Umida Dusanova (PhD student, Institute of Mathematics, Uzbekistan Academy of
Science, Student Town str., 100174, Tashkent, Uzbekistan.)
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Dρ
0t and Dτ

t0 are the right-hand and left-hand fractional derivatives of
Gerasimov-Caputo, ∆ is the Laplace operator and α > 0, β > 0 are given
real numbers, fi, gi, i = 1, 2 and φ are known functions.

Next, it is convenient to introduce the following designations: D− =
Ω× (−α, 0], D+ = Ω× [0, β).

The initial-boundary value problem (1)-(4) is called the the forward
problem.

De�nition 1. A function u(x, t) with the properties

1. u(x, t) ∈ C(Ω× (−α, 0) ∪ (0, β)),

2. Dρ
0tu(x, t) ∈ C(D+),

3. ut(x, t) ∈ C(D−),

4. Dτ
t0u(x, t) ∈ C(D × (−α, 0)),

and satisfying conditions (1)-(4) is called the (classical) solution of the
forward problem .

Let

∆α(k) = Eτ,1(−λ2
kα

τ )− αλ2
kEτ,2(−λ2

kα
τ ), k ≥ 1.

When solving the forward problem, the following statement occupies an
important place.

Lemma 1. There exists a constant α0 = α0(λ1, τ) such that for α ≥ α0

the following estimate is true ∆α(k) > δ0 > 0, k ≥ 1, where the constant
δ0 = δ0(α) does not depend on λk.

Similar forward problems in the case of ρ = 1 and τ = 2 were
investigated in the work of K. Sabitov [1]. Note that in the work [1] the
classical Fourier method is used to solve problems and the operator uxx+bu
on the interval is taken as the elliptic part. The eigenfunctions of such
an operator are trigonometric functions, which signi�cantly simpli�es the
study of the uniform convergence of the corresponding Fourier series.

In our case, the elliptic part of the equation is the Laplace operator
de�ned in an arbitrary multidimensional domain with the Direchlet
condition. The explicit form of the eigenfunctions in this case is not known,
moreover, the eigenfunctions grow with increasing their number. To study
the uniform convergence of Fourier series, we use the fundamental result of
V.A. Ilyin [2].

Based on the result of V.A. Ilyin [2], some conditions for the smoothness
of the functions φ(x) and F (x, t) are found, guaranteeing the existence and
uniqueness of the solution to the forward problem. It is also shown that the
solution has the form:

u+(x, t) =

∞∑
k=1

(
ωk

∆α(k)
Eρ,1(−λ2

kt
ρ)

)
vk(x)

+

t∫
0

(
(t− s)ρ−1Eρ,ρ(−λ2

k(t− s)ρ)f1k(s) ds
)
vk(x), t > 0,
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u−(x, t) =

∞∑
k=1

(
ωk

∆α(k)
Eτ,1(−λ2

k|t|τ ) + |t|f1k(+0)Eτ,2(−λ2
k|t|τ )

)
vk(x)

−
∞∑
k=1

λ2
k

ωk
∆α(k)

Eτ,2(−λ2
k|t|τ )vk(x)

+

∞∑
k=1

0∫
t

(
(t− s)τ−1Eτ,τ (−λ2

k(t− s)τ )f2k(s) ds
)
vk(x), t < 0, (5)

where

ωk = φk − αf1k(+0)Eτ,2(−λ2
kα

τ )−
0∫

−α

(−α− s)τ−1Eτ,τ
(
−λ2

k(−α− s)τ
)
f2k(s) ds.

Following K. Sabitov [1] let us formulate three inverse problems.
Problem 1. Find functions u(x, t) and g1(t) satisfying the conditions:

u(x, t) ∈ C(Ω× (−α, 0) ∪ (0, β)), Dρ
0tu(x, t) ∈ C(D+), (6)

ut(x, t) ∈ C(D−), Dτ
t0u(x, t) ∈ C(D × (−α, 0), (7)

g1(t) ∈ C[0, β], (8)

Lu(x, t) ≡ F (x, t), (x, t) ∈ D+ ∪D−, (9)

u(0, t) = 0, x ∈ ∂Ω − α ≤ t ≤ β, (10)

u(x,−α) = φ(x), x ∈ Ω, (11)

u(x0, t) = h1(t), x ∈ Ω, 0 ≤ t ≤ β, (12)

where fi(x), i = 1, 2, g2(t), h1(t) are given functions, x0 is a given point
from the domain Ω.

Problem 2. Find functions u(x, t) and g2(t) satisfying the conditions
(6)-(7), (9)-(11), and :

g2(t) ∈ C[−α, 0], (13)

u(x0, t) = h2(t), x ∈ Ω, −α ≤ t ≤ 0, (14)

where fi(x), i = 1, 2, g1(t), h2(t) are known functions.
Problem 3. Find functions u(x, t), g1(t), g2(t) satisfying conditions

(6)-(14); here fi(x), i = 1, 2, hi(x), i = 1, 2, are given functions.
Based on the overdetermination conditions (12) and (14), natural

conditions are imposed on the functions f1 and f2:

f1(x0) ̸= 0, f2(x0) ̸= 0.

When solving inverse problems using the classical Fourier method, to
determine unknown functions gi(t) we obtain integral Volterra of the �rst
kind. In order to reduce these equations to the Volterra equation of the
second kind we apply fractional di�erentiation. In this connection, the
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following conditions on the functions from the overdetermination conditions
arise:

Dρ
0th1(t) ∈ C[0, β], Dτ

t0h2(t) ∈ C[−α, 0].
In each of the three inverse problems, by solving the Volterra integral

equations of the second kind, the existence and uniqueness of solutions of
all three inverse problems are proven.
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Ä.Ñ. Åâòèíà, À.Ï. Æàáêî

diana.evtina@mail.ru, a.zhabko@spbu.ru

ÓÄÊ 517.929.4

Äàííàÿ ðàáîòà ïîñâÿùåíà óñòîé÷èâîñòè ñèñòåì äèôôåðåíöèàëü-
íûõ óðàâíåíèé íåéòðàëüíîãî òèïà ñ íåñîèçìåðèìûìè çàïàçäûâà-
íèÿìè. Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ òåîðåìà îá óñòîé-
÷èâîñòè äëÿ ñêàëÿðíîãî óðàâíåíèÿ, êîòîðàÿ ìîæåò áûòü îáîáùå-
íà äëÿ ñèñòåìû, ìàòðèöû â íåéòðàëüíîé ÷àñòè êîòîðîé êîììóòè-
ðóþò. Ïîëó÷åííûå óñëîâèÿ óñòîé÷èâîñòè ìîãóò áûòü ïðèìåíåíû
íà ïðàêòèêå äëÿ îöåíêè ðåøåíèé è ïîñòðîåíèÿ ñòàáèëèçèðóþùåãî
óïðàâëåíèÿ. Â áóäóùåì ðåçóëüòàò ïëàíèðóåòñÿ ðàñïðîñòðàíèòü íà
ñëó÷àé, êîãäà ìàòðèöû â ëåâîé ÷àñòè ñèñòåìû íå ÿâëÿþòñÿ ïåðå-
ñòàíîâî÷íûìè.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ, ñèñòåìû ñ çàïàç-
äûâàíèåì, çàïàçäûâàíèå íåéòðàëüíîãî òèïà, íåñîèçìåðèìûå çà-
ïàçäûâàíèÿ.
Stability analysis of time-delay systems of neutral type

This work is devoted to the stability of systems of differential equations
of neutral type with incommensurate delays. The main result of the
paper is the stability theorem for a scalar equation, as well as for a
system whose matrices in the neutral part commute. The obtained
stability conditions can be applied in practice to evaluate solutions
and construct a stabilizing control. In the future, the result is planned
to be extended to the case when the matrices in the left part of the
system are not commutative.

Keywords: differential equations, time-delay systems, neutral type de-
lay, incommensurate delays.

Ââåäåíèå. Âàæíûì ðàçäåëîì òåîðèè óïðàâëåíèÿ ÿâëÿåòñÿ èññëå-
äîâàíèå óñòîé÷èâîñòè ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàç-
äûâàþùèì àðãóìåíòîì. Îñîáûé èíòåðåñ ïðè ýòîì ïðåäñòàâëÿþò ñè-
ñòåìû ñ íåéòðàëüíîé ïðàâîé ÷àñòüþ. Îòêóäà áåðóòñÿ òàêèå ñèñòåìû?
Â çàäà÷àõ ñòàáèëèçàöèè ÷àñòî èñïîëüçóþòñÿ ÏÈÄ-ðåãóëÿòîðû, ñîñòîÿ-
ùèå èç ëèíåéíîé, èíòåãðàëüíîé è äèôôåðåíöèàëüíîé ÷àñòè. Ïðè çàìû-
êàíèè ñèñòåìû ïðè ïîìîùè òàêîãî óïðàâëåíèÿ âîçíèêàþò íåéòðàëüíûå
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çàïàçäûâàíèÿ. ×òî êàñàåòñÿ ïðèðîäû ïðîèñõîæäåíèÿ íåñîèçìåðèìûõ
çàïàçäûâàíèé, òî ýòîò ïðîöåññ ìîæíî ðàññìîòðåòü íà ïðèìåðå çàäà÷è
ñòàáèëèçàöèè êîðàáëÿ. Â òàêîé çàäà÷å ïðèñóòñòâóåò 2 òèïà ðåãóëÿòî-
ðîâ, çàïàçäûâàíèÿ êîòîðûõ íåñîèçìåðèìû. Âïåðâûå çàäà÷à ñòàáèëèçà-
öèè ñèñòåìû ñ íåéòðàëüíîé ïðàâîé ÷àñòüþ áûëà ïîñòàâëåíà â ðàáîòå [1].

Ïîñòàíîâêà çàäà÷è. Ðàññìîòðèì ñèñòåìó âèäà

d

dt

[
x(t)−D1x(t−τ)−D2x(t−h)

]
= A0x(t)+A1x(t−h)+

0∫
−τ

Q(θ)x(t+θ)dθ, (1)

ãäå A0, A1 è D1, D2 ̸= 0n×n � çàäàííûå ìàòðèöû ðàçìåðíîñòè n × n,
à êîìïîíåíòû ìàòðèöû Qn×n(θ) � îãðàíè÷åííûå êóñî÷íî-ïîñòîÿííûå
ôóíêöèè. Áóäåì ïîëàãàòü, ÷òî τ ⩾ h, â ïðîòèâíîì ñëó÷àå Q(θ) = 0n×n
ïðè θ ∈ [−h,−τ ].

Â ñëó÷àå, êîãäà τ
h

= m
n
, m, n ∈ Z, ñèñòåìà ñòàíäàðòíûì îáðàçîì

ñâîäèòñÿ ê ñèñòåìå ñ îäíèì çàïàçäûâàíèåì [2]. Ïîýòîìó ðàññìîòðèì
ñëó÷àé, êîãäà ñîîòíîøåíèå çàïàçäûâàíèé τ

h
ÿâëÿåòñÿ ÷èñëîì èððàöèî-

íàëüíûì, òî åñòü çàïàçäûâàíèÿ ÿâëÿþòñÿ íåñîèçìåðèìûìè.
Íàøà çàäà÷à - ðàçðàáîòêà êðèòåðèåâ óñòîé÷èâîñòè òàêèõ ñèñòåì è

â ïåðñïåêòèâå ðåøåíèå çàäà÷è èõ ñòàáèëèçàöèè.
Ïðåäâàðèòåëüíûå ñâåäåíèÿ. Õàðàêòåðèñòè÷åñêîé ìàòðèöåé ñè-

ñòåìû (1) ÿâëÿåòñÿ

G(s) = s
[
I−e−sτD1−e−shD2

]
−A0−e−shA1−

0∫
−τ

esθQ(θ)dθ = sG1(s)−A(s), (2)

ãäå

G1(s) = I − e−sτD1 − e−shD2,

A(s) = A0 + e−shA1 +

0∫
−τ

esθQ(θ)dθ.

Êîðíè õàðàêòåðèñòè÷åñêîé ôóíêöèè ñèñòåìû f(s) = det[sG1(s)−
− A(s)] íàçûâàþòñÿ ñîáñòâåííûìè ÷èñëàìè ñèñòåìû è îáðàçóþò å¼
ñïåêòð:

Λ = {s|f(s) = 0}.
Êâàäðàòíàÿ ìàòðèöà K(t) íàçûâàåòñÿ ôóíäàìåíòàëüíîé ìàòðèöåé

ñèñòåìû (1), åñëè óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:
1.

K(t) =

{
0n×n, t < 0

I, t = 0.
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2.

d

dt
[K(t)−D1K(t− τ)−D2K(t− h)] = A0K(t) +A1K(t− h)+

+

0∫
−τ

Q(θ)K(t+ θ)dθ, t > 0, t ̸= mτ, t ̸= kh.

3. Ìàòðèöà K(t)−D1K(t− τ)−D2K(t− h) íåïðåðûâíà ïðè t ⩾ 0, ò.å.
K(t + 0) −D1K(t − τ + 0) −D2K(t − h + 0) = K(t − 0) −D1K(t − τ −
0)−D2K(t− h− 0).

Ôóíäàìåíòàëüíàÿ ìàòðèöà ïðåòåðïåâàåò ðàçðûâû â òî÷êàõ mτ +
+ kh, m, k > 0, m, k ∈ Z.

Îñíîâíîé ðåçóëüòàò. Ðàññìîòðèì ñêàëÿðíûé ñëó÷àé ñèñòåìû (1).

d

dt

[
x(t)− d1x(t− τ)− d2x(t− h)

]
= a0x(t) + a1x(t− h) +

0∫
−τ

q(θ)x(t+ θ)dθ (1′)

Òåîðåìà. Åñëè óðàâíåíèå (1`) ýêñïîíåíöèàëüíî óñòîé÷èâî, òî íåîá-

õîäèìî âûïîëíåíèå ñëåäóþùåãî óñëîâèÿ:

|d1|+ |d2| < 1.

Èäåÿ äîêàçàòåëüñòâà.Èçâåñòíî [1], ÷òî äëÿ ýêñïîíåíöèàëüíîé óñòîé-
÷èâîñòè óðàâíåíèÿ (1`) äîñòàòî÷íî, ÷òîáû õàðàêòåðèñòè÷åñêèé ïîëè-
íîì óðàâíåíèÿ áûë øóðîâñêèì. Âûïèøåì àíàëîã õàðàêòåðèñòè÷åñêîãî
ïîëèíîìà (2) äëÿ íàøåãî óðàâíåíèÿ:

g(s) = s
[
1− e−sτd1 − e−shd2

]
− a0 − e−sha1 −

0∫
−τ

esθq(θ)dθ = sg1(s)− a(s).

Ñ òî÷êè çðåíèÿ óñòîé÷èâîñòè íàñ èíòåðåñóåò ïîëèíîì g1(s), îòíîñÿ-
ùèéñÿ ê íåéòðàëüíîé ÷àñòè óðàâíåíèÿ. Ðàññìîòðèì s = iω. Òîãäà

g1(s) = 1− e−iωτd1 − e−iωhd2,

îòêóäà ñëåäóåò îãðàíè÷åíèå íà êîýôôèöèåíòû d1, d2: |d1|+ |d2| < 1.

Ñëåäñòâèå. Ïîëó÷åííàÿ òåîðåìà ñïðàâåäëèâà è äëÿ ñëó÷àÿ ñèñòåì
âèäà (1), êîãäà ìàòðèöû D1 è D2 ÿûëÿþòñÿ ïåðåñòàíîâî÷íûìè.
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Ðàññìîòðåíà îáùàÿ ñõåìà ïîñòðîåíèÿ ïåðèîäè÷åñêèõ ðåøåíèé
äèôôåðåíöèàëüíûõ óðàâíåíèé â áàíàõîâûõ ïðîñòðàíñòâàõ.

Êëþ÷åâûå ñëîâà: ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé, ïåðèîäè÷åñêèå ðåøåíèÿ, ìåòîä À.Ì. Ñàìîéëåíêî.
Periodic solutions of some equations

A general scheme for constructing periodic solutions of differential
equations in Banach spaces is considered.

Keywords: systems of ordinary differential equations, periodic solu-
tions, the method of A.M. Samoylenko.

Â ðàáîòàõ À.Ì. Ñàìîéëåíêî, Í.È. Ðîíòî [1,2] ïðåäëîæåí ìåòîä
îòûñêàíèÿ ïåðèîäè÷åñêèõ ðåøåíèé. Â ðàáîòàõ [3,4,5] ïðåäëîæåíà îá-
ùàÿ òåîðåòèêî-ôóíêöèîíàëüíàÿ ñõåìà ïîñòðîåíèÿ ïåðèîäè÷åñêèõ ðå-
øåíèé äëÿ êâàçèëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â áàíàõîâûõ
ïðîñòðàíñòâàõ. Ýòà ñõåìà ïîçâîëÿåò èíòåðïðåòèðîâàòü ìåòîä À.Ì. Ñà-
ìîéëåíêî êàê ïðîöåäóðó ðåøåíèÿ ýêâèâàëåíòíîé èñõîäíîé çàäà÷å, ñî-
ñòîÿùåé èç èíòåãðàëüíîãî óðàâíåíèÿ ñ ïàðàìåòðîì, ðåøàåìîãî ìåòî-
äîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé è íåêîòîðîãî íåëèíåéíîãî îïåðà-
òîðíîãî óðàâíåíèÿ äëÿ ýòîãî ïàðàìåòðà. Ïðè ýòîì èññëåäîâàíèå ñõî-
äèìîñòè ñâîäèòñÿ ê àíàëèçó ïîçèòèâíîãî ñïåêòðà [6,7,8] ëèíåéíîãî èí-
òåãðàëüíîãî îïåðàòîðà ñ íåîòðèöàòåëüíûì ÿäðîì.

Ñõåìà ïåðåõîäà îò ïåðèîäè÷åñêîé çàäà÷è äëÿ äèôôåðåíöèàëüíûõ
óðàâíåíèé ê íåëèíåéíûì èíòåãðàëüíûì óðàâíåíèÿì äîïóñêàåò ôîð-
ìàëüíîå îïèñàíèå. È, òàêèì îáðàçîì, èäåþ ìîæíî ïðèìåíèòü äëÿ êðà-
åâûõ çàäà÷ äèôôåðåíöèàëüíûõ óðàâíåíèé ðàçíûõ òèïîâ (äèôôåðåí-
öèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì, èíòåãðàëüíûõ óðàâíåíèé, ýâî-
ëþöèîííûõ óðàâíåíèé).

Îïèøåì ýòó ñõåìó.
Ïóñòü X� áàíàõîâî ïðîòñðàíñòâî, X0 � åãî äîïîëíÿþùåå ïîäïðî-

ñòðàíñòâî, Π � ïðîåêöèÿ X íà X0, L � íåîãðàíè÷åííûé ëèíåéíûé
îïåðàòîð â X, F � íåëèíåéíûé ãëàäêèé îïåðàòîð â X, îñòàâëÿþùèé
ïîäïðîñòðàíñòâî X0 èíâàðèàòíûì.

Åâõóòà Íèêîëàé Àëåêñàíäðîâè÷, ê.ô.-ì.í., äîöåíò,ÞÐÃÏÓ (ÍÏÈ) èì. Ì.È. Ïëà-
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Íàñ èíòåðåñóåò ðåøåíèå óðàâíåíèÿ

Lx = F (x), (1)

ëåæàùåå â ïðîñòðàíñòâå X0.
Ïóñòü òàêæå çàäàíû ëèíåéíûé îïåðàòîð T , äåéñòâóþùèé èç ïðî-

ñòðàíñòâà Y ïàðàìåòðîâ ξ â X è îïåðàòîð K èç X â X, äëÿ êîòîðûõ
ôîðìóëà

x = Tξ +Kf (2)

îïðåäåëÿåò ðåøåíèå ëèíåéíîãî óðàâíåíèÿ

Lx = f. (3)

Ïðè ýòîì êàæäîå ðåøåíèå x ýòîãî óðàâíåíèÿ, ëåæàùåå â X0, ìîæåò
áûòü ïðåäñòàâëåíî â âèäå (2). Ýòî ñâîéñòâî ýêâèâàëåòíî ñîîòíîøåíèþ

D(L)
⋂
X0 ⊂ Tξ +KLX0, (4)

ãäå D(L) - îáëàñòü îïðåäåëåíèÿ îïåðàòîðà L.
Òàêèì îáðàçîì, çàäà÷à î ðåøåíèÿõ óðàâíåíèÿ (1) èç X0 ðàâíîñèëü-

íà ñèñòåìå

x = ΠTξ +ΠKFx, (5)

(I −Π)Tξ + (I −Π)KFx = 0. (6)

Åñëè ïåðâîå óðàâíåíèå ðàçðåøèìî îòíîñèòåëüíî x è

x =Wξ (7)

åãî ðåøåíèå, òî ñèñòåìà (5), (6) ýêâèâàëåíòíà îäíîìó óðàâíåíèþ

Hξ = 0 (8)

ñ äåéñòâóþùèì èç Y â äîïîëíèòåëüíîå ê X0 ïîäïðîñòðàíñòâî Y1 =
(I −Π)x îïåðàòîðîì

H = T +ΠKF −W. (8)

Çàäà÷à î ðåøåíèÿõ óðàâíåíèÿ (2) â X0 ñâîäèòñÿ ê ïîñëåäîâàòåëü-
íîìó ðåøåíèþ äâóõ óðàâíåíèé. Óðàâíåíèå ñ ïàðàìåòðîì (5) â ïðî-
ñòðàíñòâå X è óðàâíåíèå äëÿ ýòîãî ïàðàìåòðà (8) â ïðîñòðàíñòâå Y .
Îïåðàòîð ΠKF , êàê ïðàâèëî, îïåðàòîð ñæàòèÿ, ïîýòîìó îïåðàòîð W
íàõîäèòñÿ êàê ïðåäåë ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.
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Èçëàãàåòñÿ ïðèìåíåíèå ìåòîäà ðàçëîæåíèÿ ïî ñîáñòâåííûì ôóíê-
öèÿì ñàìîñîïðÿæåííîãî äèôôåðåíöèàëüíîãî îïåðàòîðà ê ðåøå-
íèþ îäíîé íåñòàöèîíàðíîé îäíîôàçíîé äâóõìåðíîé çàäà÷è òåï-
ëîîáìåíà ñ ôàçîâûì ïåðåõîäîì ïðè ñïåöèàëüíûõ êðàåâûõ óñëî-
âèÿõ íà ïðèìåðå ïðîöåññà ïðîìåðçàíèÿ íåêîòîðîé ñïëîøíîé ñðå-
äû. Óñòàíàâëèâàåòñÿ ïàðàáîëè÷åñêèé çàêîí äâèæåíèÿ ñâîáîäíîé
ãðàíèöû. Çàäà÷è ïîäîáíîãî òèïà âîçíèêàþò ïðè ìàòåìàòè÷åñêîì
ìîäåëèðîâíàíèè ïðîöåññîâ òåïëîîáìåíà â ñòðîèòåëüñòâå, îñîáåí-
íî â ðàéîíàõ âå÷íîé ìåðçëîòû, â íåôòåãàçîäîáû÷å ïðè áóðåíèè è
ýêñïëóàòàöèè ñêâàæèí, â ìåòàëóðãèè è ò.ä.

Êëþ÷åâûå ñëîâà: ôàçîâûé ïåðåõîä, ñâîáîäíûå ãðàíèöû, äâèæóùè-
åñÿ ãðàíèöû, çàäà÷à Ñòåôàíà, êîíå÷íûå èíòåãðàëüíûå ïðåîáðà-
çîâàíèÿ, âûðîæäåííûå ãèïåðãåîìåòðè÷åñêèå ôóíêöèè, âîçìóùåí-
íûé äèôôåðåíöèàëüíûì îïåðàòîð.
Solving a two-dimensional single-phase stefan problem for a
half-strip

The application of the eigenfunction decomposition method of a self-
adjoint differential operator to the solution of a non-stationary single-
phase two-dimensional heat transfer problem with a phase transition
under special boundary conditions is described using the example of
the freezing process of a continuous medium. The parabolic law of
motion of the interface between the two phases is established. Prob-
lems of this type arise in the mathematical modeling of heat transfer
processes in construction, especially in permafrost areas, in oil and gas
production during drilling and operation of wells, in metallurgy, etc.

Keywords: phase transition, free boundaries, moving boundaries, Ste-
fan problem, finite integral transformations, degenerate hypergeomet-
ric functions, perturbed differential operator.

Ðàññìîòðì çàäà÷ó î äèíàìèêå çàòâåðäåâàíèÿ ïëîñêîé ìåòåðèàëü-
íîé îáëàñòè D = {|x1| < b, x2 > 0} ïîä äåéñòâèåì ñòåðæíåâîãî èñòî÷-
íèêà õîëîäà, îãðàíè÷åííîãî ñ äâóõ ñòîðîí. Äîïóñòèì, â íà÷àëüíûé
ìîìåíò âðåìåíè îáëàñòü D îáëàäàåò ïîëîæèòåëüíîé òåìïåðàòóðîé è
ïîä äåéñòâèåì èñòî÷íèêà õîëîäà J = {|x1| < b, x2 = 0} ñ òåìïåðàòóðîé

Çàéíóëëèí Ðèôàò Ãèëüìåòäèíîâè÷, ê.ô.-ì.í., äîöåíò, ÓÓÍèÒ (Óôà, Ðîññèÿ);
Rifat Zaynullin (Ufa University of Science and Technology, Ufa, Russia)
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t0 < 0 ïîíèæàåòñÿ äî òåìïåðàòóðû t = 0. Â òàêîì ñëó÷àå â îáëàñòè
D îáðàçóåòñÿ çîíà çàòâåðäåâàíèÿ D(x, τ), è ãðàíèöà ôàçîâîãî ïåðåõîäà
S : x2 = ξ(x1, τ) ïðîäâèãàåòñÿ âíóòðü îáëàñòè D (ñì.ðèñ.1).

Ðèñ. 1: Ñõåìà ðàñïîëîæåíèÿ çîíû çàòâåðäåâàíèÿ

Ìàòåìàòè÷åñêóþ ìîäåëü ýòîãî ïðîöåññà ñ ìîìåíòà çàòâåðäåâàíèÿ
ìîæíî îïèñàòü óðàâíåíèÿìè:

∂t(x1, x2, τ)

∂τ
= a2

2∑
i=1

∂2t(x1, x2, τ)

∂x2i
; (1)

(x1, x2, τ) ∈ D(x, τ) = {|x1| < b, 0 < x2 < ξ(x1, τ)} , b > 0, τ > 0, ξ(x,+0) > 0.

t(x1, x2, 0) =

(
1− x2

ξ(x1, 0)

)
t0; (2)

t(x1, 0, τ) = t0; (3)

t(x1, ξ(x1, τ), τ) = 0; (4)

t(±b, x2, τ) =
(
1− x2

ξ(±b, τ)

)
t0; (5)

∂t(x1, ξ(x1, τ), τ)

∂x2
− ∂t(x1, ξ(x1, τ), τ)

∂x1
· ∂ξ(x1, τ)

∂x1
=
σν

λ
· ∂ξ(x1, τ)

∂τ
; (6)

ãäå σ− ñêðûòàÿ òåïëîòà êðèñòàëèçàöèè, a2;λ− êîýôôèöèåíòû òåìïå-
ðàòóðîïðîâîäíîñòè è òåïëîïðîâîäíîñòè, ñîîòâåòñòâåííî, ν− ïëîòíîñòü
îáðàçóþùåéñÿ ôàçû. Òðåáóåòñÿ íàéòè ôóíêöèè t1(x1, x2, τ); ξ(x1, τ),
óäîâëåòâîðÿþùåå ðàâåíñòâàì (1) � (6). Ðåøåíèå çàäà÷è íà÷èíàåòñÿ ñ
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ïðåîáðàçîâàíèÿ îáëàñòè ñ ïîìîùüþ ñîîòâåñòâóþùèõ ïîäñòàíîâîê ê îá-
ëàñòè ñ íåïîäâèæíûìè ãðàíèöàìè, çàòåì äëÿ ðåøåíèÿ ïðåîáðàçîâàí-
íîé çàäà÷è ñòðîÿòñÿ êîíå÷íûå èíòåãðàëüíûå ïðåîáðàçîâàíèÿ ïî ïðî-
ñòðàíñòâåííûì êîîðäèíàòàì ñ íåèçâåñòíûìè ÿäðàìè, íàõîæäåíèå êîòî-
ðûõ ñâÿçàíî ñ ïîñòàíîâêîé è ðåøåíèåì ñîîòâåòñòâóþùèõ ñïåêòðàëüíûõ
çàäà÷; îäíî èç ÿäåð âûðàæàåòñÿ ÷åðåç âûðîæäåííûå ãèïåðãåîìåòðè÷å-
ñêèå ôóíêöèè. Íàõîäÿòñÿ ñîáñòâåííûå ÷èñëà è ñîáñòâåííûå ôóíêöèè,
à òàêæå ôîðìóëû îáðàùåíèÿ äëÿ ââåäåíûõ èíòåãðàëüíûõ ïðåîáðàçî-
âàíèé, ÷òî ïîçâîëÿåò âûïèñàòü àíàëèòè÷åñêîå ðåøåíèå çàäà÷è.
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Äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ âà-
ðèàöèîííîãî íåðàâåíñòâà, ìîäåëèðóþùåãî äåôîðìàöèè ðàçðûâíîé
ñòèëòüåñîâñêîé ñòðóíû (öåïî÷êè ñòèëòüåñîâñêèõ ñòðóí, ñêðåïëåí-
íûõ ìåæäó ñîáîé ïðóæèíàìè) ñ ëîêàëèçîâàííûì íà îäíîì èç êîí-
öîâ ïðåïÿòñòâèåì íà ïåðåìåùåíèå. Â ÿâíîì âèäå ïîëó÷åíà ôîð-
ìóëà ïðåäñòàâëåíèÿ òî÷íîãî ðåøåíèÿ. Óñòàíîâëåíû êà÷åñòâåííûå
ñâîéñòâà ðåøåíèÿ (çíàêîðåãóëÿðíûå, ýêñòðåìàëüíûå).

Êëþ÷åâûå ñëîâà: âàðèàöèîííîå íåðàâåíñòâî, èíòåãðàë Ñòèëòüåñà,
ìåðà, ïðîèçâîäíàÿ ïî ìåðå, ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè.
Qualitative properties of the solution of the variational in-
equality for a discontinuous Stieltjes string

Theorems of existence and uniqueness of the solution of the variational
inequality modeling deformations of a discontinuous Stieltjes string (a
chain of Stieltjes strings fastened together by springs) with an obstacle
to movement localized at one point are proved. A formula for repre-
senting the exact solution is obtained in explicit form. Qualitative
properties of the solution (sign-regular, extremal) are established.

Keywords: variational inequality, Stieltjes integral, measure, deriva-
tive with respect to measure, function of bounded variation.

Ïðîâåäåíî èññëåäîâàíèå âàðèàöèîííîãî íåðàâåíñòâà

l∫
0

pu′
µv

′
µdµ−

l∫
0

pu′
µ
2
dµ+

l∫
0

uvd[Q]−
l∫

0

u2d[Q]−
l∫

0

vd[F ] +

l∫
0

ud[F ] ≥ 0 (1)

ñ ðàçðûâíûìè ðåøåíèÿìè íà [0, l], ìîäåëèðóþùåãî äåôîðìàöèè ðàç-
ðûâíîé ñòèëòüåñîâñêîé ñòðóíû (öåïî÷êè ñòèëòüåñîâñêèõ ñòðóí, ñêðåï-
ëåííûõ ìåæäó ñîáîé ïðóæèíàìè). Çäåñü ôóíêöèÿ u(x) îïðåäåëÿåò äå-
ôîðìàöèþ ñòðóíû ïîä âîçäåéñòâèåì âíåøíåé ñèëû; p(x) õàðàêòåðèçó-
åò ñèëó íàòÿæåíèÿ; Q(x) è F (x) îïèñûâàþò óïðóãóþ ðåàêöèþ âíåøíåé

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà ïðîñâåùåíèÿ Ðîñ-
ñèéñêîé Ôåäåðàöèè â ðàìêàõ âûïîëíåíèÿ ãîñóäàðñòâåííîãî çàäàíèÿ â ñôåðå íàóêè
(íîìåð òåìû OTGE-2024-0002)
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ñðåäû è âíåøíþþ íàãðóçêó ñîîòâåòñòâåííî. Ïðåäïîëàãàåòñÿ, ÷òî â òî÷-
êå x = l óñòàíîâëåí îãðàíè÷èòåëü íà âåðòèêàëüíîå ïåðåìåùåíèå ïðàâî-
ãî êîíöà ñòðóíû, ïðåäñòàâëåííûé îòðåçêîì [−m,m], ò.å. |u(l)| ≤ m. Ëå-
âûé êîíåö ñòðóíû æåñòêî çàêðåïëåí, ò.å. âûïîëíåíî óñëîâèå u(0) = 0.
Ôóíêöèè p(x), F (x) èìåþò îãðàíè÷åííóþ âàðèàöèþ íà [0, l], ïðè÷åì
inf
[0,l]

p > 0; ôóíêöèÿ Q(x) íå óáûâàåò íà [0, l]. Ïåðâûé è âòîðîé èíòåãðà-

ëû â (1) ïîíèìàþòñÿ ïî Ëåáåãó - Ñòèëòüåñó êàê èíòåãðàëû ïî ìåðå,
ïîðîæäåííîé ñòðîãî âîçðàñòàþùåé íà [0, l] ôóíêöèåé µ(x). Îñòàëüíûå
èíòåãðàëû ïîíèìàþòñÿ â îáîáùåííîì ñìûñëå ïî Ñòèëòüåñó, ïðåäëî-
æåííîì Þ.Â. Ïîêîðíûì â [1], êîãäà ïðîèñõîäèò "ðàñùåïëåíèå"ìåðû â
òî÷êàõ ðàçðûâà. ×òîáû ïîä÷åðêíóòü, ÷òî ðå÷ü èäåò î òàêîì èíòåãðà-
ëå, ìû çàêëþ÷àåì ôóíêöèþ, ñòîÿùóþ ïîä çíàêîì äèôôåðåíöèàëà â
êâàäðàòíûå ñêîáêè.

Ïóñòü K � ìíîæåñòâî µ � àáñîëþòíî-íåïðåðûâíûõ íà [0, l] ôóíê-
öèé, µ ïðîèçâîäíûå êîòîðûõ u′

µ èìåþò îãðàíè÷åííóþ âàðèàöèþ íà [0, l],
óäîâëåòâîðÿþùèõ óñëîâèÿì u(0) = 0, |u(l)| ≤ m. Ðåøåíèÿ u(x) âàðèà-
öèîííîãî íåðàâåíñòâà (1) ìû èùåì â êëàññå K; v(x) � ïðîèçâîëüíûå
ôóíêöèè, ïðèíàäëåæàùèå K.

Òåîðåìà 1. Ðåøåíèå u(x) âàðèàöèîííîãî íåðàâåíñòâà (1) ñóùå-
ñòâóåò è åäèíñòâåííî.

Òåîðåìà 2. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ðàçáèåíèå [0, l] òî÷-
êàìè ξi òàêîå, ÷òî íà êàæäîì ïðîìåæóòêå [ξi, ξi+1] ôóíêöèÿ F (x)
ìîíîòîííà; äëÿ âñåõ 1 ≤ i ≤ k − 1 âûïîëíÿåòñÿ íåðàâåíñòâî

(F (ξi)− F (ξi−1)) · ((F (ξi+1)− F (ξi)) < 0.

Òîãäà ñîîòâåòñòâóþùåå íåòðèâèàëüíîå ðåøåíèå u(x) âàðèàöèîííîãî
íåðàâåíñòâà (1) èìååò íà (0, l] íå áîëåå k − 1 íóëåâîé òî÷êè.
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Äàííîå èññëåäîâàíèå ïîñâÿùåíî èçó÷åíèþ ïðèìåðîâ ðàñõîäÿùèõ-
ñÿ èíòåãðàëîâ â êîíòåêñòå àíàëèçà êâàíòîâî-ïîëåâûõ ìîäåëåé, à
òàêæå ìåòîäîâ èõ ðåãóëÿðèçàöèè ïóòåì äåôîðìàöèè ôóíäàìåí-
òàëüíûõ ðåøåíèé.

Êëþ÷åâûå ñëîâà: îïåðàòîð Ëàïëàñà, ôóíäàìåíòàëüíîå ðåøåíèå,
ðåãóëÿðèçàöèÿ, äåôîðìàöèÿ.
On a deformation of a fundamental solution of a Laplace
operator in the context of QFT

This study aims to investigate examples of divergent integrals within
the framework of the analysis of quantum field models, along with
methods for their regularization through a deformation of fundamental
solutions.

Keywords: Laplace operator, fundamental solution, regularization, de-
formation.

Êàê èçâåñòíî, ñì. [1,2], èñïîëüçîâàíèå ïåðòóðáàòèâíîãî ïîäõîäà ïðè
èçó÷åíèè êâàíòîâî-ïîëåâûõ ìîäåëåé ìîæåò ïðèâîäèòü ê ïîÿâëåíèþ
ðàñõîäÿùèõñÿ âåëè÷èí. Ýòî ñâÿçàíî ñ òåì ôàêòîì, ÷òî îáîáùåííûå
ôóíêöèè, êîòîðûå äîëæíû ðàññìàòðèâàòüñÿ íà íåêîòîðîì òåñòîâîì
êëàññå, â äåéñòâèòåëüíîñòè äåéñòâóþò íà äðóãèå îáîáùåííûå ôóíê-
öèè. Â èòîãå, ïîëó÷àþùèåñÿ êîìáèíàöèè ìîãóò ñîäåðæàòü íå òîëüêî
íåèíòåãðèðóåìûå ïëîòíîñòè, íî è ñèíãóëÿðíûå ôóíêöèîíàëû â îñîáûõ
òî÷êàõ. Ýòî ïðèâîäèò ê íåîáõîäèìîñòè ââîäèòü ðåãóëÿðèçàöèþ, êîòî-
ðàÿ, êàê ïðàâèëî, ñâîäèòñÿ ê íåêîòîðîé äåôîðìàöèè ôóíêöèè Ãðèíà.

Â íàñòîÿùåì èññëåäîâàíèè, ñì. äëÿ ïðèìåðà [3-5], ðàññìàòðèâàåò-
ñÿ ñåðèÿ ïðèìåðîâ, ñîäåðæàùèõ ¾ðàñõîäèìîñòè¿, èçó÷àþòñÿ ìåòîäû èõ
ðåãóëÿðèçàöèè, à òàêæå ïðåäëàãàåòñÿ íîâàÿ ðåãóëÿðèçàöèÿ îáðåçàíèåì
â êîîðäèíàòíîì ïðåäñòàâëåíèè, óäîâëåòâîðÿþùàÿ ¾óñëîâèþ ïðèìåíè-
ìîñòè¿, êîòîðîå ãàðàíòèðóåò íåîòðèöàòåëüíîñòü â èìïóëüñíîì ïðåä-
ñòàâëåíèè. Â ÷àñòíîñòè, èññëåäóåòñÿ ñåìåéñòâî äåôîðìàöèé äëÿ ôóí-
äàìåíòàëüíîãî ðåøåíèÿ îïåðàòîðà Ëàïëàñà ñïåöèàëüíîãî âèäà.
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Àííîòàöèÿ. Â äàííîé ðàáîòå äëÿ âûðîæäàþùåãîñÿ ýëëèïòè÷å-
ñêîãî óðàâíåíèÿ â âåðòèêàëüíîé ïîëóïîëîñå èññëåäîâàíà çàäà÷à
òèïà Áèöàäçå-Ñàìàðñêîãî. Cïåêòðàëüíûì ìåòîäîì äîêàçàíû òåî-
ðåìû î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è. Â ðàáî-
òå òàêæå èçó÷åíû ñïåêòðàëüíûå ñâîéñòâà çàäà÷è òèïà Áèöàäçå-
Ñàìàðñêîãî äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
âòîðîãî ïîðÿäêà, íàéäåíû ñîáñòâåííûå ÷èñëà, à òàêæå ñîîòâåò-
ñòâóþùèå ñîáñòâåííûå ôóíêöèè, äîêàçàíà èõ ïîëíîòà è áàçèñ-
íîñòü, òàêæå èññëåäîâàíà ñîïðÿæåííàÿ çàäà÷à.

Êëþ÷åâûå ñëîâà: ïîëóïîëîñà, âûðîæäàþùååñÿ óðàâíåíèå, çàäà÷à
òèïà Áèöàäçå-Ñàìàðñêîãî, ìîäèôèöèðîâàííîå óðàâíåíèå Áåññåëÿ,
ïîëíîòà, áàçèñíîñòü.
On the unique solvability of the Bitsadze-Samarsky problem
for a degenerate elliptic equation

Abstract. In this work, a nonlocal Bitsadze-Samarskii type problem
is investigated for a degenerate elliptic equation in a vertical half-
strip. Theorems on the existence and uniqueness of a solution to the
problem are proven using the spectral method. In this work we also
studied the spectral properties of the Bitsadze-Samarskii type problem
for an ordinary differential equation of the second order, found the
eigenvalues, as well as the corresponding eigenfunctions, proved their
completeness and basis property, and also investigated the adjoint
problem.

Keywords: half-strip, degenerate equation, Bitsadze-Samarskii type
problem, modified Bessel equation, completeness, basis property.

Çàäà÷è ñ êðàåâûìè óñëîâèÿìè òèïà Èîíêèíà-Ñàìàðñêîãî äëÿ âû-
ðîæäàþùåãîñÿ óðàâíåíèÿ, ñ èñïîëüçîâàíèåì ñïåêòðàëüíîãî ìåòîäà,
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èçó÷åíû â ðàáîòàõ [1,2]. Â äàííîé ðàáîòå äëÿ âûðîæäàþùåãîñÿ ýëëèï-
òè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà âèäà

Lu ≡ tmuxx + utt − b2tmu = 0,

â ïîëóïîëîñå Ω = {(x, y) : 0 < x < 1, y > 0} ñïåêòðàëüíûì ìåòîäîì
èçó÷àåòñÿ çàäà÷à òèïà Áèöàäçå-Ñàìàðñêîãî â ñëåäóþùåé ïîñòàíîâêå:

Çàäà÷à BS. Íàéòè îãðàíè÷åííóþ â îáëàñòè Ω ôóíêöèþ u (x, t),
óäîâëåòâîðÿþùóþ óñëîâèÿì:

u (x, t) ∈ C
(
Ω
)
∩ C2 (Ω) , Lu (x, t) ≡ 0, (x, t) ∈ Ω,

u (0, t) = 0, u (1, t) = u (x0, t) , t ∈ [0;+∞) , u (x; 0) = τ (x) , x ∈ [0, 1] ,

ãäå τ(x) - çàäàííàÿ ôóíêöèÿ, x0 ∈ (0, 1),b, m > 0.
Â äàííîé ðàáîòå çàäà÷à BS èçó÷àåòñÿ â äâóõ ðàçëè÷íûõ çíà÷åíèÿõ

x0, à èìåííî ïðè x0 = 0, 5 è x0 = 0, 2.
1. Ñëó÷àé x0 = 0, 5. Äëÿ ðåøåíèÿ çàäà÷è BS èñïîëüçóåòñÿ ñïåê-

òðàëüíûé ìåòîä, â ðåçóëüòàòå êîòîðîãî ðàññìàòðèâàåìàÿ çàäà÷à ñâî-
äèòñÿ ê èçó÷åíèþ ñïåêòðàëüíîé çàäà÷è äëÿ îáûêíîâåííîãî äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ïî ïðîñòðàíñòâåííîé ïåðåìåí-
íîé. Èññëåäóþòñÿ ñïåêòðàëüíûå ñâîéñòâà ïîëó÷åííîé, à òàêæå ñîïðÿ-
æåííîé çàäà÷è. Íàéäåíû ñîáñòâåííûå çíà÷åíèÿ, à òàêæå ñîîòâåòñòâó-
þùèå èì ñîáñòâåííûå ôóíêöèè, äîêàçàíî èõ áàçèñíîñòü. Äàëåå ïðè
îïðåäåëåííûõ óñëîâèÿõ íà çàäàííûå ôóíêöèè äîêàçûâàþòñÿ òåîðåìû
î åäèíñòâåííîñòè è ñóùåñòâîâàíèÿ ðåøåíèÿ ýòîé çàäà÷è.

2. Ñëó÷àé x0 = 0, 2. Ñïåêòðàëüíûå âîïðîñû çàäà÷è èññëåäóþò-
ñÿ àíàëîãè÷íûì îáðàçîì. Îòìåòèì, ÷òî â ýòîì ñëó÷àå, ñïåêòðàëüíàÿ
çàäà÷à, ïîëó÷åííàÿ â ðåçóëüòàòå ïðèìåíåíèÿ ñïåêòðàëüíîãî ìåòîäà, à
òàêæå çàäà÷à, ñîïðÿæåííàÿ ê ýòîé, êðîìå ñîáñòâåííûõ ôóíêöèé, òàêæå
èìååò ïðèñîåäèíåííûå ôóíêöèè.
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Êëþ÷åâûå ñëîâà: åäèíñòâåííîñòü ðåøåíèÿ, óðàâíåíèÿ òåïëîïðî-
âîäíîñòè, ñïåêòðû, îïåðàòîðû.
Uniqueness and solvability of one four point problem for the
heat conduction equation

Â ïðåäëàãàåìîì ñîîáùåíèè ðàññìàòðèâàåòñÿ ÷åòûðåõ òî÷å÷íàÿ ïî
âðåìåíè çàäà÷à äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè íà âñåé îñè.

The proposed communication considers a four-point time problem for
the heat equation on the entire axis.

Keywords: uniqueness of solution, heat equations, spectra, operators.

Èññëåäóåòñÿ çàäà÷à

∂u(x, t)

∂t
=
∂2u(x, t)

∂x2
, x ∈ R, 0 < t < T (1)

α0u(x, 0) + α1u(x,
T

3
) + α2u(x,

2T

3
) + α3u(x, T ) = ψ(x) (2)

ãäå

α0 + α1 + α2 + α3 = 1, α0 ̸= 0, α3 ̸= 0

Â ïåðâîé ÷àñòè ñîîáùåíèÿ âûÿñíÿåòñÿ, ÷òî åäèíñòâåííîñòü ðåøåíèÿ
çàäà÷è (1.1)-(1.2) äîñòèãàåòñÿ òîãäà è òîëüêî òîãäà, êîãäà ñïåêòðû ñëå-
äóþùèõ äâóõ îïåðàòîðîâ

A =
∂

∂t
,D(A) = {y(t) ∈W 1

2 [0, T ] :

3∑
j=0

αjy(
jT

3
) = 0}

B =
d2ω(x)

dx2
, D(B) = {W 2

2 (−∞,+∞)}

íå ïåðåñåêàþòñÿ. Â çàêëþ÷èòåëüíîé ÷àñòè äîêëàäà âûÿâëåí êëàññ
ðàçðåøèìîñòè çàäà÷è (1.1)-(1.2). Ìåòîäû äîêàçàòåëüñòâà åäèíñòâåííî-
ñòè ìîæíî íàéòè â ðàáîòàõ [1, 2]. Êëàññû ðàçðåøèìîñòè ïîäîáíûõ çà-
äà÷ âûÿñíÿþòñÿ â ðàáîòå [3]. Àâòîð âûðàæàåò áëàãîäàðíîñòü ïðîôåñ-
ñîðó Êàíãóæèíó Á.Å. çà êîíòðîëü íàä ðàáîòîé â õîäå å¼ âûïîëíåíèÿ.

Êàéðàò Ã., Êàçàõñêèé Íàöèîíàëüíûé Óíèâåðñèòåò èìåíè Àëü-Ôàðàáè
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Â ðàáîòå äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà ñ ñèíãóëÿðíûì êîýô-
ôèöèåíòîì èçó÷åíà íåëîêàëüíàÿ êðàåâàÿ çàäà÷à â íåîãðàíè÷åí-
íîé îáëàñòè. Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è äîêàçàíà ñ ïîìîùüþ
ïðèíöèïà ýêñòðåìóìà. Ïðè äîêàçàòåëüñòâå ñóùåñòâîâàíèÿ ðåøå-
íèÿ çàäà÷è ïðèìåíåíû ìåòîäû èíòåãðàëüíûõ óðàâíåíèé è ðàçäå-
ëåíèÿ ïåðåìåííûõ.

Êëþ÷åâûå ñëîâà: Ïîëóïîëîñà, óðàâíåíèå ñ ñèíãóëÿðíûì êîýôôè-
öèåíòîì, ôóíêöèÿ Áåññåëÿ, ïðåîáðàçîâàíèå Õàíêåëÿ, ðÿä, åäèí-
ñòâåííîñòü ðåøåíèÿ, ñóùåñòâîâàíèå ðåøåíèÿ, ìåòîä Ôóðüå, ñèí-
ãóëÿðíîå èíòåãðàëüíîå óðàâíåíèå.

Ðàññìîòðèì óðàâíåíèå

signy|y|muxx + uyy +
β0
y
uy = 0, (1)

ãäå m > 0, −m
2
< β0 < 1 â îáëàñòè D, îãðàíè÷åííîé ïðÿìûìè J0 =

{(x, y) : x = 0, y > 0}, J1 = {(x, y) : x = 1, y > 0} è õàðàêòåðèñòèêàìè

OC : x − 2
m+2

(−y)
m+2

2 = 0, BC : x + 2
m+2

(−y)
m+2

2 = 1 óðàâíåíèÿ (1),
âûõîäÿùèìè èç òî÷åê O(0, 0), B(1, 0), è îòðåçêîì OB ïðÿìîé y = 0.
ÏóñòüD = D

−∪D+∪J̄0∪J̄1, D+ = D∩{(x, y) : y > 0}, D− = D∩{(x, y) :
y < 0}.

Çàäà÷à. Íàéòè ôóíêöèþ u = u(x, y) ñî ñâîéñòâàìè:
1) u(x, y) ∈ C(D)∩C1(D+ ∪ J0 ∪D−)∩C2(D+ ∪D−) óäîâëåòâîðÿåò

óðàâíåíèþ (1) â D+ ∪D−;
2)

lim
y→+∞

u(x, y) = 0,ðàâíîìåðíî ïî x ∈ [0, 1];

3) u(x, y) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì

u(0, y)− u(1, y) = φ1(y), y ≥ 0,

ux(0, y) = φ2(y), y > 0,

u(x, y)|OC = ψ(x), x ∈
[
0,

1

2

]
,

Êàçàêáàåâà Êàëëèãóë (Áàçîâûé äîêòîðàíò, Èíñòèòóò Ìàòåìàòèêè èì.
Â.È.Ðîìàíîâñêîãî Àêàäåìèè íàóê Ðåñïóáëèêè Óçáåêèñòàí, 100174, ã. Òàøêåíò,
óë. Óíèâåðñèòåò, 9, Óçáåêèñòàí)
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è óñëîâèþ ñîïðÿæåíèÿ

lim
y→+0

yβ0uy = lim
y→−0

(−y)β0uy, x ∈ (0, 1),

ãäå φ1 = φ1(y), φ2 = φ2(y), ψ = ψ(x) � çàäàííûå ôóíêöèè, òàêèå, ÷òî

ψ(x) ∈ C2
[
0, 1

2

]
, φi(y) ∈ C1(0,∞), y

3m+2β0
4 φi(y) ∈ L1(0,∞), i = 1, 2,

φ1(∞) = φ1(0) = φ2(0) = 0, lim
x→0
y→0

u(x, y) = ψ(0).

Òåîðåìà. Ïóñòü φ1(y) ≡ 0, φ2(y) ≡ 0, ψ(x) ≡ 0, x ∈
[
0, 1

2

]
. Òîãäà

çàäà÷à íå ìîæåò èìåòü áîëåå îäíîãî ðåøåíèÿ.
Äîêàçàòåëüñòâî òåîðåìû ïðîâîäèòñÿ ñ ïîìîùüþ ïðèíöèïà ýêñòðå-

ìóìà. Ñóùåñòâîâàíèå ðåøåíèÿ èçó÷àåìîé çàäà÷è óñòàíàâëèâàåòñÿ ìå-
òîäàìè ðàçäåëåíèÿ ïåðåìåííûõ è èíòåãðàëüíûõ óðàâíåíèé.

Îòìåòèì, ÷òî ëîêàëüíûå è íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ óðàâ-
íåíèÿ (1) â ñëó÷àå, êîãäà èçó÷åíû â [1,2]. Çàäà÷à Äèðèõëå äëÿ óðàâíå-
íèÿ ñìåøàííîãî òèïà â âåðòèêàëüíîé ïîëóïîëîñå ðàññìîòðåíà â [3].
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ÌÅÒÎÄ ÎÐÒÎÃÎÍÀËÜÍÎÃÎ ÏÐÎÅÊÒÈÐÎÂÀÍÈß Â
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Èññëåäóþòñÿ îáðàòíûå çàäà÷è îá èñòî÷íèêå äëÿ ñèñòåìû óðàâíå-
íèé Ìàêñâåëëà â êâàçèñòàöèîíàðíûõ ïðèáëèæåíèÿõ. Õàðàêòåðè-
çóþòñÿ êëàññû åäèíñòâåííîñòè ðåøåíèÿ îáðàòíûõ çàäà÷ ïðè ðàç-
ëè÷íûõ âèäàõ ãðàíè÷íûõ èçìåðåíèé.

Êëþ÷åâûå ñëîâà: ñèñòåìà óðàâíåíèé Ìàêñâåëëà, êâàçèñòàöèîíàð-
íîå ïðèáëèæåíèå, îáðàòíûå çàäà÷è îá èñòî÷íèêå, ãðàíè÷íûå íà-
áëþäåíèÿ, ôèíàëüíîå íàáëþäåíèå, îðòîãîíàëüíîå ïðîåêòèðîâà-
íèå.
Orthogonal projection method in inverse source problems

Inverse source problems for the system of Maxwell equations in quasi-
stationary approximations are investigated. Uniqueness classes of so-
lutions of inverse problems for different types of boundary measure-
ments are characterized.

Keywords: system of Maxwell equations, quasi-stationary approxima-
tion, inverse source problems, boundary observations, final observa-
tion, orthogonal projection.

Çàäà÷è îá îïðåäåëåíèè èñòî÷íèêîâ ýëåêòðîìàãíèòíûõ ïîëåé ïî ðåçóëü-
òàòàì ãðàíè÷íûõ íàáëþäåíèé ÿâëÿþòñÿ êëàññè÷åñêèì ðàçäåëîì òåîðèè
îáðàòíûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè è íàõîäÿò øèðîêîå ïðèìåíå-
íèå â ðàçëè÷íûõ îáëàñòÿõ åñòåñòâîçíàíèÿ [1�6]. Â íàñòîÿùåé ðàáîòå
îáñóæäàþòñÿ ïîñòàíîâêè è ñâîéñòâà ðåøåíèé îáðàòíûõ çàäà÷ îá èñòî÷-
íèêå äëÿ ñèñòåìû óðàâíåíèé Ìàêñâåëëà â ðàçëè÷íûõ êâàçèñòàöèîíàð-
íûõ ïðèáëèæåíèÿõ â íåîäíîðîäíûõ ñðåäàõ ïî ðåçóëüòàòàì ãðàíè÷íûõ
è ôèíàëüíûõ íàáëþäåíèé. Îáñóæäàþòñÿ îñîáåííîñòè ïîñòàíîâîê ïðÿ-
ìûõ è îáðàòíûõ çàäà÷, îáóñëîâëåííûå èõ ïðèëîæåíèåì ê ìîäåëèðîâà-
íèþ ýëåêòðîìàãíèòíûõ ïðîöåññîâ â àòìîñôåðå. Â êà÷åñòâå ãðàíè÷íûõ
íàáëþäåíèé ðàññìàòðèâàþòñÿ èçìåðåíèÿ íîðìàëüíûõ è êàñàòåëüíûõ
êîìïîíåíò ýëåêòðè÷åñêîãî è ìàãíèòíîãî ïîëåé.

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà � 23-21-
00440, https://rscf.ru/project/23-21-00440/
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Ìû ïðåäëàãàåì äâà âàðèàíòà çàäà÷è Êîøè äëÿ óðàâíåíèÿ
Øòóðìà-Ëèóâèëëÿ íà ãðàô-çâåçäå. Ïåðâûé âàðèàíò çàäà÷è Êî-
øè çàäàåòñÿ ñ ïîìîùüþ êîíñòàíò ñâÿçåé. Âûÿñíåí ôèçè÷åñêèé
ñìûñë êîíñòàíò ñâÿçåé. Âòîðîé âàðèàíò çàäà÷è çàäàåòñÿ ñ ïîìî-
ùüþ óñëîâèé çàêðåïëåíèé ãðàíè÷íûõ âåðøèí ãðàôà. Îêàçûâàåò-
ñÿ, ÷òî ïðåäëîæåííûå íàìè àíàëîãè çàäà÷è Êîøè äëÿ óðàâíåíèé
Øòóðìà-Ëèóâèëëÿ âñþäó ðàçðåøèìû, åñëè âûïîëíÿåòñÿ íåêîòî-
ðîå òðåáîâàíèå íà äëèíû äóã ãðàôà-çâåçäû.

Êëþ÷åâûå ñëîâà: Ãðàô,ãðàô-äåðåâî,ñïåêòð,óñëîâèÿ Êèðõãîôà.

Èçâåñòíî, ÷òî çàäà÷à Êîøè äëÿ íåîäíîðîäíîãî ëèíåéíîãî äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ âûñøåãî ïîðÿäêà íà îòðåçêå êîððåêòíî ðàçðåøèìà
íåçàâèñèìî îò âèäà íåîäíîðîäíîñòè. Â äàííîé ñòàòüå èçó÷àåòñÿ àíàëîã
çàäà÷è Êîøè äëÿ óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ íà ãðàô-çâåçäå. Îêà-
çàëîñü, ÷òî äëÿ ðàçðåøèìîñòè òàêîé çàäà÷è íàäî òðåáîâàòü äîïîëíè-
òåëüíûå óñëîâèÿ íà ïðàâóþ ÷àñòü íåîäíîðîäíîãî óðàâíåíèÿ Øòóðìà-
Ëèóâèëëÿ. Â äîêëàäå ïîêàçàíî, ÷òî äîïîëíèòåëüíûå òðåáîâàíèÿ íà
ïðàâóþ ÷àñòü íåîäíîðîäíîãî óðàâíåíèÿ ñóùåñòâåííû. Èõ íåëüçÿ èã-
íîðèðîâàòü. Ïðèâåäåíû èëëþñòðàòèâíûå ïðèìåðû, êîãäà íàðóøàåòñÿ
åäèíñòâåííîñòü ðåøåíèÿ, åñëè ýòè òðåáîâàíèÿ èãíîðèðîâàòü. Íàäî ñêà-
çàòü, ÷òî ñóùåñòâîâàíèå ðåøåíèå ãàðàíòèðóåòñÿ, êîãäà óêàçàííûå äî-
ïîëíèòåëüíûå òðåáîâàíèÿ íàðóøàþòñÿ. Â îáùåì ñëó÷àå òàêèå íåîäíî-
ðîäíûå óðàâíåíèÿ èìåþò ìíîæåñòâî ðåøåíèé.
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Â ðàáîòå èññëåäîâàíà çàäà÷à Ôðàíêëÿ äëÿ òðåõìåðíîãî óðàâíåíèÿ
ñìåøàííîãî òèïà ñ ñèíãóëÿðíûì êîýôôèöèåíòîì â ñìåøàííîé îá-
ëàñòè, ýëëèïòè÷åñêàÿ ÷àñòü êîòîðîé ïîëóöèëèíäð, à ãèïåðáîëè-
÷åñêàÿ ÷àñòü - òðåóãîëüíàÿ ïðÿìàÿ ïðèçìà. Íà îñíîâàíèè ñâîé-
ñòâà ïîëíîòû ñèñòåì ñîáñòâåííûõ ôóíêöèé äâóõ îäíîìåðíûõ ñïåê-
òðàëüíûõ çàäà÷, äîêàçàíî òåîðåìà åäèíñòâåííîñòè. Ðåøåíèå ïî-
ñòàâëåííîé çàäà÷è ïîñòðîåíî â âèäå ñóììû äâîéíîãî ðÿäà Ôóðüå-
Áåññåëÿ.

Êëþ÷åâûå ñëîâà: çàäà÷à Ôðàíêëÿ, ñèíãóëÿðíûé êîýôôèöèåíò,
ôóíêöèÿ Áåññåëÿ, ñïåêòðàëüíàÿ òåîðèÿ.
Frankl’s problem for an equation with a singular coefficient
in a three-dimensional domain

The paper studies the Frankl problem for a three-dimensional equa-
tion of mixed type with a singular coefficient in a mixed domain, the
elliptic part of which is a semicylinder, and the hyperbolic part is a tri-
angular right prism. Based on the completeness property of systems of
eigenfunctions of two one-dimensional spectral problems, the unique-
ness theorem is proved. The solution to the problem is constructed as
the sum of a double Fourier-Bessel series.

Keywords: Frankl’s problem, singular coefficient, Bessel function,
spectral theory.

Â ðàáîòå óðàâíåíèÿ

sign(x+ y) [Uxx + signy · Uyy] + Uzz +
2γ

z
Uz = 0, (1)

ðàññìàòðèâàþòñÿ â îáëàñòè D = Ω × (0, c) , ãäå Ω− êîíå÷íàÿ îäíî-
ñâÿçíàÿ îáëàñòü ïëîñêîñòè xOy, îãðàíè÷åííàÿ äóãîé σ̄0 è îòðåçêà-
ìè MM∗, M∗P , ãäå σ̄0 =

{
(x, y) : x2 + y2 = 1, x ≥ 0, y ≥ 0

}
, MM∗ =

{(x, y) : x = 0, −1 < y < 1} , M∗P = {(x, y) : x− y = 1, 0 < x < 1} .
Ââåäåì îáîçíà÷åíèÿ: Ω0 = Ω ∩ (y > 0) , Ω1 = Ω ∩

{(x, y) : y < 0, x+ y > 0} , Ω2 = Ω∩{y < 0, x+ y < 0} , Dj = Ωj × (0, c) ,

Êàðèìîâ Êàìîëèääèí Òóé÷èáîåâè÷, ê.ô.-ì.í., äîöåíò, ÔåðÃÓ (Ôåðãàíà, Óçáåêè-
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Shokirov (Fergana state university, Fergana, Uzbekistan)

90



j = 0, 2, OP = Ω ∩ (y = 0) , OQ = {(x, y) : x+ y = 0, 0 < x < 1/2} ,
OM = {(x, y) : x = 0, 0 < y < 1} , OM∗ = MM∗\OM, O(0, 0), M (0, 1) ,
M∗ (0,−1) , ïðè÷åì çäåñü γ = const ∈ R, 0 < γ < 1/2.

Â îáëàñòè D óðàâíåíèÿ (1) ïðèíàäëåæèò ñìåøàííîìó òèïó, à èìåí-
íî: â îáëàñòè D0− ýëëèïòè÷åñêîìó òèïó, à â îáëàñòÿõ D1 è D2− ãèïåð-
áîëè÷åñêîìó òèïó. Ïðÿìîóãîëüíèê OP × (0, c) ÿâëÿþòñÿ ïëîñêîñòÿìè
èçìåíåíèÿ òèïà óðàâíåíèÿ.

Çàìåòèì, ÷òî îáëàñòü D0 óäîáíåå îïðåäåëèòü â öèëèíäðè÷åñêèõ êî-
îðäèíàòàõ (r, φ, z) â ñëåäóþùåì âèäå:

D0 = {(r, φ, z) : r ∈ (0, 1) , φ ∈ (0, π/2) , z ∈ (0, c)} ,

r =
√
x2 + y2, φ = arctg (y/x) .

Äëÿ óðàâíåíèÿ (1) â îáëàñòè Ω èññëåäóåì ñëåäóþùóþ çàäà÷ó:
Çàäà÷à F. Íàéòè ôóíêöèþ U (x, y, z) , óäîâëåòâîðÿþùóþ â îáëàñòè

D óðàâíåíèþ (1) è ñëåäóþùèì óñëîâèÿì:

U (x, y, z) ∈ C
(
D̄
)
∩ C2,2,2

x,y,z (D0 ∪D1 ∪D2) ;

U (x, y, z)|x=cosφ, y=sinφ = f (φ, z) , φ ∈ (0, π/2) , z ∈ (0, c) ;

Ux (x, y, z)|OM×(0,c) = 0, y ∈ (−1, 0) ∪ (0, 1) , z ∈ (0, c) ;

U (x, y, z)|x=0 = U (x,−y, z)|x=0 , y ∈ [0, 1] , z ∈ [0, c] ,

U (x, y, z)|z=0 = U (x, y, z)|z=c = 0, (x, y) ∈ Ω,

à òàêæå óñëîâèþ ñêëåèâàíèÿ

lim
y→−0

Uy (x, y, z) = lim
y→+0

Uy (x, y, z) , x ∈ (0, 1), z ∈ (0, c) ,

ãäå f (φ, z)− çàäàííàÿ ôóíêöèÿ.
Ïîñòàâëåííàÿ çàäà÷à ïðè γ = 0, èññëåäîâàíî â ðàáîòå [1].
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ÎÁ ÎÖÅÍÊÀÕ ÃËÀÄÊÎÑÒÈ ÍÀ ÐÅØÅÍÈß ÎÄÍÎÉ
ÌÎÄÅËÈ ÀÒÌÎÑÔÅÐÛ

Þ.Þ. Êëåâöîâà, klevtsovayulia@mail.ru

ÓÄÊ 517.957

Ïîëó÷åíû îöåíêè íà ãëàäêîñòü ðåøåíèé îäíîé ñòîõàñòè÷åñêîé ìî-
äåëè àòìîñôåðû.

Êëþ÷åâûå ñëîâà: ñòîõàñòè÷åñêàÿ ìîäåëü àòìîñôåðû, ãëàäêîñòü ðå-
øåíèé.
On the smoothness of the solutions of a stochastic model of
the atmosphere

Estimates for the smoothness of solutions of a stochastic model of the
atmosphere are obtained.

Keywords: stochastic model of the atmosphere, smoothness of solu-
tions.

Â ðàáîòå äîêàçûâàþòñÿ íåêîòîðûå îöåíêè ãëàäêîñòè íà ðåøåíèÿ ñòîõà-
ñòè÷åñêîé ñèñòåìû îäíîé ìîäåëè áàðîêëèííîé àòìîñôåðû, âîçìóùåí-
íîé ñëó÷àéíûì øóìîì. Ïîêàçûâàåòñÿ, ÷òî ýòè îöåíêè ìîãóò áûòü èñ-
ïîëüçîâàíû äëÿ äîêàçàòåëüñòâà íåêîòîðûõ ñâîéñòâ ñòàöèîíàðíûõ ðå-
øåíèé ýòîé ñèñòåìû. Àâòîð ïðîäîëæàåò ñâîè èññëåäîâàíèÿ, êîòîðûå
áûëè ïðîâåäåíû â ðàáîòàõ [1-3].
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VARIATIONAL INEQUALITIES WITH G-CONVERGENT
NONLINEAR ELLIPTIC OPERATORS

AND MEASURABLE BILATERAL CONSTRAINTS
A.A. Kovalevsky
alexkvl71@mail.ru

ÓÄÊ 517.9

We discuss the application ofG-convergence and strongG-convergence
of nonlinear elliptic operators in divergence form to the study of the
convergence of solutions of variational inequalities with bilateral con-
straints coinciding on a set of positive measure.

Keywords: variational inequality, bilateral constraints, G-convergence
of operators, convergence of solutions.

In the talk, we consider variational inequalities with invertible operators
As : W

1,p
0 (Ω) → W−1,p′(Ω), s ∈ N, in divergence form and the constraint

set
V = {v ∈W 1,p

0 (Ω) : φ ⩽ v ⩽ ψ a.e. in Ω},
where Ω is a nonempty bounded open set in Rn (n ⩾ 2), p > 1, and
φ,ψ : Ω → R are measurable functions.

We assume that the following conditions are satis�ed:

(C1) int{φ = ψ} ̸= ∅ and meas(∂{φ = ψ} ∩ Ω) = 0;

(C2) there exist φ̄, ψ̄ ∈ W 1,p
0 (Ω) such that φ ⩽ φ̄ ⩽ ψ̄ ⩽ ψ a.e. in Ω and

meas({φ ̸= ψ} \ {φ̄ ̸= ψ̄}) = 0.

One of the results we discuss is that if the sequence {As} G-converges
to an invertible operator A : W 1,p

0 (Ω) →W−1,p′(Ω) and a sequence {fs} ⊂
W−1,p′(Ω) converges strongly to a functional f ∈ W−1,p′(Ω), then the
solutions us ∈ V of the variational inequalities

∀v ∈ V, ⟨Asus − fs, us − v⟩ ⩽ 0 (1)

converge weakly in W 1,p
0 (Ω) to the solution u ∈ V of the variational

inequality
∀v ∈ V, ⟨Au− f, u− v⟩ ⩽ 0. (2)

This result was stated in [2]. A similar result was obtained in [1] with the
di�erence that, instead of conditions (C1) and (C2) on the constraints φ
and ψ, we assumed that the following condition is satis�ed:

The research funding from the Ministry of Science and Higher Education of the
Russian Federation (Ural Federal University Program of Development within the Priority-
2030 Program) is gratefully acknowledged.

Êîâàëåâñêèé Àëåêñàíäð Àëüáåðòîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÈÌÌ ÓðÎ ÐÀÍ
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(C) for every nonempty open set ω in Rn with ω ⊂ Ω, there exist φω, ψω ∈
W 1,p

0 (Ω) such that φ ⩽ φω ⩽ ψω ⩽ ψ a.e. in Ω and φω < ψω a.e. in ω.

At the same time, in addition to the assertion that the solutions us of the
variational inequalities (1) converge weakly in W 1,p

0 (Ω) to the solution u
of the variational inequality (2), we proved that Asus → Au strongly in
W−1,p′(Ω), which implies that the energy integrals ⟨Asus, us⟩ converge to
⟨Au, u⟩. In this regard, we note that, by condition (C), meas{φ = ψ} = 0,
while, by condition (C1), the measure of the set {φ = ψ} is positive, which
essentially in�uences the behavior of the sequence {Asus} and causes the
absence of the strong convergence in W−1,p′(Ω) of the sequence {Asus} in
the case where conditions (C1) and (C2) are satis�ed.

However, as stated in [2], if the sequence {As} strongly G-converges
to an invertible operator A : W 1,p

0 (Ω) → W−1,p′(Ω) in divergence form,
a sequence {fs} ⊂ W−1,p′(Ω) converges strongly to a functional f ∈
W−1,p′(Ω), and, in addition to conditions (C1) and (C2), the coe�cients of
the operators As and the functions φ̄ and ψ̄ satisfy an extra condition, then,
for the solutions us of the variational inequalities (1) and the solution u
of the variational inequality (2), we have us → u weakly in W 1,p

0 (Ω),
Asus → Âu weakly in W−1,p′(Ω), and ⟨Asus, us⟩ → ⟨Âu, u⟩, where
Â : W 1,p

0 (Ω) →W−1,p′(Ω) is an operator in divergence form, and in general
the equalities Âu = Au and ⟨Âu, u⟩ = ⟨Au, u⟩ do not hold. This result is
also discussed in the talk.

Concerning the notions of G-convergence and strong G-convergence of
operators and the related results, see, e.g., [3, 4].
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MIXED PROBLEM FOR A SEMILINEAR NONSTRICTLY
HYPERBOLIC EQUATION OF THE THIRD ORDER

V.I. Korzyuk, J.V. Rudzko
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We study the classical solution of a boundary value problem for a
semilinear nonstrictly hyperbolic equation of the third order in the first
quadrant. We pose Cauchy conditions on the lower base of the domain
and the Dirichlet and Neumann conditions on the lateral boundary.
By the method of characteristics and the Duhamel principle, we obtain
an implicit analytic expression in the form of two integral equations
for the solution of the problem. For the problem under consideration,
the uniqueness of the solution is proved, and conditions are established
under which a classical solution exists.

Keywords: classical solution, mixed problem, method of characteris-
tics, third-order equation, semilinear equation, nonstrictly hyperbolic
equation, matching conditions.

In the domain Q = (0,∞) × (0,∞) of two independent variables (t, x) ∈
Q ⊂ R2, consider the nonlinear nonstrictly hyperbolic third-order equation

(∂t − a∂x + b1)(∂t + a∂x + b2)
2u(t, x) = f(t, x, u(t, x)), (t, x) ∈ Q, (1)

where a, b, and b1 such that a > 0. We supplement Eq. (1) with the initial
conditions

u(0, x) = φ0(x), ∂tu(0, x) = φ1(x), ∂
2
t u(0, x) = φ2(x), x ∈ [0,∞), (2)

on the lower base of the domain Q and the boundary conditions

u(t, 0) = µ0(t), ∂xu(t, 0) = µ1(t), t ∈ [0,∞), (3)

on the lateral part of the boundary ∂Q.
Previously, we have considered the Cauchy problem for third-order

hyperbolic semilinear equations similar to (1) in the works [1�3].
Our main results can be formulated as follows.

The work was published with the �nancial support of the Ministry of Science and
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Fundamental and Applied Mathematics under the agreement No. 075-15-2022-284.
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Theorem 1. Let the conditions f ∈ C2(Q × R), φ0 ∈ C4([0,∞)),
φ1 ∈ C3([0,∞)), φ2 ∈ C2([0,∞)), µ0 ∈ C4([0,∞)), and µ1 ∈ C3([0,∞))
be satis�ed, and let the function f satisfy the Lipschitz condition

|f(t, x, u)− f(t, x, z)| ≤ L(t, x)|u− z|

with a continuous function L : Q 7→ [0,∞). The mixed problem (1) � (3) has
a unique solution u in the class C4(Q) if and only if the following matching
conditions are satis�ed:

µ0(0) = φ0(0), Dµ0(0) = φ1(0), D
2µ0(0) = φ2(0),

D3µ0(0) = f(0, 0, φ0(0)) + a3D3φ0(0)− a2b1D
2φ0(0) + 2a2b2D

2φ0(0)+

+ a2D2φ1(0) + ab22Dφ0(0)− 2ab1b2Dφ0(0)−

− 2ab1Dφ1(0)− aDφ2(0)− b1b
2
2φ0(0)− b22φ1(0)− 2b1b2φ1(0)−

− b1φ2(0)− 2b2φ2(0),

µ1(0) = Dφ0(0), Dµ1(0) = Dφ1(0), D
2µ1(0) = Dφ2(0),

D4µ0(0) = −b1f(0, 0, φ0(0))− 2b2f(0, 0, φ0(0))+

+ φ1(0)∂uf(0, 0, u = φ0(0)) + ∂tf(t = 0, 0, u(0, 0))− b1a
3D3φ0(0)−

− 2a3b2D
3φ0(0) + a3D3φ1(0) + a2b21D

2φ0(0)− 4a2b22D
2φ0(0)−

− 2a2b1D
2φ1(0) + a2D2φ2(0)− 2ab32Dφ0(0) + 3ab1b

2
2Dφ0(0)+

+ 2ab21b2Dφ0(0) + 2ab21Dφ1(0) + ab22Dφ1(0) + 2ab1b2Dφ1(0)−

− ab1Dφ2(0) + 2ab2Dφ2(0) + 2b1b
3
2φ0(0) + b21b

2
2φ0(0)+

+ 2b32φ1(0) + 4b1b
2
2φ1(0) + 2b21b2φ1(0) + b21φ2(0) + 3b22φ2(0)+

+ 2b1b2φ2(0)− aD3µ1(0).

In Theorem 1, we have denoted the Newton�Leibniz operator as D.
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ÑËÀÁÎÅ ÐÀÂÍÎÂÅÑÈÅ ÏÎ ÁÅÐÆÓ Â
ÏÎËÈÌÀÒÐÈ×ÍÎÉ ÈÃÐÅ Ñ ÍÅ×ÅÒÊÎÉ ÖÅËÜÞ
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Ðàññìàòðèâàåòñÿ ïîëèìàòðè÷íàÿ èãðà òðåõ ëèö ñ íå÷åòêèìè öå-
ëÿìè, çàäàííûìè â âèäå íå÷åòêèõ ÷èñåë ñ òðåóãîëüíîé ôóíêöèåé
ïðèíàäëåæíîñòè. Äëÿ òàêîé èãðû ïðåäëîæåíà êîíöåïöèÿ ñëàáîãî
T-ðàâíîâåñèÿ ïî Áåðæó è ðàçðàáîòàí àëãîðèòì ïîñòðîåíèÿ òàêîãî
ðàâíîâåñèÿ.

Êëþ÷åâûå ñëîâà: ðàâíîâåñèå ïî Áåðæó, áåñêîàëèöèîííàÿ èãðà,
íå÷åòêèå öåëè.
Weak Berge equilibrium in a polymatrix game with a fuzzy
goal

A polymatrix three persons game with fuzzy objectives given as fuzzy
numbers with triangular membership function is considered. For such
a game the concept of weak Berge T-equilibrium is proposed. The
algorithm for constructing weak Berge T-equilibrium is developed.

Keywords: Berge equilibrium, noncooperative game, fuzzy number.

Ïðîáëåìû, ñâÿçàííûå ñ íåòî÷íîñòüþ è íåïîëíîòîé èíôîðìàöèè, ïðàê-
òè÷åñêè ïîâñåìåñòíî ïðîÿâëÿþòñÿ ïðè ìîäåëèðîâàíèè ðåàëüíûõ ïðî-
öåññîâ. Îäèí èç ïîäõîäîâ ê ó÷åòó òàêèõ íåòî÷íîñòåé, çàêëþ÷àåòñÿ â
èñïîëüçîâàíèè íå÷åòêèõ ÷èñåë. Â ïðåäñòàâëÿåìîì äîêëàäå áóäóò èñ-
ïîëüçîâàòüñÿ òðåóãîëüíûå íå÷åòêèå ÷èñëà [1].

Ã íàçûâàåòñÿ òðåóãîëüíûì íå÷åòêèì ÷èñëîì, åñëè åãî ôóíêöèÿ
ïðèíàäëåæíîñòè èìååò âèä

µÃ(x) =


x−a+l
l

, x ∈ [a− l, a],
a+r−x
r

, x ∈ [a, a+ r],
0, èíà÷å,

ãäå, a, l è r � äåéñòâèòåëüíûå (÷åòêèå) ÷èñëà, è l, r � íåîòðèöàòåëüíû.
Ìíîæåñòâî òàêèõ ÷èñåë îáîçíà÷èì ÷åðåç F3.

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà � 23-21-
00539, https://rscf.ru/project/23-21-00539/
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Â äîêëàäå ðàññìàòðèâàåòñÿ ïîëèìàòðè÷íàÿ èãðà òðåõ ëèö ñ òðå-
óãîëüíûìè íå÷åòêèìè ïëàòåæàìè. Òàêóþ èãðó ìîæíî çàäàòü ñ ïîìî-
ùüþ òðåõ ïîëèìàòðèö (òðåõìåðíûõ ìàòðèö)A, B è C îäèíàêîâîé ðàç-
ìåðíîñòè, ýëåìåíòàìè êîòîðûõ ÿâëÿþòñÿ òðåóãîëüíûå íå÷åòêèå ÷èñëà.

Ñóùåñòâóåò ðÿä ïîäõîäîâ ê ðåøåíèþ íå÷åòêèõ èãð. Â [2,3] áûëè
ïðåäëîæåíû ïîíÿòèÿ T -ðàâíîâåñèé ïî Íýøó è T1T2-ñåäëîâîé òî÷êè,
çàâèñÿùèå îò âûáîðà ñïîñîáà ñðàâíåíèÿ íå÷åòêèõ ÷èñåë, à èìåííî, îò
âûáîðà îïåðàòîðà äåôàçèôèêàöèè T (·). Ýòè ïîíÿòèÿ, ïðè ðàçëè÷íûõ
T (·), âêëþ÷àþò â ñåáÿ áîëüøèíñòâî äðóãèõ ïîíÿòèé ðåøåíèÿ. Àíàëî-
ãè÷íûì îáðàçîì, ñëåäóÿ [4], ìîæåò áûòü ôîðìàëèçîâàíî è ïîíÿòèå ñëà-
áîãî T -ðàâíîâåñèÿ ïî Áåðæó.

Ðàññìîòðèì áåñêîàëèöèîííóþ èãðó N ëèö ñ òðåóãîëüíûìè íå÷åò-
êèìè âûèãðûøàìè â íîðìàëüíîé ôîðìå

Γ = ⟨N, {Xi}i∈N, {f̃i(x)}i∈N⟩,

â êîòîðîé N = {1, 2, . . . , N} � ìíîæåñòâî ïîðÿäêîâûõ íîìåðîâ èãðî-
êîâ; ìíîæåñòâî ñòðàòåãèé xi ó i-ãî èãðîêà (i ∈ N) îáîçíà÷åíî ÷åðåç Xi,
ãäå Xi ⊆ Rni . Â ðåçóëüòàòå âûáîðà èãðîêàìè ñâîèõ ñòðàòåãèé, ñêëà-
äûâàåòñÿ ñèòóàöèÿ x = (x1, . . . , xN ) ∈ X = X1 × X2 × . . . × XN ⊆ Rn
(n = n1+n2+ . . .+nN ). Íà ìíîæåñòâå ñèòóàöèé X äëÿ êàæäîãî èãðîêà
i (i ∈ N) îïðåäåëåíà íå÷åòêàÿ ôóíêöèÿ âûèãðûøà f̃i(x) : X → F3. Çíà-
÷åíèå f̃i(x), ðåàëèçîâàâøååñÿ íà âûáðàííîé èãðîêàìè ñèòóàöèè x ∈ X
åñòü âûèãðûø i-ãî èãðîêà.

Îïðåäåëåíèå 1. Áóäåì íàçûâàòü ñèòóàöèþ xw = (xw1 , . . . , x
w
n )

ñëàáûì T -ðàâíîâåñèåì ïî Áåðæó, åñëè äëÿ êàæäîãî èãðîêà i (i ∈ N)
åãî ñòðàòåãèÿ xwi ÿâëÿåòñÿ îïòèìàëüíîé ïî Ïàðåòî àëüòåðíàòèâîé
â N − 1-êðèòåðèàëüíîé çàäà÷å íå÷åòêèìè

Γi = ⟨Xi, {f̃j(xi, xw−i)}j∈N\{i}⟩,

ãäå îòíîøåíèå ïðåäïî÷òåíèÿ ⪯T , îçíà÷àþùåå ¾ìåíüøå èëè ðàâíî ïî
îïåðàòîðó äåôàçèôèêàöèè T¿, çàäàåòñÿ îïåðàòîðîì äåôàçèôèêàöèè
T (·).

Ñëåäóÿ [2] è [4], ìîæíî ïðåäëîæèòü àëãîðèòì ïîñòðîåíèÿ ñëàáîãî
T -ðàâíîâåñèÿ ïî Áåðæó:

1. Ñîïîñòàâèòü èãðå Γ ÷åòêóþ èãðó ΓT , ïîëó÷åííóþ èç Γ çàìåíîé
äëÿ êàæäîãî èãðîêà i (i ∈ N) åãî íå÷åòêîé ôóíêöèè âûèãðûøà f̃i(x)
íà fi(x) = T (f̃i(x)).

2. Ïî èãðå ΓT ïîñòðîèòü âñïîìîãàòåëüíóþ èãðó

Γ̃ = ⟨N, {Xi}i∈N, {gi(x)}i∈N⟩,

ãäå ìíîæåñòâî èãðîêîâN è ìíîæåñòâî ñòðàòåãèéXi (i ∈ N) òîæå ñàìîå,
÷òî è â èãðå ΓT , à ôóíêöèè âûèãðûøà gi(x) èìåþò âèä

gi(x) =
∑

j∈N\{i}

fj(x).
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3. Ïîñòðîèòü ñèòóàöèþ ðàâíîâåñèÿ ïî Íýøó â èãðå Γ̃. Ýòà ñèòóàöèÿ
è áóäåò ñëàáûì T -ðàâíîâåñèåì ïî Áåðæó â èñõîäíîé èãðå Γ.

Äëÿ ïðèáëèæåííîãî ïîèñêà ñëàáîãî T -ðàâíîâåñèÿ ïî Áåðæó â ïîëè-
ìàòðè÷íîé èãðå òðåõ ëèö ñ òðåóãîëüíûìè íå÷åòêèìè ïëàòåæàìè áûë
èñïîëüçîâàí 3LP-àëãîðèòì èç [4]. Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåí-
òîâ ïðèâîäÿòñÿ â äîêëàäå.
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Èññëåäóåòñÿ çàäà÷à îá óñïîêîåíèè óïðàâëÿåìîé ñèñòåìû, çàäàí-
íîé ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ïåðâîãî
ïîðÿäêà íà ãðàôå-çâåçäå ñ ãëîáàëüíûì çàïàçäûâàíèåì, ïðîïîðöè-
îíàëüíûì âðåìåíè. Äîêàçàíà ýêâèâàëåíòíîñòü âàðèàöèîííîé çà-
äà÷è î ìèíèìóìå ñîîòâåòñòâóþùåãî ôóíêöèîíàëà ýíåðãèè íåêîòî-
ðîé êðàåâîé çàäà÷å äëÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâ-
íåíèé âòîðîãî ïîðÿäêà. Óñòàíîâëåíà îäíîçíà÷íàÿ ðàçðåøèìîñòü
îáåèõ çàäà÷. Ïðè ýòîì îïòèìàëüíàÿ òðàåêòîðèÿ óäîâëåòâîðÿåò
óñëîâèÿì Êèðõãîôà âî âíóòðåííåé âåðøèíå.

Êëþ÷åâûå ñëîâà: êâàíòîâûé ãðàô, ãëîáàëüíîå ñæàòèå, îïòèìàëü-
íîå óïðàâëåíèå.
On damping a control system on a star graph with global
time-proportional delay

We study the problem of damping a control system determined by
first-order functional-differential equations on a star graph with global
time-proportional delay. The equivalence of the variational problem
of minimizing the corresponding energy functional to a certain bound-
ary value problem for second-order functional-differential equations is
proven. The unique solvability of both problems is established. The
optimal trajectory obeys Kirchhoff’s conditions at the internal vertex.

Keywords: quantum graph, global delay, optimal control.

Çàäà÷à îá óñïîêîåíèè óïðàâëÿåìîé ñèñòåìû ñ ïîñòîÿííûì çàïàç-
äûâàíèåì, îïèñûâàåìîé óðàâíåíèåì çàïàçäûâàþùåãî òèïà, áûëà ïî-
ñòàâëåíà è èññëåäîâàíà Í.Í. Êðàñîâñêèì â [1]. Áîëåå òðóäíûé ñëó-
÷àé, êîãäà óðàâíåíèå ñîäåðæèò çàïàçäûâàíèå è â ãëàâíûõ ÷ëåíàõ,
ò.å. ïðèíàäëåæèò íåéòðàëüíîìó òèïó, áûë ðàññìîòðåí À.Ë. Ñêóáà-
÷åâñêèì â [2]. Ïîçäíåå Ñ.À. Áóòåðèíûì â [3] áûëà ïðåäëîæåíà êîí-
öåïöèÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ îïåðàòîðîâ íà ãåîìåòðè-
÷åñêèõ ãðàôàõ ñ ãëîáàëüíûì çàïàçäûâàíèåì, êîòîðîå �ïðîõîäèò� ÷åðåç
âíóòðåííèå âåðøèíû ãðàôà. Â ðàáîòàõ [4,5] ñ ïîìîùüþ äàííîé êîí-
öåïöèè íà ãðàôû áûëà ðàñïðîñòðàíåíà óêàçàííàÿ çàäà÷à îá óñïîêîå-
íèè óïðàâëÿåìîé ñèñòåìû ñ ïîñëåäåéñòâèåì. Â [4] áûë ðàçîáðàí ñëó÷àé

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 24-71-10003).
Ëåäíîâ Àëåêñàíäð Ïåòðîâè÷, ÑÃÓ (Ñàðàòîâ, Ðîññèÿ);

Alexander Lednov (Saratov State University, Saratov, Russia)
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óðàâíåíèÿ ïåðâîãî ïîðÿäêà çàïàçäûâàþùåãî òèïà, à â [5] ðàññìîòðåí
îáùèé ñëó÷àé íåñòàöèîíàðíîé óïðàâëÿåìîé ñèñòåìû, óðàâíåíèÿ êîòî-
ðîé ïðèíàäëåæàò íåéòðàëüíîìó òèïó è èìåþò ïðîèçâîëüíûé ïîðÿäîê
n ∈ N. Ñëó÷àé, êîãäà çàïàçäûâàíèå íå ïîñòîÿííî, à ïðîïîðöèîíàëüíî
âðåìåíè, äëÿ óðàâíåíèÿ íåéòðàëüíîãî òèïà íà èíòåðâàëå áûë ðàññìîò-
ðåí Ë.Å. Ðîññîâñêèì â [6].

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îá óñïîêîåíèè ñèñòå-
ìû óïðàâëåíèÿ íà ãðàôå òèïà çâåçäû ñ ãëîáàëüíûì çàïàçäûâàíèåì,
ïðîïîðöèîíàëüíûì âðåìåíè, äëÿ óðàâíåíèÿ çàïàçäûâàþùåãî òèïà.

Çàôèêñèðóåì T1 > 0 è q > 1. Ïðåäïîëîæèì, ÷òî äî ìîìåíòà âðåìå-
íè t = qT1, àññîöèèðîâàííîãî ñ åäèíñòâåííîé âíóòðåííåé âåðøèíîé v1
ãðàôà Γm, ñèñòåìà óïðàâëåíèÿ ñ çàïàçäûâàíèåì, ïðîïîðöèîíàëüíûì
âðåìåíè, íà Γm îïèñûâàåòñÿ óðàâíåíèåì

ℓ1y(t) := y′1(t) + b1y1(t) + c1y1(q
−1t) = u1(t), 0 < t < qT1, (1)

çàäàííûì íà ðåáðå e1 ãðàôà Γm, ñ íà÷àëüíûì óñëîâèåì

y1(0) = y0. (2)

Ïðè t = qT1, ò.å. â âåðøèíå v1, ñèñòåìà ðàçâåòâëÿåòñÿ íà m − 1 íåçà-
âèñèìûõ ïðîöåññîâ (ïî ÷èñëó îñòàâøèõñÿ ðåáåð), îïèñûâàåìûõ óðàâ-
íåíèÿìè

ℓjy(t) := y′j(t) + bjyj(t) + cjyj(q
−1t− T1(q − 1)) = uj(t),

t > 0, j = 2,m,
(3)

íî èìåþùèõ îáùóþ èñòîðèþ, îïðåäåëÿåìóþ óðàâíåíèåì (1) ñ íà÷àëü-
íûì óñëîâèåì (2), à òàêæå óñëîâèÿìè ïðîõîæäåíèÿ çàïàçäûâàíèÿ ÷åðåç
v1 :

yj(t) = y1(t+ qT1), t ∈ (T1(1− q), 0), j = 2,m, (4)

è óñëîâèÿìè íåïðåðûâíîñòè â âåðøèíå v1, êîòîðûå â äàííîì ñëó÷àå
ñîãëàñóþòñÿ ñ (4) ïðè t→ −0 :

yj(0) = y1(qT1), j = 2,m. (5)

Ñîîòâåòñòâåííî, j-îå óðàâíåíèå â (3) çàäàíî íà ðåáðå ej ãðàôà Γm,
ïðåäñòàâëÿþùåì ñîáîé, âîîáùå ãîâîðÿ, áåñêîíå÷íûé ëó÷, âûõîäÿùèé
èç v1. Òàêæå ïðåäïîëîæèì, ÷òî y0 ∈ R è âñå bj , cj ∈ R.

