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Óôèìñêèé óíèâåðñèòåò íàóêè è òåõíîëîãèé ñîâìåñòíî ñ Èíñòèòó-
òîì ìàòåìàòèêè ñ ÂÖ ÓÔÈÖ ÐÀÍ åæåãîäíî, íà÷èíàÿ ñ 2012 ã., ïðîâî-
äèò ìåæäóíàðîäíûå íàó÷íûå êîíôåðåíöèè, îñíîâíûå òåìàòèêè êîòî-
ðûõ ñâÿçàíû ñî ñïåêòðàëüíîé òåîðèåé, ñ íåëèíåéíûì è êîìïëåêñíûì
àíàëèçîì, äèôôåðåíöèàëüíûìè óðàâíåíèÿìè è ìàòåìàòè÷åñêèì ìîäå-
ëèðîâàíèåì. Âûáîð òàêèõ íàïðàâëåíèé îïðåäåëÿëñÿ êàê àêòèâíîé ðà-
áîòîé â óêàçàííûõ îáëàñòÿõ ìíîãèõ ìàòåìàòèêîâ èç Áàøêîðòîñòàíà,
âçàèìîïðîíèêíîâåíèåì èäåé è ìåòîäîâ ñïåêòðàëüíîé òåîðèè, íåëèíåé-
íîãî è êîìïëåêñíîãî àíàëèçà ïðè ðåøåíèè ìíîãèõ àêòóàëüíûõ çàäà÷
â óêàçàííûõ îáëàñòÿõ, òàê è ñîòðóäíè÷åñòâîì ñ êîëëåãàìè èç ìíîãèõ
íàó÷íûõ öåíòðîâ Ðîññèè è çàðóáåæüÿ.

Â ïîñëåäíèå ãîäû îñîáåííî àêòèâíûì ñòàëî ñîòðóäíè÷åñòâî â óêà-
çàííûõ îáëàñòÿõ ìàòåìàòèêè ñ ó÷åíûìè èç ðÿäà íàó÷íûõ è îáðàçî-
âàòåëüíûõ îðãàíèçàöèé Óçáåêèñòàíà, Êàçàõñòàíà è Òàäæèêèñòàíà. Ñî
ìíîãèìè îðãàíèçàöèÿìè çàêëþ÷åíû ñîîòâåòñòâóþùèå Äîãîâîðà î íà-
ó÷íîì ñîòðóäíè÷åñòâå.

Íà÷èíàÿ ñ 2019 ã. êîíôåðåíöèÿ ïðèîáðåëà íîâûé ñòàòóñ, ïðåîáðàçî-
âàâøèñü â "Óôèìñêóþ îñåííþþ ìàòåìàòè÷åñêóþ øêîëó". Òåïåðü, íà-
ðÿäó ñ îáñóæäåíèåì íîâåéøèõ íàó÷íûõ ðåçóëüòàòîâ è îòêðûòûõ ïðî-
áëåì, âàæíîå ìåñòî â ðàáîòå êîíôåðåíöèè çàíèìàþò îáçîðíûå ëåêöèè
âåäóùèõ ó÷åíûõ äëÿ àñïèðàíòîâ è ìîëîäûõ ó÷åíûõ.

Íàó÷íàÿ ïðîãðàììà êîíôåðåíöèè ÓÎÌØ-24 îõâàòûâàåò ñëåäóþ-
ùèå íàïðàâëåíèÿ:

� ñïåêòðàëüíàÿ òåîðèÿ îïåðàòîðîâ;

� êîìïëåêñíûé è ôóíêöèîíàëüíûé àíàëèç;

� íåëèíåéíûå óðàâíåíèÿ;

� äèôôåðåíöèàëüíûå óðàâíåíèÿ è èõ ïðèëîæåíèÿ;

� ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå.
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On the Negative order modified Korteweg-de Vries-
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In this work, we consider a mixed problem for the negative order
modi�ed Kortewegde Vries-Liouville (nmKdV-L) equation of the form{

b(t)
(
uxt − e2u

)
− a(t) (uxxxt − (2uxµxt)x) = 0,

µxx = u2
x,

(1)

under conditions
u(x, t)|t=0 = u0(x), u0(x+ π) = u0(x) ∈ C5(R),
u(x, t)|x=0 = α(t), µx(x, t)|x=0 = β(t),

[uxt(x, t)− µxt(x, t)]|x=0 = ζ(t)

(2)

in the class of real in�nite-gap π periodic functions with respect to x
satisfying the following smoothness conditions

u(x, t) ∈ C4,1
x,t (t > 0) ∩ C(t ≥ 0), µ(x, t) ∈ C2,1

x,t (t > 0) ∩ C(t ≥ 0). (3)

Here a(t), b(t) ∈ C[0;∞) and α(t), β(t), ζ(t) ∈ C1(t > 0) ∩ C(t ≥ 0)
are given continuous di�erentiable bounded functions.

Note that if in equations (1) the coe�cients a(t) = 0, b(t) = 1, then
equation (1) takes the form of the Liouville equation, popular in the
literature (see [6] and [51], p. 14). Also, for the case a(t) = 1, b(t) = 0,
we obtain the negative order modi�ed Korteweg-de Vries equation
(nmKdV) (see [7]). For simplicity, we study equation (1), in the case
of b(t) = 1.

In this paper, we propose an algorithm for constructing periodic
in�nite-gap solutions u(x, t), µx(x, t), x ∈ R, t > 0 of the mixed
problem (1)�(3) by reducing it to the inverse spectral problem for
a self-adjoint periodic Dirac operator of the form:

L(τ, t)y ≡ B
dy

dx
+Ω(x+ τ, t)y = λy, x ∈ R, τ ∈ R, t > 0,

where

B =

(
0 1
−1 0

)
, Ω(x, t) =

(
P (x, t) Q(x, t)
Q(x, t) −P (x, t)

)
, y =

(
y1(x)
y2(x)

)
,

P (x, t) = 0, Q(x, t) = u′
x(x, t).

Theorem 1. Let u(x, t), µx(x, t), x ∈ R, t > 0 be the solution
to the mixed problem (1)�(3). Then the boundaries of the spectrum
λn(τ, t), n ∈ Z\{0} of the operator L(τ, t) do not depend on τ
and t i.e. λn(τ, t) = λn, n ∈ Z\{0}, and the spectral parameters
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ξn(τ, t), σn(τ, t) = ±1, n ∈ Z\{0} satisfy the Dubrovin system of
di�erential equations,

∂ξn(τ, t)

∂t
= 2(−1)nσn(τ, t)hn(ξ(τ, t))gn(ξ(τ, t)), n ∈ Z\{0}. (4)

In addition, the following initial conditions are satis�ed

ξn(τ, t)|t=0 = ξ0n(τ), σn(τ, t)|t=0 = σ0
n(τ), n ∈ Z\{0}, (5)

where ξ0n(τ), σ
0
n(τ) = ±1, n ∈ Z\{0} are the spectral parameters of

the Dirac operator L(τ, 0). Sequences hn(ξ) and gn(ξ), n ∈ Z\{0} in
equation (4) are determined by the following formulas:

hn(ξ) =
√
(ξn(τ, t)− λ2n−1) (λ2n − ξn(τ, t)) · fn(ξ),

fn(ξ) =

√√√√√ ∞∏
k=−∞
k ̸=n

(λ2k−1 − ξn(τ, t)) (λ2k − ξn(τ, t))

(ξk(τ, t)− ξn(τ, t))
2 ,

gn(ξ) =
1

1 + 4a(t)ξ2n(τ, t)

[
1

ξn(τ, t)
e2u + 2a(t)ξn(τ, t) (uτt + µτt)

]
,

where

ξ ≡ ξ(τ, t) = (. . . , ξ−1(τ, t), ξ1(τ, t), . . .) , σ ≡ σ(τ, t) = (. . . , σ−1(τ, t), σ1(τ, t), . . .) .

The following formulas hold:

u(τ, t) = α(t) +

∫ τ

0

{ ∞∑
k=−∞

(−1)k−1σk(s, t)hk(ξ(s, t))

}
ds, (6)

µτ (τ, t) = β(t) +

∫ τ

0

u2
τ (s, t)ds. (7)

Remark.We have an algorithm for �nding a solution of the mixed
problem (1)�(3):

1. First, �nd the spectral data λn, ξ
0
n(τ), σ

0
n(τ) = ±1, n ∈ Z\{0},

of the Dirac operator L(τ, 0). Let us denote the spectral data, of the
operator L(τ, t) by λn, ξn(τ, t), σn(τ, t) = ±1, n ∈ Z\{0};

2. Next, having solved the Cauchy problem (4), (5) for an arbitrary
value of τ , we �nd ξn(τ, t), σn(τ, t), n ∈ Z\{0};

3. Determine the functions u(τ, t), µτ (τ, t), x ∈ R, t > 0 from
formulas (6)�(7) i.e. solution of the mixed problem (1)�(3).
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Theorem 2. If a periodic in�nite-gap function u0(x) satis�es the
condition

u0(x+ π) = u0(x) ∈ C5(R),

and α(t), β(t), γ(t) ∈ C1(t > 0) ∩ C(t ≥ 0) are bounded functions,
then there is a uniquely determined global solution u(x, t), µx(x, t), x ∈
R, t > 0, of the mixed problem (1)�(3), which is determined by
formulas (6) and (7), respectively, and belongs to the smoothness class
(3).
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ÔÎÐÌÓËÀ ÄËß ÑÓÌÌÛ ÎÄÍÎÃÎ ÓÑËÎÂÍÎ
ÑÕÎÄßÙÅÃÎÑß ÐßÄÀ

Á.Ä. Áàðìàê
barmakbella@mail.ru

ÓÄÊ 517.521

Â ðàáîòå êëàññè÷åñêèìè ìåòîäàìè ìàòåìàòè÷åñêîãî àíàëèçà íàé-
äåíà ôîðìóëà äëÿ ñóììû îäíîãî óñëîâíî ñõîäÿùåãîñÿ ðÿäà â òåð-
ìèíàõ ýëåìåíòàðíûõ ôóíêöèé, è îáñóæäàåòñÿ âîçìîæíîñòü îáîá-
ùåíèÿ ïîëó÷åííûõ ðåçóëüòàòîâ.
Êëþ÷åâûå ñëîâà: óñëîâíî ñõîäÿùèéñÿ ðÿä, ñóììà ðÿäà, ýëåìåíòàð-
íûå è ñïåöèàëüíûå ôóíêöèè.
Formula for the sum of one conditionally convergent series

In this work, using classical methods of mathematical analysis, a for-
mula is found for the sum of one conditionally convergent series in
terms of elementary functions and the possibility of generalizing the
results obtained is discussed.

Keywords: conditionally convergent series, sum of series, elementary
and special functions.

Ðàññìîòðèì ãàðìîíè÷åñêèé ðÿä

1 +
1

2
+

1

3
+ . . . (1)

Ïóñòü p ∈ N. Çíàêè ïåðåä ÷ëåíàìè ðÿäà (1) èçìåíèì òàê, ÷òîáû
çà ïåðâûìè p ïîëîæèòåëüíûìè ÷ëåíàìè ñëåäîâàëî áû ñòîëüêî æå îò-
ðèöàòåëüíûõ ÷ëåíîâ, çàòåì ñíîâà p ïîëîæèòåëüíûõ ÷ëåíîâ è ò.ä. Â
ðåçóëüòàòå ïîëó÷èì óñëîâíî ñõîäÿùèéñÿ ðÿä

Sp := 1+
1

2
+

1

3
+ . . .+

1

p
− 1

p+ 1
− 1

p+ 2
− . . .− 1

2p
+

1

2p+ 1
+ . . .+

1

3p
− . . . . (2)

Çàäà÷à îòûñêàíèÿ ôîðìóë äëÿ ñóìì ñõîäÿùèõñÿ ðÿäîâ, â ÷àñòíî-
ñòè, ðÿäîâ âèäà (2), ÿâëÿåòñÿ êëàññè÷åñêîé çàäà÷åé àíàëèçà è ïðèâëå-
êàåò âíèìàíèå ìàòåìàòèêîâ óæå íà ïðîòÿæåíèè ìíîãèõ âåêîâ. Òàê,
íàïðèìåð, "ôîðìóëà Ëåéáíèöà"

1− 1

3
+

1

5
− 1

7
+ . . . =

π

4

áûëà èçâåñòíà åù¼ Ìàäõàâå â XIV âåêå. Èçâåñòíà òàêæå ôîðìóëà Íüþ-
òîíà:

1 +
1

3
− 1

5
− 1

7
+

1

9
+

1

11
− 1

13
− 1

15
+ . . . =

π

2
√
2
. (3)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 24-21-00128).
Áàðìàê Áåëëà Äàâèäîâíà, àñïèðàíò, ÌÃÓ (Ìîñêâà, Ðîññèÿ); Bella Barmak

(Moscow State University, Moscow, Russia)
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Â êíèãå [1, ñ. 148-149, ï.179-180] ïðèâîäèòñÿ íåñêîëüêî ôîðìóë äëÿ
ñóìì óñëîâíî ñõîäÿùèõñÿ ðÿäîâ. Íåêîòîðûå èç íèõ ñîäåðæàòñÿ òàêæå
â [2, óïð. 52, ñòð. 71].

Îäíàêî ìåòîäû íàõîæäåíèÿ ñóìì ðÿäîâ òàêîãî âèäà íåäîñòàòî÷-
íî õîðîøî ðàçâèòû, à ïîèñê íîâûõ ôîðìóë, íåñîìíåííî, ïðåäñòàâëÿåò
èíòåðåñ.

Â ðàáîòå êëàññè÷åñêèìè ìåòîäàìè àíàëèçà íàéäåíà ôîðìóëà äëÿ
ñóììû Sp ðÿäà (2) â òåðìèíàõ ýëåìåíòàðíûõ ôóíêöèé. À èìåííî, óñòà-
íîâëåíà ñïðàâåäëèâîñòü ñëåäóþùåé òåîðåìû.

Òåîðåìà 1. Äëÿ ëþáîãî íàòóðàëüíîãî p ñóììó Sp ðÿäà (2) ìîæíî
âû÷èñëèòü ïî ôîðìóëå

Sp =
ln 2

p
+
π

p

[(p−2)/2]∑
j=0

(
1− 1 + 2j

p

)
ctg

(
π + 2πj

2p

)
, (3)

ãäå [x] - öåëàÿ ÷àñòü x, à ñóììà ïî ïóñòîìó ìíîæåñòâó ðàâíà 0.
Â ÷àñòíîñòè, ïîëàãàÿ p = 1, 2, 3 è 4 â ðàâåíñòâå (3), ïîëó÷èì

S1 = ln 2, S2 =
ln 2

2
+
π

4
, S3 =

ln 2

3
+

2π

3
√
3
, S4 =

ln 2

4
+

(2
√
2 + 1)π

8
.

Ñëåäñòâèå 1. Äëÿ êàæäîãî íàòóðàëüíîãî p cóììû Sp ÿâëÿþòñÿ
ëèíåéíûìè êîìáèíàöèÿìè òðàíñöåíäåíòíûõ ÷èñåë ln 2 è π ñ àëãåáðà-
è÷åñêèìè êîýôôèöèåíòàìè.

Ñëåäñòâèå 2. Ïóñòü p ∈ N. Òîãäà ðÿä

p ·
+∞∑
n=0

p∑
m=1

1

(2pn+m)(p(2n+ 1) +m)

ñõîäèòñÿ è åãî ñóììà âû÷èñëÿåòñÿ ïî ôîðìóëå (3).
Ìåòîäû íàñòîÿùåé ðàáîòû ïîçâîëÿþò íàéòè ñóììû ðÿäîâ, ÿâëÿþ-

ùèõñÿ îáîáùåíèåì ðÿäà (2).
Èíòåðåñíî îòìåòèòü, ÷òî åñëè òàê æå, êàê è â ðÿäå (1), èçìåíèòü

çíàêè â ñóììå - ðÿäå äëÿ äçåòà-ôóíêöèè Ðèìàíà ζ(s) ïðè íàòóðàëüíûõ
çíà÷åíèé s > 1 è ïðèìåíèòü ìåòîäû íàñòîÿùåé ðàáîòû, òî äëÿ ïî-
ëó÷åííîé ñóììû ôîðìóëû, ïîäîáíûå ôîðìóëå (3) áóäóò ñîäåðæàòü íå
òîëüêî ýëåìåíòàðíûå ôóíêöèè, íî è íåêîòîðûå ñïåöèàëüíûå ôóíêöèè.

Ëèòåðàòóðà

1. Ýéëåð Ë., Ââåäåíèå â àíàëèç áåñêîíå÷íî ìàëûõ. Òîì 1. � èçäàíèå
âòîðîå, ãîñóäàðñòâåííîå èçäàòåëüñòâî ôèçèêî-ìàòåìàòè÷åñêîé ëèòåðà-
òóðû, Ìîñêâà, 1961.

2. Àñêè Ð., Ðîé Ð., Ýíäðþñ Äæ., Ñïåöèàëüíûå ôóíêöèè. � Ìîñêâà:
ÌÖÍÌÎ, 2013.
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ÎÁ ÝÊÇÎÒÈ×ÅÑÊÈÕ ÑÎÁÑÒÂÅÍÍÛÕ ÇÍÀ×ÅÍÈßÕ
ÃÐÀÔÎÂ Ñ ÌÀËÛÌÈ ÐÅÁÐÀÌÈ

Ä.È. Áîðèñîâ
borisovdi@yandex.ru

ÓÄÊ 517.518

Äëÿ îïåðàòîðà Ëàïëàñà íà ãðàôå îáùåãî âèäà ñ ìàëûìè ðåáðàìè
ñ êðàåâûìè óñëîâèÿìè îáùåãî âèäà íàéäåíû è îïèñàíû ýêçîòè÷å-
ñêèå ñîáñòâåííûå çíà÷åíèÿ.

Êëþ÷åâûå ñëîâà: êâàíòîâûé ãðàô, ìàëîå ðåáðî, ñîáñòâåííîå çíà-
÷åíèå.

Ðàññìàòðèâàåòñÿ îïåðàòîð Ëàïëàñà íà ãðàôå îáùåãî âèäà ñ ìàëû-
ìè ðåáðàìè ñ êðàåâûìè óñëîâèÿìè îáùåãî âèäà. Èçâåñòíî, ÷òî ðåçîëü-
âåíòà òàêîãî îïåðàòîðà ñõîäèòñÿ ê ðåçîëüâåíòå ïðåäåëüíîãî îïåðàòî-
ðà íà ãðàôå áåç ìàëûõ ðåáåð, à âåðøèíàõ, ê êîòîðûì ïðèêðåïëÿþò-
ñÿ ìàëûå ðåáðà, ñëåäóåò ïîñòàâèòü ïîäõîäÿùèå ïðåäåëüíûå êðàåâûå
óñëîâèÿ. Êðîìå òîãî, ðåçîëüâåíòà èñõîäíîãî îïåðàòîðà â ïîäõîäÿùåì
ñìûñëå ãîëîìîðôíà ïî ìàëîìó ïàðàìåòðó, îïèñûâàþùåìó äëèíû ìà-
ëûõ ðåáåð. Îñíîâíîé ðåçóëüòàò íàøåé ðàáîòû ñîñòîèò â îáíàðóæåíèè
ýêçîòè÷åñêèõ ñîáñòâåííûõ çíà÷åíèé èñõîäíîãî îïåðàòîðà. Òàêèå îïåðà-
òîðû ñóùåñòâóþò â îïðåäåëåííûõ ñèòóàöèÿõ è èõ îñíîâíàÿ îñîáåííîñòü
ñîñòîèò â òîì, ÷òî îíè ñòðåìÿòñÿ ê ìèíóñ áåñêîíå÷íîñòè, êîãäà ìàëûé
ïàðàìåòð ñòðåìèòñÿ ê íóëþ. Áîëåå òîãî, èõ àñèìïòîòè÷åñêîå ðàçëîæå-
íèå ñîäåðæèò äðîáíûå ñòåïåíè ìàëîãî ïàðàìåòðà, ÷òî ðåçêî êîíòðà-
ñòèðóåò ñ óïîìÿíóòîé ãîëîìîðôíîñòüþ ðåçîëüâåíòû. Íàìè äåòàëüíî
èññëåäîâàíû âîïðîñó ñóùåñòâîâàíèÿ è ïîâåäåíèÿ òàêèõ ýêçîòè÷åñêèõ
ñîáñòâåííûõ çíà÷åíèé.

Ðàáîòà âûïîëíåíà ñîâìåñòíî ñ Ã. Áåðêîëàéêî è Ì. Êèíãîì (G.
Berkolaiko, M. King).

Èññëåäîâàíèå Ä.È. Áîðèñîâà âûïîëíåíî çà ñ÷åò Ðîññèéñêîãî íàó÷íîãî ôîíäà
(ãðàíò 23-11-00009, https://rscf.ru/project/23-11-00009/).

Áîðèñîâ Äåíèñ Èâàíîâè÷, ä.ô.-ì.í., ïðîôåññîð ÐÀÍ, ÈÌÂÖ ÓÔÈÖ ÐÀÍ (Óôà,
Ðîññèÿ); Denis Borisov(Institute of Mathematics. Ufa Federal Research Center, Ufa,
Russia)
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ÑÏÅÊÒÐÀËÜÍÛÉ ÀÍÀËÈÇ ÌÍÎÃÎÒÎ×Å×ÍÛÕ
ÊÐÀÅÂÛÕ ÇÀÄÀ× ÄËß ÎÏÅÐÀÒÎÐÀ ÄÂÓÕÊÐÀÒÍÎÃÎ
ÄÈÔÔÅÐÅÍÖÈÐÎÂÀÍÈß È ÇÀÄÀ×À ÃÐÀÍÈ×ÍÎÃÎ

ÓÏÐÀÂËÅÍÈß ÄËß ÓÐÀÂÍÅÍÈß ÃÓÐÒÈÍÀ-ÏÈÏÊÈÍÀ
Á.Í. Äàóëåòáàé

BekarysDauletbay98@gmail.com

ÓÄÊ 517.518

Äîêëàä ïîñâÿùåí êðàåâûì çàäà÷àì ãðàíè÷íîãî óïðàâëåíèÿ äëÿ
íåëîêàëüíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ êîíå÷íîé ñêîðîñòüþ
ðàñïðîñòðàíåíèÿ. Óðàâíåíèÿ òàêîãî òèïà áóäåì íàçûâàòü óðàâíå-
íèÿìè Ãóðòèíà-Ïèïêèíà. Äëÿ ðåøåíèÿ çàäà÷è ïðèìåíÿåòñÿ ñïåê-
òðàëüíûé àíàëèç ìíîãîòî÷å÷íûõ êðàåâûõ çàäà÷ äâóõêðàòíîãî
äèôôåðåíöèðîâàíèÿ

Êëþ÷åâûå ñëîâà: ñïåêòðàëüíûé àíàëèç, êðàåâàÿ çàäà÷à, îïåðàòî-
ðû, ãðàíè÷íîå óïðàâëåíèå

Ðàñïðîñòðàíåíèå òåìïåðàòóðû âäîëü ñòåðæíÿ îïèñûâàåòñÿ óðàâíå-
íèåì Ãóðòèíà-Ïèïêèíà. Èçâåñòíî, ÷òî òåìïåðàòóðà ïîä÷èíÿåòñÿ çàêî-
íó Ãóðòèíà-Ïèïêèíà. Óðàâíåíèå èìååò êîíå÷íóþ ñêîðîñòü ðàñïðîñòðà-
íåíèÿ âîçìóùåíèé. Â äîêëàäå ðàññìàòðèâàåòñÿ âîçìîæíîñòü íàãðåâà
ñòåðæíÿ îò èñõîäíîãî ñîñòîÿíèÿ äî íåîáõîäèìîãî ñîñòîÿíèÿ â ôèêñè-
ðîâàííîå âðåìÿ.

Â êà÷åñòâå ýëåìåíòà óïðàâëåíèÿ âûáðàíà ñðåäíÿÿ òåìïåðàòóðà â
íåêîòîðûõ ôèêñèðîâàííûõ òî÷êàõ. Åñëè ïåðèîä âðåìåíè ìàë ïî ñðàâ-
íåíèþ ñ ãåîìåòðè÷åñêèì ðàçìåðîì ñòåðæíÿ, òî íåêîòîðûå êîíå÷íûå
ðåæèìû íåäîñòèæèìû.

Êîãäà åñòü äîñòàòî÷íî âðåìåíè, ñóùåñòâóåò óíèêàëüíûé ñðåäíèé
ãðàíè÷íûé êîíòðîëü. Îí ïåðåõîäèò èç ïðîèçâîëüíîãî íà÷àëüíîãî ñî-
ñòîÿíèÿ ñòåðæíÿ äî òðåáóåìîãî êîíå÷íîãî ñîñòîÿíèÿ. Åñëè åñòü äîñòà-
òî÷íî âðåìåíè, òî ñóùåñòâóþò çàäàííûå ñðåäíèå ãðàíè÷íûå çíà÷åíèÿ,
ïåðåäàþùèå íà÷àëüíîå ñîñòîÿíèå äî íåîáõîäèìîãî êîíå÷íîãî ñîñòîÿ-
íèÿ.

Ëèòåðàòóðà

1. V.A. Il'in Boundary Control of Oscillations at One Endpoint with
the Other Endpoint Fixed in Terms of a Finite-Energy Generalized Solution
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2. V.A. Il'in Boundary control of a string oscillating at one end, with
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ÀÑÈÌÏÒÎÒÈÊÈ ÑÎÁÑÒÂÅÍÍÛÕ ÔÓÍÊÖÈÉ
ÎÏÅÐÀÒÎÐÀ ÁÅËÜÒÐÀÌÈ-ËÀÏËÀÑÀ Ñ

ÂÛÐÎÆÄÅÍÈÅÌ ÌÅÒÐÈÊÈ ÍÀ ÃÐÀÍÈÖÅ È
ÍÅËÈÍÅÉÍÛÅ ÁÅÐÅÃÎÂÛÅ ÂÎËÍÛ

Ñ.Þ. Äîáðîõîòîâ
s.dobrokhotov@gmail.com

ÓÄÊ 517.518

Äîêëàä ïîñâÿùåí àñèìïòîòè÷åñêèì ðåøåíèÿì íåëèíåéíîé ñèñòå-
ìû óðàâíåíèé ìåëêîé âîäû â áàññåéíàõ ñ ïîëîãèìè áåðåãàìè, îïè-
ñûâàþùèì íåëèíåéíûå áåðåãîâûå âîëíû, òî åñòü àñèìïòîòè÷åñêèå
ðåøåíèÿ ëîêàëèçîâàííûå â îêðåñòíîñòè áåðåãîâîé ëèíèè.

Êëþ÷åâûå ñëîâà: ìàòåìàòèêà, äèôôåðåíöèàëüíûå óðàâíåíèÿ,
ñïåêòðàëüíàÿ òåîðèÿ, âîëíû íà âîäå
Asymptotics of eigenfunctions of the Beltrami-Laplace oper-
ator with metric degeneracy at the boundary and nonlinear
coastle waves

We construct asymptotic solutions of a nonlinear system of shallow wa-
ter equations in basins with gentle shores, describing nonlinear coastal
waves, that is, asymptotic solutions localized in the vicinity of the
coastline.

Keywords: mathematics, differential equations, spectral theory, water
waves.

Ìû ñòðîèì àñèìïòîòè÷åñêèå ðåøåíèÿ íåëèíåéíîé ñèñòåìû óðàâíåíèé
ìåëêîé âîäû â áàññåéíàõ ñ ïîëîãèìè áåðåãàìè, îïèñûâàþùèå íåëèíåé-
íûå áåðåãîâûå âîëíû, òî åñòü àñèìïòîòè÷åñêèå ðåøåíèÿ ëîêàëèçîâàí-
íûå â îêðåñòíîñòè áåðåãîâîé ëèíèè. Ïîñòðîåíèå ñîñòîèò èç äâóõ ýòàïîâ.
Ñíà÷àëà ñòðîÿòñÿ àñèìïòîòè÷åñêèå ñîáñòâåííûå ôóíêöèè ëèíåéíîãî
äâóìåðíîãî îïåðàòîðà òèïà Áåëüòðàìè-Ëàïëàñà ñ âûðîæäàþùåéñÿ íà
ãðàíèöå îáëàñòè (áåðåãîâîé ëèíèè) ìåòðèêîé è çàòåì ñ ïîìîùüþ íåëè-
íåéíîãî ïðåîáðàçîâàíèÿ òèïà Êàððèåðà- Ãðèíñïàíà ïî íèì ñòðîÿòñÿ â
ïàðàìåòðè÷åñêîì âèäå ðåøåíèÿ íåëèíåéíîé ñèñòåìû. Ïîëó÷àåìûå ðå-
øåíèÿ â íåêîòîðîì ñìûñëå íàïîìèíàþò èçâåñòíûå â àêóñòèêè âîëíû
øåï÷óùåé ãàëåðåè, íî äëÿ èõ ñóùåñòâîâàíèÿ íå òðåáóåòñÿ âûïóêëîñòè
îáëàñòè è îíè ñóùåñòâåííî íåëèíåéíûå. Ìû îáñóæäàåì òàêæå ñâÿçü
ïîëó÷åííûõ àñèìïòîòè÷åñêèõ ðåøåíèé ñ òåîðèåé áèëüÿðäîâ ñ �ïîëó-
æåñòêèìè ñòåíêàìè�.

Äîêëàä îñíîâàí íà ñîâìåñòíûõ ðàáîòàõ ñ Ì.Ì.Âîòÿêîâîé,
Ä.Ñ.Ìèíåíêîâûì, Â.Å.Íàçàéêèíñêèì è À.Â.Öâåòêîâîé.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 24-11-00213).
Äîáðîõîòîâ Ñåðãåé Þðüåâè÷, ä.ô.-ì.í., ïðîôåññîð, ÈÏÌåõ ÐÀÍ (Ìîñêâà, Ðîñ-

ñèÿ); Sergey Dobrokhotov (Ishlinsky Institute for Problems in Mechanics RAS, Moscow,
Russia)
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ÎÁ η-ÈÍÂÀÐÈÀÍÒÀÕ ÝËËÈÏÒÈ×ÅÑÊÈÕ ÊÐÀÅÂÛÕ
ÇÀÄÀ×

Ê.Í. Æóéêîâ, À.Þ. Ñàâèí,
zhuykovcon@gmail.com, a.yu.savin@gmail.com

ÓÄÊ 517.95

Äëÿ êëàññà êðàåâûõ çàäà÷ ñ ïàðàìåòðîì, ýëëèïòè÷åñêèõ â ñìûñëå
Àãðàíîâè÷à�Âèøèêà, óñòàíîâëåíî ðàâåíñòâî η-èíâàðèàíòà, îïðå-
äåëÿåìîãî â òåðìèíàõ ðåãóëÿðèçàöèè Ìåëüðîóçà, è ñïåêòðàëüíîãî
η-èíâàðèàíòà òèïà Àòüè�Ïàòîäè�Çèíãåðà, îïðåäåëÿåìîãî ïðè ïî-
ìîùè àíàëèòè÷åñêîãî ïðîäîëæåíèÿ ñïåêòðàëüíîé η-ôóíêöèè îïå-
ðàòîðà.
Êëþ÷åâûå ñëîâà: ýëëèïòè÷åñêàÿ êðàåâàÿ çàäà÷à, η-èíâàðèàíò, ðå-
ãóëÿðèçîâàííûé ñëåä.
On the η-invariants of elliptic boundary value problems

For a class of boundary value problems with a parameter elliptic in the
sense of Agranovich and Vishik the equality of the η-invariant, defined
in terms of Melrose regularization, and the spectral η-invariant of the
Atiyah–Patodi–Singer type, defined using the analytic continuation of
the spectral η-function of the operator, is established.