Çàôèêñèðóåì Tj > T1(q − 1), j = 2,m. Óñïîêîåíèå ñèñòåìû (1)�(5)
îçíà÷àåò, ÷òî yj(t) = 0 ïðè t ≥ qTj äëÿ êàæäîãî j = 2,m. Äëÿ äîñòèæå-
íèÿ ýòîãî äîñòàòî÷íî îòûñêàòü óïðàâëåíèÿ uj(t), j = 1,m, ïðèâîäÿùèå
ñèñòåìó â ñîñòîÿíèå

yj(t) = 0, t ∈ [Tj , qTj ], j = 2,m, (6)

è ïîëîæèòü uj(t) = 0 ïðè t > qTj è j = 2,m.
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Ïîñêîëüêó òàêèå uj(t) íå åäèíñòâåííû, åñòåñòâåííî èñêàòü èõ èç
óñëîâèÿ ìèíèìóìà ôóíêöèîíàëà ýíåðãèè. Ïðèõîäèì ê âàðèàöèîííîé
çàäà÷å

m∑
j=1

∫ qTj

0

(ℓjy(t))
2 dt→ min (7)

ïðè óñëîâèÿõ (2) è (4)�(6).
Îáîçíà÷èì ÷åðåç B êðàåâóþ çàäà÷ó äëÿ ôóíêöèîíàëüíî-

äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà

Ljy(t) := −(ℓjy)
′(t) + bjℓjy(t) + qℓ̃jy(t) = 0, 0 < t < lj , j = 1,m,

ïðè óñëîâèÿõ (2), (4)�(6) è óñëîâèè

y′1(qT1)−
m∑
j=2

y′j(0) + βy1(qT1) + γy1(T1) = 0, (8)

ãäå

ℓ̃1y(t) =


c1ℓ1y(qt), 0 < t < T1,

m∑
k=2

ckℓky(q(t− T1)), T1 < t < qT1,

ℓ̃jy(t) =

 cjℓjy(q(t+ T1(q − 1))), 0 < t < Tj − T1(q − 1),

0, Tj − T1(q − 1) < t < Tj ,

äëÿ j = 2,m, è
l1 := qT1, lj := Tj , j = 2,m,

β := b1 −
m∑
k=2

bj , γ := c1 −
m∑
k=2

cj .

Òåîðåìà 1. Êîðòåæ

y = [y1, . . . , ym] ∈W 1
2 (T) :=

m⊕
j=1

W 1
2 [0, qTj ]

ÿâëÿåòñÿ ðåøåíèåì âàðèàöèîííîé çàäà÷è (2),(4)-(7) òîãäà è òîëüêî
òîãäà, êîãäà

y ∈W 2
2 (T̃) :=W 2

2 [0, qT1]⊕
m⊕
j=2

W 2
2 [0, Tj ]

è ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è B.
Óñëîâèå (8) ìîæíî îõàðàêòåðèçîâàòü êàê íåëîêàëüíîå óñëîâèå òèïà

Êèðõãîôà. Â ÷àñòíîñòè åñëè β = γ = 0, òî ñîîòíîøåíèå (8) ñòàíîâèòñÿ
êëàññè÷åñêèì óñëîâèåì Êèðõãîôà.
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Ñëåäóþùàÿ òåîðåìà äàåò îäíîçíà÷íóþ ðàçðåøèìîñòü âàðèàöèîí-
íîé çàäà÷è (2), (4)�(7).

Òåîðåìà 2. Êðàåâàÿ çàäà÷à B èìååò åäèíñòâåííîå ðåøåíèå

y = [y1, . . . , ym] ∈W 1
2 (T)

⋂
W 2

2 (T̃).

Áîëåå òîãî, ñóùåñòâóåò C > 0 òàêîå, ÷òî

∥y∥W1
2 (T) ≤ C|y0|.
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Ðàññìàòðèâàåòñÿ çàäà÷à Äèðèõëå â êðóãå ñ îäíîðîäíûì ãðàíè÷-
íûì óñëîâèåì äëÿ äðîáíî-äèôôåðåíöèàëüíîãî îáîáùåíèÿ óðàâ-
íåíèÿ Ãåëüìãîëüöà ñ äðîáíîé ñòåïåíüþ îïåðàòîðà Ëàïëàñà, áëèç-
êîé ê åäèíèöå. Ïîëó÷åíî ðàçëîæåíèå äðîáíîãî ëàïëàñèàíà ïî åãî
ïîðÿäêó. Ýòî äàåò âîçìîæíîñòü ñâåñòè çàäà÷ó îòûñêàíèÿ ïðèáëè-
æåííîãî ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è Äèðèõëå ê ðåøåíèþ
öåïî÷êè àíàëîãè÷íûõ çàäà÷ äëÿ êëàññè÷åñêèõ íåîäíîðîäíûõ óðàâ-
íåíèé Ãåëüìãîëüöà.

Êëþ÷åâûå ñëîâà: äðîáíàÿ ñòåïåíü îïåðàòîðà Ëàïëàñà, äðîáíî-
äèôôåðåíöèàëüíîå óðàâíåíèå Ãåëüìãîëüöà, ìàëûé ïàðàìåòð, ïðè-
áëèæåííîå ðåøåíèå.
Approximate solution of fractional Helmholtz equation

The Dirichlet problem in a circle with a homogeneous boundary condi-
tion for a fractional differential generalization of the Helmholtz equa-
tion with a fractional degree of the Laplace operator close to one is
considered. The decomposition of the fractional Laplacian in its order
is obtained. This makes it possible to reduce the problem of finding
an approximate solution to the Dirichlet problem under considera-
tion to solving a chain of similar problems for classical inhomogeneous
Helmholtz equations.

Keywords: fractional Laplacian, fractional Helmholtz equation, small
parameter, approximate solution.

Äëÿ íåîäíîðîäíîãî äðîáíî-äèôôåðåíöèàëüíîãî îáîáùåíèÿ óðàâíåíèÿ
Ãåëüìãîëüöà â êðóãå Sa = {x ∈ R2 : |x| ≤ a} ñòàâèòñÿ âíóòðåííÿÿ
çàäà÷à Äèðèõëå ñ îäíîðîäíûì ãðàíè÷íûì óñëîâèåì:

−(−∆)
α
2 u+ ω2u = f, x ∈ Sa, ω ∈ R, α ∈ (1, 2); u||x|=a = 0, (1).

ãäå (−∆)
α
2 � äðîáíàÿ ñòåïåíü îïåðàòîðà Ëàïëàñà1. Â äîêëàäå ðàññìàò-

ðèâàåòñÿ ñëó÷àé, êîãäà ñòåïåíü äðîáíîãî îïåðàòîðà áëèçêà ê åäèíèöå:
α = 2 − ε (0 < ε ≪ 1). Ðåøàåòñÿ çàäà÷à ïîñòðîåíèÿ ïðèáëèæåííîãî

Ëóêàøóê Ñòàíèñëàâ Þðüåâè÷, ä.ô.-ì.í., ïðîôåññîð, ÓÓÍèÒ (Óôà, Ðîññèÿ);
Stanislav Lukashchuk (Ufa University of Science and Technology, Ufa, Russia)

Ñïåëå Âëàäèìèð Âëàäèìèðîâè÷, àñïèðàíò ÓÓÍèÒ (Óôà, Ðîññèÿ); Vladimir Spele
(Ufa University of Science and Technology, Ufa, Russia)
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ðåøåíèÿ çàäà÷è (1) â êëàññå äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìûõ
ôóíêöèé â âèäå ôîðìàëüíîãî ðàçëîæåíèÿ ïî ìàëîìó ïàðàìåòðó ε.

Â ðàìêàõ ñäåëàííûõ ïðåäïîëîæåíèé, ñïðàâåäëèâî ïðåäñòàâëåíèå

(−∆)1−
ε
2 u = ∆Kεu, (2)

ãäå

(Kεu)(x) =
1

c2(ε)

∫∫
Sa

u(ξ)

|x− ξ|2−ε dξ, c2(ε) = 2εΓ2
( ε
2

)
sin

πε

2

� ïîòåíöèàë Ðèññà1. Äîêàçàíî

Óòâåðæäåíèå. Äëÿ ïîòåíöèàëà Ðèññà (2) ñïðàâåäëèâî ðàçëîæå-
íèå

(Kεu)(x) = u(x) + ε

[
(γ − ln 2)u(x) +

1

4π
∆

∫∫
Sa

ln2 |x− ξ|u(ξ)dξ
]
+ o(ε), (3)

ãäå γ ≈ 0.5772157 � ïîñòîÿííàÿ Ýéëåðà.
Ïîäñòàíîâêà (2) è (3) â óðàâíåíèå Ãåëüìãîëüöà èç (1) ïðèâîäèò åãî ñ

òî÷íîñòüþ äî o(ε) ê èíòåãðî-äèôôåðåíöèàëüíîìó óðàâíåíèþ ñ ìàëûì
ïàðàìåòðîì. Â ïðîñòåéøåì ñëó÷àå åãî ðåøåíèå ìîæåò èñêàòüñÿ â âèäå
ôîðìàëüíîãî ðàçëîæåíèÿ u(x) = u0(x) + εu1(x) + o(ε). Òîãäà, ïîñëå
ðàñùåïëåíèÿ ïî ìàëîìó ïàðàìåòðó, èìååì

∆u0(x) + ω2u0(x) = f(x), (4)

∆u1(x) + ω2u1(x) = (ln 2− γ)∆u0(x)−
1

4π
∆2

∫∫
Sa

ln2 |x− ξ|u0(ξ)dξ. (5)

Â ñîîòâåòñòâèè ñ ðàññìàòðèâàåìîé çàäà÷åé Äèðèõëå, óðàâíåíèÿ (4) è
(5) äîïîëíÿþòñÿ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè

u0||x|=a = 0, u1||x|=a = 0. (6)

Òàêèì îáðàçîì, çàäà÷à îòûñêàíèÿ ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è
(1) ñâåäåíà ê äâóì ñâÿçàííûì çàäà÷àì Äèðèõëå (4)�(6) äëÿ êëàññè-
÷åñêîãî ëèíåéíîãî óðàâíåíèÿ Ãåëüìãîëüöà, ðåøåíèå êîòîðûõ íå ïðåä-
ñòàâëÿåò ñëîæíîñòè.

Â äîêëàäå îáñóæäàåòñÿ òàêæå âàæíûé ÷àñòíûé ñëó÷àé, êîãäà
ôóíêöèÿ f(x) ÿâëÿåòñÿ ðàäèàëüíîé.
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ÊÐÀÅÂÀß ÇÀÄÀ×À Ñ ÎÁÎÁÙÅÍÍÛÌÈ ÓÑËÎÂÈßÌÈ
ÒÈÏÀ ØÒÓÐÌÀ ÄËß ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ

ÓÐÀÂÍÅÍÈß ÄÐÎÁÍÎÃÎ ÏÎÐßÄÊÀ Ñ
ÇÀÏÀÇÄÛÂÀÞÙÈÌ ÀÐÃÓÌÅÍÒÎÌ

Ì.Ã. Ìàæãèõîâà
mazhgihova.madina@yandex.mail.ru

ÓÄÊ 517.91

Äëÿ ëèíåéíîãî îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âû-
ñîêîãî äðîáíîãî ïîðÿäêà ñ çàïàçäûâàþùèì àðãóìåíòîì èññëåäî-
âàíà êðàåâàÿ çàäà÷à ñ óñëîâèÿìè, îáîáùàþùèìè óñëîâèÿØòóðìà.
Ðàçâèò ìåòîä ôóíêöèè Ãðèíà äëÿ ðåøåíèÿ ýòîé çàäà÷è. Ïîëó÷å-
íî óñëîâèå, ãàðàíòèðóþùåå îäíîçíà÷íóþ ðàçðåøèìîñòü. Äîêàçàíà
òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ. Ðåøåíèå çàäà-
÷è ïîëó÷åíî â òåðìèíàõ ôóíêöèè Ãðèíà.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíîå óðàâíåíèå äðîáíîãî ïîðÿäêà,
äèôôåðåíöèàëüíîå óðàâíåíèå ñ çàïàçäûâàþùèì àðãóìåíòîì, êðà-
åâàÿ çàäà÷à, óñëîâèÿ Øòóðìà, ôóíêöèÿ Ãðèíà, ôóíêöèÿ Ìèòòàã-
Ëåôôëåðà.
Boundary value problem with generalized Sturm type con-
ditions for a fractional order differential equation with delay

Boundary value problem with conditions generalizing Sturm’s condi-
tions for a linear ordinary differential equation of fractional order with
delay is studied. The Green’s function method has been developed.
A condition that guarantees unique solvability is obtained. The exis-
tence and uniqueness theorem of the solution is proved. The solution
to the problem is obtained in terms of the Green’s function.

Keywords: fractional order differential equation, delay differential
equation, boundary value problem, Sturm conditions, Green’s func-
tion, Mittag-Leffler function.

Ðàññìîòðèì óðàâíåíèå

Dα
0tu(t)− λu(t)− µH(t− τ)u(t− τ) = f(t), 0 < t < 1, (1)

ãäå Dα
0tu(t) � äðîáíàÿ ïðîèçâîäíàÿ Ðèìàíà�Ëèóâèëëÿ [1, c. 11], α ∈

(n−1, n], λ, µ � ïðîèçâîëüíûå ïîñòîÿííûå, τ � ôèêñèðîâàííîå ïîëîæè-
òåëüíîå ÷èñëî.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíîáðíàóêè ÐÔ (ïðîåêò
FEGS-2020-0001).

Ìàæãèõîâà Ìàäèíà Ãóìàðâîâíà, ê.ô.-ì.í., ÈÏÌÀ ÊÁÍÖ ÐÀÍ (Íàëü÷èê, Ðîñ-
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RAS, Nalchik, Russia)
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Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) íàçîâåì ôóíêöèþ u(t) èç
êëàññà Dα−n

0t u(t) ∈ Cn(0, 1), u(t) ∈ L(0, 1), óäîâëåòâîðÿþùóþ ýòîìó
óðàâíåíèþ äëÿ âñåõ 0 < t < 1.

Â ðàáîòå äëÿ óðàâíåíèÿ (1) ñòðîèòñÿ ðåøåíèå çàäà÷è:
Çàäà÷à. Íàéòè ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿ-

þùåå óñëîâèÿì
n∑
k=1

aik lim
t→0

Dα−k
0t u(t) = ci, i = 1, p,

n∑
k=1

bjk lim
t→1

Dα−k
0t u(t) = dj , j = 1, q,

(2)

ïðè÷åì p+ q = n, aik, bjk, ci, dj � çàäàííûå ïîñòîÿííûå.
Äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ äëÿ

èññëåäóåìîé çàäà÷è (1), (2).

Ëèòåðàòóðà

1. Íàõóøåâ À.Ì. Äðîáíîå èñ÷èñëåíèå è åãî ïðèìåíåíèå. � Ìîñêâà:
Ôèçìàòëèò, 2003.
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Äëÿ ëèíåéíîé ñèñòåìû óïðàâëåíèÿ ñ äðîáíîé ïðîèçâîäíîé è ïî-
ñëåäåéñòâèåì ðàññìàòðèâàåòñÿ çàäà÷à óïðàâëåíèÿ ïî îòíîøåíèþ ê
çàäàííîé ñèñòåìå öåëåâûõ ôóíêöèîíàëîâ. Ïîëó÷åíû óñëîâèÿ ðàç-
ðåøèìîñòè ýòîé çàäà÷è è îïèñàíèå ïðîãðàììíîãî óïðàâëåíèÿ, ðå-
øàþùåãî çàäà÷ó ïðè âûïîëíåíèè óêàçàííûõ óñëîâèé. Â îñíîâå
âñåõ ïîñòðîåíèé ëåæèò ôîðìóëà ïðåäñòàâëåíèÿ ðåøåíèé ðàññìàò-
ðèâàåìîé ñèñòåìû ñ èñïîëüçîâàíèåì àíàëîãà ìàòðèöû Êîøè, äå-
òàëüíîé èçó÷åííîé äëÿ ñèñòåì ñ öåëîé ïðîèçâîäíîé.

Êëþ÷åâûå ñëîâà: ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûå óðàâíåíèÿ,
ñèñòåìû ñ äðîáíûìè ïðîèçâîäíûìè, çàäà÷è óïðàâëåíèÿ.
On control problems for systems with fractional derivatives
and aftereffect

For a linear control system with a fractional derivative and aftereffect,
the control problem is considered with respect to a given system of ob-
jective functionals. The conditions for the solvability of this problem
and a description of the program control that solves the problem when
those conditions are met are obtained. All constructions are based on
a formula for representation of solutions to the system under consid-
eration using an analogue of the Cauchy matrix, studied in detail for
systems with the derivative of an integer order.

Keywords: functional differential equations, systems with fractional
derivatives, control problems.

Ðàññìàòðèâàåòñÿ ñèñòåìà óïðàâëåíèÿ ñ äðîáíîé ïðîèçâîäíîé è ïî-
ñëåäåéñòâèåì

(Dαx)(t) = (Tx)(t) + (Fu)(t) + f(t), t ∈ [0, T ],

ãäå Dα � ïðîèçâîäíàÿ Êàïóòî [1] ïîðÿäêà α ∈ (0, 1); T è F � ëèíåéíûå
âîëüòåððîâû îïåðàòîðû, îïðåäåëåííûå íà áàíàõîâîì ïðîñòðàíñòâå ôà-
çîâîé ïåðåìåííîé x(·) : [0, T ] → Rn è ãèëüáåðòîâîì ïðîñòðàíñòâå óïðàâ-
ëÿþùåé ïåðåìåííîé u(·) : [0, T ] → Rr, ñîîòâåñòâåííî. Çàäàíî íà÷àëüíîå
ñîñòîÿíèå ñèñòåìû x(0) = β. Öåëü óïðàâëåíèÿ çàäàåòñÿ ðàâåíñòâîì

ℓx ≡
m∑
i=1

Aix(ti) +

∫ T

0

B(τ)x(τ) dt = γ ∈ RN ,

Ìàêñèìîâ Âëàäèìèð Ïåòðîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÏÃÍÈÓ (Ïåðìü, Ðîññèÿ);
Vladimir Maksimov (Perm State University, Perm, Russia)
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ãäå ti, i = 1, ...,m ôèêñèðîâàííûå òî÷êè ïðîìåæóòêà [0, T ], Ai � ïîñòî-
ÿííàÿ (N × n)-ìàòðèöà, B(·) � (N × n)-ìàòðèöà ñ ñóììèðóåìûìè ýëå-
ìåíòàìè, β � çàäàííûé âåêòîð öåëåâûõ çíà÷åíèé. Â òàêîé ïîñòàíîâêå
çàäà÷à öåëåâîãî óïðàâëåíèÿ ñóùåñòâåííî îáîáùàåò êëàññè÷åñêóþ çàäà-
÷ó óïðàâëåíèÿ î ïåðåâîäå ñèñòåìû óïðàâëåíèÿ èç çàäàííîãî íà÷àëüíîãî
ñîñòîÿíèÿ â çàäàííîå êîíå÷íîå è îõâàòûâàåò êëàññ çàäà÷ óïðàâëåíèÿ ñ
êîíå÷íûì ÷èñëîì ìíîãîòî÷å÷íûõ è èíòåãðàëüíûõ öåëåâûõ óñëîâèé.

Äëÿ ïîñòàâëåííîé öåëåâîãî óïðàâëåíèÿ ïîëó÷åíû óñëîâèÿ ðàç-
ðåøèìîñòè è îïèñàíèå ïðîãðàììíîãî óïðàâëåíèÿ, ðåøàþùåãî çàäà-
÷ó ïðè âûïîëíåíèè óêàçàííûõ óñëîâèé. Â îñíîâå âñåõ ïîñòðîåíèé
ëåæèò ôîðìóëà ïðåäñòàâëåíèÿ ðåøåíèé ðàññìàòðèâàåìîé ñèñòåìû ñ
èñïîëüçîâàíèåì àíàëîãà ìàòðèöû Êîøè, äåòàëüíîé èçó÷åííîé äëÿ
ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ ñèñòåì ñ öåëîé ïðîèçâîäíîé [2].
Ïîëó÷åííûå ðåçóëüòàòû ñîïîñòàâëÿþòñÿ ñ èçâåñòíûìè, â òîì ÷èñëå,
óïîìÿíóòûìè â èçâåñòíîì îáçîðå [3].

Ëèòåðàòóðà
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Ðàññìàòðèâàåòñÿ çàäà÷à ïåðåâîäà òðàåêòîðèè äèíàìè÷åñêîé ñèñòå-
ìû, óïðàâëÿåìîé äâóìÿ èãðîêàìè, öåëè êîòîðûõ ïðîòèâîïîëîæ-
íû, èç òî÷êè â òåðìèíàëüíîå ìíîæåñòâî. Äàííàÿ çàäà÷à ñâîäèòñÿ
ê ïðîâåðêó ñèñòåì íåðàâåíñòâ è/èëè ê ðåøåíèþ ñèñòåì ëèíåéíûõ
íåðàâåíñòâ. Ïðèâîäèòñÿ àëãîðèòì ðåøåíèÿ ðàññìàòðèâàåìîé çà-
äà÷è.

Êëþ÷åâûå ñëîâà: èãðà, óêëîíåíèÿ, ñáëèæåíèÿ, àëãîðèòì.
Algorithm for solving maximin problem of evasion-approach

We consider the problem of transferring the trajectory of a dynamic
system controlled by two players whose goals are opposite from a point
to a terminal set. This problem comes down to testing systems of in-
equalities and/or solving systems of linear inequalities. An algorithm
for solving the problem under consideration is given.

Keywords: game, evasion, approach,algorithm.

Ïóñòü íà ôèêñèðîâàííîì îòðåçêå âðåìåíè T = [0, t∗], ïîâåäåíèå ñè-
ñòåìû, óïðàâëÿåìîé äâóìÿ èãðîêàìè (ó÷àñòíèêàìè), îïèñûâàåòñÿ äèô-
ôåðåíöèàëüíûì óðàâíåíèåì:

ẋ = Ax+ bu+ dv, x(0) = x0. (1)

Çäåñü x = x(t) = (x1(t), x2(t), ..., xn(t))
′ − n - âåêòîð ñîñòîÿíèÿ ñèñòåìû

â ìîìåíò t;u = u(t), v = v(t), - çíà÷åíèÿ óïðàâëÿþùèõ âîçäåéñòâèé
ïåðâîãî è âòîðîãî èãðîêîâ ñîîòâåòñòâåííî â ìîìåíò t;A - çàäàííàÿ ïî-
ñòîÿííàÿ n × n− ìàòðèöà; b, d, x0- çàäàííûå n - âåêòîðû; (øòðèõ)′ -
çíàê òðàíñïîíèðîâàíèÿ.

Êóñî÷íî-ïîñòîÿííàÿ ôóíêöèÿ u(·) = (u(t), t ∈ T ), íåïðåðûâíàÿ
ñïðàâà, óäîâëåòâîðÿþùàÿ íåðàâåíñòâàì f∗ ≤ u(t) ≤ f∗, t ∈ T, íàçû-
âàåòñÿ óïðàâëåíèåì ïåðâîãî èãðîêà (f∗, f∗ - çàäàííûå ÷èñëà).

Êóñî÷íî-ïîñòîÿííàÿ ôóíêöèÿ v(·) = (v(t), t ∈ T, ) íåïðåðûâíàÿ
ñïðàâà ñ (âîçìîæíûìè) òî÷êàìè ðàçðûâà (ìíîæåñòâîì êâàíòîâàíèÿ)
τ = {t1, t2, ..., tl}, 0 = t1 < t2 < ... < tl < tl+1 = t∗, óäîâëåòâîðÿþùàÿ
íåðàâåíñòâàì g∗(t) ≤ v(t) ≤ g∗(t), t ∈ T,íàçûâàåòñÿ óïðàâëåíèåì âòîðî-
ãî èãðîêà (g∗(t), g∗(t), t ∈ T, � çàäàííûå êóñî÷íî-ïîñòîÿííûå ôóíêöèè
ñ ìíîæåñòâîì êâàíòîâàíèÿ τ).
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Îáîçíà÷èì ìíîæåñòâà óïðàâëåíèé ïåðâîãî è âòîðîãî èãðîêîâ ñîîò-
âåòñòâåííî ÷åðåç U, V.

Ïóñòü H ∈ Rm×n; g ∈ Rm. Ââåäåì â ðàññìîòðåíèå òåðìèíàëüíîå
ìíîæåñòâî

M = {x ∈ Rn | Hx = g}.
Äâà èãðîêà, âûáèðàþò óïðàâëåíèÿ u(·) è v(·) ïîî÷åðåäíî, ñíà÷àëà

ïåðâûé èãðîê âûáèðàåò u(·), çàòåì, çíàÿ u(·), âòîðîé èãðîê âûáèðàåò
v(·).

Çàäà÷à óêëîíåíèÿ. Âûáðàòü óïðàâëåíèå u0(·), òàê, ÷òîáû íå äîïó-
ñòèòü ïîïàäàíèÿ òðàåêòîðèè ñèñòåìû (1) â ìîìåíò t∗ â ìíîæåñòâî M
(óêëîíèòü òðàåêòîðèþ îò âñòðå÷è ñ òåðìèíàëüíûì ìíîæåñòâîì â ìî-
ìåíò t∗) ïðè ëþáîì óïðàâëåíèè v(·).

Çàäà÷à ñáëèæåíèÿ. Âûáðàòü óïðàâëåíèå v0(·), òàê, ÷òîáû "ïåðåâå-
ñòè"òðàåêòîðèþ ñèñòåìû (1) èç òî÷êè x0 â ìíîæåñòâî M ïðè t∗ (ïðè
èçâåñòíîì u(·)) .

Ïðåäëàãàåòñÿ àëãîðèòì ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è (çàäà÷
óêëîíåíèÿ, ñáëèæåíèÿ), îòëè÷àþùóþ îò àëãîðèòìà [4] è îñíîâàííóþ íà
ïðîâåðêó ñèñòåì íåðàâåíñòâ è/èëè ê ðåøåíèþ ñèñòåì ëèíåéíûõ íåðà-
âåíñòâ.
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Öåëü íàñòîÿùåãî èññëåäîâàíèÿ: îïðåäåëåíèå çàâèñèìîñòè ïàðà-
ìåòðîâ ÿçûêîâ îò ïîëèòè÷åñêîé ïîâåñòêè â ñòðàíå è ñîöèàëüíîé
îáñòàíîâêè â îáùåñòâå. Äëÿ ýòîãî còðîèòñÿ ìàòåìàòè÷åñêàÿ ìî-
äåëü äâóÿçû÷íîãî ñîîáùåñòâà, êîòîðàÿ ó÷èòûâàåò ýôôåêò ëåê-
ñè÷åñêîé ñõîæåñòè êîíêóðèðóþùèõ ÿçûêîâ. Ìîäåëü èññëåäóåòñÿ
êëàññè÷åñêèìè ìåòîäàìè êà÷åñòâåííîé òåîðèè äèíàìè÷åñêèõ ñè-
ñòåì ïðè íåîãðàíè÷åííîì óâåëè÷åíèè âðåìåíè äèíàìèêè. Ïðîâî-
äèòñÿ èññëåäîâàíèå çàâèñèìîñòè ïàðàìåòðîâ ÿçûêîâ îò ïîëèòè÷å-
ñêîé îáñòàíîâêè â ñòðàíå. Íà îñíîâàíèè íàáëþäàåìûõ ñòàòèñòè-
÷åñêèõ äàííûõ, îïðåäåëÿþòñÿ ïàðàìåòðû äâóõ ñàìûõ ðàñïðîñòðà-
í¼ííûõ ÿçûêîâ Óêðàèíû: óêðàèíñêèé, ðóññêèé. Îïðåäåëåíà çàâè-
ñèìîñòü ïàðàìåòðîâ ÿçûêîâ îò ïîëèòè÷åñêîé îáñòàíîâêè â ñòðàíå.
Ñîñòàâëåí ïðîãíîç èçìåíåíèÿ ÷èñëåííîñòè íîñèòåëåé ðàññìàòðè-
âàåìûõ ÿçûêîâ.

Êëþ÷åâûå ñëîâà: èñ÷åçíîâåíèå ÿçûêîâ, ëåêñè÷åñêîå ñõîäñòâî, ÿçû-
êîâàÿ âîëàòèëüíîñòü, áèëèíãâèçì, ÿçûêîâàÿ êîíêóðåíöèÿ, ÿçûêî-
âàÿ äèíàìèêà, ñîõðàíåíèå ÿçûêà, ìàòåìàòè÷åñêàÿ ìîäåëü, îáûê-
íîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ.
The political aspect of language competition

The purpose of this study is to determine the dependence of language
parameters on the political agenda in the country and the social sit-
uation in society. To do this, a mathematical model of the bilingual
community is being built, which takes into account the effect of lex-
ical similarity of competing languages. The model is investigated by
classical methods of the qualitative theory of dynamical systems with
an unlimited increase in the dynamics time. A study is being con-
ducted on the dependence of the language parameters on the political
situation in the country. Based on the observed statistical data, the
parameters of the two most common languages of Ukraine are deter-
mined: Ukrainian, Russian. The dependence of the language parame-
ters on the political situation in the country is determined. A forecast
of changes in the number of native speakers of the languages under
consideration has been made.
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Äëÿ ìîäåëèðîâàíèÿ êîíêóðåíöèè ÿçûêîâ ïðèìåì ãèïîòåçû, ðàññìîò-
ðåííûå â ðàáîòå [1-6], à ìîäåëü íà èõ îñíîâå äîïîëíèì ýôôåêòîì ëåê-
ñè÷åñêîãî ñõîäñòâà ÿçûêîâ. Êîýôôèöèåíò k áóäåò îïðåäåëÿòü ëåêñè÷å-
ñêîå ñõîäñòâî ÿçûêîâ, k = 0.76 [2, 7, 8]. Äèíàìèêà íîñèòåëåé ÿçûêîâ â
îáùåñòâåõàðàêòåðèçóåòñÿ ñëåäóþùåé ñèñòåìîé:

ż1 = (1− k)c1rz12 − b1z1(z2 + z12)
α,

ż2 = (1− k)c2rz12 − b2z2(z1 + z12)
β ,

˙z12 = b1z1(z2 + z12)
α + b2z2(z1 + z12)

β − (1− k)rz12,

Äàííàÿ ìîäåëü èññëåäîâàíà êëàññè÷åñêèìè ìåòîäàìè êà÷åñòâåííîé
òåîðèè äèíàìè÷åñêèõ ñèñòåì ïðè íåîãðàíè÷åííîì óâåëè÷åíèè âðåìå-
íè äèíàìèêè. Âûÿâëåíî äâà êà÷åñòâåííûõ ñëó÷àÿ: ñîñóùåñòâîâàíèå
ÿçûêîâ ïðè 1 ≤ α ≤ 2b1, 1 ≤ β ≤ 2b2 èëè âûòåñíåíèå îäíîãî ÿçûêà
äðóãèì. Â ðàáîòàõ [9, 10] ïðèâåäåíà ñòàòèñòèêà ïî äîëÿì ÷èñëåííî-
ñòè ÷åëîâåê íà òåððèòîðèè Óêðàèíû, êîòîðûå èäåíòèôèöèðóþò ñåáÿ
êàê óêðàèíîãîâîðÿùèå èëè ðóññêîãîâîðÿùèå, çà 1994 � 2012 ãîäà. Â èñ-
òî÷íèêàõ [11-13] ïðèâåäåíà àíàëîãè÷íàÿ ñòàòèñòèêà çà 2001-2023 ãîäà.
Çíà÷åíèÿ äèíàìèêè ïî îòñóòñòâóþùèì ãîäàì áûëè äîïîëíåíû óñðåä-
í¼ííûìè çíà÷åíèÿìè íà èíòåðâàëå (Ðèñ. ??).

Íà îñíîâå äàííûõ ñòàòèñòèêè, ìåòîäîì íàèìåíüøèõ êâàäðàòîâ, áû-
ëè èäåíòèôèöèðîâàíû ïàðàìåòðû ÿçûêîâ. Ïîëó÷èëîñü ÷òî óêðàèíñêèé
è ðóññêèé ÿçûêè îòëè÷àþòñÿ ïðåñòèæíîñòüþ c1 = 0.9, c2 = 0.1 ñîîòâåò-
ñòâåííî, à ïàðàìåòðû α, β, b1,2 îêàçàëèñü ðàâíûìè äëÿ äâóõ ÿçûêîâ.
Òî÷íîñòü ìîäåëèðîâàíèÿ îêàçàëàñü äîñòàòî÷íî íèçêîé diff = 0.316,
÷òî äà¼ò ïîâîä èññëåäîâàòü äèíàìèêó ÿçûêîâ ðàçäåëüíî ïî áîëåå êîðîò-
êèì âðåìåííûì ïåðèîäàì. Ó÷èòûâàÿ ïàðàìåòð ëåêñè÷åñêîé ñõîæåñòè
ÿçûêîâ k â íàøåé ìîäåëè, ìû ïðèíèìàåì åãî êàê äîñòàòî÷íî ïîñòîÿí-
íûé âî âðåìåíè àðãóìåíò, ïðåòåðïåâàþùèé ñóùåñòâåííûå èçìåíåíèÿ
ëèøü íà äîñòàòî÷íî áîëüøîì âðåìåííîì ïåðèîäå. Òî æå ñàìîå ìîæíî
ñêàçàòü è î ïàðàìåòðàõ ÿçûêîâîé âîëàòèëüíîñòè α, β, à òàêæå î êîýô-
ôèöèåíòàõ, õàðàêòåðèçóþùèõ èçó÷åíèå âòîðîãî ÿçûêà b1,2. Îïðåäåëÿ-
þùèì ïàðàìåòðîì äëÿ ÿçûêîâîé äèíàìèêè â íåïðîäîëæèòåëüíûé âðå-
ìåííîé ïåðèîä ÿâëÿåòñÿ ïðåñòèæíîñòü ÿçûêîâ c1,2. Ïàðàìåòðû ìîäåëè
áûëè îïðåäåëåíû íà áîëåå êîðîòêèõ âðåìåííûõ èíòåðâàëàõ, èõ çíà-
÷åíèÿ ïðèâåäåíû â òàáëèöå 1. Ïîëó÷åííûå ðåçóëüòàòû äàþò îñíîâàíèå
óòâåðæäàòü î íàëè÷èè çàâèñèìîñòè ïðåñòèæíîñòè ÿçûêîâ îò ïîëèòè÷å-
ñêîãî êóðñà ãîñóäàðñòâà è ñîöèàëüíûõ íàñòðîåíèé â îáùåñòâå: ïðîðîñ-
ñèéñêèì òåíäåíöèÿì ñîîòâåòñòâóåò óâåëè÷åíèå ïðåñòèæíîñòè ðóññêîãî
ÿçûêà, à ïðîçàïàäíûì óâåëè÷åíèå ïðåñòèæíîñòè ÿçûêà óêðàèíñêîãî.
Òàê æå âûÿâëåíî, ÷òî ïðè âíåøíåì âîçäåéñòâèè íà ÿçûêîâóþ äèíà-
ìèêó îïðåäåëÿþùèìè ÿâëÿþòñÿ ïàðàìåòðû ÿçûêîâîé ïðåñòèæíîñòè.
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Òàáëèöà 1: Ïðåñòèæíîñòü ÿçûêîâ ïî ãîäàì.

- 1994−
1998

1998−
2002

2002−
2005

2005−
2012

2011−
2015

2015−
2022

2020−
2023

c1 0,8 0,2 0,1 0,1 0,9 0,9 0,95
c2 0,2 0,8 0,9 0,9 0,1 0,1 0,05

Ó÷èòûâàÿ òåíäåíöèè ïîñëåäíèõ ëåò, êîòîðûå ïðîèñõîäÿò íà Óêðàèíå,
îæèäàåòñÿ ïîëíîå èñ÷åçíîâåíèå ðóññêîãî ÿçûêà èç îáùåñòâà. Îáîñíî-
âàíèåì ýòîìó ñëóæèò ïðåäåëüíî íèçêàÿ ïðåñòèæíîñòü ðóññêîãî ÿçûêà
(c2 = 0.05) è ñòðåìèòåëüíî ñîêðàùàþùàÿñÿ ÷èñëåííîñòü åãî íîñèòåëåé:
-37% çà ïåðèîä 2013-2023ãã.; â òî âðåìÿ êàê ïðåñòèæíîñòü óêðàèíñêî-
ãî ÿçûêà âûñîêà (c1 = 0.95), à èçìåíåíèå ÷èñëåííîñòè ãîâîðÿùèõ íà
í¼ì +36% çà ïåðèîä 2013-2023ãã. Îäíàêî, òàêèå òåíäåíöèè áóäóò ñî-
õðàíÿòüñÿ ëèøü ïðè íå ìåíÿþùåéñÿ ïîëèòè÷åñêîé ïîâåñòêå â ñòðàíå.
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Èññëåäîâàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü íåëèíåéíîé îáðàòíîé çà-
äà÷è äëÿ ìîäèôèöèðîâàííîé ñèñòåìû óðàâíåíèé ñ äðîáíûìè ïðî-
èçâîäíûìè Äæðáàøÿíà � Íåðñåñÿíà ïî âðåìåíè è ñ íåèçâåñòíûìè
êîýôôèöèåíòàìè ïðè ìëàäøèõ èç íèõ.

Êëþ÷åâûå ñëîâà: äðîáíàÿ ïðîèçâîäíàÿ Äæðáàøÿíà � Íåðñåñÿíà,
îáðàòíàÿ êîýôôèöèåíòíàÿ çàäà÷à, ñèñòåìà óðàâíåíèé Êåëüâèíà �
Ôîéãòà, íà÷àëüíî-êðàåâàÿ çàäà÷à.
Nonlinear inverse problem for a Kelvin–Voigt time-fractional
system

The unique solvability of a nonlinear inverse problem for a modified
system of equations with Dzhrbashyan–Nersesyan fractional deriva-
tives in time and with unknown coefficients at the lowest of them is
investigated.

Keywords: Dzhrbashyan–Nersesyan fractional derivative, inverse co-
efficient problem, Kelvin–Voigt system of equations, initial boundary
value problem.

Ðàññìîòðèì çàäà÷ó

(λ−∆)Dσn
t w(ξ, t) = ν∆w(ξ, t)− r(ξ, t)+

+(λ−∆)

n−1∑
k=0

uk(t)D
σk
t w(ξ, t) + un(t)g(ξ, t) + h(ξ, t), (ξ, t) ∈ Ω× [0, T ], (1)

∇ · w(ξ, t) = 0, (ξ, t) ∈ Ω× [0, T ], (2)

w(ξ, t) = 0, (ξ, t) ∈ ∂Ω× [0, T ], (3)

D
σk
t w(ξ, 0) = wk(ξ), ξ ∈ Ω, k = 0, 1, . . . , n− 1, (4)∫

Ω

⟨ηj(ξ), w(ξ, t)⟩Rddξ = ψj(t), t ∈ [0, T ], j = 0, 1, . . . , n, (5)

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà è Ïðàâè-
òåëüñòâà ×åëÿáèíñêîé îáëàñòè �24-21-20015.

Ìåëåõèíà Äàðüÿ Âëàäèìèðîâíà, àññèñòåíò, ×åëÿáèíñêèé ãîñóäàðñòâåííûé óíè-
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ãäå Ω ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω, ⟨·, ·⟩Rd

� âíóòðåííåå ïðîèçâåäåíèå â Rd, Dσk
t , k = 0, 1, . . . , n ∈ N, � äðîá-

íûå ïðîèçâîäíûå Äæðáàøÿíà � Íåðñåñÿíà ïî t [1], ñîîòâåòñòâóþùèå
÷èñëàì {αk}, 0 < αk ≤ 1, α0 = 1; λ, ν ∈ R, ∆ = △Id, ãäå Id � åäè-
íè÷íàÿ d× d-ìàòðèöà, △ = D2

ξ1
+D2

ξ2
+ · · ·+D2

ξd
� îïåðàòîð Ëàïëàñà,

g, h : Ω × [0, T ] → Rd, wk : Ω → Rd, k = 0, 1, . . . , n − 1, ηj : Ω → Rd,
ψj : [0, T ] → R, j = 0, 1, . . . , n, çàäàíû. Âåêòîð-ôóíêöèè ñêîðîñòè
w = (w1, w2, . . . , wd) è ãðàäèåíòà äàâëåíèÿ r = (r1, r2, . . . , rd) = ∇p äëÿ
íåêîòîðîãî äàâëåíèÿ p ∈ H1(Ω), à òàêæå ôóíêöèè uj(t), j = 0, 1, . . . , n,
ÿâëÿþòñÿ èñêîìûìè.

Ïóñòü L2 := (L2(Ω))
d, H1 := (W 1

2 (Ω))
d, H2 := (W 2

2 (Ω))
d. Çàìûêàíèå

ïîäïðîñòðàíñòâà L := {v ∈ (C∞
0 (Ω))d : ∇ · v = 0} â íîðìå ïðîñòðàí-

ñòâà L2 áóäåò îáîçíà÷àòüñÿ Hσ, à â íîðìå H1 � H1
σ. Òàêæå áóäåì èñ-

ïîëüçîâàòü îáîçíà÷åíèÿ: H2
σ := H1

σ ∩ H2, Hπ ÿâëÿåòñÿ îðòîãîíàëüíûì
äîïîëíåíèåì ê Hσ â L2, Σ : L2 → Hσ, Π := I − Σ ñîîòâåòñòâóþùèå
îðòîïðîåêòîðû. Ïóñòü Λ � îïåðàòîð â L2, äåéñòâóþùèé êàê ∆, îïðå-
äåëåííûé íà H2

σ.
Òåîðåìà 1. [2] Ïóñòü wk ∈ Hσ, k = 0, 1, . . . , n − 1, α0 = 1,

0 < αk ≤ 1, k = 1, 2, . . . , n, Dσkψj ∈ C([t0, T ];U), k = 0, 1, . . . , n,
ηj ∈ L2, ⟨ηj(·), w0(·)⟩L2 = ψj(0), j = 0, 1, . . . , n, g, h ∈ C([0, T ];L2),
det ∥ajk∥nj,k=0 ̸= 0, det ∥bjk(t)∥nj,k=0 ̸= 0 äëÿ t ∈ [0, T ], ãäå ajk :=
⟨ηj(·), wk(·)⟩L2 , k = 0, 1, . . . , n − 1, ajn := ⟨ηj(·), (λ − Λ)−1Σg(·, 0)⟩L2 ,
j = 0, 1, . . . , n, bjk(t) := D

σk
t ψj, k = 0, 1, . . . , n − 1, bjn(t) :=〈

ηj(·), (λ− Λ)−1Σg(·, t)
〉
L2
, j = 0, 1, . . . , n. Òîãäà ñóùåñòâóåò T1 ∈

(0, T ], òàêîå, ÷òî îáðàòíàÿ çàäà÷à (1)�(5) èìååò åäèíñòâåííîå ðå-
øåíèå íà îòðåçêå [0, T1].
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Èçó÷àåòñÿ âîïðîñ î ïîâåäåíèè òðàåêòîðèé ðåøåíèé êóñî÷íî-
ëèíåéíûõ ñèñòåì äâóõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïî-
ðÿäêà. Êóñî÷íî-ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ âîçíè-
êàþò â ïðèêëàäíûõ çàäà÷àõ ìåõàíèêè, ýëåêòðîòåõíèêè è òåîðèè
àâòîìàòè÷åñêîãî óïðàâëåíèÿ. Èíòåðåñ ïðåäñòàâëÿþò óñëîâèÿ âîç-
íèêíîâåíèÿ ïðåäåëüíûõ öèêëîâ â îêðåñòíîñòè çîíû ïîêîÿ òàêèõ
ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïîëó÷åíû óñëîâèÿ ñóùå-
ñòâîâàíèÿ ïðåäåëüíîãî öèêëà äëÿ ñèñòåì ñ ïðÿìîé ëèíèåé ñøèâà-
íèÿ.

Êëþ÷åâûå ñëîâà: êóñî÷íî-ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíå-
íèÿ, ñøèâàíèå òðàåêòîðèè, òî÷êà êîíòàêòà, çîíà ïîêîÿ, ôàçîâàÿ
ïëîñêîñòü, ïðåäåëüíûé öèêë.
Qualitative analysis of phase portraits and occurrence of
limit cycles in systems of differential equations with switch-
ing.

The question of the behavior of trajectories of solutions to piecewise
linear systems of to first order differential equations is studied. Piece-
wise linear differential equations arise in applied problems of mechan-
ics, electrical engineering and the theory of automatic control. Of
interest are the conditions for the emergense of limit cycles in the
vicinity of the rest zone of such systems differential equations. Con-
ditions for the existence of a limit cycle for systems with a straight
stitching line are obtained.

Keywords: piecewise linear differential equations, trajectory stitching,
contact point, rest zone, phase plane, limit cycle.

Ðàññìîòðèì êóñî÷íî- ëèíåéíóþ ñèñòåìó

dx

dt
=

{
A+x+ b+ åñëè h(x) > 0,
A−x+ b− åñëè h(x) < 0.

(1)
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ãäå A± = (a±ij), i, j = 1, 2 - ìàòðèöû âòîðîãî ïîðÿäêà, h(x) = (a, x)+

c− ëèíåéíàÿ ôóíêöèÿ, à, b± ∈ R2, c ∈ R.
Îòìåòèì, ÷òî åñëè A+ ̸= A−, òî íà ëèíèè h(x) = 0 ïðàâàÿ ÷àñòü

ñèñòåìû (1) èìååò ðàçðûâ ïåðâîãî ðîäà.
Óðàâíåíèå âèäà (1) íàçûâàþò "ñøèòûì"èëè "ñêëååí-

íûì"äèôôåðåíöèàëüíûì óðàâíåíèåì. Êàê èçâåñòíî [1], ê ðàñ-
ñìîòðåíèþ òàêèõ ñøèòûõ äèíàìè÷åñêèõ ñèñòåì ïðèâîäÿò ìíîãèå
çàäà÷è èç ïðèëîæåíèé. Îïðåäåëåíèÿ ðåøåíèÿ äëÿ òàêèõ è áîëååå
îáùèõ ñøèòèõ ñèñòåì ïðèâåäåíî â [2,3]

Òðàåêòîðèè ñèñòåìû (1) â êàæäîé îáëàñòè G± = {x : ±h(x) > 0},
îïðåäåëÿþòñÿ ïî òðàåêòîðèÿì ëèíåéíûõ ñèñòåì

dx

dt
= A±x+ b±, (2)

ñîîòâåòñòâåííî. Íà ëèíèè ñøèâàíèÿ òðàåêòîðèÿ ñèñòåìû (1) ñïåöèàëü-
íî äîîïðåäåëÿåòñÿ â çàâèñèìîñòè îò ïîâåäåíèÿ òðàåêòîðèé ëèíåéíûõ
ñèñòåì (2).

Ïðèâåäåì ïðàâèëà ñøèâàíèÿ ñèñòåìû (2), â îêðåñòíîñòè ëèíèè
h(x) = 0. Åñëè x+(t) è x−(t) , x+(t0) = x−(t0), h(x+(t0)) = 0 ðåøåíèå
ñèñòåìû (2), ðàññìàòðèâàåìîå íà âñåé ïëîñêîñòû ñîîòâåòñòâåííî, òî

x(t) =

{
x+(t), åñëè x+(t) ∈ G+ ïðè t > t0(t < t0)
x−(t), åñëè x−(t) ∈ G− ïðè t < t0(t > t0)

ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (1) ïðè ìàëûõ |t− t0| > 0.
Â ñëó÷àå, êîãäà x+(t) ∈ G+(G−) è x−(t) ∈ G+(G−) ïðè t > t0(t <

t0), òî÷êó x+(0) = x−(0) ïðÿìîé h(x) = 0 ñ÷èòàþò àíàëîãè÷íîé òî÷êå
ïîêîÿ ñèñòåìû (1) è ðåøåíèå ñèñòåìû (1) îïðåäåëÿåòñÿ ðàâåíñòâàìè
x(t) = x+(t) ïðè t > t0 è x(t) = x+(t0) ïðè t ≤ t0 (x(t) = x+(t) ïðè
t ≤ t0 è x(t) = x+(t0) ïðè t > t0) è, àíàëîãè÷íî, x(t) = x−(t) ïðè t ≤ t0
è x(t) = x−(t0) ïðè t > t0 (x(t) = x−(t) ïðè t > t0 è x(t) = x+(t0) ïðè
t ≤ t0).

Òî÷êó x+(0) ëèíèè h(x) = 0 â ïåðâîì ñëó÷àå íàçîâ¼ì òî÷êîé ñî-
ãëàñîâàííîñòè, à âî âòîðîì ñëó÷àå òî÷êîé íåñîãëàñîâàííîñòè (ïîêîÿ)
ñèñòåìû.

Äëÿ ÿñíîñòè ïðîöåññà ñøèâàíèÿ ñíà÷àëà îïèøåì ïîâåäåíèå òðàåê-
òîðèè ëèíåéíîé ñèñòåìû

dx

dt
= Ax+ b, A = (aij), i, j = 1, 2, b ∈ R2 (3)

îòíîñèòåëüíî çàäàííîé ïðÿìîé h(x) ≡ (a, x) + c = 0. Îãðàíè÷èìñÿ ñëó-
÷àåì, êîãäà ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A êîìïëåêñíûå ÷èñëà, ò.å.
äèñêðèìèíàíò D(A) = (a11−a22)2+4a12a21 õàðàêòåðèñòè÷åñêîãî óðàâ-
íåíèÿ îòðèöàòåëüíûé: D(A) < 0.

Ïóñòü x(t)− ðåøåíèå ñèñòåìû (3) è h(x(0)) = 0. Åñëè ïðÿìàÿ h(x) =
0 íå ÿâëÿåòñÿ êàñàòåëüíîé â òî÷êå x(0) òðàåêòîðèè x(t), òî ãîâîðÿò [2],
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÷òî ïðÿìàÿ h(x) = 0 íå èìååò êîíòàêòà ñ ñèñòåìîé (3) â òî÷êå x(0).
Îòìåòèì, ÷òî òî÷êè ïðÿìîé h(x) = 0 èìåþò ïðåäñòàâëåíèå x = µa⊥ +
x0, µ ∈ (−∞,+∞), ãäå x0 = − c

∥a∥ a, a = (a1, a2)
T , a⊥ = (−a2, a1)T .

Îáîçíà÷èì µ0 = − (a1,b+Ax
0)

(a,Aa⊥)
.

Ëåììà 1. Ïóñòü D(A) < 0 è a ∈ R2− íåíóëåâîé âåêòîð. Òîãäà
(a,Aa⊥) ̸= 0, ãäå a⊥ = (−a2, a1)T è ïðÿìàÿ h(x) ≡ (a, x) + c = 0 íå
èìååò êîíòàêòà â òî÷êàõ x = µa⊥ + x0 ïðè µ ̸= µ0, a x0 = µ0a

⊥ +
x0 ÿâëÿåòñÿ òî÷êîé êîíòàêòà ñ ñèñòåìîé (3), ïðè÷¼ì äëÿ ðåøåíèÿ
x(t), x(t0) = µa⊥ + x0 ñèñòåìû (3) ôóíêöèÿ f(t) ≡ a12 · h(x(t)) ïðè
µ ̸= µ0 ìîíîòîííî âîçðàñòàåò, à ïðè µ = µ0 è µ0a

⊥ + x0 ̸= −A⊥b
óäîâëåòâîðÿåò óñëîâèþ f(t) > 0 ïðè äîñòàòî÷íî ìàëûõ |t− t0| > 0.

Ïðåäïîëîæèì, ÷òî ìàòðèöû A± â ñèñòåìå (1) óäîâëåòâîðÿþò óñëî-
âèÿì D(A±) < 0. Ñîãëàñíî ëåììå 1, ïðÿìàÿ h(x) = 0 íå èìååò êîíòàêòà
ñ ñèñòåìàìè (2), ðàññìàòðèâàåìûìè íà âñåé ïëîñêîñòè, ñîîòâåòñòâåííî,

çà èñêëþ÷åíèåì òî÷êè x± = µ±a
⊥ + x0, ãäå µ± = − (a,b±+A±x

0)

(a,A±a⊥)
.

Îêàçûâàåòñÿ, õàðàêòåð ïîâåäåíèÿ òðàåêòîðèè ñèñòåìû (1) ñóùå-
ñòâåííî çàâèñèò îò ðàñïîëîæåíèÿ òî÷êè x+ è x− ïðÿìîé h(x) = 0 è
çíàêà ýëåìåíòîâ a+12 è a

−
12 ìàòðèö A+ è A−.

Ëåììà 2. Ïóñòü D(A±) < 0 è a+12 · a−12 > 0 (a+12 · a−12 < 0). Òîãäà
òî÷êè x = µa⊥ + x0 ïðÿìîé h(x) = 0 ÿâëÿþòñÿ òî÷êàìè ñîãëàñîâàí-
íîñòè (íåñîãëàñîâàííîñòè) ïðè µ /∈ [µ1, µ2](µ ∈ (µ1, µ2)) è íåñîãëàñî-
âàííîñòè (ñîãëàñîâàííîñòè) ïðè µ ∈ (µ1, µ2)(µ /∈ [µ1, µ2]) ñèñòåì (2),
ãäå µ1 = min{µ+, µ−}, µ2 = max{µ+, µ−}.

Èç ëåììû 2 ñëåäóåò, ÷òî çîíà íåñîãëàñîâàííîñòè (çîíà ïîêîÿ) ñèñòå-
ìû (2) (ñèñòåìû (1)) îãðàíè÷åíà òîëüêî â òîì ñëó÷àå, êîãäà ýëåìåíòû
a±12 ìàòðèö A± îäíîâðåìåííî ëèáî ïîëîæèòåëüíû ëèáî îòðèöàòåëüíû.
Â óñëîâèÿõ îãðàíè÷åííîñòè çîíà íåñîãëàñîâàííîñòè ïðåäñòàâëÿåò èíòå-
ðåñ ïîâåäåíèÿ òðàåêòîðèè ñèñòåìû (1) âíå êðóãà äîñòàòî÷íî áîëüøîãî
ðàäèóñà. Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü ìàòðèöû A± óäîâëåòâîðÿþò óñëîâèÿì:
D(A±) < 0, a+12·a

−
12 > 0 è (a+11+a

+
22)
√

−D(A−)+(a−11+a
−
22)
√

−D(A+) <
0. Òîãäà ëþáîå ðåøåíèå x(t) ñèñòåìû (1) îãðàíè÷åííî ïðè t ≥ 0.

Êà÷åñòâåííîå ïîâåäåíèå òðàåêòîðèè ðåøåíèÿ ñèñòåìû (1) ñóùå-
ñòâåííî çàâèñèò îò ðàñïîëîæåíèÿ ñòàöèîíàðíûõ òî÷åê îòíîñèòåëüíî
ïðÿìîé h(x) = 0 è òî÷åê êîíòàêòà ïðÿìîé h(x) = 0 ñ òðàåêòîðèÿìè
ñèñòåì (2), ðàññìàòðèâàåìûõ íà âñåé ïëîñêîñòè.

Ñîãëàñíî ëåììå 1 òî÷êè êîíòàêòà ïðÿìîé h(x) = 0 ñ òðàåêòîðèÿìè
ñèñòåì (2) îïðåäåëÿþòñÿ ðàâåíñòâàìè

x± = µ±a
⊥ + x0, µ± = − (a, b± +A±x

0)

(a,A±a⊥)
.

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1. Ïóñòü a+11 +
a+22 > 0, a+12(µ− − µ+) ≥ 0 è ñòàöèîíàðíûå òî÷êè −A−1

± b± ñèñòåì
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(2) óäîâëåòâîðÿåò óñëîâèÿì h(−A−1
± b±) > 0. Òîãäà ñèñòåìà (1) èìå-

åò öèêë, îãðàíè÷èâàþùèé îáëàñòü, ñîäåðæàùóþ ìíîæåñòâà òî÷åê
ïîêîÿ ñèñòåìû (1).

Åñëè â óñëîâèÿõ òåîðåìû (2) âåëè÷èíà a+12(µ− − µ+) < 0, òî ñèñòå-
ìà (1) ìîæåò íå èìåòü öèêëà. Â ýòîì ñëó÷àå òðåáóåòñÿ äîïîëíèòåëüíîå
óñëîâèå îòíîñèòåëüíî ïîâåäåíèÿ ðåøåíèé x+(t) è x−(t) ñèñòåì (2), óäî-
âëåòâîðÿþùèõ îáùèì íà÷àëüíûì óñëîâèÿì x+(t0) = x+, x−(t0) = x+,
ãäå x+ = µ+a

⊥ + x0− òî÷êà êîíòàêòà ïðÿìîé h(x) = 0 ñ ñèñòåìîé
(2) ñ ìàòðèöåé A+. Îáîçíà÷èì ÷åðåç t1 íàèáîëüøåå ðåøåíèå ñêëÿð-
íîãî óðàâíåíèÿ h(x−(t)) = 0, t < t0 è ÷åðåç t2 íàèìåíüøåå ðåøåíèå
h(x+(t)) = 0, t > t0. Òî÷êè x−(t1) è x+(t2) èìåþò ïðåäñòàâëåíèÿ

x−(t1) =
(a⊥, x−(t1))

(a, a)
a⊥ + x0, x+(t2) =

(a⊥, x+(t2))

(a, a)
a⊥ + x0.

Òåîðåìà 3. Ïóñòü âûïîëíåíû óñëîâèÿ òîåðåìû 1. Ïóñòü a+11 +
a+22 > 0, a+12((a

⊥, x−(t1)) − (a⊥, x+(t2))) > 0 è ñòàöèîíàðíûå òî÷êè
−A−1

± b± ñèñòåì (2) óäîâëåòâîðÿþò óñëîâèÿ h(−A−1
± b±) > 0. Òîãäà ñè-

ñòåìà (1) èìååò öèêë, îãðàíè÷èâàþùèé îáëàñòü, ñîäåðæàùóþ òî÷êè
ïîêîÿ ñèñòåìû (1).
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ÏÐÎÈÇÂÎÄÍÛÌÈ ÕÈËÜÔÅÐÀ
Å.Ì. Ìóõñèíîâ, Ð.È. Õàêèìîâ

yodgor.mukhsinov@gmail.com, rahmatjon@gmail.com

ÓÄÊ 517.9

Â äàííîé ðàáîòå â áàíàõîâîì ïðîñòðàíñòâå èññëåäóåòñÿ ðàçðå-
øèìîñòü çàäà÷è ïðåñëåäîâàíèÿ äëÿ äèôôåðåíöèàëüíîé èãðû ñ
äðîáíûìè ïðîèçâîäíûìè Õèëüôåðà ïîðÿäêà α, 0 < α < 1 òèïà
µ, 0 ≤ µ ≤ 1. Èñïîëüçóÿ ïåðâûé ìåòîä Ïîíòðÿãèíà [1, ñ. 320] äîêà-
çàíà òåîðåìà î ðàçðåøèìîñòè çàäà÷è ïðåñëåäîâàíèÿ [2, ñ. 143].

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíàÿ èãðà ñ äðîáíûìè ïðîèçâîä-
íûìè Õèëüôåðà, çàäà÷à ïðåñëåäîâàíèÿ, áàíàõîâî ïðîñòðàíñòâî.
The pursuit problem for a differential game with Hilfer frac-
tional derivatives

In this paper, we investigate the solvability of the pursuit problem for a
differential game with fractional Hilfer derivatives of order α, 0 < α <
1 of type µ, 0 ≤ µ ≤ 1 in a Banach space. Using the first Pontryagin
method [1, p. 320], we proved a theorem on the solvability of the
pursuit problem [2, p. 143].

Keywords: differential game with Hilfer fractional derivatives, pursuit-
evasion problem, Banach space.

Â áàíàõîâîì ïðîñòðàíñòâå X ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíàÿ èã-
ðà, îïèñûâàåìàÿ äèôôåðåíöèàëüíûì óðàâíåíèåì äðîáíîãî ïîðÿäêà{

Dα,µ
0+ x(t) = Ax(t) + F (t, u(t), v(t))

I
(1−α)(1−µ)
0+ x(0) = x0

(1)

è çàìêíóòûì òåðìèíàëüíûì M ⊂ X, ãäå çàêàí÷èâàåòñÿ èãðà. Â èã-
ðå (??) t ∈ (0, T ], T > 0, x(t) ∈ X, Y,Z - áàíàõîâûå ïðîñòðàí-
ñòâà, U((0, T ], Y ) - ìíîæåñòâî èçìåðèìûõ îòîáðàæåíèé, äåéñòâóþùèõ
èç (0, T ] â Y , u(·) ∈ U((0, T ], Y ) - óïðàâëåíèå ïðåñëåäîâàíèÿ, v(·) ∈
U((0, T ], Z) - óïðàâëåíèå óáåãàíèÿ, Dα,µ

0+ - äðîáíàÿ ïðîèçâîäíàÿ Õèëü-
ôåðà ïîðÿäêà α, 0 < α < 1 è òèïà µ, 0 ≤ µ ≤ 1, A - ëèíåéíûé çàìêíó-
òûé îïåðàòîð, èìåþùèé ïëîòíóþ â X îáëàñòü îïðåäåëåíèÿ, êîòîðûé

Ìóõñèíîâ Åäãîð Ìèðçîåâè÷, ä.ô.-ì.í., äîöåíò, ÒÃÓÏÁÏ (Õóäæàíä, Òàäæèêè-
ñòàí); Edgor Mukhsinov (Tajik State University of Law, Business and Politics, Khujand,
Tajikistan)

Õàêèìîâ Ðàõìàòäæîí Èíîìîâè÷, ïðåïîäàâàòåëü, ÕÃÓ èìåíè àêàäåìèêà Á. Ãàôó-
ðîâà (Õóäæàíä, Òàäæèêèñòàí); Rahmatjon Hakimov (Khujand State University named
after academician B. Gafurov, Tajikistan)
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ïîðîæäàåò ñèëüíî íåïðåðûâíóþ ïîëóãðóïïó S(t), t ≥ 0, à I(1−α)(1−µ)0+ -
äðîáíûé èíòåãðàë ïîðÿäêà ρ = (1 − α)(1 − µ). Ïîëàãàåì, ÷òî äëÿ ëþ-
áûõ äîïóñòèìûõ u(·) è v(·) îòîáðàæåíèå t → F (t, u(t), v(t)) ëîêàëüíî
èíòåãðèðóåìî è çàäà÷à Êîøè (1) èìååò ñëàáîå ðåøåíèå [3, ñ.5].

Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà. Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
1) X,Y - ñåïàðàáåëüíûå áàíàõîâû ïðîñòðàíñòâà;
2) íà÷àëüíàÿ òî÷êà x0 ∈ X\M òàêàÿ, ÷òî ïðè íåêîòîðîì T > 0

èìååò ìåñòî âêëþ÷åíèå

Sα,µ(T )x0 ∈M −
T∫

0

⋂
v∈Z

Kα(T − s)F (s, Y, v)ds,

ãäå Sα,µ(t) = I
µ(1−α)
0+ Kα(t), Kα(t) = tα−1 · Pα(t), Pα(t) =

∞∫
0

αsMα(s)S(t
αs)ds,

Mα(z) =
∞∑
n=1

(−z)n−1

(n− 1)! · Γ(1− αn)
, 0 < α < 1, ãäå Γ(z) - ãàììà-

ôóíêöèÿ è
∞∫
0

sδMα(s)ds =
Γ(1 + δ)

Γ(1 + αδ)
, s ≥ 0.

3) îòîáðàæåíèå F : [0,∞) × Y × Z → X óäîâëåòâîðÿåò óñëîâèÿì
Êàðàòåîäîðè.

Òîãäà èç íà÷àëüíîé òî÷êè x0 ∈ X â èãðå (1) âîçìîæíî çàâåðøåíèå
ïðåñëåäîâàíèÿ çà âðåìÿ T .
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ÏÎÒÐÀÅÊÒÎÐÍÎ-ÄÅÒÅÐÌÈÍÈÐÎÂÀÍÍÛÉ ÏÐÈÍÖÈÏ
ÌÀÊÑÈÌÓÌÀ ÄËß ÑÄÓ Â ÑËÓ×ÀÅ
ÍÅÔÈÊÑÈÐÎÂÀÍÍÎÃÎ ÂÐÅÌÅÍÈ

Ô.Ñ. Íàñûðîâ
farsagit@yandex.ru

ÓÄÊ 519.2

Ïîñòðîåí ïðèíöèï ìàêñèìóìà äëÿ ñòîõàñòè÷åñêèõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé â ñëó÷àå ïîòðàåêòîðíîãî öåëåâîãî ôóíêöèÿîíà-
ëà, êîãäà êîíöû çàêðåïëåíû, à êîíå÷íûé ìîìåíò íå ôèêñèðîâàí. Â
÷àñòíîñòè, äëÿ çàäà÷è áûñòðîäåéñòâèÿ íàéäåí ýôôåêòèâíûé ñïî-
ñîá ðåøåíèÿ êðàåâîé çàäà÷è ïðèíöèïà ìàêñèìóìà, ïðåäñòàâëÿþ-
ùèé FBSD-ñèñòåìó.

Êëþ÷åâûå ñëîâà: Äåòåðìèíèðîâàííûé ïðèíöèï ìàêñèìóìà, çà-
äà÷à áûñòðîäåéñòâèÿ, íåóïðåæäàþùåå óïðàâëåíèå, ñòîõàñòè÷å-
ñêîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ ñèììåòðè÷íûì èíòåãðàëîì,
FBSD-ñèñòåìû óðàâíåíèé ñ ñèììåòðè÷íûì èíòåãðàëîì.
On stochastic and path-wise maximum principal

The nonlinear stochastic heat and combustion equation is investigated.
4 cases of noise impact on various terms in the right part of the equa-
tion are considered. Theorems have been obtained that allow us to
construct exact solutions of the nonlinear heat and combustion equa-
tion with noise. Special cases are given.

Keywords: Deterministic maximum principle, time-optimal control
problem, non-anticipatory control, stochastic differential equation
with symmetric integral, FBSD-systems of equations with symmetric
integral.

Ïóñòü íà ôèëüòðîâàííîì âåðîÿòíîñòíîì ïðîñòðàíñòâå
(Ω,F, (Ft)t∈[0,T ], P ) çàäàí Ht-èçìåðèìûé ñëó÷àéíûé ïðîöåññ
V (t) = V (t, ω), t ∈ [0, T ], ñ íåïðåðûâíûìè ðåàëèçàöèÿìè. Â ðà-
áîòå èññëåäóåòñÿ çàäà÷à ìèíèìèçàöèÿ öåëåâîé ôóíêöèè

J(u(.)) =

∫ T

0

f0(t, x(t), u(t)) dt+ h0(T, x(0), x(T )) (1)

â êëàññå íåóïðåæäàþùèõ êóñî÷íî-íåïðåðûâíûõ óïðàâëåíèé u(t), ãäå
x(t) åñòü ðåøåíèå ñòîõàñòè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
(ÑÄÓ) ñ ñèììåòðè÷íûì èíòåãðàëîì (ñì [3]):

x(t) = x0 +

∫ t

0

b(s, u(s), x(s)) ds+

∫ t

0

σ(s, x(s)) ∗ dV (s), t ∈ [0, T ]. (2)

Íàñûðîâ Ôàðèò Ñàãèòîâè÷. ä.ô.-ì.í. ïðîôåññîð, ÓÓÍèÒ(Óôà, Ðîññèÿ); Nasyrov
Farit Sagitovich, doctor of Physics and Mathematics, Professor (UUSÒ, Ufa, Russia)
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Ðàññìàòðèâàåòñÿ çàäà÷à ñ çàêðåïëåííûìè êîíöàìè, x(0) = x0 x(T ) =
xT è ñ íåôèêñèðîâàííûì T .

Ïîä íåóïðåæäàåìîñòüþ óïðàâëåíèÿ u(t) ïîíèìàåòñÿ åå Ht-
ñîãëàñîâàííîñòü. Ýòî îçíà÷àåò, ÷òî óïðàâëåíèå u(t) ñòðîèòñÿ òîëüêî
íà îñíîâå èíôîðìàöèè, äîñòóïíîé ê ìîìåíòó âðåìåíè t, à íå íà îñíî-
âå âñåé èíôîðìàöèè, êàê ýòî ïðèíÿòî â äåòåðìèíèðîâàííîì ïðèíöèïå
ìàêñèìóìà.

Èçâåñòíî (ñì. [1, 4, 6]), ÷òî ïðîáëåìà ïîñòðîåíèÿ îïòèìàëüíîãî
íåóïðåæäàþùåãî óïðàâëåíèÿ â çàäà÷å ìèíèìèçàöèè óñðåäíåííîãî
ôóíêöèîíàëà E(J(u(.))), òî åñòü â âèäå ìàòåìàòè÷åñêîãî îæèäàíèÿ îò
ïîòðàåêòîðíîãî ôóíêöèîíàëà êà÷åñòâà, ïðè îãðàíè÷åíèÿõ â âèäå ñòîõà-
ñòè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ñòðàòîíîâè÷à èëè Èòî îò-
íîñèòåëüíî âèíåðîâñêîãî ïðîöåññà V (t) = W (t) ìîæåò áûòü ðåøåíà ñ
ïîìîùüþ ñòîõàñòè÷åñêîãî ïðèíöèïà ìàêñèìóìà, â êîòîðîì êðàåâàÿ çà-
äà÷à ïðèíöèïà ìàêñèìóìà ïðåäñòàâëÿåò ñîáîé ñèñòåìó �âïåðåä-íàçàä�
ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ñ äðóãîé ñòîðîíû, äëÿ
êëàññè÷åñêîãî (ïîòðàåêòîðíîãî â ñëó÷àå ñëó÷àéíûõ ïðîöåññîâ) ïðèí-
öèïà ìàêñèìóìà ñ îãðàíè÷åíèÿìè â âèäå îáûêíîâåííûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé (ÎÄÓ) êðàåâàÿ çàäà÷à åñòü ñèñòåìà ÎÄÓ (ñì. [2]),
îäíàêî óïðàâëåíèå, ïîñòðîåííîå òàêèì îáðàçîì, íå áóäåò íåóïðåæäà-
þùèì. Â ðàññìàòðèâàåìîé çàäà÷å, â îòëè÷èå îò ñòîõàñòè÷åñêîãî ïðèí-
öèïà ìàêñèìóìà, ôóíêöèîíàë êà÷åñòâà (1) ïîòðàåêòîðíûé, à íå óñðåä-
íåííûé.

Òåîðåìà Ïóñòü ôóíêöèè b(t, x, u), σ(t, x), f0(t, x, u), h0(T, x(0), y)
äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìû ïî âñåì ñâîèì ïåðåìåííûì,
σ(t, x) ̸= 0 äëÿ âñåõ (t, x).

Ïóñòü
(
T, x(s), ψ(s), Λ(s, x(s))

)
åñòü ðåøåíèå ñèñòåìû

dx(s) = b(s, x(s), u(s))ds+ σ(s, x(s)) ∗ dV (s), x(0) = x0,

dψ(s) =
[
(f0)

′
x(s, x(s), u(s))− ψ(s)b′x(s, x(s), u(s)) ]ds

+[Λ′
x(s, x(s))− ψ(s)σ′

x(s, x(s))] ∗ dV (s),

Z(T, xT , ψ(T ), u(T )) = 0, x(0) = x0, x(T ) = xT , s ∈ [0, T ],

çäåñü Z(T, x, ψ, u) = H∗(T, x, ψ, u) + h′
T (T, x0, x), un(s) =

u(s, xn(s), ψn(s)), ôóíêöèÿ u(s, x(s), ψ(s)) íàéäåíà èç óñëî-
âèÿ ìàêñèìóìà H(s, x, ψ, u(s, x, ψ))=maxu∈U(s)H(s, x, ψ, u), ãäå
H(s, x, ψ, u) = ψb(s, x, u)− f0(s, x, u).

Òîãäà ñèñòåìà ÿâëÿåòñÿ êðàåâîé çàäà÷åé ïðèíöèïà ìàêñèìóìà
äëÿ èññëåäóåìîé çàäà÷è, òî åñòü òðîéêà (T, x(s), ψ(s)) óäîâëåòâîðÿåò
íåîáõîäèìûì óñëîâèÿì ïðèíöèïà ìàêñèìóìà äëÿ çàäà÷è (1)-(2)
Ôóíêöèè T , x(s), ψ(s) è Λ(s, x) ìîãóò áûòü íàéäå-
íû èç ýòîé ñèñòåìû ìåòîäîì, ïðåäëîæåííûì àâòîðîì.
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ÎÑÎÁÅÍÍÎÑÒÈ ÔÀÇÎÂÎÃÎ ÌÍÎÃÎÎÁÐÀÇÈß
ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÌÎÄÅËÈ ÕÎÔÔÀ

Í.Ã. Íèêîëàåâà, Í.À. Ìàíàêîâà
nikolaevang@susu.ru, manakovana@susu.ru

ÓÄÊ 517.9

Ñòàòüÿ ïîñâÿùåíà èçó÷åíèþ ñòðóêòóðû ôàçîâîãî ìíîãîîáðàçèÿ
ìàòåìàòè÷åñêîé ìîäåëè äåôîðìàöèè äâóòàâðîâîé áàëêè, êîòîðîå
ëåæèò íà ãëàäêèõ áàíàõîâûõ ìíîãîîáðàçèÿõ ñ îñîáåííîñòÿìè (k-
ñáîðêà Óèòíè) â çàâèñèìîñòè îò ïàðàìåòðîâ çàäà÷è. Ìàòåìàòè÷å-
ñêàÿ ìîäåëü èçó÷åíà â ñëó÷àå, êîãäà ðàçìåðíîñòü ÿäðà îïåðàòîðà
ïðè ïðîèçâîäíîé ïî âðåìåíè ðàâíà 1 èëè 2.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ ñîáîëåâñêîãî òèïà, óðàâíåíèå Õîôôà,
ñáîðêà Óèòíè.
Features of the Phase Manifold of the Mathematical Hoff
Model

The study of the phase manifolds structure of the mathematical model
deformation of an I-beam, which lies on smooth Banach manifolds
with features (k-Whitney assembly) depending on the parameters of
the problem, is devoted to the work. The mathematical model is
studied in the case when the dimension of the operator kernel with a
time derivative is equal to 1 or 2.

Keywords: Sobolev type equations, the Hoff equation, Whitney as-
sembly.

Ïóñòü Ω ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé êëàññà C∞. Ðàñ-
ñìîòðèì ìîäåëü Õîôôà [1]

(µ+∆)ut = αu+ βu3, x ∈ Ω, t ∈ (0, T ), (1)

u(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ). (2)

Ìîäåëü Õîôôà îïèñûâàåò äèíàìèêó äåôîðìàöèè äâóòàâðîâîé áàëêè.
Íåèçâåñòíàÿ ôóíêöèÿ u = u(x, t), x ∈ Ω, t ∈ (0, T ), èìååò ôèçè÷åñêèé
ñìûñë îòêëîíåíèÿ áàëêè îò ïîëîæåíèÿ ðàâíîâåñèÿ. Ïàðàìåòð µ ∈ R
õàðàêòåðèçóåò ïðîäîëüíóþ íàãðóçêó íà áàëêó, à ïàðàìåòðû α, β ∈ R
õàðàêòåðèçóþò ñâîéñòâà ìàòåðèàëà áàëêè.

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà �24-11-
20037, https://rscf.ru/project/24-11-20037/

Íèêîëàåâà Íàäåæäà Ãåííàäüåâíà, àñïèðàíò, ÞÓðÃÓ (×åëÿáèíñê, Ðîññèÿ);
Nadezhda Nikolaeva (South Ural State University, Chelyabinsk, Russia)

Ìàíàêîâà Íàòàëüÿ Àëåêñàíäðîâíà, ä.ô.-ì.í., ïðîôåññîð, ÞÓðÃÓ (×åëÿáèíñê,
Ðîññèÿ); Natalia Manakova (South Ural State University, Chelyabinsk, Russia)
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Öåëüþ äàííîãî èññëåäîâàíèÿ ÿâëÿåòñÿ èçó÷åíèå ñòðóêòóðû ôàçîâî-
ãî ìíîãîîáðàçèÿ ìîäåëè (1), (2) è âûÿâëåíèå óñëîâèé íàêëàäûâàåìûõ
íà ïàðàìåòðû α, β (αβ < 0), ïðè êîòîðûõ ôàçîâîå ïðîñòðàíñòâî èìååò
îñîáåííîñòè ïðè dimker(µ+∆) = 1 è dimker(µ+∆) = 2 [2].

Â ðàáîòå [3] ïîêàçàíî, ÷òî ôàçîâîå ìíîãîîáðàçèå ìîäåëè (1), (2)
ÿâëÿåòñÿ ïðîñòûì áàíàõîâûì C∞-ìíîãîîáðàçèåì â ñëó÷àå αβ > 0 è
ïðèíèìàåò ñëåäóþùèé âèä

B =

u ∈ L4(Ω) :

∫
Ω

(α+ βu2)uφldx = 0, l : µ = λl

 ,

ãäå {λl}, {φl} � ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îäíîðîä-
íîé çàäà÷è Äèðèõëå îïåðàòîðà (−∆).

Íàïðèìåð, äëÿ dimker(µ+∆) = 1 ìíîæåñòâîB C∞− äèôôåîìîðô-
íî ìíîæåñòâó

B = {(s1, u⊥) ∈ R× L4(Ω) : s
3
1∥φk1, k2∥

4
L4(Ω) + 3s21

π∫
0

π∫
0

φ3
k1, k2u

⊥ dxdy+

+ s1 (3

π∫
0

π∫
0

φ2
k1, k2(u

⊥)2 dxdy + αβ−1 +

π∫
0

π∫
0

φk1, k2(u
⊥)3 dxdy = 0}.

Ñôîðìóëèðóåì òåîðåìó î ñòðóêòóðå ôàçîâîãî ìíîãîîáðàçèÿ ìîäåëè
(1), (2):

Òåîðåìà 1. Ïóñòü µ, α, β ∈ R è αβ < 0, òîãäà
(i) åñëè dimker(µ+∆) = 1, òî ìíîæåñòâî B îáðàçóåò 2-ñáîðêó Óèò-
íè;
(ii) åñëè dimker(µ+∆) = 2, òî ìíîæåñòâî B îáðàçóåò k-ñáîðêó Óèò-
íè.
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ÊËÀÑÑÛ ÍÅÀÂÒÎÍÎÌÍÛÕ ÏÎËÈÍÎÌÈÀËÜÍÛÕ
ÌÍÎÃÎÌÅÐÍÛÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÑÈÑÒÅÌ Ñ

ÊÐÀÒÍÛÌÈ ÊÎÌÏËÅÊÑÍÎÇÍÀ×ÍÛÌÈ
ÏÎËÈÍÎÌÈÀËÜÍÛÌÈ ×ÀÑÒÍÛÌÈ ÈÍÒÅÃÐÀËÀÌÈ

Ï.Á. Ïàâëþ÷èê, À.Ô. Ïðîíåâè÷
p.pavlyuchik@grsu.by, pranevich@grsu.by

ÓÄÊ 517.936

Â ðàáîòå âûäåëåíû êëàññû íåàâòîíîìíûõ ïîëèíîìèàëüíûõ ñèñòåì
óðàâíåíèé â ïîëíûõ äèôôåðåíöèàëàõ, ó êîòîðûõ ïåðâûå èíòåãðà-
ëû íàõîäÿòñÿ ïî êðàòíûì êîìïëåêñíîçíà÷íûì ïîëèíîìèàëüíûì
÷àñòíûì èíòåãðàëàì. Óñòàíîâëåíû àíàëèòè÷åñêèå âèäû ïåðâûõ
èíòåãðàëîâ íåàâòîíîìíûõ ìíîãîìåðíûõ äèôôåðåíöèàëüíûõ ñè-
ñòåì ñ çàäàííûìè êðàòíûìè êîìïëåêñíîçíà÷íûìè ïîëèíîìèàëü-
íûìè ÷àñòíûìè èíòåãðàëàìè.

Êëþ÷åâûå ñëîâà: ñèñòåìà óðàâíåíèé â ïîëíûõ äèôôåðåíöèàëàõ,
ïåðâûé èíòåãðàë, ÷àñòíûé èíòåãðàë, êðàòíîñòü.
Classes of non-autonomous polynomial multidimensional dif-
ferential systems with multiple complex-valued polynomial
partial integrals

In this article we identify the classes of non-autonomous systems of
total differential equations, which first integrals can be constructed
via multiple complex-valued polynomial partial integrals. The suffi-
cient conditions for building first integrals of non-autonomous systems
of total differential equations by multiple complex-valued polynomial
partial integrals are obtained.

Keywords: system of total differential equations, first integral, partial
integral, multiplicity.

Ðàññìîòðèì ñèñòåìó óðàâíåíèé â ïîëíûõ äèôôåðåíöèàëàõ

dxi =

m∑
j=1

Pij(t, x) dtj , i = 1, . . . , n, t ∈ Rm, x ∈ Rn, m ≤ n, (1)

ãäå Pij : T × Rn → R, i = 1, . . . , n, j = 1, . . . ,m, ñóòü ïîëèíîìû ïî çà-
âèñèìûì ïåðåìåííûì x1, . . . , xn ñ ãîëîìîðôíûìè ïî íåçàâèñèìûì ïå-
ðåìåííûì t1, . . . , tm íà îáëàñòè T ⊂ Rm êîýôôèöèåíòàìè. Ïðè m = 1

Ïàâëþ÷èê Ïàâåë Áîëåñëàâîâè÷, ê.ô.-ì.í., äîöåíò, ÃðÃÓ èì. ßíêè Êóïàëû (Ãðîä-
íî, Áåëàðóñü); Pavel Pauliuchyk (Yanka Kupala State University of Grodno, Grodno,
Belarus)

Ïðîíåâè÷ Àíäðåé Ôðàíöåâè÷, ê.ô.-ì.í., äîöåíò, ÃðÃÓ èì. ßíêè Êóïàëû (Ãðîä-
íî, Áåëàðóñü); Andrei Pranevich (Yanka Kupala State University of Grodno, Grodno,
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äèôôåðåíöèàëüíàÿ ñèñòåìà (1) ÿâëÿåòñÿ íåàâòîíîìíîé ïîëèíîìèàëü-
íîé îáûêíîâåííîé äèôôåðåíöèàëüíîé ñèñòåìîé n-ãî ïîðÿäêà.

Â êîíöå XIX âåêà ôðàíöóçñêèì ìàòåìàòèêîì Æ.Ã. Äàðáó (J.G.
Darboux) áûë ñôîðìóëèðîâàí ïîäõîä î ïîñòðîåíèè ïåðâîãî èíòåãðà-
ëà ïî èçâåñòíûì ÷àñòíûì èíòåãðàëàì [1], êîòîðûé â íàñòîÿùåå âðåìÿ
íàçûâàåòñÿ çàäà÷åé Äàðáó. Â äàëüíåéøåì íàõîæäåíèå èíòåãðàëîâ òè-
ïà Äàðáó ïîëó÷èëî ñâîå ðàçâèòèå, êàê â ïîñòàíîâêå çàäà÷è, òàê è â
ðàçíîîáðàçèè ìåòîäîâ åå ðåøåíèÿ (ñì., íàïðèìåð, ìîíîãðàôèþ [2]).

Öåëü ðàáîòû � âûäåëèòü êëàññû íåàâòîíîìíûõ ïîëèíîìèàëüíûõ
ñèñòåì óðàâíåíèé â ïîëíûõ äèôôåðåíöèàëàõ (1), ó êîòîðûõ ïåðâûå èí-
òåãðàëû ñòðîÿòñÿ ïî êðàòíûì êîìïëåêñíîçíà÷íûì ïîëèíîìèàëüíûì
÷àñòíûì èíòåãðàëàì. Ñòàòüÿ ïðîäîëæàåò èññëåäîâàíèÿ [3�7] ïî èçó-
÷åíèþ àíàëèòè÷åñêîé ñòðóêòóðû ïåðâûõ èíòåãðàëîâ äèôôåðåíöèàëü-
íûõ ñèñòåì â çàâèñèìîñòè îò ïîëèíîìèàëüíûõ ÷àñòíûõ èíòåãðàëîâ.

Áóäåì ãîâîðèòü [2, ñ. 173], ÷òî êîìïëåêñíîçíà÷íûé ïîëèíîìèàëüíûé
÷àñòíûé èíòåãðàë wl ñèñòåìû â ïîëíûõ äèôôåðåíöèàëàõ (1) ÿâëÿåòñÿ

êðàòíûì ñ êðàòíîñòüþ zl = 1 +
el∑
ζ
l
=1

fζ
l
, åñëè ñóùåñòâóþò ôóíêöèè

Q
lh

ζ
l
g
ζ
l

è

R
lh

ζ
l
g
ζ
l
j
, hζ

l
∈ N, gζ

l
= 1, . . . , fζ

l
, ζl = 1, . . . , el , j=1, . . . ,m,

ÿâëÿþùèåñÿ ïîëèíîìàìè ïî x1, . . . , xn ñ êîìïëåêñíîçíà÷íûìè ãîëî-
ìîðôíûìè ïî t1, . . . , tm íà îáëàñòè T êîýôôèöèåíòàìè, òàêèå, ÷òî

Aj Klh
ζ
l
g
ζ
l

(t, x) = R
lh

ζ
l
g
ζ
l
j
(t, x), j = 1, . . . ,m, (2)

ãäå ôóíêöèè K
lh

ζ
l
g
ζ
l

(t, x) =

Q
lh

ζ
l
g
ζ
l

(t, x)

w
hζ

l

l (t, x)

, à ëèíåéíûå äèôôåðåíöè-

àëüíûå îïåðàòîðû ïåðâîãî ïîðÿäêà Aj(t, x) = ∂tj
+

n∑
i=1

Pij(t, x) ∂xi .

Îòìåòèì, ÷òî àëüòåðíàòèâíàÿ òî÷êà çðåíèÿ íà ïîíÿòèå ¾êðàòíîñòü
÷àñòíîãî èíòåãðàëà¿ äëÿ àâòîíîìíûõ îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ ñèñòåì áûëà ïðåäëîæåíà â ðàáîòàõ J. Llibre è X. Zhang [8; 9].

Äëÿ ñèñòåìû â ïîëíûõ äèôôåðåíöèàëàõ (1) âåðíà ñëåäóþùàÿ [7]

Òåîðåìà 1. Ïóñòü ñèñòåìà (1) èìååò êðàòíûå êîìïëåêñíîçíà÷-
íûå ïîëèíîìèàëüíûå ÷àñòíûå èíòåãðàëû wl êðàòíîñòåé zl = 1 +
el∑
ζ
l
=1

fζ
l
òàêèå, ÷òî âûïîëíÿþòñÿ òîæäåñòâà (2) ïðè l = 1, . . . , s. Òîãäà

ôóíêöèÿ
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F (t, x) =

s∑
l=1

ẽ
l∑

ζ
l
=1

f̃
ζ
l∑

g
ζ
l
=1

(
φ

lh
ζ
l
g
ζ
l

·ReK
lh

ζ
l
g
ζ
l

(t, x) + ψ
lh

ζ
l
g
ζ
l

· ImK
lh

ζ
l
g
ζ
l

(t, x)
)

áóäåò ïåðâûì èíòåãðàëîì ñèñòåìû (1) òîãäà è òîëüêî òîãäà, êîãäà
ïðè êàæäîì èíäåêñå j = 1, . . . ,m èìååò ìåñòî òîæäåñòâî

s∑
l=1

ẽ
l∑

ζ
l
=1

f̃
ζ
l∑

g
ζ
l
=1

(
φ

lh
ζ
l
g
ζ
l

ReR
lh

ζ
l
g
ζ
l
j
(t, x) + ψ

lh
ζ
l
g
ζ
l

ImR
lh

ζ
l
g
ζ
l
j
(t, x)

)
=

0,

ãäå âåùåñòâåííûå ÷èñëà φ
lh

ζ
l
g
ζ
l

è ψ
lh

ζ
l
g
ζ
l

îäíîâðåìåííî íå ðàâíû íóëþ.

Òàê, íàïðèìåð, íåàâòîíîìíàÿ ïîëèíîìèàëüíàÿ ñèñòåìà óðàâíåíèé
â ïîëíûõ äèôôåðåíöèàëàõ

dx1=
(
t1t2x4(t

2
1x

4
1−x22−t1x21x2)−

x1
2t1

)
dt1+t1t2x4(t

2
1x

4
1−x22−t1x21x2) dt2,

dx2 = t21t2x1x4(t
2
1x

4
1 − x22 + 4t1x

2
1x2)(dt1 + dt2), (3)

dx3 = t21t2x1x4(x
2
3 − t41x

4
4 + 4t21x3x

2
4)(dt1 + dt2), dx4 =

(
− 1

t1
x4 −

− t2x1(x
2
3 − t41x

4
4) + t21t2x1x3x

2
4

)
dt1 +

(
− t2x1(x

2
3 − t41x

4
4) + t21t2x1x3x

2
4

)
dt2

èìååò äâóêðàòíûå [7] êîìïëåêñíîçíà÷íûå ïîëèíîìèàëüíûå ÷àñòíûå èí-
òåãðàëû w1(t, x) = t1x

2
1 + i x2 è w2(t, x) = x3 − i t21x

2
4 òàêèå, ÷òî

A1 K111(t, x) = A1
1

w1(t, x)
= − (2 + i)t21 t2x1x4 = R111,1(t, x),

A2 K111(t, x) = A2
1

w1(t, x)
= − (2 + i)t21 t2x1x4 = R111,2(t, x),

A1 K211(t, x) = A1
1

w2(t, x)
= − (1 + 2i)t21 t2x1x4 = R211,1(t, x),

A2 K211(t, x) = A2
1

w2(t, x)
= − (1 + 2i)t21 t2x1x4 = R211,2(t, x),

ãäå ôóíêöèè Q111(t, x) = 1 è Q211(t, x) = 1, ÷èñëà h1 = 1 è h2 = 1, à A1

è A2 åñòü îïåðàòîðû äèôôåðåíöèðîâàíèÿ â ñèëó ñèñòåìû (3).
Ïî òåîðåìå 1 ñòðîèì äâà ôóíêöèîíàëüíî íåçàâèñèìûõ ïåðâûõ

èíòåãðàëà ñèñòåìû óðàâíåíèé â ïîëíûõ äèôôåðåíöèàëàõ (3):

F1(t, x) = Re
1

w1(t, x)
−2·Im 1

w1(t, x)
=
t1x

2
1 + 2x2

t21x
4
1 + x22

(φ111= 1, ψ111= −2)
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è

F2(t, x) = 2Re
1

w2(t, x)
−Im

1

w2(t, x)
=

2x3 − t21x
2
4

x23 + t41x
4
4

(φ211= 2, ψ111= −1).
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ÇÀÄÀ×À E ÄËß ÎÄÍÎÃÎ ×ÀÑÒÍÎÃÎ ÑËÓ×Àß
ÓÐÀÂÍÅÍÈß ÝÉËÅÐÀ-ÄÀÐÁÓ Ñ ÄÂÓÌß ËÈÍÈßÌÈ

ÂÛÐÎÆÄÅÍÈß
Ñ.Â. Ïîäêëåòíîâà

podkletnova.sv@ssau.ru

ÓÄÊ 517.518

Â íàñòîÿùåé ñòàòüå ðàññìàòðèâàåòñÿ çàäà÷à E äëÿ ÷àñòíîãî ñëó-
÷àÿ óðàâíåíèÿ Ýéëåðà-Äàðáó ñ äâóìÿ ëèíèÿìè âûðîæäåíèÿ ïðè
óñëîâèè òðèâèàëüíîñòè îäíîãî èç ïàðàìåòðîâ. Ðåøåíèå çàäà÷è ïî-
ëó÷åíî â ÿâíîì âèäå ïðè îïðåäåë¼ííûõ óñëîâèÿõ, íàëîæåííûõ íà
ïàðàìåòðû óðàâíåíèÿ. Äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è åäèí-
ñòâåííîñòè ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: ìàòåìàòèêà, äèôôåðåíöèàëüíûå óðàâíåíèÿ, êðà-
åâàÿ çàäà÷à.
Problem E for a special case of the Euler–Darboux equation

This paper discusses the problem E for a special case of the Eu-
ler–Darboux equation with two degeneracy lines under the condition
that one of the parameters is trivial. The solution to the problem is
obtained explicitly under certain conditions imposed on the parame-
ters of the equation. The theorem of the existence and uniqueness of
the solution has been proved.

Keywords: mathematics, differential equations, boundary value prob-
lem.

Ðàññìîòðèì óðàâíåíèå

(ξ · sgn ξ − η) · uξη − β · uξ = 0 (1)

íà ìíîæåñòâå Gh = G+ ∪ G−, ãäå G+ = {(ξ, η) |0 < ξ < η < h}, G− =
{(ξ, η) |0 < −ξ < η < h} .

Çàäà÷à E. Íàéòè ðåøåíèå óðàâíåíèÿ (1) íà ìíîæåñòâå Gh, óäî-
âëåòâîðÿþùåå êðàåâûì óñëîâèÿì

u (ξ, ξ) = τ+ (ξ) , ξ ∈ [0, h] ,

u (ξ,−ξ) = τ+ (ξ) , ξ ∈ [−h, 0]
è óñëîâèÿì ñîïðÿæåíèÿ

lim
ξ→−0

u (ξ, η) = A lim
ξ→+0

u (ξ, η) + γ (η) , η ∈ [0, h] ,

Ïîäêëåòíîâà Ñâåòëàíà Âëàäèìèðîâíà, ê.ô.-ì.í., äîöåíò. (Ñàìàðà, Ðîññèÿ);
Svetlana Podkletnova (Samara University, Samara, Russia)
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lim
ξ→−0

∂

∂ξ

ξ∫
−η

(ξ − t)−λu (t, η) dt =

= B lim
ξ→+0

∂

∂ξ

η∫
ξ

(t− ξ)−λu (t, η) dt+ δ (η) , η ∈ (0, h) , 0 < λ < 1.

Òåîðåìà. Ïðè 0 < λ, β < 1, A + B ̸= 0 ñóùåñòâóåò åäèíñòâåí-
íîå ðåøåíèå çàäà÷è E äëÿ óðàâíåíèÿ (1) íà ìíîæåñòâå Gh, êîòîðîå
âûðàæàåòñÿ ôîðìóëàìè

u (ξ, η) = τ+ (η)− f1 (η)

A+B
+

+
(η − ξ)1−β

(A+B) B (β, 1− β)

ξ∫
0

f1 (t)

η − t
(ξ − t)β−1dt+

+
ηλ(η − ξ)1−β

(A+B) (1− β) B (β, 1− β)

ξ∫
0

f ′
2 (t) (η − t)β−1×

×F1

(
1− β,−λ, 1− β; 2− β;

η − ξ

η
,
η − ξ

η − t

)
dt+

+
ηλ

A+B

η∫
ξ

f ′
2 (t)F

(
1− β,−λ; 1; η − t

η

)
dt, ξ ∈ (0, h) ,

u (ξ, η) = τ− (−η) + Bf1 (η)

A+B
−

− B(η + ξ)1−β

(A+B) B (β, 1− β)

0∫
ξ

f1 (−t)
η + t

(t− ξ)β−1dt+

+
Aηλ(η + ξ)1−β

(A+B) (1− β) B (β, 1− β)

0∫
ξ

f ′
2 (−t) (η + t)β−1×

×F1

(
1− β,−λ, 1− β; 2− β;

η + ξ

η
,
η + ξ

η + t

)
dt+

+
Aηλ

A+B

η∫
−ξ

f ′
2 (t)F

(
1− β,−λ; 1; η − t

η

)
dt, ξ ∈ (−h, 0) ,

åñëè
f1 (η) = A · τ+ (η)− τ− (−η) + γ (η) ,
f2 (η) = δ (η) +B · τ+ (η) · η−λ − τ− (−η) · η−λ,
f1 (0) = f2 (0) = 0, f1 (η) ∈ C1

[0,h], f2 (η) ∈ C1
[0,h].
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È ýòî ðåøåíèå íåïðåðûâíî â êàæäîé èç çàìêíóòûõ îáëàñòåé G+

è G−.
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Î ËÅÁÅÃÎÂÛÕ ÌÍÎÆÅÑÒÂÀÕ ÑËÀÁÛÕ
ÏÎÊÀÇÀÒÅËÅÉ ÊÎËÅÁËÅÌÎÑÒÈ ÊÎÐÍÅÉ ÐÅØÅÍÈÉ

ËÈÍÅÉÍÛÕ ÑÈÑÒÅÌ
Â.À. Ïîõà÷åâñêèé

pokhachevskiy@gmail.com

ÓÄÊ 517.926.4

Ñëàáûå ïîêàçàòåëè êîëåáëåìîñòè êîðíåé, ââåä¼ííûå
È.Í.Ñåðãååâûì, èçó÷àþòñÿ êàê ôóíêöèîíàëû íà äåêàðòîâîì
ïðîèçâåäåíèè ïðîñòðàíñòâà n-ìåðíûõ ëèíåéíûõ äèôôåðåíöèàëü-
íûõ ñèñòåì ñ áåñêîíå÷íî-äèôôåðåíöèðóåìûìè êîýôôèöèåíòàìè
ñ C∞-êîìïàêòíî-îòêðûòîé òîïîëîãèåé è ïðîñòðàíñòâà Rn \ {0}
íà÷àëüíûõ âåêòîðîâ èõ ðåøåíèé. Ïîêàçàíî, ÷òî ïðîîáðàç âñÿ-
êîãî ëó÷à (r,+∞], r ∈ R, äëÿ íèæíåãî ïîêàçàòåëÿ ÿâëÿåòñÿ
Fσ-ìíîæåñòâîì, à ïðîîáðàç âñÿêîãî ëó÷à [r,+∞], r ∈ R, äëÿ
âåðõíåãî � Fσδ-ìíîæåñòâîì.

Êëþ÷åâûå ñëîâà: ëèíåéíàÿ äèôôåðåíöèàëüíàÿ ñèñòåìà, êîëåáëå-
ìîñòü, êëàññû Áýðà.
On Lebesgue sets of the weak oscillation exponents of roots
of solutions to linear systems

We study the weak oscillation exponents of roots introduced by
I.N. Sergeev as functionals on the product of the space of n-
dimensional linear differential systems with infinitely differentiable
coefficients equipped with C∞-compact-open topology and the space
Rn\{0} of initial vectors of their solutions. It is shown that the preim-
age of any ray (r,+∞], r ∈ R, for the lower exponent is an Fσ-set,
and the preimage of every ray [r,+∞], r ∈ R, for the upper one is an
Fσδ-set.

Keywords: linear differential system, oscillation, Baire classes.

Äëÿ çàäàííîãî n ∈ N îáîçíà÷èì ÷åðåç C∞M̃n ìíîæåñòâî ñèñòåì

ẋ = A(t)x, x ∈ Rn, t ∈ R+ ≡ [0,+∞), (1)

ñ áåñêîíå÷íî äèôôåðåíöèðóåìûìè ôóíêöèÿìè A : R+ → Rn×n (êîòî-
ðûå ìû îòîæäåñòâëÿåì ñ çàäàâàåìûìè èìè ñèñòåìàìè) è ìåòðèêîé

ρ(A,B) =

∞∑
k=0

2−k sup
t∈R+

min{|A(k)(t)−B(k)(t)|, (t+ 1)−1}, A,B ∈ C
∞
M̃
n.

Ïîõà÷åâñêèé Âñåâîëîä Àíäðååâè÷, àñïèðàíò, ÌÃÓ èìåíè Ì.Â.Ëîìîíîñîâà
(Ìîñêâà, Ðîññèÿ); Vsevolod Pokhachevskiy (Lomonosov Moscow State University,
Russia)
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Îïðåäåëåíèå. [1,2] Âåðõíèì è íèæíèì ñëàáûìè ïîêàçàòåëÿìè
êîëåáëåìîñòè êîðíåé íåíóëåâîãî ðåøåíèÿ x(·) ñèñòåìû (1) íàçûâàþòñÿ,
ñîîòâåòñòâåííî, âåëè÷èíû

ν̂+◦ (x) = lim
t→+∞

inf
m∈Rn

∗

π

t
ν+((x,m), t), ν̌+◦ (x) = lim

t→+∞
inf
m∈Rn

∗

π

t
ν+((x,m), t),

ãäå ν+(y, t) � êîëè÷åñòâî êîðíåé (ò.å. íóëåé ñ ó÷¼òîì êðàòíîñòè) ôóíê-
öèè y(·) íà ïðîìåæóòêå (0, t], (· , ·) � ñêàëÿðíîå ïðîèçâåäåíèå, à çâ¼ç-
äî÷êà ñíèçó îáîçíà÷àåò âûêàëûâàíèå íóëÿ.

Íèæå ðàñøèðåííóþ ÷èñëîâóþ ïðÿìóþ R ≡ R⊔{−∞,+∞} íàäåëÿåì
ñòàíäàðòíûì ïîðÿäêîì è ïîðÿäêîâîé òîïîëîãèåé.

Ïóñòü M è N � êàêèå-ëèáî êëàññû ïîäìíîæåñòâ ìåòðè÷åñêîãî ïðî-
ñòðàíñòâà M. Áóäåì ãîâîðèòü [3, ñ. 223�224], ÷òî ôóíêöèÿ f : M → R
ïðèíàäëåæèò êëàññó (M,∗ ) (êëàññó (∗,N)), åñëè äëÿ âñÿêîãî r ∈ R
ñïðàâåäëèâî âêëþ÷åíèå f−1((r,+∞]) ∈ M (ñîîòâåòñòâåííî, âêëþ÷åíèå
f−1([r,+∞]) ∈ N). Íàïîìíèì, ÷òî ÷åðåç Fσ îáîçíà÷àåòñÿ êëàññ, ñî-
ñòîÿùèé èç âñåâîçìîæíûõ ñ÷¼òíûõ îáúåäèíåíèé çàìêíóòûõ ìíîæåñòâ,
à ÷åðåç Fσδ � êëàññ, ñîñòîÿùèé èç ñ÷¼òíûõ ïåðåñå÷åíèé ìíîæåñòâ èç
êëàññà Fσ. ×åðåç XA(· , ·) óñëîâèìñÿ îáîçíà÷èòü îïåðàòîð Êîøè ñèñòå-
ìû A.

Òåîðåìà. Äëÿ ëþáîãî n ≥ 2 ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:
1) ôóíêöèÿ C∞M̃n × Rn∗ → R, äåéñòâóþùàÿ ïî ïðàâèëó, (A, ξ) 7→

ν̌+◦ (XA(·, 0)ξ), ïðèíàäëåæèò êëàññó (Fσ,
∗ ).

2) ôóíêöèÿ C∞M̃n × Rn∗ → R, äåéñòâóþùàÿ ïî ïðàâèëó, (A, ξ) 7→
ν̂+◦ (XA(·, 0)ξ), ïðèíàäëåæèò êëàññó (∗, Fσδ).

Ñëåäñòâèå. Äëÿ ëþáîé ñèñòåìû A ∈ C∞M̃n ñïåêòðû ñëà-
áûõ ïîêàçàòåëåé êîëåáëåìîñòè êîðíåé ñèñòåìû A, ò.å. ìíîæåñòâà
{ν̌+◦ (XA(·, 0)ξ) : ξ ∈ Rn∗} è {ν̂+◦ (XA(·, 0)ξ) : ξ ∈ Rn∗} ÿâëÿþòñÿ ñóñëèí-
ñêèìè ïîäìíîæåñòâàìè ðàñøèðåííîé ÷èñëîâîé ïðÿìîé R.
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Ïîëó÷åíî èíòåãðàëüíîå ïðåäñòàâëåíèå îáùåãî ðåøåíèÿ óðàâíå-
íèÿ, ïîëó÷åííîãî èòåðèðîâàíèåì äèôôåðåíöèàëüíîãî îïåðàòîðà
ïåðâîãî ïîðÿäêà ñ äâóìÿ âíóòðåííèìè ñèíãóëÿðíûìè è ïðàâîé
ãðàíè÷íîé ñâåðõñèíãóëÿðíîé òî÷êàìè è ñ åå ïîìîùüþ èçó÷åíû
ñâîéñòâà ðåøåíèé, ïîñòàâëåíû è èññëåäîâàíû çàäà÷è Êîøè � Ðè-
êüå è òèïà ëèíåéíîãî ñîïðÿæåíèÿ.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíîå óðàâíåíèå ñïåöèàëüíîãî òè-
ïà,ñèíãóëÿðíàÿ è ñâåðõñèíãóëÿðíàÿ òî÷êè, îáùåå ðåøåíèå, ôîð-
ìóëû îáðàùåíèÿ, Êîøè � Ðèêüå è òèïà ëèíåéíîãî ñîïðÿæåíèÿ
çàäà÷è
Integral representation of the general solution and boundary
value problems for one ordinary differential equation of a
special type

An integral representation of the general solution of the equation ob-
tained by iterating a first–order differential operator with two internal
singular and right boundary supersingular points is obtained and with
its help the properties of solutions are studied, Cauchy-Riquier prob-
lems and the type of linear conjugation are posed and investigated.

Keywords: differential equation of a special type, singular and super-
singular points, general solution, inversion formulas, Cauchy–Riquier
and linear conjugation problems.

Óðàâíåíèå

An(α),(b)y = f (x)

3∏
i=1

|x− bi|−αi , (1)

A(α),(b)y ≡ y′ + p (x)

3∏
i=1

|x− bi|−αiy − q (x)

3∏
i=1

|x− bi|−αi ,

ðàññìîòðèì íà ìíîæåñòâå Ã(b) = Ã \ (b) âåùåñòâåííîé ÷èñëîâîé îñè, ãäå
Γ = (a, b) , (b) = {b1, b2, b3} , a < b1 < b2 < b3 = b, (α) = {α1, α2, α3} ,

Îëèìè Àáäóìàííîí Ãàôîðçîäà, ê.ô.-ì.í., äîöåíò, ÕÃÓ (Õóäæàíä, Òàäæèêèñòàí);
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α1 = α2 = 1, α3 > 1, òî åñòü bi, i = 1, 2 ñèíãóëÿðíûå òî÷êè, b3
ñâåðõñèíãóëÿðíàÿ òî÷êà óðàâíåíèÿ, n - íàòóðàëüíîå ÷èñëî, à p (x), q (x)
è f (x) - èçâåñòíûå ôóíêöèè, íåïðåðûâíûå íà îòðåçêå Γ êðîìå, áûòü
ìîæåò, òî÷åê bi, â êîòîðûõ ìîãóò èìåòü ðàçðûâ ïåðâîãî ðîäà.

Òåîðåìà. Ïóñòü Γ(b) = Γ0 ∪ Γ1 ∪ Γ2, Γ 0 = (a, b1) , Γi =
(bi, bi+1) , i = 1, 2, x0i ôèêñèðîâàííàÿ òî÷êà èíòåðâàëà Γi = Γ 1

i ∪ Γ2
i ,

Γ 1
i =

(
bi, x

0
i

]
, Γ2

i = [x0i , bi+1).
1) ôóíêöèè p1i (x) , p2i (x) , îïðåäåëÿåìûå ðàâåíñòâàìè

p1i (x) = p (x)

3∏
k = 1
k ̸= i

|x− bi|−αi , p2i (x) = p (x)

3∏
k = 1

k ̸= i+ 1

|x− bi|−αi

óäîâëåòâîðÿþò, ñîîòâåòñòâåííî, óñëîâèþ Ãåëüäåðà∣∣p1i (x)− p1i (bi + 0)
∣∣ ≤ H1

i (x− bi)
h1i , H1

i − const. > 0, 0 < h1
i ≤ 1

ïðè x→ bi + 0, i = 1, 2,∣∣p2i (bi+1 − 0)− p2i (x)
∣∣ ≤ H2

i (bi+1 − x)h
2
i , H2

i − const. > 0, 0 < h2
i ≤ 1, ïðè

x→ bi+1 − 0, i = 0, 1, à ôóíêöèÿ p22 (x) óñëîâèþ∣∣p22(b3 − 0)− p22(x)
∣∣ ≤ H2

2 (b3−x)h
2
2 , H2

2 > 0, h2
2 > α3−1 ïðè x→ b3−0;

2) èìååò ìåñòî ñëåäóþùåå ñî÷åòàíèå çíàêîâ ÷èñåë p (bi ± 0) :
p (bi + 0) > 0, i = 1, 2, p (bi − 0) < 0, i = 1, 2, 3;

Òîãäà îáùåå ðåøåíèå óðàâíåíèÿ (1) è ñòåïåíè îïåðàòîðà A(α),(b)

îò íåãî íà ìíîæåñòâå Γ(b) âûðàæàåòñÿ ïðè ïîìîùè ôîðìóëû

As(α),(b)y =

=



K1,−
b1,s

[
p20 (x) , q

2
0 (x) , f

2
0 (x) , C2

0s, C
2
0(s+1), . . . , C

2
0(n−1)

]
, x ∈ Γ 2

0

K1,+
b1,s

[
p11 (x) , q

1
1 (x) , f

1
1 (x) , C1

1s, C
1
1(s+1), . . . , C

1
1(n−1)

]
, x ∈ Γ 1

1

K1,−
b2,s

[
p21 (x) , q

2
1 (x) , f

2
1 (x) , C2

1s, C
2
1(s+1), . . . , C

2
1(n−1)

]
, x ∈ Γ 2

1

K1,+
b2,s

[
p12 (x) , q

1
2 (x) , f

1
2 (x) , C1

2s, C
1
2(s+1), . . . , C

1
2(n−1)

]
, x ∈ Γ 1

2

Kα3,−
b3,s

[
p22 (x) , q

2
2 (x) , f

2
2 (x) , C2

2s, C
2
2(s+1), . . . , C

2
2(n−1)

]
, x ∈ Γ 2

2

, (2)

s = 0, (n− 1), ãäå K1,±
bi,s

[. . . ], Kα3,−
b3,s

[. . . ] èíòåãðàëüíûå îïåðàòîðû,
îïðåäåëÿåìûå, ñîîòâåòñòâåííî, ôîðìóëàìè (4), (8) [1, ñ. 71, 72] è

(8) [2, ñ. 13], q1i (x) , q
2

i (x) , f1
i (x) , f

2

i (x) , ôóíêöèè, îïðåäåëÿåìûå ïî-

äîáíî ôóíêöèé p1i (x) , p2i (x), à C
2
0j , C

1
ij , C2

ij , i = 1, 2, j = 0, (n− 1)
- ïðîèçâîëüíûå ïîñòîÿííûå, ãðóïïû èç êîòîðûõ îòíîñÿùèåñÿ ê
ïðîìåæóòêó Γi, i = 1, 2, îäíîçíà÷íî ñâÿçàíû, ñîîòâåòñòâåííî,
ñëåäóþùèìè îïðåäåë¼ííûìè ñ.ë.à.ó:

K1,+
b1,s

[
p11(x), q

1
1(x), f

1
1 (x), C

1
1s, C

1
1(s+1), ..., C

1
1(n−1)

]
x=x01−0

=

= K1,−
b2,s

[
p21 (x) , q

2
1 (x) , f

2
1 (x) , C2

1s, C
2
1(s+1), . . . , C

2
1(n−1)

]
x=x01+0

,
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K1,+
b2,s

[
p12(x), q

1
2(x), f

1
2 (x), C

1
2s, C

1
2(s+1), ..., C

1
2(n−1)

]
x=x02−0

=

= Kα3,−
b3,s

[
p22 (x) , q

2
2 (x) , f

2
2 (x) , C

2

2s
, C2

2(s+1) . . . ., C
2
2(n−1)

]
x=x02+0

,

s = 0, (n− 1).
Òåîðåìà îñòàåòñÿ âåðíîé òàêæå ïðè ëþáîì äðóãîì ñî÷åòàíèè çíà-

êîâ ÷èñåë p (bi ± 0). Ïðè ýòîì, èíîãäà íóæíî áóäåò òðåáîâàòü, ÷òîáû
íåêîòîðûå èç ôóíêöèé q1i (x) , q

2

i (x) , f
1
i (x) , f

2

i (x) îáðàùàëèñü â íóëü ñ
îïðåäåëåííûì ïîâåäåíèåì â ñîîòâåòñòâóþùåé îñîáîé òî÷êå.

Óñòàíîâëåíî, ÷òî: à) ïðåäñòàâëåíèå (2) îáðàòèìî, á) ðåøåíèÿ óðàâ-
íåíèÿ (1) â îêðåñòíîñòè ñèíãóëÿðíîé è ñâåðõñèíãóëÿðíîé òî÷åê âåäóò
ñåáÿ ïîäîáíî ñòåïåííîé è ýêñïîíåíöèàëüíîé ôóíêöèè, ñîîòâåòñòâåííî,
è ñòðåìÿòñÿ ê áåñêîíå÷íîñòè èëè íóëþ â çàâèñèìîñòè îò çíàêà ÷èñåë
p (bi ± 0).

Ïîëó÷åííîå ïðåäñòàâëåíèå (2) ïðèìåíåíî ê èññëåäîâàíèþ ïîëíîé
êàðòèíû ðàçðåøèìîñòè ãðàíè÷íûõ çàäà÷ ñ óñëîâèÿìè â îñîáûõ òî÷êàõ.
Íàïðèìåð, â ÿâíîì âèäå íàéäåíû ðåøåíèÿ óðàâíåíèÿ (1) ïî óñëîâèÿì:

1.
[
(b1 − x)−p

2
0(b1−0)As(α),(b)y

]
x=b1−0

=

= a20s,
[
(x− b1)

p11(b1+0)As(α),(b)y
]
x=b1+0

= a21s{
exp

[
p22 (b3 − 0)ωα3,−

b3
(x)
]
As(α),(b)y

}
x=b3−0

= a22s, s = 0, (n− 1);

2.

n−1∑
j=0

bkj
[
(b1 − x)−p

2
0(b1−0)As(α),(b)y

]
x=b1−0

+

n−1∑
j=0

bk(n+j)

[
(x− b1)

p11(b1+0)Aj(α),(b)y
]
x=b1+0

+

+

n−1∑
j=0

bk(2n+j)

[
(b2 − x)−p

2
1(b2−0)Aj(α),(b)y

]
x=b2−0

+

+

n−1∑
j=0

bk(3n+j)[(x− b2)
p12(b2+0)Aj(α),(b)y]x=b2+0+

+

n−1∑
j=0

bk(4n+j)
{
exp

[
p22 (b3 − 0)ωα3,−

b3
(x)
]
As(α),(b)y

}
x=b3−0

= εk, k = 1, 3n,

ãäå a2is, i = 0, 1, 2, bkj è εk, j = 0, (5n− 1) - çàäàííûå âåùåñòâåííûå
÷èñëà.
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Â äîêëàäå îáñóæäàþòñÿ âîïðîñû ðàçðåøèìîñòè ïåðåîïðåäåëåííûõ
ñèñòåì, âîçíèêàþùèõ â çàäà÷å ïîñòðîåíèÿ ãàìèëüòîíîâûõ êîîðäè-
íàò äëÿ óðàâíåíèÿ Ëóðüå

Êëþ÷åâûå ñëîâà: ïåðåîïðåäåëåííûå ñèñòåìû, ðàçðåøèìîñòü, ãà-
ìèëüòîíîâû ñèñòåìû.
On the conditions of solvability of overdetermined systems
in problems of constructing Hamiltonian coordinates of the
Lurie equation

The report discusses the issues of solvability of overdetermined systems
arising in the problem of constructing Hamiltonian coordinates for the
Lurie equation

Keywords: overdetermined systems, solvability, hamiltonian systems.

Â ïðåäëàãàåìîé ðàáîòå ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå

L

(
d

dt

)
y =M

(
d

dt

)
f(y) , (1)

â êîòîðîì

L(p) = p2n + a1p
2n−2 + a2p

2n−4 + . . .+ an−1p
2 + an ,

M(p) = b0p
2m + b1p

2m−2 + . . .+ bm−1p
2 + bm ,

� âçàèìíî ïðîñòûå ìíîãî÷ëåíû (0 ⩽ m < n), à f(y) � ñêàëÿðíàÿ íåïðå-
ðûâíàÿ ôóíêöèÿ. Óðàâíåíèå (1) ÷àñòî íàçûâàþò óðàâíåíèåì Ëóðüå.

Ìíîãî÷ëåíû L(p) è M(p) ñîäåðæàò ñòåïåíè òîëüêî ÷åòíûõ ïîðÿä-
êîâ. Ê òàêèì óðàâíåíèÿì ïðèâîäÿò ìíîãèå çàäà÷è òåîðèè ãàìèëüòîíî-
âûõ ñèñòåì è åå ïðèëîæåíèé. Åñòåñòâåíåí âîïðîñ î êîíñòðóèðîâàíèè
äëÿ óðàâíåíèÿ (1) ýêâèâàëåíòíîé ãàìèëüòîíîâîé ñèñòåìû âèäà

x′ = J∇H(x) , x ∈ R2n ,

Îðèïîâ Òóðäèêóë Ñàôàðîâè÷, ê.ô.-ì.í., äîöåíò, Äåíàóñêèé èíñòèòóò ïðåäïðè-
íèìàòåëüñòâà è ïåäàãîãèêè (Äåíàó, Óçáåêèñòàí); Oripov Turdikul, Denau Institute of
Entrepreneurship and pedagogy (Denau, Uzbekistan)
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â êîòîðîé

J =

[
0 I
−I 0

]
, ∇H(x) =

(
∂H

∂x1
, . . . ,

∂H

∂x2n

)T
;

çäåñü 0 è I � ýòî, ñîîòâåòñòâåííî, íóëåâàÿ è åäèíè÷íàÿ (ïîðÿäêà n) ìàò-
ðèöû, H(x) � ñêàëÿðíàÿ âåùåñòâåííàÿ ãëàäêàÿ ôóíêöèÿ, íàçûâàåìàÿ
ãàìèëüòîíèàíîì.

Ãàìèëüòîíèàí H(x) ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû óðàâíåíèé

J∇H(x) = JAx+ ξf(y) , (2)

â êîòîðîé JA � ìàòðèöà íîðìàëüíîé ôîðìû, ñîîòâåòñòâóþùåé ëèíåé-
íîé ÷àñòè óðàâíåíèÿ (1). Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (2)
îòíîñèòåëüíî íåèçâåñòíîé ôóíêöèè H(x) ÿâëÿåòñÿ ïåðåîïðåäåëåííîé.
Äîêëàä ïîñâÿùåí èçëîæåíèþ ðåçóëüòàòîâ îòíîñèòåëüíî ðàçðåøèìîñòè
ïåðåîïðåäåëåííîé ñèñòåìû (2).
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Èññëåäóþòñÿ àáñòðàêòíûå èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ
ñ ÿäðàìè èíòåãðàëüíûõ îïåðàòîðîâ îáùåãî âèäà èç ïðîñòðàíñòâà
ôóíêöèé, èíòåãðèðóåìûõ íà ïîëîæèòåëüíîé ïîëóîñè, êîòîðûå ÿâ-
ëÿþòñÿ îïåðàòîðíûìè ìîäåëÿìè çàäà÷ òåîðèè âÿçêîóïðóãîñòè.
Ðàññìàòðèâàþòñÿ âîïðîñû êîððåêòíîé ðàçðåøèìîñòè è ýêñïîíåí-
öèàëüíîé óñòîé÷èâîñòè ðåøåíèé óêàçàííûõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà: âîëüòåððîâû èíòåãðî-äèôôåðåíöèàëüíûå óðàâ-
íåíèÿ, ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ â ãèëüáåðòîâûõ
ïðîñòðàíñòâàõ, îïåðàòîð-ôóíêöèÿ.
On the properties of solutions for Volterra integro-differential
equations in Hilbert spaces

The abstract integro-differential equations where the kernels of inte-
gral operators are of general type and lie in the space of functions
integrable on the positive half-line are studied. These equations are
operator models of viscoelasticity theory problems. We discuss the
well-posed solvability and exponential stability of solutions for the
equations of this type.

Keywords: Volterra integro-differential equation, linear differential
equation in Hilbert spaces, operator semigroup, operator-function.

Â òåîðèè îïðåäåëÿþùèõ ñîîòíîøåíèé ëèíåéíîé âÿçêîóïðóãîñòè áîëü-
øóþ ðîëü èãðàþò ñâÿçè íàïðÿæåíèé è äåôîðìàöèé â âèäå èíòåãðàëü-
íûõ îïåðàòîðîâ ñ ÿäðàìè, ÿâëÿþùèìèñÿ ìàòåðèàëüíûìè ôóíêöèÿìè,
êîòîðûå ìîæíî íàéòè èç óñòàíîâî÷íûõ ýêñïåðèìåíòîâ. Åñëè ìàòåðè-
àëüíûå ôóíêöèè çàâèñÿò òîëüêî îò îäíîé âðåìåííîé ïåðåìåííîé, âÿç-
êîóïðóãèå ñðåäû íàçûâàþò íåñòàðåþùèìè. Ïîäñòàíîâêà äàííûõ îïðå-
äåëÿþùèõ ñîîòíîøåíèé â ïîñòóëàòû ìåõàíèêè ñïëîøíîé ñðåäû ïðè-
âîäèò, â ÷àñòíîñòè, ê óðàâíåíèÿì äâèæåíèÿ, ïðåäñòàâëÿþùèìè ñîáîé

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè Ðîññèè â ðàìêàõ
ðåàëèçàöèè ïðîãðàììû Ìîñêîâñêîãî öåíòðà ôóíäàìåíòàëüíîé è ïðèêëàäíîé ìàòå-
ìàòèêè ïî ñîãëàøåíèþ �075-15-2022-284.

Ðàóòèàí Íàäåæäà Àëåêñàíäðîâíà, ä.ô.-ì.í., äîöåíò, ÌÃÓ èìåíè Ì.Â.Ëîìîíîñîâà
(Ìîñêâà, Ðîññèÿ); Nadezhda Rautian (Lomonosov Moscow State University, Moscow,
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âîëüòåððîâû èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ íåîãðàíè÷åííû-
ìè îïåðàòîðíûìè êîýôôèöèåíòàìè â ãèëüáåðòîâûõ ïðîñòðàíñòâàõ. Áó-
äåì íàçûâàòü èõ äàëåå àáñòðàêòíûìè èíòåãðî-äèôôåðåíöèàëüíûìè
óðàâíåíèÿìè.

Íà ïðèìåðå àáñòðàêòíîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ,
âîçíèêàþùåãî â ëèíåéíîé òåîðèè âÿçêîóïðóãîñòè, áóäåò ïðåäñòàâëåí
îáùèé ïîäõîä, ñâÿçàííûé ñ èññëåäîâàíèåì îäíîïàðàìåòðè÷åñêèõ ïîëó-
ãðóïï äëÿ ëèíåéíûõ ýâîëþöèîííûõ óðàâíåíèé, êîòîðûé ìîæíî ïðè-
ìåíèòü êî ìíîãèì äðóãèì ëèíåéíûì ìîäåëÿì, ñîäåðæàùèì âîëüòåð-
ðîâû èíòåãðàëüíûå îïåðàòîðû. Äàííûé ïîäõîä ÿâëÿåòñÿ ïðîäîëæå-
íèåì è ðàçâèòèåì èññëåäîâàíèé, ïîñâÿùåííûõ ñïåêòðàëüíîìó àíàëè-
çó îïåðàòîð-ôóíêöèé, ÿâëÿþùèõñÿ ñèìâîëàìè âîëüòåððîâûõ èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé (ñì. [1]�[3]).
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Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ ïàðàáîëè÷åñêîãî óðàâ-
íåíèÿ ñî ñäâèãàìè ïî ïðîñòðàíñòâåííîé ïåðåìåííîé â ìëàäøèõ
÷ëåíàõ. Íà÷àëüíàÿ ôóíêöèÿ ïîëàãàåòñÿ ñóììèðóåìîé. Ââîäèòñÿ
ðåøåíèå çàäà÷è â âèäå ñâåðòêè ÿäðà âûïèñàííîãî ïàðàáîëè÷åñêî-
ãî îïåðàòîðà ñ íà÷àëüíîé ôóíêöèåé. Äàëåå èññëåäóåòñÿ ïîâåäåíèå
ïîëó÷åííîãî ðåøåíèÿ è åãî ïðîèçâîäíûõ ïðè áîëüøèõ çíà÷åíèÿõ
âðåìåíè.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíî-ðàçíîñòíûå óðàâíåíèÿ, íà-
÷àëüíàÿ çàäà÷à, ïàðàáîëè÷åñêèé îïåðàòîð.
Cauchy problem with summable initial-value function for a
parabolic equation with spatial translations in potential-like
terms

In this paper we study a Cauchy problem for a parabolic operator with
spatial translations in potential-like terms. The initial-value function
belongs to the class of summable functions. We construct the solution
of the mentioned problem in the form of convolution between the
kernel of the parabolic operator and the initial-value function. Then
we investigate the behaviour of the solution and its derivatives.

Keywords: differential-difference equations, initial-value problem,
parabolic operator.

Ïóñòü ïàðàìåòðû ak è hk, k = 1, ..., n - âåùåñòâåííûå.
Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó Êîøè: ∂u

∂t
= ∂2u

∂x2
+

n∑
k=1

aku(x− hk, t), x ∈ R, t > 0

u(x, 0) = u0(t), u0 ∈ L1(R).
(1)

Îïðåäåëèì ñëåäóþùóþ ôóíêöèþ:

E(x, t) =

+∞∫
0

e
−t
(
ξ2−

n∑
k=1

ak coshkξ

)
cos

(
xξ − t

n∑
k=1

ak sinhkξ

)
dξ

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ ÐÔ (ìåãàãðàíò ñîãëàøåíèå � 075-15-2022-1115).
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â óêàçàííîé ïîëóïëîñêîñòè x ∈ R, t > 0. Ýòà ôóíêöèÿ óäîâëåòâîðÿåò
óðàâíåíèþ çàäà÷è â êëàññè÷åñêîì ñìûñëå è íàçûâàåòñÿ ÿäðîì Ïóàññî-
íà.

Ââåäåì ðåøåíèå ïîñòàâëåííîé çàäà÷è Êîøè â âèäå ñâåðòêè ÿäðà
Ïóàññîíà ñ íà÷àëüíîé ôóíêöèåé çàäà÷è:

u(x, t) =
1

π

+∞∫
0

E(x− ξ, t)u0(ξ) dξ. (2)

Áûëè ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû.

Òåîðåìà 1. Ôóíêöèÿ (2) óäîâëåòâîðÿåò çàäà÷å Êîøè (1) â ñìûñëå
îáîáùåííûõ ôóíêöèé è óäîâëåòâîðÿåò èñõîäíîìó óðàâíåíèþ â ïîëó-
ïëîñêîñòè x ∈ R, t > 0 â êëàññè÷åñêîì ñìûñëå.

Òåîðåìà 2. Ïóñòü âûïîëíåíî óñëîâèå
n∑
k=1

|ak|h2
k ≤ 2. Òîãäà ðåøå-

íèå (2) ðàâíîìåðíî ñõîäèòñÿ ê íóëþ ïðè t → ∞ äëÿ âñåõ x ∈ R, è
ñêîðîñòü óáûâàíèÿ îöåíèâàåòñÿ ñëåäóþùèì íåðàâåíñòâîì:

|u(x, t)| ≤ C
||u0||L1(R)√

t
,

ãäå C - êîíñòàíòà.

Òåîðåìà 3. Ïóñòü âûïîëíåíî óñëîâèå
n∑
k=1

|ak|h2
k ≤ 2. Òîãäà ÷àñò-

íûå ïðîèçâîäíûå ðåøåíèÿ (2) ïðîèçâîëüíîãî ïîðÿäêà m+n ðàâíîìåðíî
ñõîäÿòñÿ ê íóëþ ïðè t → ∞ äëÿ âñåõ x ∈ R, è ñêîðîñòü èõ óáûâàíèÿ
îöåíèâàåòñÿ ñëåäóþùèì îáðàçîì:∣∣∣∣ ∂m+nu

∂xm∂tn

∣∣∣∣ ≤ ||u0||L1(R)

π

[
C̃e−a0t +

n∑
j=0

C̃j
1

t(m+2j+1)/2

]

ãäå Cj (j = 1, .., n) - êîíñòàíòû.
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Â ðàáîòå äëÿ óðàâíåíèÿ ñìåøàííîãî ýëëèïòèêî-ãèïåðáîëè÷åñêîãî
òèïà â ïðÿìîóãîëüíîì ïàðàëëåëåïèïåäå èçó÷åíà ïåðâàÿ ãðàíè÷íàÿ
çàäà÷à. Óñòàíîâëåí êðèòåðèé åäèíñòâåííîñòè. Ðåøåíèå ïîñòðîåíî
â âèäå ñóììû îðòîãîíàëüíîãî ðÿäà. Ïðè îáîñíîâàíèè ñõîäèìîñòè
ðÿäà âîçíèêëà ïðîáëåìà ìàëûõ çíàìåíàòåëåé îò äâóõ íàòóðàëü-
íûõ àðãóìåíòîâ. Óñòàíîâëåíû îöåíêè îá îòäåëåííîñòè îò íóëÿ
ñ ñîîòâåòñòâóþùåé àñèìïòîòèêîé, ÷òî ïîçâîëèëî äîêàçàòü ñõîäè-
ìîñòü ðÿäà â êëàññå ðåãóëÿðíûõ ðåøåíèé è óñòîé÷èâîñòü ðåøåíèÿ
îòíîñèòåëüíî ãðàíè÷íûõ ôóíêöèé.

Êëþ÷åâûå ñëîâà: òðåõìåðíûé àíàëîã óðàâíåíèÿ Ëàâðåíòüåâà � Áè-
öàäçå, çàäà÷à Äèðèõëå, êðèòåðèé åäèíñòâåííîñòè, ðÿä, ìàëûå çíà-
ìåíàòåëè, ñóùåñòâîâàíèå, óñòîé÷èâîñòü.
Dirichlet problem for a three-dimensional equation of mixed
type, small denominators

In this paper, the first boundary value problem for a mixed elliptic-
hyperbolic equation in a rectangular parallelepiped is studied. A
uniqueness criterion is established. The solution is constructed as
a sum of an orthogonal series. When substantiating the convergence
of the series, the problem of small denominators of two natural argu-
ments arose. Estimates of separation from zero with the corresponding
asymptotics are established, which makes it possible to prove the con-
vergence of the series in the class of regular solutions and the stability
of the solution with respect to boundary functions.

Keywords: three-dimensional analogue of the Lavrentiev-Bitsadze
equation, Dirichlet problem, uniqueness criterion, series, small denom-
inators, existence, stability.

Ðàññìîòðèì óðàâíåíèå ñìåøàííîãî ýëëèïòèêî-ãèïåðáîëè÷åñêîãî òèïà

Lu = uzz + (sgnz)(uxx + uyy) = F (x, y, z), (1)

êîòîðîå ÿâëÿåòñÿ òðåõìåðíûì àíàëîãîì óðàâíåíèÿ Ëàâðåíòüåâà-
Áèöàäçå, â îáëàñòè

Q = {(x, y, z)| (x, y) ∈ D, −α < z < β}, D = {(x, y)| 0 < x < p, 0 < y < q},

Ñàáèòîâ Êàìèëü Áàñèðîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÓÓÍèÒ (Ñòåðëèòàìàê, Ðîñ-
ñèÿ); Kamil Sabitov (Mavlyutov Institute of Mechanics Ufa Federal Research Centre of
the Russian Academy of Sciences, Ufa, Russia; Sterlitamak branch of Ufa University of
Science and Technology, Sterlitamak, Russia)
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ãäå α, β, p, q � çàäàííûå ïîëîæèòåëüíûå äåéñòâèòåëüíûå ÷èñëà, è ïî-
ñòàâèì ñëåäóþùóþ êðàåâóþ çàäà÷ó íà ñîïðÿæåíèÿ íà ïëîñêîñòè èçìå-
íåíèÿ òèïà, êîòîðóþ íàçîâåì çàäà÷åé Äèðèõëå.

Çàäà÷à Äèðèõëå. Íàéòè ôóíêöèþ u(x, y, z), óäîâëåòâîðÿþùóþ
ñëåäóþùèì óñëîâèÿì:

u(x, y, z) ∈ C1(Q) ∩ C2(Q+ ∪Q−), uxx, uyy, uzz ∈ L(D); (2)

Lu(x, y, z) ≡ F (x, y, z), (x, y, z) ∈ Q+ ∪Q−; (3)

u(x, y, z)
∣∣
x=0

= u(x, y, z)
∣∣
x=p

= u(x, y, z)
∣∣
y=0

= u(x, y, z)
∣∣
y=q

= 0,

−α ≤ z ≤ β; (4)

u(x, y, z)
∣∣
z=−α = ψ(x, y), u(x, y, z)

∣∣
z=β

= φ(x, y), (x, y) ∈ D, (5)

ãäå Fi(x, y, z), i = 1, 2, ψ(x, y) è φ(x, y) � çàäàííûå äîñòàòî÷íî ãëàäêèå
ôóíêöèè, ïðè ýòîì ψ(x, y) è φ(x, y) óäîâëåòâîðÿþò óñëîâèÿì ñîãëàñî-
âàíèÿ ñ ãðàíè÷íûìè äàííûìè (5), Q+ = Q∩{z > 0}, Q− = Q∩{z < 0}.

Èíòåðåñ ê çàäà÷å Äèðèõëå äëÿ óðàâíåíèé ñìåøàííîãî òèïà âîçíèê
ïîñëå ðàáîòû Ôðàíêëÿ Ô.È. [1], ãäå âïåðâûå áûëî ïîêàçàíî, ÷òî çàäà-
÷à ïåðåõîäà ÷åðåç çâóêîâîé áàðüåð óñòàíîâèâøèõñÿ äâóìåðíûõ áåçâèõ-
ðåâûõ òå÷åíèé èäåàëüíîãî ãàçà â ñîïëàõ, êîãäà ñâåðõçâóêîâûå âîëíû
ïðèìûêàþò ê ñòåíêàì ñîïëà âáëèçè ìèíèìàëüíîãî ñå÷åíèÿ, ñâîäèòñÿ ê
çàäà÷å Äèðèõëå äëÿ óðàâíåíèé ñìåøàííîãî òèïà.

Ïåðâûå ïîñòàíîâêè àíàëîãà çàäà÷è Òðèêîìè äëÿ òðåõìåðíîãî óðàâ-
íåíèÿ òèïà (1) ïðèíàäëåæàò À.Â. Áèöàäçå [2], Ñ.Ï. Ïóëüêèíó [3].

Â äàííîé ðàáîòå ïîêàçàíî, ÷òî êîððåêòíîñòü ïîñòàíîâêè çàäà÷è (2)
� (5) ñóùåñòâåííûì îáðàçîì çàâèñèò îò äëèí ðåáåð p, q è α ïàðàëëå-
ëåïèïåäà Q− ãèïåðáîëè÷åñêîé ÷àñòè îáëàñòè Q. Óñòàíîâëåí êðèòåðèé
åäèíñòâåííîñòè ðåøåíèÿ ýòîé çàäà÷è. Ðåøåíèå ïîñòðîåíî â âèäå ñóì-
ìû îðòîãîíàëüíîãî ðÿäà. Ïðè îáîñíîâàíèè ñõîäèìîñòè ðÿäà âîçíèêëà
ïðîáëåìà ìàëûõ çíàìåíàòåëåé îò äâóõ íàòóðàëüíûõ àðãóìåíòîâ. Óñòà-
íîâëåíû îöåíêè îá îòäåëåííîñòè îò íóëÿ ñ ñîîòâåòñòâóþùåé àñèìïòî-
òèêîé, ÷òî ïîçâîëèëî äîêàçàòü ñõîäèìîñòü ðÿäà â êëàññå ðåãóëÿðíûõ
ðåøåíèé è óñòîé÷èâîñòü ðåøåíèÿ îòíîñèòåëüíî ãðàíè÷íûõ ôóíêöèé.

Çàäà÷à Äèðèõëå äëÿ äâóìåðíîãî àíàëîãà óðàâíåíèÿ (1) èçó÷åí â
ðàáîòå [4].
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Â ðàáîòå äëÿ óðàâíåíèÿ îáîáùåííûõ àíàëèòè÷åñêèõ ôóíêöèé â
êëàññå äâîÿêîïåðèîäè÷åñêèõ ôóíêöèé ðåøåíà çàäà÷à î ñîáñòâåí-
íûõ çíà÷åíèÿõ.

Êëþ÷åâûå ñëîâà: ñîáñòâåííîå çíà÷åíèå, äâîÿêîïåðèîäè÷åñêèõ ðå-
øåíèé, ýëëèïòè÷åñêàÿ ôóíêöèÿ, ñîáñòâåííûå ôóíêöèè
Eigenvalue problem for doubly periodic solutions to the equa-
tion of generalized analytical functions

In this work, the problem of eigenvalues is solved for the equation of
generalized analytic functions in the class of doubly periodic functions.

Keywords: eigenvalue, doubly periodic solutions, elliptic function,
eigenfunctions.

Ïóñòü Hα
∗ è C1

∗− êëàññû äâîÿêîïåðèîäè÷åñêèõ ôóíêöèé ñ ïåðèîäàìè
h1, h2, Im(h2/h1) > 0, ïðèíàäëåæàùèõ ñîîòâåòñòâåííî
Hα(Ω), C1(Ω) ∩C(Ω), 0 < α < 1, Ω− îñíîâíîé ïàðàëëåëîãðàìì ïåðèî-
äîâ.

Äëÿ óðàâíåíèÿ

wz + (a(z) + λb(z))w(z) = f(z), (1)

ðàññìîòðèì çàäà÷ó íàõîæäåíèÿ ðåøåíèé, óäîâëåòâîðÿþùèå óñëîâèÿì

w(z + h1) = w(z), w(z + h2) = w(z), (2)

λ− íåèçâåñòíûé ïàðàìåòð [1],[2].
Ïðè óñëîâèè a(z), b(z), f(z) ∈ Hα

∗ áóäåì èñêàòü ðåøåíèå çàäà÷è
(1),(2) èç êëàññà C1

∗ .
Â ðàáîòàõ [3],[4] ïðè λ = 0 ïîêàçàíî, ÷òî çàäà÷à (1),(2) ôðåäãîëü-

ìîâà â êëàññå C1
∗ , à â êëàññå ôóíêöèé äîïóñêàþùèõ ïîëþñîâ, çàäà÷à

íåòåðîâà.

Ñàôàðîâ Äæóìàáîé, ä.ô.-ì.í., ïðîôåññîð, Áîõ.ÃÓ (Áîõòàð, Ðåñïóáëèêà Òàäæè-
êèñòàí); Safarov Dzhumaboy (Bokhtar State University, Bokhtar, Tajikistan

Ìèðàòîâ Ñàôàðõîí Êóäðàòîâè÷, ê.ô.-ì.í., Áîõ.ÃÓ (Áîõòàð, Ðåñïóáëèêà Òàäæè-
êèñòàí); Miratov Safakhon (Bokhtar State University, Bokhtar, Tajikistan)
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Ââåäåì îáîçíà÷åíèÿ a0 = 1
π

∫
Ω
a(z)dzΩ, b0 = 1

π

∫
Ω
b(z)dzΩ, ãäå

dzΩ−ýëåìåíò ïëîùàäè, ã0 = a0 + λb0 è Γ = {m1h1 +m2h1, m1,m2 −
öåëûå}− ðåøåòêà ïåðèîäîâ.

Òîãäà äëÿ ëþáîãî ðåøåíèÿ óðàâíåíèÿ (1) èç êëàññà C1
∗ ñïðàâåäëèâà

w(z) =

{
{c exp[−Tζ(a(z) + λb(z)) + dz], ïðè ã ∈ Γ, è w(z) ≡ 0,
0, ïðè ã∈ Γ,

(3)

ãäå c− ïðîèçâîëüíàÿ ïîñòîÿííàÿ, Tζρ(z)− èíòåãðàëüíûé îïåðàòîð ñ
ÿäðîì ζ(z)− äçåòà-ôóíêöèÿ Âåéåðøòðàññà, ïîñòîÿííîå d è ã0 ðåøåíèå
ñèñòåìû {

η1ã0 + h1d = 2πik1,
η2ã0 + h2d = 2πik2,

(4)

ãäå k1, k2− íåêîòîðûå öåëûå ÷èñëà, ηj = 2ζ(hj/2), j = 1, 2, öèêëè÷åñêèå
ïîñòîÿííûå ñâÿçàíû ñ h1, h2 ñîîòíîøåíèåì Ëåæàíäðà η1h2−η2h1 = 2πi
[5].

Òåîðåìà 1. Ïóñòü óðàâíåíèå a0 + λb0 = m1h1 +m2h2 èìååò ðå-
øåíèå â öåëûõ ÷èñëàõ m1,m2 è λ00, d00− îäíî èç ðåøåíèé ñèñòåìû
(4). Òîãäà ïðè b0 ̸= 0 çàäà÷à (1),(2) èìååò áåñ÷èñëåííîå ìíîæåñòâî
ñîáñòâåííûõ çíà÷åíèé

λm1m2 = λ00 +
1

b0
(m1h2 −m2h1),

îòâå÷àþùèå èì ñîáñòâåííûì ôóíêöèÿì

φm1m2(z) = cm1m2exp[−Tζ(a(z) + λm1m2b(z)) + dm1m2z],

ãäå dm1m2 = d00 + (m1η1 −m2η1), m1,m2 = 0,±1,±2.
Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1, òîãäà çàäà÷à

(1),(2), íè áóäó÷è íåòåðîâîé, íè áóäó÷è ôðåäãîëüìîâîé íîðìàëüíî ðàç-
ðåøèìà ïî Õàóñäîðôó [6].

Åñëè íàðóøåíî òåîðåìà 1, òî ëþáîå ÷èñëî λ ∈ C ÿâëÿåòñÿ ðåãóëÿð-
íûì çíà÷åíèåì çàäà÷à (1),(2).
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Èññëåäóåòñÿ ëèíåéíîå íåîäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíå-
íèå â áàíàõîâîì ïðîñòðàíñòâå ñ âûðîæäåííûì îïåðàòîðîì ïîä
çíàêîì äðîáíîé ïðîèçâîäíîé Ëèóâèëëÿ. Óðàâíåíèå ðàññìàòðèâà-
åòñÿ íà âñåé ïðÿìîé è íå íàäåëåíî íà÷àëüíûìè óñëîâèÿìè. Äî-
êàçàíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ â ñëó÷àå (L, p)-
îãðàíè÷åííîãî îïåðàòîðà â ïðàâîé ÷àñòè óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà: ïðîèçâîäíàÿ Ëèóâèëëÿ, äèôôåðåíöèàëüíîå
óðàâíåíèå áåç íà÷àëüíûõ óñëîâèé, ïðåîáðàçîâàíèå Ôóðüå.
Degenerate Evolution Equation with the Liouville Derivative

Linear inhomogeneous differential equation in a Banach space with a
degenerate linear operator at the Liouville derivative is studied. The
equation is considered on the whole real line and are not endowed
by initial conditions. The uniqueness and existence of a solution are
proved in the case of (L, p)-bounded operator in the right-hand side
of the equation.

Keywords: Liouville derivative; differential equation without initial
conditions; Fourier transform.

Ïóñòü X, Y � áàíàõîâû ïðîñòðàíñòâà, L(X;Y) � áàíàõîâî ïðîñòðàí-
ñòâî âñåõ ëèíåéíûõ íåïðåðûâíûõ îïåðàòîðîâ èç X â Y, Cl(X;Y) � ìíî-
æåñòâî âñåõ ëèíåéíûõ çàìêíóòûõ îïåðàòîðîâ ñ ïëîòíîé îáëàñòüþ îïðå-
äåëåíèÿ â X, äåéñòâóþùèõ â Y, L ∈ L(X;Y), M ∈ Cl(X;Y). Ðàññìîòðèì
ëèíåéíîå íåîäíîðîäíîå óðàâíåíèå ñ kerL ̸= {0} è çàäàííîé ôóíêöèåé
g ∈ C(R;Y)

DαLx(t) =Mx(t) + g(t), t ∈ R. (1)

Çäåñü èñïîëüçóåòñÿ ïðîèçâîäíàÿ Ëèóâèëëÿ [1, 2]

Dαz(t) := Dm

t∫
−∞

(t− s)m−αz(s)ds

Γ(m− α− 1)
, m− 1 < α ≤ m ∈ N.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ è Ïðàâèòåëüñòâà ×åëÿáèí-
ñêîé îáëàñòè (ïðîåêò � 24-11-20002).
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Ôóíêöèþ x : R → DM áóäåì íàçûâàòü ðåøåíèåì óðàâíåíèÿ (1),
åñëè Mx ∈ C(R;Y), DαLx ∈ C(R;Y) è äëÿ âñåõ t ∈ R âûïîëíÿåòñÿ (1).

Ëåììà 1. Ïóñòü îïåðàòîð M (L, p)-îãðàíè÷åí γ = {λ ∈ C : |λ| =
r > a}. Òîãäà ñëåäóþùèå îïåðàòîðû ÿâëÿþòñÿ ïðîåêòîðàìè

P :=
1

2πi

∫
γ

RLµ (M)dµ ∈ L(X), Q :=
1

2πi

∫
γ

LLµ(M)dµ ∈ L(Y).

Îáîçíà÷èì X0 := kerP , X1 := imP , Y0 := kerQ, Y1 = imQ, Lk :=
L|Xk , Mk :=M |Xk∩DM

, k = 0, 1.

Òåîðåìà 1. [3] Ïóñòü îïåðàòîð M (L, σ)-îãðàíè÷åí. Òîãäà
(i) Lk ∈ L(Xk;Yk), Mk ∈ Cl(Xk;Yk), k = 0, 1;
(ii) ñóùåñòâóþò îáðàòíûå îïåðàòîðû L−1

1 ∈ L(Y1;X1), M−1
0 ∈

L(Y0;X0).

Äëÿ p ∈ N0 := N∪{0} îïåðàòîðM íàçûâàåòñÿ (L, p)-îãðàíè÷åííûì,
åñëè îïåðàòîð M−1

0 L0 íèëüïîòåíòåí ñòåïåíè p. Ïðè t ∈ R îáîçíà÷èì

Xα(t) :=
1

2π

∫
R

((−iω)α − L−1
1 M1)

−1e−iωtdω.

Òåîðåìà 2. Ïóñòü α > 0, p ∈ N0, îïåðàòîð M (L, p)-îãðàíè÷åí,
{(−iω)α : ω ∈ R} ∩ σL(M) = ∅, g ∈ C(R;Y), Qg ∈ L2(R;Y),
(DαJ)kM−1

0 (I −Q)g ∈ C(R;X), k = 0, 1, . . . , p. Òîãäà ôóíêöèÿ

zf (t) =

∫
R

Xα(t− s)L−1
1 Qg(s)ds−

p∑
k=0

(DαH)kM−1
0 (I −Q)g(t)

ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì óðàâíåíèÿ (1).
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Èññëåäóåòñÿ ïîñòàíîâêà îïòèìèçàöèîííîé îáðàòíîé ñïåêòðàëüíîé
çàäà÷è c íåïîëíûìè ñïåêòðàëüíûìè äàííûìè äëÿ îäíîìåðíîãî
îïåðàòîðà Øðåäèíãåðà íà âñåé îñè: äëÿ çàäàííîãî ïîòåíöèàëà q0
íàéòè áëèæàéøóþ ê íåìó ôóíêöèþ q̂ òàêóþ, ÷òîáû ïåðâûå m ñîá-
ñòâåííûõ çíà÷åíèé îïåðàòîðà Øðåäèíãåðà ñ ïîòåíöèàëîì q̂ ñîâ-
ïàëè ñ çàäàííûìè çíà÷åíèÿìè λ∗

k ∈ R,k = 1, ...,m.

Êëþ÷åâûå ñëîâà: îáðàòíûå ñïåêòðàëüíûå çàäà÷è, ñèñòåìà íåëè-
íåéíûõ óðàâíåíèé Øðåäèíãåðà, îïåðàòîð Øðåäèíãåðà òåîðèÿ
Inverse spectral problem for one-dimensional Schrodinger
operator on the integer axis with incomplete data

We investigate the statement of the optimization inverse spectral prob-
lem with incomplete spectral data for the one-dimensional Schrodinger
operator on the entire axis: for a given potential q0, find the closest
function q̂ such that the firstm eigenvalues of the Schrodinger operator
with potential q̂ coincided with the given values λ∗

k ∈ R,k = 1, ...,m.

Keywords: Inverse spectral problems; System of nonlinear Schrodinger
equations; Schrodinger operator;

Â ãèëüáåðòîâîì ïðîñòðàíñòâå H = L2(R) ðàññìàòðèâàåòñÿ ñàìîñîïðÿ-
æåííûé îïåðàòîð Øðåäèíãåðà

L[q]ψ := −ψ′′(x) + q(x)ψ(x), (1)

ãäå ïîòåíöèàë q(x) óäîâëåòâîðÿåò óñëîâèÿì

q(x) = q0(x) + h(x), ãäåh ∈ L2(R), q0 ∈ Cloc(R), lim
|x|→+∞

q0(x) = +∞. (2)

Èçîñïåêòðàëüíûì ìíîãîîáðàçèåì îïåðàòîðà L[q] äëÿ ñïåêòðàëüíûõ
äàííûõ

σ = {(λ∗
1, λ

∗
2, ..., λ

∗
m)|λ∗

1 < λ∗
2 < ... < λ∗

m ∈ R}

Âàëååâ Íóðìóõàìåò Ôóàòîâè÷, ê.ô.-ì.í., ÈÌÂÖ ÓÔÈÖ ÐÀÍ (Óôà, Ðîññèÿ);
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áóäåì íàçûâàòü ìíîæåñòâî (ìíîãîîáðàçèå) ïîòåíöèàëîâ q ∈ W íà
êîòîðûõ ïåðâûå m ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà L[q] ïðèíèìàþò
çàäàííûå çíà÷åíèÿ λ∗

k,k = 1, ...,m, òî åñòü

ISM(L[q],W ;λ∗
1, λ

∗
2, ..., λ

∗
m) := {q ∈W |λk(q) = λ∗

k, k = 1, 2, ..,m; }.

Â ðàáîòå îáñóæäàåòñÿ îïòèìèçàöèîííàÿ îáðàòíàÿ ñïåêòðàëüíàÿ çà-
äà÷à â ñëåäóþùåé ôîðìóëèðîâêå.

(P0) Ïóñòü çàäàíû îïåðàòîðû L[q] , q0 ∈ W è èçîñïåêòðàëüíîå
ìíîãîîáðàçèå ISM = ISM(L[q],W ;λ∗

1, λ
∗
2, ..., λ

∗
m). Òðåáóåòñÿ íàéòè

âåùåñòâåííûé ïîòåíöèàë q̂ ∈ ISM òàêîé, ÷òî

inf
q∈ISM

||q − q0|| = ||q̂ − q0||.

Îñíîâíîé öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî óòâåðæäå-
íèé î ñóùåñòâîâàíèè ðåøåíèé ÎÎÑÇ (P0), à òàêæå îïèñàíèå ñâÿçè ìåæ-
äó (P0) è ñèñòåìîé íåëèíåéíûõ óðàâíåíèé Øðåäèíãåðà.

Ëèòåðàòóðà

1. V. A. Sadovnichii, Ya. T. Sultanaev, N. F. Valeev Optimization
Inverse Spectral Problem for the One-Dimensional Schrodinger Operatoron
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ASYMPTOTIC SOLUTIONS OF THE STURM-LIOUVILLE
EQUATION IN VECTOR-FUNCTION SPACE
Ya.T. Sultanaev, N.F. Valeev,A. Yeskermessuly
sultanaevyt@gmail.com, valeevnf@yandex.ru,

alibek.yeskermessuly@gmail.com

ÓÄÊ 517.926.7

We study the asymptotic behavior of fundamental systems of solutions
to the Sturm-Liouville equation with rapidly oscillating potentials in
a two-dimensional vector-function space. We consider different cases
where the coefficients do not satisfy the regularity conditions. Addi-
tionally, we investigate the asymptotic behavior of solutions in reso-
nance cases

Keywords: asymptotic methods, rapidly oscillating coefficients,
vector-function, L-diagonal system, resonance case

We consider the Sturm-Liouville equation in two dimensional vector-
function space:

φ⃗′′ +

(
A0 +

p(x)

xα
A1

)
φ⃗ = 0, A∗

0 = A0 > 0, α > 0, (1)

p(x) =

m∑
k=1

ske
ipkx, sk ∈ C, pk ∈ R \ {0}. (2)

Substitution
φ⃗ = T y⃗, (3)

transforms equation (1) to the equation

y⃗′′ +

(
µ2
1 0
0 µ2

2

)
y⃗ +

p(x)

xα
By⃗ = 0, x0 ≤ x <∞, α > 0, (4)

where

T−1A0T =

(
µ2
1 0
0 µ2

2

)
, B = T−1A1T =

(
bjk
)
, j, k = 1, 2.

Theorem 1. Let α > 1/3, and let a function p(x) have the form (2).
Moreover, suppose the following conditions hold:
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1. For any set of numbers {c1, ..., cm}, where cj ∈ 0∪N,
m∑
j=1

cj ̸= 0, the condition

is met:
m∑
k=1

ckpk ̸= 0. (5)

2. For any pk, k = 1, . . . ,m, it is true that

pk /∈ {±2µ1, ±2µ2, ±µ1 ± µ2}. (6)

Then, for the fundamental system of solutions of equation (4), as x→ +∞,
the following asymptotic relations hold:

y⃗ ∼
(
c11e

iµ1x c12e
−iµ1x

c21e
iµ2x c22e

−iµ2x

)
(I + o(1))y⃗0, cjk = const, j, k = 1, 2, y⃗0 = const.

Resonance case.
We consider the resonance case where pk ∈ {±2µ1, ±2µ2, ±µ1 ± µ2}., i.e.,
condition (6) is not satis�ed. Let p(x) = cos(µ1+µ2)x, µ1, µ2 ∈ R\0. Then
the dominant part of asymptotic solutions has the following form:
- if 1/2 < α < 1:

z⃗ ∼ e
i
2
Λ0x · exp

{
x1−α

1− α
B0

}
(I +M · o(1))z⃗0,

- if α = 1:

z⃗ ∼ e
i
2
Λ0x · exp

{
x1−α

1− α
B0

}
(I +M · o(1))z⃗0,

where z⃗ = colon(y1, y2, y
′
1, y

′
2), z⃗0 = const, B0, M are 4 × 4 constant

matrices, and

Λ0 =


µ1 0 0 0
0 −µ1 0 0
0 0 µ2 0
0 0 0 −µ2

 .
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Î ÐÀÇÐÅØÈÌÎÑÒÈ ÍÅËÈÍÅÉÍÛÕ ÊÐÀÅÂÛÕ ÇÀÄÀ×
ÐÀÂÍÎÂÅÑÈß ÍÅÏÎËÎÃÈÕ ÀÍÈÇÎÒÐÎÏÍÛÕ

ÎÁÎËÎ×ÅÊ ÒÈÏÀ ÒÈÌÎØÅÍÊÎ Ñ
ÍÅÇÀÊÐÅÏËÅÍÍÛÌÈ ÊÐÀßÌÈ

Ñ.Í. Òèìåðãàëèåâ,
Samat_tim@mail.ru

ÓÄÊ 517.958

Èññëåäóåòñÿ ðàçðåøèìîñòü êðàåâîé çàäà÷è äëÿ ñèñòåìû ïÿòè
íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîä-
íûìè âòîðîãî ïîðÿäêà ïðè çàäàííûõ ãðàíè÷íûõ óñëîâèÿõ, îïèñû-
âàþùåé ñîñòîÿíèå ðàâíîâåñèÿ óïðóãèõ íåïîëîãèõ àíèçîòðîïíûõ
íåîäíîðîäíûõ îáîëî÷åê ñ íåçàêðåïëåííûìè êðàÿìè íóëåâîé ãëàâ-
íîé êðèâèçíû â ðàìêàõ ñäâèãîâîé ìîäåëè Òèìîøåíêî.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ ðàâíîâåñèÿ, îáîá-
ùåííîå ðåøåíèå, òåîðåìà ñóùåñòâîâàíèÿ.
On the solvability of nonlinear boundary value problems of
equilibrium of non-flat anisotropic shells of Timoshenko type
with loose edges

We study the solvability of a boundary value problem for a system of
five nonlinear differential equations with partial derivatives of the sec-
ond order under given boundary conditions, describing the state equi-
librium of elastic non-sloping anisotropic inhomogeneous shells with
loose edges of zero principal curvature within the framework of the
Timoshenko shear model.

Keywords: differential equilibrium equations, generalized solution, ex-
istence theorem.

Ðàññìàòðèâàåòñÿ çàäà÷à î ðàâíîâåñèè óïðóãîé íåïîëîãîé àíèçî-
òðîïíîé íåîäíîðîäíîé îáîëî÷êè ñ íåçàêðåïëåííûìè êðàÿìè íóëåâîé
ãëàâíîé êðèâèçíû â ðàìêàõ ñäâèãîâîé ìîäåëè Òèìîøåíêî, êîòîðàÿ
îïèñûâàåòñÿ ñèñòåìîé èç ïÿòè äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñò-
íûìè ïðîèçâîäíûìè âòîðîãî ïîðÿäêà ïðè ñòàòè÷åñêèõ ãðàíè÷íûõ óñëî-
âèÿõ. Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ãðàíè÷íûå óñëîâèÿ ëèíåéíû îò-
íîñèòåëüíî óãëîâ ïîâîðîòà ψ1, ψ2, íåëèíåéíû îòíîñèòåëüíî òàíãåíöè-
àëüíûõ ïåðåìåùåíèé w1, w2 è ïðîãèáà w3. Öåëüþ ðàáîòû ÿâëÿåòñÿ âû-
âîä óñëîâèé, ïðè âûïîëíåíèè êîòîðûõ ñóùåñòâóåò îáîáùåííîå ðåøåíèå
ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé, óäîâëåòâîðÿþùåå ãðàíè÷íûì

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 23-21-00212).
Òèìåðãàëèåâ Ñàìàò Íèçàìåòäèíîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÊÃÀÑÓ (Êàçàíü, Ðîñ-

ñèÿ); Samat Timergaliev (Kazan State University of Architecture and Engineering, Kazan,
Russia)
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óñëîâèÿì. Ïðåäëîæåííûå èññëåäîâàíèÿ ðàçâèâàþò ðåçóëüòàòû ñòàòüè
[1] íà ñëó÷àé àíèçîòðîïíûõ îáîëî÷åê.

Â îñíîâå ìåòîäà èññëåäîâàíèÿ ëåæàò èíòåãðàëüíûå ïðåäñòàâëåíèÿ
äëÿ îáîáùåííûõ ïåðåìåùåíèé, ñîäåðæàùèå ïðîèçâîëüíûå ôóíêöèè,
êîòîðûå ïîñòðîåíû â ðàáîòå [1]. Ïðîèçâîëüíûå ôóíêöèè íàõîäÿòñÿ
òàê, ÷òîáû îáîáùåííûå ïåðåìåùåíèÿ óäîâëåòâîðÿëè ëèíåéíîé ñèñòå-
ìå óðàâíåíèé è ëèíåéíûì ãðàíè÷íûì óñëîâèÿì, êîòîðûå ñïåöèàëüíûì
îáðàçîì âûäåëÿþòñÿ èç èñõîäíîé íåëèíåéíîé çàäà÷è. Â ðåçóëüòàòå èñ-
õîäíàÿ êðàåâàÿ çàäà÷à ñâîäèòñÿ ê íåëèíåéíîìó îïåðàòîðíîìó óðàâíå-
íèþ âèäà

a− Ls(a)− Lc(a)−G(a) = a∗ + ãF (1)

îòíîñèòåëüíî âåêòîðà a = (w1, w2, w3, ψ1, ψ2) îáîáùåííûõ ïåðåìåùå-
íèé â ñîáîëåâñêîì ïðîñòðàíñòâå W (2)

p (Ω), p > 2, ãäå Ls è Lc - ëèíåé-
íûå ñîîòâåòñòâåííî îãðàíè÷åííûé è âïîëíå íåïðåðûâíûé,G− íåëèíåé-
íûé îãðàíè÷åííûé îïåðàòîðû â W (2)

p (Ω), p > 2, a∗ è ãF− èçâåñòíûå
âåêòîð- ôóíêöèè, çàâèñÿùèå ñîîòâåòñòâåííî îò ïðîèçâîëüíûõ ïîñòîÿí-
íûõ è âíåøíèõ ñèë.

Â ñëó÷àå èçîòðîïíûõ îáîëî÷åê [1] Ls ≡ 0.
Ïðè èññëåäîâàíèè ðàçðåøèìîñòè óðàâíåíèÿ (1) íàèáîëåå ñëîæíûì

ìîìåíòîì ÿâëÿåòñÿ äîêàçàòåëüñòâî îáðàòèìîñòè ëèíåéíîãî îïåðàòîðà
I − Ls − Lc, I− òîæäåñòâåííûé îïåðàòîð, êîòîðîå ñóùåñòâåííî çàâè-
ñèò îò ôèçèêî- ãåîìåòðè÷åñêèõ õàðàêòåðèñòèê îáîëî÷êè. Ïðè ïîìîùè
îáðàòíîãî îïåðàòîðà (I − Ls − Lc)

−1 óðàâíåíèå (1) ïðåîáðàçóåòñÿ ê
ýêâèâàëåíòíîìó âèäó a − G∗(a) = aF ñ íåëèíåéíûì îãðàíè÷åííûì â
W

(2)
p (Ω), p > 2 îïåðàòîðîì G∗ è ñ èçâåñòíîé ïðàâîé ÷àñòüþ aF , çà-

âèñÿùåé îò âíåøíèõ ñèë, ðàçðåøèìîñòü êîòîðîãî óñòàíàâëèâàåòñÿ ñ
èñïîëüçîâàíèåì ïðèíöèïà ñæàòûõ îòîáðàæåíèé.
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ÐÅÃÓËßÐÈÇÀÖÈß ÇÀÄÀ×È ÊÎØÈ ÄËß ËÈÍÅÉÍÛÕ
ÝËËÈÏÒÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ ÏÅÐÂÎÃÎ ÏÎÐßÄÊÀ Ñ

ÏÎÑÒÎßÍÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ
Ô.Ð. Òóðñóíîâ,

farhod.tursunov.76@mail.ru
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Â ñòàòüå èçó÷àåòñÿ ïðîäîëæåíèå ðåøåíèÿ çàäà÷à Êîøè äëÿ ëèíåé-
íûõ ýëëèïòè÷åñêèõ ñèñòåì ïåðâîãî ïîðÿäêà ñ ïîñòîÿííûìè êîýô-
ôèöèåíòàìè â îáëàñòè G ïî åå èçâåñòíûì çíà÷åíèÿì íà ãëàäêîé
÷àñòè S ãðàíèöû ∂G. Ïðåäïîëàãàåòñÿ, ÷òî ðåøåíèå çàäà÷è ñóùå-
ñòâóåò è íåïðåðûâíî äèôôåðåíöèðóåìî â çàìêíóòîé îáëàñòè ñ òî÷-
íî çàäàííûì äàííûìè Êîøè. Äëÿ ýòîãî ñëó÷àÿ óñòàíàâëèâàåòñÿ
ÿâíàÿ ôîðìóëà ïðîäîëæåíèÿ ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: Çàäà÷à Êîøè, íåêîððåêòíûå çàäà÷è, ôóíêöèÿ
Êàðëåìàíà, ðåãóëÿðèçîâàííûå ðåøåíèÿ, ðåãóëÿðèçàöèÿ, ôîðìóëû
ïðîäîëæåíèÿ.
Regularization of the Cauchy problem for linear elliptic sys-
tems of the first order with constant coefficients

The thesis studies the continuation of the solution of the Cauchy prob-
lem for linear elliptic systems of the first order with constant coeffi-
cients in a domain G from its known values on a smooth part S of the
boundary ∂G. It is assumed that the solution of the problem exists
and is continuously differentiable in a closed domain with exactly given
Cauchy data. For this case, an explicit formula for the continuation
of the solution is established.

Keywords: Cauchy problem, ill-posed problems, Carleman function,
regularized solutions, regularization, continuation formulas.

Ïóñòü x = (x1, x2, x3) è y = (y1, y2, y3) òî÷êè òð¼õìåðíîãî Åâêëèäîâî-
ãî ïðîñòðàíñòâà R3, è G− îãðàíè÷åííàÿ îäíîñâÿçíàÿ îáëàñòü â R3 ñ
ãðàíèöåé ∂G = S ∪Q ñîñòîÿùåé èç êîìïàêòíîé ñâÿçíîé ÷àñòè Q ïëîñ-
êîñòè y3 = 0 è ãëàäêîãî êóñêà ïîâåðõíîñòè Ëÿïóíîâà S, ëåæàùåé â
ïîëóïðîñòðàíñòâå y3 > 0. Ïîëîæèì G = G ∪ ∂G.

Îáîçíà÷èì ÷åðåç Al×n(x) êëàññ ìàòðèö D
(
xT
)
, ýëåìåíòàìè êî-

òîðûõ ÿâëÿþòñÿ ëèíåéíûå ôîðìû ñ êîìïëåêñíûìè êîýôôèöèåíòàìè
òàêèõ, ÷òî âûïîëíÿåòñÿ ðàâåíñòâî D∗ (xT )D (xT ) = E

(
x2u0

)
; çäåñü

D∗ (xT ) - ñîïðÿæåííàÿ êD (xT ) ìàòðèöà, à E(x) - äèàãîíàëüíàÿ ìàòðè-
öà ðàçìåðíîñòü (n× l), n, l ≥ 3, u0 = (1, 1, . . . , 1) ∈ Rn, xT = (x1, x2, x3)

T

- òðàíñïîíèðîâàííûé âåêòîð x.

Òóðñóíîâ Ôàðõîä Ðóçèêóëîâè÷, äîê.ôèë. ïî ôèç. ìàò. íàóê, ÑàìÃÓ (Ñàìàðêàíä,
Óçáåêèñòàí); Tursunov Farkhod Ruzikulovich (Samarkand State University named after
Sharof Rashidov, Samarkand, Uzbekistan)
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Â îáëàñòè G ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

D

(
∂

∂x

)
U(x) = 0, x ∈ G, (1)

ãäå ∂
∂x

=
(

∂
∂x1

, ∂
∂x2

, ∂
∂x3

)T
, U(x) = (U1(x), U2(x), . . . , Un(x))

T .

Òðåáóåòñÿ íàéòè ôóíêöèþ U(x) ∈ C1(G)∩C(G) ÿâëÿþùèåñÿ ðåøå-
íèåì ñèñòåìû (1), ó êîòîðîãî èçâåñòíî çíà÷åíèå íà ÷àñòè S ãðàíèöû
îáëàñòè G ò.å.

U(x)|s = f(x) (2)

îòíîñèòåëüíî íåèçâåñòíîé ôóíêöèè
U(x) = (U1(x), U2(x), . . . , Un(x))

T ; n ≥ 3, çäåñü, f(x) - íåïðåðûâíàÿ
ôóíêöèÿ, çàäàííàÿ íà ÷àñòè S ãðàíèöû îáëàñòè G.

Åñëè ôóíêöèÿ U(x) ∈ C1(G) ∩ C(G) ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû
(1), òî âåðíî ñëåäóþùåå èíòåãðàëüíîå ïðåäñòàâëåíèå [1]:

U(x) =

∫
∂G

M(x, y)U(y)dSy, (3)

ãäå

M(x, y) =

(
E

(
1

4πr
u0

)
D∗
(
∂

∂x

))
D
(
tT
)
,

t = (t1, t2, t3) - åäèíè÷íàÿ âíåøíÿÿ íîðìàëü, ïðîâåäåííàÿ â òî÷êå ó
ãðàíèöû ∂G.

Ïóñòü σ > 0. Îïðåäåëèì ïðè α > 0 ôóíêöèè Φσ(x, y) ñëåäóþùèì
ðàâåíñòâîì [2]:

−2π2eσx
2
3Φσ(x, y) =

∫ +∞

0

Im

[
eσw

2

w − x3

]
du√

u2 + α2
, w = i

√
u2 + α2 + y3, (4)

ãäå

y′ = (y1, y2) , x′ = (x1, x2) , α =
∣∣y′ − x′

∣∣ ,
r = |y − x| = α2 + (y3 − x3)

2 , α2 = (y1 − x1)
2 + (y2 − x2)

2 .

Îòäåëÿÿ ìíèìóþ ÷àñòü ðàâåíñòâî (4), èìååì

Φσ(x, y) =
1

2π2
e−σ(α

2+x23−y3)

[∫ ∞

0

e−σu
2

cos 2σy3
√
u2 + α2

u2 + r2
du−

−
∫ ∞

0

e−σu
2

(y3 − x3) sin 2σy3
√
u2 + α2

u2 + r2
du√

u2 + α2

]
.

Ôîðìóëà (3) âåðíà, åñëè 1
4πr

çàìåíèòü ôóíêöèåé Φσ(x, y) îïðåäå-
ëÿåìîé ðàâåíñòâîì (4). Òîãäà èíòåãðàëüíîå ïðåäñòàâëåíèå (3) èìååò
âèä

U(x) =

∫
∂G

Nσ(x, y)U(y)dSy, x ∈ G (5)
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ãäå

Nσ(x, y) =

(
E
(
Φσ(x, y)u

0)D∗
(
∂

∂x

))
D
(
tT
)
. (6)

Ïîëîæèì

Uσ(x) =

∫
S

Nσ(x, y)U(y)dSy, x ∈ G. (7)

Òåîðåìà. Ïóñòü U(x) âåêòîð- ôóíêöèÿ èç êëàññà C1(G) ∩ C(Ḡ),
ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (1) íà ÷àñòè S ãðàíèöû ∂G óäîâëåòâî-
ðÿþùåå íà÷àëüíîìó óñëîâèå (2) è íà ÷àñòè Q ãðàíèöû ∂G âûïîëíåíî
íåðàâåíñòâî

|U(y)| ≤M, M > 0, y ∈ Q. (8)

Òîãäà äëÿ ëþáîãî x ∈ G è σ > 0 ñïðàâåäëèâû îöåíêè

|U(x)− Uσ(x)| ≤ ψ3 (σ, x3)Me−σx
2
3 , (9)∣∣∣∣∂U(x)

∂xi
− ∂Uσ(x)

∂xi

∣∣∣∣ ≤ ωi (σ, x3)Me−σx
2
3 , i = 1, 2, 3, (10)

ãäå

ψ3 (σ, x3) =

(
5

2π
+

1

8σx23
+

1

4x3
√
σπ

)
c, c = const ,

ω1 (σ, x3) =

(
13

√
σ√
π

+

√
π

2
√
σ
+

13

4
√
σπx23

+

√
σ√
πx23

)
c, ω2 (σ, x3) = ω1 (σ, x3) ,

ω3 (σ, x3) =

(√
σ

π
+

√
σ
(
11 + 4σx23

)
√
π

+
1√
σπ

(
27x3 + 16

27x33

))
c.

Ñëåäñòâèå 1. Ïðè êàæäîì x ∈ G ñïðàâåäëèâî ðàâåíñòâî

lim
σ→∞

Uσ(x) = U(x), lim
σ→∞

∂Uσ(x)

∂xi
=
∂U(x)

∂xi
, i = 1, 2, 3.

Îáîçíà÷èì ÷åðåç G
1
ε ìíîæåñòâî

G
1
ε =

{
(x1, x2, x3) ∈ G, a > x3 ≥ ε, a = max

T
h (x1, x2) , 0 < ε < a,

}
.

Ëåãêî çàìåòèòü, ÷òî ìíîæåñòâî G
1
ε ⊂ G ÿâëÿåòñÿ êîìïàêòíûì [3].

Ñëåäñòâèå 2. Åñëè x ∈ Ḡ1
ε, òî ñåìåéñòâî ôóíêöèé {Uσ(x)} è{

∂Uσ(x)
∂xi

}
Uσ(x) ⇒ U(x),

∂Uσ(x)

∂xi
⇒

∂U(x)

∂xi
, i = 1, 2, 3.

Ñëåäñòâèå 1 äàåò òî÷íîå ðåøåíèå çàäà÷è Êîøè (1)- (2) â ñëó÷àå,
êîãäà äàííûå Êîøè íà ïîâåðõíîñòè S çàäàíû òî÷íî.
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ÍÅËÎÊÀËÜÍÛÅ ÇÀÄÀ×È ÄËß ÓÐÀÂÍÅÍÈß
ÑÌÅØÀÍÍÎÃÎ ÒÈÏÀ ÂÒÎÐÎÃÎ ÐÎÄÀ

Ø.Ð. Ôàðìîíîâ,
farmonovsh@gmail.com

ÓÄÊ 517.956.6

Â íàñòîÿùåé ðàáîòå ñôîðìóëèðîâàíû òðè çàäà÷è ñ íåëîêàëüíûìè
óñëîâèÿìè íà ëèíèÿõ âûðîæäåíèÿ è íà áîêîâûõ õàðàêòåðèñòèêàõ
äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà âòîðîãî ðîäà ñ äâóìÿ ëèíèÿìè
âûðîæäåíèÿ. Ñôîðìóëèðîâàííûå çàäà÷è ýêâèâàëåíòíî ñâåäåíû ê
ñîîòâåòñòâóþùèì çàäà÷àì â îáëàñòè ýëëèïòè÷íîñòè óðàâíåíèÿ.
Ïðèâåäåíû òåîðåìû î ñóùåñòâîâàíèè åäèíñòâåííîãî ðåøåíèÿ èçó-
÷àåìûõ çàäà÷.

Êëþ÷åâûå ñëîâà: Óðàâíåíèå ñìåøàííîãî òèïà âòîðîãî ðîäà, çàäà-
÷à òèïà Ôðàíêëà, ïðèíöèï ýêñòðåìóìà, ñèíãóëÿðíîå èíòåãðàëüíîå
óðàâíåíèå.
The main tasks of mathematics

In the present work three problems with non-local conditions on the
lines of degeneracy and on the lateral characteristics for mixed type
equation of the second kind with two lines of degeneracy are formu-
lated. The formulated problems equivalently reduced to problems in
the elliptic part of the considered domain. The existence and unique-
ness theorems for studied problems are proved.

Keywords: Second kind mixed type equation, Frankl type problem,
extremum principle, singular integral equation.

Ïóñòü Ω - êîíå÷íàÿ îäíîñâÿçíàÿ îáëàñòü ïëîñêîñòè xOy, îãðàíè÷åí-
íàÿ îòðåçêàìè AB = {(x, y) : x + y = 1, x ≥ 0, y ≥ 0}, BA∗ = {(x, y) :
x = 0,−1 ≤ y ≤ 1} è äóãîé A∗A = {(x, y) :

√
x+

√
−y = 1, x > 0, y < 0},

à Ω0 = Ω ∩ {(x, y) : y > 0}, Ω1j = Ω ∩ {(x, y) : (−1)j (x + y) < 0, y < 0},
j = 1, 2.

Çàäà÷à A1 [A2]. Íàéòè ôóíêöèþ u(x, y) ∈ C
(
Ω
)
, óäîâëåòâîðÿþùóþ

ñëåäóþùèì óñëîâèÿì:
1) â îáëàñòè Ω0 åñòü ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ

xuxx + yuyy + αux + αuy = 0, 0 < α = const < (1/2) ; (1)

2) â Ω11 è Ω12 åñòü îáîáùåííîå ðåøåíèå óðàâíåíèÿ (1) èç êëàññà R2[1];
3) óäîâëåòâîðÿåò óñëîâèÿì

u(x, y) = φ(x, y), (x, y) ∈ AB; (2)

Ôàðìîíîâ Øåðçîäáåê Ðàõìîíæîíîâè÷, Ôåðãàíñêèé ãîñóäàðñòâåííûé óíèâåðñè-
òåò (Ôåðãàíà, Óçáåêèñòàí); Sherzodbek Farmonov (Fergana state university, Fergana,
Uzbekistan)
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u(0, y) + u(0,−y) = f(y), −1 ≤ y ≤ 1; (3)

u
[
x,−(1−

√
x)2
]
− u

[
(1−

√
x)2,−x

]
= p(x), (1/4) ≤ x ≤ 1; (4)

lim
x→+0

xαux(x, y) = g(y), 0 < y < 1; (5)[
lim
x→+0

xαux(x, y)− lim
x→+0

xαux(x,−y) = g(y), 0 < y < 1; (5′)

]
lim
y→−0

(−y)α uy(x, y) = − lim
y→+0

yαuy(x, y), 0 < x < 1. (6)

ãäå φ(x, y), f(t), p(t), g(t) � çàäàííûå íåïðåðûâíûå ôóíêöèè, ïðè÷åì
p(1/4) = 0, φ(1, 0) + φ(0, 1) = p(1) + f(1).

Îòìåòèì, ÷òî óðàâíåíèå (1) â îáëàñòè Ω0 ïðèíàäëåæèò ýëëèïòè÷å-
ñêîìó òèïó, à â Ω11 è Ω12 � ãèïåðáîëè÷åñêîìó òèïó, ïðè÷åì îòðåçîê OA
ÿâëÿåòñÿ ëèíèåé èçìåíåíèÿ òèïà.

Î÷åâèäíî, ÷òî (3) è (5′) ÿâëÿþòñÿ óñëîâèÿìè òèïà óñëîâèÿ Ôðàíê-
ëÿ, à óñëîâèå (4) ñâÿçûâàåò çíà÷åíèÿ èñêîìîé ôóíêöèè â òî÷êàõ, ëå-
æàùèõ íà äóãàõ A∗D è DA õàðàêòåðèñòèêè

√
x+

√
−y = 1 óðàâíåíèÿ

(1), ãäå A(1, 0), A∗(0,−1), D(1/4; 1/4).
Ïóñòü u(x, y) ðåøåíèå çàäà÷è A1. Ââåä¼ì îáîçíà÷åíèÿ:

τ11(t) = u(t, 0), τ12(−t) = u(0,−t), τ21(t) = u(0, t), 0 ≤ t ≤ 1;

ν+11(t) = lim
y→+0

yαuy(t, y), ν11(t) = lim
y→−0

(−y)α uy(t, y), t ∈ (0, 1);

ν+21(t) = lim
x→+0

xαux(x, t), ν12(−t) = lim
x→+0

xαux(x,−t), t ∈ (0, 1);

u1j(x, y) = u(x, y), (x, y) ∈ Ω1j , j = 1, 2.

Îáîáùåííûå ðåøåíèÿ u1j(x, y) ∈ R2, óðàâíåíèÿ (1) â îáëàñòÿõ Ω11

è Ω12 ïðåäñòàâèìû â âèäå[2]

u1j(x, y) =

ξ∫
0

σ−βT1j(z)dt+
1

2cos(βπ)

η∫
ξ

(−σ)−βN1j(z)dt, (7)

ãäå β = α − (1/2), ξ =
∣∣∣√|x| −

√
|y|
∣∣∣2 , η =

(√
|x|+

√
|y|
)2
,

T1j(z) = sign(z)
χ1

2

d2

dz2

z∫
0

(z − s)2β [τ1j(s)− τ1j(0)]ds,

N1j(z) = T1j(z) + (−1)jχ |t|α−1ν−1j(z), z = (−1)j+1t, j = 1, 2;

σ = (ξ − t)(η − t), χ = 24β−1(1 − α)−1cos(βπ)Γ(2 − 2β)Γ−2(1 − β),
χ1 = sin(βπ)(βπ)−1, Γ(z)�ãàììà-ôóíêöèÿ Ýéëåðà.

Êðîìå òîãî, â ñèëó u(x, y) ∈ C
(
Ω
)
, ñïðàâåäëèâî ðàâåíñòâî

lim
y→−x+0

u11(x, y) = lim
y→−x−0

u12(x, y), 0 < x < (1/4). (8)
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Ïîäñòàâëÿÿ ôóíêöèè u1j(x, y), îïðåäåëÿåìûå ôîðìóëàìè (7), â ðà-
âåíñòâî(8), ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé, ïîëó÷èì

T11(t)− T12(−t) = χ tα−1 [ν11(t) + ν12(−t)] , 0 < t < 1. (9)

Äàëåå, ñ ïîìîùüþ ôîðìóë (7) íàõîäèì u11

[
x,−(1−

√
x)2
]
,

u12

[
(1−

√
x)2,−x

]
è ïîäñòàâëÿåì â óñëîâèå (5). Çàòåì, èñïîëüçóÿ ðà-

âåíñòâî(9), óñëîâèå (3) è ñ÷èòàÿ τ1j(0) = 0, èìååì

τ11(t) + τ21(t) = f(t) + Φ1(t), 0 ≤ t ≤ 1, (10)

ãäå Φ1(t) = χ1

t∫
0

(1− ζ)β

(t− ζ)2β
dζ

d2

dζ2

ζ∫
0

(ζ − s)βp

[
(1 +

√
s)2

4

]
ds.

Ðàâåíñòâî (10) ÿâëÿåòñÿ ôóíêöèîíàëüíûì ñîîòíîøåíèåì ìåæäó
τ11(t) è τ21(t), ïîëó÷àåìûì èç òîãî óñëîâèÿ, ÷òî ðåøå-íèå çàäà÷è A1

äîëæíî óäîâëåòâîðèòü óñëîâèÿì (3)-(5) è (8).
Ýòèì çàäà÷à A1 ýêâèâàëåíòíî ñâåäåíà ê ñëåäóþùåé çàäà÷å Ã1: íàé-

òè ðåãóëÿðíîå â îáëàñòè Ω0 ðåøåíèå u(x, y) ∈ C(Ω0) óðàâíåíèÿ (1),
óäîâëåòâîðÿþùåå óñëîâèÿì (2),(5) è (10).

Àíàëîãè÷íûì ìåòîäîì, çàäà÷à A2 ýêâèâàëåíòíî ñâåäåòñÿ ê çàäà÷å
Ã2, îá îïðåäåëåíèè ðåãóëÿðíîãî â îáëàñòè Ω0 ðåøåíèÿ óðàâíåíèÿ (1),
óäîâëåòâîðÿþùåãî óñëîâèÿì (2),(10) è

ν+21(x)− ν+11(x) = Φ2(x),

ãäå Φ2(t) = g(x) +
χ1

χ

(1− t)β

tα−1

d2

dt2

t∫
0

(t− s)βp

[
(1 +

√
s)2

4

]
ds.

Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷ A1

(
Ã1

)
è A2

(
Ã2

)
äîêàçûâàåòñÿ

ìåòîäîì ïðèíöèïà ýêñòðåìóìà, à ñóùåñòâîâàíèå-ìåòîäîì èíòåãðàëü-
íûõ óðàâíåíèé.

Òåîðåìà. Ïóñòü çàäàííûå ôóíêöèè óäîâëåòâîðÿþò ñëåäóþùèì
óñëîâèÿì:

1) φ(x, y) = [x(1− x)]ε φ̃(x), φ̃(x) ∈ C[0, 1], ε > 1 + α;

2) f(t) = A
[
t−2β − 1

]
+ f̃(t), f̃(0) = A, f̃(t) ∈ C(2,γ)[0, 1], γ >

0;
3) p(t) = (t− 1/4)γ1 (1− t)γ2 p̃(t), p̃(t) ∈ C[1/4, 1], γ1 ≥ 2−4β, γ2 ≥

4;
4) g(t) = t1−αg̃(t), g̃(t) ∈ C[0, 1] ∩ L(0, 1),

ãäå

A =
42ββΓ2(β)

2πΓ(2β)

1∫
0

φ̃(t)[t(1− t)]β+ε−(1/2)dt.

Òîãäà çàäà÷à A1 (A2) èìååò åäèíñòâåííîå ðåøåíèå.
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Äîêàçàí ïðèíöèï ñóáîðäèíàöèè äëÿ îäíîãî êëàññà óðàâíåíèé ñ
ïðîïîðöèîíàëüíûìè ðàñïðåäåëåííûìè äðîáíûìè ïðîèçâîäíûìè
â áàíàõîâûõ ïðîñòðàíñòâàõ.

Êëþ÷åâûå ñëîâà: äðîáíàÿ ïðîèçâîäíàÿ Ãåðàñèìîâà � Êàïóòî, ðàñ-
ïðåäåëåííàÿ ïðîèçâîäíàÿ, ðàçðåøàþùåå ñåìåéñòâî îïåðàòîðîâ,
ïðèíöèï ñóáîðäèíàöèè, ôóíêöèÿ òèïà Ðàéòà.
Subordination principle for a class of equations of equations
with a distributed derivative

The principle of subordination is proved for a class of equations with
proportional distributed fractional derivatives in Banach spaces.

Keywords: Gerasimov–Caputo fractional fractional derivative, dis-
tributed derivative, resolving family of operators, subordination prin-
ciple, Write type function.

Ïóñòü c1 > c2 > 0, ðàññìîòðèì äâà óðàâíåíèÿ ñ ðàñïðåäåëåííîé ïðîèç-
âîäíîé Ãåðàñèìîâà � Êàïóòî:

c1∫
0

Dαz(t)dµ1(α) = Az(t), t ∈ R+, (1)

c2∫
0

Dαz(t)dµ2(α) = Az(t), t ∈ R+, (2)

ãäå A � ëèíåéíûé çàìêíóòûé îïåðàòîð ñ ïëîòíîé îáëàñòüþ îïðåäå-
ëåíèÿ â áàíàõîâîì ïðîñòðàíñòâå Z, µi ∈ BV (0, ci], i = 1, 2 (ôóíêöèè
îãðàíè÷åííîé âàðèàöèè). Ïóñòü γ := c2/c1 ∈ (0, 1), dµ2(β) = dµ1(β/γ)
ïðè β ∈ (0, c2), òîãäà ïðè | arg λ| < π

W1(λ
γ) :=

c1∫
0

λγαdµ1(α) =

c2∫
0

λβdµ1(β/γ) =

c2∫
0

λβdµ2(β) :=W2(λ).

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà è Ïðàâè-
òåëüñòâà ×åëÿáèíñêîé îáëàñòè �24-11-20002.