Keywords: elliptic boundary value problem, η-invariant, regularized
trace.

Àòüÿ, Ïàòîäè è Çèíãåð îïðåäåëèëè η-èíâàðèàíò ýëëèïòè÷åñêîãî ñà-
ìîñîïðÿæåííîãî ïñåâäîäèôôåðåíöèàëüíîãî îïåðàòîðà A ïîëîæèòåëü-
íîãî ïîðÿäêà íà ãëàäêîì çàìêíóòîì ìíîãîîáðàçèè êàê ñïåêòðàëüíûé
èíâàðèàíò ôîðìóëîé

ηAPS(A) =
1

2

(∑
j

(sgnλj)|λj |−s
)∣∣∣
s=0

,

ãäå {λj} � íàáîð âñåõ ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà A ñ ó÷åòîì
èõ êðàòíîñòåé, ðÿä ñõîäèòñÿ àáñîëþòíî ïðè äîñòàòî÷íî áîëüøèõ Re s
è îïðåäåëÿåò ãîëîìîðôíóþ ôóíêöèþ, êîòîðàÿ äîïóñêàåò ìåðîìîðô-
íîå ïðîäîëæåíèå íà êîìïëåêñíóþ ïëîñêîñòü, ïðè÷åì ôóíêöèÿ ÿâëÿåò-
ñÿ ãîëîìîðôíîé ïðè s = 0 è ïîýòîìó îïðåäåëåíî åå çíà÷åíèå â íóëå.
η-èíâàðèàíòû Àòüè�Ïàòîäè�Çèíãåðà îïåðàòîðîâ íà çàìêíóòîì ìíîãî-
îáðàçèè èìåþò ìíîãî÷èñëåííûå ïðèëîæåíèÿ â àíàëèçå, ãåîìåòðèè, òî-
ïîëîãèè.

Ïåðâûé àâòîð ÿâëÿåòñÿ ïîáåäèòåëåì êîíêóðñà ¾Ìîëîäàÿ ìàòåìàòèêà Ðîññèè¿ è
âûðàæàåò áëàãîäàðíîñòü åãî ñïîíñîðàì è æþðè. Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò
ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà � 24-21-00336.

Æóéêîâ Êîíñòàíòèí Íèêîëàåâè÷, ê.ô.-ì.í., àññèñòåíò, ÐÓÄÍ (Ìîñêâà, Ðîññèÿ);
Konstantin Zhuikov (RUDN University, Moscow, Russia)
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Savin (RUDN University, Moscow, Russia)
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Äðóãîé ïîäõîä ê îïðåäåëåíèþ η-èíâàðèàíòîâ äàë Ìåëüðîóç, êîòî-
ðûé ðàññìàòðèâàë ñåìåéñòâà D(p) ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòî-
ðîâ ñ ïàðàìåòðîì p ∈ R. Â ïðåäïîëîæåíèè, ÷òî ñåìåéñòâî ÿâëÿåòñÿ
ýëëèïòè÷åñêèì ñ ïàðàìåòðîì â ñìûñëå Àãðàíîâè÷à�Âèøèêà è îáðàòè-
ìûì ïðè âñåõ p ∈ R, η-èíâàðèàíò Ìåëüðîóçà îïðåäåëÿëñÿ ôîðìóëîé

η(D(p)) =
1

2πi

∫
R
tr

(
D(p)−1 dD(p)

dp

)
dp,

ãäå ïîä ñëåäîì tr è èíòåãðàëîì
∫
R ïîíèìàþòñÿ ñïåöèàëüíûå ðåãóëÿðè-

çàöèè. η-èíâàðèàíò Ìåëüðîóçà èñïîëüçîâàëñÿ â ôîðìóëàõ èíäåêñà íà
ìíîãîîáðàçèÿõ ñ êîíè÷åñêèìè òî÷êàìè.

Ìåëüðîóçîì, à òàêæå Ëåøåì è Ïôëàóìîì áûëà óñòàíîâëåíà ñëåäó-
þùàÿ ñâÿçü ìåæäó η-èíâàðèàíòàìè Àòüè�Ïàòîäè�Çèíãåðà è Ìåëüðî-
óçà:

ηAPS(A) = η(p− iA).

Öåëü äàííîé ðàáîòû ñîñòîèò â ïîëó÷åíèè àíàëîãè÷íîé ôîðìóëû,
â êîòîðîé â ëåâîé ÷àñòè ðàâåíñòâà ñòîèò η-èíâàðèàíò ýëëèïòè÷åñêîé
êðàåâîé çàäà÷è íà ìíîãîîáðàçèè ñ êðàåì, à â ïðàâîé ÷àñòè ðàâåíñòâà
ñòîèò η-èíâàðèàíò èç ðàáîòû Æóéêîâà è Ñàâèíà (2023) ñåìåéñòâà êðà-
åâûõ çàäà÷ ñ ïàðàìåòðîì. Íàì óäàëîñü ïîëó÷èòü òàêîå ðàâåíñòâî äëÿ
êðàåâûõ çàäà÷ ëþáîãî íå÷åòíîãî ïîðÿäêà.
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Äëÿ îïåðàòîðà Øòóðìà�Ëèóâèëëÿ H íà ïîëóîñè ñ êîìïëåêñíûì
óáûâàþùèì ïîòåíöèàëîì, äîïóñêàþùèì àíàëèòè÷åñêîå ïðîäîë-
æåíèå â íåêîòîðóþ îêðåñòíîñòü íóëÿ, ïîëó÷åí àíàëîã òåîðåìû
Àìáàðöóìÿíà: åñëè äèñêðåòíûé ñïåêòð îïåðàòîðà H + V , ãäå V
� îïåðàòîð óìíîæåíèÿ íà ôèíèòíîé ñóììèðóåìóþ ôóíêöèþ V (·),
ñîâïàäàåò ñ äèñêðåòíûì ñïåêòðîì îïåðàòîðà H, òî V=0.

Êëþ÷åâûå ñëîâà: ñïåêòð, òåîðåìà Àìáàðöóìÿíà, îïåðàòîð Øðå-
äèíãåðà ñ êîìïëåêñíûì ïîòåíöèàëîì, ñïåêòðàëüíàÿ íåóñòîé÷è-
âîñòü.
On one analogue of Ambartsumyan’s theorem

For the Sturm–Liouville operator H on the half-axis with a complex
decreasing potential that allows analytical continuation to some neigh-
borhood of zero, an analogue of Ambartsumyan’s theorem is obtained:
if the discrete spectrum of the operator H+V, where V is the operator
of multiplication by a finite summable function V (·), coincides with
the discrete spectrum of the operator H, then V=0.

Keywords: spectrum, Ambartsumian theorem, Schrödinger operator
with complex potential, spectral instability.

Ïóñòü q � âåùåñòâåííàÿ, ñóììèðóåìàÿ íà (0, π)ôóíêöèÿ, L� îïåðàòîð,
ïîðîæäåííûé â ïðîñòðàíñòâå L2(0, π) âûðàæåíèåì−y′′+qy è êðàåâûìè
óñëîâèÿìè y′(0) = y′(π) = 0. Òåîðåìà Àìáàðöóìÿíà [1] óòâåðæäàåò,
÷òî åñëè ñïåêòð îïåðàòîðà L ñîâïàäàåò ñ ïîñëåäîâàòåëüíîñòüþ {k2}∞k=0,
òî q = 0 ï.â. íà (0, π). Ýòîò ðåçóëüòàò ÿâèëñÿ îòïðàâíîé òî÷êîé äëÿ
òåîðèè îáðàòíûõ ñïåêòðàëüíûõ çàäà÷. Ïîçæå âûÿñíèëîñü, ÷òî ñëó÷àé,
ðàññìîòðåííûé Àìáàðöóìÿíîì, áûë èñêëþ÷èòåëüíûì: âîîáùå ãîâîðÿ,
äëÿ îïðåäåëåíèÿ ïîòåíöèàëà íåîáõîäèìû äâà ñïåêòðà [2]. Âïîñëåäñòâèè
áûëè ïîëó÷åíû ðàçëè÷íûå îáîáùåíèÿ òåîðåìû Àìáàðöóìÿíà (ñì.[3] è
èìåþùèåñÿ òàì ññûëêè). Âî âñåõ ýòèõ ðàáîòàõ ðàññìàòðèâàëèñü òîëüêî
ñàìîñîïðÿæåííûå îïåðàòîðû ñ äèñêðåòíûì ñïåêòðîì. Â ðàáîòå [4] áûë
ïîëó÷åí ñëåäóþùèé ðåçóëüòàò:

Ïóñòü L = Hθ + V , ãäå Hθ � îïåðàòîð, ïîðîæäåííûé â L2(R+)
äèôôåðåíöèàëüíûì âûðàæåíèåì −y′′ + eiθxαy (α > 0 è 0 < |θ| < π) è

Ðàáîòà âûïîëíåíà â ðàìêàõ ðåàëèçàöèè ïðîãðàììû ðàçâèòèÿ Íàó÷íî-
îáðàçîâàòåëüíîãî ìàòåìàòè÷åñêîãî öåíòðà Ïðèâîëæñêîãî ôåäåðàëüíîãî îêðóãà, ñîãë.
�075-02-2024-1444.
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êðàåâûì óñëîâèåì y(0) = 0, V � îïåðàòîð óìíîæåíèÿ íà ôèíèòíóþ,
ñóììèðóåìóþ ôóíêöèþ V (·). Äàëåå ïóñòü {µn}∞n=1 è {λn}∞n=1 � ñîá-
ñòâåííûå ÷èñëà îïåðàòîðîâ L è Hθ ñîîòâåòñòâåííî, ïðîíóìåðîâàí-
íûå â ïîðÿäêå âîçðàñòàíèÿ ìîäóëåé ñ ó÷åòîì àëãåáðàè÷åñêèõ êðàòíî-

ñòåé. Òîãäà åñëè µn ∼ λn + o
(
λ
1−1/α
n

)
, n → ∞, òî V = 0 ï.â. íà

R+.
Â äîêëàäå áóäåò ðàññìîòðåí ñëó÷àé, êîãäà ñóùåñòâåííûé ñïåêòð

íåâîçìóùåííîãî îïåðàòîðà íå ïóñò, äèñêðåòíûé ñïåêòð áåñêîíå÷åí è
èìååò õîòÿ áû îäíó êîíå÷íóþ ïðåäåëüíóþ òî÷êó.

Ïóñòü ôóíêöèÿ q ñóììèðóåìà íà ëþáîì îòðåçêå [α, β] èç R+ è óäî-
âëåòâîðÿåò óñëîâèÿì:

1)
∫ 1

0
x|q(x)|dx <∞ è q(x) → 0, x→ +∞.

Ðàññìîòðèì îïåðàòîð H, äåéñòâóþùèé â ïðîñòðàíñòâå L2(R+) ïî
ïðàâèëó

Hy = −y′′ + qy,

D(H) = {y ∈ L2(R+) : y
′ ∈ ACloc(R+), −y′′ + qy ∈ L2(R+), y(0) = 0}.

Çäåñü ACloc(R+) � ìíîæåñòâî ôóíêöèé, àáñîëþòíî íåïðåðûâíûõ íà
ëþáîì îòðåçêå [0, β], β > 0. Ïðè âûïîëíåíèè óñëîâèÿ 1) H � m-
ñåêòîðèàëüíûé îïåðàòîð è σess(H) = [0,+∞). Êðîìå ñóùåñòâåííîãî
ñïåêòðà, îïåðàòîð H ìîæåò èìåòü êîíå÷íîå èëè ñ÷åòíîå ìíîæåñòâî
ñîáñòâåííûõ çíà÷åíèé σdisc(H) := {λk}Nk=1 (N ≤ ∞) è ñïåêòðàëüíûõ
îñîáåííîñòåé S := {ρk}Kk=1 (K ≤ ∞), ëåæàùèõ íà ïîëóîñè [0,+∞).
Ïðè N = ∞ σdisc(H) ìîæåò ñãóùàòüñÿ òîëüêî ê [0,+∞). Íà ôóíêöèþ
q íàëîæèì äîïîëíèòåëüíûå îãðàíè÷åíèÿ:

2) σdisc(H) áåñêîíå÷åí è èìååò õîòÿ áû îäíó êîíå÷íóþ ïðåäåëüíóþ
òî÷êó;

3) Ñóùåñòâóþò R, δ > 0, òàêèå, ÷òî ôóíêöèÿ xq äîïóñêàåò àíàëèòè-
÷åñêîå ïðîäîëæåíèå zq̃(z) â ñåêòîð U = {z : |z| < R, −δ < arg z < 0}
òàê, ÷òî

sup
0<α<δ

∫ R

0

x
∣∣∣q̃ (xe−iα)∣∣∣ dx <∞.

Ïóñòü V � îïåðàòîð óìíîæåíèÿ íà èçìåðèìóþ ôóíêöèþ V (·), óäî-
âëåòâîðÿþùóþ óñëîâèÿì

suppV ⊂ [0, R) è
∫ R

0

x|V (x)|dx <∞, (1)

ãäå R � ïîñòîÿííàÿ, ôèãóðèðóþùàÿ â óñëîâèè 3). Ââåäåì îïåðàòîð
T = H + V , ãäå ñóììà ïîíèìàåòñÿ â ñìûñëå êâàäðàòè÷íûõ ôîðì.

Îñíîâíîé ðåçóëüòàò ðàáîòû �

Òåîðåìà 1. Ïóñòü ôóíêöèÿ q óäîâëåòâîðÿåò óñëîâèÿì 1) � 3), à
ôóíêöèÿ V � (1). Òîãäà åñëè σdisc(T ) = σdisc(H), òî V = 0 ï.â. íà R+.
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Âûäåëåí êëàññ âîçìóùåíèé êîìïëåêñíîãî àíãàðìîíè÷åñêîãî îñ-
öèëëÿòîðà H, ïðè êîòîðûõ èçâåñòíûå ôîðìóëû äëÿ êîýôôèöèåí-
òîâ Ðåëåÿ�Øðåäèíãåðà ìîãóò áûòü ñóùåñòâåííî óïðîùåíû. Ïîêà-
çàíî, ÷òî åñëè H íåñàìîñîïðÿæåí è âîçìóùåíèå ôèíèòíî è èìååò
êîíå÷íóþ ãëàäêîñòü íà ïðàâîì êîíöå ñâîåãî íîñèòåëÿ, òî ïîñëåäî-
âàòåëüíîñòü ïåðâûõ ïîðàâîê òåîðèè âîçìóùåíèé èìååò ýêñïîíåí-
öèàëüíûé ðîñò íà áåñêîíå÷íîñòè.

Êëþ÷åâûå ñëîâà: àíãàðìîíè÷åñêèé îñöèëëÿòîð, ãîëîìîðôíîñòü â
ñìûñëå Êàòî, ðÿä Ðåëåÿ�Øðåäèíãåðà, ñïåêòðàëüíàÿ íåóñòîé÷è-
âîñòü, ïåðâàÿ ïîïðàâêà òåîðèè âîçìóùåíèé.
On the Rayleigh-Schrödinger coefficients for the eigenvalues
of regular pertubations of an anharmonic oscillator

We have identified a class of perturbations of the complex anhar-
monic oscillator H for which the known formulas for the Rayleigh–
Schrödinger coefficients can be significantly simplified. We have shown
that if H is not self-adjoint and the perturbation is finite and has finite
smoothness at the right end of its support, then the sequence of the
first order corrections has exponential growth at infinity.

Keywords: anharmonic oscillator, analytic family in the sense of Kato,
Rayleigh-Schrödinger series, spectral instability, first order correction
in perturbation theory.

Ïóñòü α > 0, 0 ≤ θ < π è q0(x) = eiθxα, x ≥ 0. Ðàññìîòðèì îïåðàòîð H,
äåéñòâóþùèé â ïðîñòðàíñòâå L2(R+) ïî ïðàâèëó

Hy = hy := −y′′ + q0(x)y,
D(H) = {y ∈ L2(R+) : y, y

′ ∈ ACloc(R+), hy ∈ L2(R+), y(0) = 0}.
Çäåñü R+ = [0,+∞), ACloc(R+) � ìíîæåñòâî ôóíêöèé, àáñîëþòíî
íåïðåðûâíûõ íà êàæäîì îòðåçêå [0, b] (b > 0). Èçâåñòíî, ÷òî ñïåêòð
îïåðàòîðà H ñîñòîèò èç ïðîñòûõ ñîáñòâåííûõ çíà÷åíèé λn (n ∈ N),
ëåæàùèõ íà ëó÷å arg λ = 2θ/(2 + α).
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Ââåäåì ñåìåéñòâî îïåðàòîðîâ L(β) = H +βV, β ∈ C, ãäå V � îïå-
ðàòîð óìíîæåíèÿ íà èçìåðèìóþ ôóíêöèþ V , óäîâëåòâîðÿþùóþ óñëî-
âèÿì V ∈ L1

loc(R+), V (x) = o (xα) , x→ +∞. Òîãäà L(β) � ãîëîìîðô-
íîå ñåìåéñòâî òèïà (B) [1, Ãë.VII, � 4]. Îòñþäà ñëåäóåò, ÷òî ïðè êàæäîì
σ(L(β)) = {λn(β)}, ôóíêöèÿ λn(·) ãîëîìîðôíà â êðóãå |β| < δn è ðàç-
ëàãàåòñÿ â ðÿä

λn(β) = λn +

∞∑
j=1

αnjβ
j .

Êîýôôèöèåíòû {αnj}∞j=1 íàçûâàþòñÿ êîýôôèöèåíòàìè Ðåëåÿ�
Øðåäèíãåðà äëÿ λn(β). Åñëè θ = 0, òî äëÿ âû÷èñëåíèÿ αnj ìîæíî
âîñïîëüçîâàòüñÿ ôîðìóëîé [2, Ãë.XII, � 1]:

λn(β) = λn + β

∞∑
j=0

anjβ
j

∞∑
j=0

bnjβj
, (1)

anj =
(−1)j+1

2πi

∮
γn

(
Qj+1
n fn, fn

)
dλ, bnj =

(−1)j+1

2πi

∮
γn

(
Qjnfn, fn

)
λn − λ

dλ,

ãäå γn = {|λ−λn| = εn/2}, Qn = (H −λ)−1/2V (H −λ)−1/2, fn � íîðìè-
ðîâàííàÿ ñîáñòâåííàÿ ôóíêöèÿ îïåðàòîðà H, ñîîòâåòñòâóþùàÿ λn.

Èç-çà äåëåíèÿ ðÿäà íà ðÿä è íàëè÷èÿ êîíòóðíûõ èíòåãðàëîâ îêîí-
÷àòåëüíàÿ ôîðìóëà äëÿ αnj áóäåò èìåòü âåñüìà ãðîìîçäêèé âèä. Ïðè
θ ̸= 0 ñèòóàöèÿ óñóãóáëÿåòñÿ åùå ñïåêòðàëüíîé íåóñòîé÷èâîñòüþ H:
äàæå áåñêîíå÷íî äèôôåðåíöèðóåìûå è ôèíèòíûå âîçìóùåíèÿ ìîãóò
ñèëüíî ïîìåíÿòü ñïåêòð [3]. Ñ äðóãîé ñòîðîíû, èç ðåçóëüòàòîâ ðàáîòû
[4] ñëåäóåò, ÷òî óðàâíåíèå

−y′′(x) + q0(x)y(x) = λy(x) (2)

èìååò ðåøåíèå φ0(x, λ), êîòîðîå à) ïðè âñåõ λ ∈ C ïðèíàäëåæèò L2(R+),
á) ïðè âñåõ x ∈ R+ ÿâëÿåòñÿ öåëîé ôóíêöèåé λ.

Ïîýòîìó ñîáñòâåííûå ÷èñëà îïåðàòîðàH ñîâïàäàþò ñ íóëÿìè öåëîé
ôóíêöèè Φ0(λ) := φ(0, λ).

Â ïðåäëàãàåìîé ðàáîòå ïîêàçàíî , ÷òî åñëè∫ +∞

0

(1 + xα/2)−1|V (x)|dx <∞,

òî ñîáñòâåííûìè ÷èñëàìè îïåðàòîðà L(β) ñëóæàò êîðíè óðàâíåíèÿ

Φ0(λ) +

∞∑
k=1

βkΦk(λ) = 0, (3)

ãäå Φk � ÿâíî âû÷èñëÿåìûå (â òåðìèíàõ ðåøåíèé óðàâíåíèÿ (2)) öå-
ëûå ôóíêöèè λ. Óðàâíåíèå (3), â îòëè÷èå îò ôîðìóëû (1), íå ñîäåðæèò
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êîíòóðíûõ èíòåãðàëîâ. Åñëè èçâåñòíû ïåðâûå m êîýôôèöèåíòîâ ðàç-
ëîæåíèÿ ôóíêöèé Φk (k = 0,m) â òî÷êå λn, òî çàäà÷à âû÷èñëåíèÿ
αn1, . . . , αnm � ïî ñóùåñòâó, ìàøèííàÿ.

Âòîðàÿ ÷àñòü ðàáîòû ïîñâÿùåíà èññëåäîâàíèþ ñëåäóþùåãî âîïðî-
ñà: ïóñòü ôóíêöèÿ V ôèíèòíà, êâàäðàòè÷íî ñóììèðóåìà íà ñâîåì íî-
ñèòåëå [0; a] è

V (x) = (a− x)mW (x), a− δ ≤ x ≤ a, (4)

ãäå m ≥ 0, 0 < δ < a, ôóíêöèÿ W íåïðåðûâíà íà [a − δ, a] è W (a) ̸= 0.
Êàê ñåáÿ âåäåò ïîñëåäîâàòåëüíîñòü {αn1}∞n=1 (ïåðâûõ ïîïðàâîê òåîðèè
âîçìóùåíèé) ïðè n→ +∞?

Ïðè θ = 0 îïåðàòîðH ñàìîñîïðÿæåí è ïîëîæèòåëåí. Îòñþäà â ñèëó
êîìïàêòíîñòè îïåðàòîðà H−1/2V H−1/2 íà îñíîâàíèè òåîðåìû Êåëäû-

øà ñëåäóåò, ÷òî αn1 = o
(
n2α/(2+α)

)
, n→ +∞.

Ñ äðóãîé ñòîðîíû, ïðè 0 < θ < π â ñïåêòðå îïåðàòîðà H+V ìîæåò
ïîÿâèòüñÿ ñåðèÿ, ëîêàëèçîâàííàÿ îêîëî ëó÷à argλ = 0, äàæå åñëè ôóíê-
öèÿ V ôèíèòíà è áåñêîíå÷íî äèôôåðåíöèðóåìà [3, Òåîðåìà 4]. Ïîýòî-
ìó åñòåñòâåííî îæèäàòü, ÷òî ïðè θ ̸= 0 ïîñëåäîâàòåëüíîñòü {αn1}∞n=1

íåîãðàíè÷åíà. Åñëè ýòî òàê, òî âîçíèêàåò âîïðîñ: êàêîâà ñêîðîñòü ðîñòà
αn1? ìîæåò ëè îíà ðàñòè áûñòðåå, ÷åì λn?

Íàìè äîêàçàíî, ÷òî ïðè êàæäîì 0 < θ < π è ëþáûõ âîçìóùåíèÿõ
âèäà (4) ïîñëåäîâàòåëüíîñòü {αn1}∞n=1 èìååò ýêñïîíåíöèàëüíûé ðîñò.
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Äëÿ îïåðàòîðà, ïîðîæäåííîãî äèôôåðåíöèàëüíûì âûðàæåíèåì
âòîðîãî ïîðÿäêà íà êðèâîé ñ îãðàíè÷åííûì íàêëîíîì è èíòåãðàëü-
íûìè êðàåâûìè óñëîâèÿìè, ïîëó÷åíû óñëîâèÿ ïîëíîòû è íåïîë-
íîòû ñèñòåìû êîðíåâûõ ôóíêöèé.
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On conditions for the completeness of the root functions sys-
tem of a differential operator on a curve with integral bound-
ary conditions

We have obtained conditions for the completeness and incompleteness
of root functions system of the operator generated by a second-order
differential expression on a curve with a bounded slope and integral
boundary conditions.

Keywords: Sturm–Liouville operator on a curve, integral boundary
conditions, spectral instability, completeness of the root functions sys-
tem.

Ïóñòü L � îïåðàòîð, äåéñòâóþùèé â L2(0, 1) ïî ïðàâèëó

Ly = l(y) := −y′′ + qy,

D(L) = D := {y ∈ L2(0, 1) : y, y
′ ∈ AC(0, 1), l(y) ∈ L2(0, 1)},

LU � ñóæåíèå L íà

DU := {y ∈ D : Uj(y) = 0, Uj(y) = y(j−1)(0)− ⟨l(y), σj⟩(j = 1, 2)}. (1)

Çäåñü ⟨f, g⟩ =
1∫
0

fgdz, σ1, σ2 � íåêîòîðûå ôóíêöèè èç L2(0, 1). Èíòå-

ãðàëüíûå óñëîâèÿ â (1) äàþò ïîëíîå îïèñàíèå âñåõ ñóæåíèé îïåðàòîðà

Ðàáîòà âûïîëíåíà â ðàìêàõ ðåàëèçàöèè ïðîãðàììû ðàçâèòèÿ Íàó÷íî-
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L, èìåþùèõ íåïóñòîå ðåçîëüâåíòíîå ìíîæåñòâî [1]. Èç äîêàçàòåëüñòâà
Òåîðåìû 2 èç [1] âèäíî, ÷òî îïåðàòîð L−1

U êîìïàêòåí, σ(LU ) = {λ2
k},

ãäå {λk} � íóëè öåëîé ôóíêöèè

∆(λ) = det ∥Uj(φk)∥2j,ν=1,

φν(z, λ) (ν = 1, 2) � êàêàÿ-ëèáî ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé
(ÔÑÐ) óðàâíåíèÿ l(y) = λ2y.

Â ðàáîòå [2] äîêàçàíà ïîëíîòà ñèñòåìû êîðíåâûõ ôóíêöèé (ÑÊÔ)
îïåðàòîðà LU â ïðåäïîëîæåíèè, ÷òî

lim
ε→+0

ε−2

∫ ε

0

∫ 1

1−ε
(σ1(y)σ2(x)− σ2(y)σ1(x)) dydx ̸= 0, (2)

|∆(λ)| ≥ C|λ| ln(1 + |λ|)e|Imλ|, C = const > 0. (3)

Óñëîâèÿ òèïà (2), (3) âîçíèêàþò ïðè óñòàíîâëåíèè ðàçëè÷íûõ ñïåê-
òðàëüíûõ ñâîéñòâ îïåðàòîðîâ âèäà LU (ñì. [3] è èìåþùèåñÿ òàì ññûë-
êè).

Â ñâÿçè ñ ýòèì âîçíèêàåò âîïðîñ: íàñêîëüêî óñëîâèÿ (2), (3) íåîá-
õîäèìû, íàïðèìåð, äëÿ ïîëíîòû ÑÊÔ îïåðàòîðà LU?

Ðàññìîòðèì ñíà÷àëà ñëó÷àé q = 0. Èìååì

∆(λ) = λ3

∫ 1

0

sinλxA(x)dx− λ2A(0) + 1,

A(x) =

∫ 1

x

[σ1(t)σ2(t− x)− σ2(t)σ1(t− x) + σ1(t) + (t− x)σ2(t)] dt.

Ñïðàâåäëèâà

Òåîðåìà 1. Ïóñòü ñóùåñòâóþò ëó÷è Pk = {λ ∈ C : arg λ =
αk, |λ| ≥ R} (−π/2 < α1 < 0 < α2 < π, R > 0), íà êîòîðûõ âûïîëíÿ-
åòñÿ îöåíêà

|∆(λ)| ≥ C|λ|−me|Imλ|, m < 3/2, (4)

ãäå C, δ � ïîëîæèòåëüíûå ïîñòîÿííûå. Òîãäà ÑÊÔ îïåðàòîðà LU
ïîëíà â L2(0, 1).

Ïóñòü A ∈ W 3
2 [0, 1] è â íåêîòîðîé ïîëóîêðåñòíîñòè òî÷êè 1 ñïðà-

âåäëèâî ïðåäñòàâëåíèå

A′′′(x) = B(x)(1− x)γ , (5)

ãäå 0 < γ ≤ 1, B(1− 0) ñóùåñòâóåò, êîíå÷åí è íå ðàâåí 0. Åñëè γ < 1/2,
òî îöåíêà (4) âåðíà, òàê ÷òî ÑÊÔ LU ïîëíà â L2(0, 1).

Òåîðåìà 2. Ïóñòü A ∈ W 3
2 [0, 1], ïðåäñòàâëåíèå (5) âåðíî ïðè

δ = 1/2. Òîãäà åñëè A(1) = A′(1) = A′′(1) = 0 è A′′(0) = 1, òî ÑÊÔ
îïåðàòîðà LU íå ïîëíà L2(0, 1).
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Àíàëîãè÷íûå óòâåðæäåíèÿ âåðíû è â ñëó÷àå, êîãäà q � ïðîèçâîëü-
íàÿ ñóììèðóåìàÿ ôóíêöèÿ.
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In a Hilbert space H with a scalar product ⟨.,.⟩andanorm, ∥·∥0 we consider

a closed linear operator B with domain D(B) dense in H. We assume that

KerB ̸= {0},Ran(B) = H u dimKerB = m <∞
On the domain of de�nition D(B) we de�ne an additional norm ∥ · ∥1

and D(B) denote the closure with respect to this norm by W . We assume
that the additional norm ∥ · ∥1 is stronger than the original norm ∥ · ∥0,
that is, ∀x ∈ D(B) ⊂ H the inequality is satis�ed ∥x∥0 ≤ C∥x∥1. It is
clear that the embedding is satis�ed W ⊂ H. In the dual space W ∗ we
choose a system of m linearly independent functionals U1, . . . ., Um. Then
there is [1] a unique system of elements {φ1, . . . , φ2} from KerB, subject to
conditions ⟨Ut;φr⟩ = δtz, t, z = 1, 2, ..,m where ⟨Ut;φr⟩-denotes the value
of the functional Ut on the element φr, and δtz-the Kronecker symbol.

Let be Λ0 - an invertible restriction of the operator B. We de�ne the
operator Λ by the formula Λu = Bu on the domain of de�nition D(Λ) ={
u ∈ D(B) : u = Λ−1

0 f −
∑m
s=1 φs · Us

(
Λ−1

0 f
)
,∀f ∈ H

}
Theorem 1. The operator Λ - is an invertible operator, and

Λ−1f = Λ−1
0 f −

m∑
s=1

φs · Us
(
Λ−1

0 f
)
, ∀f ∈ H

(Λ− λI)−1f = (Λ0 − λI)−1 f −
m∑
s=1

Λ(Λ− λI)−1φsUs
(
(Λ0 − λI)−1 f

)
The second generalized Hilbert identity for resolvents : D(Λ) ̸= D (Λ0).
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Â äàííîé ðàáîòå ïîëó÷åí àíàëîã òîæäåñòâà Âîíà â ÷èñëîâîì ïîëå.
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Variants of I.M. Vinogradov’s method in a numerical field

In this work, an analogue of the Vaughan identity in a number field is
obtained.

Keywords: Hecke character, Vaughan identity, numerical field, I.M.
Vinogradov methods.

Â òåîðèè àëãåáðàè÷åñêèõ ÷èñåë èñïîëüçóþò ñëåäóþùèå îïðåäåëåíèÿ.
Ïóñòü ñòåïåíü ðàñøèðåíèÿ K/Q åñòü [K : Q] = n = r1 + 2r2 òàê,
÷òî K(1), . . . ,K(r1) ÿâëÿþòñÿ âåùåñòâåííî-ñîïðÿæ�åííûìè ïîëÿìè äëÿ
K è K(r1+j) åñòü êîìïëåêñíî-ñîïðÿæ�åííîå ïîëå äëÿ K(r1+r2+j), ãäå
1 ≤ j ≤ r2. Âñÿêàÿ íåòðèâèàëüíàÿ ìåòðèêà (òîïîëîãè÷åñêîå íîðìè-
ðîâàíèå) ïîëÿ K èìååò ëèáî âèä

|ξ|p = ϱordpξ (ξ ∈ K, 0 < ϱ < 1, íåàðõèìåäîâûé ñëó÷àé),

ëèáî âèä

|ξ|σ = |σ(ξ)|ϱ (ξ ∈ K, 0 < ϱ ≤ 1, àðõèìåäîâûé ñëó÷àé),

ãäå σ : K → C � îäíî èç r1 + r2 àëãåáðàè÷åñêèõ ñîïðÿæåíèé. Âíåàð-
õèìåäîâîì ñëó÷àå ñóùåñòâóåò âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå ìåæ-
äó êëàñàìè ýêâèâàëåíòíûõ íåàðõèìåäîâûõ íîðìèðîâàíèé è ïðîñòûìè
èäåàëàìè êîëüöà ZK . Äëÿ êîíå÷íîãî ðàñøèðåíèÿ K/Q ôîðìàëüíî çà-
ïèñûâàþò ðàçëîæåíèå áåñêîíå÷íîãî ïðîñòîãî äèâèçîðà ∞ ïîëÿ Q êàê

∞ = ∞1∞2 . . .∞r1∞
2
r1+1 . . .∞2

r1+r2 ,

ãäå ïëåéñû ∞1,∞2, . . . ,∞r1 ñîîòâåòñòâóþò âåùåñòâåííûì âëîæåíè-
ÿì K(1), . . . ,K(r1) è ∞r1+j = ∞r1+r2+j , (1 ≤ j ≤ r2) ñîîòâåòñòâó-
þò êîìïëåêñíî-ñîïðÿæ�åííûì ïàðàì ïîëåé K(r1+j), K(r1+r2+j) ïðè
êîìïëåêñíûõ âëîæåíèÿõ. Äëÿ ïîïîëíåííîãî ïðîñòîãî ñïåêòðà M =
Spec ZK ∪{∞1, . . .∞r1+r2} êîëüöà öåëûõ àëãåáðàè÷åñêèõ ÷èñåë ZK , ñî-
ñòîÿùåãî èç âñåõ êîíå÷íûõ íåíóëåâûõ ïðîñòûõ èäåàëîâ è áåñêîíå÷íûõ
íîðìèðîâàíèé, ñòðîèòñÿ êîììóòàòèâíàÿ ëó÷åâàÿ ïîëóãðóïïà èäåàëîâ (ñ
åäèíèöåé 1) ñëåäóþùåãî âèäà:

M̃ = ⟨M : ∞2
j = ∞j (K(j) âåùåñòâåííîå), ∞j = 1 (K(j) êîìïëåêñíîå)⟩,

Êàðèìçîäà Äîíèåð, Äæàëèëîâè÷, Òàäæèêñêèé íàöèîíàëüíûé óíèâåðñèòåò
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êîòîðàÿ ñâîáîäíî ïîðîæäàåòñÿ êîíå÷íûìè (òî åñòü íåàðõèìåäîâûìè)
íåíóëåâûìè ïðîñòûìè èäåàëàìè è èìååò óêàçàííûå ñîîòíîøåíèÿ äëÿ
áåñêîíå÷íûõ (òî åñòü àðõèìåäîâûõ) èäåàëîâ. Äëÿ ÷èñåë α, β êîëüöà ZK
ñèìâîë

α

β
≡ 1 (mod× m̃)

îçíà÷àåò âûïîëíåíèå ñëåäóþùèõ òð�åõ óñëîâèé (1) (αβ,m) = 1, (2) α ≡
β (mod m) è (3) ñîâïàäåíèå çíàêîâ ÷èñëèòåëÿ è çíàìåíàòåëÿ ïðè ñîïðÿ-

æåíèÿõ: α(j)

β(j) > 0 äëÿ âåùåñòâåííûõ ïëåéñîâ∞j |m∞ . Ýòè îïðåäåëåíèÿ
èñïîëüçóåòñÿ â ñëåäóþùèõ òåîðåìàõ.

Òåîðåìà. (òîæäåñòâî Âîíà) Ïóñòü P ñèñòåìà âñåõ ïðîñòûõ ïî-
ïàðíî íåàññîöèèðîâàííûõ ÷èñåë â ÷èñëîâîì êîëüöå ZK , I ⊂ P íåêî-
òîðîå íåïóñòîå ìíîæåñòâî, f : ⟨I⟩ → C ïðîèçâîëüíàÿ êîìïëåêñíî-
çíà÷íàÿ ôóíêöèÿ, W : ⟨I⟩ → ZK ëþáîå âïîëíå ìóëüòèïëèêàòèâíîå
îòîáðàæåíèå. Åñëè m íåêîòîðûé èäåàë â ZK , à öåëîå àëãåáðàè÷åñêîå
÷èñëî λ ñ m âçàèìíî ïðîñòî, òîãäà äëÿ ïðîèçâîëüíûõ ôèêñèðîâàííûõ
ïîëîæèòåëüíûõ âåùåñòâåííûõ ÷èñåë u, x ∈ R>0, u < x èìååò ìåñòî
ôîðìóëà:∑

β∈⟨I⟩, u<|Nβ|≤x
W (β)≡λ (mod m)

ΛI(β)f(β) =
∑
η∈⟨I⟩

|Nη|≤u

µI(η)
∑

ξ∈⟨I⟩, |Nξ|≤ x
|Nη|

W (ξη)≡λ (mod m)

f(ξη) log |Nξ|

−
∑
η∈⟨I⟩

|Nη|≤u

µI(η)
∑
β∈⟨I⟩

|Nβ|≤u

ΛI(β)
∑

γ∈⟨I⟩, |Nγ|≤ x
|Nηβ|

W (ηβγ)≡λ (mod m)

f(ηβγ)

−
∑
α∈⟨I⟩

u<|Nα|≤ x
u

∑
η|Iα

|Nη|≤u

µI(η)
∑

β∈⟨I⟩, u<|Nβ|≤ x
|Nα|

W (αβ)≡λ (mod m)

ΛI(β)f(αβ).
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Â äàííîé ðàáîòå íàéäåíû óñëîâèÿ îáû÷íîé ñõîäèìîñòè ðÿäîâ ïî
ñòåïåíÿì ìàëîãî ïàðàìåòðà, ïðåäñòàâëÿþùèå ðåøåíèÿ îäíîãî òè-
ïà íåëèíåéíûõ çàäà÷ íà ñîáñòâåííûå çíà÷åíèÿ.

Êëþ÷åâûå ñëîâà: ðåãóëÿðíîå âîçìóùåíèå, âîçìóùåíèå ñïåêòðà, ãî-
ëîìîðôíûå ñåìåéñòâà îïåðàòîðîâ.
About one nonlinear perturbation type of the linear operator
spectrum

In this paper, the conditions for the usual sense convergence of series
in powers of a small parameter representing solutions of one nonlinear
eigenvalue problems are obtained.

Keywords: regular perturbation, spectrum perturbation, holomorphic
families of operators.

Áóäåì èçó÷àòü ñëàáî íåëèíåéíóþ çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ è
ñîáñòâåííûå âåêòîðû â áàíàõîâîì ïðîñòðàíñòâå E

Au+ εB(u, u) = λu, (1)

ïðè÷åì âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
1◦. A � íåîãðàíè÷åííûé çàìêíóòûé îïåðàòîð ñ îáëàñòüþ îïðåäåëåíèÿ
DA, èìåþùèé íåïðåðûâíûé îáðàòíûé A−1.
2◦. B(u, v) : E × E → E � áèëèíåéíûé îãðàíè÷åííûé îïåðàòîð.
3◦. Îïåðàòîð A îáëàäàåò ñèñòåìîé íîðìèðîâàííûõ ñîáñòâåííûõ
âåêòîðîâ B = {b1, b2, . . . }, îáðàçóþùèõ áàçèñ â DA; {λ1, λ2 . . . }
� ñîîòâåòñòâóþùèå ñîáñòâåííûå çíà÷åíèÿ; B∗ = {b∗1, b∗2, . . . } ⊂
E∗ � áèîðòîãîíàëüíî ñîïðÿæåííàÿ ê B ñèñòåìà è ∥b∗m∥ = β∗

m,
m = 1, 2, . . . .
4◦. Îáîçíà÷èì ÷åðåç {Em}∞m=1 íàáîð îäíîìåðíûõ ïîäïðîñòðàíñòâ, íà-
òÿíóòûõ íà ñîáñòâåííûå âåêòîðû. Îïåðàòîð A − λmI, ãäå I � òîæ-
äåñòâåííûé îïåðàòîð, íåïðåðûâíî îáðàòèì íà ïðîñòðàíñòâå E\Em è
íîðìû {∥(A− λmI)

−1
E\Em

∥}∞m=1 îãðàíè÷åíû â ñîâîêóïíîñòè.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 23-21-00496).
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Áóäåì èñêàòü ¾ñîáñòâåííûå âåêòîðû¿ è ¾ñîáñòâåííûå çíà÷åíèÿ¿ çà-
äà÷è (1) â âèäå ðÿäîâ ïî ñòåïåíÿì ε:

um = u0,m + εu1,m + · · ·+ εnun,m + . . . , (2)

λm = λ0,m + ελ1,m + · · ·+ εnλn,m + . . . , (3)

m = 1, 2, . . . . Â ñîîòâåòñòâèè ñ ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåí-
òîâ èìååì ñåðèþ çàäà÷:

Au0,m = λ0,mu0,m,
Au1,m +B(u0,m, u0,m) = λ0,mu1,m + λ1,mu0,m,
Au2,m +B(u0,m, u1,m) +B(u1,m, u0,m) =

= λ0,mu2,m + λ1,mu1,m + λ2,mu0,m,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Aun,m +
∑n−1
k=0 B(uk,m, un−k−1,m) =

∑n
k=1 λk,mun−k,m,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Äåéñòâóÿ òàê æå, êàê è â ëèíåéíîé òåîðèè ðåãóëÿðíûõ âîçìóùåíèé [1],
ïîñëåäîâàòåëüíî îïðåäåëÿþòñÿ êîýôôèöèåíòû ðÿäîâ (2), (3).

Òåîðåìà 1. Ïðè âûïîëíåíèè óñëîâèé 1◦�4◦ çàäà÷à (1) îáëàäàåò
ñîáñòâåííûìè çíà÷åíèÿìè è ñîáñòâåííûìè âåêòîðàìè, ãîëîìîðôíû-
ìè â òî÷êå ε = 0.

Ðàññìîòðèì ñëó÷àé íåîãðàíè÷åííîé áèëèíåéíîé ÷àñòè: áóäåì èçó-
÷àòü â áàíàõîâîì ïðîñòðàíñòâå E çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ è
ñîáñòâåííûå âåêòîðû

Au+ εB(u,Hu) = λu, (4)

â êîòîðîé îïåðàòîðû A è B òå æå, ÷òî è â óðàâíåíèè (1), à îïåðàòîð
H � íåîãðàíè÷åííûé çàìêíóòûé, ñ îáëàñòüþ îïðåäåëåíèÿ DH . Êàê è
ðàíåå, áóäåì èñêàòü ðåøåíèå çàäà÷è (4) â âèäå ðÿäîâ (2), (3).

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ 1◦�4◦ è DA ⊂ DH . Òîãäà
ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå âåêòîðû çàäà÷è (4) ãîëîìîðôíû
â òî÷êå ε = 0.
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Èçó÷àåòñÿ óðàâíåíèå Øòóðìà�Ëèóâèëëÿ ñ äâóìÿ çàìîðîæåííûìè
àðãóìåíòàìè. Ïîëó÷åíû àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ñïåêòðîâ
äâóõ êðàåâûõ çàäà÷ ñ îäíèì îáùèì êðàåâûì óñëîâèåì. Èññëåäîâà-
íà îáðàòíàÿ çàäà÷à âîññòàíîâëåíèÿ äâóõ êîýôôèöèåíòîâ ïðè ÷ëå-
íàõ ñ çàìîðîæåííûìè àðãóìåíòàìè ïî äâóì ñïåêòðàì. Óñòàíîâëå-
íî, ÷òî â îáùåì ñëó÷àå ðåøåíèå ýòîé çàäà÷è íå åäèíñòâåííî.
Êëþ÷åâûå ñëîâà: çàìîðîæåííûé àðãóìåíò, àñèìïòîòèêè ñîáñòâåí-
íûõ çíà÷åíèé, îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à.
On the problem of recovering operators with two frozen ar-
guments by two spectra

We study Sturm–Liouville equation with two frozen arguments. For
the spectra of two boundary value problems with one common bound-
ary condition, asymptotic formulae are obtained. We investigate an
inverse problem of recovering two coefficients at the terms with frozen
arguments by the two spectra. The result is that in a general case,
the problem solution is not unique.

Keywords: frozen argument, eigenvalues asymptotics, inverse spectral
problem.

Ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà ñ äâó-
ìÿ çàìîðîæåííûìè àðãóìåíòàìè:

−y′′(x) + p(x)y(a) + q(x)y(b) = λy(x), x ∈ (0, π), (1)

ãäå a è b ôèêñèðîâàíû, ïðè ýòîì 0 < a < b < π. Ôóíêöèè p, q ∈ L2(0, π)
ïðåäïîëàãàþòñÿ êîìïëåêñíîçíà÷íûìè, y ∈W 2

2 [0, π].
Ïðè j = 0, 1 îáîçíà÷èì ÷åðåç Lj(p, q) êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ

(1) ñ êðàåâûìè óñëîâèÿìè

y(0) = y(π) = 0, j = 0; y′(0) = y(π) = 0, j = 1.

Òåîðåìà 1. Ïðè j = 0, 1 ñîáñòâåííûå çíà÷åíèÿ {λnj}n≥1 êðàåâîé
çàäà÷è Lj(p, q) óäîâëåòâîðÿþò àñèìïòîòè÷åñêèì ôîðìóëàì

λnj =
(
n− j

2

)2
+ κnj , n ≥ 1, {κnj}n≥1 ∈ ℓ2.
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Ïðè j = 0, 1 íàçîâåì ìíîæåñòâî ñîáñòâåííûõ çíà÷åíèé {λnj}n≥1 ñïåê-
òðîì çàäà÷è Lj(p, q). Îáðàòíàÿ çàäà÷à âîññòàíîâëåíèÿ q ïî îäíîìó
ñïåêòðó ïðè p = 0 èññëåäîâàëàñü ðàíåå, ñì. [1�2]. Â ðÿäå ñëó÷àåâ îä-
íîãî ñïåêòðà äîñòàòî÷íî äëÿ íàõîæäåíèÿ îäíîãî êîýôôèöèåíòà q (íà-
ïðèìåð, åñëè b/π /∈ Q). Ðàññìîòðèì çàäà÷ó âîññòàíîâëåíèÿ äâóõ êîýô-
ôèöèåíòîâ ïî äâóì ñïåêòðàì:

Îáðàòíàÿ çàäà÷à 1. Çàäàíû {λn0}n≥1 è {λn1}n≥1; íàéòè p è q.

Óñòàíîâëåíî, ÷òî áåç äîïîëíèòåëüíûõ óñëîâèé íà p è q ýòà îáðàòíàÿ
çàäà÷à íå èìååò åäèíñòâåííîãî ðåøåíèÿ. Äëÿ ëþáûõ 0 < a < b < π áûë
ïîñòðîåí ïðèìåð ðàçëè÷íûõ ïàð (p, q), ïðèâîäÿùèõ ê îäíèì è òåì æå
ñïåêòðàì {λn0}n≥1 è {λn1}n≥1.

Ïóñòü T = min{a, b − a, π − b} è G ∈ L2(−T, T ) � ëþáàÿ ÷åòíàÿ
ôóíêöèÿ. Ïðè t ∈ [0, π] îïðåäåëèì

s(t) =

{
G(b− t), t ∈ (b− T, b+ T ),

0, t /∈ (b− T, b+ T ),

r(t) =

{
−G(a− t), t ∈ (a− T, a+ T ),

0, t /∈ (a− T, a+ T ).

Òåîðåìà 2. Ïàðû êðàåâûõ çàäà÷
(
L0(−r, s + r),L1(−r, s + r)

)
è
(
L0(−s − r, s),L1(−s − r, s)

)
èìåþò îäèíàêîâûå ïàðû ñïåêòðîâ(

{λn0}n≥1, {λn1}n≥1

)
.
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Â íàñòîÿùåé ðàáîòå èçó÷àþòñÿ áàçèñíûå ñâîéñòâà ñèñòåìû êîðíå-
âûõ ôóíêöèé îïåðàòîðà Äèðàêà ñ íåðåãóëÿðíûìè êðàåâûìè óñëî-
âèÿìè.
Êëþ÷åâûå ñëîâà: îïåðàòîð Äèðàêà, íåðåãóëÿðíûå êðàåâûå óñëî-
âèÿ, ïîëíîòà è áàçèñíîñòü ñèñòåìû êîðíåâûõ ôóíêöèé.
On Dirac operator with irregular boundary conditions

The paper is concerned with the basis properties of root function sys-
tems of the Dirac operator with irregular boundary conditions.

Keywords: Dirac operator, irregular boundary conditions, complete-
ness and basis property of root function systems.

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ ñèñòåìà Äèðàêà

By′ + V y = λy, (1)

ãäå y = col(y1(x), y2(x)),

B =

(
−i 0
0 i

)
, V =

(
0 P (x)

Q(x) 0

)
,

êîìïëåêñíîçíà÷íûå ôóíêöèè P,Q ∈ L1(0, π), ñ äâóõòî÷å÷íûìè êðàå-
âûìè óñëîâèÿìè

U1(y) = a11y1(0) + a12y2(0) + a13y1(π) + a14y2(π) = 0,
U2(y) = a21y1(0) + a22y2(0) + a23y1(π) + a24y2(π) = 0,

(2)

ãäå êîýôôèöèåíòû ajk � ïðîèçâîëüíûå êîìïëåêñíûå ÷èñëà, à ñòðîêè
ìàòðèöû

A =

(
a11 a12 a13 a14
a21 a22 a23 a24

)
ëèíåéíî íåçàâèñèìû.

Îïåðàòîð Ly = By′ + V y ÿâëÿåòñÿ ëèíåéíûì îïåðàòîðîì â ïðî-
ñòðàíñòâå H = L2(0, π) ⊕ L2(0, π) ñ îáëàñòüþ îïðåäåëåíèÿn D(L) =
{y ∈W 1

1 [0, π]⊕W 1
1 [0, π] : Ly ∈ H, Uj(y) = 0 (j = 1, 2)}.

Îáîçíà÷èì ÷åðåç Ajk (1 ≤ j < k ≤ 4) îïðåäåëèòåëü, ñîñòàâëåííûé
èç j-ãî è k-ãî ñòîëáöîâ ìàòðèöû A.

Êðàåâûå óñëîâèÿ (2) ìîãóò áûòü ðàçäåëåíû íà 4 îñíîâíûõ òèïà:

Ìàêèí Àëåêñàíäð Ñåðãååâè÷, ä.ô.-ì.í., âåäóùèé íàó÷íûé ñîòðóäíèê, ÈÏÌÌ
(Äîíåöê, Ðîññèÿ); Alexander Makin ( Institute of Applied Mathematics and Mechanics,
Donetsk, Russia)
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1) óñèëåííî ðåãóëÿðíûå, 2) ðåãóëÿðíûå, íî íå óñèëåííî ðåãóëÿðíûå,
3) íåðåãóëÿðíûå, 4) âûðîæäåííûå.

Êðàåâûå óñëîâèÿ (2) íàçûâàþòñÿ íåðåãóëÿðíûìè, åñëè

A14A23 = 0, (A12 +A34)(|A23|+ |A14|) ̸= 0. (3)

Òåîðåìà 1. Ïóñòü âñå ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (1), (2), (3)
ëåæàò âíóòðè ïîëîñû

|Imλ| ≤M. (4)

Òîãäà ñèñòåìà êîðíåâûõ ôóíêöèé çàäà÷è (1), (2), (3) îáðàçóåò áåç-
óñëîâíûé áàçèñ â çàìûêàíèè ñâîåé ëèíåéíîé îáîëî÷êè.

Òåîðåìà 2. Åñëè ñïåêòð çàäà÷è (1), (2), (3) óäîâëåòâîðÿåò óñëî-
âèþ (4), à ïîòåíöèàë V ∈ L2(0, π), òî ñèñòåìà êîðíåâûõ ôóíêöèé
ðàññìàòðèâàåìîãî îïåðàòîðà íåïîëíà â ïðîñòðàíñòâå H.

Ñóùåñòâîâàíèå çàäà÷ (1), (2), (3) ñ ïîòåíöèàëàìè V ∈ L2(0, π) (V ̸≡
0), ñïåêòð êîòîðûõ óäîâëåòâîðÿåò óñëîâèþ (4), óñòàíîâëåíî â [1].

Íåïîëíîòà ñèñòåìû êîðíåâûõ ôóíêöèé íåâîçìóùåííîé çàäà÷è

By′ = λy, U(y) = 0

ñ êðàåâûìè óñëîâèÿìè, íå ÿâëÿþùèìèñÿ ðåãóëÿðíûìè, áûëà àííîíñè-
ðîâàíà â [2]. Â ðàáîòàõ [3 -5] À.Â. Àãèáàëîâà, A.A. Ëóíåâ, M.M. Màëà-
ìóä è Ë.Ë. Oðèäîðîãà ïîëó÷èëè ðÿä ðåçóëüòàòîâ î íåïîëíîòå ñèñòåìû
êîðíåâûõ âåêòîðîâ îïåðàòîðà Äèðàêà (1), (2) è ãîðàçäî áîëåå îáùèõ
ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ïðè íàëîæåíèè
íåêîòîðûõ óñëîâèé íà ïîòåíöèàë V .
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ËÈÍÅÉÍÛÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ Ñ

ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ � ÐÀÑÏÐÅÄÅËÅÍÈßÌÈ
Ê.À. Ìèðçîåâ, Í.Í. Êîíå÷íàÿ

mirzoev.karahan@mail.ru, n.konechnaya@narfu.ru
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Äîêëàä ïîñâÿùåí íàõîæäåíèþ ãëàâíîãî ÷ëåíà àñèìïòîòèêè ðåøå-
íèé îäíîãî êëàññà ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé íå÷åò-
íîãî ïîðÿäêà âèäà l2n+1(y) = λy ñ êîýôôèöèåíòàìè � ðàñïðåäåëå-
íèÿìè, ãäå λ � ôèêñèðîâàííîå êîìïëåêñíîå ÷èñëî, íà áåñêîíå÷íî-
ñòè.
Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå âûðàæåíèÿ ñ êîýôôèöèåíòà-
ìè � ðàñïðåäåëåíèÿìè, àñèìïòîòèêà ðåøåíèé äèôôåðåíöèàëüíûõ
óðàâíåíèé.
On the asymptotics of solutions to one class of linear differ-
ential equations with distribution coefficients

The report is devoted to finding the main term of the asymptotics
of solutions to one class of linear differential equations of odd order
of the type l2n+1(y) = λy with distribution coefficients, where λ is a
fixed complex number, at infinity.

Keywords: differential expressions with distribution coefficients,
asymptotic behavior of solutions of differential equations.

Ïóñòü êîìïëåêñíîçíà÷íûå ôóíêöèè p0, p1, ..., pn, q1, ..., qn, ïðèíàäëåæàò
ïðîñòðàíñòâó L1

loc[1,+∞), à êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ q0 òàêàÿ, ÷òî
q0 ∈ ACloc[1,+∞), Re q0 > 0.

Â äîêëàäå, ñëåäóÿ ðàáîòå [1], áóäåò ïðåäñòàâëåíà êîíñòðóêöèÿ, ïîç-
âîëÿþùàÿ ïðè âûïîëíåíèè ýòîãî óñëîâèÿ îïðåäåëèòü, â êàêîì ñìûñëå
ñëåäóåò òðàêòîâàòü äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

l2n+1(y) := (−1)ni{(q0y(n+1))(n) + (q0y
(n))(n+1)}+

+

n∑
k=0

(−1)n+k(p
(k)
k y(n−k))(n−k)+

+ i

n∑
k=1

(−1)n+k+1{(q(k−1)
k y(n+1−k))(n−k) + (q

(k−1)
k y(n−k))(n+1−k)} = λy, (1)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 20-11-20261).
Ìèðçîåâ Êàðàõàí Àãàõàí îãëû, ä.ô.-ì.í., ïðîôåññîð, ÌÃÓ èìåíè Ì.Â. Ëîìîíîñî-

âà, Ìîñêîâñêèé öåíòð ôóíäàìåíòàëüíîé è ïðèêëàäíîé ìàòåìàòèêè (Ìîñêâà, Ðîññèÿ);
Karakhan Mirzoev (Moscow State University, Moscow Center of fundamental and applied
mathematics, Russia)

Êîíå÷íàÿ Íàòàëüÿ Íèêîëàåâíà, ê.ô.-ì.í., äîöåíò, ÑÀÔÓ èìåíè Ì.Â. Ëîìîíîñî-
âà (Àðõàíãåëüñê, Ðîññèÿ); Natalia Konechnaya (Northern (Arctic) Federal University,
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ãäå λ � ôèêñèðîâàííûé êîìïëåêñíûé ïàðàìåòð, à âñå ïðîèçâîäíûå
ïîíèìàþòñÿ â ñìûñëå òåîðèè ðàñïðåäåëåíèé. Äàëåå, èñïîëüçóÿ ýòó
êîíñòðóêöèþ è íàêëàäûâàÿ äîïîëíèòåëüíûå îãðàíè÷åíèÿ íà êîýôôè-
öèåíòû óðàâíåíèÿ (1), áóäåò íàéäåí ãëàâíûé ÷ëåí àñèìïòîòèêè ïðè
x → +∞ íåêîòîðîé ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé ýòîãî óðàâíå-
íèÿ.

Ïóñòü ÷èñëî ν > 0, êîìïëåêñíûå ÷èñëà a0, a1, . . . , an, b0, b1, . . . , bn
è êîìïëåêñíîçíà÷íûå ôóíêöèè r0, r1, . . . , rn, s0, s1, . . . , sn òàêèå, ÷òî
b0 > 0 è ïðè âñåõ x ≥ 1 ôóíêöèè p0, p1, ..., pn, q0, ..., qn, îïðåäåëÿþò-
ñÿ ðàâåíñòâàìè

p0(x) := x2n+ν(a0 + r0(x));

pk(x) := x2n+ν−k
(
(ak/

k−1∏
j=0

(2n+ ν − k − j)) + rk(x)

)
, k = 1, 2, . . . , n;

q0(x) := b0x
2n+ν+1/(1 + s0(x))

2; q1(x) := x2n+ν−1(b1 + s1(x));

qk(x) := x2n+ν−k
(
(bk/

k−2∏
j=0

(2n+ ν − k − j)) + sk(x)

)
, k = 2, 3 . . . , n.

Â äîêëàäå áóäåò èçëîæåíî äîêàçàòåëüñòâî ñëåäóþùåé òåîðåìû:
Òåîðåìà 1. Ïóñòü

n∑
j=0

(lnx)m−1

x
(1 + |s0(x)|) (|rj(x)|+ |sj(x)|+ |r0(x) s0(x)|) ∈ L1[1,+∞),

ãäå m � íàèáîëüøåå èç ÷èñåë, ðàâíûõ êðàòíîñòÿì êîðíåé ìíîãî÷ëåíà

F2n+1(z, ν) = (−1)nan +

n∑
k=1

(−1)n−kan−k

k−1∏
j=0

[(
z +

ν

2

)2
−
(
ν + 1

2
+ j

)2]
−

− 2i
(
z +

ν

2

)(
(−1)nbn +

n−1∑
k=1

(−1)n−kbn−k

k−1∏
j=0

[(
z +

ν

2

)2
−
(
ν + 1

2
+ j

)2])
+

+ 2ib0
(
z +

ν

2

) n−1∏
j=0

[(
z +

ν

2

)2
−
(ν + 1

2
+ j
)2]

.

Òîãäà óðàâíåíèå (1) èìååò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé
{yj}2n+1

j=1 òàêóþ, ÷òî åñëè z1 � êîðåíü ìíîãî÷ëåíà F2n+1(z, ν) êðàò-

íîñòè l1 ⩽ m, òî åìó ñîîòâåòñòâóåò ïîäñèñòåìà ðåøåíèé {yj}l1j=1

âèäà
yj(x) = xz1−1/2 (ln x)j−1 (c+ o(1)),

ãäå c ̸= 0 � íåêîòîðîå êîìïëåêñíîå ÷èñëî. Òàêóþ æå àñèìïòîòèêó
èìååò è äðóãàÿ ïîäñèñòåìà ðåøåíèé {yj}, j = l1 + 1, . . . l1 + l2, îòâå-
÷àþùàÿ êîðíþ z2 ìíîãî÷ëåíà F2n+1(z, ν) êðàòíîñòè l2 è ò.ä.
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Àíàëîãè÷íàÿ òåîðåìà ñïðàâåäëèâà è äëÿ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ÷åòíîãî ïîðÿäêà. Îòìåòèì òàêæå, ÷òî ÷àñòíûå ñëó÷àè òåîðåìû
1, à èìåííî äëÿ äâó÷ëåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ÷åòíîãî è
íå÷åòíîãî ïîðÿäêîâ, áûëè äîêàçàíû â ðàáîòàõ [2] è [3] ñîîòâåòñòâåííî.
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ÎÁ ÀÑÈÌÏÒÎÒÈÊÀÕ ÐÅØÅÍÈÉ ÂÅÊÒÎÐÍÎÃÎ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß
ØÒÓÐÌÀ-ËÈÓÂÈËËß Ñ ÁÛÑÒÐÎ

ÎÑÖÈËËÈÐÓÞÙÈÌÈ ÝËÅÌÅÍÒÀÌÈ
Î.Â. Ìÿêèíîâà ,

MyakinovaOV@gmail.com

ÓÄÊ 517.98

Â ðàáîòå èçó÷àþòñÿ àñèìïòîòèêè ðåøåíèé ïðè x → +∞ âåêòîð-
íîãî óðàâíåíèÿ Øòóðìà-Ëèâèëëÿ ñ áûñòðî îñöèëëèðóþùèìè ýëå-
ìåíòàìè ïîòåíöèàëüíîé ìàòðèöû â ñëó÷àå áûñòðîãî âðàùåíèÿ åå
ñîáñòâåííûõ âåêòîðîâ.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ, ñïåêòðàëüíàÿ
òåîðèÿ, àñèìïòîòèêè.
On the asymptotics of solving the Sturm-Liouville vector
equation with rapidly oscillating coefficients

The paper studies the asymptotics of solutions for x → +∞ of the
Sturm-Liouville vector equation with rapidly oscillating coefficients of
a potential matrix in the case of rapid rotation of its eigenvectors.