Ôåäîðîâ Âëàäèìèð Åâãåíüåâè÷, ä.ô.-ì.í., çàâåäóþùèé êàôåäðîé ìàòåìàòè÷å-
ñêîãî àíàëèçà, ×åëÿáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (×åëÿáèíñê, Ðîññèÿ);
Vladimir Fedorov (Chelyabinsk State University, Chelyabinsk, Russia)

Ôèëèí Íèêîëàé Âëàäèìèðîâè÷, àññèñòåíò, ×åëÿáèíñêèé ãîñóäàðñòâåííûé óíè-
âåðñèòåò (×åëÿáèíñê, Ðîññèÿ); Nikolay Filin (Chelyabinsk State University, Chelyabinsk,
Russia)
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Áóäåì ãîâîðèòü, ÷òî îïåðàòîð A ïðèíàäëåæèò êëàññó CW (ω), åñëè ïðè
íåêîòîðûõ K,ω ≥ 0 âûïîëíÿþòñÿ óñëîâèÿ:

(i) if Reλ > ω, then W (λ) ∈ ρ(A);
(ii) if Reλ > ω, then for all n ∈ N0∥∥∥∥ dndλn

(
W (λ)

λ
(W (λ)I −A)−1

)∥∥∥∥
L(Z)

≤ Kn!

(λ− ω)n+1
.

Åñëè A ∈ CWi(ω) ïðè ω ≥ 0, òî ðàçðåøàþùåå ñåìåéñòâî îïåðàòîðîâ
óðàâíåíèÿ (i) îáîçíà÷èì {Si(t) ∈ L(Z) : t > 0}, i = 1, 2.

Îïðåäåëèì êëàññ AW (θ0, ω0) ïðè θ0 ∈ (π/2, π], ω0 ≥ 0 êàê ìíîæå-
ñòâî îïåðàòîðîâ A, òàêèõ, ÷òî:

(i) ïðè ëþáîì λ ∈ Sθ0,ω0 := {µ ∈ C : | arg(µ − ω0)| < θ0, µ ̸= ω0}
èìååì W (λ) ∈ ρ(A);

(ii) ïðè ëþáûõ θ ∈ (π/2, θ0), ω > ω0 ñóùåñòâóåò òàêîå K(θ, ω) > 0,
÷òî ïðè âñåõ λ ∈ Sθ,ω ∥(W (λ)I −A)−1∥L(Z) ≤ |W (λ)|−1K(θ, ω).

Òåîðåìà 1. Ïóñòü 2 > c1 > c2 > 0, γ = c2/c1 ∈ (0, 1), dµ2(β) =
dµ1(β/γ) ïðè β ∈ (0, c2), ω ≥ 0, A ∈ CW1(ω). Òîãäà A ∈ AW2(θ0, ω

1/γ),

θ0 = min
{
π, π

2γ

}
, è ïðè d ∈ (0, 1) äëÿ âñåõ z ∈ Z,

S2(t)z =

∞∫
0

t−γΦγ(st
−γ)S1(s)zds =

1

2πi

d+i∞∫
d−i∞

Γ(1− σ)

Γ(1− γσ)
t−γσM[S1(t)z](σ)dσ.

Çäåñü Φγ � ôóíêöèÿ òèïà Ðàéòà, M � ïðåîáðàçîâàíèå Ìåëëèíà.
Ïðèíöèï ñóáîðäèíàöèè äëÿ ðàçëè÷íûõ êëàññîâ óðàâíåíèé ìîæíî

íàéòè â [1, 2].
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Â äàííîé ðàáîòå ïðåäëàãàåòñÿ íîâûé ìåòîä äëÿ èññëåäîâàíèÿ îä-
íîçíà÷íîé ðàçðåøèìîñòè îáðàòíûõ çàäà÷ äëÿ óðàâíåíèÿ ñìåøàí-
íîãî òèïà âòîðîãî ðîäà, ÷åòâåðòîãî ïîðÿäêà â òðåõìåðíîì ïàðàë-
ëåëåïèïåäå.

Êëþ÷åâûå ñëîâà: ìåòîäû ε−ðåãóëÿðèçàöèÿ è ñæèìàþùèå îòîáðà-
æåíèÿ.

This paper proposes a new method for studying the unique solvability
of inverse problems for a mixed type equation of the second kind,
fourth order in a three-dimensional parallelepiped.

Keywords: ε−regularization and contraction mapping methods

Â òðåõìåðíîì ïàðàëëåëåïèïåäå

G = (0, 1)× (0, T )× (0, ℓ) = Q× (0, ℓ) =

= {(x, t); 0 < x < 1; 0 < y < ℓ; 0 < t < T < +∞}
ðàññìîòðèì óðàâíåíèÿ ñìåøàííîãî òèïà âòîðîãî ðîäà ÷åòâåðòîãî ïî-
ðÿäêà

Lu = Pu−Mu+Nu = ψ(x, t, y). (1)

Çäåñü Pu =
∑4
i=0Ki(x, t)D

i
tu; Mu = auxxxx− buxxtt− cuxx; Nu = uyyyy,

ãäå K4(x, t) = K4(t), K4(0) = K4(T ) = 0; a, b, c − const > 0, Di
tu = ∂iu

∂ti

(i = 0, 1, 2, 3, 4), D0
tu = u.

Óðàâíåíèå (1) îòíîñèòñÿ ê óðàâíåíèÿì ñìåøàííîãî òèïà âòîðîãî
ðîäà, òàê êàê íà çíàê ôóíêöèè K4(t) ïî ïåðåìåííîé t âíóòðè îòðåçêà
[0, T ] íå íàëàãàåòñÿ íèêàêèõ îãðàíè÷åíèé [1,2].

Â äàëüíåéøåì áóäåì ïðåäïîëîãàòü, ÷òî ψ(x, t, y) = g(x, t, y)+h(x, t)·
f(x, t, y), ãäå g(x, t, y) è f(x, t, y)− çàäàííûå ôóíêöèè, à ôóíêöèÿ h(x, t)
ïîäëåæèò îïðåäåëåíèþ.

Õàëõàäæàåâ Áàõòè¼ð Áàòûðîâè÷, àñïèðàíò, ÈÌ èì. Â.È. Ðîìàíîâñêîãî ÀÍ
Ð.Óç. (Òàøêåíò, Óçáåêèñòàí); Bakhtiyor Khalkhadzhayev (V.I.Romanovskiy Institute
of Mathematics, Uzbekistan Academy of Sciences, Tashkent, Uzbekistan

Äæàìàëîâ Ñèðîæèääèí Çóõðèääèíîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÈÌ èì. Â.È. Ðî-
ìàíîâñêîãî ÀÍ Ð.Óç. (Òàøêåíò, Óçáåêèñòàí); Sirojiddin Dzhamalov (V.I.Romanovskiy
Institute of Mathematics, Uzbekistan Academy of Sciences, Tashkent, Uzbekistan)
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Ëèíåéíàÿ îáðàòíàÿ çàäà÷à. Íàéòè ôóíêöèè {u(x, t, y), h(x, t)},
óäîâëåòâîðÿþùèå óðàâíåíèþ (1) â îáëàñòè G, òàêèå, ÷òî ôóíêöèÿ
u(x, t, y) óäîâëåòâîðÿåò ñëåäóþùèì êðàåâûì óñëîâèÿì

γDp
t u|t=0 = Dp

t u|t=T ; p = 0, 1, 2 (2)

Dq
x u|x=0 = Dq

x u|x=1 ; q = 0, 1, 2 , 3 (3)

Dq
y u|y=0 = Dq

y u|y=ℓ ; q = 0, 1, 2 , 3 (4)

è äîïîëíèòåëüíîìó óñëîâèþ

u(x, t, ℓ0) = φ0(x, t), ãäå 0 < ℓ0 < ℓ < +∞ (5)

è âìåñòå ñ ôóíêöèåé h(x, t) ïðèíàäëåæèò êëàññó

U = { (u, h)| u ∈W 4,3
2 (G);h ∈W 4

2 (Q)}.

Çäåñü W 4,3
2 (G) àíèçîòðîïíûå ïðîñòðàíñòâà Ñîáîëåâà ñ íîðìîé

∥u∥2
W

4,3
2 (G)

=

√
2

ℓ

∞∑
k=1

(1 + µ4
k)

3 ∥uk(x, t)∥2W4
2 (Q) (6)

à íîðìà â ïðîñòðàíñòâå Ñîáîëåâà W 4
2 (Q) îïðåäåëÿåòñÿ ñëåäóþùèì îá-

ðàçîì

∥ϑ∥2W4
2 (Q) =

∑
|α|≤4

∫
Q

|Dαϑ|2 dxdt,

ãäå α−ýòî ìóëüòèèíäåêñ, Dα− åñòü îáîáùåííàÿ ïðîèçâîäíàÿ ïî ïåðå-
ìåííûì x è t.
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ÂÛÐÎÆÄÅÍÍÛÕ ÎÑÎÁÛÕ ÒÎ×ÅÊ ÁÈÍÀÐÍÛÕ
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Äëÿ âûðîæäåííûõ áèíàðíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
ïðåäúÿâëåí ïðèìåð ôîðìàëüíîé íîðìàëüíîé ôîðìû, äëÿ êîòîðîé
íîðìàëèçóþùèå ðÿäû, êàê ïðàâèëî, ðàñõîäÿòñÿ.

Êëþ÷åâûå ñëîâà: áèíàðíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, íîðìà-
ëèçóþùèå ðÿäû, íîðìàëüíûå ôîðìû.
On the divergence of normalizing series for degenerate sin-
gular points of binary differential equations

For degenerate binary differential equations, an example of a formal
normal form is presented for which the normalizing series, as a rule,
diverge.

Keywords: binary differential equations, normalizing series, normal
forms.

Áèíàðíîå äèôôåðåíöèàëüíîå óðàâíåíèå � ýòî íåÿâíîå äèôôåðåíöè-
àëüíîå óðàâíåíèå âèäà

ap2 + 2bp+ c = 0, p =
dy

dx
(1)

ñ êîýôôèöèåíòàìè a = a(x, y), b = b(x, y), c = c(x, y), àíàëèòè÷åñêèìè
â îêðåñòíîñòè òî÷êè (0, 0). Â ñëó÷àå

a(0, 0) = b(0, 0) = c(0, 0) = 0 (1)

òî÷êó (0, 0) áóäåì íàçûâàòü âûðîæäåííîé îñîáîé òî÷êîé áèíàðíîãî
äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1). Çàäà÷à î êëàññèôèêàöèè âûðîæ-
äåííûõ îñîáûõ òî÷åê áèíàðíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïîñòàâ-
ëåíà â [1]; òàì æå ïîëó÷åíà (äîñòàòî÷íî ïðîñòàÿ) èõ òîïîëîãè÷åñêàÿ
êëàññèôèêàöèÿ.

Àíàëèòè÷åñêàÿ (è äàæå ôîðìàëüíàÿ) êëàññèôèêàöèè áèíàðíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé (1), (2) íàìíîãî ñëîæíåå. Ê íàñòîÿùåìó
âðåìåíè ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû. Æåñòêîñòü: äëÿ òèïè÷íûõ
áèíàðíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (1), (2), èç ôîðìàëüíîé ýêâè-
âàëåíòíîñòè ñëåäóåò àíàëèòè÷åñêàÿ. Àíàëîãè÷íîå óòâåðæäåíèå î æåñò-
êîñòè ïîëó÷åíî â [2] è ïðè íåêîòîðûõ íàðóøåíèÿõ óñëîâèé òèïè÷íîñòè.
Îäíàêî, ÿâëåíèå æåñòêîñòè íå óíèâåðñàëüíî.

×åðåïàíîâà Åëåíà Àíàòîëüåâíà, ñòàðøèé ïðåïîäàâàòåëü, ×åëÃÓ (×åëÿáèíñê,
Ðîññèÿ); Elena Cherepanova ( Chelyabinsk State University, Chelyabinsk, Russia)
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Òåîðåìà 1. Äëÿ áèíàðíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ôîð-
ìàëüíî ýêâèâàëåíòíûõ ìîäåëè

(x+ xy)p2 + 2xp+ 2x+ y = 0, p =
dy

dx

íîðìàëèçóþùèå ðÿäû, êàê ïðàâèëî, ðàñõîäÿòñÿ.
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ËÈÍÈÅÉ
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Äëÿ îáîáùåííîé ñèñòåìû Êîøè�Ðèìàíà, êîýôôèöèåíò êîòîðîé
èìååò îñîáåííîñòè âûñîêîãî ïîðÿäêà íà ìíèìîé îñè ïîëó÷åíà ôîð-
ìóëà îáùåãî ðåøåíèÿ è ðàññìîòðåíà çàäà÷à Ðèìàíà ñ êðàåâûì
óñëîâèåì íà ðàçðåçå ïî âåùåñòâåííîé ïîëóîñè.

Êëþ÷åâûå ñëîâà: îáîáùåííûå àíàëèòè÷åñêèå ôóíêöèè, ñèíãóëÿð-
íàÿ ëèíèÿ, êðàåâàÿ çàäà÷à Ðèìàíà.
Riemann boundary value problem for a generalized Cauchy-
Riemann system with a supersingular line

We obtain a formula for the general solution of a generalized Cauchy-
Riemann system with high-order singularities on the imaginary axis.
For solutions to this system, consider the Riemann problem with a
boundary condition on a section along a real semi-axis.

Keywords: generalized analytical functions, singular line, Riemann
boundary value problem.

Â ïëîñêîñòè C êîìïëåêñíîãî ïåðåìåííîãî z = x + iy ðàññìîòðèì
îáëàñòü D, ãðàíèöåé êîòîðîé ñëóæèò äåéñòâèòåëüíàÿ ïîëîæèòåëüíàÿ
ïîëóîñü Γ, è ìíèìóþ îñü L = {z : ℜz = 0}. Â îáëàñòè D ðàññìîòðèì
÷àñòíûé ñëó÷àé îáîáùåííîé ñèñòåìû Êîøè-Ðèìàíà ñ ñâåðõñèíãóëÿð-
íîé ëèíèåé L :

∂zU −A(z)U = F (z), A(z) =
(z + z)a(z)

|z + z|α+1
, 1 ≤ α < 2,

ãäå a(z), F (z) ∈ C(D \ L). Ñëåäóÿ ìåòîäó èç [1] (ðàçâèòèå ýòîãî ìå-
òîäà â ïîñëåäóþùèõ ðàáîòàõ À.Á. Ðàñóëîâà (ñì.,íàïðèìåð, [2])), ìû
áóäåì ïðåäïîëàãàòü, ÷òî äëÿ A(z) ñóùåñòâóåò òàêàÿ àíàëèòè÷åñêàÿ â
D, îãðàíè÷åííàÿ â D ôóíêöèÿ a0(z), ÷òî

A0(z) :=
(z + z)a(z)− a0(z)

|z + z|α+1
∈ Lp,p′(D), p > 2, 1 < p′ < 2.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò � 23-21-00212).
Øàáàëèí Ïàâåë Ëåîíèäîâè÷, ä.ô.-ì.í., äîöåíò, ÊÃÀÑÓ (Êàçàíü, Ðîññèÿ); Pavel

Shabalin (Kazan State University of Architecture and Engineering, Kazan, Russia)
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Â îòëè÷èå îò ðàáîò [1], [2], ãäå a0(z) ∈ C(D), ìû áóäåì ñ÷èòàòü, ÷òî ýòà
ôóíêöèÿ èìååò íàðóøåíèå íåïðåðûâåîñòè â òî÷êàõ z = 0, z = ∞. Ïðè
ýòîì, ïîòðåáóåì âûïîëíåíèÿ óñëîâèé

|a0(z)− a0(−z)| ≤ K(|z + z|β), x→ 0, 0 < β, y ̸= 0;

a0(z) = O(|z|), z → 0, y ̸= 0;

è åñëè α = 1, òî

a0(z) = O(|z|−γ), z → ∞, γ > 0, y ̸= 0.

Ãðàíè÷íûå çíà÷åíèÿ ôóíêöè a0(z), íà ðàçðåçå ïî Γ, ò.å. ôóíêöèè
a+0 (x), a

−
0 (x), áóäåì ñ÷èòàòü íåïðåðûâíûìè ïî Ã¼ëüäåðó íà èíòåðâà-

ëå (0,+∞). Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ ïîëó÷åíà ôîðìóëà îáùåãî
ðåøåíèÿ óêàçàííîé îáîáùåííîé ñèñòåìû Êîøè�Ðèìàíà.

Äëÿ ðåøåíèé U(z) ýòîé ñèñòåìû â îáëàñòè D èññëåäóåì çàäà÷ó Ðè-
ìàíà ñ êðàåâûì óñëîâèåì íà ëó÷å Γ

U+(t) = G(t)U−(t) + g(t), t ∈ Γ,

ñ íåïðåðûâíûìè ïî Ãåëüäåðó âñþäó íà Γ, âêëþ÷àÿ áåñêîíå÷íî óäà-
ëåííóþ òî÷êó, ôóíêöèÿìè lnG(t) è g(t). Â ïîñëåäíåé ôîðìóëå
U+(t), U−(t)− ïðåäåëüíûå çíà÷åíèÿ ôóíêöèè U(z) ïðè z → t ñëåâà
è ñïðàâà. Âûâåäåíà ôîðìóëà îáùåãî ðåøåíèÿ êðàåâîé çàäà÷è è â òåð-
ìèíàõ õàðàêòåðèñòèê b±0± := limx→0± a

±
0 (x), b

±
±∞ := limx→±∞ a±0 (x)

äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèé â êëàññå
îãðàíè÷åííûõ â îáëàñòè D îáîáùåííûõ àíàëèòè÷åñêèõ ôóíêöèé.
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Èçó÷àåòñÿ ôèëüòðàöèÿ ôëþèäà â òðåùèíå, îáðàçîâàííîé ïóòåì
ãèäðîðàçðûâà ïëàñòà, ïàðàëëåëüíîé îñè âåðòèêàëüíîé ñêâàæèíû.
Ðàññìàòðèâàåòñÿ âåðòèêàëüíàÿ ñèììåòðè÷íàÿ òðåùèíà êîíå÷íîé
äëèíû.

Êëþ÷åâûå ñëîâà: ÃÐÏ, èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå, äè-
íàìèêà äàâëåíèÿ, íåôòÿíàÿ ñêâàæèíà, äåáèò æèäêîñòè.
Fluid filtration in finite length fracture

Fluid filtration in a fracture formed by hydraulic fracturing parallel
to the axis of a vertical well is studied. Vertical symmetric fractures
of finite length are considered.

Keywords: hydraulic fracturing, integro-differential equation, pressure
dynamics, oil well, fluid flow rate.

Òðåùèíà ÃÐÏ, ðàññìàòðèâàåìàÿ â ðàáîòå, ïðåäñòàâëÿåò èç ñåáÿ îáëàñòü
â íåôòÿíîì ïëàñòå â âèäå î÷åíü óçêîãî ïàðàëëåëåïèïåäà, äëèíà êîòî-
ðîãî ñóùåñòâåííî áîëüøå åãî âûñîòû, ñîñòàâëÿþùåé 10 � 30 ìåòðîâ,
øèðèíà òðåùèíû 1 � 5 ìèëëèìåòðîâ. Ðàñïîëîæåíà òðåùèíà ñèììåò-
ðè÷íî îòíîñèòåëüíî îñè íåôòÿíîé ñêâàæèíû. Â ñëó÷àå íàãíåòàòåëüíîé
ñêâàæèíû èç ñêâàæèíû â òðåùèíó ïîñòóïàåò æèäêîñòü, êîòîðàÿ çàòåì
ïåðåòåêàåò â ïëàñò. Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî æèäêîñòü â îñíîâíîì
òå÷åò ïåðïåíäèêóëÿðíî ñòåíêàì òðåùèíû. Êðîìå òîãî ïðåäïîëàãàåòñÿ
, ÷òî â òî÷êàõ òðåùèíû, ðàñïîëîæåííûõ íà îäíîé âåðòèêàëè, äàâëåíèå
îäèíàêîâî. Ýòî äîïóùåíèå ïîçâîëÿåò íàì èñïîëüçîâàòü äâå ïðîñòðàí-
ñòâåííûå êîîðäèíàòû âìåñòî òðåõ.

Â ðàáîòå ðåøàåòñÿ èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèå [2-3],
îïèñûâàþùåå ôèëüòðàöèþ ôëþèäà â òðåùèíå:

∂2∆Pf
∂x2

= χf

t∫
0

∂∆Pf
∂τ

∂τ√
π (t− τ)

,
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ïðè ãðàíè÷íûõ óñëîâèÿõ ∆P
f

∣∣∣∣ t≤0
x≥0

= 0,
∂∆Pf

∂x |x=l = 0, ∆P
f| t>0
x=0

=

∆Pf(w) = const � îòêëîíåíèå äàâëåíèÿ îò ïåðâîíà÷àëüíîãî çíà÷åíèÿ
íà ñêâàæèíå. Çäåñü Pf = Pf (x, t) � äàâëåíèå â òðåùèíå íà ðàññòîÿíèè
x îò ñòåíêè ñêâàæèíû, 0 ≤ x < l, t > 0; ∆Pf = Pf − P0 � îòêëîíåíèå
äàâëåíèÿ îò ïåðâîíà÷àëüíîãî ïëàñòîâîãî äàâëåíèÿ P0, χf =

2mp

dfmf

√
κp

κf
,

ãäå mp, mf � ïîðèñòîñòè, κp, κf � êîýôôèöèåíòû ïüåçîïðîâîäíîñòè.
Íèæíèå èíäåêñû p è f ñîîòâåòñòâóþò çíà÷åíèÿì ïàðàìåòðîâ â ïëàñòå
è òðåùèíå ÃÐÏ.

Ðåøåíèå, îïèñûâàþùåå äèíàìèêó äàâëåíèÿ â òðåùèíå ÃÐÏ, ïîëó-
÷àåì â ñëåäóþùåì âèäå.

∆Pf (t, x) = ∆Pf(w) ·

1− 1

π
·

+∞∫
0

Φ · e
−ρt

ρ
dρ

 ,

ãäå

Φ =
chA · cosA · shB · sinB − shA · sinA · chB · cosB

ch2B + cos2B − 1

A = (l − x) · √χf · ρ1/4/
√
2, B = l · √χf · ρ1/4/

√
2.

Ñ ïîìîùüþ íàéäåííîãî ðåøåíèÿ ïîëó÷åíî èçìåíåíèå äåáèòà ñêâà-
æèíû è èçó÷åíî âëèÿíèå êîëëåêòîðñêèõ õàðàêòåðèñòèê ïëàñòà è òðå-
ùèíû íà äèíàìèêó äàâëåíèÿ â òðåùèíå ÃÐÏ.
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Â ðàáîòå ðàññìàòðèâàåòñÿ ñèñòåìà òðåõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ïåðâîãî ïîðÿäêà ñ òðåìÿ íåçàâèñèìûìè ïåðåìåííûìè, ïðè-
÷åì ýòè óðàâíåíèÿ ñâÿçàíû â ñèëó íåèçâåñòíîé ôóíêöèè. Äëÿ ðàñ-
ñìàòðèâàåìîé ñèñòåìû ïîëó÷åíû ïðåäñòàâëåíèÿ ìíîãîîáðàçèÿ ðå-
øåíèé ïðè ïîìîùè îäíîé ïðîèçâîëüíîé ïîñòîÿííîé. Èçó÷åíà ñâîé-
ñòâà ïîëó÷åííîå ðåøåíèå è ðàññìîòðåíà çàäà÷à ñ íà÷àëüíûìè äàí-
íûìè K1.

Êëþ÷åâûå ñëîâà: ïåðåîïðåäåëå�ííàÿ ñèñòåìà, ìíîãîîáðàçèÿ ðåøå-
íèé, ïðÿìîóãîëüíèê, ñèíãóëÿðíûé êîýôôèöèåíò, ñâîéñòâà ðåøå-
íèé.
INTEGRAL REPRESENTATIONS OF SOLUTIONS FOR
ONE OVERDETERMINED SYSTEM OF FIRST-ORDER
DIFFERENTIAL EQUATIONS WITH A SINGULAR
POINT

The paper considers a system of three first-order differential equations
with three independent variables, where these equations are related by
virtue of an unknown function. For the system under consideration,
representations of the manifold of solutions are obtained using one
arbitrary constant. The properties of the obtained solution are studied
and the problem with initial data K1 is considered.

Keywords: overdetermined system, manifold solutions, rectangle, sin-
gular coefficient, properties of solutions.

×åðåç îáëàñòè Ω îáîçíà÷èì ïàðàëëåëåïèïåä.

D = {(x, y, z), 0 < x < a, 0 < y < b, 0 < z < c}.

Øàìñóäèíîâ Ôàéçóëëî Ìàìàäóëëîåâè÷, ä.ô.-ì.í., ïðîôåññîð, Áîõ.ÃÓ (Áîõòàð,
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ñîîòâåòñòâåííî îáîçíà÷èì:

Ω11 = {x = 0, 0 < y < b, 0 < z < c}, Ω31 = {y = 0, 0 < x < a, 0 < z < c},

Ω31 = {y = 0, 0 < x < a, 0 < y < b}, Γ11 = {y = 0, z = 0, 0 < x < a},
Γ21 = {x = 0, z = 0, 0 < y < b}, Γ31 = {x = 0, y = 0, 0 < z < c},

Â îáëàñòè Ω ðàññìîòðèì ñëåäóþùóþ ëèíåéíóþ ïåðåîïðåäåëåííóþ ñè-
ñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé ñëåäóþùåãî âèäà

∂u

∂x
+
a(x, y, z)

rα
u =

f1(x, y, z)

rα
,

∂u

∂y
+
b(x, y, z)

rβ
u =

f2(x, y, z)

rβ
,

∂u

∂z
+
c(x, y, z)

rγ
u =

f3(x, y, z)

rγ
,

(1)

ãäå r =
√
x2 + y2 + z2, a(x, y, z), b(x, y, z), c(x, y, z) fj(x, y, z), (j =

1, 2, 3) � çàäàííûå ôóíêöèè â îáëàñòè Ω.
Ïðîáëåìà èññëåäîâàíèþ äèôôåðåíöèàëüíûõ óðàâíåíèé è ïåðåîïðå-

äåë�åííûõ ñèñòåì ñ ñèíãóëÿðíûìè êîýôôèöèåíòàìè ïîñâÿùåíû ðàáîòû
[1] � [6].

Â íàñòîÿùåé ðàáîòå íà îñíîâå ñïîñîáà ðàçðàáîòàííîãî â [2] è [3]
ïîëó÷åíî ïðåäñòàâëåíèå ðåøåíèé ñèñòåìû óðàâíåíèé (1) ïðè ïîìîùè
îäíîé ïðîèçâîëüíîé ïîñòîÿííîé.

Èññëåäóåòñÿ ñèñòåìà óðàâíåíèé (1) êîãäà òðåòüå óðàâíåíèå ÿâëÿåò-
ñÿ îñíîâíûì.

Òåîðåìà 1. Ïóñòü ñèñòåìå óðàâíåíèé (1) α = 1, β = γ = 2 êîýô-
ôèöèåíòû è ïðàâûå ÷àñòè óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì

1. a(x, y, z) ∈ C1
z (Ω), c2(x, y, z) ∈ C1

x(Ω),
c(x, y, z) ∈ C1

y(Ω), b(x, y, z) ∈ C1
z (Ω)

a(x, y, 0) ∈ C1
y(Ω21), b(x, y, 0) ∈ C1

x(Ω21)
f1(x, y, z) ∈ C1

z (Ω), f3(x, y, z) ∈ C1
x(Ω),

f2(x, y, z) ∈ C1
z (Ω), f3(x, y, z) ∈ C1

y(Ω)
f2(x, y, 0) ∈ C1

x(Ω21), f1(x, y, 0) ∈ C1
y(Ω21);

2. a(0, 0, 0) < 0, c(0, 0, 0) < 0, b(0, 0, 0) < 0;

3. |c(x, y, z)− c(0, 0, 0)| ≤ H1ρ
γ1
1 , H1 = const, γ2 > 0,

|a(x, y, z)− a(0, 0, 0)| ≤ H2r
λ2 , H2 = const, 0 < γ2 < 1,

|b(0, y, 0)− b(0, 0, 0)| ≤ H3z
γ3 , H3 = const, γ3 > 1;

4. a)
∂

∂z

(
a(x, y, z)

r

)
=

∂

∂x

(
c(x, y, z)

r2

)
â Ω,
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∂

∂y

(
c(x, y, z)

r2

)
=

∂

∂z

(
b(x, y, z)

r2

)
â Ω,

∂

∂y

(
a(x, y, 0)√
x2 + y2

)
=

∂

∂y

(
b(x, y, z)

r2

)
â Ω21;

b) r3
∂

∂z

(
f1(x, y, z)

r

)
+ c(x, y, z)f3(x, y, z) = r3

∂

∂z

(
f1(x, y, z)

r

)
+

a(x, y, z)f3(x, y, z),

r4
∂

∂z

(
f2(x, y, z)

r

)
+ c(x, y, z)f2(x, y, z) = r3

∂

∂z

(
f1(x, y, z)

r

)
+

a(x, y, z)f3(x, y, z),

(x2 + y2)(
√
x2 + y2)

∂

∂x

(
f2(x, y, z)

r

)
+ a(x, y, 0)f2(x, y, 0) =

= (x2 + y2)(
√
x2 + y2)

∂

∂y

(
f1(x, y, 0)√
x2 + y2

)
+ b(x, y, 0)f1(x, y, 0), â Ω21;

5. f1(x, y, z) = ïðè a(0, 0, 0) < 0 ñ àñèìïòîòè÷åñêèì ïîâåäåíèåì
f1(x, y, z) = o(rγ1), γ1 > |a(0, 0, 0 + 1)| r > 0,
f2(x, y, 0) = o(rβ1), β1 > |b(0, 0, 0)|, r > 0.

Òîãäà ëþáîå ðåøåíèå ñèñòåìû (1) èç êëàññà C1(D) ïðåäñòàâèìî â
âèäå

u(x, y) = exp

[
−ω2

c (x, y, z)−
c(0, 0, 0)√
x2 + y2

arctan
z√

x2 + y2

]
×

×

(
τ(x, y) +

∫ z

0

f3(x, y, ζ)

x2 + y2 + ζ2
exp

[
ω2
c (x, y, ζ) +

c(0, 0, 0)√
x2 + y2

arctan
ζ√

x2 + y2

]
dζ

)
,

τ(x, y) = exp

[
−ω1

a(x, y, 0)− a(0, 0, 0) ln
x+

√
x2 + y2

y

]
×

×

(
µ4(y) +

∫ x

0

f1(t, y, 0)√
t2 + y2

exp

[
ω1
a(t, y, 0) + a(0, 0, 0) ln

t+
√
t2 + y2

y

]
dt

)
,

µ4(y) = exp

[
−ω2

b (0, y, 0)−
b(0, 0, 0)

y

]
×

×
(
C5 +

∫ y

0

f2(0, s, 0)

s2
exp

[
ω2
b (0, s, 0) +

b(0, 0, 0)

s

]
ds

)
≡ N1(C5, f2(0, y, 0)),

ãäå

ω2
c (x, y, z) =

∫ z

0

c(x, y, ζ)− c(0, 0, 0)

x2 + s2 + ζ2
ds,
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ω1
a(x, y, 0) =

∫ x

0

c(t, y, 0)− a(0, 0, 0)√
t2 + y2

dt,

ω2
b (0, y, 0) =

∫ y

0

b(0, ζ, 0)− b(0, 0, 0)

s2
dζ.

C5 - ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
Ïîëó÷åííîå ðåøåíèå îáëàäàåò ñâîéñòâîì
10 Åñëè z → 0,òî

lim
z→0

u(x, y, z) = τ(x, y).

20 Åñëè z → 0, è x→ 0, òî

lim
x→0

{
lim
z→0

u(x, y, z)
}
= µ4(y).

30 Åñëè z → 0, x→ 0 è y → 0 òî

lim
y→0

{
lim
x→0

(
lim
z→0

u(x, y, z)
)}

= O

(
exp

[
− b(0, 0, 0)

y

])
.

40

lim
y→0

{
exp

[
b(0, 0, 0)

y

]
lim
x→0

(
lim
z→0

u(x, y, z)
)}

= C5.

Çàäà÷à K1. Òðåáóåòñÿ íàéòè ðåøåíèå ñèñòåìû óðàâíåíèé (1) èç êëàññà
C1(Ω) ïî íà÷àëüíîìó óñëîâèþ

lim
y→0

{
exp

[
− b(0, 0, 0)

y

]
lim
x→0

(
lim
z→0

u(x, y, z)
)}

= p1,

ãäå p1 � çàäàííàÿ èçâåñòíàÿ ïîñòîÿííàÿ.
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Â äàííîé ðàáîòå ïðåäñòàâëåí íîâûé ïîäõîä ê ïîñòðîåíèþ îöåíêè
ïåðåðåãóëèðîâàíèÿ ýêñïîíåíöèàëüíî óñòîé÷èâîãî ëèíåéíîãî äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïîñòîÿííûì çàïàçäûâàíèåì, îñíî-
âàííûé íà ìèíèìèçàöèè ôóíêöèîíàëà ïîëíîãî òèïà íà çàäàííîì
êëàññå íà÷àëüíûõ ôóíêöèé.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ çàïàçäûâàþùåãî
òèïà, âàðèàöèîííîå èñ÷èñëåíèå, âûïóêëûé àíàëèç.
A Variational Approach to Overshoot Estimation of a Dy-
namic Control System

In this paper, we provide a new approach to constructing an overshoot
estimate for an exponentially stable linear differential equation with
constant delay, based on minimizing a complete type functional on a
certain class of initial functions.

Keywords: retarded differential equations, variational calculus, convex
analysis.

Ìíîãèå ðåàëüíûå ïðîöåññû è ÿâëåíèÿ îïèñûâàþòñÿ äèôôåðåíöèàëüíû-
ìè óðàâíåíèÿìè ñ çàïàçäûâàþùèì àðãóìåíòîì [1; 2]. Äëÿ ðÿäà ïðèëî-
æåíèé àêòóàëüíûì îêàçûâàåòñÿ âîïðîñ êà÷åñòâåííîãî ïîâåäåíèÿ ìîäå-
ëèðóåìîé ñèñòåìû ïðè âíåøíåì âîçäåéñòâèè. Â ÷àñòíîñòè, ñêëîííîñòü
ñèñòåìû ê êîëåáàíèÿì ìîæåò áûòü îõàðàêòåðèçîâàíà ïåðåðåãóëèðîâà-
íèåì [2].

Ñóùåñòâóþò ðàçëè÷íûå ïîäõîäû ê ïîñòðîåíèþ îöåíêè ïåðåðåãóëè-
ðîâàíèÿ. Ê ïðèìåðó, âåñüìà ðàñïðîñòðàíåíû ìåòîäû, îñíîâàííûå íà
ðåøåíèè ëèíåéíûõ ìàòðè÷íûõ íåðàâåíñòâ (íàïðèìåð, [3; 4]). Îñíîâ-
íîå èõ ïðåèìóùåñòâî çàêëþ÷àåòñÿ â òîì, ÷òî çàäà÷à ïîñòðîåíèÿ ýêñïî-
íåíöèàëüíîé îöåíêè, ñôîðìóëèðîâàííàÿ â òåðìèíàõ ìàòðè÷íûõ íåðà-
âåíñòâ, ìîæåò áûòü ýôôåêòèâíî ðåøåíà ñ èñïîëüçîâàíèåì âûïóêëîãî
ïðîãðàììèðîâàíèÿ.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ ñêàëÿðíîå äèôôåðåíöèàëüíîå
óðàâíåíèå

ẋ(t) = a0x(t) + a1x(t− h), (1)

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà � 23�71�
10099, https://rscf.ru/project/23-71-10099/.
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ãäå h > 0, a1 ̸= 0, ïðè÷¼ì â êà÷åñòâå êëàññà íà÷àëüíûõ ôóíêöèé φ
ïîëîæåí êëàññ íåïðåðûâíûõ íà îòðåçêå [−h, 0] ôóíêöèé ñ ðàâíîìåðíîé
íîðìîé.

Áóäåì ñ÷èòàòü óðàâíåíèå (1) ýêñïîíåíöèàëüíî óñòîé÷èâûì: ñóùå-
ñòâóþò γ ⩾ 1 è σ > 0 òàêèå, ÷òî äëÿ ëþáîãî ðåøåíèÿ x(t, φ) ñïðàâåä-
ëèâà îöåíêà

|x(t, φ)| ⩽ γe−σt ∥φ∥h , t ⩾ 0.

Îòìåòèì, ÷òî ïîñòîÿííóþ γ íàçûâàþò ïåðåðåãóëèðîâàíèåì.
Èç òåîðèè ôóíêöèîíàëîâ Ëÿïóíîâà-Êðàñîâñêîãî èçâåñòíî [5], ÷òî

äëÿ ôóíêöèîíàëà ïîëíîãî òèïà

v[φ] = u(0)φ2(0) + 2a1φ(0)

0∫
−h

u(−h− θ)φ(θ)dθ+

+ a21

0∫
−h

φ(θ1)

 0∫
−h

u(θ1 − θ2)φ(θ2)dθ2

 dθ1+
+

0∫
−h

[w1 + (h+ θ)w2]φ
2(θ)dθ

ñïðàâåäëèâà îöåíêà

α1φ
2(0) ⩽ v[φ] ⩽ α2∥φ(θ)∥2h, φ ∈ C([−h, 0]), (2)

ãäå u(τ) � ôóíêöèÿ Ëÿïóíîâà, ñîîòâåòñòâóþùàÿ ÷èñëó w = w0 +w1 +
hw2, à α1 è α2 � íåêîòîðûå ïîëîæèòåëüíûå êîíñòàíòû. Ïîëüçóÿñü ïî-
ëó÷åííîé îöåíêîé, ïåðåðåãóëèðîâàíèå ìîæåò áûòü íàéäåíî êàê

γ =

√
α2

α1
.

Â íàñòîÿùåé ðàáîòå ïðåäñòàâëåí ïîäõîä ê íàõîæäåíèþ ïîñòîÿííîé
α1, îñíîâàííûé íà ìèíèìèçàöèè ôóíêöèîíàëà ïîëíîãî òèïà v[φ] íà
êëàññå C ôóíêöèé, íåïðåðûâíûõ íà îòðåçêå [−h, 0] è ðàâíûõ åäèíèöå â
òî÷êå t = 0.

Ïåðâûì ðåçóëüòàòîì äàííîé ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî ñëå-
äóþùåé òåîðåìû.

Òåîðåìà 1.Ôóíêöèîíàë v[φ] ÿâëÿåòñÿ ñòðîãî âûïóêëûì íà ëþáîì
âûïóêíîì ïîäìíîæåñòâå ìíîæåñòâà êóñî÷íî-íåïðåðûâíûõ ôóíêöèé
PC([−h, 0]).

Èç äàííîé òåîðåìû ñëåäóåò [6], ÷òî åñëè ó ôóíêöèîíàëà v[φ] íà âû-
ïóêëîì ìíîæåñòâå G ⊆ PC([−h, 0]) íàéä¼òñÿ ñòàöèîíàðíàÿ òî÷êà, òî
îíà åäèíñòâåííàÿ è â íåé ôóíêöèîíàë ïðèíèìàåò ìèíèìàëüíîå çíà÷å-
íèå íà G. Çíà÷èò, íåîáõîäèìîå óñëîâèå ýêñòðåìóìà δv[φ] = 0 ÿâëÿåòñÿ
òàêæå è äîñòàòî÷íûì.
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Äëÿ ôîðìóëèðîâêè îñíîâíîãî ðåçóëüòàòà íàì ïîòðåáóåòñÿ

Ëåììà 1. Ôóíêöèÿ Ëÿïóíîâà ïðåäñòàâèìà â âèäå

u(θ − t) =


2∑
i=1

pi(θ)qi(t), θ − t ∈ [0, h],

2∑
i=1

qi(θ)pi(t), θ − t ∈ [−h, 0],

ãäå pi(θ) è qi(t) � ëèíåéíî íåçàâèñèìûå íåïðåðûâíûå íà R ôóíêöèè.

Ââåä¼ì îáîçíà÷åíèÿ:

p̃i(t) =
pi(t)

w1 + (h+ t)w2
, q̃i(t) =

qi(t)

w1 + (h+ t)w2
, i ∈ {1, 2},

A(t) = −a21


p̃1(t)q1(t) p̃2(t)q1(t) q̃1(t)q1(t) q̃2(t)q1(t)
p̃1(t)q2(t) p̃2(t)q2(t) q̃1(t)q2(t) q̃2(t)q2(t)
p̃1(t)p1(t) p̃2(t)p1(t) q̃1(t)p1(t) q̃2(t)p1(t)
p̃1(t)p2(t) p̃2(t)p2(t) q̃1(t)p2(t) q̃2(t)p2(t)

 ,

X(t) =


r1(t)
r2(t)
s1(t)
s2(t)

 , b(t) = −a1u(t+ h)


q̃1(t)
q̃2(t)
p̃1(t)
p̃2(t)


Ïóñòü W0 � ìíîæåñòâî ïàðàìåòðîâ w0, w1, w2, äëÿ êîòîðûõ ñóùå-

ñòâóåò ðåøåíèå ñèñòåìû ÎÄÓ

Ẋ(t) = A(t)X(t) + b(t)

ñ íà÷àëüíûìè

X(0) =


r10
r20
0
0

 , −a21 [p1(0)r10 + p2(0)r20]− a1u(h) = w1 + hw2

è êðàåâûì
r1(−h) = r2(−h) = 0

óñëîâèÿìè.
Îñíîâíîé ðåçóëüòàò ðàáîòû ìîæåò áûòü ñôîðìóëèðîâàí ñëåäóþ-

ùèì îáðàçîì.

Òåîðåìà 2. Äëÿ ëþáûõ (w0, w1, w2) ∈ W0:

1. ñóùåñòâóåò åäèíñòâåííàÿ ýêñòðåìàëü ôóíêöèîíàëà v[φ] íà êëàññå C.
Ýòà ýêñòðåìàëü îïðåäåëåíà ïðè t ∈ [−h, 0] è çàäà¼òñÿ ôîðìóëîé

µ∗(t) = a21

2∑
i=1

q̃i(t)si(t)− a21

2∑
i=1

p̃i(t)ri(t)−
a1u(−h− t)

w1 + (h+ t)w2

è â íåé ôóíêöèîíàë äîñòèãàåò ìèíèìóìà íà C;
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2. ìàêñèìàëüíîå çíà÷åíèå α1, ïðè êîòîðîì ñïðàâåäëèâà îöåíêà (2), îïðå-
äåëÿåòñÿ êàê

α∗
1 = v[µ∗].
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ÓÄÊ 514.822
Ðàññìàòðèâàþòñÿ äâà èäåíòè÷íûõ ïðóæèííûõ ìàÿòíèêà â âèäå
øàðèêîâ íà ïðóæèíêàõ. Îäèí èç íèõ ðàñïîëàãàåòñÿ â ïîêîÿùåé-
ñÿ ñèñòåìå îòñ÷¼òà, à äðóãîé � â áûñòðî äâèæóùåìñÿ çâåçäîë¼òå.
Ðàññìàòðèâàþòñÿ ìàëûå êîëåáàíèÿ òàêèõ ìàÿòíèêîâ. Èç ñðàâíå-
íèÿ ÷àñòîò òàêèõ êîëåáàíèé âûâîäÿòñÿ çàêîíû ðåëÿòèâèñòñêîãî
óæ¼ñò÷åíèÿ è ñìÿã÷åíèÿ ïðóæèí.

Êëþ÷åâûå ñëîâà: ðåëÿòèâèñòñêîå óæ¼ñò÷åíèå, ðåëÿòèâèñòñêîå
ñìÿã÷åíèå, áûñòðî äâèæóùèåñÿ ïðóæèíû.
Relativistic hardening and softening of moving springs.

Two identical relativistic spring-mass systems are considered, one in
a frame at rest and the other in a fast moving starship. Their small
oscillations are studied in the frame at rest. Comparing the frequencies
of these oscillations the relativistic spring hardening and softening laws
are derived.

Keywords: relativistic hardening, relativistic softening, fast moving
springs.

Ñíà÷àëà ðàññìîòðèì êîëåáàíèÿ øàðèêîâ íà ïðóæèíêàõ â íàïðàâ-
ëåíèè îñè x, âäîëü êîòîðîé ñî ñêîðîñòüþ v äâèæåòñÿ çâåçäîë¼ò:

x(t) = x0 + a sin(ω t) + . . . , x̃(t) = x̃0 + v t+ ã sin(ω̃ t) + . . . . (1)

Ñî ñòîðîíû ïðóæèí íà øàðèêè äåéñòâóþò ñèëû:

F (t) = −k (x(t)− x0) + . . . , F̃ (t) = −k̃ (x̃(t)− x̃0 − v t) + . . . . (2)

Èìïóëüñû øàðèêîâ â ðåëÿòèâèñòñêîé äèíàìèêå çàäàþòñÿ ôîðìóëàìè

p(t) =
mv(t)√

1−
v(t)2

c2br

, p̃(t) =
mṽ(t)√

1−
ṽ(t)2

c2br

, (3)

ãäå v(t) = ẋ(t) è ṽ(t) = ˙̃x(t) � ýòî ñêîðîñòè øàðèêîâ. Â ñèëó íåëèíåé-
íîé çàâèñèìîñòè èìïóëüñîâ îò ñêîðîñòåé êîëåáàíèÿ øàðèêîâ àíãàðìî-
íè÷íû, ÷òî ïðîÿâëÿåòñÿ â ïîÿâëåíèè ìàëûõ ïîïðàâîê, îáîçíà÷åííûõ
ìíîãîòî÷èåì â ôîðìóëàõ (1) è (2).

Øàðèïîâ Ðóñëàí Àáäóëîâè÷, ê.ô.-ì.í., äîöåíò, ÓÓÍèÒ (Óôà, Ðîññèÿ); Ruslan
Sharipov (Ufa University of Science and Technology, Ufa, Russia)
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Ñèëû (2) ÿâëÿþòñÿ ïðîèçâîäíûìè ïî âðåìåíè îò èìïóëüñîâ (3). Ñ
ó÷¼òîì ýòîãî â [1] èç (1), (2), (3) áûëè âûâåäåíû ôîðìóëû äëÿ ÷àñòîò:

ω2 =
k

m
,

ω̃2(√
1−
v2

c2br

)3 =
k̃

m
. (4)

Â ôîðìóëàõ (1), (2), (3) è (4) ÷åðåç cbr îáîçíà÷åíà ïðåäåëüíàÿ ñêî-
ðîñòü äëÿ îáû÷íîé áàðèîííîé ìàòåðèè. Â ñòàíäàðòíîé ýéíøòåéíîâñêîé
òåîðèè îòíîñèòåëüíîñòè îíà ñîâïàäàåò ñî ñêîðîñòüþ ñâåòà (ñêîðîñòüþ
ýëåêòðîìàãíèòíûõ âîëí): cbr = cel. Â íîâîé íåýéíøòåéíîâñêîé òåîðèè
ãðàâèòàöèè (ñì. [2], [3] è êíèãó [4]) ðàâåíñòâî cbr = cel íå ÿâëÿåòñÿ
àïðèîðè îáÿçàòåëüíûì.

Èçâåñòíî, ÷òî âðåìÿ íà áîðòó áûñòðî äâèæóùåãîñÿ çâåçäîë¼òà òå÷¼ò
ìåäëåííåå, ÷åì â íåïîäâèæíîé ñèñòåìå êîîðäèíàò. Èç (1) ìû çíàåì,
÷òî ω̃ � ýòî ÷àñòîòà êîëåáàíèé áîðòîâîãî ìàÿòíèêà, íàáëþäàåìàÿ èç
íåïîäâèæíîé ñèñòåìû îòñ÷¼òà. Îòñþäà ω̃ < ω, ÷òî âåä¼ò ê ôîðìóëå

ω̃ = ω

√
1−
v2

c2br

. (5)

Èç (4) è (5) íåìåäëåííî ñëåäóåò ñîîòíîøåíèå

k̃ =
k√

1−
v2

c2br

. (6)

Ôîðìóëà (6) èíòåðïðåòèðóåòñÿ â âèäå ñëåäóþùåé òåîðåìû.

Òåîðåìà 1. Âñÿêàÿ ïðóæèíà, èçãîòîâëåííàÿ èç áàðèîííîé ìàòå-
ðèè è íàõîäÿùàÿñÿ íà áîðòó áûñòðî äâèæóùåãîñÿ çâåçäîë¼òà, äëÿ
íåïîäâèæíîãî íàáëþäàòåëÿ âûãëÿäèò áîëåå æ¼ñòêîé, ÷åì îíà åñòü,
â ñëó÷àå åñëè îíà îðèåíòèðîâàíà âäîëü äâèæåíèÿ çâåçäîëåòà.

Âî âòîðîì âàðèàíòå, ðàññìîòðåííîì â [1], ïðóæèííûå ìàÿòíèêè
îðèåíòèðîâàíû ïîïåð¼ê íàïðàâëåíèÿ äâèæåíèÿ çâåçäîë¼òà:

x(t) = x0, x̃(t) = x̃0 + v t, (7)

y(t) = y0 + a sin(ω t) + . . . , ỹ(t) = ỹ0 + ã sin(ω̃ t) + . . . . (8)

Äëÿ ïîïåðå÷íûõ êîìïîíåíò èìïóëüñîâ çäåñü ïîëó÷àþòñÿ ôîðìóëû

py(t) =
mvy(t)√

1−
vy(t)

2

c2br

, p̃y(t) =
mṽy(t)√
1 −
ṽx(t)

2 + ṽy(t)
2

c2br

. (9)

Â ôîðìóëàõ (9) ÷åðåç vx(t) = ẋ(t), ṽx(t) = ˙̃x(t), vy(t) = ẏ(t) è
ṽy(t) = ˙̃y(t) îáîçíà÷åíû ïðîäîëüíûå è ïîïåðå÷íûå êîìïîíåíòû ñêî-
ðîñòåé øàðèêîâ. Çàâèñèìîñòü êîìïîíåíò èìïóëüñîâ îò êîìïîíåíò ñêî-
ðîñòåé â (9) ÿâëÿåòñÿ íåëèíåéíîé. Ïîýòîìó êîëåáàíèÿ àíãàðìîíè÷íû
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è â ôîðìóëàõ (8) ïðîñòàâëåíû ìíîãîòî÷èÿ. Â ôîðìóëàõ (7) ìíîãîòî-
÷èé íåò, ïîñêîëüêó êîëåáàíèÿ â ïðîäîëüíîì íàïðàâëåíèè ïîäàâëÿþòñÿ
ñïåöèàëüíûìè íàïðàâëÿþùèìè ñòåðæíÿìè (ñì. ðèñóíîê 3.1 â [1]).

Äëÿ ïîïåðå÷íûõ êîìïîíåíò âåêòîðà ñèëû ïèøóòñÿ ôîðìóëû, àíà-
ëîãè÷íûå ðàíåå íàïèñàííûì ôîðìóëàì (2):

Fy(t) = −k (y(t)− y0) + . . . , F̃y(t) = −k̃ (ỹ(t)− ỹ0) + . . . . (10)

Êîìïîíåíòû ñèë (10) ÿâëÿþòñÿ ïðîèçâîäíûìè ïî âðåìåíè îò êîìïî-
íåíò èìïóëüñîâ (9). Ñ ó÷¼òîì ýòîãî â ðàáîòå [1] èç (7), (8), (9) è (10)
áûëè âûâåäåíû ñëåäóþùèå ôîðìóëû äëÿ ÷àñòîò:

ω =

√
k

m
,

ω̃2√
1−
v2

c2br

=
k̃

m
. (11)

Òåïåðü îñòà¼òñÿ ïîäñòàâèòü ôîðìóëó (5) âî âòîðóþ ôîðìóëó (11) è
ó÷åñòü ïåðâóþ ôîðìóëó (11). Ýòî ïðèâîäèò ê ôîðìóëå

k̃ = k

√
1−
v2

c2br

. (12)

Ôîðìóëà (12) èíòåðïðåòèðóåòñÿ â âèäå ñëåäóþùåé òåîðåìû.

Òåîðåìà 2. Âñÿêàÿ ïðóæèíà, èçãîòîâëåííàÿ èç áàðèîííîé ìàòå-
ðèè è íàõîäÿùàÿñÿ íà áîðòó áûñòðî äâèæóùåãîñÿ çâåçäîë¼òà, äëÿ
íåïîäâèæíîãî íàáëþäàòåëÿ âûãëÿäèò ìåíåå æ¼ñòêîé, ÷åì îíà åñòü,
â ñëó÷àå åñëè îíà îðèåíòèðîâàíà ïåðïåíäèêóëÿðíî íàïðàâëåíèþ äâè-
æåíèÿ çâåçäîë¼òà.

Ïðè âûáîðå cbr = cel â ôîðìóëàõ (6) è (12), òî åñòü ïðè ñîâïàäåíèè
cbr ñî ñêîðîñòüþ ñâåòà, ýòè ôîðìóëû è ñîîòâåòñòâóþùèå èì òåîðåìû 1
è 2 óêëàäûâàþòñÿ â ðàìêè òåîðèè îòíîñèòåëüíîñòè Ýéíøòåéíà.

Â íîâîé òåîðèè ãðàâèòàöèè èç [2�4] äîïóñêàåòñÿ âîçìîæíîñòü ñóùå-
ñòâîâàíèÿ íåáàðèîííîé ò¼ìíîé ìàòåðèè, ïðåäåëüíàÿ ñêîðîñòü cnb êî-
òîðîé îòëè÷íà îò ñêîðîñòè ñâåòà cel. Åñëè ïðåäïîëîæèòü, ÷òî â ñîñòàâå
òàêîé ò¼ìíîé ìàòåðèè èìåþòñÿ ñòàáèëüíûå ñòðóêòóðû òèïà ïðóæèí è
çâåçäîë¼òîâ, òî âåëè÷èíó cbr â ôîðìóëàõ (6) è (12) ìîæíî çàìåíèòü
âåëè÷èíîé cnb è ïåðåôîðìóëèðîâàòü òåîðåìû 1 è 2 íà ñëó÷àé íåáàðè-
îííîé ò¼ìíîé ìàòåðèè.

Îòìåòèì, ÷òî ïðåäïîëîæåíèå î âîçìîæíîì íåñîâïàäåíèÿ cnb ̸= cel
äëÿ ÷àñòèö ò¼ìíîé ìàòåðèè áûëà âûñêàçàíà Ëóèñîì Ãîíçàëåçîì Ìåñ-
òðåñîì â 1995 ãîäó â ðàáîòå [5]. Äîïóñòèâ âîçìîæíîñòü âûïîëíåíèÿ
íåðàâåíñòâà cnb > cel, â ðàáîòå [6] îí íàçâàë òàêèå ÷àñòèöû ñóïåðáðà-
äèîíàìè. ×åðåç 25 ëåò ïîñëå ýòîãî ñóïåðáðàäèîíû íàøëè ñâî¼ ìåñòî â
ðàìêàõ íîâîé òåîðèè ãðàâèòàöèè èç [2�4]. Çäåñü äëÿ íèõ áûëè âûâåäå-
íû óðàâíåíèÿ äâèæåíèÿ â ãðàâèòàöèîííûõ ïîëÿõ.
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Äîêàçàíà òåîðåìà î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ
óðàâíåíèÿ â áàíàõîâîì ïðîñòðàíñòâå ñ îãðàíè÷åííûì îïåðàòîðîì
ïðè èñêîìîé ôóíêöèè, ðàçðåøåííîãî îòíîñèòåëüíî ïðîèçâîäíîé
ñòàðøåãî ïîðÿäêà.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíîå óðàâíåíèå íà ïðÿìîé áåç íà-
÷àëüíûõ óñëîâèé, äâóñòîðîííåå ïðåîáðàçîâàíèå Ëàïëàñà, ýêñïî-
íåíöèàëüíî îãðàíè÷åííàÿ ôóíêöèÿ.
Solvability of a high-order equation on a real line in a class
of exponentially bounded functions

A theorem is proved on the existence and uniqueness of a solution
of an equation in a Banach space with a bounded operator at the
unknown function, which is resolved with respect to the highest-order
derivative.

Keywords: differential equation on a real line without initial condi-
tions, two-sided Laplace transform, exponentially bounded function.

Ïóñòü Z � áàíàõîâî ïðîñòðàíñòâî, a, b ∈ R, a < b, Cla,b(R;Z) :=

{x ∈ Cl(R;Z) : ïðè ëþáîì ε > 0 e−(a+ε)tx(k)(t) îãðàíè÷åíà ïðè t > 0
è e−(b+ε)tx(k)(t) îãðàíè÷åíà ïðè t < 0, k = 0, 1, . . . , l}, Ca,b(R;Z) :=
C0
a,b(R;Z). Àíàëîãè÷íî îïðåäåëèì Cla,b(R−∪R+;Z) ïðè l ∈ N0 := N∪{0},

Ca,b(R− ∪ R+;Z), ãäå R− := {c ∈ R : c < 0}, R+ := {c ∈ R : c > 0}.
Ïðè m ∈ N ðàññìîòðèì óðàâíåíèå

z(m)(t) = Az(t) + f(t), t ∈ R, (1)

ñ îïåðàòîðîì A ∈ L(Z) (ëèíåéíûé îãðàíè÷åííûé), f ∈ Ca,b(R;Z) äëÿ
íåêîòîðûõ a, b ∈ R, a < b. Ôóíêöèÿ z ∈ Cm(R;Z) ∩Cm−1

a,b (R;Z), óäîâëå-
òâîðÿþùàÿ ðàâåíñòâó (1), íàçûâàåòñÿ ðåøåíèåì ýòîãî óðàâíåíèÿ.

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà è Ïðàâè-
òåëüñòâà ×åëÿáèíñêîé îáëàñòè �24-11-20002.
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Äèôôåðåíöèàëüíûå óðàâíåíèÿ íà ïðÿìîé áåç íà÷àëüíûõ óñëîâèé
âñòðå÷àþòñÿ ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè ôèçè÷åñêèõ ïðîöåñ-
ñîâ [1] è ïîýòîìó âûçûâàþò èíòåðåñ ó èññëåäîâàòåëåé è ñ ìàòåìàòè÷å-
ñêîé òî÷êè çðåíèÿ [2,3]. Â äàííîì ñëó÷àå îíè èññëåäóþòñÿ ìåòîäàìè
òåîðèè äâóñòîðîííåãî ïðåîáðàçîâàíèÿ Ëàïëàñà [4].

Ëåììà 1. Ïóñòü m ∈ N, A ∈ L(Z), c ∈ (a, b), ïðè t ∈ R

Zm(t) := v.p.
1

2πi

∫
Γc

(λm −A)−1eλtdλ := lim
R→∞

ect

2π

R∫
−R

((c+ iω)m −A)−1eiωtdω.

Òîãäà
(i) ïðè a > ∥A∥1/m

L(Z) Zm(t) = 0 äëÿ t < 0, ïðè âñåõ b > a Zm ∈
Cm−2
a,b (R;L(Z))∩Cm−1

a,b (R−∪R+;L(Z))∩C∞(R−∪R+;L(Z)), Z
(k)
m (0+) = 0

äëÿ k = 0, . . . , m− 2, Z
(m−1)
m (0+) = I;

(ii) ïðè b < −∥A∥1/m
L(Z) Zm(t) = 0 äëÿ t > 0, ïðè âñåõ a < b Zm ∈

Cm−2
a,b (R;L(Z))∩Cm−1

a,b (R−∪R+;L(Z))∩C∞(R−∪R+;L(Z)) Z
(k)
m (0−) = 0

äëÿ k = 0, . . . ,m− 2, Z
(m−1)
m (0−) = I.

Òåîðåìà 1. Ïóñòü m ∈ N, A ∈ L(Z), a < b < −∥A∥1/m
L(Z) èëè

∥A∥1/m
L(Z) < a < b, f ∈ C1

a,b(R;Z). Òîãäà ôóíêöèÿ

zf (t) := (Zm ∗ f)(t) =
∫
R

Zm(t− s)f(s)ds

ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì óðàâíåíèÿ (1).
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×ÈÑËÅÍÍÎÅ ÐÅØÅÍÈÅ ÎÁÐÀÒÍÎÉ ÇÀÄÀ×È ÎÁ
ÎÏÐÅÄÅËÅÍÈÈ ÒÎ×Å×ÍÛÕ ÈÑÒÎ×ÍÈÊÎÂ

Ñ.À. Øìîðãàí, s_shmorgan@ugrasu.ru

ÓÄÊ 517.518

Ìû ðàññìàòðèâàåì çàäà÷ó îïðåäåëåíèÿ òî÷å÷íûõ èñòî÷íèêîâ, ò.å.
ïðàâîé ÷àñòè â ïàðàáîëè÷åñêîì óðàâíåíèè, ïðåäñòàâèìîé â âèäå
ñóììû äåëüòà ôóíêöèé Äèðàêà ñ êîýôôèöèåíòàìè çàâèñÿøèìè
îò âðåìåíè. Çàäà÷à íåêîððåêòíà ïî Àäàìàðó. Ïîñòðîåí ÷èñëåí-
íûé àëãîðèòì ðåøåíèÿ çàäà÷è, îñíîâàííûé íà ìåòîäå êîíå÷íûõ
ýëåìåíòîâ è ìåòîäå êîíå÷íûõ ðàçíîñòåé, è ïðîâåäåíû ÷èñëåííûå
ýêñïåðèìåíòû. Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ ïîêàçàëè õî-
ðîøóþ ñõîäèìîñòü è óñòîé÷èâîñòü àëãîðèòìà ê ñëó÷àéíûì âîçìó-
ùåíèÿì äàííûõ.

Êëþ÷åâûå ñëîâà: ïàðàáîëè÷åñêàÿ çàäà÷à, òî÷å÷íûé èñòî÷íèê,
êîíâåêöèÿ-äèôôóçèÿ.
Numerical solution of the inverse problem of determining
point sources

We consider the problem of determining point sources, i.e. the right-
hand side of a parabolic equation, represented as a sum of Dirac delta
functions with time-dependent coefficients. The problem is Hadamard
ill-posed. A numerical algorithm for solving the problem based on the
finite element method and the finite difference method is constructed,
and numerical experiments are carried out. The results of the numer-
ical experiments showed good convergence and stability of the algo-
rithm to random data perturbations.

Keywords: parabolic problem, point source, convection-diffusion.

Ìû ðàññìàòðèâàåì âîïðîñ îá îïðåäåëåíèè ïðàâîé ÷àñòè â óðàâíå-
íèè

Mu = ut − Lu = ut − div(c(x, t)∇u) + b(x, t)∇u+ a(x, t)u =

f0 +
r∑
i=1

αi(t)δ(x− bi),

b(x, t) = (b1(x, t), . . . , bn(x, t))
T ,∇u = ( ∂u

∂x1
, . . . , ∂u

∂xn
)T , n = 2, 3

êîòîðîå ðàññìàòðèâàåòñÿ â îáëàñòè Q = G × (0, T ). Ñ÷èòàåì, ÷òî ïðî-
ñòðàíñòâåííàÿ îáëàñòü èìååò âèä G = Ω × (0, Z) â ñëó÷àå n = 3 è G -
ïðÿìîóãîëüíèê â ñëó÷àå n = 2. Çäåñü δ(x − bi) � äåëüòà-ôóíêöèÿ Äè-
ðàêà. Ðàññìîòðèì ñëó÷àé n = 2, G = (0, X)× (0, Y ). Ïîëîæèì Γ = ∂G,
S = (0, T )× Γ.

Øìîðãàí Ñåðãåé Àíäðååâè÷, àñïèðàíò, ÞÃÓ (Õàíòû-Ìàíñèéñê, Ðîññèÿ); Sergey
Shmorgan (Ugras State University, Khanty-Mansiysk, Russia)
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Ïðè ðåøåíèè îáðàòíîé çàäà÷è èìåþòñÿ äîïîëíèòåëüíûå èçìåðåíèÿ
âèäà

u(yi, t) = ψi(t), i = 1, 2, . . . , r, yi ∈ G.

Íà÷àëüíî-êðàåâûå óñëîâèÿ:

u|t=0 = u0(x), u|S = 0.

Îïðåäåëåíèþ ïîäëåæàò ðåøåíèå u è íåèçâåñòíûå ôóíêöèè αi èç
ïðàâîé ÷àñòè ðàññìàòðèâàåìîãî óðàâíåíèÿ. Çàäà÷à âîçíèêàåò ïðè íà-
õîæäåíèè ìîùíîñòåé òî÷å÷íûõ èñòî÷íèêîâ (èñòî÷íèêîâ çàãðÿçíåíèÿ).
Â ñëó÷àå ðàñïðåäåëåííûõ èñòî÷íèêîâ ýòà çàäà÷à ïðè åñòåñòâåííûõ
óñëîâèÿõ íà äàííûå êîððåêòíà â ïðîñòðàíñòâàõ Ñîáîëåâà è Ãåëüäåðà è
èìåþòñÿ ìíîãî÷èñëåííûå ðàáîòû, ïîñâÿùåííûå êàê òåîðåòè÷åñêèì ðå-
çóëüòàòàì, òàê è ÷èñëåííûì àëãîðèòìàì åå ðåøåíèÿ. Â íàøåì ñëó÷àå
çàäà÷à ÿâëÿåòñÿ íåêîððåêòíîé ïî Àäàìàðó, òåîðåòè÷åñêèå ðåçóëüòàòû î
ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèé ïîëó÷åíû òîëüêî â ïðîñòåé-
øèõ ñëó÷àÿõ (ñì., íàïðèìåð, 1). Èìååòñÿ ðÿä ïîäõîäîâ ê ÷èñëåííîìó
ðåøåíèþ çàäà÷è ñ ïîìîùüþ ñâåäåíèÿ çàäà÷è ê çàäà÷å óïðàâëåíèÿ è
ìèíèìèçàöèè ñîîòâåòñòâóþùåãî ôóíêöèîíàëà.

Îäíàêî, êàê ïîêàçûâàþò ïðèìåðû, òàêîé ñïîñîá ïîñòðîåíèÿ ðåøå-
íèÿ íå âñåãäà êîððåêòåí. Íàø ÷èñëåííûì ìåòîä îñíîâàí íà ìåòîäå êî-
íå÷íûõ ýëåìåíòîâ (ïî ïðîñòðàíñòâåííûì ïåðåìåííûì) è ìåòîäå êîíå÷-
íûõ ðàçíîñòåé (ïî âðåìåíè). Ïðè ïîñòðîåíèè ðåøåíèé òàêæå èñïîëü-
çóåòñÿ ìåòîä ðåãóëÿðèçàöèè Òèõîíîâà. Ïðîâåäåí ðÿä ÷èñëåííûõ ýêñïå-
ðèìåíòîâ ñ ðàçëè÷íûìè âõîäíûìè äàííûìè. Îíè ïîêàçàëè õîðîøóþ
ñõîäèìîñòü àëãîðèòìà è åãî óñòîé÷èâîñòü ê ñëó÷àéíûì âîçìóùåíèÿì
äàííûõ. Îïèñàíû ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ, ïîäòâåðæäà-
þùèå êîððåêòíîñòü ïîëó÷åííîãî àëãîðèòìà. Ìû âçÿëè èäåþ ïîñòðîå-
íèÿ àëãîðèòìà èç ðàáîòû 2.
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ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ
Ì.Ã. Þìàãóëîâ, Ë.Ñ. Èáðàãèìîâà,
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Ïðåäëàãàþòñÿ íîâûå ïîäõîäû â çàäà÷å êîíñòðóèðîâàíèÿ ýêâèâà-
ëåíòíûõ ñèñòåì äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïåðèîäè÷å-
ñêèìè êîýôôèöèåíòàìè. Ïîäõîäû îñíîâàíû íà ïåðåõîäå îò ëèíåé-
íîé ÷àñòè óðàâíåíèÿ ê ýêâèâàëåíòíûì ñèñòåìàì ñ ïîñëåäóþùèèì
ïðèìåíåíèåì ìåòîäîâ òåîðèè Ôëîêå è òåîðèè âîçìóùåíèé.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ïåðèîäè÷åñêèìè
êîýôôèöèåíòàìè, ýêâèâàëåíòíîñòü, íàáëþäàåìîñòü.
Equivalent differential equations and systems with periodic
coefficients

New approaches are proposed in the problem of constructing equiva-
lent systems for differential equations with periodic coefficients. The
approaches are based on the transition from the linear part of the
equation to equivalent systems with subsequent application of meth-
ods of Floquet theory and perturbation theory.

Keywords: differential equations with periodic coefficients, equiva-
lence, observability.

Ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå

L

(
d

dt
, t

)
y =M

(
d

dt
, t

)
f(y) , (1)

â êîòîðîì

L(p, t) = p2n + a1(t)p
2n−2 + a2(t)p

2n−4 + . . .+ an−1(t)p
2 + an(t) ,

M(p, t) = b0(t)p
2m + b1(t)p

2m−2 + . . .+ bm−1(t)p
2 + bm(t) ,

� îïåðàòîðûå ìíîãî÷ëåíû (0 ⩽ m < n) ñ T -ïåðèîäè÷åñêèìè êîýôôè-
öèåíòàìè, à f(y) � ñêàëÿðíàÿ íåïðåðûâíàÿ ôóíêöèÿ. Óðàâíåíèå (1)
îïèñûâàåò äèíàìèêó íåñòàöèîíàðíîé îäíîêîíòóðíîé ñèñòåìû óïðàâëå-
íèÿ, ñîñòîÿùåé èç ëèíåéíîãî çâåíà ñ äðîáíî-ðàöèîíàëüíîé ïåðåäàòî÷-
íîé ôóíêöèåé W (p, t) = M(p, t)/L(p, t) è íåëèíåéíîé îáðàòíîé ñâÿçè ñ
õàðàêòåðèñòèêîé f(y).

Þìàãóëîâ Ìàðàò Ãàÿçîâè÷, ä.ô.-ì.í., ÓÓÍèÒ (Óôà, Ðîññèÿ); Marat Yumagulov
(Ufa University of Science and Technology, Ufa, Russia)

Èáðàãèìîâà Ëèëèÿ Ñóíàãàòîâíà, ê.ô.-ì.í., ÓÓÍèÒ (Óôà, Ðîññèÿ); Liliya
Ibragimova (Ufa University of Science and Technology, Ufa, Russia)
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Èçó÷àåòñÿ çàäà÷à î êîíñòðóèðîâàíèè äëÿ óðàâíåíèÿ (1) ýêâèâàëåíò-
íîé ïåðèîäè÷åñêîé ñèñòåìû, à òàêæå è îáðàòíàÿ çàäà÷à (ñì., íàïðèìåð,
[1, 2]). Â íàñòîÿùåì äîêëàäå îáñóæäàþòñÿ íîâûå ïîäõîäû ê èçó÷åíèþ
óêàçàííîãî âîïðîñà. Ïðåäëàãàåòñÿ ñõåìà êîíñòðóèðîâàíèÿ äëÿ óðàâ-
íåíèÿ (1) ýêâèâàëåíòíîé ñèñòåìû. Â êà÷åñòâå ïðèëîæåíèÿ ðàññìàòðè-
âàþòñÿ àíàëîãè÷íûå çàäà÷è â òåîðèè ãàìèëüòîíîâûõ ñèñòåì. Ðàáîòà
ðàçâèâàåò èññëåäîâàíèÿ, íà÷àòûå â [3].
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Î ÏÐÈÌÅÍÅÍÈÈ ÌÅÒÎÄÀ ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÉ
ÑÌÅÍÛ ÑÒÀÖÈÎÍÀÐÍÛÕ ÑÎÑÒÎßÍÈÉ

Å.À. Àëåêñàíäðîâà , Ç.Ì. Íàãàåâà , Ð.À. Áàøìàêîâ ,
lisaaleksandrovaa23@mail.ru, Nagaeva_Zilya@mail.ru,

Bashmakov_Rustem@mail.ru

ÓÄÊ 532.59

Ïîêàçûâàåòñÿ, ÷òî ïðè îïèñàíèè ôèëüòðàöèè ôëþèäà â òðåùèíå
ÃÐÏ ìåòîä ïîñëåäîâàòåëüíîé ñìåíû ñòàöèîíàðíûõ ñîñòîÿíèé äàåò
óäîâëåòâîðèòåëüíûå ðåçóëüòàòû äëÿ ïðàêòè÷åñêîãî ïðèìåíåíèÿ.

Êëþ÷åâûå ñëîâà: ïëàñò, òðåùèíà ãèäðîðàçðûâà, äàâëåíèå, ìåòîä
ïîñëåäîâàòåëüíîé ñìåíû ñòàöèîíàðíûõ ñîñòîÿíèé.
On Application of the Method of Successive Change of Sta-
tionary States

It is shown that when describing fluid filtration in a fracture fracture
the method of successive change of stationary states gives satisfactory
results for practical application.

Keywords: reservoir, fracture, pressure, method of sequential change
of stationary states.

Ïðè ðåøåíèè ðàçëè÷íûõ çàäà÷ î ôèëüòðàöèè æèäêîñòè èñïîëüçóåò-
ñÿ ïðèáëèæåííûé ìåòîä ïîñëåäîâàòåëüíîé ñìåíû ñòàöèîíàðíûõ ñîñòî-
ÿíèé, ïðåäëîæåííûé È.À. ×àðíûì [1]. Îí îñíîâàí íà ïðåäïîëîæåíèè,
÷òî äàâëåíèå â ïëàñòå ìåíÿåòñÿ âî âðåìåíè çíà÷èòåëüíî ìåäëåííåå, ÷åì
ïî êîîðäèíàòàì. Ïîýòîìó ïðîèçâîäíóþ ïî âðåìåíè â ïåðâîì ïðèáëèæå-
íèè ìîæíî îòáðîñèòü, â ðåçóëüòàòå ÷åãî äëÿ äàâëåíèÿ ïîëó÷àåòñÿ óðàâ-
íåíèå Ëàïëàñà, îïèñûâàþùåå ñòàöèîíàðíûé ïðîöåññ. Ïðè ýòîì ïëàñò
äåëèòñÿ íà äâå çîíû: âîçìóùåííóþ è íåâîçìóùåííóþ. Ðàññòîÿíèå äî
ãðàíèöû çîí îïðåäåëÿåòñÿ óðàâíåíèåì áàëàíñà.

Ôèëüòðàöèÿ ôëþèäà â âåðòèêàëüíîé òðåùèíå ÃÐÏ, ïàðàëëåëüíîé
îñè âåðòèêàëüíîé ñêâàæèíû è â ïîðèñòîì ïëàñòå, îêðóæàþùåì òðå-
ùèíó, îïèñûâàåòñÿ ñèñòåìîé äâóõ óðàâíåíèé (ñì. [2], [3])

∂Pf
∂t

= κf
∂2Pf
∂x2

+ 2
mp

mf

κp
df

(
∂Pp
∂y

)∣∣∣∣
y=0

(0 < x < lf ) ,

∂Pp
∂t

= κp
∂2Pp
∂y2

(0 < x < lf , 0 < y <∞) ,
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Çäåñü íèæíèå èíäåêñû i = f è p ñîîòâåòñòâóþò çíà÷åíèÿì ïàðàìåò-
ðîâ â òðåùèíå è îêðóæàþùåé åå ïîðèñòîé ñðåäå mi � ïîðèñòîñòü, lf
(0 < x < lf ) � ïîëóäëèíà òðåùèíû, κi = k′iρ0C

2

miµ
� êîýôôèöèåíòû ïüå-

çîïðîâîäíîñòè, êîîðäèíàòà x îòñ÷èòûâàåòñÿ îò ñòåíêè ñêâàæèíû âäîëü
òðåùèíû, êîîðäèíàòà y îòñ÷èòûâàåòñÿ îò ñòåíêè òðåùèíû. Ìû ïðåä-
ïîëàãàåì, ÷òî æèäêîñòü ñíà÷àëà äâèæåòñÿ âäîëü òðåùèíû, çàòåì, ïåð-
ïåíäèêóëÿðíî ñòåíêàì òðåùèíû Pp = Pp (t, x, y), Pf = Pf (t, x) . Èçìå-
íåíèåì äàâëåíèÿ â òðåùèíå ïî âåðòèêàëè ïðåíåáðåãàåì.

Äëÿ çàäà÷è ïðè çàäàííîì ôèêñèðîâàííîì äàâëåíèè æèäêîñòè íà
ñêâàæèíå íàõîäèòñÿ ïðèáëèæåííîå ðåøåíèå

∆Pf = ∆Pf(w) exp

(
−
√
A/

√
2t x

)
, (t > 0, 0 < x <∞)

∆Pf = ∆Pf(w) exp
(
−21/4z

)
, z =

√
A

2

x

t1/4

è òî÷íîå

∆Pf = ∆Pf(w) Gil (z) , Gil (z) = 1− 1

π

∞∫
0

sin
(
zη1/4

)
η

e−η−zη
1/4

dη.

Èç ñðàâíåíèÿ ïîëó÷åííûõ ôîðìóë ñëåäóåò, ÷òî îòíîñèòåëüíàÿ ðàç-
íèöà íå áîëåå 3 � 4 ïðîöåíòîâ. Ïîêàçûâàåòñÿ, ðåçóëüòàòû, ïîëó÷àå-
ìûå ìåòîäîì ïîñëåäîâàòåëüíîé ñìåíû ñòàöèîíàðíûõ ñîñòîÿíèé õîðîøî
ïðèãîäíû äëÿ ïðàêòè÷åñêèõ ðàñ÷åòîâ.
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ÏÐÈÌÅÍÅÍÈÅ ÌÎÄÅËÈ TRANSFORMER ÄËß
ÌÎÄÅËÈÐÎÂÀÍÈß È ÏÐÎÃÍÎÇÈÐÎÂÀÍÈß
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ÓÄÊ 004.8.

Â ïîñëåäíèå ãîäû àðõèòåêòóðà Transformer àêòèâíî èñïîëüçóåò-
ñÿ â çàäà÷àõ îáðàáîòêè åñòåñòâåííîãî ÿçûêà, íî å¼ ïîòåíöèàë â
ïðîãíîçèðîâàíèè âðåìåííûõ ðÿäîâ òàêæå âûçûâàåò èíòåðåñ. Ñòà-
òüÿ àíàëèçèðóåò ïðèìåíåíèå ìîäåëåé Transformer äëÿ ýòèõ çàäà÷,
âûäåëÿåò èõ ïðåèìóùåñòâà ïî ñðàâíåíèþ ñ òðàäèöèîííûìè ìå-
òîäàìè, òàêèìè êàê ARIMA è RNN, è ðàññìàòðèâàåò ïîñëåäíèå
èññëåäîâàíèÿ è íàïðàâëåíèÿ áóäóùåãî ðàçâèòèÿ..

Êëþ÷åâûå ñëîâà: Transformer, ìîäåëèðîâàíèå âðåìåííûõ ðÿäîâ,
ïðîãíîçèðîâàíèå âðåìåííûõ ðÿäîâ, ARIMA, RNN, èññëåäîâàíèÿ,
ïåðñïåêòèâû ðàçâèòèÿ.
Application of the Transformer Architecture for Time Series
Modeling and Forecasting

In recent years, the Transformer architecture has been actively used
in natural language processing tasks, but its potential in time series
forecasting is also gaining interest. The article analyzes the application
of Transformer models for these tasks, highlighting their advantages
over traditional methods such as ARIMA and RNN, and discusses the
latest research and future development directions.

Keywords: Transformer, time series modeling, time series forecasting,
ARIMA, RNN, research, future directions.

Îáúåì òåçèñîâ � äî äâóõ ñòðàíèö, ïîäãîòîâëåííûõ â LaTeX ïî äàííîìó
îáðàçöó.

Ïðîãíîçèðîâàíèå âðåìåííûõ ðÿäîâ [1-3] èãðàåò êëþ÷åâóþ ðîëü â òà-
êèõ îáëàñòÿõ, êàê ýêîíîìèêà, ýíåðãåòèêà è ìåäèöèíà. Òðàäèöèîííûå
ìåòîäû, òàêèå êàê ARIMA è RNN, õîðîøî ðàáîòàþò ñ âðåìåííûìè ðÿ-
äàìè, íî áîëåå ñëîæíûå è îáúåìíûå äàííûå òðåáóþò ìîùíûõ ìîäåëåé.
Àðõèòåêòóðà Transformer, áëàãîäàðÿ èñïîëüçîâàíèþ ìåõàíèçìà âíèìà-
íèÿ (attention) è ñïîñîáíîñòè ìîäåëèðîâàòü äîëãîñðî÷íûå çàâèñèìîñòè,
ìîæåò çíà÷èòåëüíî óëó÷øèòü òî÷íîñòü ïðîãíîçîâ.

Ýòà ðàáîòà áûëà ïîääåðæàíà Ïðîãðàììîé ñòðàòåãè÷åñêîãî àêàäåìè÷åñêîãî ëè-
äåðñòâà Êàçàíñêîãî ôåäåðàëüíîãî óíèâåðñèòåòà (PRIORITY-2030).
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Transformer [1-2] áàçèðóåòñÿ íà ìåõàíèçìå self-attention, êîòîðûé
âû÷èñëÿåò âàæíîñòü êàæäîãî ýëåìåíòà ïîñëåäîâàòåëüíîñòè ïî îòíî-
øåíèþ ê äðóãèì ýëåìåíòàì. Äëÿ âõîäíîé ïîñëåäîâàòåëüíîñòè X =
[x1, x2, . . . , xn] ñîçäàþòñÿ òðè ìàòðèöû [1]:Query (Q),Key (K) èValue
(V ):

Q = XWQ, K = XWK , V = XWV ,

ãäå WQ, WK è WV � îáó÷àåìûå ìàòðèöû âåñîâ. Ìåõàíèçì âíèìàíèÿ
âû÷èñëÿåòñÿ ïî ñëåäóþùåé ôîðìóëå:

Attention(Q,K, V ) = softmax
(
QKT

√
dk

)
V,

ãäå dk � ðàçìåðíîñòü êëþ÷åé. Ýòîò ìåõàíèçì ïîçâîëÿåò ìîäåëè ó÷èòû-
âàòü êîíòåêñò âñåé ïîñëåäîâàòåëüíîñòè, à íå òîëüêî ïðåäûäóùèå ýëå-
ìåíòû, êàê â ðåêóððåíòíûõ íåéðîííûõ ñåòÿõ (RNN).

Ñòîèò îòìåòèòü, âðåìåííûå ðÿäû ìîãóò áûòü ïðåäñòàâëåíû êàê
ïîñëåäîâàòåëüíîñòü âåêòîðîâ, ãäå êàæäûé âåêòîð ñîäåðæèò çíà÷åíèÿ
ïðèçíàêîâ â îïðåäåë¼ííûé ìîìåíò âðåìåíè. Îñíîâíûå àðõèòåêòóðû
Transformer äëÿ àíàëèçà âðåìåííûõ ðÿäîâ âêëþ÷àþò [1-2]:

� Temporal Transformer: Ïðèìåíÿåò ñòàíäàðòíóþ àðõèòåêòóðó, îáðàáà-
òûâàÿ êàæäûé âðåìåííîé øàã êàê ýëåìåíò ïîñëåäîâàòåëüíîñòè.

� Informer: Óëó÷øåííàÿ âåðñèÿ ñ ìåõàíèçìîì "probSparse attention îï-
òèìèçèðîâàííûì äëÿ äëèííûõ ïîñëåäîâàòåëüíîñòåé.

� Autoformer: Èñïîëüçóåò àâòîêîððåëÿöèîííûå ìåõàíèçìû äëÿ âûÿâëå-
íèÿ ñåçîííûõ è òðåíäîâûõ êîìïîíåíòîâ.

Òàêèì îáðàçîì, èñïîëüçîâàíèå àðõèòåêòóðû Transformer â àíàëèçå
âðåìåííûõ ðÿäîâ îòêðûâàåò íîâûå âîçìîæíîñòè äëÿ ïîâûøåíèÿ òî÷íî-
ñòè ïðîãíîçèðîâàíèÿ. Íåñìîòðÿ íà ñëîæíîñòè, ñâÿçàííûå ñ å¼ âíåäðå-
íèåì, äàëüíåéøèå èññëåäîâàíèÿ è ðàçðàáîòêè ìîãóò çíà÷èòåëüíî óëó÷-
øèòü ðåçóëüòàòû â ýòîé îáëàñòè.
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Â ðàáîòå èçó÷åíà ñõîäèìîñòü íåñêîëüêèõ ñòîõàñòè÷åñêèõ ìåòîäîâ
îïòèìèçàöèè íà ïðèìåðå ìèíèìèçàöèè äâóõ ôóíêöèé ïîòåðü ïðè
îáó÷åíèè ìîäåëè èñêóññòâåííîé íåéðîííîé ñåòè-òðàíñôîðìåðà
YOLO. Ïðàêòè÷åñêîé öåëüþ ÿâëÿëîñü îáîñíîâàíèå âûáîðà ìåòîäà
ìèíèìèçàöèè ïðè îáó÷åíèè ìîäåëè êîìïüþòåðíîãî çðåíèÿ, ïðåä-
íàçíà÷åííîé äëÿ îïðåäåëåíèÿ äåôåêòîâ äðåâåñèíû íà öèôðîâûõ
ñíèìêàõ, èìïëåìåíòèðóåìîé â àâòîìàòèçèðîâàííóþ ñèñòåìó êîí-
òðîëÿ êà÷åñòâà êîíñòðóêöèîííûõ ìàòåðèàëîâ.

Êëþ÷åâûå ñëîâà: ìèíèìèçàöèÿ, ãëóáîêîå îáó÷åíèå, êîìïüþòåðíûé
ýêñïåðèìåíò, ñåãìåíòàöèÿ, ðàñïîçíàâàíèå îáðàçîâ.
Study of Numerical Optimization Methods for Solving the
Problem of Defect Detection in Structural Materials

The study investigates the convergence of several stochastic optimiza-
tion methods by minimizing two loss functions during the training of
a YOLO transformer neural network model. The practical goal was
to justify the choice of optimization method for training a computer
vision model designed to detect wood defects in digital images, to be
implemented in an automated quality control system for structural
materials.

Keywords: Minimization, Deep Learning, Computer Experiment, Seg-
mentation, Pattern Recognition.

Ðåøåíèå ìíîãèõ çàäà÷ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ñâÿçàíî ñ ðå-
øåíèåì îïòèìèçàöèîííûõ çàäà÷. Íàïðèìåð, ïðè ðàçðàáîòêå ìîäåëåé
ìàøèííîãî îáó÷åíèÿ è èñêóññòâåííîãî èíòåëëåêòà, âûïîëíÿåòñÿ ïî-
èñê òî÷åê ìèíèìóìà ôóíêöèé ìíîãèõ ïåðåìåííûõ � ôóíêöèé ïîòåðü
(øòðàôà) (ò.í. îáó÷åíèå ìîäåëåé [1]). Â ÷àñòíîñòè, â çàäà÷àõ ãëóáîêîãî
îáó÷åíèÿ äëÿ ìîäåëåé êîìïüþòåðíîãî çðåíèÿ êîëè÷åñòâî ïåðåìåííûõ
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èñ÷èñëÿåòñÿ ìèëëèîíàìè, ôóíêöèè ïîòåðü íåâûïóêëû è íåãëàäêè, ÷òî,
ñ ó÷åòîì êîíå÷íîé ðàçðÿäíîé ñåòêè ÝÂÌ, äåëàåò åäâà ëè âîçìîæíûì
òî÷íûé ïîèñê òî÷êè ãëîáàëüíîãî ìèíèìóìà. Â ýòîé ñâÿçè èñïîëüçóþò-
ñÿ ðàçëè÷íûå ïðèáëèæåííûå ìåòîäû ìèíèìèçàöèè öåëåâûõ ôóíêöèé
[1]; ñõîäèìîñòü ÷àñòè èç íèõ äàæå äëÿ ãëàäêèõ âûïóêëûõ çàäà÷ ñòðîãî
íå äîêàçàíà [2], íåñìîòðÿ íà èõ øèðîêîå ðàñïðîñòðàíåíèå â ïðàêòè-
êå ïðåäìåòíîé îáëàñòè. Íàêîïëåíèå ñâåäåíèé î ñêîðîñòè è ñõîäèìîñòè
ïðèáëèæåííûõ ìåòîäîâ ìèíèìèçàöèè ïðè ðåøåíèè çàäà÷ ñ áîëüøîé
ðàçìåðíîñòüþ ÿâëÿåòñÿ àêòóàëüíûì íàïðàâëåíèåì ðàçâèòèÿ ÷èñëåí-
íûõ ìåòîäîâ îïòèìèçàöèè [1], íà íàñòîÿùåì ýòàïå èññëåäîâàíèé íåîá-
õîäèìûì äëÿ ðàçðàáîòêè ìîäåëåé êîìïüþòåðíîãî çðåíèÿ, ïðåäíàçíà-
÷åííûõ äëÿ ðåøåíèÿ ïðàêòè÷åñêèõ çàäà÷, à â ïåðñïåêòèâå � äëÿ äàëü-
íåéøåãî àíàëèçà è îáîáùåíèÿ.

Â ðàáîòå ýêñïåðèìåíòàëüíî èçó÷åíà ñõîäèìîñòü òðåõ ìåòîäîâ ìèíè-
ìèçàöèè ôóíêöèé ïîòåðü ïðè îáó÷åíèè ìîäåëè èñêóññòâåííîé íåéðîí-
íîé ñåòè (ÈÍÑ) YOLOv8n.pt [3] ñ àðõèòåêòóðîé ÈÍÑ-òðàíñôîðìåðà,
ñâÿçàííûõ ñ ñåãìåíòàöèåé (box_loss) èçîáðàæåíèé è ðàñïîçíàâàíèÿ îá-
ðàçîâ (cls_loss) íà öèôðîâûõ ñíèìêàõ, à èìåííî:

� SGD (ñòîõàñòè÷åñêèé ãðàäèåíòíûé ñïóñê)[4]:

wt+1 = wt − αtgt,

ãäå w � ïðèáëèæåíèå ê ðåøåíèþ, α � øàã ìåòîäà, g � ïðèáëèæåíèå ê
ãðàäèåíòó ("ñòîõàñòè÷åñêèé ãðàäèåíò")[4] è t � íîìåð èòåðàöèè.

� RMSProp (ìåòîä ýêñïîíåíöèàëüíîãî ñêîëüçÿùåãî ñðåäíåãî)[5, 6]:

v0 = 0,

vt = βvt−1 + (1− β)g2t ,

wt+1 = wt −
α√
vt
gt,

ãäå v � âåêòîð çàòóõàíèÿ.

� Adam (ìåòîä àäàïòèâíîãî ìîìåíòà)[7]:

wt+1 = wt −
α√
v̂t
m̂t,

ãäå m̂t =
1

1−βt
1
mt è v̂t = 1

1−βt
2
vt � àäàïòèâíûå ïàðàìåòðû ìåòîäà,

mt = β1mt−1 + (1− β1)gt,

vt = β2vt−1 + (1− β2)g
2
t ,

ãäå β1 è β2 � ÷èñëîâûå ïàðàìåòðû.

Âñå îïåðàöèè íàä âåêòîðàìè ïðîèçâîäÿòñÿ ïîýëåìåíòíî [7].
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Äëÿ ïðîâåäåíèÿ èññëåäîâàíèÿ ïðè îáó÷åíèè ìîäåëè ÈÍÑ áûë èñ-
ïîëüçîâàí íàáîð äàííûõ, ñîäåðæàùèé èçîáðàæåíèÿ êîíñòðóêöèîííûõ
ìàòåðèàëîâ èç äðåâåñèíû [8]; íàáîð ñîñòîèò èç 20276 àííîòèðîâàí-
íûõ èçîáðàæåíèé ñ äåôåêòàìè 10 òèïîâ, ðàçìåð íàáîðà äàííûõ è
÷èñëî êëàññîâ îòëè÷àåò ïîëó÷åííûå ðåçóëüòàòû îò îïóáëèêîâàííûõ
ðàíåå. Âû÷èñëåíèÿ ïðîâåäåíû ñ èñïîëüçîâàíèåì ôðåéìâîðêà Pytorch
ïðè ñòàíäàðòíûõ ãèïåðïàðàìåòðàõ îáó÷åíèÿ ÈÍÑ YOLO [3], ðàçìåðîì
èçîáðàæåíèé 640 ïèêñåëåé è ðàçìåðîì áàò÷à ðàâíûì 16.

Ïðàêòè÷åñêîé öåëüþ ÿâëÿëîñü îáîñíîâàíèå âûáîðà ìåòîäà ìèíèìè-
çàöèè ïðè îáó÷åíèè ìîäåëè êîìïüþòåðíîãî çðåíèÿ, ïðåäíàçíà÷åííîé
äëÿ îïðåäåëåíèÿ äåôåêòîâ äðåâåñèíû íà öèôðîâûõ ñíèìêàõ; ìîäåëü
ïðåäíàçíà÷åíà äëÿ ïîñëåäóþùåé èìïëåìåíòàöèè â àâòîìàòèçèðîâàí-
íóþ ñèñòåìó êîíòðîëÿ êà÷åñòâà êîíñòðóêöèîííûõ ìàòåðèàëîâ. Îñíîâ-
íûå ðåçóëüòàòû ïðèâåäåíû íà ðèñóíêå 1.

Â õîäå èññëåäîâàíèÿ áûëî âûÿâëåíî, ÷òî ìåòîä Adam ïðîäå-
ìîíñòðèðîâàë íàèëó÷øèå ðåçóëüòàòû äëÿ îáåèõ ôóíêöèé îøèáîê.
RMSProp ïîêàçàë äîñòîéíûå ðåçóëüòàòû äëÿ ôóíêöèè ïîòåðü êëàñ-
ñèôèêàöèè, íî ìåíåå òî÷åí â îïðåäåëåíèè íà÷àëüíîãî ïðèáëèæåíèÿ è
óñòóïàåò â ìèíèìèçàöèè ôóíêöèè ïîòåðü ñåãìåíòàöèè. Ìåòîä SGD â
ýêñïåðèìåíòå îêàçàëñÿ íàèìåíåå ýôôåêòèâíûì.

Â êà÷åñòâå ïåðñïåêòèâíîãî ðåøåíèÿ äëÿ ìèíèìèçàöèè ôóíêöèé ïî-
òåðü ïðè îáó÷åíèè ìîäåëè êîìïüþòåðíîãî çðåíèÿ, ïðåäíàçíà÷åííîé
äëÿ ñåãìåíòàöèè è êëàññèôèêàöèè äåôåêòîâ êîíñòðóêöèîííûõ ìàòå-
ðèàëîâ èç äðåâåñèíû, íà íàñòîÿùåì ýòàïå èññëåäîâàíèé, ðåêîìåíäó-
åòñÿ ìåòîä Adam. Ñ ó÷åòîì ÷óâñòâèòåëüíîñòè ìåòîäîâ ê íàñòðîéêàì
ãèïåðïàðàìåòðîâ [2], ñëåäóåò äàëåå ïðîâåñòè ýêñïåðèìåíòû ïî èõ íà-
ñòðîéêå, ÷òî íóæíî äëÿ ñîñòàâëåíèÿ áîëåå ïîëíîãî è ñèñòåìàòèçèðî-
âàííîãî ïðåäñòàâëåíèÿ îá ýôôåêòèâíîñòè ÷èñëåííûõ ìåòîäîâ ìèíèìè-
çàöèè â ðåøåíèè çàäà÷è ãëóáîêîãî îáó÷åíèÿ. Ïîñòåïåííîå íàêîïëåíèå
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ýìïèðè÷åñêèõ ñâåäåíèé áóäåò ñïîñîáñòâîâàòü ïîëó÷åíèþ áîëåå ñòðî-
ãèõ äîêàçàòåëüñòâ ñõîäèìîñòè ÷èñëåííûõ ìåòîäîâ ïðè ðåøåíèè çàäà÷
ìóëüòèêëàññîâîé ñåãìåíòàöèè è êëàññèôèêàöèè.
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÷åñêîãî ïîâåäåíèÿ íåêîòîðûõ îáðàçöîâ ôðóêòîâ ñ íèçêèì ñîäåð-
æàíèåì ýëåêòðîàêòèâíûõ âåùåñòâ ñ èñïîëüçîâàíèåì òåìïîðàëü-
íîãî ïîäõîäà ê ñòðóêòóðèðîâàíèþ âîëüòàìïåðíûõ âðåìåííûõ ðÿ-
äîâ ïî ìåòîäó ãëàâíûõ êîìïîíåíò è êîëè÷åñòâåííîìó îïèñàíèþ è
ïîèñêó âåäóùèõ ãëàâíûõ êîìïîíåíò (1-3) êàæäîé ñëîæíîé æèä-
êîñòè (â íàøåì ñëó÷àå � ÿáëî÷íûõ ñîêîâ ðàçëè÷íîé êèñëîòíî-
ñòè/ñàõàðèñòîñòè) ñ ïîìîùüþ ìèíèìàëüíîãî ÷èñëà ïîäãîíî÷íûõ
ïàðàìåòðîâ.

Êëþ÷åâûå ñëîâà: ìåòîä ãëàâíûõ êîìïîíåíò, äèíàìè÷åñêàÿ ñèñòå-
ìà, òåìïîðàëüíîñòü.
A new method for the quantitative description of the main
components of voltammetric databases of the ”electronic lan-
guage” using fractional rational functions

The purpose of this work was to study the voltammetric behavior of
some fruit samples with a low content of electroactive substances using
a temporal approach to structuring voltammetric time series using the
principal component method and quantitative description and search
for leading principal components (1-3) for each complex liquid (in our
case, apple juices of different acidity/sugar content) using a minimum
number of adjustment parameters.
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Ìåòîä ãëàâíûõ êîìïîíåíò ïðèìåíèëè äëÿ îáùåãî îïèñàíèÿ âîëüòàì-
ïåðîìåòðè÷åñêîãî ïîâåäåíèÿ ôðóêòîâ ñ èñïîëüçîâàíèåì ¾ýëåêòðîííîãî
ÿçûêà¿ � ïåðâàÿ çàäà÷à, êîòîðóþ ñòàâÿò è ðåøàþò âî ìíîãèõ íàó÷íûõ
ñòàòüÿõ ïðèêëàäíîãî õàðàêòåðà â îáëàñòè ìóëüòèñåíñîðíîãî àíàëèçà,
â òîì ÷èñëå ñ èñïîëüçîâàíèåì ¾ýëåêòðîííûõ ÿçûêîâ è íîñîâ¿, è èõ
ãèáðèäíûõ âàðèàíòàõ. Âòîðàÿ çàäà÷à ÿâëÿåòñÿ îñîáåííîé äëÿ äàííîãî
âèäà ýëåêòðîõèìè÷åñêèõ èññëåäîâàíèé ñ èñïîëüçîâàíèåì ïðèíöèïîâ õå-
ìîìåòðèêè � ïîëó÷åíèå èñõîäíûõ ÌÃÊ- äàííûõ äëÿ àïðîáàöèè ìåòîäà
äðîáíî-ðàöèîíàëüíûõ ôóíêöèé äëÿ êîëè÷åñòâåííîãî îïèñàíèÿ ýâîëþ-
öèè ýëåêòðîõèìè÷åñêèõ ñèñòåì ïðè èõ íåïðåðûâíîì ôóíêöèîíèðîâà-
íèè è âçàèìîäåéñòâèè íà ãðàíèöå ðàçäåëà ýëåêòðîä/ðàñòâîð. Ïåðâè÷-
íûé àíàëèç âîëüòàìïåðîãðàìì ïî ìåòîäó ãëàâíûõ êîìïîíåíò âûÿâèë,
÷òî ÿáëîêè "Ñèìèðåíêî "Ãàëà Äàðê Áàðîí "Ýêîíîì "Ñëàâà Ïîáåäèòå-
ëÿì"è ëèìîí îòëè÷àþòñÿ ïî âîëüòàìïåðîìåòðè÷åñêîìó ïîâåäåíèþ â
ïðîñòðàíñòâå ïåðâûõ òðåõ ãëàâíûõ êîìïîíåíòàõ ìåæäó ñîáîé è â ñðàâ-
íåíèè ñ äðóãèìè ÿáëîêàìè "Áðåéáåðí "Ãîëäåí "Ðåä Äåëèøåñ "Àéäà-
ðåä "Êóáàíñêèå Áàãðÿíûå "Ãðåíè Ñèò "Ñåëåñòà ¾Êðèïñ Ïèíê¿. Â ñâÿ-
çè ñ ýòèì äëÿ õàðàêòåðèçàöèè ñõîæåñòè è ðàçëè÷èÿ ìåæäó äàííûìè,
ñèëüíî îòëè÷àþùèìèñÿ ýëåêòðîõèìè÷åñêè, äîñòàòî÷íî áûëî èñïîëü-
çîâàòü òðè ïåðâûå ãëàâíûå êîìïîíåíòû, êîòîðûå îáðàçîâàëè âûáîð-
êó äàííûõ äëÿ êîëè÷åñòâåííîãî îïèñàíèÿ ýâîëþöèè ýëåêòðîäíûõ ñè-
ñòåì ïî òåìïîðàëüíîìó ìåòîäó äðîáíî-ðàöèîíàëüíûõ ôóíêöèé. Íàìè
ïðåäëîæåíî ðàññìàòðèâàòü íå òîëüêî ñòàöèîíàðíîå ñîñòîÿíèå âîëüò-
àìïåðîìåòðè÷åñêîé ñèñòåìû ïî êëàññè÷åñêîìó ÌÃÊ, íî è êàê îíà ýâî-
ëþöèîíèðóåò íåïðåðûâíî ñ ìîìåíòà íà÷àëà ðåãèñòðàöèè âîëüòàìïåðî-
ãðàìì äî ïîñëåäíåé 400-é òî÷êè. Îñíîâíàÿ çàäà÷à - íàéòè ñîîòâåòñòâó-
þùóþ ôóíêöèþ ïîäãîíêè, êîòîðàÿ ïîçâîëÿåò êîëè÷åñòâåííî îïèñàòü
îñíîâíûå êîìïîíåíòû (1-3), êîòîðûå èñïîëüçîâàëèñü â òðàäèöèîííîì
PCA. Êàê èçâåñòíî, ñîâðåìåííûé PCA ìîæíî îõàðàêòåðèçîâàòü êàê
êà÷åñòâåííûé ìåòîä, è ñèñòåìàòè÷åñêîå îïèñàíèå ýòèõ êîìïîíåíòîâ îò-
ñóòñòâóåò. Ïðåäëàãàåìàÿ ôóíêöèÿ ïîäáîðà äîëæíà áûòü "óíèâåðñàëü-
íîé îòíîñèòåëüíî ïðîñòîé è ñîäåðæàòü ìèíèìàëüíîå êîëè÷åñòâî ïàðà-
ìåòðîâ ïîäáîðà.
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Èçâåñòíî, ÷òî â ëþáîì ìåòîäå àíàëèòè÷åñêîé õèìèè äëÿ ïîëó÷å-
íèÿ èíôîðìàöèè î êà÷åñòâåííîì è êîëè÷åñòâåííîì ñîñòàâå èñïîëü-
çóþò àíàëèòè÷åñêèé ñèãíàë. Äëÿ îáíàðóæåíèÿ âåùåñòâ ôèêñèðó-
þò ïîÿâëåíèå àíàëèòè÷åñêîãî ñèãíàëà, à äëÿ îïðåäåëåíèÿ âåùåñòâ
� êîëè÷åñòâåííî åãî îöåíèâàþò ñ èñïîëüçîâàíèåì âèçóàëüíûõ èëè
èíñòðóìåíòàëüíûõ ìåòîäîâ. Äëÿ êîëè÷åñòâåííîé îöåíêè, êàê ïðà-
âèëî, íåîáõîäèìî çíàòü âèä ìàòåìàòè÷åñêîé çàâèñèìîñòè àíàëèòè-
÷åñêîãî ñèãíàëà îò êîíöåíòðàöèè àíàëèçèðóåìîãî êîìïîíåíòà � òî
åñòü âèä àíàëèòè÷åñêîé ôóíêöèè. Ýòî ïîçâîëÿåò äëÿ îïðåäåëåíèÿ
êîíöåíòðàöèè âåùåñòâ ðåàëèçîâûâàòü òàêèå ïîäõîäû, êàê ìåòîä
ãðàäóèðîâî÷íîãî ãðàôèêà, ìåòîä äîáàâîê, ìåòîä òèòðîâàíèÿ è äð.

Êëþ÷åâûå ñëîâà: ôðàêòàë, ìåòîä äîáàâîê, àíàëèòè÷åñêèé ñèãíàë
A new approach to estimating the temporal parameters
of formation/dissolution of nanostructured composites, us-
ing the example of aluminum microfilms, using the PLS-T
method’

It is known that in any method of analytical chemistry, an analyt-
ical signal is used to obtain information about the qualitative and
quantitative composition. For the detection of substances, the ap-
pearance of an analytical signal is recorded, and for the determination
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of substances, it is quantified using visual or instrumental methods.
To quantify, as a rule, it is necessary to know the type of mathemat-
ical dependence of the analytical signal on the concentration of the
analyzed component – that is, the type of analytical function. This
makes it possible to implement approaches such as the calibration
graph method, the additive method, the titration method, etc. to
determine the concentration of substances.

Keywords: fractal, additive method, analytical signal

Ïðè ñëåäîâûõ êîëè÷åñòâàõ, íàïðèìåð, â òîíêèõ ìåòàëëè÷åñêèõ ïëåí-
êàõ, ïîêðûòèÿõ, ìèêðîïðîâîëîêàõ èëè, êîãäà âåùåñòâî � ëåãèðóþùàÿ
ñïëàâ äîáàâêà íåàêòèâíî, èëè îáúåêò èìååò íàíîðàçìåðíûå ôîðìû,
àíàëèòè÷åñêèé ñèãíàë ÷àñòî íàñòîëüêî ìàë, ÷òî êëàññè÷åñêèìè ìå-
òîäàìè ñòàòèñòè÷åñêîé îáðàáîòêè äàííûõ õàðàêòåðèçóåòñÿ øèðîêèì
äîâåðèòåëüíûì èíòåðâàëîì è, â ñâÿçè ñ ýòèì, îøèáî÷íî îïåðàòîðîì
ìîæåò ïðèðàâíèâàòüñÿ ê øóìîâûì ñèãíàëàì. Äëÿ èñêëþ÷åíèÿ ýòîãî
ïðåäëîæåíî â ðàáîòå íàêàïëèâàòü ñèãíàëû â ôîðìàòå âîëüòàìïåðíûõ
âðåìåííûõ ðÿäîâ è èõ ðàñøèôðîâûâàòü, êîëè÷åñòâåííî îïèñûâàòü ñ èñ-
ïîëüçîâàíèåì àâòîðñêèõ ïîäõîäîâ íà îñíîâå òåîðèè ôðàêòàëîâ è îáîá-
ùåííûõ ìåòîäîâ ãëàâíûõ êîìïîíåíò.

Â ÷àñòíîñòè, â äàííîé ðàáîòå èññëåäîâàëè ïîëíîå àíîäíîå ðàñòâî-
ðåíèå òîíêèõ ñëîåâ ìåòàëëà, íà ïðèìåðå ôîëüãèðîâàííîãî àëþìèíèÿ,
ïðè ïåðåõîäå ðàçìåðíîñòè îáúåêòà îò ìàêðî äî íàíîôîðì è ïåðåâîäå èç
òâåðäîãî ñîñòîÿíèÿ â èîííîå. Ñ èñïîëüçîâàíèåì ìåòîäà ãëàâíûõ êîìïî-
íåíò âïåðâûå îïðåäåëåíà òåìïîðàëüíàÿ ñòðóêòóðà ýëåêòðîõèìè÷åñêèõ
äàííûõ. Íàéäåí íîâûé òèï àíàëèòè÷åñêèõ ñèãíàëîâ äëÿ äîïîëíåííî-
ãî ìîíèòîðèíãà ïðîöåññîâ àíîäíîãî ðàñòâîðåíèÿ è êîððîçèè ìåòàëëîâ,
ðàñêðûâàþùèé âêëàä êàæäîãî êîìïîíåíòà ñïëàâà/ðàñòâîðà â îáùèå
çàêîíîìåðíîñòè ðàçðóøåíèÿ ìàòåðèàëîâ.

Ðåçóëüòàòû èññëåäîâàíèÿ, íà íàø âçãëÿä, ìîãóò áûòü ïîëåçíû ïðè
ðàçðàáîòêå äåòàëåé àâèàöèîííîãî, íàçåìíîãî òðàíñïîðòà è íà âîåííûõ
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îáúåêòàõ, à òàêæå äëÿ ñîçäàíèÿ âûñîêî÷óâñòâèòåëüíûõ äàò÷èêîâ ìî-
íèòîðèíãà êîððîçèîííûõ ïðîöåññîâ â ïîëåâûõ óñëîâèÿõ è â ïðîìûø-
ëåííîñòè.
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Â ýòîì ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à âîññòàíîâëåíèÿ ôóíêöèè
ïî ñåìåéñòâàì ñôåð â ïðîñòðàíñòâå. Äîêàçûâàåòñÿ åäèíñòâåííîñòü
ðåøåíèÿ çàäà÷è ïóòåì ñâåäåíèÿ ê èíòåãðàëüíîìó óðàâíåíèþ Âîëü-
òåððà ïåðâîãî, à çàòåì âòîðîãî ðîäà.

Êëþ÷åâûå ñëîâà: Çàäà÷à èíòåãðàëüíîé ãåîìåòðèè, ñåìåéñòâî ñôåð,
èíòåãðàëüíîå óðàâíåíèå Âîëüòåðà, åäèíñòâåííîñòü ðåøåíèÿ.
Volterra-type integral geometry problem on families of
spheres in space

This paper discusses considers the problem of recovering a function
from families of spheres in space. The uniqueness of the solution of
the problem is proved by reducing it to the Volterra integral equation
of the first and then the second kind.

Keywords: Integral geometry problem, family of spheres, Volterra in-
tegral equation, uniqueness of solution.

Çàäà÷àìè èíòåãðàëüíîé ãåîìåòðèè âîëüòåðîâñêîãî òèïà íàçûâàþò-
ñÿ çàäà÷è, êîòîðûå ìîãóò áûòü ñâåäåíû ê èññëåäîâàíèþ îïåðàòîðíûõ
óðàâíåíèé Âîëüòåðà â ñìûñëå îïðåäåëåíèÿ, äàííîãî Ì.Ì. Ëàâðåíòüå-
âûì [1].

Â ðàáîòû Ì.Ì.Ëàâðåíòüåâà áûëà ïðåäëîæåíà âåñüìà ïëîäîòâîð-
íàÿ èäåÿ ñâåäåíèÿ øèðîêîãî êëàññà çàäà÷ èíòåãðàëüíîé ãåîìåòðèè ê
èññëåäîâàíèþ óðàâíåíèÿ ýâîëþöèîííîãî òèïà äëÿ íåêîòîðîé âñïîìîãà-
òåëüíîé ôóíêöèè. Ýòî, â ÷àñòíîñòè, ïîçâîëèëî äîêàçàòü òåîðåìó åäèí-
ñòâåííîñòè ðåøåíèÿ èñõîäíîé çàäà÷è. Ñëåäóåò îòìåòèòü, ÷òî íåêîòîðûå
êëàññû çàäà÷è èíòåãðàëüíîé ãåîìåòðèè Âîëüòåððîâñêîãî òèïà èçó÷à-
ëèñü òàêæå À.Ë.Áóõãåéìîì.

Íîâûå êëàññû çàäà÷ èíòåãðàëüíîé ãåîìåòðèè ïîëó÷èëè ñâîå ðàçâè-
òèå â ðàáîòàõ Àêð. Õ. Áåãìàòîâà [2 è äð.]. Â åãî ðàáîòàõ èçó÷àëèñü
çàäà÷è èíòåãðàëüíîé ãåîìåòðèè âîëüòåððîâñêîãî òèïà íà ïëîñêîñòè è
â ïðîñòðàíñòâå. Â ðàáîòàõ [3,4] èçó÷åíû íîâûå êëàññû çàäà÷è èíòå-
ãðàëüíîé ãåîìåòðèè è ââåäåíû íîâûå ïîäõîäû ê èññëåäîâàíèþ çàäà÷
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âîññòàíîâëåíèÿ ôóíêöèè ïî âåñîâûì ôóíêöèÿì ñ îñîáåííîñòüþ. Â ðà-
áîòå [5,6] èçó÷åíà çàäà÷à âîññòàíîâëåíèÿ ôóíêöèè ïî ñåìåéñòâàì ñôåð
â òðåõìåðíîì ïðîñòðàíñòâå.

Â ñòàòüå ðàññìàòðèâàåòñÿ çàäà÷à âîññòàíîâëåíèÿ ôóíêöèè ïî ñå-
ìåéñòâàì ñôåð â ïðîñòðàíñòâå. Äîêàçûâàåòñÿ åäèíñòâåííîñòü ðåøåíèÿ
çàäà÷è ïóòåì ñâåäåíèÿ ê èíòåãðàëüíîìó óðàâíåíèþ Âîëüòåððà ïåðâîãî,
à çàòåì âòîðîãî ðîäà. Ïðèìåíÿþòñÿ ìåòîäû òåîðèè äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè. Äîêàçàòåëüñòâî òåîðåìû åäèí-
ñòâåííîñòè îñíîâàíû íà èçó÷åíèè êðàåâûõ çàäà÷ äëÿ âñïîìîãàòåëüíûõ
ôóíêöèé. Èñïîëüçóåòñÿ òàêæå ìåòîä ïðåîáðàçîâàíèÿ Ôóðüå. À òàêæå
ðàññìîòðåíà çàäà÷à èíòåãðàëüíîé ãåîìåòðèè äëÿ ñåìåéñòâà ïîâåðõíî-
ñòåé âòîðîãî ïîðÿäêà.

Çàäà÷è òàêîãî ðîäà âîçíèêàþò â ãåîôèçèêå è êîìïüþòåðíîé òîìî-
ãðàôèè. Ïðàêòè÷åñêàÿ çíà÷èìîñòü ñòàòüè çàêëþ÷àåòñÿ â òîì, ÷òî ïî-
ëó÷åííûå ðåçóëüòàòû ìîãóò áûòü èñïîëüçîâàíû ïðè ÷èñëåííîì ðåøå-
íèè çàäà÷ îïðåäåëåíèÿ âíóòðåííåé ñòðóêòóðû îáúåêòîâ, âîçíèêàþùèõ
â îáëàñòè ìåäèöèíû è ãåîôèçèêè.

Ïîñòàíîâêà çàäà÷è. Ðàññìîòðèì çàäà÷ó èíòåãðàëüíîé ãåîìåòðèè
äëÿ ñåìåéñòâà ïîâåðõíîñòåé â ïîëóïðîñòðàíñòâ z ≥ 0. Ïîâåðõíîñòü, ïî
êîòîðîé âåäåòñÿ èíòåãðèðîâàíèå, ïðåäñòàâëÿåò ñîáîé ñôåðó

z2 − ζ2 = (x− ξ)2 + (y − η)2. (1)

Îáîçíà÷èì LD = (x, y, z) : x ∈ R, y ∈ R, 0 ≤ z ≤ D.
Ôóíêöèÿ u(·) ïðåäïîëàãàåòñÿ ôèíèòíîé ïî x, y, òî åñòü u(x, y, z) = 0

ïðè (x, y) ∈ D , ãäå D - îãðàíè÷åííàÿ îáëàñòü íà ïëîñêîñòè z = 0 .
Çàäà÷à 1. Â ïîëóïðîñòðàíñòâ LD âîññòàíîâèòü ôóíêöèþ òð¼õ ïå-

ðåìåííûõ u(x, y, z), åñëè èçâåñòíû èíòåãðàëû îò íåå ïî ïîâåðõíîñòÿì
ñåìåéñòâà Υ(x, y, z):

f(x, y, z) =

∫
(Υ(x,y,z))

q(z, ζ)u(ξ, η, ζ)dω, (2)

ãäå ïðîèçâîëüíàÿ ïîâåðõíîñòü ñåìåéñòâà ïðåäñòàâëåíà âûðàæåíèåì

Υ(x, y, z) = (ξ, η, ζ) : z2 − ζ2 = (x− ξ)2 + (y − η)2, 0 ≤ ζ ≤ z ≤ D.

Ëåììà 1. Ïóñòü ôóíêöèÿ f(x, y, z) èçâåñòíà äëÿ âñåõ èç ïîëóïðî-
ñòðàíñòâ LD, âåñîâàÿ ôóíêöèÿ q(z, ζ) = 1√

z2−ζ2
.

Òîãäà ðåøåíèå óðàâíåíèÿ (2) â êëàññå äâàæäû íåïðåðûâíî äèôôå-
ðåíöèðóåìûõ ôèíèòíûõ ôóíêöèé ñ íîñèòåëåì â ïîëóïðîñòðàíñòâ LD
åäèíñòâåííî.
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Â ðàáîòå èññëåäóåòñÿ çàäà÷à èíòåãðàëüíîé ãåîìåòðèè â ïîëîñå íà
ñåìåéñòâå ïàðàáîë ñ çàäàííîé âåñîâîé ôóíêöèåé îáùåãî âèäà. Äî-
êàçàíà òåîðåìà åäèíñòâåííîñòè è òåîðåìà ñóùåñòâîâàíèÿ ðåøåíèÿ
çàäà÷è, ïîëó÷åíî àíàëèòè÷åñêîå ïðåäñòàâëåíèå ðåøåíèÿ â êëàññå
ãëàäêèõ êîíå÷íûõ ôóíêöèé. Ïðèâåäåíû ÷èñëåííûå è ãðàôè÷åñêèå
ðåçóëüòàòû ïðèìåíåíèÿ ýòèõ àëãîðèòìîâ äëÿ ðåøåíèÿ çàäà÷è.

Êëþ÷åâûå ñëîâà: çàäà÷à èíòåãðàëüíîé ãåîìåòðèè, îáðàòíûå çàäà-
÷è, íåêîððåêòíûå çàäà÷è, ÷èñëåííîå ðåøåíèå, ïðåîáðàçîâàíèå Ôó-
ðüå.
Volterra-type integral geometry problem on families of
spheres in space

The article deals with the study of problems of integral geometry in
a strip on a family of broken lines with a given weight function of a
general form. The theorems of uniqueness and existence for the solu-
tion of the task are proved; an analytic representation of the solution
in the class of smooth finite functions is obtained. The numerical and
graphical results of applying these algorithms to the solution of the
task are given.

Keywords: Problem of integral geometry, inverse tasks, ill-posed tasks,
numerical solution, Fourier transformation.

Çàäà÷è èíòåãðàëüíîé ãåîìåòðèè - èíòåíñèâíî ðàçâèâàþùååñÿ
íàïðàâ-ëåíèå ñîâðåìåííîé ìàòåìàòèêè, êîòîðîå ÿâëÿåòñÿ îäíèì èç
êðóïíåéøèõ íàïðàâëåíèé â òåîðèè íåêîððåêòíûõ çàäà÷ ìàòåìàòè÷å-
ñêîé ôèçèêè è àíàëèçà. Åå çàäà÷è òåñíî ñâÿçàíû ñ ìíîãî÷èñëåííûìè
ïðèëîæåíèÿìè - çàäà÷àìè èíòåðïðåòàöèè äàííûõ ãåîôèçè÷åñêèõ èñ-
ñëåäîâàíèé, ýëåêòðî-ðàçâåäêè, àêóñòèêè è êîìïüþòåðíîé òîìîãðàôèè.
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Îäíîé èç öåíòðàëüíûõ ïðîáëåì èíòåãðàëüíîé ãåîìåòðèè ÿâëÿåò-
ñÿ âîññòàíîâëåíèå ôóíêöèè, åñëè èçâåñòíû åå èíòåãðàëû ïî çàäàííûì
ìíî-ãîîáðàçèÿì.

Ïðèâåäåì îïðåäåëåíèå çàäà÷è èíòåãðàëüíîé ãåîìåòðèè [1]. Ïóñòü
u(x) - äîñòàòî÷íî ãëàäêàÿ ôóíêöèÿ, îïðåäåëåííàÿ â n - ìåðíîì ïðî-
ñòðàíñòâå x = (x1, ..., xn), è M(λ) - ñåìåéñòâî ãëàäêèõ ìíîãîîáðàçèé
â ýòîì ïðîñòðàíñòâå, çàâèñÿùèõ îò ïàðàìåòðà λ = (λ1, ..., λk). Ïóñòü,
äàëåå, îò ôóíêöèè u(x) èçâåñòíû èíòåãðàëû∫

M(λ)

u(x)dσ = v(λ). (1)

ãäå dσ îïðåäåëÿåò ýëåìåíò ìåðû ïî M(λ). Òðåáóåòñÿ ïî ôóíêöèè v(λ)
íàéòè ôóíêöèþ u(x).

Â ðàáîòû Ì.Ì.Ëàâðåíòüåâà áûëà ïðåäëîæåíà âåñüìà ïëîäîòâîð-
íàÿ èäåÿ ñâåäåíèÿ øèðîêîãî êëàññà çàäà÷ èíòåãðàëüíîé ãåîìåòðèè ê
èññëåäîâàíèþ óðàâíåíèÿ ýâîëþöèîííîãî òèïà äëÿ íåêîòîðîé âñïîìîãà-
òåëüíîé ôóíêöèè. Ýòî, â ÷àñòíîñòè, ïîçâîëèëî äîêàçàòü òåîðåìó åäèí-
ñòâåííîñòè ðåøåíèÿ èñõîäíîé çàäà÷è. Ñëåäóåò îòìåòèòü, ÷òî íåêîòîðûå
êëàññû çàäà÷è èíòåãðàëüíîé ãåîìåòðèè Âîëüòåððîâñêîãî òèïà èçó÷à-
ëèñü òàêæå À.Ë.Áóõãåéìîì.

Íîâûå êëàññû çàäà÷ èíòåãðàëüíîé ãåîìåòðèè ïîëó÷èëè ñâîå ðàçâè-
òèå â ðàáîòàõ Àêð. Õ. Áåãìàòîâà [2 è äð.]. Â åãî ðàáîòàõ èçó÷àëèñü
çàäà÷è èíòåãðàëüíîé ãåîìåòðèè âîëüòåððîâñêîãî òèïà íà ïëîñêîñòè è
â ïðîñòðàíñòâå. Â ðàáîòàõ [3-6] èçó÷åíû íîâûå êëàññû çàäà÷è èíòå-
ãðàëüíîé ãåîìåòðèè è ââåäåíû íîâûå ïîäõîäû ê èññëåäîâàíèþ çàäà÷
âîññòàíîâëåíèÿ ôóíêöèè ïî âåñîâûì ôóíêöèÿì ñ îñîáåííîñòüþ. Â ðà-
áîòàõ [7,8] èçó÷åíû àíàëèòè÷åñêîå ïðåäñòàâëåíèå ðåøåíèÿ çàäà÷è èíòå-
ãðàëüíîé ãåîìåòðèè â êëàññå ãëàäêèõ ôèíèòíûõ ôóíêöèé. Ó÷èòûâàÿ,
÷òî ïðè èçìåðåíèÿõ âñåãäà ïðèñóòñòâóþò çàøóìëåííûå èíòåãðàëüíûå
äàííûå, íà îñíîâå èäåè ðåãóëÿðèçàöèè Òèõîíîâà ñòðîèòñÿ óñòîé÷èâûé
àëãîðèòì äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è èíòåãðàëüíîé ãåîìåòðèè íà
ñåìåéñòâå ëîìàíûõ. Ïðîâåäåííûé ÷èñëåííûé ýêñïåðèìåíò ïîêàçûâàåò,
÷òî ðàçðàáîòàííûé àëãîðèòì ýôôåêòèâíî âîññòàíàâëèâàåò èçîáðàæå-
íèå âíóòðåííåé ñòðóêòóðû èññëåäóåìûõ îáúåêòîâ ñ äîñòàòî÷íîé òî÷-
íîñòüþ.

Â äàííîé ðàáîòå èññëåäóåòñÿ çàäà÷à èíòåãðàëüíîé ãåîìåòðèè â ïî-
ëîñå íà ñåìåéñòâå ïàðàáîë ñ çàäàííîé âåñîâîé ôóíêöèåé îáùåãî âè-
äà. Äîêàçàíà òåîðåìà åäèíñòâåííîñòè è òåîðåìà ñóùåñòâîâàíèÿ ðåøå-
íèÿ çàäà÷è, ïîëó÷åíî àíàëèòè÷åñêîå ïðåäñòàâëåíèå ðåøåíèÿ â êëàñ-
ñå ãëàäêèõ êîíå÷íûõ ôóíêöèé. Ïðåäñòàâëåíà îöåíêà ðåøåíèÿ çàäà÷è
â ïðîñòðàíñòâàõ Ñîáîëåâà, èç êîòîðîé âûòåêàåò å¼ ñëàáàÿ íåêîððåêò-
íîñòü. Ïîëó÷åííûå òåîðåòè÷åñêèå ðåçóëüòàòû èññëåäóþòñÿ ïî ýêñïåðè-
ìåíòàëüíûì äàííûì. Ïðèâåäåíû ÷èñëåííûå è ãðàôè÷åñêèå ðåçóëüòàòû
ïðèìåíåíèÿ ýòèõ àëãîðèòìîâ äëÿ ðåøåíèÿ çàäà÷è. Òàêèå çàäà÷è èìå-
þò ìíîãî÷èñëåííûå ïðèëîæåíèÿ â ìàòåìàòè÷åñêîì èçó÷åíèè ïðîáëåì
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ñåéñìîðàçâåäêè, èíòåðïðåòàöèè ãåîôèçè÷åñêèõ è àýðîêîñìè÷åñêèõ íà-
áëþäåíèé, â ðåøåíèè îáðàòíûõ çàäà÷ àñòðîôèçèêè è ãèäðîàêóñòèêè.
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Ðàáîòà âêëþ÷àåò ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ è ÷èñëåííîå
ìîäåëèðîâàíèå ïîâåäåíèÿ èññëåäóåìûõ ìàòåðèàëîâ è êîíñòðóê-
öèé, â êîòîðûõ îíè ïðèìåíÿþòñÿ. Âûïîëíåí àíàëèç òåïëîôèçè-
÷åñêèõ è ðåîëîãè÷åñêèõ ñâîéñòâ íàáîðà ïîëèìåðíûõ è ñìàçî÷íûõ
ìàòåðèàëîâ â øèðîêîì äèàïàçîíå òåìïåðàòóð [� 40; + 80] °Ñ. Ïî-
ñòðîåíà ÷èñëåííàÿ ïðîöåäóðà èäåíòèôèêàöèè ìîäåëåé ïîâåäåíèÿ
ìàòåðèàëîâ â ðàìêàõ âÿçêîóïðóãîñòè è âÿçêîóïðóãîïëàñòè÷íîñòè.
Ïðîàíàëèçèðîâàíî âëèÿíèÿ ìîäåëåé ïîâåäåíèå ìàòåðèàëîâ íà èõ
äåôîðìàöèîííîå ïîâåäåíèå ïðè ñòàòè÷åñêèõ è äèíàìè÷åñêèõ íà-
ãðóçêàõ íà òåñòîâûõ è ìîäåëüíûõ çàäà÷àõ, à òàêæå ïðè ðàáîòå ñôå-
ðè÷åñêîé îïîðíîé ÷àñòè ïðîèçâîäñòâà ÎÎÎ ¾ÀëüôàÒåõ¿ ã. Ïåðìü.

Êëþ÷åâûå ñëîâà: ïîëèìåð, ñìàçêà, âÿçêîñòü, òåðìîìåõàíèêà, ìåòîä
êîíå÷íûõ ýëåìåíòîâ, îïðåäåëÿþùèå ñîîòíîøåíèÿ, ìîäåëü.
Construction of viscoelastic and viscoelastoplastic models be-
havior of antifriction polymer and lubricant materials used
in bridge design

The work includes experimental studies and numerical modeling of the
behavior of the materials under study and the structures in which they
are used. An analysis of the thermophysical and rheological properties
of a set of polymer and lubricant materials in a wide temperature
range [– 40; + 80] °C has been completed. A numerical procedure
for identifying models of material behavior within the framework of
viscoelasticity and viscoelastoplasticity is constructed. The influence
of material behavior models on their deformation behavior under static
and dynamic loads in test and model problems, as well as during

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè (ïðîåêò � FSNM-2023-0007)
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Bogdanova (Perm National Research Polytechnic University, Perm, Russia)
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operation of the spherical support part manufactured by AlphaTech
LLC, Perm, was analyzed.

Keywords: polymer, lubricant, viscosity, thermomechanics, finite ele-
ment method, constitutive relations, model

Ñîãëàñíî Óêàçà Ïðåçèäåíòà îò 28.02.24 ã. � 145 ¾Î ñòðàòåãèè íàó÷íî-
òåõíîëîãè÷åñêîãî ðàçâèòèÿ Ðîññèéñêîé Ôåäåðàöèè¿ ï. 21 à, å äëÿ îáåñ-
ïå÷åíèÿ ñóâåðåíèòåòà ñòðàíû òðåáóåòñÿ ïåðåõîä ê ïåðåäîâûì òåõíîëî-
ãèÿì ïðîåêòèðîâàíèÿ è ñîçäàíèÿ âûñîêîòåõíîëîãè÷íîé ïðîäóêöèè, â
òîì ÷èñëå â ìîñòîñòðîèòåëüíîé îòðàñëè äëÿ îáåñïå÷åíèÿ ñâÿçàííîñòè
òåððèòîðèé. Îäíèì èç íàïðàâëåíèé ðàçâèòèÿ òðàíñïîðòíîé îòðàñëè
ñòðàíû ÿâëÿåòñÿ èñïîëüçîâàíèå ñîâðåìåííûõ ïîëèìåðíûõ è êîìïîçè-
öèîííûõ ìàòåðèàëîâ ïðè ñòðîèòåëüñòâå ìîñòîâ è íåñóùèõ ýëåìåíòîâ
êîíñòðóêöèé [1]. Àíàëèç âîçìîæíîñòè ïðèìåíåíèÿ íîâûõ ìàòåðèàëîâ â
êîíñòðóêöèÿõ ïðåäïîëàãàåò êàê èññëåäîâàíèå èõ ôèçèêî-ìåõàíè÷åñêèõ
è òåðìîìåõàíè÷åñêèõ õàðàêòåðèñòèê, òàê è ìîäåëèðîâàíèå èõ ïîâåäå-
íèÿ â óñëîâèÿõ ïðèáëèæåííûõ ê ýêñïëóàòàöèîííûì [2]. Ïîýòîìó âñå
áîëüøåå ðàñïðîñòðàíåíèå ïîëó÷àþò ñîâðåìåííûå ìåòîäû êîìïüþòåð-
íîãî èíæèíèðèíãà äëÿ ñîçäàíèÿ öèôðîâûõ àíàëîãîâ ñîâðåìåííûõ ìà-
òåðèàëîâ è êîíñòðóêöèé [3].

Îïîðíûå ÷àñòè ìîñòîâ îòíîñÿòñÿ ê îòâåòñòâåííûì ýëåìåíòàì
òðàíñïîðòíûõ ñèñòåì [4-5]. Îíè âîñïðèíèìàþò êîìïëåêñ íàãðóçîê îò
ìîñòîâîãî ïðîëåòà è âíåøíèå êëèìàòè÷åñêèå è òåõíîãåííûå âîçäåé-
ñòâèÿ. Òàêèå êîíñòðóêöèè ïîçâîëÿþò ìîñòîâîìó ñîîðóæåíèþ ýôôåê-
òèâíî âûïîëíÿòü âîçëîæåííûå íà íåãî ôóíêöèè. Ðàáîòà ñôåðè÷åñêèõ
îïîðíûõ ÷àñòåé ìîñòîâîãî ñîîðóæåíèÿ âî ìíîãîì çàâèñèò îò ïîëèìåð-
íûõ è ñìàçî÷íûõ ìàòåðèàëîâ, èñïîëüçóåìûõ â êà÷åñòâå îòíîñèòåëüíî
òîíêèõ àíòèôðèêöèîííûõ ñëîåâ, ïîçâîëÿþùèõ âîñïðèíèìàòü è ãàñèòü
íàãðóçêè îò òðàíñïîðòíîãî ïîòîêà è âíåøíèõ ïðèðîäíûõ è òåõíîãåí-
íûõ ôàêòîðîâ [5]. Ïîñòîÿííûé ïðîãðåññ ìàòåðèàëîâåäåíèÿ â îáëàñòè
ñîçäàíèÿ ôóíêöèîíàëüíûõ ïîëèìåðíûõ è êîìïîçèöèîííûõ ìàòåðèàëîâ
ñòàâèò ïåðåä èíæåíåðàìè è èññëåäîâàòåëÿìè çàäà÷è îá àíàëèç âîçìîæ-
íîñòè èõ ïðèìåíåíèÿ â îòâåòñòâåííûõ ýëåìåíòàõ ìîñòîâ, òàêèõ êàê
îïîðíûå ÷àñòè.

Â ðàìêàõ ðàáîòû âûïîëíåíî èññëåäîâàíèå òåïëîôèçè÷åñêèõ è ðåî-
ëîãè÷åñêèõ ñâîéñòâ ïîëèìåðíûõ è ñìàçî÷íûõ ìàòåðèàëàõ â øèðî-
êîì äèàïàçîíå òåìïåðàòóð. Ó÷åò òåìïåðàòóðíûõ ðåæèìîâ ðàáîòû êîí-
ñòðóêöèé ñâÿçàí ñ ðàñøèðåíèåì ìîñòîñòðîèòåëüíîé äåÿòåëüíîñòè íà
ðåãèîíû ñòðàíû ñî ñëîæíûìè óñëîâèÿìè ýêñïëóàòàöèè.

Ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ âêëþ÷àëè òåðìîìåõàíè÷åñêèé
àíàëèç ïîâåäåíèÿ íàáîðà ïîëèìåðíûõ ìàòåðèàëîâ: êîìïîçèöèîííûé
ìàòåðèàë íà îñíîâå ôòîðîïëàñòà ñ äåíäðèòíûìè áðîíçîâûìè âêëþ-
÷åíèÿìè è äèñóëüôèäîì ìîëèáäåíà (ÌÀÊ (Ô4ÁÐ40Ì2)); ñâåðõâûñîêî-
ìîëåêóëÿðíûé ïîëèýòèëåí (ÑÂÌÏÝ) íåìåöêîãî ïðîèçâîäñòâà; Àðôëîí
AR�200 (ñòðóêòóðíî-ìîäèôèöèðîâàííûé ïîëèòåòðàôòîðýòèëå?í (ÏÒ-
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ÔÝ)); Àðôëîí AR�202 (ñïðåññîâàííàÿ ñìåñü ïîðîøêîâ ÏÒÔÝ è ëèòåé-
íîãî êîêñà, îáðàáîòàííàÿ âûñîêîòåìïåðàòóðíîé ðàäèàöèåé); Àðôëîí
AR-204 (ñïðåññîâàííàÿ ñìåñü ïîðîøêîâ ÏÒÔÝ è óãëåâîëîêíà, îáðà-
áîòàííàÿ âûñîêîòåìïåðàòóðíîé ðàäèàöèåé); êîìïîçèöèîííûé ìàòåðè-
àë íà îñíîâå ôòîðîïëàñòà, ìîäèôèöèðîâàííûé óãëåðîäíûìè âîëîêíà-
ìè (Ñóïåðôëóâèñ SF-1); ôòîðîïëàñò-4. Òàêîé íàáîð àíòèôðèêöèîííûõ
ìàòåðèàëîâ äëÿ èññëåäîâàíèÿ âûáðàí èç-çà ðÿäà ôàêòîðîâ: ÷àñòü ìàòå-
ðèàëîâ â íàñòîÿùèé ìîìåíò ïðèìåíÿåòñÿ â ìîñòîñòðîèòåëüíîé îáëàñòè
(ÌÀÊ, ÑÂÌÏÝ); ÷àñòü ìàòåðèàëîâ ðàññìàòðèâàþòñÿ êàê ïåðñïåêòèâ-
íûå, íà îñíîâå ìíîãîëåòíèõ íàó÷íûõ èññëåäîâàíèé ñîâìåñòíî ñ ïðîèç-
âîäñòâåííîé êîìïàíèåé ÎÎÎ ¾ÀëüôàòÒåõ¿ ã. Ïåðìü (Àðôëîí AR�202,
Ñóïåðôëóâèñ SF-1). Èññëåäîâàíèÿ íàïðàâëåíû íà îïðåäåëåíèÿ âîç-
ìîæíîñòè ïåðåõîäà ìîñòîñòðîèòåëüíûõ êîìïàíèé íà èñïîëüçîâàíèå ñî-
âðåìåííûõ ìàòåðèàëîâ ñ óëó÷øåííûìè ôèçèêî-ìåõàíè÷åñêèìè, ðåî-
ëîãè÷åñêèìè, ôðèêöèîííûìè è ýêñïëóàòàöèîííûìè ñâîéñòâàìè. Äëÿ
ñðàâíèòåëüíîãî àíàëèçà ïîâåäåíèÿ ñîâðåìåííûõ àíòèôðèêöèîííûõ ìà-
òåðèàëîâ â êà÷åñòâå êîíòðîëüíîãî îáðàçöà âûáðàí ÷èñòûé ôòîðîïëàñò-
4, êàê íàèáîëåå ðàñïðîñòðàíåííûé ìàòåðèàë ñëîÿ ñêîëüæåíèÿ êëàññè-
÷åñêèõ îïîðíûõ ÷àñòåé ìîñòîâ.

Ñìàçî÷íûå ìàòåðèàëû èñïîëüçóþòñÿ äëÿ ñíèæåíèÿ òðåíèÿ íà ïî-
âåðõíîñòÿõ ñîïðÿæåíèÿ ýëåìåíòîâ îïîðíûõ ÷àñòåé. Â ðàìêàõ ðàáîòû
âûïîëíåíû ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ äëÿ íàáîðà ñìàçî÷íûõ
ìàòåðèàëîâ, ïðèìåíÿåìûõ â ìîñòîñòðîåíèè: ÖÈÀÒÈÌ-221; ÖÈÀÒÈÌ-
221F, ÒÎÌÔËÎÍ ÑÁÑ 240 FM è ÒÎÌÔËÎÍ ÑÊ 170 FH.

Íà îñíîâå ýêñïåðèìåíòàëüíûõ äàííûõ ïîñòðîåíà ïðîöåäóðà ÷èñëåí-
íîé èäåíòèôèêàöèè âÿçêîóïðóãèõ è âÿçêîóïðóãîïëàñòè÷åñêèõ ìîäåëåé
ïîâåäåíèÿ ìàòåðèàëîâ: â ðàìêàõ óðàâíåíèé ìàêñâåëëîâñêîãî òèïà ñ èñ-
ïîëüçîâàíèåì ðÿäîâ Ïðîíè è ìîäåëè Àíàíä, ïîëíàÿ ìîäåëü Àíàíä ñ
ó÷åòîì çàâèñèìîñòåé ìàòåðèàëüíûõ êîíñòàíò îò òåìïåðàòóðû.

Â ðàìêàõ ðàáîòû ïîëó÷åíû îïðåäåëÿþùèå ñîîòíîøåíèÿ, îïèñûâà-
þùèå ïîâåäåíèÿ ìàòåðèàëîâ ñ ó÷åòîì âÿçêîñòè íà øèðîêîì äèàïàçîíå
òåìïåðàòóð îò � 40 äî + 80 °Ñ. Âûïîëíåíà âåðèôèêàöèÿ íà òåñòîâûõ
è ìîäåëüíûõ çàäà÷àõ ñ èñïîëüçîâàíèåì êîíå÷íî-ýëåìåíòíîãî ìîäåëè-
ðîâàíèÿ â ïðèêëàäíîì ïàêåòå ANSYS Mechanical APDL. Èññëåäîâàíî
ïîâåäåíèå ìàòåðèàëîâ ïðè ñòàòè÷åñêîì è äèíàìè÷åñêîì íàãðóæåíèè
ñôåðè÷åñêîé îïîðíîé ÷àñòè Ë-100 ïðîèçâîäñòâà ÎÎÎ ¾ÀëüôàÒåõ¿.
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Â äîêëàäå ïðåäñòàâëåíà ïðîñòàÿ ìàòåìàòè÷åñêàÿ ìîäåëü äëÿ îïè-
ñàíèÿ ðàñïðîñòðàíåíèÿ ïàíäåìèè ñ äâóìÿ óñòîé÷èâûìè ñîñòîÿíè-
ÿìè ïî ïåðåñå÷¼ííîé ìåñòíîñòè, îñíîâàííàÿ íà èñïîëüçîâàíèè àä-
âåêòèâíîãî ÷ëåíà ñ êîýôôèöèåíòîì, çàâèñÿùèì îò ïðîñòðàíñòâåí-
íîé êîîðäèíàòû.

Êëþ÷åâûå ñëîâà: ëàãðàíæåâà êîîðäèíàòà, ýéëåðîâà êîîðäèíàòà,
ìåòîä õàðàêòåðèñòèê.
The spread of a pandemic with two stable states over rough
terrain

The report presents a simple mathematical model for a describing the
spread of a pandemic with two stable states over rough terrain, based
on the use of an advective term with a coefficient depending on the
spatial coordinate.

Keywords: Lagrangian coordinate, Eulerian coordinate, method of
characteristics.

Ïàíäåìèÿ COVID-19 â 2020-2022 ãîäàõ âûçâàëà âñïëåñê èíòåðåñà ê
çàäà÷àì ìàòåìàòè÷åñêîé ýïèäåìèîëîãèè (ñì. [1] è ññûëêè òàì). Îäíà-
êî ñðåäè âñåé ýòîé ìàññû ïîÿâèâøèõñÿ çà ýòîò ïåðèîä âðåìåíè ñòàòåé
ëèøü îäíà ðàáîòà [2] ìîæåò áûòü èñïîëüçîâàíà äëÿ îöåíêè ýôôåêòèâ-
íîñòè êàðàíòèííûõ ìåðîïðèÿòèé ïðè ïðîíèêíîâåíèè ïàíäåìèé ñêâîçü
ãðàíèöû íàöèîíàëüíûõ ãîñóäàðñòâ.

Â ñòàòüå [3] èäåÿ ðàáîòû [2] îá îïèñàíèè ìèãðàöèè áîëüíîé ïîïóëÿ-
öèè ñ ïîìîùüþ àäâåêòèâíîãî ÷ëåíà áûëà ïðèìåíåíà ê çàáîëåâàíèþ ñ
äâóìÿ óñòîé÷èâûìè ñîñòîÿíèÿìè.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ìèãðàöèÿ áîëüíîé ïîïóëÿöèè ñ
äâóìÿ óñòîé÷èâûìè ñîñòîÿíèÿìè ïî ïåðåñå÷�eííîé ìåñòíîñòè.

Áóãðîâ Âëàäèìèð Îëåãîâè÷, ÍÍÌÎ (Íèæíèé Íîâãîðîä, Ðîññèÿ); Vladimir
Bugrov (Nizhny Novgorod mathematical society, Nizhny Novgorod, Russia)
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ñèÿ); Alexander Rassadin (HSE University, Nizhny Novgorod, Russia)
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Ñ ìàòåìàòè÷åñêîé òî÷êè çðåíèÿ â ðàìêàõ òàêîé ïàðàäèãìû ýòà ïðî-
áëåìà ñâîäèòñÿ ê ðåøåíèþ ñëåäóþùåé çàäà÷è Êîøè íà ïðÿìîé x ∈ R:

∂u

∂t
+ c(x)

∂u

∂x
= u lnu (1− ln2 u) , u(x, 0) = u0(x) . (1)

Çàäà÷à Êîøè (1) ðåøàåòñÿ ñ ïîìîùüþ ìåòîäà õàðàêòåðèñòèê:

u(x, t) = exp

[
lnu0(Y (x, t))√

ln2 u0(Y (x, t)) + [1− ln2 u0(Y (x, t))] exp(−2 t)

]
, (2)

ãäå y = Y (x, t) � ñâÿçü ìåæäó ëàãðàíæåâîé è ýéëåðîâîé êîîðäèíàòîé,
ñîîòâåòñòâóþùàÿ ñêîðîñòè ïåðåíîñà çàáîëåâàíèÿ c(x).

Â ðàáîòå âûðàæåíèå (2) èññëåäîâàíî äëÿ íà÷àëüíîãî óñëîâèÿ u0(x)
â âèäå ãàóññîèäû è äâóõ ðàçëè÷íûõ çàâèñèìîñòåé ñêîðîñòè ïåðåíîñà
çàáîëåâàíèÿ îò ïðîñòðàíñòâåííîé êîîðäèíàòû x âèäà: c(x) = cosh−1(x)
è c(x) = 1+ (1+ exp(−x))−1. Ýòè ôóíêöèè òàêæå ìîãóò ñëóæèòü íóëå-
âûì ïðèáëèæåíèåì äëÿ àñèìïòîòè÷åñêîãî ðåøåíèÿ ìîäèôèêàöèè çà-
äà÷è Êîøè (1) ñ ïîìîùüþ ââåäåíèÿ äèôôeçèîííîãî ÷ëåíà ñ ìàëûì
êîýôôèöèåíòîì äèôôóçèè â ðàìêàõ òåîðèè ñèíãóëÿðíûõ âîçìóùåíèé
[4].
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Â äîêëàäå ïðåäñòàâëåíà ïðîñòàÿ ìàòåìàòè÷åñêàÿ ìîäåëü äëÿ îïè-
ñàíèÿ ðàñïðîñòðàíåíèÿ ïàíäåìèè ñ äâóìÿ óñòîé÷èâûìè ñîñòîÿíè-
ÿìè ïî ïåðåñå÷¼ííîé ìåñòíîñòè, îñíîâàííàÿ íà èñïîëüçîâàíèè àä-
âåêòèâíîãî ÷ëåíà ñ êîýôôèöèåíòîì, çàâèñÿùèì îò ïðîñòðàíñòâåí-
íîé êîîðäèíàòû.

Êëþ÷åâûå ñëîâà: ëàãðàíæåâà êîîðäèíàòà, ýéëåðîâà êîîðäèíàòà,
ìåòîä õàðàêòåðèñòèê.
The spread of a pandemic with two stable states over rough
terrain

The report presents a simple mathematical model for a describing the
spread of a pandemic with two stable states over rough terrain, based
on the use of an advective term with a coefficient depending on the
spatial coordinate.

Keywords: Lagrangian coordinate, Eulerian coordinate, method of
characteristics.

Ïàíäåìèÿ COVID-19 â 2020-2022 ãîäàõ âûçâàëà âñïëåñê èíòåðåñà ê
çàäà÷àì ìàòåìàòè÷åñêîé ýïèäåìèîëîãèè (ñì. [1] è ññûëêè òàì). Îäíà-
êî ñðåäè âñåé ýòîé ìàññû ïîÿâèâøèõñÿ çà ýòîò ïåðèîä âðåìåíè ñòàòåé
ëèøü îäíà ðàáîòà [2] ìîæåò áûòü èñïîëüçîâàíà äëÿ îöåíêè ýôôåêòèâ-
íîñòè êàðàíòèííûõ ìåðîïðèÿòèé ïðè ïðîíèêíîâåíèè ïàíäåìèé ñêâîçü
ãðàíèöû íàöèîíàëüíûõ ãîñóäàðñòâ.

Â ñòàòüå [3] èäåÿ ðàáîòû [2] îá îïèñàíèè ìèãðàöèè áîëüíîé ïîïóëÿ-
öèè ñ ïîìîùüþ àäâåêòèâíîãî ÷ëåíà áûëà ïðèìåíåíà ê çàáîëåâàíèþ ñ
äâóìÿ óñòîé÷èâûìè ñîñòîÿíèÿìè.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ìèãðàöèÿ áîëüíîé ïîïóëÿöèè ñ
äâóìÿ óñòîé÷èâûìè ñîñòîÿíèÿìè ïî ïåðåñå÷�eííîé ìåñòíîñòè.

Áóãðîâ Âëàäèìèð Îëåãîâè÷, ÍÍÌÎ (Íèæíèé Íîâãîðîä, Ðîññèÿ); Vladimir
Bugrov (Nizhny Novgorod mathematical society, Nizhny Novgorod, Russia)
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Ñ ìàòåìàòè÷åñêîé òî÷êè çðåíèÿ â ðàìêàõ òàêîé ïàðàäèãìû ýòà ïðî-
áëåìà ñâîäèòñÿ ê ðåøåíèþ ñëåäóþùåé çàäà÷è Êîøè íà ïðÿìîé x ∈ R:

∂u

∂t
+ c(x)

∂u

∂x
= u lnu (1− ln2 u) , u(x, 0) = u0(x) . (1)

Çàäà÷à Êîøè (1) ðåøàåòñÿ ñ ïîìîùüþ ìåòîäà õàðàêòåðèñòèê:

u(x, t) = exp

[
lnu0(Y (x, t))√

ln2 u0(Y (x, t)) + [1− ln2 u0(Y (x, t))] exp(−2 t)

]
, (2)

ãäå y = Y (x, t) � ñâÿçü ìåæäó ëàãðàíæåâîé è ýéëåðîâîé êîîðäèíàòîé,
ñîîòâåòñòâóþùàÿ ñêîðîñòè ïåðåíîñà çàáîëåâàíèÿ c(x).

Â ðàáîòå âûðàæåíèå (2) èññëåäîâàíî äëÿ íà÷àëüíîãî óñëîâèÿ u0(x)
â âèäå ãàóññîèäû è äâóõ ðàçëè÷íûõ çàâèñèìîñòåé ñêîðîñòè ïåðåíîñà
çàáîëåâàíèÿ îò ïðîñòðàíñòâåííîé êîîðäèíàòû x âèäà: c(x) = cosh−1(x)
è c(x) = 1+ (1+ exp(−x))−1. Ýòè ôóíêöèè òàêæå ìîãóò ñëóæèòü íóëå-
âûì ïðèáëèæåíèåì äëÿ àñèìïòîòè÷åñêîãî ðåøåíèÿ ìîäèôèêàöèè çà-
äà÷è Êîøè (1) ñ ïîìîùüþ ââåäåíèÿ äèôôeçèîííîãî ÷ëåíà ñ ìàëûì
êîýôôèöèåíòîì äèôôóçèè â ðàìêàõ òåîðèè ñèíãóëÿðíûõ âîçìóùåíèé
[4].
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Äëÿ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ õèìè÷åñêèõ ðåàêöèé ñ ðàç-
ëè÷íûì ÷èñëîì ðåàãåíòîâ ïðèìåíÿþòñÿ äèñêðåòíûå êèíåòè÷åñêèå
ñèñòåìû óðàâíåíèé. Ðàññìîòðåíû ìàòåìàòè÷åñêèå ìîäåëè, îïèñû-
âàåìûå ñèñòåìàìè óðàâíåíèé Êàðëåìàíà, Ãîäóíîâà-Ñóëòàãàçèíà è
Áðîäâåëà. Íà îñíîâå èõ ÷èñëåííîãî èññëåäîâàíèÿ ïðîâåäåíî ñðàâ-
íåíèå âðåìåíè õèìè÷åñêèõ ðåàêöèé ñ ðàçëè÷íûì ÷èñëîì ðåàãåí-
òîâ.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü, õèìè÷åñêàÿ ðåàêöèÿ,
êèíåòè÷åñêàÿ ñèñòåìà óðàâíåíèé.
On the rate of stabilization of solutions of the Cauchy prob-
lem for the two-dimensional kinetic Broadwell equation with
periodic initial data (regular process)

Discrete kinetic systems of equations are used for mathematical mod-
eling of chemical reactions with different numbers of reagents. Math-
ematical models described by the Carleman, Godunov-Sultagazin and
Broadwell equation systems are considered. Based on their numerical
study, a comparison of the times of chemical reactions with different
numbers of reagents is made.

Keywords: mathematical model, chemical reaction, kinetic system of
equations.

Èññëåäóþòñÿ ïðîöåññû õèìè÷åñêèõ ðåàêöèé, ïðîâîäèìûõ â áåñêîíå÷-
íîì öèëèíäðå äëÿ ðàçëè÷íîãî ÷èñëà ðåàãåíòîâ, à èìåííî, äëÿ äâóõ,
òðåõ è ÷åòûðåõ ðåàãåíòîâ. Â êà÷åñòâå ìàòåìàòè÷åñêèõ ìîäåëåé óêàçàí-
íûõ õèìè÷åñêèõ ðåàêöèé ðàññìàòðèâàþòñÿ çàäà÷è Êîøè äëÿ ñèñòåì
êèíåòè÷åñêèõ óðàâíåíèé Êàðëåìàíà, Ãîäóíîâà-Ñóëòàãàçèíà è Áðîäâåë-
ëà äëÿ ñëó÷àÿ îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé [1-4]. Íà îñíîâå
÷èñëåííîãî èññëåäîâàíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé ïðîâåäåíî ñðàâíå-
íèå âðåìåíè ïðîâåäåíèÿ õèìè÷åñêèõ ðåàêöèé ñ ðàçëè÷íûì ÷èñëîì ðåà-
ãåíòîâ. Ïîëó÷åííûå ÷èñëåííûå ðåçóëüòàòû ñîãëàñóþòñÿ ñ èìåþùèìèñÿ
òåîðèòè÷åñêèìè ðåçóëüòàòàìè [5, 6].

Âàñèëüåâà Îëüãà Àëåêñàíäðîâíà, ê.ô.-ì.í., äîöåíò, ÍÈÓ ÌÃÑÓ(Ìîñêâà, Ðîñ-
ñèÿ)); Ðîññèéñêèé õèìèêî-òåõíîëîãè÷åñêèé óíèâåðñèòåò èìåíè Ä. È. Ìåíäåëåå-
âà, Âûñøèé õèìè÷åñêèé êîëëåäæ (Ìîñêâà, Ðîññèÿ) Olga Vasilieva (Moscow State
University Of Civil Engineering (National Research University), Moscow, Russia; Russian
University of Chemical Technology named after D.I. Mendeleev, Higher Chemical College,
Moscow, Russia)
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ÓÄÊ 519.24

Ðàçðàáàòûâàåòñÿ ìåòîä àïïðîêñèìàöèè âåðîÿòíîñòè ïåðêîëÿöèè
íà áåñêîíå÷íûõ ãðàôàõ. Îí îñíîâàí íà êîíñòðóèðîâàíèè ïîñëåäî-
âàòåëüíîñòè ¾àïïðîêñèìèðóþùèõ¿ áåñêîíå÷íûõ ãðàôîâ ñïåöèàëü-
íîãî òèïà, íàçûâàåìûõ èåðàðõè÷åñêèìè. Âû÷èñëåíèå âåðîÿòíîñòè
ïåðêîëÿöèè ñâîäèòñÿ ê àíàëèçó ïîäõîäÿùåãî ìàðêîâñêîãî âåòâÿ-
ùåãîñÿ ïðîöåññà ñ äèñêðåòíûì âðåìåíåì.

Êëþ÷åâûå ñëîâà: áåñêîíå÷íûé ãðàô, âåðîÿòíîñòü ïåðêîëÿöèè, âåò-
âÿùèéñÿ ñëó÷àéíûé ïðîöåññ, íàäêðèòè÷åñêèé ðåæèì.
Approximations constructing in problems of discrete perco-
lation theory

A method for approximating the percolation probability on infinite
graphs. It is based on the construction of a sequence of infinite graphs
of a special type called the hierarchical ones. Calculating the percola-
tion probability is reduced to analyzing a suitable Markov branching
process with discrete time.

Keywords: infinite graph, percolation probability, branching random
process, supercritical regime.

Ðàññìàòðèâàåòñÿ çàäà÷à òåîðèè ïåðêîëÿöèè íà áåñêîíå÷íîì ãðàôå Z2,
íàçûâàåìîì êâàäðàòíîé ðåøåòêîé (ñì. [1]). Ýòîò ïåðèîäè÷åñêèé ãðàô
ïðè ïîãðóæåíèè à R2 îïðåäåëÿåòñÿ áèíàðíûì îòíîøåíèåì ñìåæíîñòè φ
òàê, ÷òî xφy, åñëè y = x±ej , j ∈ {1, 2}. Ðàçðàáàòûâàåòñÿ ìåòîä ïîñòðîå-
íèÿ àïïðîêñèìàöèé äëÿ âåðîÿòíîñòè P (c) ïåðêîëÿöèè íà áåñêîíå÷íîñòü
èç çàäàííîé âåðøèíû, òî åñòü ñóùåñòâîâàíèÿ áåñêîíå÷íîãî íåñàìîïå-
ðåñåêàþùåãîñÿ ïóòè γ ïî âåðøèíàì ãðàôà, â êîòîðûõ ñëó÷àéíîå áåð-
íóëëèåâñêîå ïîëå ρ(x), x ∈ Z2 ïðèíèìàåò çíà÷åíèå 1 è c = Pr{ρ(x) = 1}.

Ìåòîä îñíîâàí íà ïîñòðîåíèè ïîñëåäîâàòåëüíîñòè ⟨Γm;m ∈ N⟩ áåñ-
êîíå÷íûõ ãðàôîâ ñïåöèàëüíîãî òèïà, êîòîðûå íàçâàíû èåðàðõè÷åñêè-
ìè. Îíè ïîëó÷àþòñÿ âûðåçàíèåì èç Z2 êâàäðàòà ñ ðàçìåðîì 2m + 1
è ïðîöåäóðîé ïîñëåäîâàòåëüíîãî ïîäêëåèâàíèÿ ê åãî âíåøíèì ãðàíè÷-
íûì âåðøèíàì òàêèõ æå êâàäðàòîâ, ñîâìåùàÿ íóëåâóþ âåðøèíó êàæ-
äîãî èç íèõ ñ ãðàíè÷íîé âåðøèíîé êâàäðàòà, ê êîòîðîé ïðîèçâîäèòñÿ
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ïîäêëåèâàíèå. Ðåøåíèå çàäà÷è òåîðèè ïåðêîëÿöèè íà èåðàðõè÷åñêèõ
ãðàôàõ ñâîäèòñÿ ê ðåøåíèþ àëãåáðàè÷åñêîãî óðàâíåíèÿ

Q(c) =
∑
A⊂Γm

Q|A|(c)c|A|(1− c)n−|A| (1)

äëÿ âåðîÿòíîñòè Q(c) = 1 − Pm(c), ãäå Pm(c) � âåðîÿòíîñòü ïåðêîëÿ-
öèè íà ãðàôå Γm, êîòîðîå èìååò åäèíñòâåííîå ðåøåíèå, îòëè÷íîå îò
åäèíèöû ïðè c > c∗, ãäå c∗ � ò.í. ïîðîã ïåðêîëÿöèè, êîòîðûé ÿâëÿåòñÿ
ðåøåíèåì óðàâíåíèÿ

1 =
∑
A⊂Γm

|A|c|A|−1(1− c)n−|A| .

Äîêàçàíî, ÷òî âûïîëíÿåòñÿ àïïðîêñèìàöèîííîå íåðàâåíñòâî
Pm(c) ≤ P (c). Ïðè ýòîì èìååò ìåñòî ïðåäåëüíîå ñîîòíîøåíèå
limm→∞ Pm(c) = P (c), ÷òî ïîçâîëÿåò ðåøàòü ïðèáëèæåííî çàäà÷ó
ïåðêîëÿöèè íà êâàäðàòíîé ðåøåòêå. Ïðè m = 0 óðàâíåíèåì äëÿ
Q(c) ïðèíèìàåò âèä Q(c) = 1 − c + cQ4(c). Ñîîòâåòñòâóþùåå çíà÷åíèå
ïîðîãà c∗ = 0.25. Ïîëó÷åíî è ïðîàíàëèçèðîâàíî óðàâíåíèå ñëåäóþùåãî
ïðèáëèæåíèÿ ñ m = 1. Óðàâíåíèå (1) èìååò ñòåïåíü 12

q = 1−c+c(1−c)4+4c2(1−c)5q+2c3(1−c)5[3−2c]q2+

+4c3(1− c)4[2 + c(1− c)]q3 + c4(1− c)4[20− 7c]q4 + 4c4(1− c)3[1 + 4c(1− c)]q5+

+8c5(1− c)3[3− c]q6 + 24c6(1− c)3q7 + 2c6(1− c)2[6− c]q8 + 16c7(1− c)2q9+

+2c7(1− c2)q10 + 4c8(1− c)q11 + c9q12

c q = Q(c). Äëÿ ïîðîãà ïåðêîëÿöèè â ýòîì ïðèáëèæåíèè, ïîëó÷àåòñÿ
çíà÷åíèå (ñ íåäîñòàòêîì) c∗ = 0.343.

Äîñòîèíñòâîì ïðåäëîæåííîé ñõåìû àïïïðîêñèìàöèè âåðîÿòíîñòè
ïåðêîëÿöèè ÿâëÿåòñÿ òî, ÷òî îíà, íàðÿäó ñî ñõîäèìîñòüþ àïïðîêñèìà-
öèé ê èñòèííîìó çíà÷åíèþ ýòîé âåëè÷èíû, äàåò äëÿ íåå ãàðàíòèðîâàí-
íûå âåðõíèå îöåíêè.
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Èçó÷àåòñÿ âîçìîæíîñòü îïðåäåëåíèÿ ïðîâîäèìîñòè òðåùèíû ñ ïî-
ìîùüþ àêóñòè÷åñêèõ ìåòîäîâ.

Êëþ÷åâûå ñëîâà: ïëàñò, òðåùèíà ãèäðîðàçðûâà, æèäêîñòü, èì-
ïóëüñ, äàâëåíèå.
Acoustic scanning of low-permeability formats with fractures
through a crossed well with fluid

The possibility of determining the conductivity of a fracture using
acoustic methods is being studied.

Keywords: formation, hydraulic fracture, liquid, impulse, pressure.

Â ðàáîòå òåîðåòè÷åñêè èññëåäóåòñÿ íèçêîïðîíèöàåìûé ïëàñò ñ ñèì-
ìåòðè÷íûìè ãèäðîðàçðûâíûìè òðåùèíàìè. Òðåùèíà ðàññìîòðåíà êàê
ïðîñòðàíñòâî ìåæäó ïîðèñòûìè ïðîíèöàåìûìè ïëîñêîïàðàëåëüíûìè
ñòåíêàìè, çàêðåïëåííûìè ïðîïïàíòîì, áåñêîíå÷íîé äëèíû. Ïîëàãàåò-
ñÿ, ÷òî â ñêâàæèíå ñ ôëþèäîì (âîäîé èëè íåôòüþ) ñîçäàåòñÿ àêóñòè-
÷åñêèé ñèãíàë êîíå÷íîé äëèòåëüíîñòè. Â ìîäåëè ó÷èòûâàåòñÿ çàòóõà-
íèå ñèãíàëà ïðîèñõîäèò èç-çà âÿçêîñòè ôëþèäà, êîòîðàÿ ïðîÿâëÿåòñÿ â
ïîãðàíè÷íîì ñëîå âáëèçè âíóòðåííèõ ñòåíîê ñêâàæèíû. Â ìîäåëè ïðè-
íÿòà áèëèíåéíàÿ ñõåìà ôèëüòðàöèè ôëþèäà èç òðåùèíû ÃÐÏ â ïëàñò.
Çàäà÷è ðåøàþòñÿ â äâà ýòàïà. Íà ïåðâîì ýòàïå àíàëèòè÷åñêè ñòðîèòñÿ
äèñïåðñèîííûå óðàâíåíèÿ äëÿ çàòóõàþùèõ âîëí â ñêâàæèíå. Íà âòî-
ðîì ýòàïå ñ èñïîëüçîâàíèåì àëãîðèòìà áûñòðîãî ïðåîáðàçîâàíèÿ Ôó-
ðüå âîññòàíàâëèâàåòñÿ äèíàìèêà ñèãíàëà â àëãîðèòìè÷åñêèõ äàò÷èêàõ
äàâëåíèÿ íà óñòüå è çàáîå ñêâàæèíû. Ïîëó÷åíî, âîçìîæíî äèàãíîñòè-
ðîâàòü ïðîâîäèìîñòü òðåùèí ÃÐÏ, êîòîðûå ðàñïîëîæåíû ïîä ïðîèç-
âîëüíûì óãëîì îòíîñèòåëüíî ñêâàæèíû ïî âîçíèêàþùèì èìïóëüñàì
ðàçãðóçêè. Òî÷íîñòü ìåòîäà ïîâûøàåòñÿ ïðè ñêàíèðîâàíèè ñ ïîìîùüþ
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çîíäà äëèíîé íåñêîëüêî ìåòðîâ íåïîñðåäñòâåííî â îòêðûòîì ó÷àñòêå
ñêâàæèíû èç-çà âîçìîæíîñòè ïðèìåíåíèÿ êîðîòêèõ èìïóëüñîâ â áîëåå
óçêîì êàíàëå ìåæäó ñòåíêîé ñêâàæèíû è çîíäîì.
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Â íàñòîÿùåå âðåìåíÿ â îáëàñòè èíôîðìàöèîííûõ òåõíîëîãèé âñå
áîëüøåå âíèìàíèå óäåëÿåòñÿ òàê íàçûâàåìûì òåìïîðàëüíûì áà-
çàì äàííûõ, ðàçðàáàòûâàþòñÿ íîâûå ìåòîäû èõ ñîçäàíèÿ è îáðà-
áîòêè ñ èñïîëüçîâàíèåì öèôðîâûõ òåõíîëîãèé. Ýòî ÿâëÿåòñÿ äî-
ïîëíèòåëüíûì ïîáóäèòåëüíûì ìîòèâîì ê ïîëó÷åíèþ è èññëåäî-
âàíèþ òàêèõ äàííûõ ñ èñïîëüçîâàíèåì ìóëüòèñåíñîðíûõ ñèñòåì,
è ïîçâîëèò ñ áîëåå âûñîêèìè ïîêàçàòåëÿìè òî÷íîñòè ïðîãíîçèðî-
âàòü ñâîéñòâà è ðàñïîçíàâàòü ñëîæíûå õèìè÷åñêèå îáúåêòû, èçó-
÷àòü ôèçèêî-õèìè÷åñêèå ïðîöåññû ñ èõ ó÷àñòèåì, â òîì ÷èñëå â
ïðèñóòñòâèè íàíîêîëè÷åñòâ èëè ñëåäîâ âåùåñòâ.

Êëþ÷åâûå ñëîâà: ¾ýëåêòðîííûé ÿçûê¿, õåìîìåòðèêà, ìåòîä ãëàâ-
íûõ êîìïîíåíò, òåìïîðàëüíîñòü, ðàñïîçíàâàíèå îáðàçîâ.
Temporal approaches to the study of electrochemical dynam-
ical systems with using projection methods of chemometrics

Currently, in the field of information technology, increasing atten-
tion is being paid to the so-called temporal databases,new methods
of their creation and processing using digital technologies are being
developed. This is an additional incentive to obtain and study such
data using multisensory systems, and will allow predicting proper-
ties and recognizing complex chemical objects with higher accuracy,
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studying physico-chemical processes involving them, including in the
presence of nanoparticles or traces of substances.

Keywords: ”electronic language”, chemometrics, principal component
method, temporality, pattern recognition.

Íà íàø âçãëÿä, òåìïîðàëüíîñòü, êàê áàçîâàÿ ïëîùàäêà äëÿ õàðàêòåðè-
çàöèè íîâîãî ¾âðåìåíè¿ èëè âðåìåííîé ñòðóêòóðû äèíàìè÷åñêèõ ñè-
ñòåì â åñòåñòâåííûõ íàóêàõ, ïîçâîëÿåò ñåáÿ ðàñïîçíàòü ñ èñïîëüçîâà-
íèåì ñïåöèàëüíûõ ïðèåìîâ õåìîìåòðèêè (ÌÃÊ è ÏËÑ). Òàê, íàïðè-
ìåð, íà ðèñóíêå ïðåäñòàâëåíû ðåçóëüòàòû ÌÃÊ-ìîäåëèðîâàíèÿ ìàñ-
ñèâà òåìïîðàëüíûõ äàííûõ ýëåêòðîõèìè÷åñêîãî ïîâåäåíèÿ ðàçëè÷íûõ
ýëåêòðîõèìè÷åñêèõ îáúåêòîâ òèïà ¾ýëåêòðîä/ðàñòâîðà¿ ôóíêöèîíèðó-
þùèõ â óñëîâèÿõ öèêëè÷åñêîé âîëüòàìïåðîìåòðèè. Â êà÷åñòâå èññëåäó-
åìûõ ðàñòâîðîâ èñïîëüçîâàëè ÿáëî÷íûå, ëèìîííûé è ãðóøåâûé ñâåæèå
ñîêè.

Êàê âèäíî íà ðèñóíêå, â ïðîñòðàíñòâå òðåõ ãëàâíûõ êîìïîíåíò âñå
îáðàçöû çàíèìàþò ñâîå îïðåäåëåííîé ìåñòî. Òåìïîðàëüíûé ñïîñîá çà-
êëþ÷àåòñÿ â ðåãèñòðàöèè äëÿ êàæäîãî îáðàçöà ïîñëåäîâàòåëüíî 400
àìïåðîãðàìì, êîòîðûå ïðåîáðàçóþòñÿ ïî ìåòîäó ãëàâíûõ êîìïîíåíò
â îäíó òî÷êó íà êàæäîé èç ïëîñêîñòåé. Ïðèìåíåíèå ìàòåìàòè÷åñêî-
ãî àïïàðàòà ìåòîäà ãëàâíûõ êîìïîíåíò â ñî÷åòàíèè ñ òåìïîðàëüíûì
ïîäõîäîì ê íàêîïëåíèþ ïîëåçíîé õèìè÷åñêîé èíôîðìàöèé ïîçâîëÿåò
ðàñêðûòü ïðîñòðàíñòâåííóî-âðåìåííóþ ñòðóêòóðó ýëåêòðîõèìè÷åñêîé
ñèñòåìû. Êàæäûé îáðàçåö èìååò ñâîþ óíèêàëüíóþ ôîðìó êðèâîé òåì-
ïîðàëüíîãî äðåéôà ñî ñâîèìè ñòàäèÿìè, èõ êîëè÷åñòâîì è ïðîòÿæåí-
íîñòüþ âî âðåìåíè. Ïðèìåíåíèå ïðîåêöèîííûõ ìåòîäîâ õåìîìåòðèêè
(íà÷àëî ðàçâèòèÿ íà÷àëî 20 âåêà) è òåìïîðàëüíîãî ñïîñîáà ðåãèñòðàöèè
âîëüòàìïåðîãðàìì (íà÷àëî 21 âåêà) íå îãðàíè÷èâàåòñÿ òîëüêî ïðèìåíå-
íèåì ìåòîäà ãëàâíûõ êîìïîíåíò è àíàëèçîì ãðàôèêîâ ñ÷åòîâ èññëåäóå-
ìûõ îáðàçöîâ. Äèíàìèêó è êîëè÷åñòâî ñòàäèé ýëåêòðîõèìè÷åñêîé ýâî-
ëþöèè ýëåêòðîäîâ ïîä äåéñòâèåì ýëåêòðè÷åñêîãî òîêà è õèìè÷åñêîãî
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ñîñòàâà àíàëèçèðóåìûõ ðàñòâîðîâ, à, ñëåäîâàòåëüíî, è åãî òåìïîðàëü-
íóþ ñòðóêòóðó êîëè÷åñòâåííî îïèñàíû ìåòîäîì ÏËÑ � ïðîåêöèé íà
ëàòåíòíûå ñòðóêòóðû ñ èñïîëüçîâàíèåì àâòîðñêîãî ïîäõîäà ñ ÏËÑ-t`-
ìåòîäèêîé, êîòîðàÿ áóäåò îñâÿùåíà ïðèìåíèòåëüíî ê ÿáëî÷íûì îáðàç-
öàì è ðàçëè÷íûì ìàòåðèàëàì ýëåêòðîäîâ (ìåäü, àëþìèíèé è æåëåçî)
â ñëåäóþùèõ íàøèõ ðàáîòàõ.
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ÐÅÃÓËßÐÍÀß ÐÀÇÐÅØÈÌÎÑÒÜ ÏÅÐÂÎÉ
ÍÀ×ÀËÜÍÎ-ÊÐÀÅÂÎÉ ÇÀÄÀ×È ÄËß ÓÐÀÂÍÅÍÈÉ

ÊÂÀÇÈÃÈÄÐÎÄÈÍÀÌÈÊÈ Â ÏÐÈÁËÈÆÅÍÈÈ ÌÅËÊÎÉ
ÂÎÄÛ

Ô.À. Åâñååâ, fedor_evseev@rambler.ru

ÓÄÊ 517.95

Â ðàáîòå ðàññìàòðèâàåòñÿ ðàçðåøèìîñòü àíàëîãà ïåðâîé íà÷àëü-
íîé êðàåâîé çàäà÷è äëÿ êâàçèãèäðîäèíàìè÷åñêîé ñèñòåìû óðàâ-
íåíèé â ïðèáëèæåíèè ìåëêîé âîäû. Ïðè îïðåäåëåííûõ óñëîâèÿõ
íà äàííûå ïîêàçàíî, ÷òî ñóùåñòâóåò åäèíñòâåííîå ðåãóëÿðíîå ðå-
øåíèå çàäà÷è ëîêàëüíî ïî âðåìåíè.

Êëþ÷åâûå ñëîâà: íà÷àëüíî-êðàåâàÿ çàäà÷à, êâàçèãèäðîäèíàìè÷å-
ñêàÿ ñèñòåìà, ðåãóëÿðíîå ðåøåíèå.
Regular Solvability of the first initial-boundary value prob-
lem for the quasihydrodynamics equations in the shallow wa-
ter approximation

In this paper we consider the solvability of the analog of the first initial
boundary value problem for the quasihydrodynamic system of equa-
tions in the shallow water approximation. Under certain conditions
on the data, it is shown that there exists a unique regular solution of
the problem locally in time.

Keywords: Initial-boundary value problem, quasi-hydrodynamic sys-
tem, regular solution.

Ðàññìîòðèì âîïðîñ î ñóùåñòâîâàíèè ðåãóëÿðíîãî ðåøåíèÿ àíàëîãà ïåð-
âîé íà÷àëüíî-êðàåâîé çàäà÷è äëÿ êâàçèãèäðîäèíàìè÷åñêîé ñèñòåìû
óðàâíåíèé â ïðèáëèæåíèè ìåëêîé âîäû:

∂h

∂t
+ div (hu⃗) = div (hw⃗), w⃗ = τ((u⃗,∇)u⃗+ g∇h),

∂(hu⃗)

∂t
+ div (hu⃗⊗ u⃗) + g∇(

h2

2
) = 2div (νhσ̂(u⃗)) + div (hw⃗ ⊗ u⃗+ hu⃗⊗ w⃗),

(t, x) ∈ Q = (0, T )×G, G ⊂ R2. (1)

- ãäå òåíçîð ñêîðîñòåé äåôîðìàöèè σ̂ èìååò ôîðìó:

σ̂(u⃗) = σ̂ =
1

2
[(∇⊗ u⃗) + (∇⊗ u⃗)T ], σij =

1

2
(uixj + ujxi),

G � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé Γ ∈ C2, êîýôôèöèåíò êèíåìàòè-
÷åñêîé âÿçêîñòè æèäêîñòè ν, õàðàêòåðíîå âðåìÿ ðåëàêñàöèè τ ñ÷èòà-
þòñÿ çàäàííûìè ïîëîæèòåëüíûìè êîíñòàíòàì. Ïóñòü S = (0, T ) × Γ.

Åâñååâ Ôåäîð Àëåêñàíäðîâè÷, àñïèðàíò, ÞÃÓ (Õàíòû-Ìàíñèéñê, Ðîññèÿ); Fedor
Evseev (Yugra State University, Khanty-Mansiysk, Russia)
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Âåêòîð u⃗ = (u1(t, x1, x2), u2(t, x1, x2)) � óñðåäíåííàÿ ïî âûñîòå ñêîðîñòü
òå÷åíèÿ. Âåëè÷èíà h = h(t, x1, x2) èíòåðïðåòèðóåòñÿ êàê ðàññòîÿíèå ïî
âåðòèêàëè îò ðîâíîãî äíà âîäîåìà, ðàñïîëîæåííîãî â ïëîñêîñòè x1ox2,
äî ñâîáîäíîé ïîâåðõíîñòè æèäêîñòè. Ñèñòåìà âêëþ÷àåò êîíñòàíòó Ãà-
ëèëåÿ g = 9.8 m/c2, ðàâíóþ ìîäóëþ óñêîðåíèÿ ñâîáîäíîãî ïàäåíèÿ â
ãðàâèòàöèîííîì ïîëå Çåìëè.

Ñèñòåìà (1) äîïîëíÿåòñÿ íà÷àëüíî-êðàåâûìè óñëîâèÿìè:

u⃗|S = 0, (w⃗ · n⃗)|S = 0, u⃗|t=0 = u⃗0(x1, x2), h|t=0 = h0(x1, x2). (2)

ãäå n⃗ � âåêòîð âíåøíåé åäèíè÷íîé íîðìàëè ê Γ.
Ñèñòåìà (1) ïðåäñòàâëÿåò ñîáîé ðåãóëÿðèçîâàííóþ ñèñòåìó Ñåí-

Âåíàíà, àíàëîãîì êîòîðîé â ãàçîâîé äèíàìèêå ÿâëÿåòñÿ êâàçèãàçîäè-
íàìè÷åñêàÿ ñèñòåìà óðàâíåíèé, ïîëó÷åííàÿ Åëèçàðîâîé è ×åòâåðóø-
êèíûì [1, 2]. Âûâîä ðåãóëÿðèçîâàííûõ óðàâíåíèé Ñåí-Âåíàíà è èõ ïî-
äðîáíûé àíàëèç ïðåäñòàâëåí â [3]. Ðàíåå âîïðîñû ðåãóëÿðíîé ðàçðåøè-
ìîñòè çàäà÷è (1)-(2) íå ðàññìàòðèâàëèñü.

Â íàñòîÿùåé ðàáîòå ìû ïîêàçûâàåì, ÷òî â êàæäîì èç ñëó÷àåâ ïðè
îïðåäåëåííûõ óñëîâèÿõ íà äàííûå çàäà÷à (1)-(2) ëîêàëüíî ïî âðåìåíè
èìååò åäèíñòâåííîå ðåøåíèå, ïðèíàäëåæàùåå êëàññó W 1,2

p (Q).
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ÎÖÅÍÊÀ ÎÁËÀÑÒÈ ÃÓÐÂÈÖÅÂÎÑÒÈ ÏÎËÈÍÎÌÎÂ Â
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Â ðàáîòå ðàññìàòðèâàåòñÿ âîïðîñ îöåíêè îáëàñòè ãóðâèöåâîñòè
ïîëèíîìîâ. Ïîëó÷åíû ìåðû îáëàñòåé óñòîé÷èâîñòè â ðàçëè÷íûõ
ïðîñòðàíñòâàõ ïðè íåêîòîðûõ äîñòàòî÷íûõ óñëîâèÿõ óñòîé÷èâî-
ñòè. Ïðîèçâåäåíî ñðàâíåíèå ïîòåðü äîñòàòî÷íûõ óñëîâèé.

Êëþ÷åâûå ñëîâà: óñòîé÷èâîñòü ïîëèíîìîâ, êîýôôèöèåíòû óñòîé-
÷èâîñòè, ãóðâèöåâîñòü.
Estimation of the Hurwitz domain of polynomials in the co-
efficient space

In this paper we consider the question of estimating the Hurwitz region
of polynomials. Measures of stability regions in different spaces under
some sufficient stability conditions are obtained. A comparison of
losses of sufficient conditions is made.

Keywords: polynomial stability, determining coefficients, Hurwitz sta-
bility

Ðàññìîòðèì ïîëèíîì ñ âåùåñòâåííûìè êîýôôèöèåíòàìè

P (x) =

n∑
k=0

pkx
k.

Îáîçíà÷èì êîýôôèöèåíòû óñòîé÷èâîñòè

σj =
pj−1pj+2

pjpj+1
, j = 1, n− 2.

Â ðàáîòàõ [1�8] áûëè ïîêàçàíû äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè,
êîòîðûå âûðàæàþòñÿ ÷åðåç σj êîýôôèöèåíòû. Äëÿ àíàëèçà îáëàñòè
óñòîé÷èâîñòè ââîäèòñÿ ðåäóöèðîâàííûé ïîëèíîì

Q(x) = xn + xn−1 + xn−2 +

n−3∑
k=0

qkx
k,

êîýôôèöèåíòû êîòîðîãî îïðåäåëÿþòñÿ ðåêóðñèâíîé ôîðìóëîé

qn−3 = σ1, qn−k = σk−2

k−1∏
j=0

qn−j .
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Äàëåå â ðàáîòå äîêàçàíà ýêâèâàëåíòíîñòü çàäà÷è óñòîé÷èâîñòè äëÿ ïî-
ëèíîìîâ P (x) è Q(x), à òàêæå ñ ïîìîùüþ ïîëèíîìà Q(x) ïðîâîäèòñÿ
àíàëèç è îöåíêà îáëàñòåé ãóðâèöåâîñòè ïîëèíîìîâ.
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Äëÿ ëèíåéíûõ ñòàöèîíàðíûõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöè-
àëüíûõ è ðàçíîñòíûõ óðàâíåíèé èçâåñòíû óñëîâèÿ Ëÿïóíîâà ñó-
ùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ ñîîòâåòñòâóþùèõ ìàòðè÷-
íûõ óðàâíåíèé Ëÿïóíîâà. Ýòî óñëîâèå ôîðìóëèðóåòñÿ â òåðìèíàõ
ñîáñòâåííûõ ÷èñåë ìàòðèöû ñèñòåìû. Â äàííîé ðàáîòå ðàññìàò-
ðèâàþòñÿ ñèñòåìû îäíîðîäíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, è
ïðåäëàãàåòñÿ âàðèàíò óñëîâèÿ Ëÿïóíîâà, èãðàþùèé àíàëîãè÷íóþ
ðîëü. Â êîíöå ðàáîòû ðàññìîòðåíû ïðèëîæåíèÿ ïîëó÷åííûõ ðå-
çóëüòàòîâ.

Êëþ÷åâûå ñëîâà: îäíîðîäíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ,
ôóíêöèè Ëÿïóíîâà, óñòîé÷èâîñòü, óñëîâèå Ëÿïóíîâà.
Lyapunov conditions for homogeneous systems

The Lyapunov conditions for the existence and uniqueness of a solu-
tion to the matrix Lyapunov equations are known. These conditions
are formulated in terms of the eigenvalues of matrices of differential
and difference linear systems. In this paper, systems of homogeneous
differential equations are considered, and version of the Lyapunov con-
dition is proposed that play a similar role. At the end of the paper,
applications of the results obtained are considered.

Keywords: homogeneous differential equations, Lyapunov functions,
stability, Lyapunov condition.

Ïîñòàíîâêà çàäà÷è
Ðàññìîòðèì óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ(

∂V (x)

∂x

)T
· f(x) =W (x), (1)

ãäå ïðåäïîëàãàåì ôóíêöèè f(x) è W (x) îäíîðîäíûìè ôóíêöèÿìè ïî-
ðÿäêîâ µ > 1 è l = k + µ − 1 ñîîòâåòñòâåííî. Çàäà÷à çàêëþ÷àåòñÿ
â îïðåäåëåíèè óñëîâèé íà ôóíêöèþ f(x), ïðè êîòîðûõ óðàâíåíèå (1)
èìååò ðåøåíèå â âèäå îäíîðîäíîé ïîðÿäêà k > 1 ôóíêöèè V (x).
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Äàëåå áóäåì ñ÷èòàòü ôóíêöèè V (x), f(x) è W (x) ïîëîæèòåëü-
íî îäíîðîäíûìè, îïðåäåëåííûìè â ïðîñòðàíñòâå Rn, íåïðåðûâíû-
ìè è íåïðåðûâíî äèôôåðåíöèðóåìûìè. Òîãäà ñóùåñòâóåò åäèíñòâåí-
íîå íåïðåðûâíî äèôôåðåíöèðóåìîå ïî ñâîèì ïåðåìåííûì ðåøåíèå
x(t− t0, x0) âñïîìîãàòåëüíîé ñèñòåìû óðàâíåíèé

dx

dt
= f(x). (2)

Î÷åâèäíî, ÷òî
dV (x(t, x0))

dt
=

(
∂V (x)

∂x

)T
· f(x).

Âñå äàëüíåéøèå óòâåðæäåíèÿ îñíîâàíû íà àíàëèçå ïîâåäåíèÿ ïðî-
åêöèé ðåøåíèé ñèñòåìû (2) íà ïîâåðõíîñòü ∥x∥ = 1. Ñ ýòîé öåëüþ

ââåä¼ì ôóíêöèþ y(t) =
1

∥x(t)∥ · x(t), êîòîðàÿ ÿâëÿåòñÿ ïðîåêöèåé ðå-

øåíèÿ x(t, x0) â ôàçîâîì ïðîñòðàíñòâå Rn íà ïîâåðõíîñòü ∥x∥ = 1, è

ôóíêöèþ τ =

t∫
0

∥x(ν, x0)∥µ−1 · dν. Òîãäà ðåøåíèå ñèñòåìû

dy

dτ
= f(y)− (y, f(y)) · y (3)

ñ íà÷àëüíûìè óñëîâèÿìè τ0 = 0, y0 =
1

∥x0∥
·x0 óäîâëåòâîðÿåò ðàâåíñòâó

y(τ, x0) =
1

∥x(t, x0)∥
· x(t, x0).