Keywords: differential equations, spectral theory, asymptotics.

Ðàññìàòðèâàåòñÿ óðàâíåíèå

y⃗
′′
+Q(x)y⃗ = λy⃗, (1)

ãäå y⃗ = (y1(x), y2(x)), 0 < x <∞.
Ïóñòü Q(x) - âåùåñòâåííàÿ ñèììåòðè÷åñêàÿ ìàòðèöà, ñîáñòâåííûå

çíà÷åíèÿ êîòîðîé |µi(x)| → ∞, ïðè x→ +∞.
Ïóñòü ìàòðèöà S(x) ïðèâîäèò Q(x) ê äèàãîíàëüíîìó âèäó:

S−1QS =

(
µ1(x) 0
0 µ1(x)

)
Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (1) ïðè x → +∞ äëÿ ñëó÷àÿ

òàê íàçûâàåìîãî ¾áûñòðîãî âðàùåíèÿ¿ ñîáñòâåííûõ âåêòîðîâQ(x) (ñì.
[1]).
Â ñîîáùåíèè áóäåò ðàññìîòðåí ñëó÷àé, êîãäà àñèìïòîòèêè ðåøåíèé

óðàâíåíèÿ (1) çàâèñÿò íå òîëüêî îò ìàòðèö S(x),
(
µ1(x) 0
0 µ1(x)

)
,

íî è ýëåìåíòîâ S−1S′.

Ìÿêèíîâà Îëüãà Âëàäèìèðîâíà, ê.ô.-ì.í., äîöåíò ÓÓÍèÒ (Óôà, Ðîññèÿ); Olga
Myakinova (Ufa University of Science and Technology, Ufa, Russia)
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Äîêëàä ïîñâÿùåí èçó÷åíèþ àñèìïîòèêè ðåøåíèÿ óðàâíåíèÿ
Øòóðìà-Ëèóâèëëÿ ñ ïîòåíöèàëîì, ñîäåðæàùèì îñöèëëÿöèþ. Áó-
äóò îïèñàíû íîâûå êëàññû êîýôôèöèåíòîâ, äëÿ êîòîðûõ ïîòåí-
öèàë êàê íå âëèÿåò íà ãëàâíûé ÷ëåí àñèìïòîòèêè ðåøåíèé, òàê è
âëèÿåò.
Êëþ÷åâûå ñëîâà: óðàâíåíèå Øòóðìà-Ëèóâèëëÿ, àñèìïòîòèêà ðå-
øåíèé, îñöèëëèðóþùèé ïîòåíöèàë
Sturm-Liouville equation with rapidly oscillating decreasing
potential

The report is devoted to the study of the asympotics of the solution of
the Sturm-Liouville equation with a potential containing oscillation.
New classes of coefficients will be described for which the potential
either does not affect the main term of the asymptotics of solutions,
or does.

Keywords: Sturm-Liouville equation, asymptotic behavior of solu-
tions, oscillating potential

Ïðè èçó÷åíèè àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ðåøåíèé óðàâíåíèÿ
Øòóðìà-Ëèóâèëëÿ îòäåëüíûé èíòåðåñ ïðåäñòàâëÿþò ðàçëè÷íûå êëàñ-
ñû ýòîãî óðàâíåíèÿ ñ áûñòðî îñöèëëèðóþùèìè êîýôôèöèåíòàìè
(ñì.íàïðèìåð [2] è áèáëèîãðàôèþ). Îòäåëüíûé èíòåðåñ ïðåäñòàâëÿ-
åò îïèñàíèå êëàññîâ óðàâíåíèé ñ îñöèëëèðóþùèì ïîòåíöèàëîì, êî-
ãäà àñèìïîòèêà ðåøåíèé ñóùåñòâåííî îòëè÷àåòñÿ îò êëàññè÷åñêèõ ÂÊÁ
àñèìïòîòèê.

Äîêëàä ïîñâÿùåí ðåàëèçàöèè ñðàâíèòåëüíîãî íîâîãî ïîäõîäà
(ñì.ïîäðîáíåå â [1]) ê èññëåäîâàíèþ òàêèõ óðàâíåíèé (îòìåòèì, ÷òî
ïîäõîä ìîæåò áûòü ïðèìåíåí è ê óðàâíåíèÿì áîëåå âûñîêîãî ïîðÿäêà)
äëÿ óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ

y′′ + (1 + q(x))y = 0, x0 < x <∞. (1)

Äàííîå èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ãðàíò � 23-
21-00225).
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Ïðåäëàãàåìàÿ ñõåìà ïîñòðîåíèÿ àñèìïòîòèêè ðåøåèé ñîñòîèò â ïåðåõî-
äå ê ñèñòåìå ÎÄÓ ïåðâîãî ïîðÿäêà, êîòîðàÿ çàïèñûâàåòñÿ â òåðìèíàõ
ñïåöèàëüíûõ ìàòðèö, ñâîéñòâà êîòîðûõ ïîçâîëÿþò ïðîâåñòè ïîñëåäîâà-
òåëüíîñòü ìàòðè÷íûõ ïðåîáðàçîâàíèé,è ïîëó÷èòü L-äèàãîíàëüíûé âèä
ñèñòåìû. Äîêàçàíî, ÷òî àñèìïòîòèêà ðåøåíèé óðàâíåíèÿ (1) ìîæåò ñó-
ùåñòâåííî çàâèñåòü îò àëãåáðàè÷åñêîé ñòðóêòóðû áûñòðî îñöèëëèðóþ-
ùåãî âîçìóùåíèÿ q(x).

Ââåäåì ïðîñòðàíñòâî W0 áûñòðî îñöèëëèðóþùèõ ïîëèíîìîâ

σ(x) =

n∑
k=1

gk(x)e
ipk(x), (2)

ãäå gk(x) - îáîáùåííûå ìíîãî÷ëåíû c îòðèöàòåëüíûìè ñòåïåíÿìè â èí-
òåðâàëå (0, 1), pk(x) � îáîáùåííûå ìíîãî÷ëåíû ñî ñòåïåíÿìè áîëüøå
1, pk,0 � êîýôôèöèåíòû ïåðåä ñòàðøèìè ñòåïåíÿìè ñîîòâåòñòâóþùèõ
ìíîãî÷ëåíîâ. Îñíîâíîé ðåçóëüòàò ñôîðìóëèðîâàí â âèäå òåîðåìû.

Òåîðåìà 1. Ïóñòü q(x) ∈ W0 è äëÿ ëþáîãî íàáîðà öåëûõ íåîòðè-
öàòåëüíûõ ÷èñåë {c1, ..., cn} âûïîëíåíî óñëîâèå:

∑n
k=1 ckpk,0 ̸= 0.

Òîãäà äëÿ ðåøåíèé óðàâíåíèÿ (1) ïðè x → +∞ ñïðàâåäëèâû àñèìïòî-
òè÷åñêèå ñîîòíîøåíèÿ: y(x) = e±ix(1 + o(1)).
Âîçíèêàåò âîïðîñ î ñóùåñòâåííîñòè óñëîâèÿ òåîðåìû 1. Ðàññìîòðèì
óðàâíåíèå (1) ñ ïîòåíöèàëîì q(x) = 2axαcos(xβ), α < 0, β > 1. Íåñìîò-
ðÿ íà òî, ÷òî äàííûé ïîòåíöèàë íå óäîâîëåòâîðÿåò óñëîâèþ òåîðåìû,
íàì óäàëîñü ïîñòðîèòü è â ýòîì ñëó÷àå àñèìïîòîèêó ðåøåíèé óðàâíå-
íèÿ (1), îïèðàÿñü íà òîò æå ïîäõîä.

y1,2(x) = e
±ix± a2

β2(2(α−β+1)+1)
x2(α−β+1)+1+r1,2(x)

(1 + o(1)),

ãäå r1,2(x) ïîëèíîìû òàêèå, ÷òî r1,2(x) = o(x2(α−β+1)+1).
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ÎÁ ÀÑÈÌÏÒÎÒÈÊÅ ÑÎÁÑÒÂÅÍÍÛÕ ÇÍÀ×ÅÍÈÉ
ÎÏÅÐÀÒÎÐÀ ×ÅÒÂÅÐÒÎÃÎ ÏÎÐßÄÊÀ ÎÁÙÅÃÎ ÂÈÄÀ Ñ

ÏÀÐÀÌÅÒÐÎÌ Â ÃÐÀÍÈ×ÍÛÕ ÓÑËÎÂÈßÕ
Ä.Ì. Ïîëÿêîâ

DmitryPolyakow@mail.ru

ÓÄÊ 517.927

Ðàññìàòðèâàåòñÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ äèôôåðåíöèàëüíîãî
îïåðàòîðà ÷åòâåðòîãî ïîðÿäêà. Ïðè ýòîì ñïåêòðàëüíûé ïàðàìåòð
ñîäåðæèòñÿ â äâóõ ãðàíè÷íûõ óñëîâèÿõ. Îñíîâíîé ðåçóëüòàò ïî-
ñâÿùåí òî÷íîé àñèìïòîòèêå ñîáñòâåííûõ çíà÷åíèé ïðè âûñîêèõ
ýíåðãèÿõ.
Êëþ÷åâûå ñëîâà: àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé, äèôôåðåí-
öèàëüíûé îïåðàòîð ÷åòâåðòîãî ïîðÿäêà, ñïåêòðàëüíûé ïàðàìåòð
â ãðàíè÷íûõ óñëîâèÿõ.
On eigenvalue asymptotics for a fourth-order operator in gen-
eral form with parameter in boundary conditions

We consider a spectral problem for fourth-order differential operator
with spectral parameter in two boundary conditions. We obtain sharp
asymptotics of eigenvalues at high energy.

Keywords: eigenvalue asymptotics, fourth-order differential operator,
spectral parameter in boundary conditions.

Â ïðîñòðàíñòâå L2(0, 1) ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ñïåêòðàëüíàÿ
çàäà÷à äëÿ óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà âèäà

y(4)(x)− (p(x)y′(x))′ = λy(x),

y′′(0) = y′′(1) = 0, T y(0)− aλy(0) = 0, Ty(1)− cλy(1) = 0,

ãäå p � âåùåñòâåííàÿ àáñîëþòíî íåïðåðûâíàÿ ôóíêöèÿ íà (0, 1), Ty =
y′′′ − py′, ãäå a > 0, c < 0 è λ ∈ C � ñïåêòðàëüíûé ïàðàìåòð.

Äàííàÿ çàäà÷à èçó÷àëàñü â ñòàòüÿõ [1] è [2]. Óêàçàííûå ðàáîòû ïî-
ñâÿùåíû âîïðîñàì ëîêàëèçàöèè ñïåêòðà, îñöèëëÿöèîííûì ñâîéñòâàì
ñîáñòâåííûõ ôóíêöèé, à òàêæå áàçèñíîñòè êîðíåâûõ ôóíêöèé ñîîòâåò-
ñòâóþùåãî äàííîé çàäà÷è îïåðàòîðà. Êðîìå òîãî, â íèõ áûëà óñòàíîâ-
ëåíà ñëåäóþùàÿ àñèìïòîòèêà ñîáñòâåííûõ çíà÷åíèé äëÿ ýòîãî îïåðà-
òîðà:

λ0
n = π4(n− 2)4 + O(n2), n ∈ N.

Îñíîâíàÿ öåëü íàñòîÿùåé ðàáîòû � äàòü äåòàëüíûé àíàëèç ïîâåäå-
íèÿ àñèìïòîòèêè ñîáñòâåííûõ çíà÷åíèé λn äëÿ äîñòàòî÷íî áîëüøèõ
íîìåðîâ, à òàêæå âûñîêîýíåðãåòè÷åñêèõ ýôôåêòîâ, êîòîðûå çäåñü âîç-
íèêàþò.

Ïîëÿêîâ Äìèòðèé Ìèõàéëîâè÷, ê.ô.-ì.í., ÞÌÈ ÂÍÖ ÐÀÍ (Âëàäèêàâêàç, Ðîñ-
ñèÿ); Dmitry Polyakov (Southern Mathematical Institute VSC RAS, Vladikavkaz, Russia)
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Äëÿ ôîðìóëèðîâêè îñíîâíîãî ðåçóëüòàòà îïðåäåëèì êîýôôèöèåí-
òû Ôóðüå äëÿ íåêîòîðîé ôóíêöèè f ∈ L1(0, 1):

f0 =

∫ 1

0

f(x) dx, f̂cn(ε) =

∫ 1

0

f(x) cosπ(2n− ε)x dx,

f̂sn(ε) =

∫ 1

0

f(x) sinπ(2n− ε)x dx, n ∈ Z,

ãäå ε � íåêîòîðàÿ êîíñòàíòà.

Òåîðåìà 1. Ïóñòü p ∈ W 1
1 (0, 1). Òîãäà ñîáñòâåííûå çíà÷åíèÿ λn

ÿâëÿþòñÿ âåùåñòâåííûìè, ïðîñòûìè è óäîâëåòâîðÿþò ñëåäóþùåé
àñèìïòîòèêå

λn = π4(n− 2)4 + π2(n− 2)2
(
p0 + p̂cn(4) +

2(c− a)

ac

)
+ O(n),

ïðè n→ +∞. Åñëè äîïîëíèòåëüíî ïðåäïîëîæèòü, ÷òî p ∈W 3
1 (0, 1) è

p(0) = p(1), òî àñèìïòîòèêà ïðèìåò âèä

λn = π4(n− 2)4 + π2(n− 2)2
(
p0 +

2(c− a)

ac

)
− π(n− 2)

( 1

a2
+

1

c2

)
+

(p0 + 7p(0))(c− a)

2ac
+
p20 − ∥p∥2

8
+

1

2

(1
a
− 1

c

)2
+

1

3

( 1

a3
− 1

c3

)
+

p̂′′′sn(4)

32π(n− 2)
+ O(n−2),

ïðè n→ +∞.

Ëèòåðàòóðà
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Î ÍÎÂÛÕ ÏÐÅÄÑÒÀÂËÅÍÈßÕ ÇÍÀ×ÅÍÈÉ
ÄÇÅÒÀ-ÔÓÍÊÖÈÈ ÐÈÌÀÍÀ Â ÍÅ×ÅÒÍÛÕ ÒÎ×ÊÀÕ

Ò.À. Ñàôîíîâà
t.Safonova@narfu.ru

ÓÄÊ 517.518

Â ðàáîòå ñðåäñòâàìè ñïåêòðàëüíîé òåîðèè îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ îïåðàòîðîâ íàéäåíû íîâûå ïðåäñòàâëåíèÿ íåêîòî-
ðûõ îïðåäåë¼ííûõ ëèíåéíûõ êîìáèíàöèé ÷èñåë ζ(2n) â âèäå ðÿ-
äîâ, ñîäåðæàùèõ ëîãàðèôìû.
Êëþ÷åâûå ñëîâà: äçåòà-ôóíêöèÿ Ðèìàíà.
On new representations of the values of the Riemann zeta
function at odd points

In this work, using the spectral theory of ordinary differential oper-
ators, new representations of certain linear combinations of numbers
ζ(2n) are found in the form of series containing logarithms.

Keywords: Riemann zeta function.

Ñëåäóÿ [1], ñèìâîëàìè ζ(s) è η(s) îáîçíà÷èì äçåòà-ôóíêöèþ Ðèìàíà è
ðîäñòâåííóþ ñ íåé ôóíêöèþ, îïðåäåëÿåìûå ðàâåíñòâàìè

ζ(s) =

+∞∑
k=1

1

ks
, η(s) =

+∞∑
k=1

(−1)k−1

ks
= (1− 21−s)ζ(s).

Õîðîøî èçâåñòíî, ÷òî

ζ(2n) =
(−1)n−1(2π)2n

2(2n)!
B2n, n = 1, 2, . . .

ãäå B2n - ÷èñëà Áåðíóëëè. Èç ýòîãî ðàâåíñòâà ñëåäóåò, ÷òî ÷èñëà
ζ(2n) ÿâëÿþòñÿ òðàíñöåíäåíòíûìè, à îá àðèôìåòè÷åñêîé ïðèðîäå ÷è-
ñåë ζ(2n+ 1) èçâåñòíî î÷åíü ìàëî, â ò.÷. íå èçâåñòíî ÿâëÿþòñÿ ëè îíè
òðàíñöåíäåíòíûìè. Òîëüêî â 1978 ã. ôðàíöóçñêèé ìàòåìàòèê Ð. Àïå-
ðè äîêàçàë èððàöèîíàëüíîñòü ÷èñëà ζ(3), âïîñëåäñòâèè íàçâàííîãî åãî
èìåíåì.

Íàìè (ñì., íàïð., [2]) ïðåäëîæåí ìåòîä, ïîçâîëÿþùèé ñðåäñòâà-
ìè ñïåêòðàëüíîé òåîðèè îáûêíîâåííûõ äèôôåðåíöèàëüíûõ îïåðàòî-
ðîâ ïîëó÷èòü èíòåãðàëüíîå ïðåäñòàâëåíèå ñóìì íåêîòîðûõ ñòåïåííûõ
ðÿäîâ è ñïåöèàëüíûõ ôóíêöèé. Â ÷àñòíîñòè, äëÿ ïîñëåäîâàòåëüíîñòåé
÷èñåë

Cm := π2m

(
m∑
n=1

(−1)m−n

(2m− 2n+ 1)!

η(2n− 1)

π2n−1

)
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 24-21-00128).
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è

Dm := π2m+1

(
m∑
n=1

(−1)m−n

(2m− 2n+ 2)!

η(2n− 1)

π2n−1
− 22m+1 − 1

22m
ζ(2m+ 1)

π2m+1

)

ïðè m = 1, 2, . . ., óñòàíîâëåíà ñïðàâåäëèâîñòü ðàâåíñòâ

Cm =
(−1)m−122m−1

(2m)!

π/2∫
0

x2m

sin2 x
dx (1)

è

Dm =
(−1)m−122m

(2m+ 1)!

π/2∫
0

x2m+1

sin2 x
dx. (2)

Èñïîëüçóÿ ðàçëîæåíèå

1

sin2 πx
2

=
4

(πx)2
+

8

π2

+∞∑
k=1

x2 + (2k)2

(x2 − (2k)2)2
,

ìîæíî äîêàçàòü ñïðàâåäëèâîñòü òîæäåñòâà

1

j + 1

π/2∫
0

xj+1

sin2 x
dx =

(π
2

)j1

j
− 2

+∞∑
k=1

1∫
0

uj+1

(2k)2 − u2
du

 , j = 1, 2, . . .

Âû÷èñëÿÿ äàëåå èíòåãðàëû èç åãî ïðàâîé ÷àñòè ïðè j = 2m−1 è j = 2m
è ó÷èòûâàÿ ïîëó÷åííûå ðàâåíñòâà â ïðàâûõ ÷àñòÿõ (1) è (2), ïðèõîäèì
ê ñïðàâåäëèâîñòè ñëåäóþùåãî óòâåðæäåíèÿ.

Òåîðåìà 1. Ïðè m = 1, 2, . . . ñïðàâåäëèâû ðàâåíñòâà

Cm =
(−1)m−1π2m−1

(2m− 1)!
×

×

(
1

2m− 1
+

+∞∑
k=1

(
(2k)2m−1 ln

2k − 1

2k + 1
+ 2

m−1∑
l=0

(2k)2l

2m− 2l − 1

))
è

Dm =
(−1)m−1π2m

(2m)!

(
1

2m
+

+∞∑
k=1

(
(2k)2m ln

(
1− 1

(2k)2

)
+

m−1∑
l=0

(2k)2l

m− l

))
.

Â ÷àñòíîñòè, ïîëàãàÿ m = 1 â ýòèõ ðàâåíñòâàõ, äëÿ ïîñòîÿííîé
Àïåðè ζ(3) ïîëó÷èì ñïðàâåäëèâîñòü òîæäåñòâ

ζ(3) =
2π2

9
ln 2− 2π2

27

(
1 + 2

+∞∑
k=1

(
1 + 12k2 + 12k3 ln

2k − 1

2k + 1

))
=
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=
2π2

7
ln 2− π2

7

(
1 + 2

+∞∑
k=1

(
1 + 4k2 ln

(
1− 1

4k2

)))
.

Â çàêëþ÷åíèè îòìåòèì, ÷òî ýòè ðàâåíñòâà ìîæíî ïåðåïèñàòü â
íåñêîëüêî èíîì âèäå

e
− 27ζ(3)

4π2 =
1

2

√
e/2

+∞∏
k=1

(
e1+12k2

(
1− 2

2k + 1

)12k3
)

è

e
− 7ζ(3)

2π2 =
√
e/2

∞∏
k=1

(
e

(
1− 1

4k2

)4k2
)
.
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STRUCTURE OF ESSENTIAL SPECTRUM AND DISCRETE
SPECTRA OF THE ENERGY OPERATOR OF

FOUR-ELECTRON SYSTEMS IN THE IMPURITY
HUBBARD MODEL. SECOND SINGLET STATE

Sa'dulla Tashpulatov.
sadullatashpulatov@yandex.com, toshpul@mail.ru,

toshpul@inp.uz

ÓÄÊ 517.984

We consider the energy operator of four-electron systems in the impu-
rity Hubbard model and investigate the structure of essential spectrum
and discrete spectra of the system in the second singlet state.

Keywords: Imputity Hubbard model, singlet state, essential spectra,
discrete spectrum.

Hamiltonian of the considering system has the form

H = A
∑
m,γ

a+m,γam,γ +B
∑
m,τ,γ

a+m,γam+τ,γ + U
∑
m

a+m,↑am,↑a
+
m,↓am,↓+

+ε1
∑
γ

a+0,γa0,γ + ε2
∑
τ,γ

(a+0,γaτ,γ + a+τ,γa0,γ) + ε3a
+
0,↑a0,↑a

+
0,↓a0,↓. (1)

Here A (A0) is the electron energy at a regular (impurity) lattice
site; B > 0 (B0 > 0) is the transfer integral between electrons (between
electron and impurity) in a neighboring sites, τ = ±ej , j = 1, 2, ..., ν, where
ej are unit mutually orthogonal vectors, which means that summation
is taken over the nearest neighbors, U (U0) is the parameter of the on-
site Coulomb interaction of two electrons, correspondingly in the regular
(impurity) lattice site; γ is the spin index, and a+m,γ and am,γ are the
respective electron creation and annihilation operators at a site m ∈ Zν ,
ε1 = A−A0, ε2 = B−B0, ε3 = U−U0. The second singlet state corresponds
four-electron bound states (or antibound states) to the basis functions:
2s1p,q,r,t∈Zν = a+p,↑a

+
q,↓a

+
r,↑a

+
t,↓φ0. The subspace 2H̃0

s , corresponding to
the second singlet state is the set of all vectors of the form 2ψ0

s =∑
p,q,r,t∈Zν f(p, q, r, t)

2s0p,q,r,t∈Zν , f ∈ las2 , where las2 is the subspace of
antisymmetric functions in l2((Zν)4). In this case, the Hamiltonian H acts
in the antisymmetric Fock space 2H̃0

s . Let φ0 be the vacuum vector in
the antisymmetrical Fock space 2H̃0

s . Let
2H̃0

s be the restriction H to the
subspace 2H̃0

s . The second singlet state corresponds the free motions of
four-electrons in the lattice and their interactions.

Tashpulatov Sadulla Mamarajabovich, doctor of physico-mathematical science, senior
researcher,leading researcher
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Theorem 1. The subspace 2H̃0
s is invariant under the operator H, and

the operator 2H0
s is a bounded self-adjoint operator. It generates a bounded

self-adjoint operator 2H
0
s acting in the space las2 as

2H
0
s

2ψ0
s = 4Af(p, q, r, t) +B

∑
τ

[f(p+ τ, q, r, t) + f(p, q + τ, r, t) + f(p, q, r + τ, t)

+f(p, q, r, t+τ)]+U [δp,q+δq,r+δp,t+δr,t]f(p, q, r, t)+(A0−A)[δp,0δq,0+δr,0+δt,0]

×f(p, q, r, t) + (B0 −B)
∑
τ

[δp,0f(τ, q, r, t) + δq,0f(p, τ, r, t) + δr,0f(p, q, τ, t)+

δt,0f(p, q, r, τ) + δp,τf(0, q, r, t) + δq,τf(p, 0, r, t)δr,τf(p, q, 0, t) + δt,τf(p, q, r, τ)]+

(U0 − U)[δp,qδp,0 + δp,tδp,0 + δq,rδq,0 + δr,tδr,0]f(p, q, r, t), (2)

where δk,j is the Kronecker symbol. The operator 2H0
s acts on a vector

2ψ0
s ∈ 2

H
0
s as

2H0
s

2ψ0
s =

∑
p,q,r,t∈Zν

(2H
0
sf)(p, q, r, t)

2s0p,q,r,t∈Zν . (3)

Lemma 1. The spectra of operators 2H
0
s and

2H
0
s coincide.

Let F : l2((Z
ν)4) → L2((T

ν)4) ≡ 2H̃0
s be the Fourier transform,

where T ν is the ν− dimensional torus endowed with the normalized
Lebesgue measure dλ, i.e. λ(T ν) = 1. We set 2H̃0

s = F 2H
0
sF

−1. In
the quasimomentum representation, the operator 2H

0
s acts in the Hilbert

space Las2 ((T ν)4), where Las2 is the subspace of antisymmetric functions in
L2((T

ν)4).

Theorem 2. Let ν = 1. Then
A). If ε2 = −B and ε1 < −2B (respectively, ε2 = −B and ε1 > 2B),

then the essential spectrum of the operator 2H̃0
s is consists of the union of

eight segments: σess(
2H̃0

s ) = [4A− 8B, 4A+8B]∪ [3A− 6B+ z, 3A+6B+
z] ∪ [2A − 4B + 2z, 2A + 4B + 2z] ∪ [A − 2B + 3z,A + 2B + 3z] ∪ [2A −
4B + z3, 2A + 4B + z3] ∪ [2A − 4B + z4, 2A + 4B + z4] ∪ [A − 2B + z +
z3, A+ 2B + z + z3] ∪ [A− 2B + z + z4, A+ 2B + z + z4], and the discrete

spectrum of the operator 2H̃0
s is consists of six eigenvalues: σdisc(

2H̃0
s ) =

{4z, 2z+ z3, 2z+ z4, 2z3, z3 + z4, 2z4}, where z = A+ ε1, here and hereafter
z3 and z4 are the concrete numbers.

B). If ε1 = 0 and ε2 > 0 or ε1 = 0 and ε2 < −2B, then the essential

spectrum of the operator 2H̃0
s is consists of the union of thirteen segments:

σess(
2H̃0

s ) = [4A−8B, 4A+8B]∪ [3A−6B+z1, 3A+6B+z1]∪ [3A−6B+
z2, 3A+ 6B + z2]∪ [2A− 4B + 2z1, 2A+ 4B + 2z1]∪ [2A− 4B + 2z2, 2A+
4B + 2z2]∪ [2A− 4B + z3, 2A+ 4B + z3]∪ [2A− 4B + z4, 2A+ 4B + z4]∪
[A− 2B + 3z1, A+ 2B + 3z1] ∪ [A− 2B + 3z2, A+ 2B + 3z2] ∪ [A− 2B +
z1 + z3, A + 2B + z1 + z3] ∪ [A − 2B + z1 + z4, A + 2B + z1 + z4] ∪ [A −
2B + z2 + z4, A+ 2B + z2 + z4] ∪ [A− 2B + z2 + z3, A+ 2B + z2 + z3],
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and the discrete spectrum of the operator 2H̃0
s is consists of nine

eigenvalues: σdisc(
2H̃0

s ) = {4z1, 4z2, 2z1+z3, 2z1+z4, 2z3, z3+z4, 2z4, 2z2+
z3, 2z2 + z4}, where z1 = A− 2BE/

√
E2 − 1 and z2 = A+2BE/

√
E2 − 1,

E = (B + ε2)
2/(ε22 + 2Bε2).

C). If ε2 > 0 and 0 < ε1 < 2(ε22 + 2Bε2)/B (respectively, ε2 < −2B
and 0 < ε1 < 2(ε22 + 2Bε2)/B), then the essential spectrum of the operator
2H̃0

s is consists of the union of sixteen segments:
σess(

2H̃0
s ) = [4A−8B, 4A+8B]∪ [3A−6B+z1, 3A+6B+z1]∪ [3A−6B+

z2, 3A+6B+z2]∪ [2A−4B+2z1, 2A+4B+2z1]∪ [2A−4B+2z2, 2A+4B+
2z2]∪ [2A−4B+z1+z2, 2A+4B+z1+z2]∪ [2A−4B+z3, 2A+4B+z3]∪
[2A−4B+z4, 2A+4B+z4]∪[A−2B+3z1, A+2B+3z1]∪[A−2B+3z2, A+
2B+3z2]∪[A−2B+z1+2z2, A+2B+z1+2z2]∪[A−2B+2z1+z2, A+2B+
2z1+z2]∪[A−2B+z1+z3, A+2B+z1+z3]∪[A−2B+z1+z4, A+2B+z1+
z4]∪ [A−2B+z2+z3, A+2B+z2+z3]∪ [A−2B+z2+z4, A+2B+z2+z4],

and the discrete spectrum of the operator 2H̃0
s is consists of fourteen

eigenvalues: σdisc(
2H̃0

s ) = {4z1, 2z1 + 2z2, 3z1 + z2, 2z1 + z3, 2z1 + z4, z1 +
3z2, 4z2, 2z2 + z3, 2z2 + z4, 2z4, z1 + z2 + z3, z1 + z2 + z4, 2z3, z3 + z4},
here z1 = A + 2B(α − E

√
E2 − 1 + α2)/(E2 − 1) and z2 = A + 2B(α +

E
√
E2 − 1 + α2)/(E2−1), where E = (B+ε2)

2/(ε22+2Bε2) and 0 < α < 1.

D). If −2B < ε2 < 0, then the essential spectrum of the operator 2H̃0
s

is consists of the union of three segments: σess(
2H̃0

s ) = [4A − 8B, 4A +
8B] ∪ [2A − 4B + z3, 2A + 4B + z3] ∪ [2A − 4B + z4, 2A + 4B + z4], and

the discrete spectrum of the operator 2H̃0
s is consists of three eigenvalues:

σdisc(
2H̃0

s ) = {2z3, z3 + z4, 2z4}.