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ f(x) óäîâëåòâîðÿ-
åò óñëîâèþ Ëÿïóíîâà äëÿ îäíîðîäíûõ ôóíêöèé, åñëè äëÿ ëþáîé ïîëî-
æèòåëüíî îäíîðîäíîé ôóíêöèèW (x) ïîðÿäêà l = k+µ−1 (k > 1, µ > 1)
ñóùåñòâóåò ðåøåíèå óðàâíåíèÿ (1) â âèäå ïîëîæèòåëüíî îäíîðîäíîé
ïîðÿäêà k > 1 ôóíêöèè V (x).

Îñíîâíûå ðåçóëüòàòû

Òåîðåìà 1. Åñëè ñèñòåìà óðàâíåíèé (2) èìååò ðàâíîâåñíîå
x(t, x̃0) ≡ x̃0 ̸= 0 èëè ïåðèîäè÷åñêîå x(L, x̂0) = x̂0 ðåøåíèå, òî ôóíêöèÿ
f(x) íå óäîâëåòâîðÿåò óñëîâèþ Ëÿïóíîâà.

Òåîðåìà 2. Ïóñòü ôóíêöèÿ f(x) óäîâëåòâîðÿåò óñëîâèþ Ëÿïóíî-
âà (îïðåäåëåíèå 1) äëÿ ïîëîæèòåëüíî îäíîðîäíûõ ôóíêöèé.

Åñëè äëÿ íåêîòîðîé òî÷êè x̃0 ̸= 0 âûïîëíåíî óñëîâèå f(x̃0) =
α(∥x̃0∥) · x̃0, ïðè÷¼ì α(∥x̃0∥) ̸= 0, èëè äëÿ íåêîòîðîãî ðåøåíèÿ x(t, x̂0)
óðàâíåíèÿ (2) âûïîëíåíî óñëîâèå x(L, x̂0) = α·x̃0, ïðè÷åì α ̸= 1, òî äëÿ
ëþáîé ïîëîæèòåëüíî îäíîðîäíîé ôóíêöèè W (x) ïîðÿäêà l = k+ µ− 1
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(k > 1, µ > 1) ëþáûå äâà ðåøåíèÿ Ṽ (x) è V̂ (x) óðàâíåíèÿ (1) óäîâëå-
òâîðÿþò ðàâåíñòâàì

Ṽ (γ · x̃0) = V̂ (γ · x̃0), γ ⩾ 0

èëè
Ṽ (x(t, γ · x̂0)) = V̂ (x(t, γ · x̂0)), γ ⩾ 0, t ∈ (−∞,+∞).

Ñëåäñòâèå 1. Åñëè ôóíêöèÿ f(x) óäîâëåòâîðÿåò óñëîâèÿì òåî-
ðåìû 2 äëÿ âñåõ òî÷åê, òî èìååò ìåñòî åäèíñòâåííîñòü ðåøåíèÿ
óðàâíåíèÿ (1).

Äàëåå ðàññìîòðèì ôóíêöèþ f(x), óäîâëåòâîðÿþùóþ îïðåäåëåíèþ
1, è ðåøåíèå x(t, x0) ñèñòåìû (2), îòëè÷íîå îò ðàññìîòðåííûõ â òåîðå-
ìå 2 ðåøåíèé. Ïóñòü èíòåðâàë ñóùåñòâîâàíèÿ ðåøåíèÿ åñòü t ∈ (a, b).
Ïóñòü ôóíêöèÿ W (x) ÿâëÿåòñÿ ïîëîæèòåëüíî îäíîðîäíîé, ïîëîæè-
òåëüíî îïðåäåë¼ííîé â Rn, íåïðåðûâíîé è íåïðåðûâíî äèôôåðåíöè-
ðóåìîé, à ôóíêöèÿ V (x) åñòü ðåøåíèå óðàâíåíèÿ (1). Òîãäà âîçìîæíû
ñëåäóþùèå àëüòåðíàòèâû.

1. Ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {tj}∞1 −−→
j→∞

a èëè b òàêàÿ, ÷òî

{x(tj , x0)}∞1 −−→
j→∞

0.

2. Ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {tj}∞1 −−→
j→∞

a èëè b òàêàÿ, ÷òî

{x(tj , x0)}∞1 −−→
j→∞

ω ̸= 0.

3. Ñóùåñòâóþò áåñêîíå÷íûå ïðåäåëû

∥x(t, x0)∥ −−→
t→a

∞ è ∥x(t, x0)∥ −−→
t→b

∞.

Çàìå÷àíèå. Ïîñêîëüêó ôóíêöèÿ f(x) îïðåäåëåíà â Rn, òî â ñëó÷àå
âûïîëíåíèÿ àëüòåðíàòèâû 1 èëè 2 ñïðàâåäëèâû ðàâåíñòâà a = −∞
èëè b = +∞.

Ëåììà 1. Â ñëó÷àå àëüòåðíàòèâû 1 âåðíî ðàâåíñòâî

V (x0) = Ṽ (x0)− V̂ (x0) = 0.

Ëåììà 2. Â ñëó÷àå àëüòåðíàòèâû 2 âåðíî ðàâåíñòâî

V (x0) = Ṽ (x0)− V̂ (x0) = 0.

Ëåììà 3. Â ñëó÷àå àëüòåðíàòèâû 3 âåðíî ðàâåíñòâî

V (z) = Ṽ (z)− V̂ (z) = 0.
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Òåîðåìà 3. Åñëè ôóíêöèÿ f(x) óäîâëåòâîðÿåò óñëîâèþ Ëÿïóíî-
âà, òî äëÿ ëþáîé ôóíêöèè W (x) ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå
óðàâíåíèÿ (1).
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Â ñòàòüå ðàññìàòðèâàþòñÿ îñîáåííîñòè çàäà÷è óïðàâëåíèÿ
ôèçèêî-õèìè÷åñêèìè ïðîöåññàìè, äîñòîèíñòâà è íåäîñòàòêè ãåíå-
òè÷åñêèõ ìåòîäîâ.

Êëþ÷åâûå ñëîâà: ýâðèñòè÷åñêèé ìåòîä, ãåíåòè÷åñêèé àëãîðèòì, çà-
äà÷à îïòèìèçàöèè
Using heuristic methods to solve problems of optimization of
complex physical and chemical processes

The article discusses the features of the problem of controlling physical
and chemical processes, the advantages and disadvantages of genetic
methods.

Keywords: heuristic method, genetic algorithm, optimization problem

Ê ðÿäó êëþ÷åâûõ ïðàêòè÷åñêè çíà÷èìûõ ïðîáëåì ïðè îðãàíèçàöèè
êîìïëåêñíîãî èññëåäîâàíèÿ ñëîæíûõ õèìèêî-òåõíîëîãè÷åñêèõ ñèñòåì
ìîæíî îòíåñòè ðåøåíèå çàäà÷è ïëàíèðîâàíèÿ ïðîèçâîäñòâà, êîòîðîå
âêëþ÷àåò â ñåáÿ ïîèñê îïòèìàëüíûõ ðåøåíèé äëÿ ïîâûøåíèÿ ýôôåê-
òèâíîñòè ïðîèçâîäñòâà è ìèíèìèçàöèè çàòðàò. Ýìïèðè÷åñêèå èññëåäî-
âàíèÿ çà÷àñòóþ íåâîçìîæíû èç-çà âûñîêîé ñòîèìîñòè èñõîäíûõ ìàòå-
ðèàëîâ è íåîáõîäèìîñòè íåïðåðûâíîé ðàáîòû äåéñòâóþùåãî ïðîèçâîä-
ñòâà, â ñâÿçè ñ ÷åì âñå áîëåå çíà÷èìûìè ñòàíîâÿòñÿ ìàòåìàòè÷åñêèå
ìåòîäû, êîòîðûå ïîçâîëÿþò ñ ïîìîùüþ îðãàíèçàöèè ñåðèè âû÷èñëè-
òåëüíûõ èñïûòàíèé îïðåäåëèòü çíà÷èìûå çàêîíîìåðíîñòè ïðîöåññà è
íàéòè îïòèìàëüíûå óñëîâèÿ.

Ìàòåìàòè÷åñêîå îïèñàíèå ñëîæíûõ ïðîöåññîâ äîëæíî ó÷èòûâàòü
ìíîæåñòâî ôàêòîðîâ, à âûñîêàÿ ðàçìåðíîñòü è íåëèíåéíîñòü çàòðóä-
íÿåò èñïîëüçîâàíèå êëàññè÷åñêèõ ìåòîäîâ îïòèìèçàöèè.

Â óñëîâèÿõ íàëè÷èÿ äîñòàòî÷íî áîëüøîãî êîëè÷åñòâà ïàðàìåòðîâ
ñèñòåìû íàèáîëåå ýôôåêòèâíûìè ÿâëÿþòñÿ ýâðèñòè÷åñêèå ìåòîäû [1],

Èññëåäîâàíèå âûïîëíåíî â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåðñòâà íà-
óêè è âûñøåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè (êîä íàó÷íîé òåìû FZWU-2023-
0002)

Êàøíèêîâà Àíàñòàñèÿ Ïàâëîâíà, àñïèðàíò, ÑÔ ÓÓÍèÒ (Ñòåðëèòàìàê, Ðîññèÿ);
Anastasia Kashnikova (Sterlitamak Branch of Ufa University of Science and Technology,
Sterlitamak, Russia)

Ìèôòàõîâ Ýëüäàð Íàèëåâè÷, ä.ô.-ì.í., íàó÷íûé ñîòðóäíèê, ÓÓÍèÒ (Óôà, Ðîñ-
ñèÿ); Eldar Miftakhov (Ufa University of Science and Technology, Ufa, Russia)
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êîòîðûå äàþò íóæíûå èíñòðóìåíòû äëÿ àíàëèçà è óñîâåðøåíñòâîâà-
íèÿ êèíåòè÷åñêèõ ïàðàìåòðîâ, ðåàêöèîííûõ ìåõàíèçìîâ è óñëîâèé ðå-
àêöèè. Ñðåäè ýòèõ àëãîðèòìîâ âûäåëÿþòñÿ ýâîëþöèîííûå ìåòîäû è, â
÷àñòíîñòè, ãåíåòè÷åñêèå àëãîðèòìû [2]. Îíè ìîãóò ðàáîòàòü ñ êðóïíû-
ìè ïðîñòðàíñòâàìè ïîèñêà è ñëîæíûìè ôóíêöèÿìè îöåíêè.

Ê ñîæàëåíèþ, ãåíåòè÷åñêèå àëãîðèòìû, ðàáîòàþùèå ñî ñëîæíûìè
ïðîñòðàíñòâàìè ïîèñêà, íóæäàþòñÿ â çíà÷èòåëüíûõ âû÷èñëèòåëüíûõ
ðåñóðñàõ. Ðàçâèòèå îáëà÷íûõ òåõíîëîãèé è âîçìîæíîñòü ðàñïàðàëëå-
ëèâàíèÿ ïîçâîëÿåò ìèíèìèçèðîâàòü ýòè ïðîáëåìû ïðè îïòèìèçàöèè
ñëîæíûõ ìíîãîôàêòîðíûõ ñèñòåì [3]. Òàêæå ñåðüåçíûì íåäîñòàòêîì
àëãîðèòìà ÿâëÿåòñÿ íèçêàÿ ýôôåêòèâíîñòü â ñèòóàöèÿõ, êîãäà ïàðà-
ìåòðû àëãîðèòìà íå íàñòðîåíû äëÿ êîíêðåòíîé çàäà÷è îïòèìèçàöèè,
÷òî îáóñëàâëèâàåò áîëüøîé èíòåðåñ ê èçó÷åíèþ âîçäåéñòâèÿ ïàðàìåò-
ðîâ ãåíåòè÷åñêèõ àëãîðèòìîâ íà ðåçóëüòàò ðåøåíèÿ çàäà÷ îïòèìèçà-
öèè.
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Ðàññìàòðèâàåòñÿ àêòóàëüíàÿ çàäà÷à ãàøåíèÿ âîëí ãîðåíèÿ è äåòî-
íàöèè â òðóáîïðîâîäàõ, òðàíñïîðòèðóþùèõ óíèòàðíîå òîïëèâî, çà
ñ÷¼ò íàëè÷èÿ ó÷àñòêîâ èõ ðàñøèðåíèÿ. Ôîðìóëèðóåòñÿ ìàòåìàòè-
÷åñêàÿ ìîäåëü òàêîãî ïðîöåññà ñ ó÷¼òîì öèëèíäðè÷åñêîé ñèììåò-
ðèè çàäà÷è. Ïðîâîäèòñÿ ïðîöåäóðà îáåçðàçìåðèâàíèÿ è âûäåëåíèå
êîìïëåêñîâ, ïîçâîëèâøèõ ñôîðìóëèðîâàòü ôèçè÷åñêóþ ïîñòàíîâ-
êó çàäà÷è â ðàìêàõ îáîñíîâàííûõ äîïóùåíèé íà îñíîâå êðèòåðè-
àëüíîãî àíàëèçà. Ïîêàçàíî, ÷òî îïðåäåëÿþùóþ ðîëü â ïðîöåññå
ðàñïðîñòðàíåíèÿ âîëí ãîðåíèÿ è äåòîíàöèè îêàçûâàþò ðåàêöèè
ãîðåíèÿ óíèòàðíîãî òîïëèâà.

Êëþ÷åâûå ñëîâà: ôèçèêî-ìàòåìàòè÷åñêàÿ ìîäåëü, îáåçðàçìåðèâà-
íèå, ìåõàíèêà ìíîãîôàçíûõ ñèñòåì, êðèòåðèàëüíûé àíàëèç, ãîðå-
íèå, óíèòàðíîå òîïëèâî
Formulation of a physical and mathematical model of com-
bustion and detonation waves propagation in pipelines with
variable cross-section

The actual problem of combustion and detonation waves decline in
pipelines transporting unitary fuel due to the presence of their expan-
sion parts is considered. A mathematical model of such a process is
formulated considering the cylindrical symmetry of the problem. The
procedure of de-dimensioning and introduction of complexes is carried
out, which made it possible to formulate the physical formulation of
the problem within the framework of reasonable assumptions based
on a criterion analysis. It is shown that the combustion reactions of
unitary fuels play a decisive role in the propagation of combustion and
detonation waves.
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Keywords: physical and mathematical model, de-dimensionong, me-
chanics of multiphase systems, criterion analysis, combustion, unitary
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Â ðàçëè÷íûõ òåõíîëîãè÷åñêèõ ïðîöåññàõ àêòóàëüíîé çàäà÷åé ÿâëÿåò-
ñÿ áåçîïàñíàÿ òðàíñïîðòèðîâêà óíèòàðíîãî òîïëèâà ïî òðóáîïðîâîäàì.
Â õîäå òàêîãî ïðîöåññà ìîãóò âîçíèêàòü âîëíû ãîðåíèÿ è äåòîíàöèè.
Äëÿ ïðåäîòâðàùåíèÿ èõ ðàçâèòèÿ çà ñ÷¼ò ãàøåíèÿ ïåðñïåêòèâíûì ñïî-
ñîáîì ÿâëÿåòñÿ äîáàâëåíèå ó÷àñòêîâ áîëüøåãî äèàìåòðà â òðóáîïðî-
âîäå, ãäå ïðîèñõîäèò àäèàáàòè÷åñêîå ðàñøèðåíèå ãàçîâîé ôàçû. Äëÿ
äîñòèæåíèÿ ìàêñèìàëüíîé ýôôåêòèâíîñòè ãàøåíèÿ íåîáõîäèìî ïðî-
âîäèòü ìîäåëèðîâàíèå äëÿ îïðåäåëåíèÿ ïàðàìåòðîâ òðóáîïðîâîäà. Ïî-
ýòîìó öåëüþ ðàáîòû ÿâëÿåòñÿ ôîðìóëèðîâêà ôèçè÷åñêè îáîñíîâàííîé
ìàòåìàòè÷åñêîé ìîäåëè ðàñïðîñòðàíåíèÿ âîëí ãîðåíèÿ è äåòîíàöèè â
òðóáîïðîâîäàõ ïåðåìåííîãî ñå÷åíèÿ.

Â îñíîâå ïðåäëîæåííîé ìîäåëè ëåæèò ðàçâèòèå ïîäõîäîâ Ð.È. Íèã-
ìàòóëèíà, À.Ã. Êóòóøåâà, Ñ.Ï. Ðîäèîíîâà, È.Ê. Ãèìàëòäèíîâà. Ðàñ-
ñìàòðèâàåòñÿ òð¼õôàçíàÿ ñèñòåìà, ñîñòîÿùàÿ èç ãàçîîáðàçíûõ ïðîäóê-
òîâ ãîðåíèÿ, ãàçîâ, íå âñòóïàþùèõ â ðåàêöèþ ãîðåíèÿ, è ÷àñòèö óíè-
òàðíîãî òîïëèâà. Çàïèñûâàþòñÿ çàêîíû ñîõðàíåíèÿ ìàññû è èìïóëüñà
ôàç, çàêîí ñîõðàíåíèÿ êîëè÷åñòâà ÷àñòèö, çàêîí ñîõðàíåíèÿ ýíåðãèè
ãåòåðîãåííîãî ïîòîêà, óðàâíåíèå ïðèòîêà òåïëà ê ÷àñòèöàì òîïëèâà ñ
ó÷¼òîì öèëèíäðè÷åñêîé ñèììåòðèè çàäà÷è, à òàêæå çàìûêàþùèå ñî-
îòíîøåíèÿ. Ôîðìóëèðóþòñÿ íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ, ñîîòâåò-
ñòâóþùèå íà÷àëó ïðîöåññîâ ãîðåíèÿ è äåòîíàöèè.

Îñóùåñòâëÿåòñÿ ïðîöåäóðà îáåçðàçìåðèâàíèÿ çàïèñàííîé ñèñòåìû
óðàâíåíèé è âûäåëÿþòñÿ áåçðàçìåðíûå êîìïëåêñû, õàðàêòåðèçóþùèå
îñîáåííîñòè ïðîöåññà. Ñ ïîìîùüþ êðèòåðèàëüíîãî àíàëèçà ïðîâîäèòñÿ
ôîðìóëèðîâêà ôèçè÷åñêè îáîñíîâàííûõ äîïóùåíèé.

Íà îñíîâå ïîëó÷åííîé ôèçèêî-ìàòåìàòè÷åñêîé ìîäåëè ïðîâåä¼í
÷èñëåííûé ýêñïåðèìåíò. Ñèñòåìà óðàâíåíèé ïðèâîäèòñÿ ê êîíå÷íî-
ðàçíîñòíîìó âèäó íà îñíîâå ìåòîäîâ êîíòðîëüíîãî îáú¼ìà è êðóïíûõ
÷àñòèö, êîòîðûé ïîäòâåðäèë âîçìîæíîñòü ãàøåíèÿ âîëí ãîðåíèÿ è äå-
òîíàöèè. Ïîëó÷åííûé ïðîãðàììíûé ïðîäóêò ïîçâîëèò ïðîâåñòè àíàëèç
÷óâñòâèòåëüíîñòè ìîäåëè è âûäåëèòü ðÿä ïàðàìåòðîâ, ïðåèìóùåñòâåí-
íî âëèÿþùèõ íà ïðîöåññ ðàñïðîñòðàíåíèÿ âîëí ãîðåíèÿ è äåòîíàöèè,
îïðåäåëèòü ýôôåêòèâíûå õàðàêòåðèñòèêè òðóáîïðîâîäà.

Íà îñíîâå êðèòåðèàëüíîãî àíàëèçà ïîêàçàíî, ÷òî îïðåäåëÿþùóþ
ðîëü â ïðîöåññå ðàñïðîñòðàíåíèÿ âîëí ãîðåíèÿ è äåòîíàöèè îêàçûâà-
þò ðåàêöèè ãîðåíèÿ óíèòàðíîãî òîïëèâà. Îïðåäåëåíî, ÷òî òåðìîáàðè-
÷åñêèìè óñëîâèÿìè â íà÷àëüíûé ìîìåíò âðåìåíè ìîæíî ïðåíåáðå÷ü ïî
ñðàâíåíèþ ñ óñëîâèÿì íà ôðîíòå âîëíû.
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¾Âîëüòàìïåðîìåòðè÷åñêèé íîñ¿ ïðåäñòàâëÿåò ñîáîé èííîâàöèîí-
íûé èíñòðóìåíò, ïîçâîëÿþùèé êîëè÷åñòâåííî îïèñûâàòü óðîâíè
çàãðÿçíåíèÿ âîçäóõà. Â íåì èñïîëüçóþòñÿ äàò÷èêè, êîòîðûå îá-
ëàäàþò ðàçëè÷íîé ïàðöèàëüíîé ÷óâñòâèòåëüíîñòüþ ê àíàëèçèðó-
åìîìó îáëàêó çàïàõîâ. Â òî æå âðåìÿ êàæäûé ñåíñîð ìàññèâà â
íàáîðå èìååò ñâîé ñîáñòâåííûé èíäèâèäóàëüíûé ïðîôèëü îòêëè-
êà, îòâå÷àþùèé çà îïðåäåëåííûé äèàïàçîí òåñòèðóåìûõ çàïàõîâ.
Â ðåçóëüòàòå îáîáùåííûé ïðîôèëü ñóììàðíîé ðåàêöèè ñåíñîðîâ
ýëåêòðîííîãî íîñà äëÿ ðàçëè÷íûõ çàïàõîâ èìååò äîâîëüíî ñëîæ-
íóþ ñòðóêòóðó è ìîæåò áûòü ðàñøèôðîâàí äëÿ öåëåé èäåíòèôè-
êàöèè çàïàõà òîëüêî ñ èñïîëüçîâàíèåì õåìîìåòðè÷åñêèõ (êîìïüþ-
òåðíûõ) ìåòîäîâ ðàñïîçíàâàíèÿ îáðàçîâ è êëàññèôèêàöèè.

Êëþ÷åâûå ñëîâà: áàçû äàííûõ, âîëüòàìïåðîãðàììà, ÏËÑ-
ïàðàìåòð
Analysis of temporal responses of a metal oxide ”electronic
nose” using the projection method on latent structures of
voltammetric databases

The Voltammetric Nose is an innovative tool for quantifying air pol-
lution levels. It uses sensors that have different partial sensitivity to
the analyzed cloud of odors. At the same time, each sensor array
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in the kit has its own individual response profile, responsible for a
certain range of tested odors. As a result, the generalized profile of
the total response of electronic nose sensors for various odors has a
rather complex structure and can be deciphered for odor identification
purposes only using chemometric (computer) pattern recognition and
classification methods.

Keywords: databases, voltammogram, PLC parameter

Ýôôåêòèâíàÿ îáðàáîòêà ìíîãîìåðíûõ äàííûõ, ïîëó÷åííûõ îò ìàññè-
âà ñåíñîðîâ â ðåæèìå íåïðåðûâíîãî ôóíêöèîíèðîâàíèÿ, èãðàåò êëþ-
÷åâóþ ðîëü â àíàëèòè÷åñêîì êîíòðîëå ïðîèçâîäñòâåííûõ ïðîöåññîâ è
ýêîëîãè÷åñêîì íàáëþäåíèè. Â ðàáîòå êîëè÷åñòâåííî îïèñàëè âðåìåí-
íûå ðÿäû òîêîâ � îòêëèêîâ ¾ýëåêòðîííîãî íîñà¿ íà ñóòî÷íîå èçìåíåíèå
ñîñòàâà âîçäóõà æèëèùíîé çîíû. Ýêñïåðèìåíò íà÷àëñÿ 6 àïðåëÿ â 9:48
è çàâåðøèëñÿ 10 àïðåëÿ â 00:00, òî åñòü äëèëñÿ 4 ñóòîê. Â òå÷åíèå ýòîãî
âðåìåíè êàæäûå 6 ñåêóíä ðåãèñòðèðîâàëàñü âîëüòàìïåðîãðàììà, ñ ïå-
ðåðûâàìè êàæäûå 40 ñåêóíä. Ïîëó÷åííûé ìàññèâ âîëüòàìïåðîãðàìì,
ñîñòîÿùèé èç 970 çàïèñåé, áûë ïîäâåðãíóò êîìáèíàòîðíîìó àíàëèçó ñ
èñïîëüçîâàíèåì ÌÃÊ/ÏËÑ-ìîäåëèðîâàíèÿ. Äàííûé àíàëèç ïîçâîëèë
óñòàíîâèòü, ÷òî âåëè÷èíà èçìåðÿåìîãî òîêà âîçðàñòàåò ñ óâåëè÷åíè-
åì êîíöåíòðàöèè çàãðÿçíÿþùèõ âåùåñòâ â âîçäóõå. Ïðîåêöèÿ ëàòåíò-
íûõ ñòðóêòóð (PLS) - ýòî ìåòîä ñòàòèñòè÷åñêîãî è ìàøèííîãî îáó÷åíèÿ
äëÿ àíàëèçà äàííûõ, êîòîðûé ïîçâîëÿåò èçó÷àòü ñêðûòûå (ëàòåíòíûå)
ôàêòîðû, îïðåäåëÿþùèå ïîâåäåíèå äàííûõ. Ýòîò ìåòîä èñïîëüçóåòñÿ
äëÿ èçó÷åíèÿ ñêðûòûõ èëè ëàòåíòíûõ ôàêòîðîâ, êîòîðûå îïðåäåëÿþò
ïîâåäåíèå äàííûõ, íî íå ìîãóò áûòü íåïîñðåäñòâåííî èçìåðåíû èëè
íàáëþäàåìû. Ìåòîä PLS ïîçâîëÿåò àíàëèçèðîâàòü äàííûå, èñïîëüçóÿ
íåñêîëüêî çàâèñèìûõ ïåðåìåííûõ îäíîâðåìåííî, ÷òî äàåò áîëåå ïîëíîå
ïðåäñòàâëåíèå î ïîâåäåíèè äàííûõ âîçäóøíûõ ìàññ êàê äèíàìè÷åñêèõ
ñèñòåì.

Ñ ïîìîùüþ ïåðâîé Ãëàâíîé Êîìïîíåíòû îïðåäåëåíû: êîëè÷åñòâî
ñòàäèé è ñêðûòûõ îáîáùåííûõ ñèãíàëîâ, êîòîðûå â öåëîì îïðåäåëÿåò
òåìïîðàëüíîñòü âñåé äèíàìè÷åñêîé ñèñòåìû âîçäóøíûõ ìàññ, òî åñòü
åå êîëè÷åñòâî ñòàäèé, èõ àìïëèòóäû è êîëåáàíèÿ, ïðîòÿæåííîñòü. Íà
ðèñóíêå ïðèâåäåíà äèàãðàììà ðàñïðåäåëåíèÿ èíòåãðàëüíîãî ïàðàìåò-
ðà íàñûùåííîñòè çàãðÿçíèòåëÿìè âîçäóøíûõ ìàññ æèëîé çîíû, çàðå-
ãåñòðèðîâàííîãî â òååíèå ÷åòûðåõ ñóòîê.

Ðåçóëüòàòû ïîêàçàëè, ÷òî èíòåíè=ñèâíîñòü ÏËÑ-ïàðàìåòðà ¾ýëåê-
òðîííîãî íîñà¿ ïîâûøàåòñÿ â ïåðèîä óòðåííèõ è âå÷åðíèõ ÷àñîâ ðà-
áî÷èõ äíåé. Èñïîëüçóÿ ìóëüòèñåíñîðíûå ñèñòåìû, îñíîâàííûå íà ãàçî-
÷óâñòâèòåëüíûõ ñåíñîðàõ ñ èçìåíÿåìîé ÷óâñòâèòåëüíîñòüþ, è ìåòîäû
àíàëèçà äàííûõ, òàêèå êàê õåìîìåòðèÿ è ìàøèííîå îáó÷åíèå, óäàëîñü
ñîçäàòü ñèñòåìó äëÿ îáíàðóæåíèÿ è àíàëèçà ñëîæíûõ ñìåñåé çàïàõî-
âûõ ñîåäèíåíèé.
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Èñïîëüçîâàíèå òåðìîñòàáèëèçàòîðîâ àêòóàëüíî â óñëîâèÿõ êðèî-
ëèòîçîíû äëÿ ñîõðàíåíèÿ óñòîé÷èâîñòè âîçâåä¼ííûõ çäàíèé è ñî-
îðóæåíèé. Ìîäåëèðîâàíèå ìíîãîôàçíûõ ïîòîêîâ â òàêèõ óñòðîé-
ñòâàõ ïîçâîëÿåò îöåíèòü èõ ïàðàìåòðû äî óñòàíîâêè â ì¼ðçëûé
ãðóíò. Öåëüþ ðàáîòû ÿâëÿåòñÿ ñîçäàíèå ôèçèêî-ìàòåìàòè÷åñêîé
ìîäåëè äëÿ ðàñ÷¼òà ïåðñïåêòèâíûõ êîíñòðóêöèé òåðìîñòàáèëèçè-
àòîðîâ. Ìîäåëü èñïîëüçóåò îñíîâíûå óðàâíåíèÿ òåïëîìàññîïåðå-
íîñà ñ âûäåëåíèåì õàðàêòåðíûõ ó÷àñòêîâ ïðîöåññà. Îïðåäåëåíû
ïàðàìåòðû õëàäàãåíòà â âîñõîäÿùåì ïîòîêå è ðàñïðåäåëåíèå òåì-
ïåðàòóðû ãðóíòà ïî ãëóáèíå..

Êëþ÷åâûå ñëîâà: òåðìîñòàáèëèçàòîð, êðèîëèòîçîíà, âå÷íàÿ ìåðç-
ëîòà, õëàäàãåíò, ôèçèêî-ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, òåðìîñè-
ôîí.
Modeling of heat transfer between promising designs of a
heat stabilizer and a pile

The use of heat stabilizers is relevant in cryolithozone conditions to
preserve the stability of constructed buildings and structures. Model-
ing of multiphase flows in such devices makes it possible to estimate
their parameters before installation in frozen ground. The aim of the
work is to create a physical and mathematical model for calculating
promising designs of heat stabilizers. The model uses the basic equa-
tions of heat and mass transfer with the allocation of characteristic
sections of the process. The parameters of the refrigerant in the up-
stream flow and the distribution of soil temperature over depth are
determined.

Keywords: heat stabilizer, cryolithozone, permafrost, refrigerant,
physical and mathematical modeling, thermosyphon.
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Ñóùåñòâåííàÿ ÷àñòü òåððèòîðèè Ðîññèéñêîé Ôåäåðàöèè îòíîñèòñÿ ê
êðèîëèòîçîíå. Ñòðîèòåëüñòâî çäàíèé è ñîîðóæåíèé â ýòèõ ðåãèîíàõ
ñîïðÿæåíî ñ ðèñêàìè ïðîòàèâàíèÿ ãðóíòà è ðàçðóøåíèÿ òàêèõ êîí-
ñòðóêöèé. Äëÿ ïðåäîòâðàùåíèÿ ýòèõ íåãàòèâíûõ ÿâëåíèé íåîáõîäèìî
ïîääåðæèâàòü ãðóíò â çàìîðîæåííîì ñîñòîÿíèè çà ñ÷¼ò îòðèöàòåëü-
íûõ òåìïåðàòóð îêðóæàþùåãî âîçäóõà â çèìíèé ïåðèîä. Äëÿ ýòîãî
ýôôåêòèâíî èñïîëüçîâàòü òåðìîñòàáèëèçàòîðû, ïðåäñòàâëÿþùèå ñî-
áîé çàãëóáëÿåìûå óñòðîéñòâà, âíóòðè êîòîðûõ öèðêóëèðóåò õëàäàãåíò,
îáåñïå÷èâàþùèé òåïëîîáìåí ãðóíòà ñ íàäçåìíîé ÷àñòüþ óñòðîéñòâà. Â
êàæäîì ðàññìàòðèâàåìîì ñëó÷àå äëÿ ïåðñïåêòèâíûõ êîíñòðóêöèé ñâàé
è òåðìîñòàáèëèçàòîðîâ íåîáõîäèìî ïðîâîäèòü ìîäåëèðîâàíèå, ïîçâîëÿ-
þùåå óñòàíîâèòü îïòèìàëüíûå çíà÷åíèÿ ïàðàìåòðîâ òàêèõ óñòðîéñòâ.
Öåëüþ ðàáîòû ÿâëÿåòñÿ ñîçäàíèå ôèçèêî-ìàòåìàòè÷åñêîé ìîäåëè äëÿ
ðàñ÷¼òà ïåðñïåêòèâíûõ êîíñòðóêöèé òåðìîñòàáèëèçèàòîðîâ.

Ýòà ìîäåëü îñíîâàíà íà ðàñùåïëåíèè ïðîöåññîâ â óñòàíîâêå íà ñëå-
äóþùèå ñîñòàâëÿþùèå: òåïëîîáìåí íàäçåìíîé ÷àñòè òåðìîñòàáèëèçà-
òîðà ñ îêðóæàþùåé ñðåäîé, òåïëîìàññîïåðåíîñ â íèñõîäÿùåì ïîòî-
êå õëàäàãåíòà, òåïëîîáìåí âîñõîäÿùåãî ïîòîêà õëàäàãåíòà ñ êîðïóñîì
óñòðîéñòâà, òåïëîîáìåí êîðïóñà óñòðîéñòâà ñ ãðóíòîì è ñâàåé. Èñïîëü-
çóåòñÿ êîìïëåêñíûé ïîäõîä, èñïîëüçóþùèé äëÿ ìîäåëèðîâàíèÿ êàê
êðèòåðèàëüíûå óðàâíåíèÿ è ýìïèðè÷åñêèå êîððåëÿöèè, òàê è çàêîíû
ñîõðàíåíèÿ ìàññû, èìïóëüñà è ýíåðãèè.

Ïîëó÷åíî ðàñïðåäåëåíèå òåìïåðàòóðû â ãðóíòå è ïðîâåäåíà îöåíêà
íåñóùåé ñïîñîáíîñòè ãðóíòà ñ ïðèìåíåíèåì ïåðñïåêòèâíîé êîíñòðóê-
öèè ñâàè, ñîñòîÿùåé èç íåñêîëüêèõ ñåãìåíòîâ. Îïðåäåëåíû ïàðàìåòðû
õëàäàãåíòà â âîñõîäÿùåì ïîòîêå. Ïîêàçàíî, ÷òî ñåãìåíòèðîâàíèå ðàç-
äåëÿþùåãî ïîòîêè óñòðîéñòâà ïîçâîëÿåò áîëåå ðàâíîìåðíî îõëàæäàòü
ãðóíò.
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Â ðàìêàõ ðàáîòû âûïîëíåíî ìîäåëèðîâàíèå ïðîöåññà ýëåêòðîýðî-
çèîííîé îáðàáîòêè ìàòåðèàëà ñ èñïîëüçîâàíèåì åäèíè÷íîãî è ñå-
ðèè ýëåêòðè÷åñêèõ èìïóëüñîâ. Ïîñòðîåíà ïàðàìåòðèçèðîâàííàÿ
÷èñëåííàÿ ìîäåëü ñ ïðåîáðàçîâàíèåì èìïóëüñîâ â òåìïåðàòóðíîå
âîçäåéñòâèå. Ðåàëèçàöèÿ âûïîëíåíà â ANSYS ñ èñïîëüçîâàíèåì
òåõíîëîãèè ¾EKill-EAlive¿, ïîçâîëÿþùåé èñêëþ÷àòü ýëåìåíòû ñ
òåìïåðàòóðîé áîëåå òåìïåðàòóðû ïëàâëåíèÿ îáðàáàòûâàåìîãî ìà-
òåðèàëà. Âûïîëíåíà âåðèôèêàöèÿ ìîäåëè ñ äàííûìè íàòóðíûõ
ýêñïåðèìåíòîâ è ìàòåìàòè÷åñêèì îïèñàíèåì ïðîöåññà â MATLAB.

Êëþ÷åâûå ñëîâà: ýëåêòðîýðîçèîííàÿ îáðàáîòêà, ýâîëþöèÿ ïîâåðõ-
íîñòè, ýëåêòðîä, ìîäåëèðîâàíèå, ìåòîä êîíå÷íûõ ýëåìåíòîâ, òåì-
ïåðàòóðíàÿ çàäà÷à.
Modeling of the electrical discharge machining process of ma-
terials based on the temperature problem

Modeling of the electrical discharge machining process of material us-
ing single and series of electrical pulses was performed within the
framework of the work. A parameterized numerical model with
transformation of impulses into temperature effects is constructed.
The implementation was carried out in ANSYS using the ≪EKill-
EAlive≫ technology, which allows excluding elements with a temper-
ature higher than the melting point of the material being processed.
Verification of the model with data from experiments and a mathe-
matical description of the process in MATLAB were performed.
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äà ïî ãðàíòó � 23-29-00104. https://rscf.ru/project/23-29-00104/

Êðîïàíåâ Íèêèòà Àíàòîëüåâè÷, ñòóäåíò, ÏÍÈÏÓ (Ïåðìü, Ðîññèÿ); Nikita
Kropanev (Perm National Research Polytechnic University, Perm, Russia)

Ãîðîõîâ Àëåêñàíäð Þðüåâè÷, ñòàðøèé ïðåïîäàâàòåëü, ÏÍÈÏÓ (Ïåðìü, Ðîññèÿ);
Alexander Gorokhov (Perm National Research Polytechnic University, Perm, Russia)

Êàìåíñêèõ Àííà Àëåêñàíäðîâíà, ê.ò.í., äîöåíò, ÏÍÈÏÓ (Ïåðìü, Ðîññèÿ); Anna
Kamenskikh (Perm National Research Polytechnic University, Perm, Russia)

Øëûêîâ Åâãåíèé Ñåðãååâè÷, ê.ò.í., äîöåíò, ÏÍÈÏÓ (Ïåðìü, Ðîññèÿ); Evgeniy
Shlykov (Perm National Research Polytechnic University, Perm, Russia)

Àáëÿç Òèìóð Ðèçîâè÷, ê.ò.í., äîöåíò, ÏÍÈÏÓ (Ïåðìü, Ðîññèÿ); Timur Ablyaz
(Perm National Research Polytechnic University, Perm, Russia)

252



Keywords: electrical discharge machining, surface evolution, electrode,
modeling, finite element method, temperature problem.

Ìåòîä ýëåêòðîèñêðîâîé îáðàáîòêè ìåòàëëîâ, îòêðûòûé è çàïàòåíòèðî-
âàííûé Áîðèñîì è Íàòàëèåé Ëàçàðåíêî â 40-õ ãîäàõ XX âåêà, áàçèðó-
åòñÿ íà íàó÷íûõ èçûñêàíèÿõ àíãëèéñêîãî ó÷åíîãî XVIII âåêà Äæîçåôà
Ïðèñòëè, êîòîðûé óñòàíîâèë ýôôåêò ýðîçèè ìåòàëëà ïîä äåéñòâèåì
ýëåêòðè÷åñêîãî çàðÿäà. Â ðàìêàõ òåõíè÷åñêîãî è íàó÷íîãî ïðîãðåññà
ìåòîä îáðàáîòêè ìàòåðèàëîâ ñ èñïîëüçîâàíèåì ýëåêòðè÷åñêèõ èìïóëü-
ñîâ ïîëó÷èë íàçâàíèå � ýëåêòðîýðîçèîííîé îáðàáîòêè (ÝÝÎ). Äàííûé
ìåòîä ñòàë îòëè÷íîé àëüòåðíàòèâîé ìåõàíè÷åñêîãî ñïîñîáà îáðàáîòêè
äëÿ ôîðìîîáðàçîâàíèÿ òîêîïðîâîäÿùèõ òðóäíîîáðàáàòûâàåìûõ ìàòå-
ðèàëîâ, îáëàäàþùèõ ñëîæíûìè ôèçèêî-ìåõàíè÷åñêèìè ñâîéñòâàìè [1].
Ýëåêòðîýðîçèîííóþ îáðàáîòêó ìîæíî ñìåëî íàçâàòü âåëè÷àéøèì ïðî-
ðûâîì 20 âåêà.

Ñ 1970-õ ïî íàñòîÿùåå âðåìÿ âåäóòñÿ ðàçðàáîòêè, íàïðàâëåííûå íà
ìàòåìàòè÷åñêîå îïèñàíèå ïðîöåññà [2-3]. Ïåðâûå ìîäåëè áàçèðóþòñÿ
íà òåðìîìåõàíèêå è òåïëîôèçèêå ïðîöåññà, ò.å. ðàññìàòðèâàþòñÿ òåð-
ìè÷åñêèå èëè ýëåêòðîòåðìè÷åñêèå çàäà÷è [2]. Ïðîöåññ îáðàáîòêè çà-
âèñèò îò áîëüøîãî ÷èñëà ôàêòîðîâ, îáëàäàþùèõ ðàçíîé ìåõàíè÷åñêîé
ïðèðîäîé, ÷òî ïðèâîäèò ê ñëîæíîñòè ìîäåëèðîâàíèÿ òåõíîëîãè÷åñêîãî
ïðîöåññà ýëåêòðîýðîçèè [4]. Ñòîõàñòè÷åñêàÿ ïðèðîäà ÝÝÎ îñëîæíÿåò
÷èñëåííîå ìîäåëèðîâàíèå ïðîöåññà, îñîáåííî ïðè ó÷åòå ìíîãîêðàòíîãî
äåéñòâèÿ ýëåêòðè÷åñêèõ èìïóëüñîâ íà ïîâåðõíîñòü ýëåêòðîäà-äåòàëè.
Ìîäåëèðîâàíèå ïðîöåññà â ðàìêàõ òåìïåðàòóðíîé çàäà÷è íå òåðÿåò ñâî-
åé àêòóàëüíîñòè [5].

Íà áàçå ÖÊÏ ¾Öåíòð àääèòèâíûõ òåõíîëîãèé¿ ÏÍÈÏÓ ã. Ïåðìü
âûïîëíåí áîëüøîé îáúåì ýìïèðè÷åñêèõ èññëåäîâàíèé ïî ýëåêòðîýðîçè-
îííîé îáðàáîòêå ïîâåðõíîñòåé ìåòàëëè÷åñêèõ è êîìïîçèöèîííûõ ìàòå-
ðèàëîâ. Ïðè ýòîì àêòóàëåí âîïðîñ ïðîãíîçèðîâàíèÿ ýâîëþöèè ïîâåðõ-
íîñòè îáðàáàòûâàåìûõ äåòàëåé ñ èñïîëüçîâàíèåì ñîâðåìåííûõ ÷èñëåí-
íûõ ìåòîäîâ, òàêèõ êàê ìåòîä êîíå÷íûõ ýëåìåíòîâ. Â äàííîé ðàáîòå
âûïîëíåíî ìîäåëèðîâàíèå ïðîöåññà ÝÝÎ ïðè ìíîãîêðàòíîì äåéñòâèè
ýëåêòðè÷åñêèõ èìïóëüñîâ íà îñíîâå òåìïåðàòóðíîé çàäà÷è. Ìîäåëè-
ðîâàíèå âûïîëíåíî â ïðîãðàììíîì êîìïëåêñå ANSYS ñ èñïîëüçîâà-
íèåì òåõíîëîãèè ¾EKill-EAlive¿, êîòîðàÿ ïîçâîëÿåò èñêëþ÷àòü èç ìî-
äåëè ýëåìåíòû ïî çàäàííûì êðèòåðèÿì. Â äàííîì ñëó÷àå ïðîèñõîäèò
èñêëþ÷åíèå ýëåìåíòîâ ñ òåìïåðàòóðîé áîëåå òåìïåðàòóðû ïëàâëåíèÿ
ìàòåðèàëà ýëåêòðîäà-äåòàëè.

Ìîäåëèðîâàíèå âêëþ÷àåò îãðàíè÷åíèÿ è ãèïîòåçû, íàêëàäûâàþ-
ùèå îïðåäåëåííûå îãðàíè÷åíèÿ íà ðåçóëüòàòû: ìàòåðèàë îáðàáàòûâà-
åìîé ïîâåðõíîñòè èçîòðîïíûé, ôèçèêî-ìåõàíè÷åñêèå ñâîéñòâà íå çàâè-
ñÿò îò òåìïåðàòóðû; êîýôôèöèåíò êîíâåêòèâíîãî òåïëîîáìåíà íå çà-
âèñèò îò óñëîâèé ýêñïåðèìåíòà è ÿâëÿåòñÿ êîíñòàíòîé; íå ó÷èòûâàåòñÿ
çàçîð ìåæäó ýëåêòðîäîì-äåòàëüþ è ýëåêòðîäîì-èíñòðóìåíòîì, à òàê-
æå ïîòåðÿ ýíåðãèè íà èçìåíåíèå àãðåãàòíîãî ñîñòîÿíèÿ ìàòåðèàëà è
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ïðåññû òåïëîïåðåäà÷è.
Â ðàìêàõ ðàáîòû ðàññìîòðåíî äåéñòâèå åäèíè÷íîãî èìïóëüñà è ñå-

ðèè èìïóëüñîâ íà îáðàáàòûâàåìóþ ïîâåðõíîñòü. Âûïîëíåíà âåðèôèêà-
öèÿ ìîäåëè íà îñíîâå äàííûõ íàòóðíûõ ýêñïåðèìåíòîâ. Èññëåäîâàíà
ýâîëþöèÿ îáðàáàòûâàåìîé ïîâåðõíîñòè è óñòàíîâëåííûå çàêîíîìåðíî-
ñòè èçìåíåíèÿ ãëóáèíû è ðàäèóñà ïðîáîÿ îò ÷èñëà ïîñëåäîâàòåëüíûõ
èìïóëüñîâ â ðàìêàõ èòåðàöèîííîé ïðîöåäóðû.
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Íà îñíîâå ðåøåíèÿ îáðàòíûõ êîýôôèöèåíòíûõ çàäà÷ ãåîýëåê-
òðèêè ïîñòîÿííîãî òîêà â ëèíåéíîé ïîñòàíîâêå èçëàãàåòñÿ ñïî-
ñîá óòî÷íåíèÿ ôîðìû è àëãîðèòì íàõîæäåíèÿ êîìïîíåíò òåíçîðà
óäåëüíîé ýëåêòðîïðîâîäíîñòè ëîêàëüíîãî âêëþ-÷åíèÿ, íàõîäÿùå-
ãîñÿ â êóñî÷íî-ïîñòîÿííîé ñðåäå.

Êëþ÷åâûå ñëîâà: îáðàòíàÿ êîýôôèöèåíòíàÿ çàäà÷è ãåîýëåêòðè-
êè, êóñî÷íî-ïîñòîÿííûå àíèçîòðîïíûå ñðåäû, ôîðìà ëîêàëüíîãî
âêëþ÷åíèÿ, òåíçîð óäåëüíîé ýëåêòðîïðîâîäíîñòè.
ABOUT THE ALGORITHM FOR REFINING THE FORM
AND TENSOR OF SPECIFIC CONDUCTIVITY OF LO-
CAL HETEROGENEITY ACCORDING TO GEOLEC-
TRIC DATA

Based on the solution of inverse coefficient problems of direct current
geoelectrics in a linear formulation, a method for refining the form is
presented and an algorithm for finding the components of the electrical
conductivity tensor of a local inclusion located in a piecewise constant
medium.

Keywords: inverse coefficient problem of geoelectrics, piecewise con-
stant anisotropic media, form of local inclusion, conductivity tensor.
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ôîðìà òåëà è åãî ýëåêòðîïðîâîäíîñòü âçàèìîñâÿçàíû è íåîäíîçíà÷-
íîñòü â ðåøåíèè ïðèâîäèò ê âîçíèêíîâåíèþ ìíîæåñòâà ýêâèâàëåíòíûõ
ðåøåíèé � ëîêàëüíûõ òåë ñ ðàçëè÷àþùèìèñÿ ôîðìàìè è ýëåêòðîïðî-
âîäíîñòÿìè. Èíâàðèàíòîì ïðè òàêîì ïîèñêå ÿâëÿåòñÿ ëèøü íåêîòîðàÿ
ôóíêöèîíàëüíàÿ çàâèñèìîñòü, ñâÿçûâàþùàÿ óäåëüíóþ ýëåêòðîïðîâîä-
íîñòü è îòðàæàþùèå åãî ôîðìó îáúåìíûå õàðàêòåðèñòèêè òåëà. Ýòî
îçíà÷àåò, ÷òî ïðîöåññ ïîèñêà ôîðìû è óäåëüíîé ýëåêòðîïðîâîäíîñòè
òåëà íåëüçÿ ðåàëèçîâûâàòü ïîñëåäîâàòåëüíî ïî îòäåëüíîñòè (ñíà÷àëà
ôîðìó, çàòåì ýëåêòðîïðîâîäíîñòü èëè íàîáîðîò, ñíà÷àëà ýëåêòðîïðî-
âîäíîñòü, à çàòåì � ôîðìó). Ïîèñê ôîðìû è óäåëüíîé ýëåêòðîïðîâîä-
íîñòè ñëåäóåò âåñòè ïàðàëëåëüíî, óòî÷íÿÿ èõ ïîî÷åðåäíî.

Â ðàáîòå èçëàãàåòñÿ ïðîöåäóðà óòî÷íåíèÿ ôîðìû è òåíçîðîâ
óäåëüíûõ ýëåêòðîïðîâîäíîñòåé ïîäîáëàñòåé ëîêàëüíîãî àíèçîòðîïíîãî
âêëþ÷åíèÿ êóñî÷íî-ïîñòîÿííîé ïî óäåëüíîé ýëåêòðîïðîâîäíîñòè ñðå-
äû ïî äàííûì èçìåðåíèé ïîëÿ ïîñòîÿííîãî ýëåêòðè÷åñêîãî òîêà.

Ïðîâåäåííîå êîìïüþòåðíîå ìîäåëèðîâàíèå ñ ïðèìåíåíèåì ïðîöå-
äóðû ðåøåíèÿ îáðàòíîé çàäà÷è ãåîýëåêòðèêè ïîñòîÿííîãî òîêà â ëè-
íåéíîé ïîñòàíîâêå íà îñíîâå îáú¼ìíûõ èíòåãðàëüíûõ óðàâíåíèé [1] äå-
ìîíñòðèðóþò âîçìîæíîñòü óòî÷íåíèÿ ôîðìû ëîêàëüíîãî âêëþ÷åíèÿ è
òåíçîðà óäåëüíîé ýëåêòðîïðîâîäíîñòè. Äëÿ ýòîãî ñëåäóåò ìíîãîêðàò-
íî ïðîâîäèòü ðåøåíèå îáðàòíîé çàäà÷è, îïðåäåëÿÿ ãðàíè÷íûå äèñêðåò-
íûå áëîêè îêàéìëÿþùåãî òåëà, êîòîðûå ñ íåêîòîðîé çàäàííîé ñòåïåíüþ
òî÷íîñòè ìîæíî èíòåðïðåòèðîâàòü, êàê áëîêè âìåùàþùåãî ïðîñòðàí-
ñòâà è èñêëþ÷àòü èõ ðàññìîòðåíèå íà ïîñëåäóþùåì èòåðàöèîííîì øàãå
àëãîðèòìà.

Âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïîêàçûâàþò, ÷òî äëÿ îïðåäåëåíèÿ
ñòðóêòóðû ëîêàëüíîé íåîäíîðîäíîñòè è ðàñïðåäåëåíèÿ â íåé ýëåêòðî-
ôèçè÷åñêèõ ïàðàìåòðîâ íå âñåãäà äîñòàòî÷íî èçìåðåíèé ïîëÿ ëèøü íà
äíåâíîé ïîâåðõíîñòè. Äëÿ ðåøåíèÿ òàêîé çàäà÷è íåîáõîäèìî çàãëóáëå-
íèå èñòî÷íèêîâ, ÷òî íà ïðàêòèêå òðåáóåò áóðåíèÿ ñêâàæèí.
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EMPIRICS ON PORTFOLIO TURNOVER
Andrew Kuliga

andrewkuliga@gmail.com

ÓÄÊ 51.77

This study examines the forecasting of the turnover of a portfolio made
up of two algorithmic trading strategies with crossing positions. We
conducted experiments to compare empirics on the quality of forecast-
ing. In some experiments, comparatively better results were obtained
in terms of forecasting quality.

Keywords: Algorithmic Portfolio Management, Portfolio Turnover,
Cross Trade.

Today, there are trillions of dollars under the management of hedge funds
around the world and this amount continues to grow every year. There is a
desire to �nd and combine the alpha streams of hedge funds. We will explore
the possibility of crossing trades between algorithmic trading strategies
(alphas). In this research, we aim to explore, propose and compare several
approaches to modeling the turnover of a portfolio consisting of two alphas.
Based on these empirics experiments were conducted.

Algorithmic trading strategies (Alphas).
Algorithmic trading strategies have been built in which short and long

positions are equally occupied (neutralization). In the alphas "delay 1
alpha since we do not know the future.

The work carried out experiments on the following sets of algorithmic
trading strategies:
Experiment 1. 10 alphas, the ratio T

std(PnL)
between alphas di�ers up to 7

times.
Experiment 2. 10 alphas, the ratio T

std(PnL)
between alphas di�ers up to 4

times.
Experiment 3. 8 alphas, the ratio T

std(PnL)
between alphas varies by up to

24 %.

Empirics.
The formula is an empirical Kakushadze-Liew formula for the turnover

of a portfolio consisting of two alphas, from the article [1]:

T∗KL =
1 + ρ

2
(w1T1 + w2T2) +

1− ρ

2
|w1T1 − w2T2| ,

where Tj is the turnover of the alpha j, wj is the weight in the alphas
portfolio j , ρ is the correlation between PnL alpha 1 and alpha 2
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Formulas are proposed by us to model the turnover of a portfolio made
up of two alphas:

T∗1 =

(
w1T1

std1
+
w2T2

std2

)√
w2

1std
2
1 + 2ρw1w2std1std2 + w2

2std
2
2

T∗2 = (w1T1 + w2T2)

√
w2

1std
2
1 + 2ρw1w2std1std2 + w2

2std
2
2√

w1std1w2std2

T∗3 = (w1T1 + w2T2)

√
w2

1std
2
1 + 2ρw1w2std1std2 + w2

2std
2
2√

w1std1 + w2std2
,

where Tj is the turnover of the alpha j, wj is the weight in the alphas
portfolio j , ρ is the correlation between PnL alpha 1 and alpha 2,stdj is
the standard deviation PnL alpha j.

Metrics for experiments.
To conduct a comparative analysis of empirics, quality metrics were

proposed to predict portfolio turnover with crossing positions.
Let T∗(d) be the turnover of the algorithmic trading strategies (alpha)

portfolio according to empirical data per day d, T (d) be the turnover of
the alpha portfolio per day d with a crossing of trades, Tmax(d) be the
turnover of the portfolio without a crossing of trades per day d, k - number
of trading days.

ρ1(T∗, T ) =
1

k

k∑
d=1

(T∗(d)− T (d)) ρ2(T∗, T ) =
1

k

k∑
d=1

|T∗(d)− T (d)|

ρ3(T∗, T ) =

k∑
d=1

(T∗(d)− T (d))

k∑
d=1

(Tmax(d)− T (d))

ρ4(T∗, T ) =

k∑
d=1

|T∗(d)− T (d)|

k∑
d=1

(Tmax(d)− T (d))

Results.
Experiments were conducted and the results of the metrics were

calculated. The experiment number indicates an alphas pool. For each of
the experiments 1,2,3, we took all possible combinations of two alphas with
the same weights (w1 = w2 = 1

3
) and with di�erent weights (w1 = 1

3
,w2 = 2

3

and w1 = 1
5
, w2 = 4

5
), calculated the metrics, took the module and averaged

the results.
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The research was conducted in collaboration with I. Shnurnikov and
N. Chadromtsev. In experiments with di�erent orders of the T

std
ratio for

alphas, it turned out that the Kakushadze-Liew empiricism, on average,
gives better results. However, in experiments where the ratio is of the same
order, our empirics, on average, showed better results.
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Â ìàòåìàòè÷åñêîé ìîäåëè äåëîâîãî öèêëà Â. ×àíãà � Ä. Ñìèòà
èñïîëüçóþòñÿ íåëèíåéíûå çàâèñèìîñòè èíâåñòèöèé è ñáåðåæåíèé
îò êàïèòàëà è íàöèîíàëüíîãî äîõîäà, îáëàäàþùèå îïðåäåëåííûì
òèïîì âûïóêëîñòè ïî íàöèîíàëüíîìó äîõîäó. Â äàííîé ñòàòüå ìû
ðàññìàòðèâàåì èäåíòèôèêàöèþ ýòèõ çàâèñèìîñòåé ïî ñòàòèñòè÷å-
ñêèì äàííûì ðåãèîíîâ Öåíòðàëüíîãî ôåäåðàëüíîãî îêðóãà.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ, äåëîâîé öèêë,
ýêîíîìèêî-ìàòåìàòè÷åñêàÿ ìîäåëü, íåëèíåéíàÿ ôóíêöèÿ, ðåãðåñ-
ñèîííûé àíàëèç.
Investment and savings functions in the W. Chang —
D. Smith model on the example of the Central Federal Dis-
trict

The mathematical model of the business cycle of W. Chang —
D. Smith uses nonlinear dependencies of investments and savings on
capital and income, which have a certain type of convexity in income.
In this article, we consider the identification of these dependencies
based on statistical data from the regions of the Central Federal Dis-
trict.

Keywords: differential equations, business cycle, economic and math-
ematical model, nonlinear function, regression analysis.

Ðàññìîòðèì ìîäåëü äåëîâîãî öèêëà, ïðåäëîæåííóþ â ðàáîòå [1]:{
Ẏ = α (I (Y,K)− S (Y,K)) ,

K̇ = I (Y,K)− µK,

â êîòîðîé ýêîíîìè÷åñêèé öèêë äîëæåí áûòü îïðåäåëåí íåëèíåéíûìè
ôóíêöèÿìè èíâåñòèöèé I(Y,K) è ñáåðåæåíèé S(Y,K), êîòîðûå çàâè-
ñÿò îò âàëîâîãî âûïóñêà â äåíåæíîì âûðàæåíèè Y (t) è êàïèòàëà K(t),
α > 0 � êîýôôèöèåíò àäàïòàöèè (ñêîðîñòü, ñ êîòîðîé äîõîä Y ðåàãèðó-
åò íà èçìåíåíèå ñîîòíîøåíèÿ ìåæäó èíâåñòèöèÿìè I è ñáåðåæåíèÿìè
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S). Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî èíâåñòèöèè ÿâëÿþòñÿ âîçðàñòàþùåé
ëîãèñòè÷åñêîé ôóíêöèåé íàöèîíàëüíîãî äîõîäà Y (t), à ñáåðåæåíèÿ �
íåëèíåéíîé âîçðàñòàþùåé ôóíêöèåé ñ ïðîìåæóòêàìè, ó êîòîðûõ òèï
âûïóêëîñòè ïðîòèâîïîëîæåí ñîîòâåòñòâóþùèì ïðîìåæóòêàì ôóíêöèè
èíâåñòèöèé.

Äàííîå èññëåäîâàíèå ñîñòîèò â èäåíòèôèêàöèè ôóíêöèé èíâåñòè-
öèé I(Y,K) è ñáåðåæåíèé S(Y,K) ïî äàííûì [2]. Ïðè ýòîì èñïîëüçî-
âàëàñü ñëåäóþùàÿ èíòåðïðåòàöèÿ âåëè÷èí: K � ñòîèìîñòü îñíîâíûõ
ôîíäîâ, Y � âàëîâîé ðåãèîíàëüíûé ïðîäóêò, I � èíâåñòèöèè. Ñáåðå-
æåíèÿ S � ýòî ÷àñòü ïîëó÷åííîãî çà íåêîòîðûé ïåðèîä äîõîäà, íå ïî-
òðà÷åííàÿ íà òåêóùåå ïîòðåáëåíèå, à ñîõðàíåííàÿ è îòëîæåííàÿ (âëî-
æåííàÿ) äëÿ èñïîëüçîâàíèÿ â áóäóùåì. Îïðåäåëèì ôóíêöèþ ñáåðåæå-
íèé S êàê ðàçíîñòü ìåæäó ñðåäíåäóøåâûìè äîõîäàìè íàñåëåíèÿ X è
ñðåäíåäóøåâûìè ðàñõîäàìè íàñåëåíèÿ C, òî åñòü S = X − C.

Èäåíòèôèêàöèÿ ïðîâîäèëàñü ïî êàæäîìó ñóáúåêòó Öåíòðàëüíîãî
ôåäåðàëüíîãî îêðóãà îòäåëüíî. Îöåíèâàëèñü êîýôôèöèåíòû ïî 16 òè-
ïîâ óðàâíåíèé ìíîæåñòâåííîé íåëèíåéíîé ðåãðåññèè äëÿ I è äëÿ S,
ïî ñòàòèñòè÷åñêèì õàðàêòåðèñòèêàì îòáèðàëèñü ëó÷øèå óðàâíåíèÿ. Ó
11 ðåãèîíîâ èç 18 íàèëó÷øèì îêàçàëîñü óðàâíåíèå äëÿ èíâåñòèöèé
I(Y,K) = Y A1eB1K+C1 , è ó 12 ðåãèîíîâ èç 18 íàèëó÷øèì îêàçàëîñü
óðàâíåíèå äëÿ ñáåðåæåíèé S(Y,K) = eA2Y+B2K+C2 .
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The study of viscoelasticity includes the analysis of the stochastic sta-
bility of stochastic viscoelastic systems, their reliability, etc. The pa-
per considers stochastic linear longitudinal oscillations of a viscoelas-
tic beam with moving boundaries, taking into account the influence
of damping forces. The case of a difference kernel makes it possible
to reduce the problem of analyzing a system of stochastic integro-
differential equations to the study of a system of stochastic differen-
tial equations. To estimate the expansion coefficients, it is proposed
to apply the statistical numerical Monte Carlo method.

Keywords: stochastic longitudinal oscillations, vibrations of a vis-
coelastic rope, moving boundaries

Currently, reliability issues in the design of machines and mechanisms
require more and more complete consideration of the dynamic phenomena
occurring in the objects being designed. The widespread use in technology
of mechanical objects with moving boundaries necessitates the development
of methods for their calculation. The problem of oscillations of systems
with moving boundaries is associated with obtaining solutions of integro-
di�erential equations and partial di�erential equations in time-varying
domains [1-10]. Such problems are currently insu�ciently studied. Their
peculiarity is the di�culty of using known methods of mathematical physics
suitable for problems with �xed boundaries. The complexity of the solutions
obtained is explained by the fact that there is still no su�ciently general
approach to analyzing the features of the dynamics of such systems. In
connection with the danger of resonance, the study of forced oscillations is
of great importance here. Attempts have been made to study this process,
but the results obtained are limited mainly to a qualitative description of
dynamic phenomena [1�4]. In addition, it is recognized that deterministic
modeling of systems cannot be adequate for some types of problems, so
it is necessary to move on to probabilistic-statistical modeling, where
random variables and stochastic �uctuations are present. When solving
here, predominantly approximate methods are used [5�9], since obtaining
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exact solutions is possible only in the simplest cases [10]. If the damping of
transverse vibrations occurs primarily due to the action of external damping
forces, then in the case of longitudinal vibrations, the damping is mainly
a�ected by elastic imperfections in the material of the vibrating object
[5-10]. The study of viscoelasticity includes an analysis of the stochastic
stability of stochastic viscoelastic systems, their reliability, etc. The work
examines stochastic linear vibrations of a viscoelastic rope with moving
boundaries. The case of a di�erence kernel allows us to reduce the problem
of analyzing a system of stochastic integrodi�erential equations to studying
a system of stochastic di�erential equations. To estimate the expansion
coe�cients, it is proposed to use the statistical numerical Monte Carlo
method [11].
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Ðàçðàáîòàííàÿ ìîäèôèöèðîâàííàÿ ìîäåëü Âèíîãðàäîâà-
Ïîêðîâñêîãî ïîçâîëÿåò àíàëèçèðîâàòü êàê ëèíåéíûå, òàê è
íåëèíåéíûå ýôôåêòû, âîçíèêàþùèå ïðè ñäâèãå è ðàñòÿæåíèè
ðàñïëàâîâ ïîëèìåðîâ. Ìîäåëü êîððåêòíî îïèñûâàåò âÿçêî-
óïðóãîå ïîâåäåíèå ìàòåðèàëà, à òàêæå ïåðåõîäíûå ïðîöåññû,
ïðîèñõîäÿùèå ïðè òåêó÷åñòè è ðàñòÿæåíèè..

Êëþ÷åâûå ñëîâà: ðåîëîãèÿ, ïîëèìåðû, ìåçîñêîïè÷åñêèé ïîäõîä,
âÿçêîóïðóãîñòü, íåëèíåéíûå ýôôåêòû, ïðîñòîé ñäâèã, îäíîîñíîå
ðàñòÿæåíèå.
The main tasks of mathematics

The developed modified Vinogradov-Pokrovsky model allows us to
analyze both linear and nonlinear effects occurring during shear and
tensile behavior of polymer melts. This model correctly describes the
viscoelastic behavior of the material, as well as the transient processes
occurring in yielding and tensile conditions.

Keywords: rheology, polymers, mesoscopic approach, viscoelasticity,
nonlinear effects, simple shear, uniaxial elongation.

Ó÷åò ìíîæåñòâà âðåìåí ðåëàêñàöèè ïðåäñòàâëÿåò ñîáîé êëþ÷å-
âóþ çàäà÷ó â ðåîëîãèè ïîëèìåðîâ. Ïðèìåíåíèå ìíîãîìîäîâîãî ïîäõîäà
íåîáõîäèìî äàæå äëÿ ðàçáàâëåííûõ ðàñòâîðîâ ìîíîäèñïåðñíûõ ïîëè-
ìåðîâ, òàê êàê èõ ìîëåêóëû èìåþò öåïî÷å÷íóþ ñòðóêòóðó. Èññëåäî-
âàíèÿ ïîêàçûâàþò, ÷òî âðåìÿ ðåëàêñàöèè ìîäû óìåíüøàåòñÿ ïðîïîð-
öèîíàëüíî êâàäðàòó åå íîìåðà, ÷òî ñîîòâåòñòâóåò ¾ðàóçîâñêîìó¿ ïî-
âåäåíèþ. Îäíàêî ñ óâåëè÷åíèåì êîíöåíòðàöèè ïîëèìåðíîãî ðàñòâîðà
ïðîèñõîäèò óñëîæíåíèå äèíàìèêè, ñâÿçàííûìè ñ ïåðåïóòàííîñòüþ è
ñöåïëåíèåì ìîëåêóë, â ðåçóëüòàòå ÷åãî âîçíèêàþò ¾ñâåðõìåäëåííûå¿
ðåëàêñàöèîííûå ïðîöåññû, è äîïîëíèòåëüíî ôîðìèðóþòñÿ íîâûå ÷ëå-
íû â óðàâíåíèè äëÿ òåíçîðà íàïðÿæåíèé. Äëÿ ïîëèäèñïåðñíûõ è ðàç-
âåòâëåííûõ ïîëèìåðîâ âîçðàñòàåò çíà÷èìîñòü ó÷åòà ìíîæåñòâåííûõ

Ìàëûãèíà Àíæåëà Ñåðãååâíà, ìàãèñòðàíò, ÀëòÃÓ (Áàðíàóë, Ðîññèÿ); Angela
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Ïîëçóíîâà (Áàðíàóë, Ðîññèÿ); Grigory Pyshnograi (Altai State Technical University
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âðåìåí ðåëàêñàöèè, óñëîæíÿÿ èõ çàâèñèìîñòè. Ýòî ïîä÷åðêèâàåò íåîá-
õîäèìîñòü íàäåæíîé ìîäåëè äëÿ ðåîëîãèè êîíöåíòðèðîâàííûõ ïîëèìå-
ðîâ. Ìåçîñêîïè÷åñêèé ïîäõîä îïèñûâàåò ïîëèìåð êàê ñèñòåìó áóñèíîê
(ñåãìåíòîâ), ñîåäèíåííûõ ïðóæèíàìè, ñ õàðàêòåðèñòèêàìè, âêëþ÷àþ-
ùèìè êîýôôèöèåíò òðåíèÿ è ðàçìåðû êëóáêà.

Òàêèì îáðàçîì, ïðåäëîæåíà íîâàÿ ìîäèôèêàöèÿ ìîäåëè Âèíîãðà-
äîâà�Ïîêðîâñêîãî, íà îñíîâå êîòîðîé ïðîàíàëèçèðîâàíû ëèíåéíûå è
íåëèíåéíûå ýôôåêòû ïðè îäíîâðåìåííîì âîçäåéñòâèè ïðîñòîãî ñäâèãà
è îäíîîñíîãî ðàñòÿæåíèÿ íà îáðàçöû èç ïîëèýòèëåíà. Ìîäåëü àäåêâàò-
íî îïèñûâàåò ÷àñòîòíûå çàâèñèìîñòè êîìïîíåíò äèíàìè÷åñêîãî ìîäóëÿ
ñäâèãà è ïåðåõîäíûå ïðîöåññû â ñäâèãîâîì òå÷åíèè è îäíîîñíîì ðàñ-
òÿæåíèè, ñîïîñòàâëåííûå ñ ýêñïåðèìåíòàëüíûìè äàííûìè èç ëèòåðà-
òóðû. Ïðè íàëîæåíèè îñöèëëèðóþùåãî ñäâèãîâîãî òå÷åíèÿ íà ïðîñòîé
ñäâèã íàáëþäàþòñÿ ðàçëè÷íûå èçìåíåíèÿ ôîðì âåðõíåé è íèæíåé ïî-
ëóâîëí îòêëèêà. Íåñìîòðÿ íà òî, ÷òî ïðåäëîæåííàÿ ìíîãîìîäîâàÿ ìî-
äåëü ÿâëÿåòñÿ ðàçâèòèåì òåîðåòè÷åñêèõ îñíîâ, êàñàþùèõñÿ äèíàìèêè
ëèíåéíûõ ïîëèìåðíûõ öåïåé, îíà äåìîíñòðèðóåò àäåêâàòíîå îïèñàíèå
íåñòàöèîíàðíûõ çàâèñèìîñòåé âÿçêîñòè ðàñïëàâîâ ðàçâåòâëåííûõ ïî-
ëèìåðîâ îò âðåìåíè â óñëîâèÿõ îäíîîñíîãî ðàñòÿæåíèÿ. Ýòà íîâàÿ âåð-
ñèÿ ìîäåëè ÿâëÿåòñÿ íàäåæíîé îñíîâîé äëÿ áîëåå ñëîæíûõ ðåîëîãè÷å-
ñêèõ èññëåäîâàíèé, âêëþ÷àÿ âçàèìîäåéñòâèÿ â ãåîìåòðè÷åñêè ñëîæíûõ
ïîòîêàõ.
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ÏÐÈÌÅÍÅÍÈÅ ÊÂÀÇÈÊËÀÑÑÈ×ÅÑÊÎÉ
ÀÏÏÐÎÊÑÈÌÀÖÈÈ Ê ÎÑÍÎÂÍÎÌÓ ÊÈÍÅÒÈ×ÅÑÊÎÌÓ

ÓÐÀÂÍÅÍÈÞ
Â.Á. Ìàëþòèí, Á.Î. Íóðæàíîâ

malyutin@im.bas-net.by, nurjanov@list.ru

ÓÄÊ 519.6

Õàðàêòåðèñòèêè îñíîâíîãî êèíåòè÷åñêîãî óðàâíåíèÿ â ÷àñòíîñòè
âåðîÿòíîñòè íàõîæäåíèÿ â j-îì ñîñòîÿíèè ìîæíî âûðàçèòü ÷åðåç
ôóíêöèîíàëüíûé èíòåãðàë. Â ðàáîòå ïðåäëàãàåòñÿ èñïîëüçîâàíèå
êâàçèêëàññè÷åñêîé àïïðîêñèìàöèè äëÿ âû÷èñëåíèÿ ôóíêöèîíàëü-
íîãî èíòåãðàëà è ñëåäîâàòåëüíî âû÷èñëåíèÿ âåðîÿòíîñòíûõ õàðàê-
òåðèñòèê ñòîõàñòè÷åñêèõ ñèñòåì, îïèñûâàåìûõ îñíîâíûì êèíåòè-
÷åñêèì óðàâíåíèåì.

Êëþ÷åâûå ñëîâà: îñíîâíîå êèíåòè÷åñêîå óðàâíåíèå, êâàçèêëàññè-
÷åñêàÿ àïïðîêñèìàöèÿ, ôóíêöèîíàëüíûé èíòåãðàë.
Application of semiclassical approximation to Master equa-
tion

The characteristics of the Master equation, in particular the probabil-
ity of being in the j-th state, can be expressed through a functional
integral. The work proposes the use of a semiclassical approximation
to calculate the functional integral and, consequently, to calculate the
probability characteristics of stochastic systems described by the Mas-
ter equation.

Keywords: Master equation, semiclassical approximation, functional
integral.

Îñíîâíîå êèíåòè÷åñêîå óðàâíåíèå (óïðàâëÿþùåå óðàâíåíèå èëè Master
equation) øèðîêî èñïîëüçóþòñÿ ïðè ìîäåëèðîâàíèè ðàçëè÷íûõ ôèçè-
÷åñêèõ, õèìè÷åñêèõ è áèîëîãè÷åñêèõ ñèñòåì. Îñíîâíîå êèíåòè÷åñêîå
óðàâíåíèå ïðåäñòàâëÿåò ñîáîé ðàçíîâèäíîñòü óðàâíåíèÿ Êîëìîãîðîâà-
×åïìåíà äëÿ ìàðêîâñêèõ ïðîöåññîâ è ÿâëÿåòñÿ óðàâíåíèåì áàëàíñà äëÿ
âåðîÿòíîñòè êàæäîãî ñîñòîÿíèÿ â íåêîòîðûé ìîìåíò âðåìåíè.

Îäíàêî îñíîâíîå êèíåòè÷åñêîå óðàâíåíèå èìååò îáû÷íî äîñòàòî÷-
íî ñëîæíóþ ñòðóêòóðó, ÷òî çàòðóäíÿåò åãî ðåøåíèå è èññëåäîâàíèå.
Ïîýòî- ìó äëÿ åãî èññëåäîâàíèÿ ìîæíî èñïîëüçîâàòü ôóíêöèîíàëüíûå
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ìàíîâñêîãî Àêàäåìèè íàóê Ðåñïóáëèêè Óçáåêèñòàí (Òàøêåíò, Ðåñïóáëèêà Óçáåêè-
ñòàí); Berdakh Nurjanov (Institute of Mathematics named after V.I. Romanovsky of the
Academy of Sciences of the Republic of Uzbekistan, Tashkent, Republic of Uzbekistan)
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èíòåãðàëû ÷åðåç êîòîðûå âûðàæàþòñÿ õàðàêòåðèñòèêè óïðàâëÿþùå-
ãî óðàâíåíèÿ (ïðîèçâîäÿùàÿ ôóíêöèÿ, âåðîÿòíîñòè íàõîæäåíèÿ â j-îì
ñîñòîÿíèè è äðóãèå).

Äëÿ îñíîâíîãî êèíåòè÷åñêîãî óðàâíåíèÿ

∂pn(t)
∂t

= µ1(n− 1 +N)pn−1(t)− µ1(n+N)pn(t)

ïðè ïîìîùè òåõíèêè ðàññìîòðåííîé â ðàáîòå [1] ìû ìîæåì âûðàçèòü
âåðîÿòíîñòè íàõîæäåíèÿ â j-îì ñîñòîÿíèè pj(t) ÷åðåç ôóíêöèîíàëüíûé
èíòåãðàë

pj(t) =
1

j!
exp

{
−1

2
µ1tN

}∫
exp
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N − 1

2

)
ln(y)|t0 − µ1

1

4
y2
∣∣∣∣t
0

}
× (1)

(µ1

2
y2n

)j ∫
D[y] exp

−1
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t∫
0

(
ẏ2(τ)−

(N − 1
2
)( 3

2
−N)

y2(τ)
+
µ2
1y

2(τ)

4

)
dτ

 dyn.

Ñ ïîìîùüþ êâàçèêëàññè÷åñêîé àïïðîêñèìàöèè ìû ìîæåì âû÷èñëèòü
ôóíêöèîíàëüíûé èíòåãðàë â âûðàæåíèè (1) è òàêèì îáðàçîì âû÷èñ-
ëèòü çíà÷åíèå pj(t).
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ÓÄÊ 550.36:536.24

Èññëåäóåòñÿ çàäà÷à ðàñ÷åòà òåìïåðàòóðíîãî ïîëÿ â ïëàñòå ñ âÿç-
êîïëàñòè÷íîé íåôòüþ ïðè åñòåñòâåííûõ óñëîâèÿõ ñ ó÷åòîì ýêñ-
ïîíåíöèàëüíîé çàâèñèìîñòè êîýôôèöèåíòà âÿçêîñòè îò ãðàäèåíòà
äàâëåíèÿ. Ïðèâåäåíû ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ
â îäíîìåðíîì ñëó÷àå âáëèçè ñêâàæèíû èç êîòîðûõ ñëåäóåò, ÷òî
òåìïåðàòóðà âÿçêîïëàñòè÷íîé íåôòè â íà÷àëüíûé ïåðèîä âðåìå-
íè ïîñëå çàïóñêà ðåçêî îòëè÷àåòñÿ îò òåìïåðàòóðû íüþòîíîâñêîé
íåôòè.

Êëþ÷åâûå ñëîâà: âÿçêîïëàñòè÷íàÿ íåôòü, ãðàäèåíò äàâëåíèÿ, òåì-
ïåðàòóðà, íåíüþòîíîâñêèå íåôòè, ãðàäèåíò äàâëåíèÿ, ïîðèñòàÿ
ñðåäà.
Calculation of the temperature field in a porous formation
with viscoplastic oil

The problem of calculating the temperature field in a reservoir with
viscoplastic oil under natural conditions is studied taking into account
the exponential dependence of the viscosity coefficient on the pres-
sure gradient. The results of computational experiments in a one-
dimensional case near the well are presented, from which it follows
that the temperature of viscoplastic oil in the initial period of time
after startup differs sharply from the temperature of Newtonian oil.

Keywords: viscoplastic oil, pressure gradient, temperature, non-
Newtonian oils, pressure gradient, porous medium.

Ïðîöåññ íåñòàöèîíàðíîé ôèëüòðàöèè âÿçêîïëàñòè÷íîé íåôòè â îñåñèì-
ìåòðè÷íîì ïëàñòå (ïîðèñòîé ñðåäå) â öèëèíäðè÷ååñêîé ñèñòåìå êîîð-
äèíàò îïèñûâàåòñÿ ñëåäóþùèì óðàâíåíèåì ñîõðàíåíèÿ ìàññû ôàç:

β∗ ∂ρ

∂t
=

1

r

∂

∂r
(rρϑr) +

∂

∂z
(ρϑz), (1)

ãäå β∗ = mβfe + βsk - êîýôôèöèåíò óïðóãî¼ìêîñòè ïëàñòà, m - ïî-
ðèñòîñòü, βfe, βsk - êîýôôèöèåíòû ñæèìàåìîñòè ôëþèäà è îáú¼ìíîé
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óïðóãîñòè ïîðèñòîé ñðåäû, ϑr è ϑz - ñêîðîñòè ôèëüòðàöèè â ðàäèàëü-
íîì è âåðòèêàëüíîì íàïðàâëåíèÿõ.

ϑr = −kr
µ

∂p

∂r
, ϑz = −kz

µ
(
∂p

∂z
− ρ0g), (2)

kr, kz - ïðîíèöàåìîñòè â ðàäèàëüíîì è âåðòèêàëüíîì íàïðàâëåíèÿõ,
p = p(r, z) - äàâëåíèå, ρ = ρ(r, z) - ïëîòíîñòü ôëþèäà

ρ(r, z) = ρ0[1 + βfe(p− P0)], (3)

ρ0 - ïëîòíîñòü ôëþèäà ïðè äàâëåíèè P0, g - óñêîðåíèå ñâîáîäíîãî
ïàäåíèÿ.

Âÿçêîïëàñòè÷íàÿ íåôòü îòíîñèòñÿ ê íåíüþòîíîâñêèì æèäêîñòÿì
è çàêîí ôèëüòðàöèè òàêèõ æèäêîñòåé íîñèò íåëèíåéíûé õàðàêòåð. Â
íàñòîÿùåé ðàáîòå ïðåäïîëàãàåòñÿ, ÷òî âÿçêîñòü çàâèñèò îò ãðàäèåíòà
äàâëåíèÿ ñëåäóþùèì îáðàçîì [1, 2, 3]:

µ = µ(
∂p

∂r
) =

µH − µL

1 + eB( ∂p
∂r

−G)
+ µL, (4)

Çäåñü G - ãðàäèåíò äàâëåíèÿ ïðåäåëüíîãî ðàçðóøåíèÿ ñòðóêòóðû
(ÃÄÏÐÑ), µH - âÿçêîñòü íåôòè ñ íåðàçðóøåííîé ñòðóêòóðîé, µL - âÿç-
êîñòü íåôòè ïðè äîñòèæåíèè ãðàäèåíòîì äàâëåíèÿ çíà÷åíèÿ ÃÄÏÐÑ,
B - ïàðàìåòð, çàâèñÿùèé îò ñâîéñòâ íåôòè.

Òåïëîâîå ïîëå çàïèñûâàåòñÿ ñ ïîìîùüþ óðàâíåíèÿ ñîõðàíåíèÿ ýíåð-
ãèè:

C
∂T

∂t
+ ρc(ϑr

∂T

∂r
+ ϑz

∂T

∂z
) =

1

r

∂

∂r
(rλ

∂T

∂r
) +

∂

∂z
(λ
∂T

∂z
)]

+mηρc
∂p

∂t
− ερc(ϑr

∂p

∂r
+ ϑz

∂p

∂z
), (5)

Çäåñü C = mρc + (1 −m)ρskcsk - îáú¼ìíàÿ òåïëî¼ìêîñòü íàñûùåí-
íîé ïîðèñòîé ñðåäû, c - óäåëüíàÿ òåïëî¼ìêîñòü ñêåëåòà, λ - òåïëîïðî-
âîäíîñòü, η -àäèàáàòè÷åñêèé êîýôôèöèåíò, ε - êîýôôèöèåíò Äæîóëÿ-
Òîìñîíà

Ñèñòåìà óðàâíåíèé (1) - (5) ðåøàåòñÿ ìåòîäîì êîíå÷íûõ ðàçíîñòåé
ñ èñïîëüçîâàíèåì ëîêàëüíî îäíîìåðíûõ ñõåì À.À. Ñàìàðñêîãî. Ïîëó-
÷åííûå â ðåçóëüòåòå ðàçíîñòíûõ àïïðîêñèìàöèé ñèñòåìû íåëèíåéíûõ
óðàâíåíèé ðåøàþòñÿ ñ èñïîëüçîâàíèåì ìåòîäà Íüþòîíà. Ðåçóëüòàòû
ðàñ÷¼òîâ â îäíîìåðíîì ñëó÷àå ïðèâåäåíû â ðàáîòå [1].
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Àâòîðàìè ðàçðàáîòàíà íîâàÿ õåìîìåòðè÷åñêàÿ ìåòîäèêà ïðåîáðà-
çîâàíèÿ ìíîãîìåðíûõ âðåìåííûõ ðÿäîâ âîëüòàìïåðíûõ äàííûõ â
äàííûå ìåíüøåé ðàçìåðíîñòè äëÿ îïðåäåëåíèÿ ýíòàëüïèéíîãî è
ýíòðîïèéíîãî ôàêòîðîâ. Ïðè ýòîì èñïîëüçóåòñÿ ÏËÑ-Ò-ôàêòîð,
óïîðÿäî÷åííûé ïî âðåìåíè âëèÿíèÿ ñëåäîâ ÁÀÂ, íà ïðèìåðå âè-
òàìèíîâ, íà ýëåêòðîïîëèìåðèçàöèþ àíèëèíà. Íåîáõîäèìîñòü ðå-
øåíèÿ çàäà÷è îáóñëîâëåíà îòñóòñòâèåì ÷åòêî âûðàæåííûõ ïèêîâ
îêèñëåíèÿ/âîññòàíîâëåíèÿ ìîíîìåðà è íèçêîé êîíöåíòðàöèåé èñ-
ñëåäóåìûõ êîìïîíåíòîâ ÁÀÂ � ñëåäàìè - â èñõîäíîì ðàñòâîðå ïðè
ñîõðàíåíèè èõ ëàòåíòíîãî âëèÿíèÿ íà îáðàçîâàíèå/ðîñò ïîëèìåð-
íûõ ãëîáóë è òåìïîðàëüíóþ ñòðóêòóðó ýëåêòðîõèìè÷åñêèõ äàí-
íûõ.

Êëþ÷åâûå ñëîâà: âðåìåííîé ðÿä, ðåãðåññèîííàÿ ìîäåëü, òåìïî-
ðàëüíîñòü.
A temporal approach to the thermodynamic analysis of elec-
trode processes involving traces of components of dynamic
systems, using the example of ”electrode/electroactive poly-
mer/BAS”
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The authors have developed a new chemometric technique for convert-
ing multidimensional time series of current-voltage data into lower-
dimensional data to determine enthalpy and entropy factors. In this
case, the PLC-T factor is used, ordered by the time of the effect of
traces of BAS, for example vitamins, on the electropolymerization of
aniline. The need to solve the problem is due to the absence of clearly
defined peaks of oxidation/reduction of the monomer and the low con-
centration of the studied components of BAS – traces - in the initial so-
lution while maintaining their latent effect on the formation/growth of
polymer globules and the temporal structure of electrochemical data.

Keywords: time series, regression model, temporality.

Ñóòü ïðåäëîæåííîãî ïîäõîäà çàêëþ÷àåòñÿ â ïîñòðîåíèè ðåãðåññèîííîé
ìîäåëè, ñâÿçûâàþùåé âðåìåííîé ôàêòîð ñ êîëè÷åñòâîì ïîñëåäîâàòåëü-
íî çàðåãèñòðèðîâàííûõ âîëüòàìïåðîãðàìì îêèñëåíèÿ/âîññòàíîâëåíèÿ
ìîíîìåðà.

Èçâåñòíî, ÷òî ñèëà òîêà è ïëîòíîñòü òîêà ïðÿìî ïðîïîðöèîíàëüíû
ñêîðîñòè ýëåêòðîõèìè÷åñêèõ ðåàêöèé â èçó÷àåìûõ ýëåêòðîõèìè÷åñêèõ
ñèñòåìàõ. Ïîýòîìó ïëîòíîñòü òîêà â íàøèõ ñèñòåìàõ òàêæå çàâèñèò îò
òåìïåðàòóðû â àððåíèóñîâûõ êîîðäèíàòàõ:

i = A · exp(Q/PT ),

T ′ = const · i,
lnT ′ = lnconst+ lni = lnconst+ lnA−Q/PT · 1/T

Íà îñè îðäèíàò îòëîæåí ëîãàðèôì ïàðàìåòðà Ò', êîòîðûé ïîëó÷åí
êàê ñîâîêóïíîñòü ïëîòíîñòè òîêà 100 ïîñëåäîâàòåëüíûõ âîëüòàìïåðî-
ãðàìì. Ðåçóëüòàòû ÏËÑ-ìîäåëèðîâàíèÿ â Àððåíèóñîâñêèõ êîîðäèíà-
òàõ ïðåäñòàâëåíû íà ðèñóíêå.
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Íà ðèñóíêå âèäíî, ÷òî óãëîâîå èçìåíåíèå òåìïåðàòóðíîé çàâèñè-
ìîñòè çàâèñèò îò òèïà ìîíîìåðà, çàäåéñòâîâàííîãî â ïðîöåññå ýëåê-
òðîïîëèìåðèçàöèè. ×òîáû îïðåäåëèòü, êàê ñîñòàâ ðàñòâîðà âëèÿåò íà
òåðìîäèíàìèêó ýëåêòðîïîëèìåðèçàöèè àíèëèíà è ïðîòåñòèðîâàòü ìå-
òîä, èñïîëüçîâàëèñü âèòàìèíû ãðóïïû Â è âèòàìèí Ñ â êà÷åñòâå ìàð-
êåðîâ ñî ñëåäîâûìè êîëè÷åñòâàìè. Âûáîð ýòèõ âèòàìèíîâ îñíîâàí íà
ðåçóëüòàòàõ ÌÃÊ-ìîäåëèðîâàíèÿ, êîòîðîå ïîêàçàëî, ÷òî èíôîðìàöèÿ
î ñõîäñòâå è ðàçëè÷èè â âîëüòàìïåðîìåòðè÷åñêîì ïîâåäåíèè ñåíñîðíîé
ñèñòåìû â ïðèñóòñòâèè âèòàìèíîâ ñîõðàíÿåòñÿ â 7-é ãëàâíîé êîìïîíåí-
òå, îáúÿñíÿþùåé 98 ïðîöåíòîâ îáùåé äèñïåðñèè.
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Â ðàìêàõ èññëåäîâàíèÿ ýêñïåðèìåíòàëüíî ïîëó÷åíû òåïëîôèçè÷å-
ñêèå è òåðìîìåõíè÷åñêèå ñâîéñòâà äëÿ íàáîðà ñîâðåìåííûõ ïîëè-
ìåðíûõ ìàòåðèàëîâ, èõ ìîäèôèêàöèé è êîìïîçèòîâ íà èõ îñíîâå.
Â êà÷åñòâå êîíòðîëüíîãî îáðàçöà èññëåäîâàí ÷èñòûé ôòîðîïëàñò.
Ñ èñïîëüçîâàíèåì ÷èñëåííîé ïðîöåäóðû èäåíòèôèêàöèè ìîäåëè
ìàêñâåëëîâñêîãî òèïà íà îñíîâå ðÿäîâ Ïðîíè ïîëó÷åíû ìàòåðè-
àëüíûå êîíñòàíòû è âûïîëíåíà èõ èìïëàíòàöèÿ â ïðèêëàäíîé ïà-
êåò êîíå÷íî-ýëåìåíòíîãî àíàëèçà ANSYS. Èññëåäîâàíî ïîâåäåíèå
ìàòåðèàëîâ â ðàìêàõ ìîäåëè, ïðèáëèæåííîé ê êëàññè÷åñêîé çàäà-
÷å Ãåðöà. Ïðîàíàëèçèðîâàíî âëèÿíèå ðåîëîãèè ìàòåðèàëîâ íà èõ
íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå.

Êëþ÷åâûå ñëîâà: ïîëèìåð, êîíòàêò, ìåòîä êîíå÷íûõ ýëåìåíòîâ,
óïðóãîñòü, ïëàñòè÷íîñòü, âÿçêîñòü.
Comparative analysis of the stress-strain state of a polymer
sliding layer at elastic, elastic-plastic and viscoelastic mate-
rial behavior

Thermophysical and thermomechanical properties for a set of mod-
ern polymeric materials, their modifications and composites based on
them were obtained experimentally as part of the study. PTFE was
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studied as a control sample. The material constants were obtained us-
ing a numerical procedure for identifying a Maxwell-type model based
on Prony series and were implanted into the ANSYS finite element
analysis application package. The behavior of materials within the
framework of a model close to the classical Hertz problem is investi-
gated. The influence of materials rheology on their stress-strain state
is analyzed.

Keywords: polymer, contact, finite element method, elasticity, plas-
ticity, viscosity

Ñôåðè÷åñêèå îïîðíûå ÷àñòè ìîñòîâ âêëþ÷àþò ïëîñêèå è ñôåðè÷åñêèå
ïîëèìåðíûå ñëîè ñêîëüæåíèÿ, îáåñïå÷èâàþùèå äîëãîâðåìåííóþ ïî-
äâèæíîñòü è ïðàâèëüíóþ ðàáîòó êîíñòðóêöèè [1, 2]. Øèðîêîå ðàñïðî-
ñòðàíåíèå ïîëó÷èëè ñëîè èç ôòîðîïëàñòà, åãî ìîäèôèêàöèé è êîìïî-
çèòîâ íà åãî îñíîâå [3]. Áëàãîäàðÿ ïîñòîÿííîìó ðàñøèðåíèþ ïðîèç-
âîäñòâåííûõ ìîùíîñòåé, ñîâåðøåíñòâîâàíèþ òåõíîëîãèé èçãîòîâëåíèÿ
è èçìåíåíèþ ñîñòàâà ïîÿâëÿþòñÿ íîâûå ôóíêöèîíàëüíûå ìàòåðèàëû
ïðèãîäíûå äëÿ èñïîëüçîâàíèÿ â êà÷åñòâå ñëîåâ ñêîëüæåíèÿ [4]. Äëÿ
îöåíêè âîçìîæíîñòè èñïîëüçîâàíèÿ ìàòåðèàëîâ â êîíñòðóêöèè îïîð-
íûõ ÷àñòåé òðåáóåòñÿ àíàëèç èõ ïîâåäåíèÿ â ðàìêàõ ýêñïåðèìåíòàëü-
íûõ èññëåäîâàíèé è ÷èñëåííîãî ìîäåëèðîâàíèÿ [2, 4].