Theorem 3. Let ν = 3. Then
A). 1). If ε2 = −B and ε1 < −6B (respectively,ε2 = −B and ε1 > 6B),

then the essential spectrum of the operator 2H̃0
s is consists of the union of

eight segments: σess(
2H̃0

s ) = [4A− 24B, 4A+ 24B] ∪ [3A− 18B + z, 3A+
18B + z] ∪ [2A− 12B + 2z, 2A+ 12B + 2z] ∪ [2A− 12B + z3, 2A+ 12B +
z3] ∪ [2A− 12B + z4, 2A+ 12B + z4] ∪ [A− 6B + 3z,A+ 6B + 3z] ∪ [A−
6B + z + z3, A + 6B + z + z3] ∪ [A − 6B + z + z4, A + 6B + z + z4], and

the discrete spectrum of the operator 2H̃0
s is consists of six eigenvalues:

σdisc(
2H̃0

s ) = {4z, 2z+ z3, 2z+ z4, 2z3, 2z4, z3 + z4}, where z = A+ ε1, here
and hereafter z3 and z4 are the same concrete numbers.

2). If ε2 = −B and −6B ≤ ε1 < −2B (respectively, ε2 = −B and

2B < ε1 ≤ 6B), then the essential spectrum of the operator 2H̃0
s is consists

of the union of three segments: σess(
2H̃0

s ) = [4A− 24B, 4A+ 24B]∪ [2A−
12B+ z3, 2A+12B+ z3]∪ [2A− 12B+ z4, 2A+12B+ z4], and the discrete

spectrum of the operator 2H̃0
s is consists of three eigenvalues: σdisc(

2H̃0
s ) =

{2z3, z3 + z4, 2z4}.
B). If ε2 > 0, 0 < ε1 < 2(ε22 + 2Bε2)/B and (1 − α/3)W < E <

(1 + α/3)W (respectively, ε2 < −2B, 0 < ε1 < 2(ε22 + 2Bε2)/B and (1 −
α/3)W < E < (1+α/3)W ), then the essential spectrum of the operator 2H̃0

s
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is consists of the union of sixteen segment: σess(
2H̃0

s ) = [4A − 24B, 4A +
24B]∪ [3A− 18B+ z1, 3A+18B+ z1]∪ [2A− 12B+2z1, 2A+12B+2z1]∪
[2A−12B+z3, 2A+12B+z3]∪ [2A−12B+z4, 2A+12B+z4]∪ [A−6B+
3z1, A+6B+3z1]∪[A−6B+z1+z3, A+6B+z1+z3]∪[A−6B+z1+z4, A+
6B+z1+z4]∪[3A−18B+z2, 3A+18B+z2]∪[2A−12B+z1+z2, 2A+12B+
z1+z2]∪[2A−12B+2z2, 2A+12B+2z2]∪[A−6B+2z1+z2, A+6B+2z1+
z2]∪[A−6B+z1+2z2, A+6B+z1+2z2]∪[A−6B+3z2, A+6B+3z2]∪[A−
6B+z2+z3, A+6B+z2+z3]∪ [A−6B+z2+z4, A+6B+z2+z4], and the

discrete spectrum of the operator 2H̃0
s is consists of fourteen eigenvalues:

σdisc(
2H̃0

s ) = {4z1, 4z2, 3z1 + z2, 2z1 + 2z2, 2z1 + z3, 2z3, 2z4, z3 + z4, 2z1 +
z4, z1 + 3z2, z1 + z2 + z3, z1 + z2 + z4, 2z2 + z3, 2z2 + z4}, where z1 and z2
is the eigenvalue of the operator H̃1.

C). If −2B < ε2 < 0, then the essential spectrum of the operator 2H̃0
s is

consists of the union of three segment: σess(
2H̃0

s ) = [4A−24B, 4A+24B]∪
[2A− 12B + z3, 2A+ 12B + z3] ∪ [2A− 12B + z4, 2A+ 12B + z4], and the

discrete spectrum of the operator 2H̃0
s is consists of fourteen eigenvalues:

σdisc(
2H̃0

s ) = {2z3, z3 + z4, 2z4.}
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Äîêëàä ïîñâÿùåí êðàòêîé èñòîðèè ðàçâèòèÿ òåîðèè ðåãóëÿðèçîâàííûõ
ñëåäîâ ñ äèñêðåòíûì ñïåêòðîì, ñîâðåìåííîó ñîñòîÿíèþ ôîðìóë ñëåäîâ
îãðàíè÷åííûõ âîçìóùåíèé äâóìåðíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ
è îòêðûòûì çàäà÷àì â ýòîé îáëàñòè. Òàêæå, áóäóò îáñóæäàòüñÿ âçàè-
ìîñâÿçè àíàëîãà ìåòîäà ñóììèðîâàíèÿ ïî ×åçàðî è ôîðìóë ðåãóëÿðè-
çîâàííûõ ñëåäîâ.
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1444).
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ÎÁÐÀÒÍÀß ÇÀÄÀ×À ØÒÓÐÌÀ-ËÈÓÂÈËËß Ñ
ÌÍÎÃÎ×ËÅÍÀÌÈ Â ÊÐÀÅÂÎÌ ÓÑËÎÂÈÈ È
ÊÐÀÒÍÛÌÈ ÑÎÁÑÒÂÅÍÍÛÌÈ ÇÍÀ×ÅÍÈßÌÈ
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ÓÄÊ 517.984

Ðàññìîòðåíà îáðàòíàÿ çàäà÷à Øòóðìà-Ëèóâèëëÿ ñ ïîòåíöèàëîì-
ðàñïðåäåëåíèåì è ìíîãî÷ëåíàìè îò ñïåêòðàëüíîãî ïàðàìåòðà â îä-
íîì èç êðàåâûõ óñëîâèé. Äîêàçàíà òåîðåìà î ëîêàëüíîé ðàçðåøè-
ìîñòè è óñòîé÷èâîñòè îáðàòíîé çàäà÷è ïî ñïåêòðàëüíûì äàííûì
â îáùåì ñëó÷àå, äîïóñêàþùåì êðàòíûå ñîáñòâåííûå çíà÷åíèÿ.

Êëþ÷åâûå ñëîâà: îáðàòíàÿ çàäà÷à Øòóðìà-Ëèóâèëëÿ, ìíîãî÷ëå-
íû â êðàåâîì óñëîâèè, êðàòíûå ñîáñòâåííûå çíà÷åíèÿ, ëîêàëüíàÿ
ðàçðåøèìîñòü, óñòîé÷èâîñòü.
Inverse Sturm-Liouville problem with polynomials in the
boundary condition and multiple eigenvalues

The inverse Sturm-Liouville problem with distribution potential and
with polynomials of the spectral parameter in one of the boundary
conditions is considered. Theorem on local solvability and stability
of the inverse problem by spectral data in general case with multiple
eigenvalues is proved.

Keywords: inverse Sturm-Liouville problem, polynomials in the
boundary condition, multiple eigenvalues, local solvability, stability.

Ðàññìîòðèì çàäà÷ó Øòóðìà-Ëèóâèëëÿ L = L(σ, r1, r2) ñëåäóþùåãî âè-
äà:

−y′′ + q(x)y = λy, x ∈ (0, π), (1)

y[1](0) = 0, r1(λ)y
[1](π) + r2(λ)y(π) = 0, (2)

ãäå q(x) � êîìïëåêñíîçíà÷íûé ïîòåíöèàë-ðàñïðåäåëåíèå èç êëàññà
W−1

2 (0, π), ò.å. q(x) = σ′(x), ãäå σ(x) ∈ L2(0, π); λ � ñïåêòðàëüíûé ïàðà-
ìåòð; r1(λ) è r2(λ) � âçàèìíî ïðîñòûå ìíîãî÷ëåíû; y[1] = y′ − σ(x)y �
êâàçèïðîèçâîäíàÿ. Äëÿ ðàáîòû ñ òàêèì êëàññîì ïîòåíöèàëîâ èñïîëü-
çóåòñÿ ïîäõîä ðåãóëÿðèçàöèè [1]. Ìíîãî÷ëåíû èç êðàåâîãî óñëîâèÿ (2)
ìîãóò áûòü ïðåäñòàâëåíû â âèäå

r1(λ) =

K1∑
n=0

cnλ
n, r2(λ) =

K2∑
n=0

dnλ
n, K1,K2 ≥ 0.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 24-71-10003).
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Áóäåì ïèñàòü, ÷òî (r1, r2) ∈ Rp, åñëè K1 = K2 = p è cp = 1; ïðè
ýòîì ñòàðøèå êîýôôèöèåíòû ìíîãî÷ëåíà r2(λ) ìîãóò áûòü ðàâíû íóëþ.
Ïðîòèâîïîëîæíûé ñëó÷àé ðàññìàòðèâàåòñÿ ïî àíàëîãèè.

Èçâåñòíî [2], ÷òî ñïåêòð çàäà÷è L ïðåäñòàâëÿåò ñîáîé ñ÷åòíîå ìíî-
æåñòâî ñîáñòâåííûõ çíà÷åíèé, êîòîðûå ìîæíî ïðîíóìåðîâàòü íà îñíî-
âàíèè èõ àñèìïòîòèêè ñëåäóþùèì îáðàçîì:

ρn =
√
λn = n− p− 1 + κn, {κn} ∈ l2,

ïðè÷¼ì êîíå÷íîå ÷èñëî ñîáñòâåííûõ çíà÷åíèé ìîæåò áûòü êðàòíûì.
Ïóñòü I = {1}∪{n > 1 : λn ̸= λn−1} � ìíîæåñòâî èíäåêñîâ óíèêàëüíûõ
ñîáñòâåííûõ çíà÷åíèé, à mn, n ∈ I, � èõ êðàòíîñòè. Òîãäà ôóíêöèÿ
Âåéëÿ ïðåäñòàâèìà â âèäå

M(λ) =
∑
n∈I

mk−1∑
k=0

αn+k
(λ− λn)k+1

,

ãäå êîýôôèöèåíòû {αn}n≥1 íàçûâàþòñÿ âåñîâûìè ÷èñëàìè. Âìåñòå
ñîáñòâåííûå çíà÷åíèÿ è âåñîâûå ÷èñëà îáðàçóþò ñïåêòðàëüíûå äàííûå
çàäà÷è L

Îáðàòíàÿ çàäà÷à 1. Ïî äàííûì ñïåêòðàëüíûì äàííûì
{λn, αn}n≥1 íàéòè σ(x), r1(λ), r2(λ).

Ââåäåì äîïîëíèòåëüíûå îáîçíà÷åíèÿ. Ïóñòü N � òàêîé èíäåêñ, ÷òî
mn = 1, n ≥ N , à ñîáñòâåííûå çíà÷åíèÿ {λn}N−1

n=1 ëåæàò âíóòðè ñëåäó-
þùåãî êîíòóðà:

ΓN =

{
λ ∈ C : |λ| =

(
N − p− 3

2

)2}
.

Ýòî çíà÷èò, ÷òî íà÷èíàÿ ñ íîìåðà N âñå ñîáñòâåííûå çíà÷åíèÿ ïðî-
ñòûå, ïðè ìåíüøèõ çíà÷åíèÿõ èíäåêñà êðàòíûå çíà÷åíèÿ ìîãóò áûòü
êðàòíûìè; áîëåå òîãî, âñå êðàòíûå ñîñòâåííûå çíà÷åíèÿ ðàñïîëàãàþòñÿ
ñòðîãî âíóòðè êîíòóðà ΓN . Òàêæå îïðåäåëèì ñëåäóþùóþ ôóíêöèþ:

MN (λ) =
∑

n∈I,n<N

mk−1∑
k=0

αn+k
(λ− λn)k+1

.

Òîãäà äëÿ ââåäåííîé îáðàòíîé çàäà÷è 1 âåðíà ñëåäóþùàÿ òåîðåìà
î ëîêàëüíîé ðàçðåøèìîñòè è óñòîé÷èâîñòè:

Òåîðåìà 1. Ïóñòü L̃ = L(σ̃, r̃1, r̃2) � ôèêñèðîâàííàÿ êðàåâàÿ çà-
äà÷à âèäà (1)-(2), ó êîòîðîé σ̃(x) ∈ L2(0, π), (r̃1, r̃2) ∈ Rp, à èíäåêñ
N îïðåäåëÿåòñÿ, êàê óêàçàíî ðàíåå. Òîãäà ñóùåñòâóåò δ0 > 0, çàâè-
ñÿùåå îò çàäà÷è L̃, ÷òî äëÿ ëþáûõ êîìïëåêñíûõ ÷èñåë {λn, αn}n≥1,
óäîâëåòâîðÿþùèõ óñëîâèþ

δ := max

{
max
λ∈ΓN

|MN (λ)− M̃N (λ)|,
( ∞∑
n=N

(|ρn − ρ̃n|+ |αn − α̃n|)2
) 1

2

}
≤ δ0,
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ãäå ρ2n = λn, ρ̃2n = λ̃n, ñóùåñòâóåò êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ
σ(x) ∈ L2(0, π) è ìíîãî÷ëåíû (r1, r2) ∈ Rp, êîòîðûå ÿâëÿþòñÿ ðåøåíè-
åì îáðàòíîé çàäà÷è 1 ïî äàííûì {λn, αn}n≥1. Áîëåå òîãî,

∥σ − σ̃∥L2(0,π) ≤ Cδ, |cn − c̃n| ≤ Cδ, |dn − d̃n| ≤ Cδ, n = 0, p,

ãäå êîíñòàíòà C çàâèñèò òîëüêî îò çàäà÷è L̃.
Òåîðåìà äîêàçûâàåòñÿ ñ ïîìîùüþ äâóõ øàãîâ: íà ïåðâîì ýòàïå âîç-

ìóùåíèþ ïîäâåðãàåòñÿ òîëüêî êîíå÷íàÿ ÷àñòü ñïåêòðàëüíûõ äàííûõ,
êîòîðàÿ ñîäåðæèò êðàòíûå ñîáñòâåííûå çíà÷åíèÿ; íà âòîðîì � îñòàâ-
øàÿñÿ ïðîñòàÿ ÷àñòü ñïåêòðà. Èç ïåðâîãî øàãà ïîÿâëÿåòñÿ îãðàíè÷åíèå

max
λ∈ΓN

|MN (λ)− M̃N (λ)| ≤ δ0,

à èç âòîðîãî, ñîîòâåòñòâåííî,( ∞∑
n=N

(|ρn − ρ̃n|+ |αn − α̃n|)2
) 1

2 ≤ δ0.

Äîêàçàòåëüñòâî êàæäîãî èç øàãîâ îñíîâàíî íà èñïîëüçîâàíèè ôîðìóë
âîññòàíîâëåíèÿ, êîòîðûå ïðèíèìàþò ðàçëè÷íûé âèä â çàâèñèìîñòè îò
âèäà ñïåêòðà [3].
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ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÃÎËÎÌÎÐÔÍÛÕ ÔÓÍÊÖÈÉ
À.Â. Àáàíèí

avabanin@sfedu.ru, abaninmath@gmail.com

ÓÄÊ 517.5+517.9

Â äîêëàäå áóäóò ïðåäñòàâëåíû íîâûå ðåçóëüòàòû î ñõîäèìîñòè äè-
ëàòàöèé â âåñîâûõ ïðîñòðàíñòâàõ Áåðãìàíà ãîëîìîðôíûõ ôóíê-
öèé â ñòðîãî çâåçäíûõ îáëàñòÿõ è ñâÿçàííûõ ñ íèìè çàäà÷ î ïëîò-
íîñòè â íèõ ïîëèíîìîâ è óñëîâèé åñòåñòâåííîé áèäâîéñòâåííîñòè.

Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâà Áåðãìàíà, ïëîòíîñòü ïîëèíîìîâ,
ñèëüíî çâåçäíûå îáëàñòè.

Ïóñòü G � îãðàíè÷åííàÿ îáëàñòü â êîìïëåêñíîé ïëîñêîñòè C,
H(G) � ïðîñòðàíñòâî âñåõ ãîëîìîðôíûõ â G ôóíêöèé, w : G →
(0,∞) � íåïðåðûâíàÿ íà G ôóíêöèÿ (âåñ íà G). Äëÿ ëþáîãî p ∈ (0,∞)
ïðîñòðàíñòâî Áåðãìàíà Apw(G) îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

Apw(G) := {f ∈ H(G) : ∥f∥pw :=

∫
G

|f(z)|pw(z) dλz}

ñ êâàçèíîðìîé (ïðè p ≥ 1 íîðìîé) ∥·∥w, ãäå dλz � ìåðà Ëåáåãà â C ≃ R2.
Ïðåäåëüíûì ñëó÷àåì ýòèõ ïðîñòðàíñòâ ÿâëÿåòñÿ áàíàõîâî ïðîñòðàí-
ñòâî A∞

w (G), êîòîðîå â íåòðèâèàëüíûõ ñëó÷àÿõ ÿâëÿåòñÿ íåñåïàðàáåëü-
íûì. Ïîýòîìó â ðàññìàòðèâàåìîì íàìè êðóãå âîïðîñîâ ó÷àñòâóåò íå
ñàìî ýòî ïðîñòðàíñòâî, à åãî çàìêíóòîå ïîäïðîñòðàíñòâî

A∞
w0

(G) := {f ∈ H(G) : lim
z→∂G

f(z)w(z) = 0}.

Îäíó èç êëþ÷åâûõ ðîëåé â èçó÷åíèè ñâîéñòâ âåñîâûõ ïðîñòðàíñòâ
Áåðãìàíà è èõ ïðèëîæåíèÿõ èãðàåò íàëè÷èå ïëîòíîñòè â íèõ ïîëèíî-
ìîâ. Â ÷àñòíîñòè, ýòî êàñàåòñÿ ïðîáëåìû ôàêòîðèçàöèè ôóíêöèé â ïðî-
ñòðàíñòâàõ Apw(D), à òàêæå ïîëó÷åíèÿ óäîáíûõ äëÿ ïðèìåíåíèé îïèñà-
íèé ñîïðÿæåííûõ ïðîñòðàíñòâ ê ïðîñòðàíñòâàì ãîëîìîðôíûõ ôóíê-
öèé çàäàííîãî ðîñòà âáëèçè ãðàíèöû G è ïîñëåäóþùåãî èçó÷åíèÿ â
íèõ óðàâíåíèé ñâåðòêè è àáñîëþòíî ïðåäñòàâëÿþùèõ ñèñòåì ýêñïîíåíò.
Ïðîáëåìà ïëîòíîñòè ïîëèíîìîâ â Apw(G) ïðè 0 < p < ∞ èññëåäîâà-
ëàñü âî ìíîãèõ ðàáîòàõ. Ïðåæäå âñåãî îòìåòèì îáçîð Ñ.Í. Ìåðãåëÿíà
[1]. Äàëüíåéøèå ïðîäâèæåíèÿ áûëè äîñòèãíóòû Ë.È. Õåäáåðãîì [2].
Íåñìîòðÿ íà ñòîëü äîëãóþ èñòîðèþ èññëåäîâàíèÿ ïðîáëåìû ïëîòíîñòè

Àáàíèí Àëåêñàíäð Âàñèëüåâè÷, ä.ô.-ì.í., ïðîôåññîð, ÞÔÓ (Ðîñòîâ-íà-Äîíó,
Ðîññèÿ) è ÞÌÈ ÂÍÖ ÐÀÍ (Âëàäèêàâêàç, Ðîññèÿ); Alexander V. Abanin (Southern
Federal University, Rostov-on-Don, and Southern Mathematical Institute VSC RAS,
Vladikavkaz, Russia)
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ïîëèíîìîâ â ïðîñòðàíñòâàõ Áåðãìàíà, äî ñèõ ïîð íå èçâåñòíî íè îäíîãî
íåòðèâèàëüíîãî íåîáõîäèìîãî óñëîâèÿ ïîëîæèòåëüíîãî åå ðåøåíèÿ.

Äëÿ êðóãà D îäíèì èç ýôôåêòèâíûõ ìåòîäîâ ïîëó÷åíèÿ äîñòàòî÷-
íûõ óñëîâèé äëÿ êëàññîâ âåñîâ, èñïîëüçóåìûõ â ïðèëîæåíèÿõ, ÿâëÿåòñÿ
ïîäõîä, îñíîâàííûé íà ñõîäèìîñòè äèëàòàöèé fr(z) := f(rz) ïðè r ↑ 1
ê f(z) ïî êâàçèíîðìå ñîîòâåòñòâóþùåãî ïðîñòðàíñòâà. Ïî-âèäèìîìó,
âïåðâûå îí áûë èñïîëüçîâàí Ì.Ì. Äæðáàøÿíîì â åãî äèññåðòàöèè (ñì.
[1, c. 29-30]), à çàòåì â [3], [4].

Â äîêëàäå áóäóò ïðåäñòàâëåíû íîâûå ðåçóëüòàòû, â êîòîðûõ óñòà-
íîâëåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè äèëàòàöèé
â âåñîâûõ ïðîñòðàíñòâàõ Áåðãìàíà ôóíêöèé, ãîëîìîðôíûõ â ñòðî-
ãî çâåçäíûõ îáëàñòÿõ. Â êà÷åñòâå ñëåäñòâèé óñòàíîâëåíû äîñòàòî÷íûå
óñëîâèÿ ïëîòíîñòè ïîëèíîìîâ â òàêèõ ïðîñòðàíñòâàõ. Êðîìå òîãî èñ-
ñëåäîâàíà ñâÿçü ýòèõ óñëîâèé ñ çàäà÷åé î íàëè÷èè åñòåñòâåííîé áè-
äâîéñòâåííîñòè (A∞

w0
(G))

′′
= A∞

w (G) (ñì. [5]).
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ÎÁ ÓÑÒÎÉ×ÈÂÎÑÒÈ (ÍÅ)ÏÎËÍÎÒÛ
ÝÊÑÏÎÍÅÍÖÈÀËÜÍÛÕ ÑÈÑÒÅÌ Â ÏÐÎÑÒÐÀÍÑÒÂÀÕ

ÓËÜÒÐÀÄÈÔÔÅÐÅÍÖÈÐÓÅÌÛÕ ÔÓÍÊÖÈÉ È
ÓËÜÒÐÀÐÀÑÏÐÅÄÅËÅÍÈÉ ÁÅÐËÈÍÃÀ-ÁÜÎÐÊÀ

ÍÎÐÌÀËÜÍÎÃÎ ÒÈÏÀ ÍÀ ÈÍÒÅÐÂÀËÅ
Í.Ô. Àáóçÿðîâà, abnatf@gmail.com

ÓÄÊ 517.53, 517.98

Ðàññìàòðèâàþòñÿ çàäà÷è îá óñòîé÷èâîñòè (íå)ïîëíîòû ñèñòåì ýêñ-
ïîíåíò ïðè âîçìóùåíèÿõ ïñëåäîâàòåëüíîñòè ïîêàçàòåëåé â ïðî-
ñòðàíñòâå óëüòðàäèôôåðåíöèðóåìûõ ôóíêöèé (ÓÄÔ) Áåðëèèíãà-
Áüîðêà íîðìàëüíîãî òèïà íà èíòåðâàëå âåùåñòâåííîé ïðÿìîé è
â ñîîòâåòñòâóþùåì ïðîñòðàíñòâå óëüòðàðàñïðåäåëåíèé. Èññëåäî-
âàíèå ïðîâîäèòñÿ ïóòåì ïåðåõîäà ê ýêâèâàëåíòíûì äâîéñòâåí-
íûì çàäà÷àì î öåëûõ ôóíêöèÿõ, îòíîñÿùèõñÿ ê ïðîáëåìå îïè-
ñàíèÿ íóëåâûõ (ïîä)ìíîæåñòâ öåëûõ ôóíêöèé. À èìåííî, ïóñòü
P � íåêîòîðûé êëàññ öåëûõ ôóíêöèé. Êàêèå ïðåîáðàçîâàíèÿ
íàä ïîñëåäîâàòåëüíîñòüþ íóëåé öåëîé ôóíêèè φ ∈ P , ñîõðàíÿþ-
ùèå åå â P , ìîæíî ñîâåðøàòü? Äëÿ ðåøåíèÿ ïîñòàâëåííûõ çàäà÷
î (íå)ïîëíîòå ïîñëåäíèé âîïðîñ èçó÷àåòñÿ â âåñîâûõ ïðîñòðàí-
ñòâàõ öåëûõ ôóíêöèé P , ðåàëèçóþùèõ ïîñðåäñòâîì ïðåîáðàçîâà-
íèÿ Ôóðüå-Ëàïëàñà ïðîñòðàíñòâî óëüòðàðàñïðåäåëåíèé íîðìàëü-
íîãî òèïà ñ êîìïàêòíûìè íîñèòåëÿìè íà èíòåðâàëå è ñîîòâåòñòâó-
þùåå ïðîñòðàíñòâî ïðîáíûõ ÓÄÔ íîðìàëüíîãî òèïà.

Êëþ÷åâûå ñëîâà: ïîëíîòà ñèñòåìû ýêñïîíåíò, öåëàÿ ôóíêöèÿ, íó-
ëåâîå ìíîæåñòâî, óëüòðàðàñïðåäåëåíèå, ïðåîáðàçîâàíèå Ôóðüå-
Ëàïëàñà.
On stability of (non)completeness property of exponential
systems in spaces of Beurling-Björck ultradifferentiable func-
tions and ultradistributions of normal type on an interval

We consider the problem of preserving of (non)completeness property
by exponential systems under perturbations of their sequences of ex-
ponents in the space of Beurling-Björck ultradifferentiable functions
and ultradistributions of normal type on an interval and in the corre-
sponding space of ultradistributions. To solve them, we use the dual
approach leading to equivalent problems concerning with the descrip-
tion of zero (sub)sets of entire funtions. Namely, let P be a class of
entire functions. What perturbations of zero set of entire function
φ ∈ P preserves it in P? We explore this question in two classes of

Èññëåäîâàíèå âûïîëíåíî â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåðñòâà íà-
óêè è âûñøåãî îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè (êîä íàó÷íîé òåìû FMRS-2022-
0124).

Àáóçÿðîâà Íàòàëüÿ Ôàèðáàõîâíà, ä.ô.-ì.í., ñò. í.ñ., ÈÌ ñ ÂÖ ÓÔÈÖ ÐÀÍ (Óôà,
Ðîññèÿ); Natalia Abuzyarova (Institute of Mathematics with CC UFCC RAS, Ufa, Russia)
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entire functions. First one is formed by Fourier-Laplace transforms
of ultradistributions of the normal type with compact supports in the
considered interval, and the second class is the set of Fourier-Laplace
transforms of test ultradifferentiable functions of the normal type on
the same interval.

Keywords: completeness of exponential system, entire function, zero
set, ultradistribution, Fourier-Laplace transform.

Ïóñòü ω : [0;∞) → R� ïî÷òè ñóáàääèòèâíûé ñòðîãèé êàíîíè÷åñêèé
âåñ (îïðåäåëåíèå ñì. â [1]), (a; b)� êîíå÷íûé èëè áåñêîíå÷íûé èíòåðâàë
âåùåñòâåííîé ïðÿìîé. Äàëåå,D(ω)(a; b), E(ω)(a; b) � ïðîñòðàíñòâà ïðîá-
íûõ ÓÄÔ Áåðëèíãà-Áüîðêà è âñåõ ÓÄÔ Áåðëèíãà-Áüîðêà íîðìàëüíîãî
òèïà íà èíòåðâàëå (a; b), ñîîòâåòñòâåííî, à D′

(ω)(a; b) � ñèëüíîå ñîïðÿ-
æåííîå ê D(ω)(a; b) ïðîñòðàíñòâî óëüòðàðàñïðåäåëåíèé. Èç îáùåé òåî-
ðèè ÓÄÔ è óëüòðàðàñïðåäåëåíèé èçâåñòíî, ÷òî ìíîæåñòâî ýêñïîíåí-
öèàëüíûõ ôóíêöèé {eiλt : λ ∈ C} ñîäåðæèòñÿ è ïîëíî â êàæäîì èç
ïðîñòðàíñòâ E(ω)(a; b) è D′

(ω)(a; b) (ñì. [1]). Òàêæå èçâåñòíî, ÷òî ñóùå-
ñòâóþò êàê ïîëíûå, òàê è íåïîëíûå ñ÷åòíûå ýêñïîíåíöèàëüíûå ñèñòå-
ìû è â E(ω)(a; b), è â D′

(ω)(a; b).
Ïóñòü M = {µj} Λ = {λj} ⊂ C, |µ1| ≤ |µ2| ≤ . . . , λj = µj + αj ,

j = 1, 2, . . .
Ïðè êàêèõ óñëîâèÿõ íà {αj} ñèñòåìû ôóíêöèé {eiµjt} è {eiλjt} îä-

íîâðåìåííî (íå) ïîëíû â E(ω)(a; b)? â D′
(ω)(a; b)?

Òåîðåìà 1. Åñëè äëÿ ïîñëåäîâàòåëüíîñòè {αj} âûïîëíåíî óñëîâèå

αj = o

(
ω(|µj |)
ln |µj |

)
, j → ∞,

òî ñèñòåìû ôóíêöèé {eiµjt} è {eiλjt} îäíîâðåìåííî (íå) ïîëíû â êàæ-
äîì èç ïðîñòðàíñòâ E(ω)(a; b), D

′
(ω)(a; b).

Ëèòåðàòóðà

1. Àáàíèí À.Â. Óëüòðàäèôôåðåíöèðóåìûå ôóíêöèè è óëüòðàðàñ-
ïðåäåëåíèÿ � Ìîñêâà: Íàóêà, 2007.

61



ÃÅÎÌÅÒÐÈ×ÅÑÊÈÅ ÏÐÈËÎÆÅÍÈß
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Â äàííîì èññëåäîâàíèè ðàññìàòðèâàåòñÿ îäíî èç ïðèëîæåíèé
äèôôåðåíöèàëüíîãî èñ÷èñëåíèÿ: ôîðìóëà äëÿ âû÷èñëåíèÿ êðè-
âèçíû ïëîñêîé êðèâîé. Â ÷àñòíîñòè, ïðèâîäÿòñÿ ñïîñîáû çàäà-
íèÿ ïëîñêîé êðèâîé, âû÷èñëÿåòñÿ îáùàÿ ôîðìóëà äëÿ âû÷èñëåíèÿ
êðèâèçíû â îïðåäåëåííîé òî÷êå.
Êëþ÷åâûå ñëîâà: ïëîñêàÿ êðèâàÿ, ïàðàìåòðè÷åñêèå óðàâíåíèÿ,
ôîðìóëà äëÿ âû÷èñëåíèÿ êðèâèçíû.
Geometric applications of differential calculus: a formula for
calculating the curvature of a plane curve

This study examines one of the applications of differential calculus:
a formula for calculating the curvature of a flat curve. In particular,
methods for defining a flat curve are given, and a general formula for
calculating the curvature at a certain point is calculated.

Keywords: plane curve, parametric equations, formula for calculating
curvature.

Ìû áóäåì çàäàâàòü ïëîñêèå êðèâûå ëèáî ïðè ïîìîùè ïàðàìåòðè÷åñêèõ
óðàâíåíèé

x = φ(α), y = ψ(α), (1)

ãäå α � íåêîòîðûé ïàðàìåòð, ëèáî ïðè ïîìîùè óðàâíåíèé âèäà

F (x, y) = 0, (2)

Ïóñòü êðèâàÿ L îïðåäåëÿåòñÿ óðàâíåíèåì (2), ïðè÷åì ôóíêöèÿ F (x, y)
äèôôåðåíöèðóåìà â íåêîòîðîé îêðåñòíîñòè òî÷êèM0(x0, y0) ýòîé êðè-
âîé è èìååò â óêàçàííîé òî÷êå íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå ïî
x è y. Òî÷êó M0(x0, y0) íàçîâåì îáûêíîâåííîé òî÷êîé êðèâîé L, åñëè
â ýòîé òî÷êå âûïîëíÿåòñÿ ñîîòíîøåíèå

F
′2
x + F

′2
y ̸= 0, (3)

Ïóñòü êðèâàÿ L çàäàíà ïàðàìåòðè÷åñêèìè óðàâíåíèÿìè x = x(t), y =
y(t), M0 � íåêîòîðàÿ ôèêñèðîâàííàÿ òî÷êà ýòîé êðèâîé, îòâå÷àþùàÿ
çíà÷åíèþ ïàðàìåòðà t0. Ïðåäïîëîæèì, ÷òî âñå òî÷êè êðèâîé L èç íåêî-
òîðîé îêðåñòíîñòè M0 ÿâëÿþòñÿ îáûêíîâåííûìè è ÷òî ôóíêöèè x(t) è

Àêìàíîâ Àðñëàí Àéòóãàíîâè÷, ñòóäåíò, ÓÓÍèÒ (Óôà, Ðîññèÿ); Arslan Akmanov
(Ufa University of Science and Technology, Ufa, Russia)
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y(t) èìåþò â òî÷êå t0 âòîðûå ïðîèçâîäíûå. Ïðè ýòèõ ïðåäïîëîæåíèÿõ
ìû óñòàíîâèì îáùóþ ôîðìóëó äëÿ âû÷èñëåíèÿ êðèâèçíû â òî÷êå M0

êðèâîé L.
Ïóñòü x′ è x′′ - çíà÷åíèÿ ïåðâîé è âòîðîé ïðîèçâîäíîé ôóíêöèè

x = x(t) â òî÷êå t0, à x′ + ∆x′ - çíà÷åíèå ïåðâîé ïðîèçâîäíîé ýòîé
ôóíêöèè â òî÷êå t0+∆t (∆t � ïðîèçâîëüíîå ïðèðàùåíèå ïàðàìåòðà t).
Òàêèì îáðàçîì, ∆x′ - ïðèðàùåíèå ïåðâîé ïðîèçâîäíîé ôóíêöèè x =
x(t). Ïóñòü y′, y′′ è y′ + ∆y′ ñîîòâåòñòâóþùèå çíà÷åíèÿ ïðîèçâîäíûõ
ôóíêöèè y = y(t).

Åñëè ñ÷èòàòü, ÷òî òî÷êà M0, îòâå÷àþùàÿ çíà÷åíèþ ïàðàìåòðà t0,
ôèêñèðîâàíà, à òî÷êàM îòâå÷àåò çíà÷åíèþ ïàðàìåòðà t0+∆t, òî óãîë
ñìåæíîñòè ó÷àñòêà M0M è äëèíó ýòîãî ó÷àñòêà ìîæíî ðàññìàòðèâàòü
êàê ôóíêöèè àðãóìåíòà ∆t. Ýòè ôóíêöèè ìû îáîçíà÷èì ñîîòâåòñòâåí-
íî ÷åðåç ∝ (∆t) è l(∆t).

Ïî îïðåäåëåíèþ êðèâèçíà k(M0) â òî÷êåM0 êðèâîé ðàâíà ïðåäåëü-
íîìó çíà÷åíèþ

k(M0) = lim
∆t→0

α(∆t)

l(∆t)
, (4)
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2-LOCAL DERIVATIONS OF THE n-TH SCHR�ODINGER
ALGEBRAS
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Äàííàÿ ñòàòüÿ ïîñâÿùåíà èññëåäîâàíèþ 2-ëîêàëüíûõ äèôôåðåí-
öèðîâàíèé íà n-é àëãåáðå Øð�eäèíãåðà Sn. Ìû äîêàçûâàåì, ÷òî
âñÿêîå 2-ëîêàëüíîå äèôôåðåíöèðîâàíèå àëãåáðû Sn ÿâëÿåòñÿ äèô-
ôåðåíöèðîâàíèåì.

Êëþ÷åâûå ñëîâà: Àëãåáðû Ëè, n-ûå àëãåáðû Øð�eäèíãà, äèôôå-
ðåíöèðîâàíèÿ, 2-ëîêàëüíûå äèôôåðåíöèðîâàíèÿ.
2-Local derivations of the n-th Schrödinger algebras

This paper is devoted to study 2-local derivations on the n-th
Schrödinger algebra Sn. We prove that every 2-local derivation on
Sn is a derivation.

Keywords: Lie algebras, n-th Schrödinger algebras, derivations, 2-local
derivations.

2-Local derivations and automorphisms have been objects of many research
works in recent years. Even many results have been addressed in this
direction, there are still lots of related unsolved problems. P.�Semrl �rst
introduced the notion of 2-local derivations on algebras in their remarkable
paper[10]. After that many research papers have been published regarding
2-local derivations of non-associative algebras (e.g. see [1, 2, 4, 3, 6, 7,
11] ). For instanxe, it is proved that every 2-local derivation on a �nite-
dimensional semisimple Lie algebra L over an algebraically closed �eld
of characteristic zero is a derivation (see [1]). In [2, 4, 3, 6, 11] the
authors proved that every 2-local deriva- tion on some class of generalized
Witt algebras, Witt algebras, locally �nite split simple Lie algebras, the
W-algebra W(2,2) and the Jacobson-Witt algebras is a derivation. In
particular, the authors in [7, 8] respectively proved that every 2-local
derivation on the Schr�odinger algebra Sn in (n+1)-dimensional space-time
is a derivation when n = 1, 2.

In this paper, we study 2-local derivations on n-th Schr�odinger algebra
Sn.

Namely, we prove that every 2-local derivation on Sn is a derivation.
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We �rst recall the de�nition of Sn. We know that the general linear
Lie algebra gl2n has the natural representation on C2n by left matrix
multiplication. Let {uk, vk}, 1 ≤ k ≤ n be a basis of C2n.

The Heisenberg algebra hn = C2n⊕Cz is a 2-step nilpotent Lie algebra
with Lie bracket given by

[uk, vk] = z, [z, hn] = 0, 1 ≤ k ≤ n.

Recently, the n-th Schrodinger algebra Sn was introduced [9].
De�nition 1. The n-th Schr�odinger algebra Sn is a Lie algebra with a

C-basis
{e, f, h, z, uk, vk, | k = 1, ..., n}

equipped with the following non-trivial commutation relations

[h, e] = 2e, [h, f ] = −2f, [e, f ] = h,

[uk, vj ] = δkjz, [h, uk] = uk, [h, vk] = −vk,
[e, vk] = uk, [f, uk] = vk, [z, Sn] = 0,

where δkj is the Kronecker Delta de�ned as 1 for k = j and as 0 otherwise.
A derivation on a Lie algebra L is a linear map D : L → L which

satis�es the Leibniz rule:

D([x, y]) = [D(x), y] + [x,D(y)], ∀ x, y ∈ L. (1)

The set of all derivations of L is denoted by Der(L) and with respect to
the commutation operation is a Lie algebra.

For any element y ∈ L the left multiplication operator adx : L → L,
de�ned as adx(y) = [x, y] is a derivation, and derivations of this form are
called inner derivations. The set of all inner derivations of L, denoted by
Inn(L), is an ideal in Der(L).

De�nition 2. A map ∇ : L → L (not necessary linear) is called 2-local
derivation if for any x, y ∈ L there exists a derivation Dx,y ∈ Der(L) such
that

∇(x) = Dx,y(x), ∇(y) = Dx,y(y).

Let n ≥ 2. For any 1 ≤ l < k ≤ n, one can easily verify that the linear
map σlk : Sn → Sn de�ned below is a derivation:

σlk(h) = σlk(e) = σlk(f) = σlk(z) = 0,

σlk(uj) = δljuk − δljul, σlk(vk) = δljvk − δkjvl.
(2)

Clearly, σlk(1 ≤ l < k ≤ n) are outer derivations. We de�ne another
outer derivation τ as follows

τ(h) = τ(e) = τ(f) = 0,

τ(ul) =
1
2
ul, τ(vl) =

1
2
vl, τ(z) = z, 1 ≤ l ≤ n.

(3)
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The following theorem is proved in [5].
Theorem 1. Der(Sn) = Inn(Sn)⊕

⊕
1≤i<j≤n

Cσij
⊕

Cτ.

It should be noted that, if n = 1, then Der(Sn) = Inn(Sn)
⊕

Cτ, where
τ is de�ned as (3).

Now we give the main theorem concerning 2-local derivations on the
n-th Schr�odinger algebras Sn.

Theorem 2. Every 2-local derivation on Sn is a derivation.
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ÎÁ ÎÄÍÎÉ ¾ÓÍÈÊÀËÜÍÎÉ¿ 6-ÌÅÐÍÎÉ ÀËÃÅÁÐÅ ËÈ Â
ÇÀÄÀ×Å ÎÁ ÎÄÍÎÐÎÄÍÎÑÒÈ Â C4

À.Â. Àòàíîâ,
atanov.cs@gmail.com

ÓÄÊ 515.172.2, 512.816

Â ñâÿçè ñ çàäà÷åé îïèñàíèÿ ãîëîìîðôíî îäíîðîäíûõ ãèïåðïîâåðõ-
íîñòåé ïðîñòðàíñòâà C4 èçó÷åíû ñâîéñòâà îðáèò 7-ìåðíûõ ïðîäîë-
æåíèé 6-ìåðíîé íèëüïîòåíòíîé àëãåáðû Ëè [6, 28].
Êëþ÷åâûå ñëîâà: ãîëîìîðôíî îäíîðîäíàÿ ãèïåðïîâåðõíîñòü, íèëü-
ïîòåíòíàÿ àëãåáðà Ëè, Ëåâè-íåâûðîæäåííîñòü.
On one ”unique” 6-dimensional Lie algebra in the homogene-
ity problem in C4

In connection with the problem of describing holomorphically homo-
geneous hypersurfaces of the space C4, we discuss properties of orbits
of 7-dimensional extensions of the 6-dimensional nilpotent Lie algebra
[6, 28].

Keywords: holomorphically homogeneous hypersurfaces, nilpotent Lie
algebra, Levi-nondegeneracy.

Îäíèì èç âàæíûõ âîïðîñîâ â çàäà÷å îïèñàíèÿ ãîëîìîðôíî îäíîðîä-
íûõ ãèïåðïîâåðõíîñòåé ïðîñòðàíñòâà C4 ÿâëÿåòñÿ âîïðîñ îá îðáèòàõ â
ýòîì ïðîñòðàíñòâå 7-ìåðíûõ àëãåáð Ëè ãîëîìîðôíûõ âåêòîðíûõ ïîëåé.
Â êëàññèôèêàöèÿõ àáñòðàêòíûõ ðàçðåøèìûõ íåðàçëîæèìûõ 7-ìåðíûõ
àëãåáð [1,2] îêàçûâàåòñÿ ïîëåçíûì âûäåëåíèå íèëüðàäèêàëà îáñóæäàå-
ìûõ àëãåáð. Íèæå îáñóæäàåòñÿ (óíèêàëüíàÿ) 6-ìåðíàÿ íèëüïîòåíòíàÿ
àëãåáðà Ëè [6, 28] èç [2].

Òåîðåìà 1. Âñå 7 òèïîâ 7-ìåðíûõ ïðîäîëæåíèé àëãåáðû [6, 28],
îïèñûâàåìîé ñëåäóþùèìè íåòðèâèàëüíûìè ñîîòíîøåíèÿìè

[e2, e4] = e1, [e3, e5] = e1, [e4, e6] = e2, [e5, e6] = e3

â íåêîòîðîì áàçèñå e1, . . . , e6, èìåþò Ëåâè-íåâûðîæäåííûå íåòðóá÷à-
òûå îðáèòû â C4.

Ñîãëàñíî [3], 7-ìåðíûå àëãåáðû ñ òàêèìè îðáèòàìè â C4 äîñòàòî÷-
íî ðåäêè. Òàê, â ðàáîòå [2] èìååòñÿ 82 òèïà 7-ìåðíûõ íèëüïîòåíòíûõ
àëãåáð Ëè, ñîäåðæàùèõ â òî÷íîñòè äâå 4-ìåðíûå àáåëåâû ïîäàëãåáðû.
Èç íèõ ëèøü 7 òèïîâ äîïóñêàþò íåâûðîæäåííûå ïî Ëåâè íåòðóá÷àòûå
îðáèòû â C4. Áëèçêàÿ ñèòóàöèÿ èìååò ìåñòî è ñ 7-ìåðíûìè àëãåáðà-
ìè Ëè, èìåþùèìè åäèíñòâåííóþ 4-ìåðíóþ àáåëåâó ïîäàëãåáðó âíóòðè
6-ìåðíîãî íèëüðàäèêàëà. Èç 28 òèïîâ òàêèõ àëãåáð, ÿâëÿþùèõñÿ ïðî-
äîëæåíèÿìè ñåìè ðàçëè÷íûõ íèëüïîòåíòíûõ 6-ìåðíûõ íèëüðàäèêàëîâ

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ãðàíò � 23-21-00109).
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(îòëè÷íûõ îò [6, 28]), äîïóñêàþò ðåàëèçàöèè â C4 ñ íåâûðîæäåííûìè
íåòðóá÷àòûìè îðáèòàìè íå áîëåå 11 òèïîâ.

Ñõåìà îïèñàíèÿ îðáèò â C4 7-ìåðíûõ àëãåáð Ëè è âìåñòå ñ ýòèì,
äîêàçàòåëüñòâà òåîðåìû 1 èçëîæåíà â [3]. Ïåðâûì øàãîì ñõåìû ÿâëÿ-
åòñÿ

Ïðåäëîæåíèå 1. Åñëè íà Ëåâè-íåâûðîæäåííîé íåòðóá÷àòîé ãè-
ïåðïîâåðõíîñòè M ⊂ C4 èìååòñÿ àëãåáðà ãîëîìîðôíûõ âåêòîðíûõ ïî-
ëåé ñî ñòðóêòóðîé [6, 28], òî ñ òî÷íîñòüþ äî ëîêàëüíûõ ãîëîìîðôíûõ
ïðåîáðàçîâàíèé áàçèñ ýòîé àëãåáðû èìååò âèä

e1 = (0, 0, 0, 1), e2 = (0, 0, 1, 0), e3 = (0, 0, C3, C3z1),
e4 = (1, 0,−z2, z3), e5 = (− 1

C3
, 0,−C3z2, D5 − C3z1z2),

e6 = (0, 1, 0, 0)

(1)

ñ íåêîòîðûìè êîìïëåêñíûìè êîíñòàíòàìè C3, D5.
Äàëåå èñïîëüçîâàíèå êîììóòàöèîííûõ ñîîòíîøåíèé ïîëåé (1) ñ ïî-

ñëåäíèì áàçèñíûì ïîëåì e7 (ñì. [2]) ïîçâîëÿåò áåç ïðîòèâîðå÷èé (!)
îïðåäåëèòü (ñ òî÷íîñòüþ äî íåñêîëüêèõ êîìïëåêñíûõ êîíñòàíò) êîìïî-
íåíòû ýòîãî ïîëÿ äëÿ 7 òèïîâ ðàçëè÷íûõ ïðîäîëæåíèé àëãåáðû [6, 28].
Çàâåðøàþùèì øàãîì ñõåìû ÿâëÿåòñÿ èíòåãðèðîâàíèå ïîëó÷åííûõ àë-
ãåáð, òî åñòü ïîëó÷åíèå èñêîìûõ îðáèò.

Ïðèìåð. Îðáèòàìè 7-ìåðíûõ àëãåáð [7,[6,28],1,2] è [7,[6,28],1,3] ÿâ-
ëÿþòñÿ ñëåäóþùèå ãîëîìîðôíî îäíîðîäíûå íåâûðîæäåííûå íåòðóá-
÷àòûå ãèïåðïîâåðõíîñòè ïðîñòðàíñòâà C4 (yj = Im(zj), x1 = Re(z1),
a ∈ R):

y4 = eay2 + y2
(
x21 + y21

)
+ y1y3,

y4 = ya2 + y2
(
x21 + y21

)
+ y1y3.
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Â ðàáîòå èçó÷àåòñÿ âîïðîñ íàëè÷èÿ ïåðâîé àêñèîìû ñ÷åòíîñòè
äëÿ ïðîñòðàíñòâà âåðîÿòíîñòíûõ ìåð íà âïîëíå ðåãóëÿðíîì òîïî-
ëîãè÷åñêîì ïðîñòðàíñòâå â ñâÿçè ñ çàäà÷åé î ñîâïàäåíèè ñòîóí-
÷åõîâñêîé êîìïàêòèôèêàöèè βPr(X) ïðîñòðàíñòâà ðàäîíîâñêèõ
âåðîÿòíîñòíûõ ìåð Pr(X) íà âïîëíå ðåãóëÿðíîì òîïîëîãè÷åñêîì
ïðîñòðàíñòâå X, íàäåëåííîãî ñëàáîé òîïîëîãèåé, ñ ïðîñòðàíñòâîì
Pr(βX) ðàäîíîâñêèõ âåðîÿòíîñòíûõ ìåð íà ñòîóí-÷åõîâñêîé êîì-
ïàêòèôèêàöèè βX ïðîñòðàíñòâà X. Ïîêàçàíî, ÷òî ñâîéñòâà ñèëü-
íîé ñ÷åòíîé îïðåäåëÿåìîñòè ìåðû äîñòàòî÷íî äëÿ íàëè÷èÿ ñ÷åò-
íîé ëîêàëüíîé áàçû. Òàêæå ïðèâîäèòñÿ ïðèìåð íåìåòðèçóåìîãî
ïðîñòðàíñòâà ñ ïåðâîé àêñèìîé ñ÷åòíîñòè, äëÿ êîòîðîãî âåðåí ðå-
çóëüòàò î ñîâïàäåíèè êîìïàêòèôèêàöèé.

Êëþ÷åâûå ñëîâà: êîìïàêòèôèêàöèÿ Ñòîóíà-×åõà, ïðîñòðàíñòâî
ðàäîíîâñêèõ âåðîÿòíîñòíûõ ìåð, ïåðâàÿ àêñèîìà ñ÷åòíîñòè
Stone-Cech compactification of spaces of measures: first ax-
iom of countability

We study the problem of the first countability of the space of proba-
bility measures on a completely regular topological space in relation
to the question of the coincidence of the Stone-Cech compactification
βPr(X) of the space of Radon probability measures Pr(X) on a com-
pletely regular topological space X endowed with the weak topology,
with the space Pr(βX) of Radon probability measures on the Stone-
Cech compactification βX of the space X. We show that the prop-
erty of being strongly countably determined is sufficient for a measure
to have a countable local base and construct an example of a non-
metrizable first-countable space, for which there is the coincidence of
the compactifications.

Keywords: Stone–Cech compactification, space of Radon probability
measures, first axiom of countability

Âîïðîñ î ñîâïàäåíèè Pr(βX) è βPr(X), ïðîñòðàíñòâà ðàäîíîâñêèõ
âåðîÿòíîñòíûõ ìåð íà êîìïàêòèôèêàöèè Ñòîóíà-×åõà âïîëíå ðåãóëÿð-
íîãî ïðîñòðàíñòâà X è êîìïàêòèôèêàöèè Ñòîóíà-×åõà ïðîñòðàíñòâà
ðàäîíîâñêèõ âåðîÿòíîñòíûõ ìåð, âïåðâûå âîçíèê â ðàáîòå Â. È. Áî-
ãà÷åâà [4], â êîòîðîé ïîêàçàíî, ÷òî äëÿ íåêîìïàêòíûõ ìåòðè÷åñêèõ

Áàäóëèíà Íèíà Àëåêñàíäðîâíà, àñïèðàíò êàôåäðû òåîðèè ôóíêêöèé è ôóíêöèî-
íàëüíîãî àíàëèçà, Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì. Â. Ëîìîíîñîâà,
(Ìîñêâà, Ðîññèÿ); Nina Badulina (Lomonosov Moscow State University, Moscow, Russia)
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ïðîñòðàíñòâ, à òàêæå äëÿ íåïñåâäîêîìïàêòíûõ òîïîëîãè÷åñêèõ ïðî-
ñòðàíñòâ, ðàâåíñòâà íåò. Â ðàáîòå A. Ã. A. Ã. Áàáèêåðà [2] äëÿ ïðîñòðàí-
ñòâà áýðîâñêèõ ìåð P(βX) â ñëó÷àå ïðîèçâîëüíîãî âïîëíå ðåãóëÿðíî-
ãî ïðîñòðàíñòâà X ïîëó÷åíî, ÷òî ìåðà èç P(X) ÿâëÿåòñÿ ðåãóëÿðíîé
ïî îòíîøåíèþ ê ðàâíîìåðíîñòè, ïîðîæäåííîé âñåìè îãðàíè÷åííûìè
íåïðåðûâíûìè ôóíêöèÿìè, òîãäà è òîëüêî òîãäà, êîãäà èíäóöèðîâàí-
íàÿ ìåðà èç P(βX) îáëàäàåò ñâîéñòâîì ñèëüíîé ñ÷åòíîé îïðåäåëÿåìî-
ñòè. Îêàçûâàåòñÿ, ÷òî ñâîéñòâà ñèëüíîé ñ÷åòíîé îïðåäåëÿåìîñòè äî-
ñòàòî÷íî äëÿ íàëè÷èÿ ñ÷åòíîé ëîêàëüíîé áàçû, èçó÷åíèþ êîòîðîãî è
ïîñâÿùåíà íàñòîÿùàÿ ðàáîòà, îáîáùàþùàÿ ðåçóëüòàò Ð. Ïîëà [5] ñ êîì-
ïàêòíûõ òîïîëîãè÷åñêèõ ïðîñòðàíñòâ íà âïîëíå ðåãóëÿðíûå.

Îïðåäåëåíèå 1. Íàçîâåì ðåãóëÿðíóþ âåðîÿòíîñòíóþ ìåðó íà
âïîëíå ðåãóëÿðíîì òîïîëîãè÷åñêîì ïðîñòðàíñòâå X ñèëüíî ñ÷åòíî-
îïðåäåëÿåìîé, åñëè ñóùåñòâóåò ñ÷åòíîå ñåìåéñòâî A êîìïàêòíûõ Gδ-
ìíîæåñòâ òàêèõ, ÷òî äëÿ ëþáîãî èçìåðèìîãî ìíîæåñòâà U ⊂ X

µ(U) = sup{µ(A) : A ∈ A, A ⊂ U}. (1)

Ïðåäëîæåíèå 1. Ïóñòü X � âïîëíå ðåãóëÿðíîå òîïîëîãè÷åñêîå
ïðîñòðàíñòâî, A ⊂ X � êîìïàêòíîå ìíîæåñòâî, A ⊂W � îêðåñòíîñòü
A, µ ∈ P(X) � ñèëüíî ñ÷åòíî-îïðåäåëÿåìàÿ ìåðà, ε > 0.
Òîãäà ∃ îêðåñòíîñòü V ìíîæåñòâà A òàêàÿ, ÷òî V ⊂ W è îêðåñòíîñòü
Ω ìåðû µ â P(X), ÷òî

|ν(V )− µ(V )| < ε (2)

äëÿ âñåõ ν ∈ Ω.

Òåîðåìà 1. Âî âïîëíå ðåãóëÿðíîì òîïîëîãè÷åñêîì ïðîñòðàíñòâå X
äëÿ ñèëüíî ñ÷åòíî-îïðåäåëÿåìîé ìåðû µ ∈ P(X) ñèñòåìà îêðåñòíîñòåé

Ωn = {ν ∈ P(X) : max
i,j≤n

|ν(V (i, j))− µ(V (i, j))| < 1

n
} (3)

ÿâëÿåòñÿ ñ÷åòíîé áàçîé.

Ïðåäëîæåíèå 2. Ïðîñòðàíñòâî ðàäîíîâñêèõ âåðîÿòíîñòíûõ ìåð
Pr([0, ω1)) íà ïðîñòðàíñòâå îðäèíàëîâ [0, ω1), äëÿ êîòîðîãî âåðíî ðà-
âåíñòâî βPr([0, ω1)) = Pr([0, ω1]) [4], îáëàäàåò ïåðâîé àêñèîìîé ñ÷åòíî-
ñòè.
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Îáñóæäàåòñÿ íîâûé ãåîìåòðè÷åñêèé ïîäõîä ê âû÷èñëåíèþ ðàäè-
óñà ïîëíîòû ñèñòåìû ýêñïîíåíöèàëüíûõ ìîíîìîâ, ïîêàçàòåëè êî-
òîðîé ÿâëÿþòñÿ íóëÿìè öåëîé ôóíêöèè ýêñïîíåíöèàëüíîãî òèïà.

Êëþ÷åâûå ñëîâà: ñèñòåìà ýêñïîíåíöèàëüíûõ ìîíîìîâ, ðàäèóñ ïîë-
íîòû, êðóã Ñèëüâåñòðà.
New formula for the radius of completeness of a system of
exponential monomials

A new geometric approach to calculating the radius of completeness
of a system of exponential monomials is discussed. As exponents, the
zeros of the entire function of exponential type are selected.

Keywords: system of exponential monomials, radius of completeness,
Sylvester circle.

Ïóñòü Λ = {λn}n∈N � áåñêîíå÷íî áîëüøàÿ ïîñëåäîâàòåëüíîñòü êîì-
ïëåêñíûõ ÷èñåë. Ýòîé ïîñëåäîâàòåëüíîñòè ñîïîñòàâèì ñèñòåìó ýêñïî-
íåíöèàëüíûõ ìîíîìîâ

EΛ =
{
zk−1eλnz, k = 1, 2, . . . , kn, n ∈ N

}
,

ãäå kn � ÷èñëî ïîâòîðåíèé òî÷êè λ = λn â ïîñëåäîâàòåëüíîñòè Λ. Ðàäè-
óñ R(Λ) êðóãà ïîëíîòû ñèñòåìû EΛ îïðåäåëÿåòñÿ êàê òî÷íàÿ âåðõíÿÿ
ãðàíü ðàäèóñîâ îòêðûòûõ êðóãîâ {z ∈ C : |z| < R}, â êîòîðûõ ýòà
ñèñòåìà ïîëíà (ñòðîãîå îïðåäåëåíèå è ïîäðîáíîñòè ñì. â [1]).

Äëÿ ëþáîãî êîìïàêòà K â C ñóùåñòâóåò (åäèíñòâåííûé) íàèìåíü-
øèé çàìêíóòûé êðóã, ñîäåðæàùèé K. Òàêîé êðóã íàçûâàåì êðóãîì
Ñèëüâåñòðà êîìïàêòà K. Îäíîòî÷å÷íûé êîìïàêò ñîâïàäàåò ñî ñâîèì
êðóãîì Ñèëüâåñòðà, âûðîæäàþùèìñÿ â ýòó òî÷êó. Äëÿ êîìïàêòà K,
îòëè÷íîãî îò òî÷êè, ãðàíèöà K îáÿçàòåëüíî ñîäåðæèò ëèáî äâå òî÷êè,
äèàìåòðàëüíî ðàñïîëîæåííûå íà ãðàíèöå åãî êðóãà Ñèëüâåñòðà, ëèáî
òðè òî÷êè â âåðøèíàõ âïèñàííîãî â êðóã Ñèëüâåñòðà îñòðîóãîëüíîãî
òðåóãîëüíèêà. Èç öåíòðà êðóãà Ñèëüâåñòðà âûïóñòèì ëó÷è, ïðîõîäÿ-
ùèå ÷åðåç óêàçàííûå âûøå òî÷êè íà ãðàíèöå òàêîãî êðóãà. Ïîñëå ñîîò-
âåòñòâóþùåãî ïàðàëëåëüíîãî ïåðåíîñà ¾êàðòèíêè¿ ïîëó÷àåì äâà òèïà

Áðàé÷åâ Ãåîðãèé Ãåíðèõîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÐÓÄÍ, ÌÏÃÓ, Ðîññèéñêèé
óíèâåðñèòåò äðóæáû íàðîäîâ èì. Ï. Ëóìóìáû, Ìîñêîâñêèé ïåäàãîãè÷åñêèé ãîñó-
äàðñòâåííûé óíèâåðñèòåò (Ìîñêâà, Ðîññèÿ); Braichev Georgiy (Peoples' Friendship
University of Russia named after Patrice Lumumba, Moscow Pedagogical State University,
MPGU, Moscow, Russia)
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ïîñòðîåííûõ ïî êîìïàêòó K òàê íàçûâàåìûõ íàáîðîâ Ñèëüâåñòðà �
ñïåöèàëüíûõ ñîâîêóïíîñòåé ëó÷åé, âûõîäÿùèõ èç òî÷êè z = 0 (ñì. [2]).

Èíäèêàòîð öåëîé ôóíêöèè f ýêñïîíåíöèàëüíîãî òèïà è åå èíäèêà-
òîðíàÿ äèàãðàììà çàäàþòñÿ ôîðìóëàìè

h(θ, f) = lim
r→+∞

ln |f(reiθ)|
r

, D(f) =
⋂

θ∈[0,2π]

{z ∈ C : Re(ze−iθ) ⩽ h(f, θ)}.

Ôóíêöèÿ èìååò âïîëíå ðåãóëÿðíûé ðîñò, åñëè äëÿ êàæäîãî θ â îïðå-
äåëåíèè èíäèêàòîðà ñóùåñòâóåò îáû÷íûé ïðåäåë, êîãäà r → +∞ âíå
íåêîòîðîãî ìíîæåñòâà íóëåâîé îòíîñèòåëüíîé ìåðû.

Êàê ñëåäñòâèå ðåçóëüòàòîâ [2] ïîëó÷àåì òàêîå óòâåðæäåíèå.
Òåîðåìà. Ïóñòü f � öåëàÿ ôóíêöèÿ ýêñïîíåíöèàëüíîãî òèïà,

Λ(f) = Λ � åå íóëåâîå ìíîæåñòâî, à r(f) > 0 � ðàäèóñ êðóãà Ñèëü-
âåñòðà åå èíäèêàòîðíîé äèàãðàììû D(f). Åñëè f èìååò âïîëíå ðå-
ãóëÿðíûé ðîñò, òî ðàäèóñ ïîëíîòû R(Λ) ñèñòåìû ýêñïîíåíöèàëüíûõ
ìîíîìîâ EΛ è ðàäèóñ r(f) êðóãà Ñèëüâåñòðà èíäèêàòîðíîé äèàãðàììû
D(f) ñîâïàäàþò, ò. å. R(Λ) = r(f).