Â ðàìêàõ äàííîé ðàáîòû âûïîëíåíà ñåðèÿ íàòóðíûõ ýêñïåðèìåíòîâ
äëÿ íàáîðà ñîâðåìåííûõ ïîëèìåðíûõ è êîìïîçèöèîííûõ ìàòåðèàëîâ,
âûäåëàííûõ â êà÷åñòâå ïåðñïåêòèâíûõ äëÿ ñîçäàíèÿ îòíîñèòåëüíî òîí-
êèõ ïëîñêèõ è ñôåðè÷åñêèõ ñëîåâ ñêîëüæåíèÿ îïîðíûõ ÷àñòåé. Ïîèñê
è ïåðâè÷íûå íàó÷íûå èçûñêàíèÿ âûïîëíÿëèñü ïðîèçâîäñòâåííîé êîì-
ïàíèåé ÎÎÎ ¾ÀëüôàÒåõ¿. Íà áàçå ëàáîðàòîðèè ïëàñòìàññ ÏÍÈÏÓ ïî-
ëó÷åíû òåïëîôèçè÷åñêèå è òåðìîìåõàíè÷åñêèå ñâîéñòâà äëÿ 7 ìàòåðè-
àëîâ: 2 ïîëèìåðíûõ ìàòåðèàëà ðàçíîãî ñîñòàâà è ïðîèçâîäèòåëåé, 2 ìî-
äèôèöèðîâàííûõ ïîëèòåòðàôòîðýòèëåíà (ÏÒÔÝ), 3 êîìïîçèöèîííûõ
ìàòåðèàëà íà îñíîâå ÏÒÔÝ. Â èññëåäîâàíèÿõ â êà÷åñòâå êîíòðîëüíîãî
îáðàçöà ðàññìàòðèâàëñÿ ÷èñòûé ôòîðîïëàñò. Ýêñïåðèìåíòû ïðîâîäè-
ëèñü íà äèàïàçîíå ðàáî÷èõ òåìïåðàòóð ìîñòîâûõ ñîîðóæåíèÿ îò -40
äî +80 °Ñ. Íà îñíîâå ïîëó÷åííûõ ýêñïåðèìåíòàëüíûõ äàííûõ ïîñòðî-
åíû ìîäåëè ïîâåäåíèÿ ìàòåðèàëîâ ñ ó÷åòîì ðåëàêñàöèè è âÿçêîñòè ñ
èñïîëüçîâàíèåì ðàíåå ðàçðàáîòàííîé ïðîöåäóðû èäåíòèôèêàöèè ìàòå-
ðèàëüíûõ êîíñòàíò [5]. Â ðàìêàõ ïåðâîãî ïðèáëèæåíèÿ äëÿ îïèñàíèÿ
íåëèíåéíîãî ïîâåäåíèÿ ìàòåðèàëîâ â ðàìêàõ âÿçêîóïðóãîñòè èñïîëü-
çóåòñÿ ìîäåëü ìàêñâåëëîâñêîãî òèïà íà îñíîâå ðÿäîâ Ïðîíè. Óïðóãàÿ
è óïðóãîïëàñòè÷åñêàÿ ìîäåëè áûëè ïîñòðîåíû â áîëåå ðàííèõ èññëå-
äîâàíèÿõ íà îñíîâå ýêñïåðèìåíòàëüíûõ äàííûõ, ïîëó÷åííûõ íà áàçå
Èíñòèòóòà ìåõàíèêè ñïëîøíûõ ñðåäó ÓðÎ ÐÀÍ ä.ô.-ì.í. À.À. Àäàìî-
âûì.

Â ðàìêàõ àíàëèçà íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ïîëè-
ìåðíûõ ñëîåâ ñêîëüæåíèÿ èç ðàçíûõ ìàòåðèàëîâ ðàññìàòðèâàåòñÿ ìî-
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äåëü êëàññè÷åñêîãî êîíòàêòà Ãåðöà î äåôîðìèðîâàíèè ïîëóïðîñòðàí-
ñòâà ñòàëüíûì ñôåðè÷åñêèì èäåíòîðîì. Âûïîëíåí àíàëèç âëèÿíèÿ ñòå-
ïåíè äèñêðåòèçàöèè ñèñòåìû. Ïðîàíàëèçèðîâàíî âëèÿíèÿ ìàðîê è ìî-
äåëåé ïîâåäåíèÿ ìàòåðèàëîâ íà õàðàêòåðèñòèêè ïÿòíà êîíòàêòà ïðè
ìãíîâåííî ïðèêëàäûâàåìîé ñòàòè÷åñêîé íàãðóçêå è ïðè åå âûäåðæêå.
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ÑÒÀÒÈÑÒÈ×ÅÑÊÈÉ ÏÎÄÕÎÄ ÎÏÈÑÀÍÈß
ÐÀÄÈÀÖÈÎÍÍÎ-ÊÎÍÄÓÊÒÈÂÍÎÃÎ ÒÅÏËÎÎÁÌÅÍÀ

Ë.Â. Ìûøåëîâêà, Þ.Ï. Âèð÷åíêî
myshelovka@bsu.edu.ru, virch@bsu.edu.ru,

ÓÄÊ 519.24

Ðàçâèâàåòñÿ ôëþêòóàöèîííàÿ ¾êâàçèìèêðîñêîïè÷åñêàÿ¿ òåîðèÿ
ðàäèàöèîííî-êîíäóêòèâíîãî òåïëîîáìåíà â òâåðäîòåëüíûõ äè-
ýëåêòðèêàõ íà îñíîâå ñòàòèñòè÷åñêèõ ïîëóôåíîìåíîëîãè÷åñêèõ
ïðåäñòàâëåíèé. Îíà èñõîäèò èç êèíåòè÷åñêèõ ïðåäñòàâëåíèé ïåðå-
íîñà òåïëà èçëó÷åíèåì â ñðåäå è â ìàòåìàòè÷åñêóþ ìîäåëü òåîðèè
âêëþ÷àåòñÿ ïåðåíîñÿùåå òåïëî èçëó÷åíèå ýëåêòðîìàãíèòíîå ïîëÿ.

Êëþ÷åâûå ñëîâà: òåïëîâûå ôëóêòóàöèè, ýëåêòðîìàãíèòíîå èçëó-
÷åíèå, óðàâíåíèÿ Ìàêñâåëëà.
Statistical approach to the description
of thermal radiation transfer

The fluctuation ¡quasi-microscopic¿ theory of radiation-conductive
heat transfer in solid-state dielectrics is being developed on the basis
of statistical semi-phenomenological representations. It proceeds from
kinetic representations of heat transfer by radiation in the medium
and the mathematical model of the theory includes electromagnetic
fields transferring heat radiation.

Keywords: thermal fluctuations, electromagnetic radiation, Maxwell’s
equations.

Â ðàìêàõ ïîäõîäà, èñïîëüçîâàííîãî â ðàáîòå [1], èçó÷àåòñÿ îäíîìåðíàÿ
çàäà÷à îá ýâîëþöèè ðàñïðåäåëåíèÿ òåìïåðàòóðû T (x, t) â îãðàíè÷åííîì
îáðàçöå ñ ó÷¼òîì ðàäèàöèîííî-êîíäóêòèâíîãî òåïëîîáìåíà. Èçìåíåíèå
ñî âðåìåíåì T (x, t) îïèñûâàåòñÿ óðàâíåíèåì òåïëîïðîâîäíîñòè

Ṫ (x, t) = a2
∂2T

∂x2
− ∂P

∂x
, (1)

ãäå P (x, t) � ïîòîê ýíåðãèè èçëó÷åíèÿ, ïåðåíîñÿùåãî òåïëî. Ðàññìàòðè-
âàåòñÿ ïåðåíîñ òåïëîâîãî ýëåêòðîìàãíèòíîãî èçëó÷åíèÿ â äèýëåêòðè-
÷åñêîé äèñïåðãèðóþùåé ñðåäå, êîòîðàÿ îáëàäàåò çàâèñÿùèìè îò ÷àñòî-
òû ω ïîëÿ äèýëåêòðè÷åñêîé ε(ω) è ìàãíèòíîé µ(ω) ïðîíèöàåìîñòÿìè.
Äëÿ îïðåäåëåííîñòè ïîñòàíîâêè çàäà÷è âû÷èñëÿåòñÿ ïëîòíîñòü ïîòîêà

Ìûøåëîâêà Ëàðèñà Âèêòîðîâíà, àñïèðàíò, ÁåëÃÓ (Áåëãîðîä, Ðîññèÿ);
Myshelovka Larisa (Belgorod State University, Belgorod, Russia)

Âèð÷åíêî Þðèé Ïåòðîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÁÃÒÓ èìåíè Â.Ã.Øóõîâà (Áåë-
ãîðîä, Ðîññèÿ); Virchenko Yuri (Belgorod State Technological University named V.G.
Shukhov, Belgorod, Russia)
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P (x, t) ýíåðãèè ýëåêòðîìàãíèòíîãî ïîëÿ â òî÷êå x ñðåäû â ìîìåíò âðå-
ìåíè t, èçëó÷àåìîãî ìàëûì îáúåìîì, îêðóæàþùèì òî÷êó x. Ïëîòíîñòü
ïîòîêà P (x, t) ðàññìàòðèâàåòñÿ êàê ôóíêöèÿ îò ëîêàëüíîé òåìïåðàòó-
ðû T (x, t).

Ôóíêöèîíàë P (x, t), â ñëó÷àå èäåàëüíîé äèýëåêòðè÷åñêîé ñðåäû,
îïðåäåëÿåòñÿ â âèäå

P (x, t) =

√
µε

c2
([E(x, t),H(x, t)])x ,

ãäå ε, µ � ñîîòâåòñòâåííî, ýëåêòðè÷åñêàÿ è ìàãíèòíàÿ âîñïðèèì÷èâîñòè
ñðåäû, E(x, t), H(x, t) � âåêòîðíûå ïîëÿ ýëåêòðè÷åñêîé è ìàãíèòíîé
ñîñòàâëÿþùèå òåïëîâîãî ýëåêòðîìàãíèòíîãî èçëó÷åíèÿ. Ïîëÿ E(x, t) è
H(x, t) ïîä÷èíåíû óðàâíåíèÿì Ìàêñâåëëà â ñðåäå,

rotH =
ε

c
Ė+ γE+

4π

c
j(x, t), rotE = −µ

c
Ḣ, (2)

divE = 0, divH = 0.

Òîê j(x, t) îïèñûâàåò ïðîöåññ ãåíåðàöèè èçëó÷åíèÿ òåïëîâûìè êîëåáà-
íèÿìè ñðåäû. Ñòîõàñòè÷åñêèåE(x, t) èH(x, t) ïîðîæäàþòñÿ òåïëîâûìè
ôëóêòóàöèÿìè. Â ñâÿçè ñ ýòèì ñòîõàñòè÷åñêèé èñòî÷íèê j(x, t) ìîäåëè-
ðóåòñÿ îáîáù¼ííûì ãàóññîâñêèì ñëó÷àéíûì ïðîöåññîì áåëîãî øóìà,
êàê ïî âðåìåíè, òàê è ïî ïðîñòðàíñòâåííîé êîîðäèíàòå.

⟨j(x, t)⟩ = 0 , ⟨jk(x, t)jl(x′, t′)⟩ = δklA[T (x, t)]δ(t− t′)δ(x− x′) .

Åãî àìïëèòóäà â êàæäîé ïðîñòðàíñòâåííî-âðåìåííîé òî÷êå îïðåäåëÿ-
åòñÿ ëîêàëüíîé òåìïåðàòóðîé T (x, t). Äëÿ âû÷èñëåíèÿ ïîòîêà P (x, t),
ðåøàåòñÿ ñòàöèîíàðíàÿ çàäà÷à íà îòðåçêå âåùåñòâåííîé îñè äëÿ ñèñòå-
ìû ñòîõàñòè÷åñêèõ óðàâíåíèé (2) ñ ãðàíè÷íûìè óñëîâèÿìè íåïðåðûâ-
íîñòè ïîëåé E è H è èõ ïðîèçâîäíûõ ïî x. Ìàòåìàòè÷åñêîå îæèäàíèå,
îïðåäåëÿþùåå ïîòîê P (x, t), âû÷èñëÿåòñÿ â êîðîòêîâîëíîâîé àñèìïòî-
òèêå, êîãäà ÷àñòîòà ω ôóðüå-îáðàçîâ ïîëåé E è H ñòðåìèòñÿ ê áåñêî-
íå÷íîñòè.
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Î ÑÎÁÑÒÂÅÍÍÛÕ ÊÎËÅÁÀÍÈßÕ ÆÈÄÊÎÑÒÈ Â
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Ðàññìîòðåíû ñîáñòâåííûå êîëåáàíèÿ ñòîëáà æèäêîñòè â íåôòÿíîé
ñêâàæèíå, âîçíèêàþùèå ïðè ãèäðîóäàðå. Ïåðèîä êîëåáàíèé, èí-
òåíñèâíîñòü çàòóõàíèÿ êîëåáàíèé îïðåäåëÿþòñÿ ïðîòÿæåííîñòüþ
ñòîëáà æèäêîñòè, åå ðåîëîãè÷åñêèìè ñâîéñòâàìè, à òàêæå êîëëåê-
òîðñêèìè õàðàêòåðèñòèêàìè ïðèçàáîéíîé çîíû ïëàñòà. Íà îñíîâå
ìàòåìàòè÷åñêîé ìîäåëè, îïèñûâàþùåé äâèæåíèå ñòîëáà æèäêî-
ñòè â ñêâàæèíå è ôèëüòðàöèþ â ïðèçàáîéíîé çîíå, ïîäâåðæåííîé
ÃÐÏ, ïîëó÷åíû ðåøåíèÿ çàäà÷è î ñîáñòâåííûõ çàòóõàþùèõ êîëå-
áàíèÿõ ñòîëáà æèäêîñòè â ñêâàæèíå.

Êëþ÷åâûå ñëîâà: ñîáñòâåííûå êîëåáàíèÿ, àìïëèòóäà êîëåáàíèé,
íåôòÿíàÿ ñêâàæèíà, ãèäðîðàçðûâ ïëàñòà, ôèëüòðàöèÿ æèäêîñòè
The main tasks of mathematics

The natural oscillations of the liquid column in an oil well arising from
a hydraulic shock are considered. The oscillation period and the in-
tensity of attenuation of vibrations are determined by the length of
the liquid column, its rheological properties, as well as the reservoir
characteristics of the bottomhole formation zone. Based on a mathe-
matical model describing the movement of a column of liquid in a well
and filtration in a bottomhole zone exposed to hydraulic fracturing,
solutions to the problem of intrinsic damping vibrations of a column
of liquid in a well are obtained.

Keywords: natural oscillations, amplitude of oscillations, oil well, hy-
draulic fracturing, liquid filtration.

Â íàñòîÿùåå âðåìÿ ïðè äîáû÷å íåôòè øèðîêî ïðèìåíÿåòñÿ òåõíîëî-
ãèÿ ãèäðîðàçðûâà ïëàñòà (ÃÐÏ). Â ïëàñòå ñîçäàþòñÿ òðåùèíû, êîòî-
ðûå çàêðåïëÿþòñÿ ïðîïàíòàìè äëÿ ïðåäîòâðàùåíèÿ èõ ñìûêàíèÿ. Òðå-
ùèíû, êîòîðûå âîçíèêàþò â ðåçóëüòàòå ïðèìåíåíèÿ òåõíîëîãèè ÃÐÏ,
óâåëè÷èâàþò ïëîùàäü, ñ êîòîðîé ìîæíî èçâëå÷ü íåôòü èç äîáûâàþ-
ùåé ñêâàæèíû èëè ðàñøèðÿþò ïîâåðõíîñòü çàêà÷êè æèäêîñòè, åñëè
ýòî íàãíåòàþùàÿ ñêâàæèíà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ñðåäñòâàìè ãîñáþäæåòà ïî ãîñçàäàíèþ
�075-00570-24-01 ("Ãèäðîãàçîäèíàìèêà ìíîãîôàçíûõ, òåðìîâÿçêèõ è ìèêðîäèñïåðñ-
íûõ ñðåä")
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Ðàññìîòðåíû ñîáñòâåííûå êîëåáàíèÿ ñòîëáà æèäêîñòè â âåðòèêàëü-
íîé íåôòÿíîé ñêâàæèíå ïðè çàêðûòîé[1] è îòêðûòîé âåðõíåé ãðàíè-
öå[2]. Êîëåáàíèÿ âîçíèêàþò ïðè ðåçêîì çàêðûòèè èëè îòêðûòèè íàñî-
ñîâ ñêâàæèíû (ãèäðîóäàðå). Ïåðèîä êîëåáàíèé, èíòåíñèâíîñòü çàòóõà-
íèÿ êîëåáàíèé îïðåäåëÿþòñÿ ïðîòÿæåííîñòüþ ñòîëáà æèäêîñòè, åå ðåî-
ëîãè÷åñêèìè ñâîéñòâàìè, à òàêæå êîëëåêòîðñêèìè õàðàêòåðèñòèêàìè
ïðèçàáîéíîé çîíû ïëàñòà. Íà îñíîâå ìàòåìàòè÷åñêîé ìîäåëè, îïèñûâà-
þùåé äâèæåíèå ñòîëáà æèäêîñòè â ñêâàæèíå è ôèëüòðàöèþ â ïðèçà-
áîéíîé çîíå, ïîäâåðæåííîé ÃÐÏ, ïîëó÷åíû ðåøåíèÿ çàäà÷è î ñîáñòâåí-
íûõ çàòóõàþùèõ êîëåáàíèÿõ ñòîëáà æèäêîñòè â ñêâàæèíå. Ïîëó÷èëè
õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ îïðåäåëåíèÿ ñîáñòâåííîé ÷àñòîòû
êîëåáàíèé.

Òàêæå ðàññìàòðèâàåòñÿ îáñàæåííàÿ ãîðèçîíòàëüíàÿ ñêâàæèíà äëè-
íîé , êîòîðàÿ ñîîáùàåòñÿ ñ ïëàñòîì ïîñðåäñòâîì ðàäèàëüíûõ òðåùèí
ÃÐÏ, ðàñïîëîæåííûõ ðàâíîìåðíî âäîëü ñêâàæèíû. Â ðàáîòå ïîëó÷å-
íî òðàíñöåíäåíòíîå óðàâíåíèå èç êîòîðîãî îïðåäåëÿþòñÿ êîìïëåêñíûå
ñîáñòâåííûå ÷àñòîòû, ïî êîòîðûì íàõîäÿòñÿ ÷àñòîòà êîëåáàíèé, êî-
ýôôèöèåíò çàòóõàíèÿ, àìïëèòóäà êîëåáàíèé è äðóãèå õàðàêòåðèñòè-
êè, îïèñûâàþùèå ñîáñòâåííûå êîëåáàíèÿ æèäêîñòè â ãîðèçîíòàëüíîé
ñêâàæèíå ñ ñèñòåìîé òðåùèí, ïåðïåíäèêóëÿðíûõ ñòâîëó ñêâàæèíû.
Ïîñòðîåíû ãðàôèêè çàâèñèìîñòåé ñîáñòâåííîé ÷àñòîòû, êîýôôèöèåíòà
çàòóõàíèÿ è äåêðåìåíòà çàòóõàíèÿ îò ïðîâîäèìîñòè òðåùèíû, ïðîíè-
öàåìîñòè ïëàñòà è êîëè÷åñòâà òðåùèí íà åäèíèöó äëèíû. Èç ãðàôèêîâ
ñäåëàíû âûâîäû î òàì êàê âëèÿþò èçìåíåíèÿ øèðèíû òðåùèíû, êîëè-
÷åñòâà òðåùèí è ïðîíèöàåìîñòü ïëàñòà íà ñîáñòâåííûå ÷àñòîòû.

Ïîêàçàíî, ÷òî àêóñòè÷åñêàÿ äèàãíîñòèêà îñíîâàííàÿ íà àíàëèçå
ñîáñòâåííûõ êîëåáàíèé â ñêâàæèíå ìîæåò ñëóæèòü äåéñòâåííûì èí-
ñòðóìåíòîì äëÿ äèàãíîñòèêè ïðèçàáîéíîé çîíû ñêâàæèíû.
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Â äàííîé ðàáîòå ïðåäëàãàåòñÿ íîâûé ìåòîä îïèñàíèÿ ýâîëþöèè
âîëüòàìïåðîãðàìì âî âðåìåíè â ôîðìå òåìïîðàëüíûõ êðèâûõ. Áó-
äó÷è ïðîèíòåãðèðîâàííûìè îíè îêàçûâàþòñÿ ñàìîïîäîáíûìè, ÷òî
ïîçâîëÿåò ïðåäëîæèòü ïîäãîíî÷íóþ ôóíêöèþ, êîòîðàÿ âûâîäèòñÿ
èç ïðèíöèïà ñàìîïîäîáèÿ è ïîçâîëÿåò ïàðàìåòðèçîâàòü ýòè ñëó-
÷àéíûå êðèâûå.

Êëþ÷åâûå ñëîâà: ñàìîïîäîáèå, òåìïîðàëüíàÿ êðèâàÿ, ïîäãîíî÷íàÿ
ôóíêöèÿ.
Assessment of the temporal structure of glass carbon fractal-
ization under conditions of voltammetric analysis using the
principal component method

This paper proposes a new method for describing the evolution of
voltammograms over time in the form of temporal curves. When in-
tegrated, they turn out to be self-similar, which makes it possible to
propose a fitting function that is derived from the principle of self-
similarity and allows parameterizing these random curves.

Keywords: self-similarity, temporal curve, fitting function.
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Äëÿ îïèñàíèÿ òåìïîðàëüíîé ýâîëþöèè âîëüòàìïåðîãðàìì è èõ ïàðà-
ìåòðèçàöèè â ñòèëå îáùåïðèíÿòîé àìïëèòóäíî-÷àñòîòíîé õàðàêòåðè-
ñòèêè (À×Õ), âíà÷àëå íåîáõîäèìî ïîíÿòü, êàê ìîæíî ïàðàìåòðèçîâàòü
ñàìîïîäîáíûå êðèâûå, èìåþùèå ÷åòêî âûðàæåííûé òðåíä. Åñëè êàêàÿ-
ëèáî êðèâàÿ ñàìîïîäîáíà S(z) (ãäå z � ïðîèçâîëüíàÿ ïåðåìåííàÿ äåé-
ñòâèòåëüíàÿ èëè êîìïëåêñíàÿ), òî îíà óäîâëåòâîðÿåò ôóíêöèîíàëüíî-
ìó óðàâíåíèþ âèäà

S(zξ) = S(z). (1)

è èìååò ðåøåíèå âèäà

S(z) = Pr
( lnz
lnξ

)
=

K>>2∑
k=0

[
Ackcos

(
2πk

lnz

lnξ

)
+Asksin

(
2πk

lnz

lnξ

)]
. (2)

Ëåãêî óáåäèòüñÿ â òîì, ÷òî ýòî ðåøåíèå - âûðîæäåííîå. Äåéñòâèòåëüíî,
çàïèøåì óðàâíåíèå (1) â âèäå

EξS(z) = S(zξ), (3)

Â ðåàëüíîñòè ýòà ðàçíîñòü íå ðàâíà íóëþ, à èìååò íåêîòîðóþ ìàëóþ
âåëè÷èíó ε. Ïîýòîìó çàïèøåì äâà óðàâíåíèÿ

S(zξ2)− S(zξ) = S(zξ)− S(z) = ε1, (4)

(Eξ − 1)2S(z) = (Eξ − 1)ε1 ≈ ε2. (5)

Ïîâòîðÿÿ ýòîò ïðîöåññ Ê-ðàç, ñ÷èòàÿ ÷òî ðàçíîñòü S(zξK) − S(z) ≈
ε1 ïðèìåðíî îäèíàêîâà äëÿ âñåõ k = 1, 2, . . . ,K, íåòðóäíî ïîëó÷èòü
ñëåäóþùåå óðàâíåíèå

S(z) ≈ Yk(z)
(K−1∑
k=0

( lnz
lnξ

)k)
Pr
( lnz
lnξ

)
. (6)

Äëÿ ïðàêòè÷åñêèõ öåëåé è îáåñïå÷åíèÿ íåîáõîäèìîé òî÷íîñòè äîñòà-
òî÷íî îãðàíè÷èòüñÿ ñëó÷àåì K = 2 è ó÷åñòü ôëóêòóàöèè èëè îøèáêè
ïîäãîíà äî âòîðîãî ïîðÿäêà. Òîãäà ïîäãîíî÷íàÿ ôóíêöèÿ, êîòîðàÿ áó-
äåò èñïîëüçîâàíà äëÿ ïàðàìåòðèçàöèè äàííûõ, ìîæåò áûòü çàïèñàíà â
âèäå:

Y2(z) ≈ A0 + Pr1
( lnz
lnξ

)
+
( lnz
lnξ

)
Pr2

( lnz
lnξ

)
. (7)

Ïîäãîíî÷íàÿ ôóíêöèÿ (7) ñîäåðæèò òîëüêî îäèí íåëèíåéíûé ïîäãî-
íî÷íûé ïàðàìåòð lnξ. îñòàëüíûå ïàðàìåòðû ëèíåéíû è íàõîäÿòñÿ ñ
ïîìîùüþ ÌÍÊ. Íåëèíåéíûé ïàðàìåòð lnξ íàõîäèòñÿ èç ìèíèìèçàöèè
îøèáêè ïîäãîíêè.

Òàêèì îáðàçîì, îïèðàÿñü íà ïîëó÷åííûå âûøå ôîðìóëû ìîæíî
ðàçðàáîòàòü àëãîðèòì ïàðàìåòðèçàöèè òðåõ èíòåãðàëüíûõ êðèâûõ, êî-
òîðûå îïèñûâàþ ýâîëþöèþ âîëüòàìïåðîãðàìì ïî âñåì êîëîíêàì èñõîä-
íîé ìàòðèöû N ×M , ãäå N- ÷èñëî ñòðîê ìàòðèöû, M � ÷èñëî ñòîëá-
öîâ, ñîîòâåòñòâåííî. Àëãîðèòì ïàðàìåòðèçàöèè ýâîëþöèîííûõ êðè-
âûõ ñòðîèòñÿ ñëåäóþùèì îáðàçîì. Èç êàæäîé êîëîíêè áåðóòñÿ òîëü-
êî òðè èíâàðèàíòíûå òî÷êè/êðèâûå (ìàêñèìàëüíàÿ, ìèíèìàëüíàÿ è
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ñðåäíÿÿ), êîòîðûå íå ìåíÿþòñÿ ïðè ïåðåñòàíîâêå âñåõ îñòàëüíûõ. Åñëè
ïðîèíòåãðèðîâàòü ýòè òðè ðàñïðåäåëåíèÿ Ymx(m), Ymn(m) è Ymin(m)
(m=1,2,3,. . . ,M) ïî âñåì êîëîíêàì, òî îáðàçóþòñÿ òðè íàêîïëåííûå (êó-
ìóëÿòèâíûå) êðèâûå Jq(m), q=up, mn, dn, êîòîðûå ìîãóò áûòü ïàðà-
ìåòðèçèðîâàíû ïî ôîðìóëå (7) â ñîîòâåòñòâèè ñ ïðèíöèïîì ñàìîïîäî-
áèÿ.
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ÍÀ×ÀËÜÍÎ-ÊÐÀÅÂÎÉ ÇÀÄÀ×È ÄËß
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ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ Ñ ÄÐÎÁÍÛÌÈ
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À.Ã. Îìàðîâà
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Èññëåäîâàíà íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ íàãðóæåííîãî äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ êîìïîçèöèåé äðîá-
íîé ïðîèçâîäíîé Ðèìàíà-Ëèóâèëëÿ è Êàïóòî-Ãåðàñèìîâà è ñ ãðà-
íè÷íûìè óñëîâèÿìè ïåðâîãî è òðåòüåãî ðîäà. Ñ ïîìîùüþ ìåòîäà
ýíåðãåòè÷åñêèõ íåðàâåíñòâ ïîëó÷åíà àïðèîðíàÿ îöåíêà â ðàçíîñò-
íîé ôîðìå. Ïîëó÷åííûå íåðàâåíñòâà îçíà÷àþò åäèíñòâåííîñòü ðå-
øåíèÿ è íåïðåðûâíóþ çàâèñèìîñòü ðåøåíèÿ îò âõîäíûõ äàííûõ
çàäà÷è. Ïîñòðîåíà ðàçíîñòíàÿ ñõåìà, àïïðîêñèìèðóþùàÿ èñõîä-
íóþ çàäà÷ó ñ ïîðÿäêîì O(τ + h2−β).

Êëþ÷åâûå ñëîâà: êðàåâàÿ çàäà÷à, àïðèîðíàÿ îöåíêà, ìåòîä ýíåð-
ãåòè÷åñêèõ íåðàâåíñòâ, àïïðîêñèìàöèÿ, äðîáíàÿ ïðîèçâîäíàÿ
Êàïóòî-Ãåðàñèìîâà, äðîáíàÿ ïðîèçâîäíàÿ Ðèìàíà-Ëèóâèëëÿ.
Numerical solution of the third initial-boundary value prob-
lem for the nonstationary heat heat conduction equation with
fractional derivatives

An initial boundary value problem for a loaded differential heat equa-
tion with a composition of the fractional derivative of Riemann-
Liouville and Caputo-Gerasimov and with boundary conditions of the
first and third kind is studied. Using the method of energy inequali-
ties, an a priori estimate in difference form was obtained. The resulting
inequalities mean the uniqueness of the solution and the continuous
dependence of the solution on the input data of the problem. A dif-
ference scheme is constructed that approximates the original problem
with an order O(τ + h2−β).

Keywords: boundary value problem, a priori estimate, method of en-
ergy inequalities, Caputo-Gerasimov fractional derivative, Riemann-
Liouville fractional derivative.
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Êðàåâûå çàäà÷è äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ êîìïîçèöèåé
äðîáíûõ ïðîèçâîäíûõ Êàïóòî-Ãåðàñèìîâà ðàññìîòðåíû â èññëåäîâàíè-
ÿõ [3,4], çäåñü ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèÿ ñ êîìïî-
çèöèåé äðîáíîé ïðîèçâîäíîé Ðèìàíà-Ëèóâèëëÿ è Êàïóòî-Ãåðàñèìîâà.

Â îáëàñòè D = {0 ⩽ x ⩽ L, 0 < t ⩽ T} èññëåäóåì íà÷àëüíî-êðàåâóþ
çàäà÷ó:

∂α0tu(x, t) =
RLDβ

0x

(
∂β0xu(x, t)

)
+ r(x, t) ∂u(x,t)

∂x
− q(x, t)u(x0, t) + f(x, t), (1)

RLDβ−1(∂β0xu(0, t)) = b1(t)u(0, t)− µ1(t), (2)

−RLDβ−1(∂β0xu(l, t)) = b2(t)u(l, t)− µ2(t), (3)

u(x, 0) = u0(x), 0 ⩽ x ⩽ l, (4)

ãäå ∂α0tu(x, t), ∂
β
0xu(x, t) � ÷àñòíûå äðîáíûå ïðîèçâîäíûå Êàïóòî-

Ãåðàñèìîâà [1], RLDβ
0x

(
∂β0xu(x, t)

)
� êîìïîçèöèÿ äðîáíîé ïðîèçâîäíîé

Ðèìàíà-Ëèóâèëëÿ è Êàïóòî-Ãåðàñèìîâà, 0 < α < 1, 1/2 < β < 1,

|q(x, t)|, |r(x, t)|, |q(x, t)|, |b1(t)|, |b2(t)| ⩽ c, (5)

c = const > 0 � çàâèñÿùàÿ îò âõîäíûõ äàííûõ.
Ïîñòðîèì ÷èñëåííîå ðåøåíèå (1)�(4), äëÿ ýòîãî íà ðàññìàòðèâàåìîé

îáëàñòè ââåäåì ïî ïåðåìåííîé x è t ðàâíîìåðíóþ ñåòêó ñ øàãîì h ïî
x è τ ïî t:

ωhτ = ωh × ωτ
{
(xm, tn), xm = mh, m = 1, 2, . . . ,M, Mh = L,

tn = nτ, n = 0, 1, 2, . . . , N, Nτ = T
}
.

Òî÷íîå ðåøåíèå çàäà÷è (1)�(4) îáîçíà÷èì ÷åðåç unm = u(xm, tn), à
ïðèáëèæåííîå ðåøåíèå îáîçíà÷èì ÷åðåç ynm = y(xm, tn). Äèôôåðåíöè-
àëüíîé çàäà÷å (1)�(4) ïîñòàâèì â ñîîòâåòñòâèå ðàçíîñòíóþ ñõåìó ïî-
ðÿäêà O(h2−β + τ)

∆α
0ty = Dβ∆β

0xy + r+yx̄ + r−yx − q
(
ym0x

−
m0

+ ym0+1x
+
m0

)
+ φ, (6)

Dβ−1∆β
0xy0 = b1y

n
0 − µ1, (7)

−Dβ−1∆β
0xyM = b2y

n
M − µ2, (8)

y0m = u0(xm), 0 ⩽ xm ⩽ l, (9)

ãäå

∆α
0ty =

1

Γ(2− α)τ

n∑
k=0

(
t1−αn−k+1 − t1−αn−k

)
∆y(xm, tk),

∆β
0xy =

1

Γ(2− β)h

m+1−j∑
k=0

(
x1−βm−j−k+2 − x1−βm−j−k+1

)
∆y(xk, tn),

Dβ
(
∆β

0xy
)
= bm∆β

0xy0 +

m∑
j=0

aj∆
β
0xy,
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∆β
0xy0 =

yn1 − yn0
Γ(2− β)hβ

, yx̄ =
ynm+1 − ynm

h
, yx =

ynm − ynm−1

h
,

r(x̄, tn) = r, |r| = r+ − r−, r+ = 0.5(r + |r|) ⩾ 0,

r− = 0.5(r − |r|) ⩽ 0, y = ynm, φ = f(x̄, tn), q = q(x̄, tn), bi = b(tn),

µi = µ(tn), i = 1, 2, x−m0
=
xm0+1 − x0

h
, x+m0

=
x0 − xm0

h
.

Èññëåäóåì óñòîé÷èâîñòü ðàçíîñòíîé ñõåìû (6)�(9) ñ ïîìîùüþ ìåòî-
äà ýíåðãåòè÷åñêèõ íåðàâåíñòâ. Ââåäåì ñêàëÿðíîå ïðîèçâåäåíèå è íîðìó
â âèäå [2]

(u, ν) =

N−1∑
i=1

uiνih, (u, ν] =

N∑
i=1

uiνih,

(u, u) =

N−1∑
i=1

u2
ih = ∥u∥20, (u, u] =

N∑
i=1

u2
ih = ∥u∥20.

Òåîðåìà 3. Ïóñòü âûïîëíåíû óñëîâèÿ (5), òîãäà ðàçíîñòíàÿ çàäà÷à
(6)�(9) óñòîé÷èâà ïðè τ ⩽ τ0 è äëÿ åå ðåøåíèÿ ñïðàâåäëèâà àïðèîðíàÿ
îöåíêà (10)∥∥∥yi+1

∥∥∥2
0
⩽M

(∥∥y0∥∥2
0
+ max

0⩽i′⩽i

(∥∥∥φi′∥∥∥2
0
+ µ2

1 + µ2
2

))
, (10)

ãäå M = const > 0, êîòîðàÿ íå çàâèñèò îò τ è h.
Èç àïðèîðíîé îöåíêè (10) ñëåäóåò åäèíñòâåííîñòü è óñòîé÷èâîñòü

ðåøåíèÿ çàäà÷è (6)�(9) ïî íà÷àëüíûì äàííûì è ïðàâîé ÷àñòè.
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Èçó÷àþòñÿ äâóõìåðíûå òå÷åíèÿ ðàñïëàâîâ ïîëèìåðîâ ðàçëè÷íîé
ñòðóêòóðû â êàíàëàõ ñ ïðÿìîóãîëüíûì ñå÷åíèåì è ñ âíåçàïíûì
ñóæåíèåì. Èññëåäóåòñÿ âëèÿíèå òåìïåðàòóðû ïîëèìåðíîãî ðàñ-
ïëàâà íà ðàçìåðû âèõðåâîé çîíû. Àíàëèçèðóþòñÿ ïðîôèëè ïðî-
äîëüíîé è ïîïåðå÷íîé ñêîðîñòè â ðàçëè÷íûõ ñå÷åíèÿõ. Â êà÷å-
ñòâå ìàòåìàòè÷åñêîé ìîäåëè èñïîëüçîâàëàñü ìàòåìàòè÷åñêàÿ ìî-
äåëü Âèíîãðàäîâà-Ïîêðîâñêîãî.

Êëþ÷åâûå ñëîâà: ðåîëîãèÿ, âÿçêîñòü, ðàñïëàâû ïîëèìåðîâ, âèõðå-
âîå òå÷åíèå, ìåòîä êîíå÷íûõ ýëåìåíòîâ.
RHEOLOGICAL MODEL FOR DESCRIPTION OF CON-
VERGING FLOWS OF POLYMER SYSTEMS

Two-dimensional flows of polymer melts of various structures in chan-
nels with rectangular cross-section and with sudden narrowing are
studied. Influence of polymer melt temperature on vortex zone di-
mensions is investigated. Profiles of longitudinal and transverse
speed in different sections are analyzed. The mathematical model
of Vinogradov-Pokrovsky was used as a mathematical model.

Keywords: rheology, viscosity, polymer melts, vortex flow, finite ele-
ment method.

Ñ èñïîëüçîâàíèåì ðåîëîãè÷åñêîé ìîäåëè Âèíîãðàäîâà-Ïîêðîâñêîãî
ïðîâåäåíî èññëåäîâàíèå òå÷åíèÿ ïîëèìåðíîãî ðàñïëàâà â ïðÿìîóãîëü-
íîì êàíàëå ñ ðåçêèì ñóæåíèåì.

Îïðåäåëåíû êîìïîíåíòû ïðîäîëüíîé è ïîïåðå÷íîé ñîñòàâëÿþùèõ
âåêòîðà ñêîðîñòè [1] è âûïîëíåíî ñðàâíåíèå ñ ýêñïåðèìåíòàëüíûìè
äàííûìè [2,3]. Èññëåäîâàíî âëèÿíèå ìîëåêóëÿðíîé ñòðóêòóðû ïîëè-
ìåðà íà îñîáåííîñòè òå÷åíèÿ. Îáíàðóæåíî, ÷òî ïðè òå÷åíèè ïîëèìåðà
ñ ðàçâåòâë¼ííîé ñòðóêòóðîé âîçíèêàåò âòîðè÷íûé ïîòîê, îòñóòñòâóþ-
ùèé ïðè òå÷åíèè ëèíåéíîãî ïîëèìåðà. Îñíîâíîé ôàêòîð, îïðåäåëÿþ-
ùèé ýòîò ýôôåêò � âðåìÿ ðåëàêñàöèè ïîëèìåðíîãî îáðàçöà. Òå÷åíèå
ðàçâåòâë¼ííîãî ïîëèìåðà òàêæå îòëè÷àåòñÿ íåïàðàáîëè÷åñêèì ïðîôè-
ëåì ñêîðîñòè, êîòîðûé áîëåå âûðàæåí ïî ñðàâíåíèþ ñ ëèíåéíûì ïîëè-
ìåðîì.

Ïàâëþê Þðèé Àëåêñååâè÷, àñïèòðàíò, ÀëòÃÏÓ (Áàðíàóë, Ðîññèÿ); Yuri Pawlyk
(Altai State Pedagogical University, Barnaul, Russia)
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Ïðîâåäåíî ñðàâíåíèå ãèäðîäèíàìè÷åñêèõ ñâîéñòâ ïîëèìåðíûõ ðàñ-
ïëàâîâ ïðè ðàçëè÷íûõ òåìïåðàòóðàõ â ñõîäÿùåìñÿ êàíàëå ñ ïðÿìî-
óãîëüíûì ñå÷åíèåì. Ïîêàçàíî, ÷òî ïðè ðåçêîì ñóæåíèè êàíàëà îáðàçó-
åòñÿ âèõðåâîé ïîòîê, ðàçìåð êîòîðîãî óâåëè÷èâàåòñÿ ïðè ïîâûøåíèè
òåìïåðàòóðû ðàñïëàâà, ÷òî ïîäòâåðæäàåòñÿ ýêñïåðèìåíòàìè [4].

Òàêæå èçó÷åíî èçìåíåíèå ðàçìåðîâ âèõðåâîé îáëàñòè â çàâèñèìî-
ñòè îò ðàñõîäíûõ õàðàêòåðèñòèê. Óñòàíîâëåíî, ÷òî ïîâûøåíèå îáú¼ì-
íîãî ðàñõîäà ïîëèìåðíîãî ðàñïëàâà äî äîñòèæåíèÿ òî÷êè ìàêñèìóìà
ïðèâîäèò ê áîëåå áûñòðîìó çàòóõàíèþ âèõðÿ. Îäíàêî, íåñìîòðÿ íà òî,
÷òî ðàçìåðû âèõðÿ óìåíüøàþòñÿ ñ óâåëè÷åíèåì òåìïåðàòóðû, ñêîðîñòü
ýòîãî óìåíüøåíèÿ çàìåäëÿåòñÿ ïðè óâåëè÷åíèè ðàñõîäà [4].

Èññëåäîâàíî âëèÿíèå ïàðàìåòðîâ íàâåäåííîé àíèçîòðîïèè íà ïðî-
ôèëü ïðîäîëüíîé ñêîðîñòè. Íóëåâûå çíà÷åíèÿ ñîîòâåòñòâóþò òå÷åíèþ
íüþòîíîâñêîé æèäêîñòè. Îäíàêî, ïðè óâåëè÷åíèè çíà÷åíèé ïàðàìåò-
ðîâ àíèçîòðîïèè ïîâåäåíèå æèäêîñòè âñ¼ áîëüøå îòêëîíÿåòñÿ îò ïàðà-
áîëè÷åñêîãî ïðîôèëÿ.

Òàêèì îáðàçîì, ïîëó÷åííûå ðåçóëüòàòû ïîäòâåðæäàþò ýôôåêòèâ-
íîñòü ðåîëîãè÷åñêîé ìîäåëè Âèíîãðàäîâà-Ïîêðîâñêîãî äëÿ îïèñàíèÿ
òå÷åíèé ïîëèìåðíûõ ðàñïëàâîâ â îáëàñòÿõ ñî ñëîæíîé ãåîìåòðèåé. Ðàç-
ðàáîòàííàÿ ìîäåëü ìîæåò ñòàòü îñíîâîé äëÿ áóäóùèõ èññëåäîâàíèé.
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Ïðèìåíåíèå ïåðñïåêòèâíîãî òåïëîâîãî ìåòîäà óâåëè÷åíèÿ íåô-
òåîòäà÷è � ïàðîãðàâèòàöèîííîãî äðåíàæà òðåáóåò ïðåäâàðèòåëü-
íîãî ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ äëÿ îïðåäåëåíèÿ ýôôåê-
òèâíûõ ïàðàìåòðîâ ïðîöåññà. Ñôîðìóëèðîâàííûé â ðàáîòå íîëü-
ìåðíûé ïîäõîä ê ìîäåëèðîâàíèþ òàêîãî ïðîöåññà ïîçâîëÿåò ïîëó-
÷àòü áûñòðûå ðåøåíèÿ, ïðèìåíèìûå ïðè ïðèíÿòèè îïåðàòèâíûõ
ðåøåíèé. Â îñíîâå ìîäåëè ëåæàò áàëàíñîâûå ñîîòíîøåíèÿ ìàññû
ôàç è ýíåðãèè. Ïîêàçàíà âîçìîæíîñòü âîñïðîèçâåäåíèÿ äèíàìèêè
ïðîöåññà ñ óäîâëåòâîðèòåëüíîé òî÷íîñòüþ.

Êëþ÷åâûå ñëîâà: ïàðîãðàâèòàöèîííûé äðåíàæ, èíòåãðàëüíàÿ ìî-
äåëü, ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, òåïëîâûå ìåòîäû óâåëè÷å-
íèÿ íåôòåîòäà÷è, âûñîêîâÿçêàÿ íåôòü, ïàðàìåòðè÷åñêèé àíàëèç.
Zero-dimensional integral model of steam-assisted gravity
drainage

The application of a promising thermal enhanced oil recovery method
– steam-assisted gravity drainage requires preliminary mathematical
modeling to determine the effective parameters of the process. The
zero-dimensional approach to modeling such a process formulated in
the paper allows to obtain quick solutions that are applicable for op-
erational decisions. The model is based on the balance ratios of phase
mass and energy. The possibility of reproducing the dynamics of the
process with satisfactory accuracy is shown.
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Ñóùåñòâåííóþ äîëþ çàïàñîâ íåôòåãàçîâîãî êîìïëåêñà Ðîññèè ñîñòàâ-
ëÿþò âûñîêîâÿçêèå íåôòè. Ýêñïëóàòàöèÿ òàêèõ ìåñòîðîæäåíèé íà ïðî-
ìûøëåííîì óðîâíå íåâîçìîæíà áåç ïðèâëå÷åíèÿ ìåòîäîâ óâåëè÷åíèÿ
íåôòåîòäà÷è. Ñðåäè òàêèõ ìåòîäîâ âñ¼ áîëåå ïåðñïåêòèâíûì ñòàíî-
âèòñÿ ïàðîãðàâèòàöèîííûé äðåíàæ. Ýôôåêòèâíîå èñïîëüçîâàíèå ýòîé
òåõíîëîãèè òðåáóåò ïðåäâàðèòåëüíîãî ýòàïà ôèçèêî-ìàòåìàòè÷åñêîãî
ìîäåëèðîâàíèÿ ýòîãî ïðîöåññà. Èñïîëüçîâàíèå êîììåð÷åñêèõ ñèìóëÿ-
òîðîâ, õîòÿ è ïîçâîëÿåò ó÷åñòü çíà÷èòåëüíîå êîëè÷åñòâî ôèçè÷åñêèõ
ýôôåêòîâ, òðåáóåò íåîïðàâäàííî âûñîêèõ âðåìåííûõ çàòðàò è çàäàíèÿ
áîëüøîãî îáú¼ìà âõîäíîé èíôîðìàöèè îá îáúåêòå ðàçðàáîòêè, êîòî-
ðàÿ çà÷àñòóþ â ïîëíîé ìåðå íå èçâåñòíà. Ïîýòîìó öåëüþ ðàáîòû ÿâ-
ëÿåòñÿ ñîçäàíèå ïðîñòîé íîëü-ìåðíîé èíòåãðàëüíîé ìîäåëè ïðîöåññà
ïàðîãðàâèòàöèîííîãî äðåíàæà, ïîçâîëÿþùåé ïðîâîäèòü îïåðàòèâíûå
ïðîãíîçû ýôôåêòèâíûõ ïàðàìåòðîâ ýòîãî ïðîöåññà.

Â îñíîâå ìîäåëè ëåæàò óðàâíåíèÿ ñîõðàíåíèÿ ìàññû âîäû, íåôòè è
ïàðà â ïàðîâîé êàìåðå, èìåþùåé ôîðìó ïðèçìû òðåóãîëüíîãî ñå÷åíèÿ,
óðàâíåíèå ïðèòîêà òåïëà â ïàðîâóþ êàìåðó è çàêîí ñîõðàíåíèÿ èìïóëü-
ñà â âèäå ñîîòíîøåíèé ðàñõîäîâ íàãíåòàåìîãî è äîáûâàåìîãî ôëþèäîâ,
îïðåäåëÿåìûõ ïî çàêîíó Äàðñè. Çàìûêàþùèìè óðàâíåíèÿìè ÿâëÿþò-
ñÿ ñîîòíîøåíèå íàñûùåííîñòåé ôàç è ñêîðîñòåé ðîñòà ïàðîâîé êàìåðû
â âåðòèêàëüíîì è ãîðèçîíòàëüíîì íàïðàâëåíèÿõ, îòíîøåíèå êîýôôè-
öèåíòîâ òåïëîîòäà÷è â ýòèõ íàïðàâëåíèÿõ îïðåäåëÿþòñÿ ïî ôîðìóëå
Ýäìóíäñà-Ïåòåðñîíà. Ïðè ýòîì îäèí èç êîýôôèöèåíòîâ îïðåäåëÿåòñÿ
íà îñíîâå ëàáîðàòîðíûõ èññëåäîâàíèé èëè ýìïèðè÷åñêèõ êîððåëÿöèé.
Íà÷àëüíûå óñëîâèÿ ñîîòâåòñòâóþò çàäàíèþ íóëåâîãî îáú¼ìà ïàðîâîé
êàìåðû è ìàêñèìàëüíîé íåôòåíàñûùåííîñòè.

Ðàññ÷èòàíà äèíàìèêà êîýôôèöèåíòà èçâëå÷åíèÿ íåôòè, ïàðîíå-
ôòÿíîãî îòíîøåíèÿ è îáâîäí¼ííîñòè äîáûâàåìîé ïðîäóêöèè. Ïðîâåäå-
íà âàëèäàöèÿ ïîëó÷åííûõ ðåøåíèé ïóò¼ì ñîïîñòàâëåíèÿ ñ ïðîìûñëî-
âûìè äàííûìè ïî ìåñòîðîæäåíèþ Senlac. Ïîêàçàíà âîçìîæíîñòü âîñ-
ïðîèçâåäåíèÿ äèíàìèêè ïðîöåññà ñ óäîâëåòâîðèòåëüíîé òî÷íîñòüþ.
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Ïðåäëîæåíû è îáîñíîâàíû àëãîðèòìû âîññòàíîâëåíèÿ âåêòîðíîãî
ïîëÿ ïî èçâåñòíûì ïðîäîëüíûì èëè ïîïåðå÷íûì ëó÷åâûì ïðåîá-
ðàçîâàíèÿì åãî ìîìåíòîâ.

Êëþ÷åâûå ñëîâà: âåêòîðíîå ïîëå, ëó÷åâîå ïðåîáðàçîâàíèå ìîìåí-
òîâ, äèôôåðåíöèàëüíîå ñâîéñòâî ëó÷åâûõ ïðåîáðàçîâàíèé, àëãî-
ðèòì ðåêîíñòðóêöèè.
Reconstruction of a 2D vector field from ray transforms of
its moments

The algorithms for reconstructing a vector field from known longitu-
dinal or transverse ray transforms of its moments are proposed and
justified.

Keywords: vector field, ray transform of moments, differential prop-
erty of ray transforms, reconstruction algorithm.

Ëó÷åâûì ïðåîáðàçîâàíèÿì ìîìåíòîâ òåíçîðíûõ ïîëåé â ïîñëåäíèå
íåñêîëüêî ëåò ïîñâÿùåíî äîâîëüíî ìíîãî ðàáîò (ñì., íàïðèìåð, [1]�
[4]), â áîëüøåé ÷àñòè êîòîðûõ èññëåäóþòñÿ òðàäèöèîííûå âîïðîñû ðå-
êîíñòðóêöèè òåíçîðíûõ ïîëåé, çàäàííûõ íà ðèìàíîâûõ ìíîãîîáðàçè-
ÿõ èëè åâêëèäîâûõ ïðîñòðàíñòâàõ, ïî èõ èçâåñòíûì ïðîäîëüíûì ëó-
÷åâûì ïðåîáðàçîâàíèÿì ìîìåíòîâ. Ñóùåñòâåííî ìåíüøå ðàáîò, â êî-
òîðûõ ïðåäëàãàþòñÿ ôîðìóëû èëè ïðîöåäóðû îáðàùåíèÿ, êîíñòðóê-
òèâíûå ìåòîäû è àëãîðèòìû ðåøåíèÿ çàäà÷ âîññòàíîâëåíèÿ òåíçîðíûõ
ïîëåé ïî ëó÷åâûì ïðåîáðàçîâàíèÿì èõ ìîìåíòîâ. Â íåäàâíåé ðàáîòå [5]
ïðåäëîæåíû îòíîñèòåëüíî ïðîñòûå ïîäõîäû âîññòàíîâëåíèÿ âåêòîðíî-
ãî ïîëÿ ïî ëó÷åâûì ïðåîáðàçîâàíèÿì ìîìåíòîâ îáîèõ òèïîâ � ïðî-
äîëüíûì èëè ïîïåðå÷íûì.

Â äîêëàäå ïðåäëîæåíû è îáîñíîâàíû àëãîðèòìû âîññòàíîâëåíèÿ
âåêòîðíîãî ïîëÿ ïî èçâåñòíûì ïðîäîëüíûì èëè ïîïåðå÷íûì ëó÷åâûì

Ðàáîòà îñóùåñòâëåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà
(ïðîåêò 24-21-00200).

Ñâåòîâ Èâàí Åâãåíüåâè÷, ê.ô.-ì.í., Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëå-
âà ÑÎ ÐÀÍ, Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (Íîâîñèáèðñê, Ðîññèÿ);
Ivan Svetov (Sobolev Institute of Mathematics SB RAS, Novosibirsk State University,
Novosibirsk, Russia)

Ïîëÿêîâà Àííà Ïåòðîâíà, ê.ô.-ì.í., Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà
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ïðåîáðàçîâàíèÿì åãî ìîìåíòîâ. Èññëåäîâàíû ñâîéñòâà íåñêîëüêèõ àë-
ãîðèòìîâ â çàâèñèìîñòè îò äèñêðåòèçàöèè äàííûõ, óðîâíÿ è õàðàêòåðà
øóìà, ãëàäêîñòè âåêòîðíîãî ïîëÿ. Ýêñïåðèìåíòû ïîêàçàëè õîðîøèå
ðåçóëüòàòû âîññòàíîâëåíèÿ âåêòîðíûõ ïîëåé ïî ëó÷åâûì ïðåîáðàçîâà-
íèÿì èõ ìîìåíòîâ.

Ðàáîòà îñóùåñòâëåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íà-
ó÷íîãî ôîíäà (ïðîåêò 24-21-00200).
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ÊÎÐÐÅÊÒÍÀß ÏÎÑÒÀÍÎÂÊÀ ÎÁÐÀÒÍÎÉ ÇÀÄÀ×È
ÎÏÐÅÄÅËÅÍÈß ÊÎÝÔÔÈÖÈÅÍÒÀ ÒÅÏËÎÏÅÐÅÄÀ×È

ÍÀ ÃÐÀÍÈÖÅ Ñ ÈÑÏÎËÜÇÎÂÀÍÈÅÌ ÌÎÄÅËÈ
ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ

À.À. Ïîòàïêîâ, a_potapkov@ugrasu.ru
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Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ îáðàòíûå çàäà÷è âîññòàíîâëå-
íèÿ êîýôôèöèåíòà òåïëîïåðåäà÷è íà ãðàíèöå ïî èíòåãðàëüíûì
èçìåðåíèÿì. Êîýôôèöèåíò òåïëîïåðåäà÷è ôèãóðèðóåò â óñëîâèÿõ
ïåðåäà÷è òåïëà äëÿ íåèäåàëüíîãî êîíòàêòà. Îí ïðåäñòàâëÿåòñÿ â
âèäå êîíå÷íîé ÷àñòè ðÿäà Ôóðüå ñ âðåìåííî-çàâèñèìûìè êîýôôè-
öèåíòàìè.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ, îáðàòíàÿ çàäà÷à,
êîýôôèöèåíò òåïëîïåðåäà÷è.
The Well-Posed Identification of the Interface Heat Transfer
Coefficient Using an Inverse Heat Conduction Model

In this work, the inverse problems of recovering the heat transfer co-
efficient at the interface of integral measurements are considered. The
heat transfer coefficient occurs in the transmission conditions of an
imperfect contact type. This is representable as a finite part of the
Fourier series with time-dependent coefficients.

Keywords: differential equations, inverse problem, heat transfer coef-
ficient.

Â ðàáîòå ðàññìàòðèâàåòñÿ ïàðàáîëè÷åñêîå óðàâíåíèå

Mu = ut − Lu = f, (1)

Lu =

n∑
i,j=1

∂

∂xi
aij(t, x)uxj −

n∑
i=1

ai(t, x)uxi − a0(t, x)u, x ∈ G.

ãäå G ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé Γ êëàññà C2, t ∈ (0, T ).
Ïóñòü Q = (0, T ) × G, S = (0, T ) × Γ. Ïðåäïîëîæèì, ÷òî îáëàñòü G
ðàçäåëåíà íà äâà îòêðûòûõ ìíîæåñòâàG+ è G−, G− ⊂ G, G+∪G− = G,
G+ ∩ G− = ∅. Ïóñòü Γ0 = ∂G+ ∩ ∂G−, S0 = Γ0 × (0, T ). Óðàâíåíèå (1)
äîïîëíÿåòñÿ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè

B(t, x)u|S = g, u|t=0 = u0(x), (2)

Ïîòàïêîâ Àëåêñåé Àëåêñàíäðîâè÷, àñïèðàíò, ÔÃÁÎÓ ÂÎ ÞÃÓ (Õàíòû-
Ìàíñèéñê, Ðîññèÿ); Potapkov Alexey (Yugra State University, Khanty-Mansiysk, Russia)
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ãäå Bu = ∂u
∂N

+ βu èëè Bu = u, ∂u
∂N

=
∑n
i,j=1 aij(t, x)uxj (t, x)νi, ãäå

ν = (ν1, ν2, . . . , νn) � âíåøíÿÿ åäèíè÷íàÿ íîðìàëü ê S, è óñëîâèÿìè
ñîïðÿæåíèÿ

∂u+

∂N
(t, x)− σ(t, x)(u+(t, x)− u−(t, x)) = g+(t, x), (t, x) ∈ S0, (3)

∂u−

∂N
(t, x) =

∂u+

∂N
(t, x), (t, x) ∈ S0, (4)

ãäå ∂u±

∂N
(t, x0) = limx∈G±, x→x0∈Γ0

∑n
i,j=1 aijuxiνj ,

u±(t, x0) = limx∈G±, x→x0∈Γ0
u(t, x), à ν � åäèíè÷íàÿ âíåøíÿÿ íîðìàëü

ê ∂G−. Óñëîâèÿ ïåðåîïðåäåëåíèÿ èìåþò âèä:∫
G

u(t, x)φk(x)dx = ψk(t), k = 1, 2, . . . ,m. (5)

Îáðàòíàÿ çàäà÷à çàêëþ÷àåòñÿ â íàõîæäåíèè ðåøåíèÿ u äëÿ çàäà-
÷è (1)-(4) è ôóíêöèè σ =

∑m
i=1 qi(t)Φi(t, x), ãäå ôóíêöèè qi ÿâëÿþòñÿ

íåèçâåñòíûìè, à Φi(t, x) � íåêîòîðûìè áàçèñíûìè ôóíêöèÿìè.
Óñëîâèÿ ñîïðÿæåíèÿ (3), (4) ñîãëàñóþòñÿ ñ îáû÷íûì óñëîâèåì

íåèäåàëüíîãî êîíòàêòà íà ãðàíèöå ðàçäåëà |1|. Â ýòîì ñëó÷àå σ ÿâ-
ëÿåòñÿ êîýôôèöèåíòîì òåïëîïåðåäà÷è. Â ñëó÷àå σ → ∞ ìû ïðèõîäèì
ê çàäà÷å äèôðàêöèè |2| ñ óñëîâèÿìè âèäà u+ = u− è ∂u+

∂N
= ∂u−

∂N
íà S0.

Â íàñòîÿùåå âðåìÿ ñóùåñòâóåò ìíîæåñòâî ïóáëèêàöèé, ïîñâÿùåí-
íûõ ÷èñëåííîìó ðåøåíèþ çàäà÷ òèïà (1)-(5) â ðàçëè÷íûõ ïîñòàíîâêàõ.
Íàèáîëåå ïðèìåíèìàÿ ïðåäóñìàòðèâàåò òî÷å÷íûå äîïîëíèòåëüíûå èç-
ìåðåíèÿ, â ýòîì ñëó÷àå óñëîâèå (5) çàìåíÿåòñÿ íà óñëîâèÿ u(t, bj) =
ψj(t) (j = 1, 2, . . . ,m). ×àñòî êîýôôèöèåíò σ çàâèñèò òîëüêî îò âðå-
ìåíè èëè ïðîñòðàíñòâåííûõ ïåðåìåííûõ. Â ñòàòüå |3| îñóùåñòâëÿåòñÿ
÷èñëåííîå îïðåäåëåíèå êîýôôèöèåíòà òåïëîïåðåäà÷è ïî èçìåðåíèÿì
íà äîñòóïíîé ÷àñòè âíåøíåé ãðàíèöû îáëàñòè.

Â äàííé ðàáîòå ìû èçó÷àåì âîïðîñû êîððåêòíîñòè çàäà÷è (1)-(5)
è óñòàíàâëèâàåì òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèé
äàííîé çàäà÷è ëîêàëüíî ïî âðåìåíè.
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Â ñòàòüå ðàññìîòðåíû îñîáåííîñòè íåëèíåéíîãî âçàèìîäåéñòâèÿ
óëüòðàçâóêîâûõ ìåäèöèíñêèõ èíñòðóìåíòîâ ñ áèîëîãè÷åñêîé òêà-
íüþ è ÷èñëåííûé ìåòîä ðàñ÷¼òà àìïëèòóäíî-÷àñòîòíîé õàðàêòåðè-
ñòèêè òîðñèîííîãî âîëíîâîäà-êîíöåíòðàòîðà ñ ó÷åòîì íåëèíåéí-
íîãî ìîìåíòà âçàèìîäåéñòâèÿ ñ îáðàáàòûâàåìîé ïîâåðõíîñòüþ.

Êëþ÷åâûå ñëîâà: íåëèíåéííûé ìîìåíò, ÷èñëåííûé ìåòîä,
àìïëèòóäíî-÷àñòîòíàÿ õàðàêòåðèñòèêà, áèîëîãè÷åñêàÿ òêàíü,
óëüòðàçâóêîâûé ìåäèöèíñêèé èíñòðóìåíò.
Nonlinear interaction of ultrasonic medical instruments with
biological tissue

The article considers the features of the nonlinear interaction of ul-
trasonic medical instruments with biological tissue and a numerical
method for calculating the amplitude-frequency response of a torsional
waveguide concentrator, taking into account the nonlinear moment of
interaction with the treated surface.

Keywords: nonlinear moment, numerical method, amplitude-
frequency response, biological tissue, ultrasound medical instrument.

Ðàñïðåäåëåííûé ìîìåíò âçàèìîäåéñòâèÿ óëüòðàçâóêîâûõ ìåäèöèí-
ñêèõ èíñòðóìåíòîâ ñ áèîëîãè÷åñêîé òêàíüþ mòð (ðèñ. 1à) ñ ó÷åòîì êà-
÷åñòâà îáðàáîòêè ïîâåðõíîñòè âîëíîâîäà è äâèæåíèÿ æèäêîé ôàçû â
çàçîðå ìåæäó âðàùàþùèìèñÿ ðàáî÷èì îêîí÷àíèåì è çàæèìîì îïèñû-
âàåòñÿ íåëèíåéíîé çàâèñèìîñòüþ:

mòð =
ρλπd4

16

(
∂φ

∂t

)2

+ b(z)
∂φ

∂t
, (1)

ãäå d � äèàìåòð ðàáî÷åãî îêîí÷àíèÿ âîëíîâîäà; λ � êîýôôèöèåíò
ñîïðîòèâëåíèÿ òðåíèþ; φ � óãîë ïîâîðîòà ñå÷åíèÿ âîëíîâîäà; b(z) �
êîýôôèöèåíò âÿçêîãî ñîïðîòèâëåíèÿ.
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Óðàâíåíèå êðóòèëüíûõ êîëåáàíèé ñ ó÷åòîì ïîëó÷åííîãî ðàñïðå-
äåëåííîãî ìîìåíòà òðåíèÿ (1) è âíåøíåãî ðàñïðåäåëåííîãî ìîìåíòà
m0(z) cos(ωt) çàïèøåì â âèäå:

∂

∂z

[
GI(z)

∂φ

∂z

]
+ ρI(z)

∂2φ

∂t2
+ b(z)

∂φ

∂t
+
πρλd4

16

(
∂φ

∂t

)2

H(z − l) = m0(z) cos(ωt).

(2)
ãäå H(z − lòð) � ôóíêöèÿ Õåâèñàéäà.

Â ðàáîòå âûïîëíåí àíàëèç íåëèíåéíîãî âçàèìîäåéñòâèÿ óëüòðà-
çâóêîâûõ ìåäèöèíñêèõ èíñòðóìåíòîâ ñ áèîëîãè÷åñêîé òêàíüþ. Âûâå-
äåíî íåëèíåéíîå óðàâíåíèå âûíóæäåííûõ êîëåáàíèé ðàáî÷åãî îêîí-
÷àíèÿ òîðñèîííîãî ÓÇÌÈ. ×èñëåííûì èíòåãðèðîâàíèåì ïîëó÷åíà
àìïëèòóäíî-÷àñòîòíàÿ õàðàêòåðèñòèêà ðàáî÷åãî îêîí÷àíèÿ ñëîæíîãî
òîðñèîííîãî âîëíîâîäà, ñîñòîÿùåãî èç öèëèíäðè÷åñêîãî, êîíè÷åñêîãî
è ýêñïîíåíöèàëüíîãî ó÷àñòêîâ.
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ÈÇÌÅÍÅÍÈÅ ÔÎÐÌÛ ÃÀÓÑÑÈÀÍÀ ÔÓÍÊÖÈÈ ÁÐÎÑÊÀ
ÈÃÐÎÂÛÕ ÊÎÑÒÅÉ ÍÀ ÏÐÈÌÅÐÅ ÈÃÐÛ CATAN

Ê.Ñ. Ðÿáîâ
ksriabov@edu.hse.ru

ÓÄÊ 518.794

Â ñòàòüå ðàññìàòðèâàåòñÿ èçìåíåíèå ôîðìû ãàóññèàíà ôóíêöèè
áðîñêà èãðîâûõ êîñòåé íà ïðèìåðå èãðû Catan. Àâòîð àíàëèçè-
ðóåò ðåàëèçàöèþ ôóíêöèè âûáîðà ñëó÷àéíîãî ÷èñëà èç çàäàííîãî
äèàïîçîíà è ñîîòíîøåíèå ïîëó÷åííûõ äàííûõ ñ ðåàëüíûì ýêñïå-
ðèìåíòîì.Ðåçóëüòàòû èññëåäîâàíèÿ ìîãóò áûòü ïîëåçíû äëÿ ðàç-
ðàáîò÷èêîâ è èãðîêîâ íàñòîëüíûõ èãð, ñòðåìÿùèõñÿ óëó÷øèòü áà-
ëàíñ è ñäåëàòü èãðó áîëåå èíòåðåñíîé è çàõâàòûâàþùåé.

Êëþ÷åâûå ñëîâà: ìàòåìàòèêà, ôóíêöèÿ Ãàóññà, íàñòîëüíûå èãðû
changing the shape of the gaussian dice roll function using
the example of the Catan game

The article discusses the change in the shape of the Gaussian of the
dice roll function using the example of the Catan game. The author
analyzes the implementation of the function of selecting a random
number from a given range and the ratio of the data obtained with a
real experiment.The results of the study may be useful for developers
and board game players seeking to improve balance and make the
game more interesting and exciting.

Keywords: mathematics, Gauss function, board games

Èçìåíåíèå ôîðìû ãàóññèàíà ôóíêöèè áðîñêà èãðîâûõ êîñòåé - ýòî îäíà
èç âàæíûõ êîíöåïöèé, êîòîðàÿ ìîæåò ïîâëèÿòü íà ðåçóëüòàòû èãðû è
ñòðàòåãèþ â èãðå "Catan". "Catan ýòî ñòðàòåãè÷åñêàÿ íàñòîëüíàÿ èãðà,
êîòîðàÿ âêëþ÷àåò â ñåáÿ ýëåìåíòû óïðàâëåíèÿ ðåñóðñàìè, òîðãîâëè è
ïîñåëåí÷åñòâà íà âûìûøëåííîì îñòðîâå.

Èãðîâûå êîñòè â "Catan"ÿâëÿþòñÿ êëþ÷åâûì ìåõàíèçìîì, îïðå-
äåëÿþùèì êîëè÷åñòâî è òèï ðåñóðñîâ, êîòîðûå èãðîêè ïîëó÷àþò íà
êàæäîì õîäó. Îáû÷íî â êàæäîì õîäó èãðîêè áðîñàþò äâå øåñòèãðàí-
íûå êîñòè, ðåçóëüòàòû êîòîðûõ îïðåäåëÿþò, êàêèå ðåñóðñû áóäóò ïî-
ëó÷åíû.

Îäíàêî ôîðìà ãàóññèàíà ôóíêöèè áðîñêà èãðîâûõ êîñòåé îçíà÷à-
åò, ÷òî íåêîòîðûå ÷èñëà èìåþò áîëåå âûñîêóþ âåðîÿòíîñòü âûïàäåíèÿ,
÷åì äðóãèå. Íàïðèìåð, ÷èñëî 7 èìååò ñàìóþ âûñîêóþ âåðîÿòíîñòü âû-
ïàäåíèÿ ïðè áðîñêå äâóõ øåñòèãðàííûõ êîñòåé, ÷òî äåëàåò åãî îñîáåííî
âàæíûì äëÿ èãðîêîâ.

Ðÿáîâ Êèðèëë Ñåðãååâè÷, ñòóäåíò ìàãèñòðàòóðû ÍÈÓ ÂØÝ - Íèæíèé Íîâãî-
ðîä, (Íèæíèé Íîâãîðîä, Ðîññèÿ); Kirill Ryabov (Higher School of Economics, Nizhniy
Novgorod, Russia)
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Èçó÷åíèå è ïîíèìàíèå èçìåíåíèÿ ôîðìû ãàóññèàíà ôóíêöèè áðîñ-
êà èãðîâûõ êîñòåé ìîæåò ïîìî÷ü èãðîêàì ëó÷øå ðàñïðåäåëÿòü ñâîè ðå-
ñóðñû, ïðåäñêàçûâàòü âåðîÿòíîñòü ïîëó÷åíèÿ íóæíûõ ðåñóðñîâ è ðàç-
ðàáàòûâàòü áîëåå ýôôåêòèâíóþ ñòðàòåãèþ äëÿ äîñòèæåíèÿ ïîáåäû â
èãðå.

Â äàííîé ñòàòüå ìû ðàññìîòðèì ïðèìåðû ãàóññèàíà ôóíêöèè áðîñ-
êà èãðîâûõ êîñòåé â èãðå "Catan"è îáñóäèì, êàêèå ñòðàòåãèè è òàêòèêè
ìîãóò áûòü èñïîëüçîâàíû èãðîêàìè, ÷òîáû èñïîëüçîâàòü ýòî çíàíèå â
ñâîþ ïîëüçó. Ìû òàêæå îáñóäèì âàæíîñòü ïîíèìàíèÿ è ïðèìåíåíèÿ
êîíöåïöèè èçìåíåíèÿ ôîðìû ãàóññèàíà ôóíêöèè áðîñêà èãðîâûõ êî-
ñòåé äëÿ ñîçäàíèÿ áîëåå óñïåøíûõ èãðîâûõ ñòðàòåãèé â èãðå "Catan".
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ÐÅØÅÍÈÅ ÈÇÎÏÅÐÈÌÅÒÐÈ×ÅÑÊÎÉ ÇÀÄÀ×È ÄËß
ÍÅÂÛÏÓÊËÎÉ ÎÁÎËÎ×ÊÈ

Å.È. Ñàââèíà
lena.savvina09@mail.ru

ÓÄÊ 514.8
Ïîëó÷åíî ÷àñòíîå ðåøåíèå èçîïåðèìåòðè÷åñêîé çàäà÷è äëÿ ïî-
äâèæíîé ãðàíèöû äâóõ ñðåä. Â êà÷åñòâå ôèçè÷åñêîãî àíàëîãà çà-
äà÷è âûáðàíà òîíêàÿ ïë¼íêà æèäêîñòè, ãðàíèöû êîòîðîé ñ âîçäó-
õîì îáðàçîâàíû ãèáêîé íèòüþ êîíå÷íîé äëèíû, ñâîáîäíî îãèáàþ-
ùåé âåðøèíû ïðîèçâîëüíîãî íåâûïóêëîãî ìíîãîóãîëüíèêà.

Êëþ÷åâûå ñëîâà: èçîïåðèìåòðè÷åñêàÿ çàäà÷à, ãðàíèöû ñðåä, íåâû-
ïóêëàÿ îáîëî÷êà.
Solution of the isoperimetric problem for a non-convex hull

A particular solution of the isoperimetric problem for a moving bound-
ary of two media is obtained. A thin film of liquid is chosen as a
physical analogue of the problem, the boundaries of which with air
are formed by a flexible thread of finite length, freely enveloping the
vertices of an arbitrary non-convex polygon.

Keywords: isoperimetric problem, boundaries of media, non-convex
hull.

Ðàññìîòðèì ãðàíèöó äâóõ ïîäâèæíûõ ñðåä, íàïðèìåð, òîíêîé æèä-
êîé ïë¼íêè è ãàçà, îáðàçîâàííîé íèòüþ îãðàíè÷åííîé äëèíû, ñâîáîä-
íî îãèáàþùåé âåðøèíû ai, i = 1, n, ïðîèçâîëüíîãî íåâûïóêëîãî n-
óãîëüíèêà.

Ñòðåìëåíèå ïë¼íêè ïðèíÿòü êîíôèãóðàöèþ ñ íàèìåíüøåé ïîâåðõ-
íîñòüþ (÷òî ñîîòâåòñòâóåò ìèíèìóìó ïîâåðõíîñòíîé ýíåðãèè [1,2] ïðè-
âîäèò ê ôîðìèðîâàíèþ å¼ ãðàíèö, èìåþùèõ â ñîîòâåòñòâèè îáùèì
ðåøåíèåì èçîïåðèìåòðè÷åñêîé çàäà÷è [3,4] ôîðìóë äóã m1, . . . ,mn

îêðóæíîñòåé ñ íåêîòîðûìè ðàäèóñàìè R1, . . . , Rn è öåíòðàìè â òî÷-
êàõ O1, . . . , On.

Ñòàâèòüñÿ çàäà÷à àíàëèòè÷åñêîãî äîêàçàòåëüñòâà ðàâåíñòâ R1 =
R2, . . . , R1 = Rn, âûïîëíÿþùèõñÿ ïðè ïðîèçâîëüíûõ äëèíàõ b1, . . . , bn
ñòîðîí íåâûïóêëîãî ìíîãîóãîëüíèêà.

Ââåä¼ì îáîçíà÷åíèÿ: P � ïëîùàäü n-óãîëüíèêà; S � ïëîùàäü ïë¼í-
êè; Pi � ïëîùàäü ñåãìåíòà, îáðàçîâàííîãî õîðäîé ℓi è äóãîé mi; ϕi �
óãîë ñåêòîðà Oimi; Λmi � äëèíà äóãè mi.

Èç ãåîìåòðè÷åñêèõ èçîáðàæåíèé ïîëó÷èì âûðàæåíèÿ äëÿ ââåä¼í-
íûõ âåëè÷èí:

Ñàââèíà Åëåíà Èãîðåâíà, ñòóäåíò, ÂÃÒÓ (Âîðîíåæ, Ðîññèÿ); Elena Savvina
(Voronezh State Technical University, Voronezh, Russia)
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Ri(ϕi) =
ℓi

2 sin(ϕi
2
)
;

Pi(ϕi, Ri) =
ϕiR

2
i

2
− R2

i sinϕi
2

.

Côîðìóëèðóåì çàäà÷ó ïîèñêà ìèíèìóìà ïëîùàäè ïë¼íêè:

S = P −
n∑
i=0

Pi → min . (1)

Ïîñêîëüêó êîíôèãóðàöèÿ ïë¼íêè îãðàíè÷åíà çàäàííûìè n-
óãîëüíèêîì ñ P = const, è íèòüþ äëèíîé D = const, òî ðåøàåìóþ
çàäà÷ó ïîñòàâèì â âèäå çàäà÷è ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ ñ
îãðàíè÷åíèåì ðàâåíñòâîì:

n∑
i=0

Pi → max,

n∑
i=0

Λmi = D. (2)

Äëÿ àíàëèòè÷åñêîãî ðåøåíèÿ çàäà÷è (2) ñîñòàâèì ôóíêöèþ
Ëàãðàíæà:

L(ϕ1, ..., ϕn, α) =

n∑
i=0

Pi + α(D −
n∑
i=0

Λmi) → max . (3)

Ðåøåíèå óðàâíåíèé, ñîñòàâëÿþùèõ íåîáõîäèìîå óñëîâèå äëÿ âû-
ïîëíåíèÿ (3)

∇L(ϕ1, ..., ϕn, α) = 0 (4)

äà¼ò èñêîìóþ êîíôèãóðàöèþ ïîäâèæíîé ñðåäû:

ϕi = arctg
ℓi√

4α2 − ℓ2i
; (5)

Ri(ϕi) = α; (6)

α =
D∑n
i=0 ϕi

, i = 1, n. (7)

Çàìåòèì, ÷òî ïîëó÷åííîå ðåøåíèå ñïðàâåäëèâî ïðè 4α2 > ℓ2i , ò. å.:

Ri >
ℓi
2
,

è íå çàâèñèò îò äëèíû íèòè D.
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ÌÀÒÅÌÀÒÈ×ÅÑÊÎÃÎ È ÊÎÌÏÜÞÒÅÐÍÎÃÎ

ÌÎÄÅËÈÐÎÂÀÍÈß
Ï.À. Ñîìîâà, Å.È. Ãóðèíà

polina.somova01@yandex.ru, elena.gyrina@mail.tsu.ru

ÓÄÊ 519.6, 532

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ àêòóàëüíàÿ çàäà÷à ìîäåëè-
ðîâàíèÿ òåïëîâûõ ïîòåðü â ñîñòàâíîé êîíñòðóêöèè òåïëîèçîëÿöè-
îííîãî îêíà ñ íàïîëíåíèåì ìåæñòåêîëüíîãî ïðîñòðàíñòâà îäíîêà-
ìåðíîãî è äâóõêàìåðíîãî ñòåêëîïàêåòîâ îñóøåííûì âîçäóõîì.

Êëþ÷åâûå ñëîâà: óðàâíåíèå òåïëîïðîâîäíîñòè, èìèòàöèîííîå ìî-
äåëèðîâàíèå, ìåòîä êîíå÷íûõ ðàçíîñòåé, ANSYS Fluent, îäíîêà-
ìåðíûå ñòåêëîïàêåòû, äâóõêàìåðíûå ñòåêëîïàêåòû, öèôðîâàÿ ìî-
äåëü.
Study of the heat transfer process in double-glazed windows
using mathematical and computer modeling

The actual problem of modeling heat losses in the composite structure
of a heat-insulating window with filling the interstitial space of single-
glazed and double-glazed windows with dried air is considered in this
paper.

Keywords: the equation of thermal conductivity, simulation modeling,
finite difference method, Ansys Fluent, double-glazed windows, digital
model.

Ââåäåíèå. Â ñâåòå ïîñòîÿííîãî ðàçâèòèÿ íîâûõ ñòðîèòåëüíûõ ìà-
òåðèàëîâ è òåõíîëîãèé, èññëåäîâàíèÿ çàêîíîìåðíîñòåé òåïëîïåðåíîñà
è ïîâûøåíèå ýíåðãîýôôåêòèâíîñòè çäàíèé ñòàíîâÿòñÿ ïðèîðèòåòíûìè
çàäà÷àìè ñîâðåìåííîãî ñòðîèòåëüñòâà [1].

Ôèçè÷åñêàÿ ïîñòàíîâêà çàäà÷è. Â ðàáîòå àíàëèçèðóåòñÿ ðàñ-
ïðîñòðàíåíèå òåïëà â ñîñòàâíîé êîíñòðóêöèè òåïëîèçîëÿöèîííîãî îê-
íà, â íàðóæíîé è âíóòðåííåé ñòâîðêàõ êîòîðîãî óñòàíîâëåíû îäíîêà-
ìåðíûé è äâóõêàìåðíûé ñòåêëîïàêåòû. Âåëè÷èíà âîçäóøíîãî ïðîìå-
æóòêà ìåæäó ñòåêëîïàêåòàìè - 200 ìì. Íà ïåðâîì ýòàïå ìîäåëèðîâàëñÿ
ïðîöåññ ðàñïðîñòðàíåíèÿ òåïëà âíóòðè îäíîêàìåðíîãî (4M1-16-4M1)
è äâóõêàìåðíîãî (4M1-14-4M1-14-4M1) ñòåêëîïàêåòîâ ñ íàïîëíåíèåì
ìåæñòåêîëüíîãî ïðîñòðàíñòâà îñóøåííûì âîçäóõîì (Ðèñ.1).

Ñîìîâà Ïîëèíà Àíàòîëüåâíà, àñïèðàíò, ÌÌÔ ÒÃÓ (Òîìñê, Ðîññèÿ); Polina
Somova (Tomsk State University, Tomsk, Russia)

Ãóðèíà Åëåíà Èâàíîâíà, ê.ô.-ì.í., äîöåíò, ÌÌÔ ÒÃÓ (Òîìñê, Ðîññèÿ); Elena
Gurina (Tomsk State University, Tomsk, Russia)
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Ñ ìàòåìàòè÷åñêèìè ïîñòàíîâêàìè çàäà÷ äëÿ îäíîêàìåðíîãî è äâóõ-
êàìåðíîãî ñòåêëîïàêåòîâ ìîæíî ïîäðîáíî îçíàêîìèòüñÿ â [2, 3]. Íà
òðåòüåì ýòàïå ïðîâîäèëîñü ìîäåëèðîâàíèå ïðîöåññà ðàñïðîñòðàíåíèÿ
òåïëà âíóòðè âñåé ñîñòàâíîé êîíñòðóêöèè òåïëîèçîëÿöèîííîãî îêíà
ïî ôîðìóëå îñòåêëåíèÿ 4M1-16-4M1-200-4M1-14-4M1-14-4M1. ×èñëåí-
íîå ìîäåëèðîâàíèå ðàñïðîñòðàíåíèÿ òåïëà â äåâÿòèñëîéíîé ïëàñòèíå
(1 ñëîé - ñòåêëî, 2 ñëîé - îñóøåííûé âîçäóõ, 3 ñëîé - ñòåêëî, 4 ñëîé -
îñóøåííûé âîçäóõ, 5 ñëîé - ñòåêëî, 6 ñëîé - îñóøåííûé âîçäóõ, 7 ñëîé
- ñòåêëî, 8 ñëîé - îñóøåííûé âîçäóõ, 9 ñëîé - ñòåêëî) ïðîâîäèëîñü ñ
ïîìîùüþ ìåòîäà êîíå÷íûõ ðàçíîñòåé íà îñíîâå ÿâíîé ðàçíîñòíîé ñõå-
ìû ñ äàëüíåéøåé ÷èñëåííîé ðåàëèçàöèåé íà ÿçûêå ïðîãðàììèðîâàíèÿ
Ñ++ è ñ ïîìîùüþ ïàêåòà âû÷èñëèòåëüíîé ãèäðîãàçîäèíàìèêè ANSYS
Fluent. Òîëùèíà êàæäîãî èç ñëî¼â êîíñòðóêöèè ñòåêëîïàêåòà ïðèíÿòà
ñëåäóþùåé: 1 ñëîé - 0.004 ì.; 2 ñëîé - 0.016 ì.; 3 ñëîé - 0.004 ì.; 4 ñëîé
- 0.2 ì.; 5 ñëîé - 0.004 ì.; 6 ñëîé - 0.014 ì.; 7 ñëîé - 0.004 ì.; 8 ñëîé -
0.014 ì.; 9 ñëîé - 0.004 ì.

Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è. Â ïåðâîì ïðèáëèæåíèè
ê àíàëèçó òåïëîïåðåäà÷è â ñîñòàâíîé êîíñòðóêöèè îêíà íå ó÷èòûâàþò-
ñÿ òåïëîïîòåðè çà ñ÷¼ò êîíâåêöèè:

ρiCρi
∂Ti
∂t

= λi(
∂2Ti
∂x2

+
∂2Ti
∂y2

), Li−1 < x < Li, 0 < y < H; i ∈ 1, 9,

ãäå L0 = 0, L9 = L = 264 ìì - îáùàÿ øèðèíà êîíñòðóêöèè, H = 1470
ìì - âûñîòà êîíñòðóêöèè, λ1 = λ3 = λ5 = λ7 = λ9 = 1, 15 (Âò/ì ·◦C);
ρ1 = ρ3 = ρ5 = ρ7 = ρ9 = 2560 (êã/ì 3); Cρ1 = Cρ3 = Cρ5 = Cρ7 =
Cρ9 = 670 (Äæ/êã ·◦C) � ïàðàìåòðû ñòåêëà ìàðêè Ì1; λ2 = λ4 =
λ6 = λ8 = 0, 0257 (Âò/ì·◦C); ρ2 = ρ4 = ρ6 = ρ8 = 1, 186 (êã/ì 3);
Cρ2 = Cρ4 = Cρ6 = Cρ8 = 1005 (Äæ/êã ·◦C)− ïàðàìåòðû îñóøåííîãî
âîçäóõà.
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Â íà÷àëüíûé ìîìåíò âðåìåíè â êàæäîé òî÷êå ðàñ÷åòíîãî äîìåíà
ïðèíèìàåòñÿ çíà÷åíèå òåìïåðàòóðû T0 = 25

◦
C. Íà ëåâîé è ïðàâîé ãðà-

íèöàõ ðàññìàòðèâàåòñÿ ãðàíè÷íîå óñëîâèå III ðîäà. Ãðàíè÷íûå óñëî-
âèÿ IV ðîäà äåéñòâóþò â çîíàõ êîíòàêòîâ ñòåêëà è ìåæñòåêîëüíîãî
ïðîñòðàíñòâà [4].

Ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ è âåðèôèêàöèÿ.
Âåðèôèêàöèÿ ïîëó÷åííûõ ÷èñëåííûõ ðåçóëüòàòîâ íà C++ íà îñíîâå
ìåòîäà êîíå÷íûõ ðàçíîñòåé ñ èñïîëüçîâàíèåì ÿâíîé ðàçíîñòíîé ñõå-
ìû ïðîâîäèëàñü ñ äàííûìè, ïîëó÷åííûìè â ðåçóëüòàòå êîìïüþòåðíî-
ãî ìîäåëèðîâàíèÿ ïðîöåññà òåïëîïåðåäà÷è â êîíñòðóêöèè òåïëîèçîëÿ-
öèîííîãî îêíà â ïàêåòå ANSYS Fluent. Äëÿ îöåíêè òåïëîôèçè÷åñêèõ
ñâîéñòâ îäíîêàìåðíîãî è äâóõêàìåðíîãî ñòåêëîïàêåòîâ â ðàáîòå áû-
ëà èñïîëüçîâàíà ãèïîòåòè÷åñêàÿ ìîäåëü, â êîòîðîé ñòåêëîïàêåòû áûëè
óñòàíîâëåíû ìåæäó íåáîëüøîé êîìíàòîé è ïîìåùåíèåì áîëüøåãî ðàç-
ìåðà.
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Î ÏÐÈÌÅÍÅÍÈÈ TSP-ÐÀÑÏÐÅÄÅËÅÍÈß ÏÐÈ
ÀÍÀËÈÇÅ ÌÍÎÃÎÊÐÀÒÍÛÕ ÍÅÐÀÂÍÎÒÎ×ÍÛÕ

ÐÅÇÓËÜÒÀÒÎÂ ÈÇÌÅÐÅÍÈÉ
À.Â. Ñòåïàíîâ, À.Ã. ×óíîâêèíà

stepanov17@yandex.ru, annchun13@gmail.com

ÓÄÊ 519.25, 520.88

Èçó÷åí âîïðîñ î âëèÿíèè çàêîíà ðàñïðåäåëåíèÿ íà ñòàòèñòè÷åñêèå
êðèòåðèè ïðîâåðêè òî÷íîñòè ðåçóëüòàòîâ íåðàâíîòî÷íûõ èçìåðå-
íèé. Ïîëó÷åíû îöåíêè ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ äëÿ ïàðà-
ìåòðà ïîëîæåíèÿ íà îñíîâå âûáîðêè íåðàâíîòî÷íûõ äàííûõ, ðàñ-
ïðåäåëåííûõ ïî çàêîíàì èç ñåìåéñòâà TSP. Âûïîëíåíî ñîïîñòàâ-
ëåíèå ñ îöåíêàìè, ïîëó÷åííûìè â ïðåäïîëîæåíèè î íîðìàëüíîñòè
çàêîíîâ ðàñïðåäåëåíèé.

Êëþ÷åâûå ñëîâà: ñòàòèñòè÷åñêîå ìîäåëèðîâàíèå, ðàñïðåäåëåíèå
ñëó÷àéíîé âåëè÷èíû, íåîïðåäåëåííîñòü èçìåðåíèÿ, ìåòîä ìàêñè-
ìàëüíîãî ïðàâäîïîäîáèÿ, ìåòîä Ìîíòå-Êàðëî.
On the use of the TSP distribution in the analysis of multiple
heterogeneous measurement results

The question of the influence of the distribution law on the statisti-
cal criteria for checking the accuracy of the results of heterogeneous
measurements has been studied. Maximum likelihood estimates for
the location parameter are obtained for data distributed according to
laws from the TSP family. A comparison was made with estimates
obtained under the assumption of normal distribution laws.

Keywords: statistical modeling, random variable distribution, mea-
surement uncertainty, maximum likelihood, Monte Carlo method.

Ñòàíäàðòíûå ïðîöåäóðû îáðàáîòêè ðåçóëüòàòîâ ìíîãîêðàòíûõ
íåðàâíîòî÷íûõ èçìåðåíèé (íàïðèìåð, ðåçóëüòàòîâ ñëè÷åíèé [1]) ïðåä-
ïîëàãàþò íîðìàëüíîñòü çàêîíîâ èõ ðàñïðåäåëåíèÿ. Îöåíêà èçìåðÿå-
ìîé âåëè÷èíû ïðè ýòîì âû÷èñëÿåòñÿ êàê ñðåäíåâçâåøåííîå çíà÷åíèå,
ñ âåñàìè, îáðàòíî ïðîïîðöèîíàëüíûìè êâàäðàòàì íåîïðåäåëåííîñòåé
èçìåðåíèé. Êðèòåðèé ïîäòâåðæäåíèÿ òî÷íîñòè êàæäîãî ðåçóëüòàòà îñ-
íîâàí íà íåïðåâûøåíèè îòêëîíåíèåì êàæäîãî ðåçóëüòàòà îò îöåíêè

Ñòåïàíîâ Àëåêñàíäð Âëàäèìèðîâè÷, ê.ô.-ì.í., âåä.í.ñ., ÂÍÈÈÌ èì. Ä.È. Ìåí-
äåëååâà (Ñàíêò-Ïåòåðáóðã, Ðîññèÿ); Aleksandr Stepanov (D.I. Mendeleev Institute for
Metrology (VNIIM), Saint Petersburg, Russia)

×óíîâêèíà Àííà Ãóðüåâíà, ä.ò.í., ïðîôåññîð, ÃÓÀÏ (Ñàíêò-Ïåòåðáóðã, Ðîññèÿ);
Anna Chunovkina (Saint Petersburg State University of Aerospace Instrumentation,
Russia)
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èçìåðÿåìîé âåëè÷èíû, îòíåñåííûì ê åãî íåîïðåäåëåííîñòè, ñîîòâåò-
ñòâóþùåãî êðèòè÷åñêîãî çíà÷åíèÿ (ïîëó÷åííîãî, êàê ïðàâèëî, â ïðåä-
ïîëîæåíèè î íîðìàëüíîñòè çàêîíà).

Â ðàáîòå ðàññìîòðåí âîïðîñ îá îòêëîíåíèè (îò çàäàííîãî óðîâíÿ
äîâåðèÿ) âåðîÿòíîñòåé ïîäòâåðæäåíèÿ çàÿâëåííûõ íåîïðåäåëåííîñòåé
ïî ñòàíäàðòíîé ïðîöåäóðå, êîãäà ðàñïðåäåëåíèå èçìåðÿåìîé âåëè÷è-
íû äëÿ îäíîãî è áîëåå èçìåðåíèé îòëè÷íî îò íîðìàëüíîãî. Â êà÷åñòâå
ìîäåëüíîãî ðàñïðåäåëåíèÿ äëÿ íèõ ðàññìîòðåíî äâóñòîðîííåå ñòåïåí-
íîå (TSP) ðàñïðåäåëåíèå [2] (ñèììåòðè÷íûé è àñèììåòðè÷íûé ñëó÷àè).
Îöåíêà ïðîâîäèëàñü ìåòîäîì Ìîíòå-Êàðëî äëÿ ðàçëè÷íûõ çíà÷åíèé
ïàðàìåòðîâ ìîäåëüíûõ ðàñïðåäåëåíèé, ÷èñëà èçìåðåíèé è ñîîòíîøå-
íèé èõ âåñîâ. Åñëè îòëè÷èå îò íîðìàëüíîãî çàêîíà ðàñïðåäåëåíèÿ ïðåä-
ïîëàãàåòñÿ ëèøü äëÿ îäíîãî èçìåðåíèÿ, òî îòêëîíåíèÿ óêàçàííûõ âå-
ðîÿòíîñòåé îòíîñèòåëüíî íåâåëèêè; òåì íå ìåíåå, ðàñïðåäåëåíèå çíà÷å-
íèé îöåíêè èçìåðÿåìîé âåëè÷èíû ìîæåò áûòü (â ñëó÷àå àñèììåòðè÷-
íîãî ìîäåëüíîãî TSP-ðàñïðåäåëåíèÿ) çàìåòíî àñèììåòðè÷íûì. Â ýòîì
ñëó÷àå ìîæåò îêàçàòüñÿ öåëåñîîáðàçíûì ïåðåéòè ê ïîñòðîåíèþ àñèì-
ìåòðè÷íîãî èíòåðâàëà îõâàòà êàê ìåðû ðàñøèðåííîé íåîïðåäåëåííî-
ñòè èçìåðÿåìîãî çíà÷åíèÿ. Ïî àíàëîãèè ñ ðàáîòîé [3], èçó÷åí âîïðîñ î
âëèÿíèè âûáðîñîâ.

Âî âòîðîé ÷àñòè ðàáîòû èññëåäóþòñÿ ñâîéñòâà îöåíîê ìàêñèìàëü-
íîãî ïðàâäîïîäîáèÿ äëÿ íåðàâíîòî÷íûõ ðåçóëüòàòîâ èçìåðåíèé, èìå-
þùèõ ðàñïðåäåëåíèÿ èç ñåìåéñòâà TSP. Ïîêàçàíî, â ÷àñòíîñòè, ÷òî
ðåçóëüòèðóþùåå ðàñïðåäåëåíèå îöåíêè, ïîëó÷åííîå ïðè ýòîì, ìîæåò
èìåòü ìåíüøóþ äèñïåðñèþ, ÷åì ðàñïðåäåëåíèå, ïîëó÷åííîå ïðè ïîìî-
ùè ñòàíäàðòíîé ïðîöåäóðû. Ðåàëèçîâàíî ñîîòâåñòâóþùåå ïðîãðàììíîå
îáåñïå÷åíèå.
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ÄÐÎÁÍÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÉ ÌÎÄÅËÜÞ ÇÈÍÅÐÀ
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ÓÄÊ 517.958

Íà îñíîâå äðîáíî-äèôôåðåíöèàëüíîãî îáîáùåíèÿ ðåîëîãè÷åñêîé
ìîäåëè Çèíåðà çàïèñûâàåòñÿ ñèñòåìà óðàâíåíèé äâèæåíèÿ èçî-
òðîïíîé âÿçêîóïðóãîé ñðåäû ñ ïàìÿòüþ. Ïðåäëàãàåòñÿ ýôôåêòèâ-
íûé àëãîðèòì åå ÷èñëåííîãî ðåøåíèÿ, âû÷èñëèòåëüíàÿ ñëîæíîñòü
êîòîðîãî íå âîçðàñòàåò ñ óâåëè÷åíèåì íîìåðà âðåìåííîãî ñëîÿ.

Êëþ÷åâûå ñëîâà: äðîáíàÿ ïðîèçâîäíàÿ, âîëíîâîé ïðîöåññ, ÷èñëåí-
íûé àëãîðèòì.
A numerical algorithm for wave propagation simulation in a
medium modeled by fractional Zener’s law

We present the equations of motion for a viscoelastic medium with
memory obtained based on a time-fractional generalization of Zener’s
rheological model. An efficient numerical algorithm is proposed for
solving this system. The computational cost of the algorithm does
not increase with modeling time.

Keywords: fractional derivative, wave process, numerical algorithm.

Ðàáîòà ïîñâÿùåíà ðàçðàáîòêå ýôôåêòèâíîãî àëãîðèòìà ÷èñëåííîãî
ìîäåëèðîâàíèÿ âîëíîâûõ ïðîöåññîâ â âÿçêîóïðóãîé ñðåäå ñ ïàìÿòüþ,
îïèñûâàåìîé äðîáíî-äèôôåðåíöèàëüíîé ìîäåëüþ Çèíåðà [1]:

C
0 D

α
t [σij ] +

1
τα
σij = δij

[
π
τp
τ

− 2µ τs
τ

]
C
0 D

α
t [εkk]+

+2µ τs
τ
C
0 D

α
t [εij ] + δij

π−2µ
τα

εkk + 2µ 1
τα
εij .

(1)

Çäåñü σij(t) è εij(t) � òåíçîðû íàïðÿæåíèÿ è äåôîðìàöèè, τ , τp, τs
� âðåìåíà ðåëàêñàöèé íàïðÿæåíèÿ è äåôîðìàöèé (ïîëîæèòåëüíûå ïî-
ñòîÿííûå), µ � ìîäóëü ñäâèãà, π � îáúåìíûé ìîäóëü,

C
0 D

α
t [f ](t) =

1

Γ(1− α)

∫ t

0

ḟ(τ)

(t− τ)α
dτ.

� äðîáíàÿ ïðîèçâîäíàÿ Ãåðàñèìîâà�Êàïóòî [2] ïîðÿäêà α ∈ (0, 1) ïî
âðåìåííîé ïåðåìåííîé t.

Ñóëòàíîâ Ìóðàò Ôàðèòîâè÷; Murat Sultanov (Ufa University of Science and
Technology, Ufa, Russia)
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Íà îñíîâå (1) çàïèñûâàåòñÿ ïîëíàÿ ñèñòåìà äèôôåðåíöèàëüíûõ
óðàâíåíèé, îïèñûâàþùàÿ ðàñïðîñòðàíåíèå âîëí â ëèíåéíîé âÿçêîóïðó-
ãîé èçîòðîïíîé ñðåäå ñ ïàìÿòüþ. Ñëîæíîñòü ee ÷èñëåííîãî ðåøåíèÿ
îáóñëîâëåíà íàëè÷èåì äðîáíûõ ïðîèçâîäíûõ, êëàññè÷åñêèå àïïðîêñè-
ìàöèè êîòîðûõ òðåáóþò õðàíåíèå ðåøåíèÿ íà âñåõ âðåìåííûõ ñëîÿõ [2].
Â ðåçóëüòàòå ñêîðîñòü ðàñ÷åòîâ ñóùåñòâåííî çàìåäëÿåòñÿ ñ óâåëè÷åíè-
åì íîìåðà âðåìåííîãî ñëîÿ. Äëÿ ðåøåíèÿ ýòîé ïðîáëåìû ïðåäëàãàåòñÿ
èñïîëüçîâàòü áûñòðóþ L1 ñõåìó [3], êîòîðàÿ ïîäðàçóìåâàåò õðàíåíèå
ðåøåíèÿ íà ôèêñèðîâàííûõ Nexp âðåìåííûõ øàãàõ.

Íà òåêóùåì âðåìåííîì ñëîå t = tn âûïîëíÿåòñÿ äåêîìïîçèöèÿ

C
0 D

α
t f(tn) = Cl(tn) + Ch(tn),

ãäå ëîêàëüíàÿ ÷àñòü àïïðîêñèìèðóåòñÿ L1 ñõåìîé [2]

Cl(tn) ≡
1

Γ(1− α)

∫ tn

tn−1

f ′(s)

(tn − s)α
ds ≈ 1

∆tα
f(tn)− f(tn−1)

Γ(2− α)
,

ãäå∆t�øàã ïî âðåìåíè, a âëèÿíèå ïàìÿòè ðàññ÷èòûâàåòñÿ ïî ôîðìóëå

Ch(tn) ≡
1

Γ(1− α)

∫ tn−1

0

f ′(s)

(tn − s)α
ds ≈

≈ 1

Γ(1− α)

f(tn−1)

∆tα
− f(t0)

tαn
− α

Nexp∑
i=1

ωi

∫ tn−1

0

e−(tn−τ)sif(τ)dτ

 ,
ãäå si, ωi � ïàðàìåòðû àëãîðèòìà.
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Êðàòêàÿ àííîòàöèÿ.Èññëåäóåòñÿ äèíàìèêà ìîäåëè ñî ñâîáîäíîé
ãðàíèöåé õèùíèê-æåðòâà ñ áîëåçíüþ â ïîïóëÿöèè æåðòâû è òåì-
ïîì ðîñòà æåðòâû, ñíèæåííûì ñòðàõîì ïåðåä õèùíèêîì. Äîêàçà-
íî ñóùåñòâîâàíèå, åäèíñòâåííîñòü è îöåíêè ãëîáàëüíîãî ðåøåíèÿ,
à òàêæå ïîâåäåíèå êîìïîíåíòîâ ðåøåíèÿ è íåèçâåñòíîé ãðàíèöû
íà áîëüøèõ âðåìåííûõ èíòåðâàëàõ. Ðåçóëüòàòû ýôôåêòà ñòðàõà
æåðòâû è ïîâåäåíèÿ íåèçâåñòíîé ãðàíèöû îáåñïå÷èâàþò ñîñóùå-
ñòâîâàíèå õèùíèêîâ è æåðòâû.

Êëþ÷åâûå ñëîâà: ìîäåëü, ñâîáîäíàÿ ãðàíèöà, àïðèîðíûå îöåíêè,
ïîâåäåíèå ðåøåíèÿ.
On a free boundary model of eco-epidemiological interactions
with predator intervention and infections

Abstract.The dynamics of a free-boundary predator-prey model with
a disease in the prey population and a prey growth rate, reduced fear of
the predator are investigated. The existence, uniqueness and estimates
of the global solution, as well as the behavior of the components of
the solution and the unknown boundary on large time intervals are
proven. The results of the effect of prey fear and the behavior of the
unknown boundary ensure the coexistence of predators and prey.

Keywords: model, free boundary, a priori estimates,solution behavior.

Introduction.

The dynamic relationship between predators and their prey is one of the
dominant topics in theoretical ecology due to its ubiquity and importance.
Predator-prey interactions are modi�ed by various ecological factors. In
many well-known models, predators a�ect prey population density only
through direct killing. A new point of view is that the presence of predators

Òàõèðîâ Æîçèë Îñòîíîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÈÍÑÒÈÒÓÒ ÌÀÒÅÌÀÒÈÊÈ
ÀÍ ÐÓç (Òàøêåíò, Óçáåêèñòàí); Jozil Takhirov (Institute of Mathematics, Uzbekistan
Academy of Sciences, Tashkent, Uzbekistan)
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ÒÅÌÀÒÈÊÈ ÀÍ ÐÓç (Òàøêåíò, Óçáåêèñòàí); Bunyodbek Anvarjonov (Institute of
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can also change the behavior and physiological characteristics of prey to
some extent, a�ecting the prey population density, and its e�ect is even
greater than the e�ect of direct killing. The authors of [1] were the �rst
to introduce the fear factor F (k,w), which takes into account the cost
of defense against a predator due to fear, into the predator-prey system.
On the other hand, in the natural world, a species does not exist by
itself, and more and more studies show that competition for resources and
space between populations, as well as infectious diseases, a�ect population
growth.

Mathematical model.

In [2] an eco-epidemic ODE model of one predator and one prey with a
disease in the prey population is proposed, including a fear factor (F(k,w)
= 1/(1 + kw)) for the predator, under certain assumptions. To investigate
the impact of spatial dynamics on this model, we extend it by including
spatially random di�usion and unknown boundaries that represent the
predator's spread front

ut = uxx +
a

1+kw
u− du− bu(u+ v)− βuv, t > 0,−l < x < l,

d2(v)vt = vxx + βuv − pvw − δv, t > 0,−l < x < l,
d3(w)wt = wxx + cpvw − µw, t > 0, g(t) < x < h(t),
w(t, x) = 0, t > 0, x /∈ (g(t) < x < h(t)),
ux(t,−l) = ux(t, l) = vx(t,−l) = vx(t, l) = 0, t > 0,
g′(t) = −µwx(t, g(t)), t > 0, h′(t) = −βwx(t, h(t)), t > 0,
u(0, x) = u0(x), v(0, x) = v0(x),−l < x < l,
w(0, x) = w0(x),−h0 < x < h0, h(0) = −g(0) = h0 < l.

where u(t, x), v(t, x) and w(t, x) are the density of the uninfected
(susceptible) prey, the infected prey and the predator, respectively.
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ÓÄÊ 519.6:316.472.45

Ïðåäëàãàåòñÿ ìîäåëü ðàñïðîñòðàíåíèÿ èíôîðìàöèè â ñîöèàëüíûõ
ñåòÿõ íà îñíîâå äèôôóçèîííûõ ïðîöåññîâ ìåõàíèêè ñïëîøíûõ
ñðåä. Ðåøàåòñÿ òåñòîâàÿ çàäà÷à èäåíòèôèêàöèè ïðîñòðàíñòâåííîé
ôóíêöèè, îïèñûâàþùåé ñòðóêòóðó ñåòè â âèäå íàïðàâëåííîãî ãðà-
ôà ïîëüçîâàòåëåé. Îïòèìàëüíàÿ èäåíòèôèêàöèÿ ðåàëèçîâûâàëàñü
ïðÿìûì ýêñòðåìàëüíûì ïîäõîäîì. Ïðîäåìîíñòðèðîâàíà âûñîêàÿ
òî÷íîñòü èäåíòèôèêàöèè.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü, ñîöèàëüíûå ñåòè, èäåí-
òèôèêàöèÿ
Identification of the social network structure in the diffusion
model

A model of information dissemination in social networks based on dif-
fusion processes of continuum mechanics is proposed. The test prob-
lem of identifying a spatial function describing the network structure in
the form of a directed graph of users is solved. Optimal identification
was implemented by a direct extreme approach. High identification
accuracy has been demonstrated.

Keywords: mathematical model, social networks, identification

Ñóùåñòâóåò áîëüøîå ðàçíîîáðàçèå ìîäåëåé ðàñïðîñòðàíåíèÿ èí-
ôîðìàöèè â ñîöèàëüíûõ ñåòÿõ. Îáû÷íî ýòî èëè ñòàöèîíàðíûå
ïðîñòðàíñòâåííî-ðàñïðåäåë¼ííûå, èëè äèíàìè÷åñêèå ñîñðåäîòî÷åííûå
ïðîöåññû. Â ðàáîòå [1] ïðåäëàãàåòñÿ èäåíòèôèöèðîâàòü äèíàìè÷åñêóþ
ïðîñòðàíñòâåííî-ðàñïðåäåë¼ííóþ ìîäåëü äèôôóçèîííîé ëîãèñòèêè [2]
â ÷àñòíûõ ïðîèçâîäíûõ.

Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ ìîäèôèêàöèÿ óêàçàííîé ìîäåëè,
â ïðåäïîëîæåíèè, ÷òî ïîòîêè èíôîðìàöèè â ñåòÿõ ïîä÷èíÿþòñÿ ôèçè-
÷åñêèì çàêîíàì äèôôóçèè. Ïðè ýòîì ïàðàìåòðû ìîäåëè ïðèîáðåòàþò
ïîíÿòíóþ ñìûñëîâóþ è êîëè÷åñòâåííóþ îöåíêó. À èìåííî: ïðîïóñêíàÿ
ñïîñîáíîñòü (ñòðóêòóðà) ñîöèàëüíîé ñåòè (h � êîëè÷åñòâî ïîëüçîâàòå-
ëåé â ãðàôå ñåòè); ïîïóëÿðíîñòü èíôîðìàöèè (p � ñêîðîñòü äèôôóçèè
èíôîðìàöèè); àêòèâíîñòü ïîëüçîâàòåëåé (r � èçìåíåíèå ïîòîêà èíôîð-
ìàöèè).

Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Àçîâî-×åðíîìîðñêîãî ìà-
òåìàòè÷åñêîãî öåíòðà (Ñîãëàøåíèå îò 29.02.2024 � 075�02�2024�1446).
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Äèñêðåòíûå ïðîöåññû â ñåòè àïïðîêñèìèðóþòñÿ ôèçè÷åñêèìè ïðî-
öåññàìè ìåõàíèêè ñïëîøíûõ ñðåä. Ïîñðåäñòâîì ïðÿìîãî ýêñòðåìàëü-
íîãî ïîäõîäà [3] ðåøàåòñÿ òåñòîâàÿ çàäà÷à èäåíòèôèêàöèè ðàñïðåäå-
ë¼ííîé ôóíêöèè h(x) ãðàäèåíòíûì ìåòîäîì.

Ïðåäëàãàåìàÿ ìîäåëü ñîñòîÿíèÿ ïîòîêà èíôîðìàöèÿ v â ñåòè îïè-
ñûâàåòñÿ ïàðàáîëè÷åñêèì óðàâíåíèåì

∂v

∂t
− p

∂2v

∂x2
− rhθ (v − ε) = 0, x, t ∈ Ω = (xa, xb)× (t0, t1) ,

ãäå x � ýòî ðàññòîÿíèå îò ïåðâîèñòî÷íèêà íîâîñòè â ãðàôå ñåòè, èçìå-
ðÿåìîå ìèíèìàëüíûì íàáîðîì ð¼áåð, ïî êîòîðûì ìîæåò áûòü ïåðåäàíà
èíôîðìàöèÿ, íàïðèìåð, â âèäå êîëè÷åñòâà ðåïîñòîâ åäèíè÷íîé íîâî-
ñòè v(x, t), âîçíèêøåé â xa â ìîìåíò t0, θ � òýòà-ôóíêöèÿ Õýâèñàéäà,
êîòîðàÿ îòëè÷íà îò íóëÿ, êîãäà â òî÷êå x ∈ (xa, xb) â ëþáîå âðåìÿ ïîÿâ-
ëÿåòñÿ äîñòàòî÷íî çíà÷èìàÿ âåëè÷èíà èíôîðìàöèè v(x, t) ≥ ε, ãäå ε �
ïîðîã çíà÷èìîñòè. ×ëåí rhθ (v − ε) � âîçìîæíûå âíåøíèå èñòî÷íèêè
èíôîðìàöèè.

Ôóíêöèè r(t), è ÷èñëî p ñ÷èòàþòñÿ èçâåñòíûìè â äàííîé ðàáîòå.
Íåîáõîäèìî èäåíòèôèöèðîâàòü îïòèìàëüíóþ ôóíêöèþ h(x). Å¼ öåëî-
÷èñëåííîå ïðåäñòàâëåíèå íà öåëî÷èñëåííîì ðàññòîÿíèè x, ìîæåò äàòü
äîñòîâåðíóþ ñòðóêòóðó íàïðàâëåííîãî (èç èñòî÷íèêà íîâîñòè) ãðàôà
ñåòè.

Êðèòåðèé êà÷åñòâà èäåíòèôèêàöèè çàäàâàëñÿ ôóíêöèîíàëîì

J(h) =

∫∫
Ω

(v − ve)
2 dxdt→ min,

ãäå ve � ýêñïåðèìåíòàëüíî íàáëþäàåìàÿ (òåñòîâàÿ) èíôîðìàöèÿ â ñåòè.
Áûë íàéäåí ãðàäèåíò

∇J = −
xb∫
xa

frθ(v − ε)dx,

ãäå f � ñîïðÿæ¼ííîå ñîñòîÿíèå, óäîâëåòâîðÿþùåå óðàâíåíèþ:

−∂f
∂t

− p
∂2f

∂x2
− fhrδ(v − ε) + 2 (v − ve) = 0,

ãäå δ(v − ε) � äåëüòà-ôóíêöèÿ Äèðàêà.
Ãðàäèåíòíûé ìåòîä äëÿ ïðÿìîé ìèíèìèçàöèè J(h):

hk+1(x) = hk(x)− bk∇J
(
hk;x

)
, k = 0, 1, . . . ,

ãäå ïàðàìåòð øàãà bk âûáèðàëñÿ àäàïòèâíî [3]. Èòåðàöèè çàêàí÷èâà-
ëèñü ïðè

∥∥hk+1 − hk
∥∥ /∥∥hk∥∥ ≤ 10−5. Ðåøåíèå ïîëó÷åíî çà k = 475 èòå-

ðàöèé. Íàéäåííàÿ ôóíêöèÿ íà ãðàôèêå âèçóàëüíî ïîëíîñòüþ ñîâïàëà
ñ òî÷íûì çíà÷åíèåì.
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Òåñòîâàÿ çàäà÷à èäåíòèôèêàöèè ðàñïðåäåë¼ííîé ïðîïóñêíîé ñïî-
ñîáíîñòè â ïðåäëîæåííîé ìîäèôèêàöèè äèôôóçèîííîé ìîäåëè ñî-
öèàëüíîé ñåòè ïðîäåìîíñòðèðîâàëà âîçìîæíîñòü ïðèìåíåíèÿ ïðÿìî-
ãî ýêñòðåìàëüíîãî ïîäõîäà äëÿ äîñòàòî÷íî òî÷íîãî âîññòàíîâëåíèÿ
ñòðóêòóðû ñåòè. Íà ðàññòîÿíèè êàæäîãî ðåáðà â ãðàôå ñåòè, êîãäà
x = 1, 2, 3, . . . ìû èìååì èäåíòèôèöèðîâàííîå êîëè÷åñòâî ïîëüçîâàòå-
ëåé h(x).
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Ðàçðàáîòàíû ìåòîäè÷åñêèå ðåêîìåíäàöèè ïî èñïîëüçîâàíèþ
ñèñòåìû êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ëèòåéíûõ ïðîöåññîâ
¾PoligonSoft¿ (ÑÊÌ ËÏ ¾PoligonSoft¿). Ïðîâåäåí àíàëèç âîçìîæ-
íûõ ìåñò îáðàçîâàíèÿ äåôåêòîâ óñàäî÷íîãî õàðàêòåðà ñðàçó ïîñëå
íàíåñåíèÿ ïðèïóñêîâ íà ìåõàíè÷åñêóþ îáðàáîòêó. Óäàëîñü ñîêðà-
òèòü âðåìÿ íà ïðîåêòèðîâàíèå ëèòíèêîâîé ïèòàþùåé ñèñòåìû, çà
ñ÷åò ïîäáîðà ìåñò ïîäâîäà ìåòàëëà è ìåñò óñòàíîâêè ïðèáûëåé
äëÿ êîìïåíñàöèè óñàäî÷íûõ ïðîöåññîâ â òåïëîâûõ óçëàõ îòëèâêè.
Îïðåäåëåíû çîíû âîçìîæíîãî îáðàçîâàíèÿ äåôåêòîâ óñàäî÷íîãî
õàðàêòåðà è èõ ïðåîáðàçîâàíèå è ðàñïðåäåëåíèå â òåëå îòëèâêè.
Ïîëó÷åíû ðåêîìåíäàöèè, ïîçâîëÿþùèå îáåñïå÷èòü îòñóòñòâèÿ äå-
ôåêòîâ óñàäî÷íîãî õàðàêòåðà â òåëå ëèòîé çàãîòîâêè.

Êëþ÷åâûå ñëîâà: òîïîëîãè÷åñêàÿ îïòèìèçàöèÿ, ëèòüå ïî âûæèãà-
åìûì ìîäåëÿì, óñàäî÷íûå äåôåêòû, ìîäåëèðîâàíèå, PoligonSoft,
ìåòîä êîíå÷íûõ ýëåìåíòîâ.
Modeling of the electrical discharge machining process of ma-
terials based on the temperature problem

Methodological recommendations for the use of the computer model-
ing system for foundry processes ≪PoligonSoft≫ (CMS LP ≪Poligon-
Soft≫) have been developed. An analysis of possible locations of
shrinkage defects formation immediately after applying allowances for
mechanical processing was carried out. The time for designing the
gating feed system was reduced by selecting metal supply locations

Ìàòåðèàëû ïîëó÷åíû â ðàìêàõ ïðîãðàììû ðàçâèòèÿ ïåðåäîâîé èíæåíåðíîé øêî-
ëû ¾Âûñøàÿ øêîëà àâèàöèîííîãî äâèãàòåëåñòðîåíèÿ¿ ÏÍÈÏÓ ã. Ïåðìü (ôåäåðàëü-
íûé ïðîåêò ¾Ïåðåäîâûå èíæåíåðíûå øêîëû¿).
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and riser installation locations to compensate for shrinkage processes
in the casting heat units. The zones of possible formation of shrinkage
defects and their transformation and distribution in the casting body
are determined. Recommendations have been obtained to ensure the
absence of shrinkage defects in the body of the cast blank.

Keywords: topology optimization, investment casting, shrinkage de-
fects, modeling, PoligonSoft, finite element method.

Ñíèæåíèå ìåòàëëî¼ìêîñòè äåòàëåé àâèàñòðîåíèÿ ÿâëÿåòñÿ âàæíîé
íàó÷íî-ïðàêòè÷åñêîé çàäà÷åé. Ñíèçèòü ìàòåðèàëî¼ìêîñòü, à, ñëåäîâà-
òåëüíî, ìàññó äåòàëåé, ïîìîãàåò òîïîãðàôè÷åñêàÿ îïòèìèçàöèÿ. Îäíà-
êî èçãîòîâëåíèå òàêèõ äåòàëåé òðàäèöèîííûìè ìåòîäàìè èç-çà íåñòàí-
äàðòíûõ ôîðì è íèçêîé òåõíîëîãè÷íîñòè ÿâëÿåòñÿ ñëîæíîé çàäà÷åé.
Ïåðñïåêòèâíûì ñ÷èòàåòñÿ ïîëó÷åíèÿ îïûòíûõ ëèòûõ çàãîòîâîê ìåòî-
äîì ëèòüÿ ïî âûæèãàåìûì ìîäåëÿì, èçãîòîâëåííûì ïî òåõíîëîãèè 3d-
ïå÷àòè ôîòîïîëèìåðíûìè ñìîëàìè [1, 2]. Òàêîé ìåòîä ïîçâîëÿåò ïîëó-
÷èòü çàãîòîâêó áåç èçãîòîâëåíèÿ ñëîæíîé è äîðîãîñòîÿùåé îñíàñòêè
[3]. Òåì íå ìåíåå, íèçêàÿ òåõíîëîãè÷íîñòü âûçûâàåò è ïðîáëåìó îáåñ-
ïå÷åíèÿ ïîëó÷åíèÿ ïëîòíîé îòëèâêè: íåîáõîäèìî îáåñïå÷èòü ïèòàíèå
âñåõ òåïëîâûõ óçëîâ, à òàêæå ïðîëèâàåìîñòü âñåõ ÷àñòåé îòëèâêè. Â
ñâÿçè ñ ýòèì àêòóàëüíîé ÿâëÿåòñÿ çàäà÷à ìîäåëèðîâàíèÿ ïðîöåññà çà-
ëèâêè è çàòâåðäåâàíèÿ îòëèâêè è îöåíêè âåðîÿòíîñòè ïîëó÷åíèÿ äå-
ôåêòîâ óñàäî÷íîãî õàðàêòåðà.

Â äàííîé ðàáîòå â êà÷åñòâå îïûòíîé äåòàëè âûáðàíî èçäåëèå òèïà
êðîíøòåéí. Äàííàÿ äåòàëü óñòàíàâëèâàåòñÿ â õâîñòîâîì îòñåêå ñàìîëå-
òà è ñëóæèò äëÿ èçìåíåíèÿ äâèæåíèÿ îò êîìàíäíîãî îðãàíà ê èñïîëíè-
òåëüíîìó. Ñòåïåíü òî÷íîñòè ïîâåðõíîñòåé èçäåëèé äàííîãî òèïà ðàâíà
7, òàêóþ òî÷íîñòü ïîâåðõíîñòè ìîæíî ïîëó÷èòü ïðè ëèòüå ïî âûæè-
ãàåìûì ìîäåëÿì. Ìàòåðèàë çàãîòîâêè: òèòàíîâûé ñïëàâ ÂÒ5Ë ÃÎÑÒ
19807-74. Äëÿ ìîäåëèðîâàíèÿ ïðîöåññà çàëèâêè èçäåëèÿ èñïîëüçîâà-
ëàñü ïðîãðàììà ÑÊÌ ËÏ ¾PoligonSoft¿.

Òåìïåðàòóðà çàëèâàåìîãî ðàñïëàâà 1760°Ñ; òåìïåðàòóðà ôîðìû 900
°Ñ; ïàðàìåòð îõëàæäåíèÿ ñèñòåìû: îõëàæäåíèÿ íà âîçäóõå ïðè 20°Ñ;
ñêîðîñòü çàëèâêè 0,6 ì/ñ. Òåïëîôèçè÷åñêèå ïàðàìåòðû çàëèâàåìîãî
ìåòàëëà áûëè ñãåíåðèðîâàíû âíóòðåííèì ìîäóëåì ÑÊÌ ËÏ Ïîëèãîí.
Òåïëîôèçè÷åñêèå ïàðàìåòðû ìàòåðèàëà ôîðìû, ïðèíÿòû ¾ðàçîâàÿ êå-
ðàìè÷åñêàÿ ôîðìà¿. Ðàñ÷åòíûå ïàðàìåòðû äâóõìåðíîé ïîâåðõíîñòè
ñåòêè äëÿ ïîñëåäóþùåãî ôîðìèðîâàíèÿ òåòðàãîíàëüíîé îáúåìíîé ñåò-
êè çàäàâàëèñü êàê òðåóãîëüíèê ñ ãðàíüþ 2 ìì äëÿ îòëèâêè, è òðåóãîëü-
íèê ñ ãðàíüþ 5 ìì äëÿ ôîðìû. Äàëåå ìîæíî ïåðåõîäèòü ê íàëàäêå
ïðîöåññà äèíàìè÷åñêîé ïðîâåðêå èçäåëèÿ, çàäàâ íåêîòîðûå óñëîâèÿ.

Ïåðâûì øàãîì âûÿâëÿëèñü çîíû îáðàçîâàíèÿ óñàäî÷íûõ äåôåêòîâ
â òåëå çàãîòîâêè. Ïîëó÷åííûå äàííûå ïîçâîëèëè îïðåäåëèòü ïåðâè÷íîå
ðàñïîëîæåíèå ïðèáûëüíûõ ÷àñòåé. Çàòåì áûëî ïðîâåäåíî âòîðè÷íîå
ìîäåëèðîâàíèå çàòâåðäåâàíèÿ îòëèâêè, êîòîðîå âûÿâèëî, ÷òî ñèñòåìà
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ïðèáûëåé ïîçâîëèëà êîìïåíñèðîâàòü óñàäî÷íûå äåôåêòû è ñîêðàòèòü
çîíû èõ âîçíèêíîâåíèÿ, íî íå ïîçâîëèëà èç ïîëíîñòüþ âûâåñòè â ïðè-
áûëè. Èñõîäÿ èç ïîëó÷åííûõ äàííûõ, áûëî ïðèíÿòî ðåøåíèå äîïîë-
íèòü ñèñòåìó ïðèáûëåé íà ìåñòàõ îáðàçîâàíèÿ äåôåêòîâ óñàäî÷íîãî
õàðàêòåðà. Ïî ðåçóëüòàòàì ìîäåëèðîâàíèÿ äåôåêòû óñàäî÷íîãî õàðàê-
òåðà âûÿâëåíû íåáûëè.

Èñõîäÿ èç ïîëó÷åííûõ äàííûõ ïðîöåññà ìîäåëèðîâàíèÿ çàòâåðäå-
âàíèÿ ëèòîé çàãîòîâêè ¾Êðîíøòåéí¿, ìîæíî ñäåëàòü âûâîä, ÷òî ñïðî-
åêòèðîâàííàÿ ñèñòåìà ïðèáûëåé ÿâëÿåòñÿ æèçíåñïîñîáíîé è ïîçâîëÿåò
ïîëó÷èòü åå áåç äåôåêòîâ óñàäî÷íîãî õàðàêòåðà.
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Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïîñòàíîâêå è èññëåäîâàíèþ íà êîð-
ðåêòíîñòü çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ýëëèïòè÷åñêîé
ñèñòåìû ñ íåëèíåéíûì ñîñòîÿíèåì, ñî ñìåøàííûìè ãðàíè÷íûìè
óñëîâèÿìè.

Êëþ÷åâûå ñëîâà: çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ, ýëëèïòè÷åñêàÿ
ñèñòåìà óðàâíåíèé, ñìåøàííàÿ êðàåâàÿ çàäà÷à, ðàçðåøèìîñòü çà-
äà÷è îïòèìàëüíîãî óïðàâëåíèÿ.
On one optimal control problem for an elliptic system with
a nonlinear state and a mixed boundary condition

This work is devoted to the formulation and study of the correctness
of the optimal control problem for an elliptic system with a nonlinear
state, with mixed boundary conditions.

Keywords: optimal control problem, elliptic system of equations,
mixed boundary value problem, solvability of the optimal control prob-
lem.

Õàðàêòåð êîíêðåòíûõ ïîñòàíîâîê çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ äëÿ
ðàñïðåäåëåííûõ ñèñòåì ñóùåñòâåííî çàâèñèò îò òîãî, êóäà âõîäÿò
óïðàâëåíèÿ (â ñâîáîäíûå ÷ëåíû óðàâíåíèé ñîñòîÿíèÿ èëè â êîýôôèöè-
åíòû óðàâíåíèé), ëèíåéíûìè èëè íåëèíåéíûìè äèôôåðåíöèàëüíûìè
óðàâíåíèÿìè ìàòåìàòè÷åñêîé ôèçèêè (ÓÌÔ) îïèñûâàþòñÿ ñîñòîÿíèÿ
ñèñòåì óïðàâëåíèÿ (ñì. [1]-[4]), à òàêæå çàâèñèò îò òîãî, êàêîé ãëàäêî-
ñòüþ îáëàäàþò âõîäíûå äàííûå ñèñòåì óïðàâëåíèÿ. Â íàñòîÿùåå âðå-
ìÿ íàèáîëåå ïîëíî èññëåäîâàí ñëó÷àé òàêèõ ñèñòåì óïðàâëåíèÿ, êîãäà
óïðàâëåíèÿ âõîäÿò â ëèíåéíûå óðàâíåíèÿ ñîñòîÿíèÿ è ëèíåéíûå ïðå-
äåëüíûå óñëîâèÿ, à òàêæå êîãäà âõîäíûå äàííûå è ôóíêöèè ñîñòîÿíèÿ
ñèñòåì ÿâëÿþòñÿ äîñòàòî÷íî ãëàäêèìè. Õàðàêòåðíîé îñîáåííîñòüþ çà-
äà÷ îïòèìàëüíîãî óïðàâëåíèÿ íåëèíåéíîãî òèïà ÿâëÿåòñÿ òî, ÷òî îòîá-
ðàæåíèå èç ìíîæåñòâà äîïóñòèìûõ óïðàâëåíèé â ïðîñòðàíñòâî ñîñòî-
ÿíèé ÿâëÿåòñÿ íåëèíåéíûì. Íåëèíåéíûå çàäà÷è îïòèìàëüíîãî óïðàâ-
ëåíèÿ äëÿ ÓÌÔ îòíîñÿòñÿ ê íàèáîëåå ñëîæíîìó êëàññó çàäà÷ îïòèìè-
çàöèè. Ïðîáëåìà ÷èñëåííîãî ðåøåíèÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ
ïðèâîäèò ê íåîáõîäèìîñòè èõ àïïðîêñèìàöèè çàäà÷àìè áîëåå ïðîñòîé
ïðèðîäû � ¾êîíå÷íîìåðíûìè çàäà÷àìè îïòèìèçàöèè¿ (ñì. [1]).

Ôàéðóçîâ Ìàõìóò Ýðíñòîâè÷, ê.ô.-ì.í., äîöåíò, ÓÓÍèÒ (Óôà, Ðîññèÿ); Mahmut
Fairuzov (Ufa University of Science and Technology, Ufa, Russia)
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Ïðè èññëåäîâàíèè ìíîãèõ ïðîöåññîâ â äâèæóùèõñÿ ñðåäàõ â êà÷å-
ñòâå îñíîâíûõ ìîæíî âûäåëèòü äèôôóçèîííûé ïåðåíîñ òîé èëè èíîé
ñóáñòàíöèè è ïåðåíîñ, îáóñëîâëåííûé äâèæåíèåì ñðåäû, òî åñòü êîí-
âåêòèâíûé ïåðåíîñ (ñì. [4]). Çàäà÷è êîíâåêöèè-äèôôóçèè ÿâëÿþòñÿ òè-
ïè÷íûìè äëÿ ìàòåìàòè÷åñêèõ ìîäåëåé ìåõàíèêè æèäêîñòè è ãàçà. Òàê,
ðàñïðåäåëåíèå òåïëà, ïðèìåñåé ìîæåò ïðîèñõîäèòü íå òîëüêî çà ñ÷åò
äèôôóçèè, íî è áûòü îáóñëîâëåíûì äâèæåíèåì ñðåäû. Ïðèíöèïèàëü-
íûå îñîáåííîñòè ôèçèêî-õèìè÷åñêèõ ïðîöåññîâ â ìåõàíèêå æèäêîñòè è
ãàçà ìîãóò áûòü ïîðîæäåíû èìåííî ó÷åòîì äâèæåíèÿ ñðåä ïîä äåéñòâè-
åì òåõ èëè èíûõ ñèë. Êîíâåêòèâíûé-äèôôóçèîííûé ïðîöåññ ìîæåò
èãðàòü îïðåäåëÿþùóþ ðîëü ïðè ìîäåëèðîâàíèè ñàìûõ ðàçíîîáðàçíûõ
ïðîöåññîâ. Â ÷àñòíîñòè, âàæíîå çíà÷åíèå ïðèîáðåòàþò ýêîëîãè÷åñêèå
ïðîáëåìû, ñâÿçàííûå ñ îïèñàíèåì ïðîöåññîâ ðàñïðåäåëåíèÿ ïðèìåñåé â
àòìîñôåðå è âîäîåìàõ, ñ ìîäåëèðîâàíèåì çàãðÿçíåíèÿ ãðóíòîâûõ âîä.
Â ãàçî- è ãèäðîäèíàìèêå â êà÷åñòâå áàçîâûõ ìîäåëåé ìíîãèõ ïðîöåññîâ
âûñòóïàþò êðàåâûå çàäà÷è êàê äëÿ ñòàöèîíàðíûõ, òàê è íåñòàöèîíàð-
íûõ óðàâíåíèé êîíâåêöèè-äèôôóçèè � ýëëèïòè÷åñêèå èëè ïàðàáîëè-
÷åñêèå óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ ìëàäøèìè ÷ëåíàìè. Â íàñòîÿùåå
âðåìÿ â òåîðèè ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ çàäà÷ ÓÌÔ è çàäà÷ îï-
òèìàëüíîãî óïðàâëåíèÿ íàèáîëåå ãëóáîêèå ðåçóëüòàòû ïîëó÷åíû ïðè
ðàññìîòðåíèè ïðîöåññîâ ñ ñàìîñîïðÿæåííûìè îïåðàòîðàìè. Ýòî îòíî-
ñèòñÿ êàê ê ìåòîäàì, áàçèðóþùèìñÿ íà êîíå÷íî-ðàçíîñòíûõ àïïðîê-
ñèìàöèÿõ ñîñòîÿíèÿ, òàê è ê ìåòîäàì íà îñíîâå êîíå÷íî-ýëåìåíòíûõ
àïïðîêñèìàöèé.

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïîñòàíîâêå è èññëåäîâàíèþ íà êîð-
ðåêòíîñòü çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ýëëèïòè÷åñêîé ñèñòå-
ìû ñ íåëèíåéíûì ñîñòîÿíèåì, ñî ñìåøàííûìè ãðàíè÷íûìè óñëîâèÿìè.
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Â íàñòîÿùåå âðåìÿ çíà÷èòåëüíîå ÷èñëî âûïóñêíèêîâ âûáèðàåò êà-
ðüåðíûå ïóòè, íå ñîîòâåòñòâóþùèå èõ êîìïåòåíöèÿì. Îäíîé èç
ïðè÷èí äàííîãî ÿâëåíèÿ ÿâëÿåòñÿ íåâåðíûé âûáîð ñïåöèàëüíî-
ñòè, îáóñëîâëåííûé íåõâàòêîé ìåñò â ó÷åáíûõ çàâåäåíèÿõ. Äëÿ
ðåøåíèÿ ýòîé ïðîáëåìû öåëåñîîáðàçíî ïðîâîäèòü ïðîãíîçèðîâà-
íèå ïîòðåáíîñòè â áþäæåòíûõ ìåñòàõ. Îäíàêî òàêèå èíñòðóìåíòû
òðåáóþò àíàëèçà äàííûõ, êîòîðûå íå ïðåäñòàâëåíû â îòêðûòûõ
èñòî÷íèêàõ. Ýòî ïîä÷åðêèâàåò íåîáõîäèìîñòü ïðèìåíåíèÿ ìàòåìà-
òè÷åñêèõ ìåòîäîâ, ïîçâîëÿþùèõ ãåíåðèðîâàòü ÷åëîâåêîïîäîáíûå
äàííûå.

Êëþ÷åâûå ñëîâà: ìàòåìàòèêà, ìàøèííîå îáó÷åíèå, ìàòåìàòè÷å-
ñêàÿ ñòàòèñòèêà.
Approaches to the generation of data during processing of
sociological research

Currently, a significant number of graduates choose career paths that
do not align with their acquired competencies. One of the reasons for
this phenomenon is the initial incorrect choice of specialty, driven by
a lack of places in educational institutions. To address this issue, it is
advisable to forecast the demand for budgetary places. However, such
tools require data analysis that is not available in open sources. This
highlights the need to apply mathematical methods that allow for the
generation of human-like data.

Keywords: mathematics, machine learning, mathematical statistics.

Äëÿ ñîçäàíèÿ ïîäîáíîãî èíñòðóìåíòà áûëè ñîáðàíû, îáðàáîòàíû è
ñêîìïîíîâàíû ðåëåâàíòíûå äàííûå èç îòêðûòûõ èñòî÷íèêîâ: ïðîãðàì-
ìû âóçîâ, ñðåäíèå çàðïëàòû ïîñëå âûïóñêà èç âóçîâ, ãîðîäà, è äð.
Ó÷èòûâàÿ ìàëûé ðàçìåð ïîñëåäíèõ, ïðèìåíåíèå àëãîðèòìîâ ìàøèííî-
ãî îáó÷åíèÿ íåâîçìîæíî, ïîýòîìó íåîáõîäèìî ïðèìåíÿòü êëàññè÷åñêèå
ïîäõîäû òåîðèè âåðîÿòíîñòåé è ìàòåìàòè÷åñêîé ñòàòèñòèêè � ïðîâåðêè
ñòàòèñòè÷åñêèõ ãèïîòåç î õàðàêòåðå ðàñïðåäåëåíèÿ äàííûõ.

Ôîò Íèêîëàé Ñåðãååâè÷, ñòóäåíò, ÎÃÓ (Îðåíáóðã, Ðîññèÿ); Nikolay Fot (Orenburg
State University, Orenburg, Russia)
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Alexander Vinarsky (Moscow Institute of Physics and Technology, Moscow, Russia)
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Äëÿ ïðèìåíåíèÿ êëàññè÷åñêèõ ïîäõîäîâ òåîðèè âåðîÿòíîñòåé è ìà-
òåìàòè÷åñêîé ñòàòèñòèêè áûëè âûáðàíû èíñòðóìåíòû Matplotlib (èí-
ñòðóìåíò äëÿ âèçóàëèçàöèè è àíàëèçà äàííûõ), NumPy (èíñòðóìåíò
äëÿ ðàáîòû è îáðàáîòêè äàííûõ), Scipy (èíñòðóìåíò äëÿ ðàáîòû ñ íà-
ó÷íûìè è èíæåíåðíûìè ðàñ÷¼òàìè) è Pandas (èíñòðóìåíò äëÿ ðàáîòû
ñ áîëüøèìè äàííûìè) � ïîïóëÿðíûå áèáëèîòåêè â ñðåäå Python, ñ õî-
ðîøî ïðîðàáîòàííîé äîêóìåíòàöèåé.

Ïîñðåäñòâîì êðèòåðèÿ Ïèðñîíà, íà óðîâíå çíà÷èìîñòè 0.05, áûëà
ïîäòâåðæäåíà ãèïîòåçà î íîðìàëüíîñòè ðàñïðåäåëåíèÿ ðåàëüíûõ äàí-
íûõ ïî îöåíêàì ÎÃÝ ïî ìàòåìàòèêå [1]. Íà îñíîâå ïðåäïîëîæåíèÿ î
íîðìàëüíîñòè ðàñïðåäåëåíèÿ ýòèõ äàííûõ, áûë ðåàëèçîâàí àëãîðèòì
ãåíåðàöèè ïîñðåäñòâîì èíñòðóìåíòà ¾Scipy¿.

Ïðèìåíÿÿ äàííûõ ïîäõîä è ê äðóãèì èññëåäóåìûì ïîêàçàòåëÿì
(ïîë, âîçðàñò, ðåçóëüòàòû ÎÃÝ è ÅÃÝ, çàðïëàòà, ñåìåéíîå ïîëîæåíèå,
çäîðîâüå è ïðî÷åå), áûëè ïîëó÷åíû âûáîðêè, òàê æå ïîä÷èíÿþùèåñÿ
íîðìàëüíîìó çàêîíó ðàñïðåäåëåíèÿ.

Òàêèì îáðàçîì, ðàññìàòðèâàåìûé ïîäõîä ìîæåò ñòàòü ïîëíîöåí-
íûì èíñòðóìåíòîì äëÿ ðåøåíèÿ ïðîáëåìû îòñóòñòâèÿ äàííûõ â ñôåðå
ñîöèîëîãè÷åñêèõ èññëåäîâàíèé ïóòåì ãåíåðàöèè ÷åëîâåêîïîäîáíûõ ïà-
ðàìåòðîâ.
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ÌÀÊÑÈÌÈÇÀÖÈß ÝÔÔÅÊÒÈÂÍÎÑÒÈ ÏÐÅÄÏÐÈßÒÈß
ÏÐÈ ÎÁÍÎÂËÅÍÈÈ ÑÐÅÄÑÒÂ ÇÀÙÈÒÛ

ÈÍÔÎÐÌÀÖÈÎÍÍÛÕ ÀÊÒÈÂÎÂ
À.È. Ýãàìîâ, Ï.Í. Áóðàãî

albert810@yandex.ru, burago.pasha@yandex.ru

ÓÄÊ 519.863

Ðàññìàòðèâàåòñÿ çàäà÷à ìàêñèìèçàöèè ýôôåêòèâíîñòè ïðåäïðèÿ-
òèÿ âî âðåìÿ ïëàíîâîãî îáíîâëåíèÿ åãî ñðåäñòâ çàùèòû èíôîðìà-
öèîííûõ àêòèâîâ. Ïîñðåäñòâîì ïðåîáðàçîâàíèÿ âåñîâîé ìàòðèöû
åå ìàòåìàòè÷åñêàÿ ìîäåëü ñâîäèòñÿ ê êëàññè÷åñêîé çàäà÷å î íà-
çíà÷åíèÿõ.

Êëþ÷åâûå ñëîâà: çàäà÷à î íàçíà÷åíèÿõ, ñðåäñòâà çàùèòû èíôîð-
ìàöèè, ýôôåêòèâíîñòü.
The enterprise effectiveness maximization in the updating of
information asset protection tools

The problem of maximizing the efficiency of an enterprise during a
planned upgrade of its information asset protection tools is considered.
By converting the weight matrix, its mathematical model is reduced
to the classical assignment problem.

Keywords: the assignment problem, information security tools, effec-
tiveness.

Ïðåäïîëîæèì, åñòü íåêàÿ îðãàíèçàöèÿ, ó êîòîðîé èìååòñÿ n ðàç-
ëè÷íûõ ãðóïï èíôîðìàöèîííûõ àêòèâîâ, êîòîðûå ÿâëÿþòñÿ îáúåêòà-
ìè çàùèòû è ïîäâåðæåíû ðàçëè÷íûì âèäàì èíôîðìàöèîííûõ óãðîç.
Çàíóìåðóåì èõ îò 1 äî n. Ðàñ÷åò ýôôåêòèâíîñòè âñåõ ãðóïï èíôîðìà-
öèîííûõ àêòèâîâ ïðåäïðèÿòèÿ (ïîòåíöèàëüíîé ïðèáûëè íà ñëåäóþùèé
ìåñÿö, ïîëó÷àåìîé çà ñ÷åò ðàáîòû ýòîé ãðóïïû àêòèâîâ) îñóùåñòâëÿ-
åòñÿ ðàç â ìåñÿö (äëÿ îïðåäåëåííîñòè, íàïðèìåð, ïåðâîãî ÷èñëà) íà
îñíîâàíèè äàííûõ î ïðèáûëè êîìïàíèè, ïîëó÷åííîé îò ôèíàíñîâîãî
ïîäðàçäåëåíèÿ â ïðåäûäóùåì ìåñÿöå. Ïðåäïîëîæèì, ñòîèìîñòü ïîòåí-
öèàëüíîé ïðèáûëè â ñëó÷àå îòñóòñòâèÿ êèáåðóãðîç äëÿ i-îé ãðóïïû
àêòèâîâ â j-ûé ìåñÿö ðàâíà cij ðóáëåé, i = 1, n.

Îáíîâëåíèå ñðåäñòâ çàùèòû ïðîèçâîäèòñÿ ðàç â ìåñÿö òîëüêî äëÿ
îäíîãî èíôîðìàöèîííîãî àêòèâà. Åñëè äëÿ ñîîòâåòñòâóþùåãî èíôîð-
ìàöèîííîãî àêòèâà ïîêóïêà ñðåäñòâ çàùèòû ñîâåðøåíà, òî ñ÷èòàåòñÿ,

Ýãàìîâ Àëüáåðò Èñìàèëîâè÷, ê.ô.-ì.í., äîöåíò, ÍÍÃÓ èì. Í.È.Ëîáà÷åâñêîãî
(Íèæíèé Íîâãîðîä, Ðîññèÿ); Albert Egamov (Lobachevsky State University of Nizhny
Novgorod, Russia)
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÷òî ýòîò èíôîðìàöèîííûé àêòèâ ïîëíîñòüþ çàùèùåí è åãî ýôôåê-
òèâíîñòü ðàâíà 100 ïðîöåíòîâ. Åñëè â j-ûé ìåñÿö îáíîâëåíèå äëÿ i-ãî
èíôîðìàöèîííîãî àêòèâà íå óñòàíîâëåíî, òî åãî ýôôåêòèâíîñòü âñëåä-
ñòâèå âîçìîæíûõ êèáåðàòàê ðàâíà χi · 100 ïðîöåíòîâ, à ñòîèìîñòü åãî
ïîòåíöèàëüíîé ïðèáûëè ðàâíà χicij , χi ∈ [0; 0.5].

Ïðåäïîëîæèì, ÷òî ïîêóïêà è óñòàíîâêà íîâûõ ñðåäñòâ çàùèòû äëÿ
i-ãî àêòèâà îñóùåñòâëÿåòñÿ â σ(i)-ûé ìåñÿö, ãäå σ � ïåðåñòàíîâêà ÷èñåë
îò 1 äî n. Òàêèì îáðàçîì, çà n ìåñÿöåâ îïðåäåëÿåòñÿ êâàäðàòíàÿ ìàò-
ðèöà C ïîðÿäêà n. à ñòîèìîñòü âîçìîæíîé ïðèáûëè èíôîðìàöèîííîãî
êîìïëåêñà îðãàíèçàöèè çà n ìåñÿöåâ áóäåò âû÷èñëÿòüñÿ ïî ôîðìóëå

S(σ) =

n∑
i=1

(χi

σ(i)−1∑
k=1

cik +

n∑
k=σ(i)

cik). (1)

Åñëè σ(i) = 1, òî ñëàãàåìîå χi
σ(i)−1∑
k=1

cik ðàâíî íóëþ. Íåîáõîäèìî ìàê-

ñèìèçèðîâàòü ôóíêöèþ (1) çà ñ÷åò âûáîðà ïåðåñòàíîâêè σ.
Íåòðóäíî âèäåòü, ÷òî ïîñòàâëåííàÿ çàäà÷à ñâîäèòñÿ ê êëàññè÷åñêîé

çàäà÷å î íàçíà÷åíèÿõ ñ âåñîâîé êâàäðàòíîé ìàòðèöåé D ïîðÿäêà n ñ
ýëåìåíòàìè

dij = χi

j−1∑
k=1

cik +

n∑
k=j

cik

è öåëåâîé ôóíêöèåé

f(σ) =

n∑
i=1

diσ(i)

Òàêèì îáðàçîì, ê ïîñòàâëåííîé çàäà÷å ïðèìåíèìû ìåòîäû, êîòîðûå èñ-
ïîëüçóþòñÿ ïðè ðåøåíèè çàäà÷è î íàçíà÷åíèÿõ, íàïðèìåð, îïèñàííûå
àâòîðàìè íàñòîÿùåé ñòàòüè â [2].
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PORTFOLIO OPTIMIZATION WITH TURNOVER
MODELING

Nikita Chadromtsev
nick.chadromtsev@gmail.com

ÓÄÊ 51.77

This research explores portfolio management with transaction costs
proportional to turnover. We compare turnover estimation models
f(x) to optimize the after-cost Sharpe Ratio (SR). Simplified mod-
els balance efficiency and performance well, while Disciplined Convex
Programming (DCP) achieves strong results without complicating the
optimization.

Keywords: Algorithmic Portfolio Management, Portfolio Optimiza-
tion, Disciplined Convex Programming.

First Experiment: 2-Alphas Case. In the �rst experiment, we used two
alphas and formulated a straightforward optimization problem: maximize
SR with di�erent models for cost estimation:

minimize − xTE[R]− f(x) · fee√
xTVar(R)x

, subject to x ≥ 0, xT1 = 1,

where x is the vector of portfolio weights, E[R] is the expected return
vector, and V ar(R) is the covariance matrix of the returns, and f(x) is
a speci�c formula for cost estimation (or a precise calculation). Table of
Models and Formulas is below:

Model Formula

Naive f(x) =
n∑

i=1

xiτi

Honest f(x) =
1

T

T−1∑
t=1

n∑
i=1

xi

∣∣∣∣∣∣wt+1
i

− w
t
i

price
t+1
i

pricet
i

∣∣∣∣∣∣
Kakushadze & Liew [1] f(x) =

1 + ρ

2
(x1τ1 + x2τ2) +

1 − ρ

2
|x1τ1 − x2τ2|

Equal W. N/A

Model 2 f(x) = (x1τ1 + x2τ2)

√
x1
x2

σ1
σ2

+ 2ρ +
x2
x1

σ2
σ1

4
No costs f(x) = 0

Model 1 f(x) =

(
τ1

σ1

+
τ2

σ2

) √
x2
1σ2

1 + 2ρσ1σ2x1x2 + x2
2σ2

2

4

Òàáëèöà 2: Models and Formulas for Turnover Estimation

Since the problem was neither convex nor concave, convergence was not
guaranteed. To address this, we ran Monte Carlo simulations 1,000 times

This work was supported by the grant of the state program of the ¾Sirius¿ Federal
Territory ¾Scienti�c and technological development of the ¾Sirius¿ Federal Territory¿.

Chadromtsev Nikita, Sirius, Russia

326



starting from random initial points. The errors were negligible, and the
distribution of the models on the IS and OS periods remained similar. The
results on the OS data are shown in the table below:

Model SR (no costs) SR (with costs) Turnover Time

Naive 1.74 1.28 0.13 3.9
Honest 1.73 1.27 0.13 139.0
Kakushadze & Liew [1] 1.63 0.87 0.14 69.0
Equal W. 1.55 0.61 0.15 N/A
Model 2 1.41 0.22 0.16 37.2
No costs 1.19 -0.29 0.17 3.7
Model 1 1.19 -0.29 0.17 45.3

Òàáëèöà 3: Portfolio Statistics on OS with models for cost estimation (1st Experiment).

The Naive model shows the highest post-cost SR and requires one of
the smallest computation time.

Second Experiment: 30 Alphas and DCP. In the second
experiment, we developed 30 alphas based on the 101 Formulaic Alphas
[2] and applied a DCP [3] approach. The objective function is concave,
ensuring convergence.

maximize xTE[R]− γ1x
TVar(R)x− γ2f(x) · fee, sub. to x ≥ 0, xT1 = 1,

where γi are parameters forming the grid. Optimization problem is
solved at the each point on the grid. Using the solutions, SR values were
calculated. We �rst found γ1 to maximize pre-cost SR, then used models
from the table as f(x) to optimize post-cost SR on the γ2 grid. Also, we
took γ1 and f(x) = 0 such that the corresponding after-costs SR is the
highest. We refer to this approach as Post-cost γ1. Post-cost γ1 leaded to
the only positive SR on the OS data and took relatively small time for
calculations.

Model SR (no costs) SR (with costs) Turnover Time

Post-cost γ1 1.04 0.41 0.14 9
Equal W. 0.59 -0.30 0.06 N/A
Kakushadze [4] 0.86 -0.50 0.08 9
Honest 0.60 -0.80 0.09 767
Naive 0.56 -0.82 0.09 9
No costs 0.24 -1.65 0.13 9

Òàáëèöà 4: Portfolio Statistics on OS with models for cost estimation (2nd Experiment).

The research, in collaboration with I. Shnurnikov and A. Kuliga,
compared various turnover estimation models and their e�ects on portfolio
performance. We found that simpli�ed models, like the Naive approach,
strike a good balance between e�ciency and performance. Additionally,
DCP, used in the second experiment, achieves strong results without over
complicating the optimization problem.
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Ðàáîòà íàïðàâëåíà íà ðàçðàáîòêó è ïðàêòè÷åñêîå ïðèìåíåíèå
öèôðîâûõ àíàëèòè÷åñêèõ ìåòîäîâ êîíòðîëÿ ïðîèçâîäñòâåííûõ
ïðîöåññîâ äëÿ ïèùåâîé ïðîìûøëåííîñòè è êîíòðîëÿ êà÷åñòâà ïðî-
äóêòîâ ïèòàíèÿ â îíëàéí ðåæèìå ïðîèçâîäñòâà. Àêòóàëüíîñòü ðà-
áîòû ñâÿçàíà ñ âîçðàñòàþùåé ïîòðåáíîñòüþ ïîâûøåíèÿ êà÷åñòâà
ïðîäóêòîâ ïèòàíèÿ è êîíòðîëÿ ïèùåâîé öåííîñòè â óñëîâèÿõ øè-
ðîêîãî ðàñïðîñòðàíåíèÿ ñïîñîáîâ èñêóññòâåííîãî ìîäèôèöèðîâà-
íèÿ ïèòàòåëüíûõ ñâîéñòâ è ¾æèçíåííîãî öèêëà¿ ïðîäóêòîâ ïèòà-
íèÿ ïðîèçâîäèòåëÿìè.

Êëþ÷åâûå ñëîâà: õåìîìåòðèêà, òåîðèÿ ïåðêîëÿöèè, êëàñòåð.
RSA-temporal online analysis of the voltammetric behavior
of cream under conditions of dilution with distilled water

The work is aimed at the development and practical application of
digital analytical methods for controlling production processes for the
food industry and food quality control in online production mode.
The relevance of the work is related to the increasing need to im-
prove the quality of food and control nutritional value in conditions of
widespread methods of artificial modification of nutritional properties
and the ”life cycle” of food by manufacturers.

Keywords: chemometrics, percolation theory, cluster.

Øàðèïîâà Ëèëèÿ Äàìèðîâíà, àñïèðàíò, ÓÓÍèÒ (Óôà, Ðîññèÿ); Lilia Sharipova
(Ufa University of Science and Technology, Ufa, Russia)

Ãàíèåâà Åêàòåðèíà Ñåðãååâíà, ê.õ.í., äîöåíò, ÓÓÍèÒ (Óôà, Ðîññèÿ); Ekaterina
Ganieva (Ufa University of Science and Technology, Ufa, Russia)

Ñèäåëüíèêîâà Åêàòåðèíà Àðòåìîâíà, ñòóäåíò, ÓÓÍèÒ (Óôà, Ðîññèÿ); Ekaterina
Sidelnikova (Ufa University of Science and Technology, Ufa, Russia)

Âàñåíèíà Íàòàëüÿ Àíàòîëüåâíà , ê.ô.-ì.í., äîöåíò, ÓÓÍèÒ (Óôà, Ðîññèÿ);
Natalia Vasenina (Ufa University of Science and Technology, Ufa, Russia)

Õàëèìîâ Àðòóð Àéðàòîâè÷, ñòóäåíò, ÓÓÍèÒ (Óôà, Ðîññèÿ); Artur Íalimov (Ufa
University of Science and Technology, Ufa, Russia)

Äåíèñîâà Àëüáèíà Àíàñîâíà, âåäóùèé èíæåíåð, ÓÓÍèÒ (Óôà, Ðîññèÿ); Albina
Denisova (Ufa University of Science and Technology, Ufa, Russia)

329



Òåìïîðàëüíûå ñïîñîáû îñíîâàíû íà íåïðåðûâíîì ôóíêöèîíèðîâàíèè
ñåíñîðíûõ ñèñòåì ñ öåëüþ íàêîïëåíèÿ ìàëûõ ïî èíòåíñèâíîñòè ñèã-
íàëîâ íà ôîíå áîëüøèõ, èõ óñèëåíèè äëÿ ôèêñèðîâàíèÿ ïðèñóòñòâèÿ
ìèêðîêîìïîíåíòîâ è ïîâûøåíèÿ ñåëåêòèâíîñòè îòêëèêîâ ïðè ðàñïî-
çíàâàíèè ñëîæíûõ ïî ñîñòàâó ïðîäóêòîâ ïèòàíèÿ. Â êà÷åñòâå îñíîâíîãî
èíäèêàòîðíîãî ïðîöåññà â äàííîé ðàáîòå èñïîëüçîâàëè ýëåêòðîõèìè÷å-
ñêóþ àäñîðáöèþ îðãàíè÷åñêèõ âåùåñòâ (áåëêîâ, æèðîâ) íà ïîâåðõíî-
ñòè ýëåêòðîäîâ. Â ðåçóëüòàòå â ïðàêòè÷åñêîì àíàëèòè÷åñêîì àñïåêòå
ñ ïîìîùüþ ìåòîäîâ ìàøèííîãî îáó÷åíèÿ, â ÷àñòíîñòè ìåòîäà ãëàâíûõ
êîìïîíåíò (ÌÃÊ èëè c àíãë. PCA), îáåñïå÷èâàåòñÿ âûñîêàÿ ÷óâñòâè-
òåëüíîñòü è ñïåöèôè÷íîñòü ìîíèòîðèíãà ýâîëþöèè ýëåêòðîõèìè÷åñêîé
ñèñòåìû ýëåêòðîä/ðàñòâîð ïðîäóêòà. Ñðàâíèâàÿ áëèçêèå ïî ñîñòàâó
ïðîäóêòû, âûÿâëÿþòñÿ èñêóññòâåííî èçìåíåííûå îáðàçöû � ïîääåëêè
(Ðèñ. 1)

ïëîñêîñòè ãëàâíûõ êîìïîíåíò ÐÑ1-ÐÑ2. Îñíîâíîé âûâîä: ìóëüòè-
ñåíñîðíàÿ ñèñòåìà ÷óâñòâèòåëüíà ê ðàçáàâëåíèþ è ñïîñîáíà îòëè÷àòü
ôàëüñèôèêàòû ïî äàííîìó ôàêòîðó ïîääåëêè. Íà ðèñ. 2 ïðåäñòàâëåíû
PCA-äèíàìè÷åñêèå êðèâûå äðåéôà ëàòåíòíûõ ñèãíàëîâ âîëüòàìïåðî-
ìåòðè÷åñêîé áàçû äàííûõ, ðåãèñòðèðóåìûõ â òå÷åíèå 16 ÷àñîâ èñêóñ-
ñòâåííîãî ñêèñàíèÿ ïðîäóêòà ñ ñîäåðæàíèåì æèðà 10 %.

Ñìåùåíèå òî÷åê âäîëü ïåðâîé ãëàâíîé êîìïîíåíòû îáóñëîâëåíî èç-
ìåíåíèåì îáùåãî ñîïðîòèâëåíèÿ ýëåêòðîõèìè÷åñêîé ñèñòåìû â ðåçóëü-
òàòå ìîäèôèöèðîâàíèÿ ýëåêòðîäíîé ïîâåðõíîñòè, àäñîðáöèè êîìïîíåí-
òîâ, èçìåíåíèåì â ñîñòàâå èññëåäóåìîãî ðàñòâîðà, ÷àñòè÷íûì àíîä-
íûì ðàñòâîðåíèåì ìàòåðèàëà ýëåêòðîäà è ò.ï. Íàáëþäàþòñÿ ïåðåãèáû,
ó÷àñòêè ñ âðåìåííîé êëàñòåðèçàöèåé òî÷åê, ñêà÷êîîáðàçíî ñìåùàþùè-
åñÿ îòíîñèòåëüíî äðóã äðóãà â õîäå ýêñïåðèìåíòà. Íà ÿçûêå òåîðèè
äèíàìè÷åñêèõ ñèñòåì ôàçîâûå ïîðòðåòû èññëåäóåìûõ ìîëî÷íûõ îáú-
åêòîâ ñ ðàçëè÷íûì õèìè÷åñêèì ñîñòàâîì îòëè÷àþòñÿ ìåæäó ñîáîé. Äëÿ
êîëè÷åñòâåííîãî îïèñàíèÿ âîëüòàìïåðîìåòðè÷åñêîãî ïîâåäåíèÿ è áîëåå
ãëóáîêîãî ôàêòîðíîãî àíàëèçà òðåáóþòñÿ îñîáåííûå ìåòîäû ìàòåìà-
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òè÷åñêîãî ìîäåëèðîâàíèÿ òåìïîðàëüíûõ áàç äàííûõ ñ èñïîëüçîâàíèåì
òåîðèè ôðàêòàëîâ, ïåðêîëÿöèè.
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ÓÄÊ 517.9
Ìû ðàññìàòðèâàåì âîïðîñ îá îïðåäåëåíèè ïðàâîé ÷àñòè â óðàâíåíèè

Mu = ut − Lu = ut − div(c(x, t)∇u) + b(x, t)∇u + a(x, t)u = f0 +∑r
i=1 αi(t)δ (x− bi)

b(x, t) = (b1(x, t), . . . , bn(x, t))
T ,∇u =

(
∂u
∂x1

, . . . , ∂u
∂xn

)T
, n = 2, 3 (1)

êîòîðîå ðàññìàòðèâàåòñÿ â îáëàñòè Q = G × (0, T ). Ñ÷èòàåì, ÷òî
ïðîñòðàíñòâåííàÿ îáëàñòü èìååò âèä G = Ω× (0, Z) â ñëó÷àå n = 3 è G
- ïðÿìîóãîëüíèê â ñëó÷àå n = 2. Çäåñü δ (x− bi) äåëüòà-ôóíêöèÿ Äè-
ðàêà. Ðàññìîòðèì ñëó÷àé n = 2, G = (0, X)× (0, Y ). Ïîëîæèì Γ = ∂G,
S = (0, T )×Γ. Ïðè ðåøåíèè îáðàòíîé çàäà÷è èìåþòñÿ äîïîëíèòåëüíûå
èçìåðåíèÿ âèäà

u (yi, t) = ψi(t), i = 1, 2, . . . , r, yi ∈ G.

(2)
Íà÷àëüíî-êðàåâûå óñëîâèÿ:

u|t=0 = u0(x), u|S = 0

(3)
Îïðåäåëåíèþ ïîäëåæàò ðåøåíèå u è íåèçâåñòíûå ôóíêöèè αi èç

ïðàâîé ÷àñòè ðàññìàòðèâàåìîãî óðàâíåíèÿ. Çàäà÷à âîçíèêàåò ïðè íà-
õîæäåíèè ìîùíîñòåé òî÷å÷íûõ èñòî÷íèêîâ (èñòî÷íèêîâ çàãðÿçíåíèÿ).
Â ñëó÷àå ðàñïðåäåëåííûõ èñòî÷íèêîâ ýòà çàäà÷à ïðè åñòåñòâåííûõ
óñëîâèÿõ íà äàííûå êîððåêòíà â ïðîñòðàíñòâàõ Ñîáîëåâà è Ãåëüäåðà è
èìåþòñÿ ìíîãî÷èñëåííûå ðàáîòû, ïîñâÿùåííûå êàê òåîðåòè÷åñêèì ðå-
çóëüòàòàì, òàê è ÷èñëåííûì àëãîðèòìàì åå ðåøåíèÿ. Â íàøåì ñëó÷àå
çàäà÷à ÿâëÿåòñÿ íåêîððåêòíîé ïî Àäàìàðó, òåîðåòè÷åñêèå ðåçóëüòàòû î
ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèé ïîëó÷åíû òîëüêî â ïðîñòåé-
øèõ ñëó÷àÿõ (ñì., íàïðèìåð, [1]). Èìååòñÿ ðÿä ïîäõîäîâ ê ÷èñëåííîìó
ðåøåíèþ çàäà÷è ñ ïîìîùüþ ñâåäåíèÿ çàäà÷è ê çàäà÷å óïðàâëåíèÿ è
ìèíèìèçàöèè ñîîòâåòñòâóþùåãî ôóíêöèîíàëà. Îäíàêî, êàê ïîêàçûâà-
þò ïðèìåðû, òàêîé ñïîñîá ïîñòðîåíèÿ ðåøåíèÿ íå âñåãäà êîððåêòåí.
Íàø ÷èñëåííûì ìåòîä îñíîâàí íà ìåòîäå êîíå÷íûõ ýëåìåíòîâ (ïî ïðî-
ñòðàíñòâåííûì ïåðåìåííûì) è ìåòîäå êîíå÷íûõ ðàçíîñòåé (ïî âðåìå-
íè). Ïðè ïîñòðîåíèè ðåøåíèé òàêæå èñïîëüçóåòñÿ ìåòîä ðåãóëÿðèçà-
öèè Òèõîíîâà. Ïðîâåäåí ðÿä ÷èñëåííûõ ýêñïåðèìåíòîâ ñ ðàçëè÷íûìè
âõîäíûìè äàííûìè. Îíè ïîêàçàëè õîðîøóþ ñõîäèìîñòü àëãîðèòìà è

ÞÃÓ, Õàíòû-Ìàíñèéñê, Ðîññèÿ
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åãî óñòîé÷èâîñòü ê ñëó÷àéíûì âîçìóùåíèÿì äàííûõ. Îïèñàíû ðåçóëü-
òàòû ÷èñëåííûõ ýêñïåðèìåíòîâ, ïîäòâåðæäàþùèå êîððåêòíîñòü ïîëó-
÷åííîãî àëãîðèòìà. Ìû âçÿëè èäåþ ïîñòðîåíèÿ àëãîðèòìà èç ðàáîòû
[2].
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Èíâåñòèöèîííûé ïîðòôåëü ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé n àë-
ãîðèòìè÷åñêèõ òîðãîâûõ ñòðàòåãèé (ÀÒÑ), êàæäàÿ èç êîòîðûõ ÿâ-
ëÿåòñÿ âåêòîðîì äëèíû N . Êàêóøàäçå è Ëüþ ïðåäëîæèëè ìîäåëü,
â êîòîðîé îáîðîò ïîðòôåëÿ ïðèáëèæåííî âûðàæàåòñÿ ÷åðåç ìàò-
ðèöó êîâàðèàöèé äîõîäíîñòåé è îáîðîòû ÀÒÑ. Â äàííîé ðàáîòå
ôîðìàëèçîâàíà ìîäåëü Êàêóøàäçå è Ëüþ è ïîëó÷åíî óñëîâèå åå
êîððåêòíîñòè.

Êëþ÷åâûå ñëîâà: àëãîðèòìè÷åñêèå òîðãîâûå ñòðàòåãèè, ìàòðèöà
êîâàðèàöèé äîõîäíîñòåé, îöåíêè îáîðîòà, âçàèìíîå ñîêðàùåíèå
òîðãîâûõ îïåðàöèé
Covariance of returns based models for investment portfolio
turnover

An investment portfolio is a linear combination of n algorithmic trad-
ing strategies (alphas), each of which is a vector of size N . Kakushadze
and Liew proposed to estimate portfolio turnover via covariance ma-
trix of returns and alphas turnovers. We formalize Kakushadze and
Liew model and get a condition for its correctness.

Keywords: algorithmic trading strategies, returns covariance matrix,
turnover estimations, crossing of trading operations

Àëãîðèòìè÷åñêîé òîðãîâîé ñòðàòåãèåé (ÀÒÑ) íàçûâàåòñÿ ïðî-
ãðàììà, êîòîðàÿ ê îïðåäåëåííûì ìîìåíòàì âðåìåíè âû÷èñëÿåò âåêòîð
ïîçèöèé, êîòîðûå íóæíî çàíÿòü ïî N èíñòðóìåíòàì áèðæåâîãî ðûíêà.
Èíâåñòèöèîííûé ïîðòôåëü ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé n ÀÒÑ,
äëÿ êàæäîé èç êîòîðûõ âûäåëåí îïðåäåëåííûé êàïèòàë � l1 íîðìà
âåêòîðà ïîçèöèé. Îáîðîòîì ÀÒÑ (èëè ïîðòôåëÿ) íàçûâàåòñÿ l1 íîð-
ìà ðàçíîñòè âåêòîðîâ ïîçèöèé â ïîñëåäîâàòåëüíûå ìîìåíòû âðåìåíè.
Èñïîëíåíèå ïîðòôåëÿ òàêîâî, ÷òî ïðîòèâîïîëîæíûå ïî çíàêó òîðãî-
âûå îïåðàöèè (ïîêóïêà/ïðîäàæà) îäíîãî àêòèâà ó ðàçíûõ ñòðàòåãèé
ñîêðàùàþòñÿ. Êàê ñëåäñòâèå, îáîðîò ïîðòôåëÿ îêàçûâàåòñÿ ìåíüøå,
÷åì ëèíåéíàÿ êîìáèíàöèÿ îáîðîòîâ ÀÒÑ ñ òåìè æå êîýôôèöèåíòàìè.
Äîõîäíîñòü i�é ÀÒÑ áóäåì ðàññìàòðèâàòü êàê ñëó÷àéíóþ âåëè÷èíó

Ðåçóëüòàòû ïîëó÷åíû â ðàìêàõ ðåàëèçàöèè ãîñóäàðñòâåííîé ïðîãðàììû ôåäå-
ðàëüíîé òåððèòîðèè ¾Ñèðèóñ¿ ¾Íàó÷íî-òåõíîëîãè÷åñêîå ðàçâèòèå ôåäåðàëüíîé òåð-
ðèòîðèè ¾Ñèðèóñ¿.
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αi, äëÿ êîòîðîé óæå ïîëó÷åíà âûáîðêà íà èñòîðè÷åñêèõ äàííûõ, è ïî
ïðîøåñòâèè òîðãîâîãî èíòåðâàëà ê âûáîðêå äîáàâëÿåòñÿ î÷åðåäíîå çíà-
÷åíèå.

Äàííàÿ ïîñòàíîâêà âîçìîæíà è ïðèíÿòà â êðóïíûõ õåäæ�ôîíäàõ,
çàíèìàþùèõñÿ àëãîðèòìè÷åñêîé òîðãîâëåé íà ôîíäîâîì, ñðî÷íîì è
êðèïòî ðûíêàõ. Õåäæ�ôîíä â óïðîùåííîì âèäå ñîñòîèò èç äåñÿòêîâ
ñïåöèàëèñòîâ (quantitative researchers) è íåñêîëüêèõ ïîðòôîëèî ìåíå-
äæåðîâ. Ñïåöèàëèñòû ñîçäàþò áîëüøîå êîëè÷åñòâî ÀÒÑ, ïîðòôîëèî
ìåíåäæåðû îáúåäèíÿþò èõ â ïîðòôåëè, èñïîëüçóÿ ìåòîäû îïòèìèçà-
öèè. Îïòèìèçàöèÿ ÷àñòî îñóùåñòâëÿåòñÿ ñ ó÷åòîì òðàíçàêöèîííûõ èç-
äåðæåê è âëèÿíèÿ íà ðûíîê, êîòîðûå ìîæíî ñ÷èòàòü ôóíêöèÿìè îò
îáîðîòà ïîðòôåëÿ.

Ïðåäïîëîæåíèå ìîäåëè Êàêóøàäçå è Ëüþ, [1,2]. Ñðåäíèé
îáîðîò ïîðòôåëÿ ïðèáëèæåííî âûðàæàåòñÿ ÷åðåç ñðåäíèå îáîðîòû âõî-
äÿùèõ â íåãî ÀÒÑ è ìàòðèöó êîâàðèàöèé èõ äîõîäíîñòåé.

Â äàííîé ðàáîòå ôîðìàëèçîâàíà ìîäåëü Êàêóøàäçå è Ëüþ è ïîëó-
÷åíî óñëîâèå åå êîððåêòíîñòè, âûòåêàþùåå èç òåîðåìû 1.

Ïðè n ≥ 2 íàçîâåì n�ìåðíûé ñëó÷àéíûé âåêòîð α = (α1, . . . , αn)
íà âåðîÿòíîñòíîì ïðîñòðàíñòâå (Ω,F,P) äîïóñòèìûì, åñëè äèñïåð-
ñèÿ Dαi = 1 äëÿ âñåõ i = 1, . . . , n è íåíóëåâàÿ ëèíåéíàÿ êîìáèíà-
öèÿ êîìïîíåíò âåêòîðà íå ìîæåò ðàâíÿòüñÿ êîíñòàíòå ïî÷òè íàâåðíîå.
×åðåç V (α) îáîçíà÷èì ëèíåéíîå ïðîñòðàíñòâî ëèíåéíûõ êîìáèíàöèé∑n
i=1 xiαi, xi ∈ R. Áóäåì ñ÷èòàòü, ÷òî äîõîäíîñòè ÀÒÑ îáðàçóþò äî-

ïóñòèìûé âåêòîð. Òîãäà ñîîòâåòñòâèå ìåæäó ÀÒÑ è èõ äîõîäíîñòÿìè
ïðîäîëæàåòñÿ ïî ëèíåéíîñòè äî âçàèìíî îäíîçíà÷íîãî ñîîòâåòñòâèÿ
ìåæäó ïîðòôåëÿìè è ïðîñòðàíñòâîì V (α). Ôóíêöèÿ f(v) : V → R
íà ëèíåéíîì ïðîñòðàíñòâå V íàçûâàåòñÿ àáñîëþòíî îäíîðîäíîé, åñëè
f(λv) = |λ|f(v) äëÿ âñåõ λ ∈ R è v ∈ V . Çàìåòèì, ÷òî îáîðîò ïîðò-
ôåëÿ ÿâëÿåòñÿ àáñîëþòíî îäíîðîäíîé ôóíêöèåé íà V (α). ×åðåç C è D
îáîçíà÷èì ìàòðèöó êîâàðèàöèé è äèñïåðñèþ ñîîòâåòñòâåííî.

Òåîðåìà 1. Ïóñòü α � ýòî äîïóñòèìûé ñëó÷àéíûé âåêòîð è
f : V (α) → R � ýòî àáñîëþòíî îäíîðîäíàÿ ôóíêöèÿ. Òîãäà ñóùåñòâî-
âàíèå ôóíêöèè F , äëÿ êîòîðîé

f(ξ1 + ξ2) = F (C(ξ1, ξ2), f(ξ1), f(ξ2)) äëÿ âñåõ ξ1, ξ2 ∈ V (α)

ðàâíîñèëüíî ñóùåñòâîâàíèþ êîíñòàíòû f0, òàêîé ÷òî f(ξ) =
f0
√

D(ξ) äëÿ âñåõ ξ ∈ V (α).

Óñëîâèå êîððåêòíîñòè. Ìîäåëü Êàêóøàäçå è Ëüþ êîððåêòíà,
åñëè îáîðîòû ÀÒÑ, îòíîðìèðîâàííûõ ê åäèíè÷íîé äèñïåðñèè äîõîäíî-
ñòåé, ñîâïàäàþò.

Ðàáîòà ñîâìåñòíàÿ ñ À.Â. Êóëèãîé è Í.Ä. ×àäðîìöåâûì. Ìû ïðåä-
ëîæèëè îöåíêè äëÿ îáîðîòà ïîðòôåëÿ, òî÷íûå ïðè óñëîâèè êîððåêòíî-
ñòè. À.Â. Êóëèãà ïðîâåë ÷èñëåííûå ýêñïåðèìåíòû, ñðàâíèâàþùèå êà-
÷åñòâî îöåíèâàíèÿ îáîðîòà â ðàìêàõ ïîäõîäà èç [1,2] è íàøåãî. Â ÷àñò-
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íîñòè, ïðè ïðèáëèæåííîì âûïîëíåíèè óñëîâèÿ êîððåêòíîñòè òî÷íîñòü
îöåíèâàíèÿ îáîðîòà ïîâûøàëàñü. Í.Ä. ×àäðîìöåâ ïðîâåë ÷èñëåííûå
ýêñïåðèìåíòû ïî ïðèìåíèìîñòè îöåíîê íà îáîðîòû äëÿ îïòèìèçàöèè
èíâåñòèöèîííûõ ïîðòôåëåé ñ ó÷åòîì òðàíçàêöèîííûõ èçäåðæåê. Ìíîþ
âûïîëíåíà ôîðìàëèçàöèÿ ìîäåëè Êàêóøàäçå è Ëüþ è íàéäåíî óñëîâèå,
ïðè êîòîðîì åå ïðåäïîëîæåíèå êîððåêòíî.

Ïîðòôîëèî ìåíåäæåðû ìîãóò èñïîëüçîâàòü ïðåäëîæåííûå íàìè
îöåíêè îáîðîòà äëÿ îïòèìèçàöèè ïîðòôåëåé ñ ó÷åòîì òðàíçàêöèîííûõ
èçäåðæåê è âëèÿíèÿ íà ðûíîê. À óñëîâèå êîððåêòíîñòè èñïîëüçîâàòü
äëÿ ïðîâåðêè òîãî, íàñêîëüêî òî÷íû íàøè îöåíêè (è îöåíêè Êàêóøàäçå
è Ëüþ).
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ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ ÒÅÏËÎÂÎÃÎ
ÑÎÑÒÎßÍÈß ÑËÈÒÊÀ ÏÐÈ ÐÀÇÍÎÉ ÔÎÐÌÅ ÑÒÅÍÎÊ

ÑËßÁÎÂÎÃÎ ÊÐÈÑÒÀËËÈÇÀÒÎÐÀ ÌÍËÇ
È.Ì. ß÷èêîâ, Ò.È. Øàôèêîâ

iachikovim@susu.ru, asp21sti028@susu.ac.ru

ÓÄÊ 621.746.27:047

Ðàçðàáîòàíà ìàòåìàòè÷åñêàÿ ìîäåëü òåïëîâîãî ñîñòîÿíèÿ ôîðìè-
ðóþùåãîñÿ ñòàëüíîãî ñëèòêà â êðèñòàëëèçàòîðàõ ñ ðàçíîé ôîð-
ìîé óãëîâ óçêèõ ñòåíîê â ñëÿáîâîé ìàøèíå íåïðåðûâíîãî ëèòüÿ
çàãîòîâîê (ÌÍËÇ). Ñîçäàíà êîìïüþòåðíàÿ ïðîãðàììà äëÿ ìîíè-
òîðèíãà ïðîöåññà ôîðìèðîâàíèÿ êîðî÷êè ñëèòêà è åãî óñàäêè äëÿ
âûáðàííîé ìàðêè ñòàëè è çàäàííûõ ïàðàìåòðîâ ðàçëèâêè.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü, òåïëîâîå ñîñòîÿíèå
ñëèòêà ñî ñêîøåííûìè è çàêðóãëåííûìè óãëàìè, ìåòîä ðàñùåï-
ëåíèÿ ïî êîîðäèíàòàì, ìåòîä ïðîãîíêè.
Mathematical modeling of the thermal state of ingot with
different shape of walls of slab crystallizer of CCM

mathematical model of the thermal state of a forming steel ingot in
crystallizers with different shapes of narrow wall angles in a contin-
uous slab casting machine (CCM) has been developed. A computer
program has been created to monitor the process of ingot crust for-
mation and shrinkage for a selected steel grade and specified casting
parameters.

Keywords: mathematical model, thermal state of an ingot with
beveled and rounded corners, coordinate splitting method, run
method.

Â êðèñòàëëèçàòîðå ÌÍËÇ ïðîöåññ îáðàçîâàíèÿ òâåðäîé ñòàëüíîé
êîðî÷êè ïðîèñõîäèò çà ñ÷åò îõëàæäåíèÿ ïîâåðõíîñòè ôîðìèðóåìîãî
ñëèòêà ïðè ïåðåäà÷å òåïëà îò ðàñïëàâëåííîãî ìåòàëëà ê îõëàæäàþ-
ùåé âîäå, ïðîòåêàþùåé â êàíàëàõ ìåäíûõ ñòåíêàõ êðèñòàëëèçàòîðà.
Ïðè ýòîì íà âûõîäå èç êðèñòàëëèçàòîðà ïðÿìîóãîëüíîãî ñå÷åíèÿ â óã-
ëàõ íàáëþäàåòñÿ ïåðåîõëàæäåíèå ñëèòêà è ðàçíîòîëùèííîñòü êîðî÷êè,
÷òî ñïîñîáñòâóåò è ñòèìóëèðóåò âîçíèêíîâåíèå òåðìè÷åñêèõ íàïðÿæå-
íèé è òðåùèí â ïðîöåññå íåïðåðûâíîé ðàçëèâêè, êðàòíî óâåëè÷èâàåò

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔ Ìèíîáðíàóêè Ðîññèè (� 075-
15-2022-1243).

ß÷èêîâ Èãîðü Ìèõàéëîâè÷, ä.ò.í., ïðîôåññîð êàôåäðû ÈÍèÒ, ÞÓðÃÓ (×å-
ëÿáèíñê, Ðîññèÿ); Igor Yachikov (South Ural State University (National Research
University), Chelyabinsk, Russia)

Øàôèêîâ Òèìóð Èëüäóñîâè÷, àñïèðàíò êàôåäðû ÈÍèÒ, ÞÓðÃÓ (×åëÿáèíñê,
Ðîññèÿ); Timur Sha�kov (South Ural State University (South Ural State University
(National Research University), Chelyabinsk, Russia)
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áðàê ïðè äàëüíåéøåé ëèñòîâîé ïðîêàòêå ñëèòêà, à òàêæå óâåëè÷èâà-
åò èçíîñ íèæíåé ÷àñòè ìåäíûõ ñòåíîê. Äëÿ êîìïåíñàöèè íîðìàëüíîé
ñîñòàâëÿþùåé ñèëû âîçäåéñòâèÿ íà ñòåíêó êðèñòàëëèçàòîðà è ïðèáëè-
æåíèÿ òîëùèíû êîðî÷êè â óãëàõ, ê òîëùèíå ïî ïåðèìåòðó ãîðèçîíòàëü-
íîãî ñå÷åíèÿ ñëèòêà, áûëà ìîäåðíèçèðîâàíà êîíñòðóêöèÿ óçêèõ ìåä-
íûõ ñòåíîê êðèñòàëëèçàòîðà ïóòåì äîáàâëåíèÿ òîðöåâûõ ñêîñîâ èëè
èñïîëüçîâàíèÿ òîðöåâîãî çàêðóãëåíèÿ [1].

Äëÿ ñîñòàâëåíèÿ ìàòåìàòè÷åñêîé ìîäåëè òåïëîâîãî ñîñòîÿíèÿ ñëèò-
êà â êðèñòàëëèçàòîðå ÌÍËÇ èñïîëüçîâàëàñü êâàçèðàâíîâåñíàÿ òåîðèÿ
çàòâåðäåâàíèÿ [2]. Äâèæåíèå ñëÿáà ïðîèñõîäèò ñ ïîñòîÿííîé ñêîðîñòüþ
v ïî âåðòèêàëè â ïîëîñòè êðèñòàëëèçàòîðà ñâåðõó âíèç, ïðè êîòîðîì
ïðîèñõîäèò åãî îõëàæäåíèå è çàòâåðäåâàíèå. Â ìîäåëè èñïîëüçîâàíà
äåêàðòîâàÿ ñèñòåìà êîîðäèíàò è ïðèíÿò ðÿä äîïóùåíèé è îãðàíè÷åíèé.
Ñ÷èòàëîñü, ÷òî òåïëîâîé ðåæèì êâàçèñòàöèîíàðíûé, òî åñòü òåìïåðà-
òóðà â êàæäîé òî÷êå ñëèòêà íå ìåíÿåòñÿ, èñïîëüçîâàëîñü ñòàöèîíàð-
íîå óðàâíåíèå ýíåðãèè, ó÷èòûâàþùåå ôàçîâûé ïåðåõîä. Ðàññìàòðèâàÿ
ñèñòåìó êîîðäèíàò, ñâÿçàííóþ ñ ïðîèçâîëüíûì äâèæóùèìñÿ îáúåìîì
ìåòàëëà, ó÷èòûâàÿ ñîîòíîøåíèå è èñïîëüçóÿ ïîäñòàíîâêó , óðàâíåíèå
ñòàíîâèòñÿ íåñòàöèîíàðíûì è åãî ìîæíî çàïèñàòü êàê

c · ρ · ν ∂T
∂z

− ρ · L∂ψ
∂τ

=
∂

∂x
(λ
∂T

∂x
) +

∂

∂y
(λ
∂T

∂y
) +

∂

∂z
(λ
∂T

∂z
). (1)

ãäå ψ � äîëÿ òâåðäîé ôàçû (ψ|T=TS
= 1, ψ|T=TL

= 0); TL, TS � òåì-
ïåðàòóðû ëèêâèäóñà è ñîëèäóñà ñòàëè ñîîòâåòñòâåííî; L � òåïëîòà
ïëàâëåíèÿ; òåïëîôèçè÷åñêèå ñâîéñòâà ñòàëè ïðåäñòàâëÿåòñÿ êóñî÷íî-
íåïðåðûâíûìè ôóíêöèÿìè òåïëîåìêîñòè c(T ), êîýôôèöèåíòà òåïëî-
ïðîâîäíîñòè λ(T ) è ïëîòíîñòè ρ(T ). Äëÿ ðåøåíèÿ óðàâíåíèÿ (1) áû-
ëè ñôîðìóëèðîâàíû êðàåâûå óñëîâèÿ. Íà÷àëüíàÿ òåìïåðàòóðà ñëèòêà
âî âñåõ òî÷êàõ ðàñ÷åòíîé îáëàñòè ñîîòâåòñòâóåò òåìïåðàòóðå ìåòàëëà
â ïðîìêîâøå. Â ñâÿçè ñ ñèììåòðè÷íîñòüþ ôîðìû ñëèòêà ñ ïðÿìûìè,
ñêîøåííûìè èëè çàêðóãëåííûìè óãëàìè â êà÷åñòâå ðàáî÷åé îáëàñòè
ðàñ÷åòà ðàññìàòðèâàëàñü åãî ÷åòâåðòü, è çàäàâàëèñü ãðàíè÷íûå óñëî-
âèÿ 2 ðîäà. Ïëîòíîñòü òåïëîâîãî ïîòîêà íàïðàâëåííîãî ïî íîðìàëè îò
êðèñòàëëèçóþùåãîñÿ ìåòàëëà q(z, ν) ê ðàáî÷åé ïîâåðõíîñòè êðèñòàë-
ëèçàòîðà çàäàâàëàñü ñ èñïîëüçîâàíèåì ýìïèðè÷åñêîé çàâèñèìîñòè.

Äëÿ ðåøåíèÿ (1) èñïîëüçîâàëñÿ ìåòîä ðàñùåïëåíèÿ ïî êîîðäèíà-
òàì. Óðàâíåíèÿ ïî îñÿì x è y áûëè ïðèâåäåíû ê âèäó òðåõäèàãîíàëü-
íîé ìàòðèöû. Êàæäàÿ èç ïîëó÷åííûõ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé ðåøàëàñü ìåòîäîì ïðîãîíêè. Ïîëó÷åííàÿ ðàñ÷åòíàÿ ñõåìà
ëîêàëüíî-îäíîìåðíàÿ è áåçóñëîâíî óñòîé÷èâàÿ.

Íà îñíîâå ñîçäàííîé ìàòåìàòè÷åñêîé ìîäåëè è ïðåäëîæåííîãî àë-
ãîðèòìîâ ðåøåíèÿ êðàåâîé çàäà÷è è ëèíåéíîé óñàäêè ñëèòêà ñîçäà-
íà êîìïüþòåðíàÿ ïðîãðàììà [3]. Óñòàíîâëåíà àäåêâàòíîñòü ñîçäàííîé
êîìïüþòåðíîé ìîäåëè áûëà íà îñíîâå ñîïîñòàâëåíèÿ ñ ïðîìûøëåííû-
ìè äàííûìè.
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