Òåîðåìà ñîõðàíÿåò ñèëó, åñëè ôóíêöèÿ f èìååò âïîëíå ðåãóëÿðíûé
ðîñò íå íà êàæäîì ëó÷å, à òîëüêî íà äâóõ èëè òðåõ ëó÷àõ èç ñîîòâåò-
ñòâóþùåãî íàáîðà Ñèëüâåñòðà (ñì. [3]).
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Â äîêëàäå ðå÷ü ïîéäåò î íåêîòîðûõ êëàññè÷åñêèõ çàäà÷àõ, ñâÿ-
çàííûõ ñ àñèìïòîòè÷åñêèìè ñâîéñòâàìè ëàêóíàðíûõ ñòåïåííûõ
ðÿäîâ, ñõîäÿùèõñÿ âî âñåé ïëîñêîñòè è èìåþùèõ ïðîèçâîëüíûé,
ñêîëü óãîäíî áûñòðûé ðîñò, è èõ îáîáùåíèé. Ýòè âîïðîñû ïî ñóòè
ñâîäÿòñÿ ê ñîîòâåòñòâóþùèì çàäà÷àì ïî òåîðèè ôóíêöèé, èíòåð-
ïîëÿöèè â êëàññå öåëûõ ôóíêöèé, îïðåäåëÿåìîì íåêîòîðîé ìàæî-
ðàíòîé èç êëàññà ñõîäèìîñòè. Â ýòîé ñâÿçè áîëåå äåòàëüíî áóäåò
ðàññìîòðåíà îäíà àêòóàëüíàÿ çàäà÷à èç ðàáîòû [1] (ñì. òàêæå [2]).

Êëþ÷åâûå ñëîâà: ðÿä Äèðèõëå, öåëàÿ ôóíêöèÿ, èíòåðïîëÿöèîííàÿ
ïîñëåäîâàòåëüíîñòü, ðàâåíñòâî Ïîëèà.
Problems on entire functions related the regular growth of
Dirichlet series and interpolation

The report will discuss some classical problems related to the asymp-
totic properties of lacunary power series converging in the whole plane
and having arbitrarily fast growth, and their generalizations. These
questions essentially reduce to the corresponding problems in the the-
ory of functions, interpolation in the class of entire functions deter-
mined by some majorant from the convergence class. In this regard,
one actual problem from the work [1] will be considered in more detail
(see also [2]).

Keywords: Dirichlet series, entire function, interpolation sequence,
Polya equality.

Ëèòåðàòóðà

1. Sheremeta M.M. Five open problems in the theory of entire functions
// Ìàòåìàòè÷íi ñòóäi��. 1996. Âèïóñê 6. Ñ. 157 � 159.

2. Ãàéñèí À.Ì. Ðåãóëÿðíûé ðîñò öåëûõ ôóíêöèé, ïðåäñòàâëåííûõ
ðÿäàìè Äèðèõëå. Ì.; Èæåâñê: ÍÈÖ ¾Ðåãóëÿðíàÿ è õàîòè÷åñêàÿ äèíà-
ìèêà¿; Èíñòèòóò êîìïüþòåðíûõ èññëåäîâàíèé, 2024. � 212 ñ.

Ãàéñèí Àõòÿð Ìàãàçîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÈÌÂÖ ÓÔÈÖ ÐÀÍ (Óôà, Ðîñ-
ñèÿ); Ahtyar Gaisin (Institute of Mathematics with Computing Centre, Ufa, Russia)

74



ÓÑÒÎÉ×ÈÂÎÑÒÜ ÌÀÊÑÈÌÀËÜÍÎÃÎ ×ËÅÍÀ ÖÅËÎÃÎ
ÐßÄÀ ÄÈÐÈÕËÅ, ÐÎÑÒ ÊÎÒÎÐÎÃÎ ÊÎÍÒÐÎËÈÐÓÅÒÑß

ÂÛÏÓÊËÎÉ ÌÀÆÎÐÀÍÒÎÉ ÒÎËÜÊÎ ÍÀ
ÄÈÑÊÐÅÒÍÎÌ ÌÍÎÆÅÑÒÂÅ
Ã.À. Ãàéñèíà, gaisinaga@mail.ru

ÓÄÊ 517.53+517.537.7

Èññëåäóåòñÿ ïîâåäåíèå ìàêñèìàëüíîãî ÷ëåíà ðÿäà Äèðèõëå ñ ïî-
ëîæèòåëüíûìè ïîêàçàòåëÿìè, ñóììà êîòîðîãî ïðåäñòàâëÿåò ñîáîé
öåëóþ ôóíêöèþ. Äëÿ êëàññà öåëûõ ðÿäîâ Äèðèõëå, îïðåäåëÿåìîãî
âûïóêëîé ìàæîðàíòîé ðîñòà íà íåêîòîðîé ïîñëåäîâàòåëüíîñòè òî-
÷åê, äîêàçàíà òåîðåìà îá ýêâèâàëåíòíîñòè ëîãàðèôìîâ èñõîäíîãî
ðÿäà è èçìåíåííîãî ðÿäà Äèðèõëå íà àñèìïòîòè÷åñêîì ìíîæåñòâå.

Êëþ÷åâûå ñëîâà: ìàêñèìàëüíûé ÷ëåí ðÿäà Äèðèõëå, ìàæîðàíòà
ðîñòà, ïðåîáðàçîâàíèå Þíãà.
Stability of the maximal term of an entire Dirichlet series
with a growth controlled by a convex majorant only on a
discrete set

We study the behavior of the maximal term of a Dirichlet series with
positive exponents whose sum is an entire function. For a class of en-
tire Dirichlet series defined by a convex majorant of growth on some
sequence of points, we prove a theorem on the equivalence of the log-
arithms of the original series and the modified Dirichlet series on the
asymptotic set.

Keywords: maximum term of a Dirichlet series, growth majorant,
Young transform.

Óñòîé÷èâîñòü ìàêñèìàëüíîãî ÷ëåíà µ(σ) = maxn≥0{|an|eλnσ} àáñîëþò-
íî ñõîäÿùåãîñÿ âî âñåé êîìïëåêñíîé ïëîñêîñòè ðÿäà Äèðèõëå

F (s) =

∞∑
n=0

ane
λns, s = σ + it, a0 = 1, λ0 = 0, λn ↑ ∞, (1)

âïåðâûå èññëåäîâàëàñü â [1].
Ïóñòü L � êëàññ ïîëîæèòåëüíûõ, íåïðåðûâíûõ è íåîãðàíè÷åííî

âîçðàñòàþùèõ íà [0,∞) ôóíêöèé, M(σ) = M(σ, F ) = sup|t|<∞ |F (σ +
it)|. ×åðåç D(Λ) îáîçíà÷èì êëàññ âñåõ öåëûõ ðÿäîâ Äèðèõëå (1), ãäå
Λ = {λn}∞n=0.

Îáîçíà÷èì ÷åðåç D(Φ) êëàññ öåëûõ ðÿäîâ Äèðèõëå (1), çàâèñÿùèé
îò íåêîòîðîé âîçðàñòàþùåé âûïóêëîé ìàæîðàíòû Φ: Φ(x)/x→ ∞ ïðè

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè Ðîññèè (ãðàíò
ÍÎÌÖ ÏÔÎ, ñîãëàøåíèå � 075-02-2024-1444).
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x → ∞. Ïî îïðåäåëåíèþ, D(Φ) =
⋃∞
m=1Dm(Φ), ãäå Dm(Φ) = {F ∈

D(Λ): lnM(σk) ≤ Φ(mσk), σk = σk(F ) ↑ ∞}, Λ � ôèêñèðîâàííàÿ ïî-
ñëåäîâàòåëüíîñòü, óäîâëåòâîðÿþùàÿ óñëîâèþ: äëÿ ëþáîé ïîñëåäîâà-
òåëüíîñòè S = {σk}, σk ↑ ∞, ∀ η > 0

lim
n→∞

lnn

λnψS(ηλn)
= 0,

ãäå ψS(t) = ΨS(t)t
−1, à ΨS � ôóíêöèÿ, ñîïðÿæåííàÿ ñ Φ ïî Þíãó

îòíîñèòåëüíî ïîñëåäîâàòåëüíîñòè S.
Ðàññìîòðèì àáñîëþòíî ñõîäÿùèéñÿ â C èçìåíåííûé ðÿä Äèðèõëå

F ∗
b (s) =

∞∑
n=0

anbne
λns, bn ∈ C. (2)

Äëÿ êàæäîé ôóíêöèè ψS ðàññìîòðèì êëàññ

W (ψS) =

w ∈ L :
√
x ≤ w(x), ∀η > 0 lim

x→∞

1

ψS(ηx)

x∫
1

w(t)

t2
dt = 0

 .

×åðåç µ(σ) è µ∗
b(σ) îáîçíà÷èì ìàêñèìàëüíûå ÷ëåíû ðÿäîâ (1) è (2).

Òåîðåìà 1. Ïóñòü D(Φ) � êëàññ ôóíêöèé, ââåäåííûé âûøå, F ∈
D(Φ). Îáîçíà÷èì ÷åðåç ΨS ôóíêöèþ, ñîïðÿæåííóþ ñ Φ ïî Þíãó îò-
íîñèòåëüíî ñîîòâåòñòâóþùåé ïîñëåäîâàòåëüíîñòè S = SF = {σk},
ψS(t) = ΨS(t)/t. Ïóñòü äëÿ ψS âûïîëíåíî óñëîâèå

lim
R→∞

1

ψS(ηR)

∑
0<λn≤R

1

nλn
= 0,

à B = {bn} � ïîñëåäîâàòåëüíîñòü, òàêàÿ, ÷òî | ln |bn|| = O(λn), n →
∞.

Åñëè äëÿ íåêîòîðîé ôóíêöèè w ∈W (ψS) âåðíû îöåíêè

|bn|+
1

|bn|
≤ ew(λn), n ≥ 0,

òî ìàêñèìàëüíûé ÷ëåí ðÿäà (1) óñòîé÷èâ, ò.å. ïðè σ → +∞ âíå íåêî-
òîðîãî èñêëþ÷èòåëüíîãî ìíîæåñòâà E ⊂ R+ íóëåâîé íèæíåé ïëîò-
íîñòè ñïðàâåäëèâî àñèìïòîòè÷åñêîå ðàâåíñòâî

lnµ(σ) = (1 + o(1)) lnµ∗
b(σ).

Äëÿ äâîéñòâåííîãî êëàññà D(Φ) ñîîòâåòñòâóþùèé ðåçóëüòàò ïîëó-
÷åí â [2].
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ÒÅÎÐÅÌÀ ÒÈÏÀ ÁÀÍÃÀ È ÊÐÈÒÅÐÈÉ
ÊÂÀÇÈÀÍÀËÈÒÈ×ÍÎÑÒÈ ÄËß ÑËÀÁÎ

ÐÀÂÍÎÌÅÐÍÛÕ ÎÁËÀÑÒÅÉ
Ð.À. Ãàéñèí, rashit.gajsin@mail.ru

ÓÄÊ 517.53

Èçó÷àþòñÿ êëàññû Êàðëåìàíà â æîðäàíîâûõ îáëàñòÿõ êîìïëåêñ-
íîé ïëîñêîñòè. Óñòàíîâëåí â íåêîòîðîì ñìûñëå óíèâåðñàëüíûé
äëÿ âñåõ ñëàáî ðàâíîìåðíûõ îáëàñòåé êðèòåðèé êâàçèàíàëèòè÷íî-
ñòè ðåãóëÿðíûõ êëàññîâ Êàðëåìàíà. Äîêàçàòåëüñòâî îñíîâàíî íà
ðåøåíèè çàäà÷è Äèðèõëå ñ íåîãðàíè÷åííîé ãðàíè÷íîé ôóíêöèåé,
ãäå ïî ñóùåñòâó èñïîëüçîâàí îäèí ðåçóëüòàò Áåðëèíãà îá îöåíêå
ãàðìîíè÷åñêîé ìåðû.

Êëþ÷åâûå ñëîâà: òåîðåìà Áàíãà, êâàçèàíàëèòè÷åñêèå êëàññû â
æîðäàíîâûõ îáëàñòÿõ, ãàðìîíè÷åñêàÿ ìåðà, çàäà÷à Äèðèõëå.
The theorem Bang type and quasianalyticity criterion for
weakly uniform domains

We study Carleman classes in Jordan domains of the complex plane.
We have established universal in some sense for all weakly uniform
domains quasianalyticity criterion of regular Carleman classes. Proof
is based on solution of Dirichlet problem with unbounded boundary
function. We actually have used one result of Beurling on estimate of
harmonic measure here.

Keywords: Bang theorem, quasianalytic classes in Jordan domains,
harmonic measure, Dirichlet problem.

Ïóñòü D � íåêîòîðàÿ æîðäàíîâà îáëàñòü â êîíå÷íîé êîìïëåêñíîé
ïëîñêîñòè C, {Mn}∞n=0 � ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë.
×åðåç H(D,Mn) îáîçíà÷èì êëàññ ôóíêöèé f , àíàëèòè÷åñêèõ â D è
óäîâëåòâîðÿþùèõ óñëîâèÿì:

sup
z∈D

∣∣∣f (n)(z)
∣∣∣ ≤ cfA

nMn (n ≥ 0).

Ïðåäïîëîæèì, ÷òî îáëàñòü D îáëàäàåò òåì ñâîéñòâîì, ÷òî âñå ïðî-
èçâîäíûå f (n) ôóíêöèè f ∈ H(D,Mn) íåïðåðûâíî ïðîäîëæàþòñÿ äî
ãðàíèöû ∂D. Â ýòîì ñëó÷àå êëàññ Êàðëåìàíà H(D,Mn) íàçûâàåòñÿ
êâàçèàíàëèòè÷åñêèì â òî÷êå z0 ∈ ∂D, åñëè â äàííîì êëàññå íåò îò-
ëè÷íîé îò òîæäåñòâåííîãî íóëÿ ôóíêöèè f , òàêîé, ÷òî

f (n)(z0) = 0 (n ≥ 0),

Ãàéñèí Ðàøèò Àõòÿðîâè÷, ê.ô.-ì.í., íàó÷íûé ñîòðóäíèê, ÈÌÂÖ ÓÔÈÖ ÐÀÍ
(Óôà, Ðîññèÿ); Rashit Gaisin (Institute of Mathematics with Computing Centre �
Subdivision of the Ufa Federal Research Centre of Russian Academy of Science, Ufa,
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ãäå f (n) (n ≥ 0) � ïðîèçâîäíûå, íåïðåðûâíî ïðîäîëæåííûå äî ãðàíèöû
∂D.

Îäíîñâÿçíàÿ îãðàíè÷åííàÿ îáëàñòü G íàçûâàåòñÿ ñëàáî ðàâíîìåð-
íîé, åñëè ñóùåñòâóåò ïîñòîÿííàÿ a, òàêàÿ, ÷òî ëþáóþ ïàðó òî÷åê
z1, z2 ∈ G ìîæíî ñîåäèíèòü äóãîé α ⊂ G ñî ñâîéñòâîì:

|α| ≤ a |z1 − z2| (|α| � äëèíà α).

Âåðíà

Ëåììà. Ïóñòü D � ñëàáî ðàâíîìåðíàÿ æîðäàíîâà îáëàñòü, 0 <
Mn <∞ (n ≥ 0). Åñëè f ∈ H(D,Mn), òî âñå ïðîèçâîäíûå f

(n) (n ≥ 0)
ïðîäîëæàþòñÿ äî íåïðåðûâíûõ â D ôóíêöèé.

Ïîñëåäîâàòåëüíîñòü {Mn} (Mn > 0) íàçûâàåòñÿ ðåãóëÿðíîé (â
ñìûñëå Å.Ì. Äûíüêèíà), åñëè äëÿ ÷èñåë mn = Mn

n!
(n ≥ 0) âûïîë-

íÿþòñÿ ñâîéñòâà:
à) m2

n ≤ mn−1mn+1 (n ≥ 1);

á) sup
n

(
mn+1

mn

) 1
n
<∞;

â) m
1
n
n → ∞ ïðè n→ ∞.

Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà. Ïóñòü {Mn} (Mn > 0) � ðåãóëÿðíàÿ ïîñëåäîâàòåëü-
íîñòü. Äëÿ òîãî, ÷òîáû äëÿ ëþáîé ñëàáî ðàâíîìåðíîé æîðäàíîâîé
îáëàñòè G ñî ñïðÿìëÿåìîé ãðàíèöåé L êëàññ Êàðëåìàíà H(G,Mn) áûë
êâàçèàíàëèòè÷åí â êàæäîé ãðàíè÷íîé òî÷êå, íåîáõîäèìî è äîñòàòî÷-
íî, ÷òîáû âûïîëíÿëîñü óñëîâèå

∞∑
n=1

Mn

Mn+1
= ∞.
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Î ÑÕÎÄÈÌÎÑÒÈ ÌÅÒÎÄÀ ÌÈÍÈÌÀËÜÍÛÕ ÎØÈÁÎÊ
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Â ñòàòüå ïðåäñòàâëåíû óñëîâèÿ ñõîäèìîñòè èòåðàöèîííîãî ìåòî-
äà ïðèáëèæåííîãî ðåøåíèÿ íåëèíåéíîãî îïåðàòîðíîãî óðàâíåíèÿ
f(x) = 0 ñ ãëàäêèì îïåðàòîðîì â ãèëüáåðòîâîì ïðîñòðàíñòâå X.
Êëþ÷åâûå ñëîâà: ìåòîä ìèíèìàëüíûõ îøèáîê, ñõîäèìîñòü, ãèëü-
áåðòîâî ïðîñòðàíñòâî.
Convergence of method of minimal errors

The paper presents convergence conditions of iterative method of ap-
proximate solving a nonlinear operator equation f(x) = 0 with a
smooth operator in a Hilbert space X.

Keywords: minimal error method, convergence, Hilbert space.

Â ñòàòüå [1] áûëà ïðåäëîæåíà íîâàÿ ìîäèôèêàöèÿ àíàëèçà ñõîäèìî-
ñòè ìåòîäà ìèíèìàëüíûõ íåâÿçîê äëÿ îïåðàòîðíûõ óðàâíåíèé â ãèëü-
áåðòîâûõ ïðîñòðàíñòâàõ. Ïîëó÷åííûé òàì ðåçóëüòàò ÿâëÿåòñÿ îáîáùå-
íèåì êëàññè÷åñêèõ òåîðåì Ë.À. Êèâèñòèêà [2] è Ì.À. Êðàñíîñåëüñêîãî
è ß.Á. Ðóòèöêîãî [3]. Öåëü íàñòîÿùåé ñòàòüè � ðàñïðîñòðàíèòü íà òîò
æå êëàññ óðàâíåíèé ïðåäëîæåííûé â [1] ïîäõîä íà äðóãîé ìåòîä ãðàäè-
åíòíîãî òèïà: ìåòîä ìèíèìàëüíûõ îøèáîê (çäåñü è íèæå èñïîëüçóåòñÿ
òåðìèíîëîãèÿ èç [3]). Ðàíåå ìåòîä èíòåíñèâíî èçó÷àëñÿ â ðàáîòàõ [4,5].

Ïóñòü f : B(x0, R) (⊆ X) → Y � äèôôåðåíöèðóåìûé (ïî Ôðå-
øå) îïåðàòîð, X è Y � âåùåñòâåííûå ãèëüáåðòîâû ïðîñòðàíñòâà. Íàñ
èíòåðåñóåò ðåøåíèÿ óðàâíåíèÿ

f(x) = 0, (1)

ðàñïîëîæåííûå â øàðå B(x0, R). Íèæå ïðåäïîëàãàåòñÿ âûïîëíåííûì
óñëîâèå Ëèïøèöà

∥f ′(x1)− f ′(x2)∥ ≤ k(r)∥x1 − x2∥ (∥x1 − x0∥, ∥x2 − x0∥ ≤ r, 0 < r ≤ R), (2)

ãäå k(r) îïðåäåëåíà è íå óáûâàåò íà [0, R].
Ðàññìîòðèì âîïðîñ î ñõîäèìîñòè ìåòîäà ìèíèìàëüíûõ îøèáîê

xn+1 = xn − ∥f(xn)∥2

∥f ′(xn)∗f(xn)∥2
f ′(xn)

∗f(xn) (n = 0, 1, . . .) (3)

ïðèáëèæåííîãî ðåøåíèÿ îïåðàòîðíîãî óðàâíåíèÿ (1). Íèæå ïðåäïîëà-
ãàåòñÿ, ÷òî ïðîèçâîäíàÿ f ′(x) óäîâëåòâîðÿåò óñëîâèÿì:

Åâõóòà Îëüãà Íèêîëàåâíà, ê.ô.-ì.í., äîöåíò, ÞÐÃÏÓ (ÍÏÈ) èì. Ì.È. Ïëà-
òîâà (Íîâî÷åðêàññê, Ðîññèÿ); Olga Evkhuta (Platov South-Russian State Polytechnic
University (NPI), Novocherkassk, Russia)
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∥(f ′(x)∗)−1h∥ ∥f ′(x)h∥ ≤ c(r)∥h∥2 (∥x− x0∥ ≤ r, 0 < r ≤ R, h ∈ X), (4)

∥f ′(x)h∥ ≥ d(r)∥h∥ (∥x− x0∥ ≤ r, 0 < r ≤ R, h ∈ X), (5)

ãäå ôóíêöèè c(r), d(r) îïðåäåëåíû íà [0, R], ïåðâàÿ èç íèõ � íåóáûâà-
þùèå, à âòîðàÿ � íåâîçðàñòàþùàÿ.

Ïóñòü r � íåêîòîðîå ÷èñëî èç [0, R] è a = ∥f(x0)∥; íàñ áóäåò èí-
òåðåñîâàòü ïîâåäåíèå ïîñëåäîâàòåëüíîñòè ∥f(xn)∥ (n = 0, 1, . . .). Êàê è
âûøå óñòàíîâèì íåêîòîðîå âñïîìîãàòåëüíîå íåðàâåíñòâî ïðè äîïîëíè-
òåëüíîì ïðåäïîëîæåíèè, ÷òî âñå ýëåìåíòû xn (n = 0, 1, . . .) îñòàþòñÿ â
øàðå B(x0, r) è, áîëåå òîãî, ñïðàâåäëèâî

íåðàâåíñòâî
∞∑
n=0

∥xn+1 − xn∥ ≤ r. (6)

.
Òîãäà

f(xn+1) = f(xn) + f ′(xn)(xn+1 − xn) + f(xn+1)− f(xn)− f ′(xn)(xn+1 − xn) =

= f(xn)−
∥(f(xn)∥2

∥f ′(xn)∗f(xn)∥2
f ′(xn)f

′(xn)
∗f(xn)+

+f(xn+1)− f(xn)− f ′(xn)(xn+1 − xn).

Äëÿ ïåðâîãî ñëàãàåìîãî ïðàâîé ÷àñòè ýòîãî íåðàâåíñòâà òåïåðü ñïðà-
âåäëèâî òîæäåñòâî∥∥∥∥f(xn)− ∥f(xn)∥2

∥f ′(xn)∗f(xn)∥2
f ′(xn)f

′(xn)
∗f(xn)

∥∥∥∥ =

=

√
∥f(xn)∥2∥f ′(xn)f ′(xn)∗f(xn)∥2

∥f ′(xn)∗f(xn)∥4
− 1 ∥f(xn)∥

è ïîýòîìó, â ñèëó (4) è (6),∥∥∥∥f(xn)− ∥f(xn)∥2

∥f ′(xn)∗f(xn)∥2
f ′(xn)f

′(xn)
∗f(xn)

∥∥∥∥ ≤
√
c2(r)− 1 ∥f(xn)∥; (7)

äëÿ âòîðîãî ñëàãàåìîãî, â ñèëó (2) è (5),

∥f(xn+1)− f(xn)− f ′(xn)(xn+1 − xn)∥ ≤ k(r)∥f(xn)∥2

2d2(r)
. (8)

Â ðåçóëüòàòå èç (7) è (8), ìû ïîëó÷àåì íåðàâåíñòâî

∥f(xn+1)∥ ≤ v(r, ∥f(xn)∥) (n = 0, 1, . . .), (9)

ãäå

v(r, ϕ) =
√
c2(r)− 1ϕ+

k(r)ϕ2

2d2(r)
. (10)
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Ïîä÷åðêíåì è çäåñü, ÷òî ýòî íåðàâåíñòâî âûâåäåíî â ïðåäïîëîæåíèè
ñïðàâåäëèâîñòè íåðàâåíñòâà (6).

Ïóñòü
0 ≤ c ≤

√
2. (11)

Òîãäà ôóíêöèÿ (10) èìååò åäèíñòâåííóþ ïîëîæèòåëüíóþ íåïîäâèæíóþ
òî÷êó

ψ∗(r) =
2d2(r)

k(r)

(
1−

√
c2(r)− 1

)
. (12)

Ïðè 0 < ϕ < ψ∗(r) ôóíêöèÿ v(r, ϕ) îáëàäàåò ñâîéñòâîì v(r, ϕ) < ϕ;
ïîýòîìó â ñëó÷àå a < ψ∗(r) ïîñëåäîâàòåëüíîñòü ∥f(xn)∥ (n = 0, 1, . . .)
ñòðåìèòñÿ ê íóëþ. Áîëåå òîãî, ñïðàâåäëèâû íåðàâåíñòâà

∥f(xn)∥ ≤ v(n)(r, a) (n = 0, 1, . . .), (13)

ãäå v(0)(r, ϕ) = ϕ è v(n)(r, ·) (n = 0, 1, . . .) îïðåäåëåíû ðåêóððåíòíûìè
ðàâåíñòâàìè v(n+1)(r, ϕ) = v(n)(r, v(r, ϕ)) (n = 0, 1, . . .).

Äàëåå, ñíîâà â ñèëó (5),

∥xn+1 − xn∥ ≤ 1

d(r)
∥f(xn)∥ ≤ 1

d(r)
v(n)(r, a) (n = 0, 1, . . .)

ïîýòîìó
∞∑
n=0

∥xn+1 − xn∥ ≤ 1

d(r)

∞∑
n=0

v(n)(r, a); (14)

ðÿä â ïðàâîé ÷àñòè ñõîäèòñÿ â ñèëó íåðàâåíñòâà a < ψ∗. Îòìåòèì, ÷òî
ýòîò ðÿä ñõîäèòñÿ íå ìåäëåííåå ãåîìåòðè÷åñêîé ïðîãðåññèè ñî çíàìå-
íàòåëåì

q0 =
√
c2(r)− 1 +

k(r)ϕ2

2d2(r)
,

à ðåàëüíûé ïîêàçàòåëü åå ñõîäèìîñòè îïðåäåëÿåòñÿ ðàâåíñòâîì

q∞ =
√
c2(r)− 1.

Íåñëîæíûå ðàññóæäåíèÿ ïîêàçûâàþò, ÷òî íåðàâåíñòâî (6) è â ýòîì
ñëó÷àå áóäåò âûïîëíÿòüñÿ, åñëè

V (r, a) ≤ rd(r), (15)

ãäå V (r, ϕ) îïðåäåëÿåòñÿ ïî v(r, ϕ) àíàëîãè÷íûì (16) ðàâåíñòâîì; ñâîé-
ñòâà ýòîé ôóíêöèè ïîëíîñòüþ ïîäîáíû ñâîéñòâàì ôóíêöèè U(r, ϕ).

Ïðîâåäåííûå ðàññóæäåíèÿ äîêàçûâàþò ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Ïóñòü îïåðàòîð f óäîâëåòâîðÿåò óñëîâèÿì (2), (4)-
(5), (11) è ïóñòü âûïîëíåíû íåðàâåíñòâà

a < ψ∗(r) (16)
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è
1

d(r)
V (r, a) ≤ r. (17)

Òîãäà óðàâíåíèå (1) èìååò â øàðå B(x0, r) ðåøåíèå x∗, ïðèáëèæåíèÿ
(3) ñõîäÿòñÿ ê ýòîìó ðåøåíèþ, ïðè÷åì ñïðàâåäëèâû íåðàâåíñòâà

∥xn+1 − xn∥ ≤ 1

d(r)
v(r, ∥xn − xn−1∥) (n = 0, 1, . . .). (18)

∥xn − x∗∥ ≤ 1

d(r)
V (r, v(n)(r, a)) (n = 0, 1, . . .). (19)
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ÏÐÈÌÅÍÅÍÈÅ ÒÅÎÐÅÌÛ Î ÇÀÌÊÍÓÒÎÌ ÃÐÀÔÈÊÅ Ê
ÀÍÀËÈÇÓ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÐÅÊÓÐÐÅÍÒÍÛÕ

ÍÅÉÐÎÍÍÛÕ ÑÅÒÅÉ
Ä.Ê. Çàöåïèí, zatsepin01@mail.ru

ÓÄÊ 517.9

Â ðàáîòå ðàññìàòðèâàåòñÿ ïðèìåíåíèå òåîðåìû î çàìêíóòîì ãðà-
ôèêå äëÿ àíàëèçà óñòîé÷èâîñòè ðåêóððåíòíûõ íåéðîííûõ ñåòåé
â òîïîëîãè÷åñêèõ âåêòîðíûõ ïðîñòðàíñòâàõ. Äîêàçûâàåòñÿ ñóùå-
ñòâîâàíèå åäèíñòâåííîé íåïîäâèæíîé òî÷êè îïåðàòîðà ïåðåõîäà
ñîñòîÿíèé è ñõîäèìîñòü èòåðàòèâíîãî ïðîöåññà ê ýòîé òî÷êå. Ïðè-
âîäèòñÿ ïðèìåð ïðèìåíåíèÿ ðàçðàáîòàííîé òåîðèè â çàäà÷àõ ïðî-
ãíîçèðîâàíèÿ âðåìåííûõ ðÿäîâ.

Êëþ÷åâûå ñëîâà: íåéðîííûå ñåòè, óñòîé÷èâîñòü, òåîðåìà î çàìêíó-
òîì ãðàôèêå, òîïîëîãè÷åñêèå âåêòîðíûå ïðîñòðàíñòâà.
Application of the Closed Graph Theorem to the Stability
Analysis of Recurrent Neural Networks

This paper addresses the application of the Closed Graph Theorem to
analyze the stability of recurrent neural networks (RNNs) in topolog-
ical vector spaces. The existence of a unique fixed point of the state
transition operator and the convergence of the iterative process to this
point are proven. An example of the developed theory is given in time
series forecasting.

Keywords: neural networks, stability, closed graph theorem, topolog-
ical vector spaces.

Èññëåäîâàíèå óñòîé÷èâîñòè ðåêóððåíòíûõ íåéðîííûõ ñåòåé (RNN) â
òîïîëîãè÷åñêèõ âåêòîðíûõ ïðîñòðàíñòâàõ ÿâëÿåòñÿ âàæíîé çàäà÷åé,
ñâÿçàííîé ñ àíàëèçîì äèíàìèêè òàêèõ ñèñòåì. Â äàííîé ðàáîòå ìû
ðàññìàòðèâàåì ïðèìåíåíèå òåîðåìû î çàìêíóòîì ãðàôèêå [2] äëÿ äî-
êàçàòåëüñòâà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè íåïîäâèæíîé òî÷êè îïå-
ðàòîðà ïåðåõîäà ñîñòîÿíèé, à òàêæå ñõîäèìîñòè èòåðàòèâíîãî ïðîöåññà
ê ýòîé òî÷êå.

Ïóñòü X � áàíàõîâî ïðîñòðàíñòâî, ïðåäñòàâëÿþùåå ïðîñòðàíñòâî
ñîñòîÿíèé ðåêóððåíòíîé íåéðîííîé ñåòè, è ïóñòü T : X → X � îïåðàòîð
ïåðåõîäà ñîñòîÿíèé, îïðåäåëÿþùèé äèíàìèêó ñåòè ïî ïðàâèëó:

xn+1 = T (xn), n ∈ N. (1)

Íàøà öåëü � óñòàíîâèòü óñëîâèÿ, ïðè êîòîðûõ ñóùåñòâóåò åäèíñòâåí-
íàÿ íåïîäâèæíàÿ òî÷êà x∗ ∈ X, òàêàÿ ÷òî T (x∗) = x∗, è ïîñëåäîâà-
òåëüíîñòü {xn} ñõîäèòñÿ ê x∗ ïðè ëþáîì íà÷àëüíîì ñîñòîÿíèè x0 ∈ X.

Çàöåïèí Äàíèèë Êèðèëëîâè÷, ñòóäåíò, ÐÃÓ èìåíè Ñ. À. Åñåíèíà (Ðÿçàíü, Ðîñ-
ñèÿ); Daniil Zatsepin (Ryazan State University, Ryazan, Russia)
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Îäíèì èç êëþ÷åâûõ èíñòðóìåíòîâ äëÿ äîñòèæåíèÿ ýòîé öåëè ÿâ-
ëÿåòñÿ òåîðåìà î ñæèìàþùèõ îòîáðàæåíèÿõ (òåîðåìà Áàíàõà î íåïî-
äâèæíîé òî÷êå) [1]. Îäíàêî äëÿ ïðèìåíåíèÿ ýòîé òåîðåìû íåîáõîäèìî,
÷òîáû îïåðàòîð T áûë ñæèìàþùèì, òî åñòü ñóùåñòâîâàëî λ ∈ [0, 1)
òàêîå, ÷òî

∥T (x)− T (y)∥ ≤ λ∥x− y∥, ∀x, y ∈ X. (2)

Â êîíòåêñòå RNN îïåðàòîð T ìîæåò áûòü íåëèíåéíûì è íå âñåãäà
óäîâëåòâîðÿåò óñëîâèþ ñæèìàþùåãî îòîáðàæåíèÿ. Ïîýòîìó ìû ïðåä-
ëàãàåì èñïîëüçîâàòü òåîðåìó î çàìêíóòîì ãðàôèêå äëÿ îáîñíîâàíèÿ
íåïðåðûâíîñòè îïåðàòîðà T è, ñëåäîâàòåëüíî, ïðèìåíåíèÿ òåîðåìû î
íåïîäâèæíîé òî÷êå.

Òåîðåìà î çàìêíóòîì ãðàôèêå. Ïóñòü X è Y � áàíàõîâû ïðî-
ñòðàíñòâà, è îïåðàòîð T : X → Y èìååò çàìêíóòûé ãðàôèê. Òîãäà
îïåðàòîð T íåïðåðûâåí.

Çàìêíóòîñòü ãðàôèêà îïåðàòîðà T îçíà÷àåò, ÷òî åñëè ïîñëåäîâà-
òåëüíîñòè {xn} ⊂ X è {T (xn)} ⊂ Y òàêîâû, ÷òî xn → x âX è T (xn) → y
â Y , òî y = T (x).

Ïðèìåíÿÿ ýòó òåîðåìó, ìû ìîæåì ïîêàçàòü íåïðåðûâíîñòü îïåðà-
òîðà T , åñëè åãî ãðàôèê çàìêíóò. Äàëåå, åñëè îïåðàòîð T íåïðåðûâåí
è óäîâëåòâîðÿåò óñëîâèþ (2) ñ íåêîòîðûì λ ∈ [0, 1), òî ïî òåîðåìå Áà-
íàõà î íåïîäâèæíîé òî÷êå ñóùåñòâóåò åäèíñòâåííàÿ íåïîäâèæíàÿ òî÷-
êà x∗ ∈ X, è ïîñëåäîâàòåëüíîñòü {Tn(x0)} ñõîäèòñÿ ê x∗ äëÿ ëþáîãî
x0 ∈ X.

Òåîðåìà 1. Ïóñòü X � áàíàõîâî ïðîñòðàíñòâî, è îïåðàòîð
T : X → X èìååò çàìêíóòûé ãðàôèê è óäîâëåòâîðÿåò óñëîâèþ (2)
ñ íåêîòîðûì λ ∈ [0, 1). Òîãäà ñóùåñòâóåò åäèíñòâåííàÿ íåïîäâèæ-
íàÿ òî÷êà x∗ ∈ X, è äëÿ ëþáîãî x0 ∈ X ïîñëåäîâàòåëüíîñòü {Tn(x0)}
ñõîäèòñÿ ê x∗.

Ïðèìåð. Ðàññìîòðèì ðåêóððåíòíóþ íåéðîííóþ ñåòü ñ ôóíêöèåé
àêòèâàöèè φ : R → R, îïðåäåëÿåìîé êàê φ(x) = tanh(x). Ïóñòü ñîñòî-
ÿíèå ñåòè çàäà¼òñÿ âåêòîðîì x ∈ Rn, à îïåðàòîð ïåðåõîäà ñîñòîÿíèé
èìååò âèä

T (x) =Wφ(x) + b. (3)

ãäå W ∈ Rn×n � ìàòðèöà âåñîâûõ êîýôôèöèåíòîâ, b ∈ Rn � âåêòîð
ñìåùåíèé, è φ ïðèìåíÿåòñÿ ïîêîìïîíåíòíî.

Ïðåäïîëîæèì, ÷òî íîðìà ìàòðèöû W óäîâëåòâîðÿåò óñëîâèþ
∥W∥ < 1. Òîãäà äëÿ ëþáûõ x, y ∈ Rn èìååì

∥T (x)− T (y)∥ = ∥W (φ(x)− φ(y))∥ ≤ ∥W∥∥φ(x)− φ(y)∥. (4)

Ïîñêîëüêó ôóíêöèÿ φ Ëèïøèöåâà ñ êîíñòàíòîé L = 1, òî

∥φ(x)− φ(y)∥ ≤ ∥x− y∥. (5)

Ñëåäîâàòåëüíî,
∥T (x)− T (y)∥ ≤ ∥W∥∥x− y∥. (6)
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Ïîñêîëüêó ∥W∥ < 1, îïåðàòîð T ÿâëÿåòñÿ ñæèìàþùèì, è ïî òåîðå-
ìå 1 ñóùåñòâóåò åäèíñòâåííîå óñòîé÷èâîå ñîñòîÿíèå, ê êîòîðîìó ñåòü
ñõîäèòñÿ èç ëþáîãî íà÷àëüíîãî ñîñòîÿíèÿ.

Òàêèì îáðàçîì, ìû ïîêàçàëè, ÷òî ïðè âûïîëíåíèè óñëîâèé çàìêíó-
òîñòè ãðàôèêà îïåðàòîðà T è åãî ñæèìàåìîñòè ðåêóððåíòíàÿ íåéðîí-
íàÿ ñåòü ÿâëÿåòñÿ óñòîé÷èâîé è ñõîäèòñÿ ê åäèíñòâåííîìó óñòîé÷èâîìó
ñîñòîÿíèþ. Ýòî èìååò âàæíîå çíà÷åíèå äëÿ ïðàêòè÷åñêèõ ïðèëîæåíèé,
ãäå ãàðàíòèè ñõîäèìîñòè è óñòîé÷èâîñòè ñèñòåìû ÿâëÿþòñÿ êðèòè÷íû-
ìè.
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Ïîëó÷åíî ïðåäñòàâëåíèå â âèäå ìóëüòèïëèêàòèâíîé ñâåðòêè àäà-
ìàðîâñêèõ îïåðàòîðîâ â ïðîñòðàíñòâàõ ôóíêöèé, ãîëîìîðôíûõ â
îãðàíè÷åííîé âûïóêëîé îáëàñòè êîìïëåêñíîé ïëîñêîñòè è ïîëè-
íîìèàëüíîãî ðîñòà âáëèçè ãðàíèöû îáëàñòè èëè áåñêîíå÷íî äèô-
ôåðåíöèðóåìûõ âïëîòü äî åå ãðàíèöû.

Êëþ÷åâûå ñëîâà: îïåðàòîð àäàìàðîâñêîãî òèïà, ïðîñòðàíñòâî ãî-
ëîìîðôíûõ ôóíêöèé.
Hadamard type operators in spaces of holomorphic functions
of polynomial growth and smooth up to the boundary

A representation is obtained in the form of a multiplicative convo-
lution of Hadamard type operators in spaces of functions that are
holomorphic in a bounded convex domain of the complex plane and
of polynomial growth near the boundary of the domain or infinitely
differentiable up to its boundary.

Keywords: Hadamard type operators, space of holomorphic functions.

Îïåðàòîðû àäàìàðîâñêîãî òèïà, ò.å. ëèíåéíûå íåïðåðûâíûå îïåðàòî-
ðû, äëÿ êîòîðûõ êàæäûé ìîíîì ÿâëÿåòñÿ èõ ñîáñòâåííîé ôóíêöèåé, â
íåíîðìèðóåìûõ ïðîñòðàíñòâàõ ãîëîìîðôíûõ ôóíêöèé äîñòàòî÷íî ïî-
äðîáíî èññëåäîâàíû â ñëåäóþùèõ ñèòóàöèÿõ: â ïðîñòðàíñòâàõ âñåõ ãî-
ëîìîðôíûõ ôóíêöèé íà îòêðûòûõ ïîäìíîæåñòâàõ êîìïëåêñíîé ïëîñ-
êîñòè (ñì. [1]) è â ïðîñòðàíñòâàõ âåùåñòâåííî àíàëèòè÷åñêèõ ôóíêöèé
êàê îäíîé, òàê è ìíîãèõ ïåðåìåííûõ (ñì. [2]). Èõ òåîðèÿ ÿâëÿåòñÿ �îïå-
ðàòîðíîé� ÷àñòüþ èññëåäîâàíèé, ñâÿçàííûõ ñ ïîíÿòèåì àäàìàðîâñêîãî
ïðîèçâåäåíèÿ ãîëîìîðôíûõ ôóíêöèé, è íåîòäåëèìà îò åãî àíàëèòè-
÷åñêîãî àñïåêòà. Äàëåå èäåò ðå÷ü îá àäàìàðîâñêèõ îïåðàòîðàõ â ïðî-
ñòðàíñòâàõ ãîëîìîðôíûõ ôóíêöèé ñ îïðåäåëåííûìè îãðàíè÷åíèÿìè.

Ïóñòü G � îãðàíè÷åííàÿ âûïóêëàÿ îáëàñòü â C; H(G) � ïðîñòðàí-
ñòâî âñåõ ãîëîìîðôíûõ â G ôóíêöèé; dG(z) := inf

t∈∂G
|z−t| � ðàññòîÿíèå

Èâàíîâà Îëüãà Àëåêñàíäðîâíà, ê.ô.-ì.í., ÞÔÓ (Ðîñòîâ-íà-Äîíó, Ðîññèÿ); Olga
Ivanova (Southern Federal University, Rostov on Don, Russia)

Ìåëèõîâ Ñåðãåé Íèêîëàåâè÷, ä.ô.-ì.í., ÞÔÓ (Ðîñòîâ-íà-Äîíó, Ðîññèÿ), ÞÌÈ
ÂÍÖ ÐÀÍ (Âëàäèêàâêàç, Ðîññèÿ); Sergej Melikhov (Southern Federal University, Rostov
on Don, Russia; Southern Mathematical Institute of VSC of RAN, Vladikavkaz)
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îò òî÷êè z ∈ G äî ãðàíèöû ∂G îáëàñòè G. Äëÿ êàæäîãî n ∈ N îïðåäå-
ëèì áàíàõîâî ïðîñòðàíñòâî

H−n(G) :=

{
f ∈ H(G) | ∥f∥n := sup

z∈G
|f(z)|(dG(z))n < +∞

}
ñ íîðìîé ∥ · ∥n è ïîëîæèì H−∞(G) :=

⋃
n∈N

H−n(G). Çàäàäèì â

H−∞(G) òîïîëîãèþ èíäóêòèâíîãî ïðåäåëà ïîñëåäîâàòåëüíîñòè ïðî-
ñòðàíñòâ H−n(G), n ∈ N, îòíîñèòåëüíî èõ âëîæåíèé â H−∞(G). Ñèì-
âîëîì H∞(G) îáîçíà÷èì ïðîñòðàíñòâî Ôðåøå âñåõ C∞�ôóíêöèé íà G,
ãîëîìîðôíûõ â G.

Íèæå G1, G2 � îãðàíè÷åííûå âûïóêëûå îáëàñòè â C, ñîäåðæàùèå
òî÷êó 0. Ìíîæåñòâî ñêàëÿðíûõ ìóëüòèïëèêàòîðîâ

M(G2, G1) := {t ∈ C | tz ∈ G1 äëÿ ëþáîãî z ∈ G2}

ÿâëÿåòñÿ âûïóêëûì êîìïàêòîì ñ òî÷êîé 0 â ñâîåé âíóòðåííîñòè. Äàëåå
H∞(M(G2, G1))

′ � òîïîëîãè÷åñêîå ñîïðÿæåííîå ê H∞(M(G2, G1)).
Òåîðåìà. (i) Äëÿ ëþáîãî îïåðàòîðà B àäàìàðîâñêîãî òèïà èç

H−∞(G1) â H−∞(G2) (ñîîòâ., èç H∞(G1) â H∞(G2)) ñóùåñòâó-
åò åäèíñòâåííûé ôóíêöèîíàë φ ∈ H∞(M(G2, G1))

′, äëÿ êîòîðîãî
B(f)(z) = φt(f(tz)) äëÿ ëþáûõ z ∈ G2, f ∈ H−∞(G1) (ñîîòâ., f ∈
H∞(G1)).
(ii) Äëÿ ëþáîãî ôóíêöèîíàëà φ ∈ H∞(M(G2, G1))

′ îïåðàòîð B(f)(z) =
φt(f(tz)), z ∈ G2, f ∈ H−∞(G1) (ñîîòâ., f ∈ H∞(G1)) ÿâëÿåòñÿ
îïåðàòîðîì àäàìàðîâñêîãî òèïà èç H−∞(G1) â H

−∞(G2) (ñîîòâ., èç
H∞(G1) â H∞(G2)).

Òåîðåìà ïîêàçûâàåò, ÷òî ìíîæåñòâà îïåðàòîðîâ àäàìàðîâñêîãî òè-
ïà èç H−∞(G1) â H−∞(G2) è èç H∞(G1) â H∞(G2) ñîâïàäàþò (ñ òî÷-
íîñòüþ äî åñòåñòâåííîãî ñóæåíèÿ).

Ïðèìåðàìè àäàìàðîâñêèõ îïåðàòîðîâ ïðè G1 = G2 ÿâëÿþòñÿ îïå-

ðàòîð Ýéëåðà E(f)(z) =
n∑
k=0

bkz
kf (k)(z) (bk ∈ C) êîíå÷íîãî ïîðÿäêà è

îïåðàòîð Õàðäè-Ëèòòëâóäà H(f) =
1∫
0

g(t)f(tz)dt, g ∈ C[0, 1].

Åñëè ó÷åñòü, ÷òî H∞(M(G2, G1)) � òîïîëîãè÷åñêîå ïîäïðîñòðàí-
ñòâî C∞(M(G2, G1)), òî àäàìàðîâñêèå îïåðàòîðû â ðàññìàòðèâàåìûõ
ïðîñòðàíñòâàõ ìîæíî îïèñàòü, èñïîëüçóÿ ïðåäñòàâëåíèå îáîáùåííûõ
ôóíêöèé ñ íîñèòåëåì â M(G2, G1). Ïóñòü ν � ìåðà Ëåáåãà â C = R2.

Ñëåäñòâèå. Äëÿ ëþáîãî îïåðàòîðà àäàìàðîâñêîãî òèïà B èç
H−∞(G1) â H−∞(G2) (ñîîòâ., èç H∞(G1) â H∞(G2)) ñóùåñòâóþò
ôóíêöèè gk ∈ C(M(G2, G1)), 0 ≤ k ≤ n, n ∈ N ∪ {0}, äëÿ êîòîðûõ

B(f)(z) =
n∑
k=0

∫
M(G2,G1)

zkgk(t)f
(k)(tz)dν(t), z ∈ G2, f ∈ H−∞(G1) (ñî-

îòâ., f ∈ H∞(G1)).
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Ëþáîé îïåðàòîð òàêîãî âèäà ÿâëÿåòñÿ àäàìàðîâñêèì èç H−∞(G1)
â H−∞(G2) (ñîîòâ., èç H∞(G1) â H∞(G2)).
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Äàííîå èññëåäîâàíèå ñâÿçàíî ñ çàäà÷àìè òåîðèè ïðåäñòàâëåíèÿ
ôóíêöèé ðÿäàìè ýêñïîíåíò.

Êëþ÷åâûå ñëîâà: ðÿä ýêñïîíåíò, êëàññ Ñìèðíîâà, ïðîñòðàíñòâî
Áåðãìàíà.
On a scale of Banach spaces of analytic functions on a convex
domain

This study is related to the problems of the theory of representation
of functions by exponential series.

Keywords: exponential series, Smirnov class, Bergman space.

Â 1975ã. Ëåâèí Á.ß. è Ëþáàðñêèé Þ.È. [1] äîêàçàëè, ÷òî ôóíêöèè
èç êëàññà Ñìèðíîâà E2(D) íà âûïóêëîì ìíîãîóãîëüíèêå D ïðåäñòàâ-
ëÿþòñÿ â âèäå áåçóñëîâíî ñõîäÿùåãîñÿ ðÿäà ýêñïîíåíò. Â ðàáîòå [2]
ýòà òåîðåìà ïåðåíåñåíà íà ïðîñòðàíñòâî Áåðãìàíà B2(D) . Ñóùåñòâåí-
íîé ÷àñòüþ ýòèõ ðåçóëüòàòîâ ÿâëÿåòñÿ îïèñàíèå ïðåîáðàçîâàíèÿ Êîøè
ôóíêöèîíàëîâ

C(S)(ζ) = Sz

(
1

z − ζ

)
, ζ ∈ C \D.

Â ñëó÷àå ïðîñòðàíñòâ Ñìèðíîâà E2(D) îêàçàëîñü, ÷òî C(E∗
2 ) èçîìîðô-

íî ïðîñòðàíñòâó Ñìèðíîâà íà äîïîëíåíèè C\D [3]. Äëÿ ïðîèçâîëüíûõ
âûïóêëûõ îáëàñòåé ýòà çàäà÷à ðåøåíà Ìåðåíêîâûì Ñ.À. â ðàáîòå [4].
Îêàçàëîñü, ÷òî ïðîñòðàíñòâî C(B∗

2 ) èçîìîðôíî ïðîñòðàíñòâó{
γ(ζ) ∈ H(C \D) : ∥γ∥2 :=

∫
C\D

|γ′(ζ)|2dm(ζ) <∞

}
,

ãäå dm(ζ) � ïëîñêàÿ ìåðà Ëåáåãà. Â ðàáîòå [5] ïîêàçàíî, ÷òî ïðîñòðàí-
ñòâî E2(C \D) èçîìîðôíî ïðîñòðàíñòâó{

γ(ζ) ∈ H(C \D) : ∥γ∥2 :=

∫
C\D

|γ′(ζ)|dist (D, ζ)dm(ζ) <∞

}
,

ÓÓÍèÒ, Èíñòèòóò ìàòåìàòèêè ñ ÂÖ ÓÔÈÖ ÐÀÍ, ã.Óôà, Ðîññèÿ
ÓÓÍèÒ, Èíñòèòóò ìàòåìàòèêè ñ ÂÖ ÓÔÈÖ ÐÀÍ, ã.Óôà, Ðîññèÿ
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ãäå dist (D, ζ) � ðàññòîÿíèå îò òî÷êè ζ äî ìíîæåñòâà D. Äðóãèìè ñëî-
âàìè, ïðîñòðàíñòâî ïðåîáðàçîâàíèé Êîøè C(E2(D)) èçîìîðôíî ïðî-
ñòðàíñòâó B(0)

2 (D). Ïàðàìåòðèçîâàííîå ñåìåéñòâî ïðîñòðàíñòâ

B
(α)
2 (D) =

{
h(ζ) ∈ H(C \D) : ∥h∥2 :=

∫
C\D

|h(ζ)|2dist 2α(D, ζ)dm(ζ) <∞

}
,

îáðàçóþò åñòåñòâåííóþ øêàëó áàíàõîâûõ ïðîñòðàíñòâ íà ëþáîì îòðåç-
êå [α0;β0], − 1

2
< α < β0 < ∞. Ïóñòü Fα � ãèëüáåðòîâî ïðîñòðàíñòâî

àíàëèòè÷åñêèõ â D ôóíêöèé îòíîñèòåëüíî íîðìû

∥f∥ =

(
(2α+ 1)

∫
D

|f(z)|2δ2α(z)dm(z)

) 1
2

.

Òåîðåìà 1. Äëÿ ëþáîãî êîìïëåêñíîãî ìíîãî÷ëåíà p(z)

lim
α→− 1

2

∥p∥Fα(D) = ∥p∥E2(D).
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ON A NEW APPROACH IN THE THEORY OF RIEMANN
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The classics of this section of complex analysis are books that have been
reprinted many times and translated into foreign languages of F.D. Gakhov
and N.I. Muskhelishvili. To date, a signi�cant number of other monographs
and textbooks have been published on the theory of the Riemann boundary
value problem, its individual sections, applications and generalizations.
If initially the main �eld of application of this theory was continuum
mechanics, now it is used in many areas, including branches of mathematics
as far apart as the theory of elasticity, queuing theory, the problem
of moments in its various variants, representing systems of functions,
orthogonal polynomials and random matrices, rational approximations,
approximations of transcendental functions and many others.

The Riemann boundary value problem is the problem of restoring
a piecewise-holomorphic function from a given linear relationship
(conjugation condition) between its limit values on both sides on a given
contour on which it loses holomorphy. If Γ is a closed curve dividing the
complex plane C onto �nite domain D+ and domain D− containing the
point at in�nity, then we need to �nd a function Φ(z), holomorphic in
C \ Γ, limit values Φ±(t) of which in points t ∈ Γ from domains D± exist
and are bounded with the boundary condition

Φ+(t) = G(t)Φ−(t) + g(t), t ∈ Γ, (RBV P )

where G(t) and g(t) - function given on Γ. When G(t) ≡ 1, we get a so-
called jump problem

Φ+(t)− Φ−(t) = g(t), t ∈ Γ. (JP )

to which the solution of the Riemann problem (RBV P ) is reduced by the
factorization method. In turn, the solution to the jump problem is given
by a Cauchy type integral ∫

Γ

g(t) dt

t− z
,

which assumes the recti�ability of the curve Γ. Classical results were
obtained under the more restrictive assumption of piecewise smoothness
of the contour. Only at the very end of the seventies E.M. Dynkin and T.

Moscow Polytechnic University, Russian Federation, Moscow, Bolshaya
Semenovskaya, 38
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Salimov independently obtained conditions for the existence of boundary
values of a Cauchy-type integral over a non-smooth recti�able curve, and
thus created the prerequisites for solving the Riemann problem on such
curves using the traditional method.

At the same time, the Riemann boundary value problem itself retains
its meaning for non-recti�able contours. The problem of developing new
methods for solving the Riemann problem that do not rely on classical
contour integration became especially relevant after the works of B.
Mandelbrot and others, who proposed the point of view according to which
the so-called fractal curves that are not recti�able.

In the early eighties of the last century, B.A. Kats made the transition
to non-recti�able curves in the Riemann problem.

Initially, a method was developed that did not rely on contour
integration, called the quasi-solution regularization method. Brie�y it can
be described as follows. Let φ(z) be a di�erentiable (but, generally speaking,
not holomorphic) in C \ Γ function, which has a required jump on a curve
Γ, so

φ+(t)− φ−(t) = g(t), t ∈ Γ;

Such a function was called a quasi-solution of the jump problem. Then the
solution to this problem itself can be sought in the form Φ(z) = φ(z)−ψ(z),
where ψ - a function continuous in the entire complex plane that satis�es
in C \ Γ the equation

∂ψ

∂z
=
∂φ

∂z
.

The solution to the Riemann problem is constructed in a similar way. We
can say that the method of regularization of quasi-solutions is the reduction
of a given boundary value problem to ∂−equation.

One of the important results obtained at this stage is the discovery
of a connection between the solvability of the problem and the metric
characteristic of the contour, most often called its upper Minkowski
dimension. The de�nition of this dimension will be given below. The
following criterion was established for the solvability of the problem of
a jump (JP ) on a closed curve.

Theorem(B.A. Kats)
Let the jump g satisfy the Holder condition with exponent ν. Then the

jump problem (JP ) has a solution when

ν >
1

2
dm(Γ), (∗)

where dm(Γ) - the Minkowski dimension of the contour Γ, and this
condition cannot be improved. The latter means that for any pair of given
values ν and d, satisfying the inverse inequality ν ≤ d/2, we can specify a
curve Γ of dimension dm(Γ) = d and a jump g, de�ned on it, satisfying the
Holder condition with exponent ν, for which the problem has no solutions.
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However, this fundamental result immediately revealed certain
limitations. The �rst of them is the fact that not every jump problem that
does not satisfy the (∗) criterion is unsolvable, i.e. this su�cient condition
for solvability is necessary only for classes of curves and boundary data. In
this regard, the question arose about its clari�cation.

In this regard, a need arose for new metric characteristics of non-
recti�able curves that would be more consistent with the needs of the
theory of the Riemann problem than the Minkowski dimension. The
metric characteristics introduced in them (re�ned metric dimension and
approximation dimension) make it possible to obtain a complete analogue
of the above criterion. At the same time, the same works show that these
analogues do not have the disadvantage of inaccuracy. Unfortunately, when
using them, another vicissitude of the method arises: calculating these
dimensions for non-recti�able curves is extremely di�cult.

Another drawback is related to the fact that both characteristics - the
H?lder exponent and the Minkowski dimension - are global in nature, and
in many cases local solvability conditions are necessary. In addition, these
characteristics do not take into account the local asymmetry inherent in
non-recti�able curves. We are talking about the following phenomenon.
Let B(ε) be a round ε−neighbourhood of point t ∈ Γ in C, and B+(ε) and
B−(ε) are the parts into which this neighborhood is divided by a curve Γ.
If the curve is smooth at point t, then these parts are symmetrical with
respect to the tangent drawn to Γ in points t up to in�nitesimals of high
order with respect to ε. If B∗(ε) is an image of B−(ε) with such symmetry,
then the area of the set B+(ε)△B∗(ε) when ε→ 0 decreases faster, than ε2,
and thus faster, then area ofB(ε). Already at the corner point of a piecewise
smooth curve it is impossible to construct an axis of symmetry with this
property. If the curve Γ is non-recti�able, then semi-neighborhoods of its
point t can have completely di�erent metric properties. This means that
the limiting values of the function at points of non-recti�able curves from
di�erent sides have di�erent properties, and this must be taken into account
when solving boundary value problems.

Further, from the above it is clear that the problem of solving the
Riemann boundary value problem on non-recti�able curves naturally raises
interest in generalizations of the contour integral

∫
Γ

f(z) dz to the case when

the curve Γ is non-recti�able. Such generalizations also have independent
interest.

One of the �rst publications proposed the following approach. Let a
function f de�ned on a closed curve Γ have an extension F into the domain
D+ bounded by this curve. Then, according to the Stokes formula∫

Γ

f(t)dt = −
∫∫

D+

∂F

∂z
dz dz,

and if the curve Γ is nonrecti�able, then the right side of this equality can
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serve as the de�nition of the left. This approach was subsequently improved
and used to represent solutions to the jump problem on non-recti�able
curves in the form of (generalized) Cauchy-type integrals.

There are other approaches to generalizing the integral to non-
recti�able contours.

In this article we will describe the results obtained using new metric
characteristics, called the Marcinkiewicz indicators by the author, as well
as their modi�ed versions. The name is due to the fact that, as far as is
known, J. Marcinkiewicz was the �rst to propose the use of integrals over
the complements of sets as their metric characteristics; integrals of similar
form are used in our de�nition. Marcinkiewicz exponents are used to solve
the Riemann boundary value problem and similar boundary value problems
on non-recti�able curves, as well as in the construction and study of
generalized integrals over non-recti�able contours. This improves previously
known results in these areas, including the (∗) criterion. At the same time,
Marcinkiewicz exponents are relatively easy to calculate or estimate, and
also make it possible to give the solvability criteria of the problems under
consideration a local character. In addition, these characteristics make it
possible to take into account the property of local asymmetry of non-
recti�able curves when solving boundary value problems.

The thesis presents a number of classical and modern results on the
theory of Riemann boundary value problems and related issues. The general
approach with the transition to a generalization of the curvilinear integral
and the transition to new metric characteristics brings numerous results.
Currently, a team of colleagues from Mexico is improving this technique by
moving to a three-dimensional analogue of the characteristics. A number
of results in this area should be expected in the near future. Some intrinsic
applications of the results above can be found in researching the bianalytical
functions case.
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ÎÁ ÎÁÎÁÙÅÍÍÎÌ ÓÒÎ×ÍÅÍÍÎÌ ÏÎÐßÄÊÅ Â
ÑÌÛÑËÅ ÂÀËÈÐÎÍÀ

È.Â. Êîñòåíêî
IEKostenko@mail.ru

ÓÄÊ 517.9
Êëàññè÷åñêîå îïðåäåëåíèå óòî÷í¼ííîãî ïîðÿäêà ôîðìóëèðóåòñÿ ñëåäó-
þùèì îáðàçîì [1].

Àáñîëþòíî íåïðåðûâíàÿ ôóíêöèÿ ρ íà íåêîòîðîì ëó÷å (a,+∞) íà-
çûâàåòñÿ óòî÷í¼ííûì ïîðÿäêîì â ñìûñëå Âàëèðîíà, åñëè îäíîâðåìåí-
íî ñóùåñòâóþò äâà ïðåäåëà

1) lim
r→∞

ρ(r) = ϱ ∈ (0,+∞), 2) lim
r→∞

rρ′(r) ln r = 0 .

Çäåñü ïîä ρ′(r) ìû ïîíèìàåì íàèáîëüøåå ïðîèçâîäíîå ÷èñëî â òî÷êå r.
Ìû ðàññìàòðèâàåì îáîáùåííûé óòî÷íåííûé ïîðÿäîê â ñìûñëå Âà-

ëèðîíà, êîãäà óñëîâèå 1) çàìåíÿåì áîëåå îáùèì óñëîâèåì

α = lim
r→∞

ρ(r) ≤ lim
r→∞

ρ(r) = ϱ ∈ (0,+∞),

Îñíîâíîé ðåçóëüòàò � ñëåäóþùàÿ òåîðåìà, êîòîðàÿ ïðèâîäèòñÿ â
ñîêðàùåííîì âèäå.

Òåîðåìà. Ïóñòü A � âîçðàñòàþùàÿ ñòðîãî ïîëîæèòåëüíàÿ ôóíê-

öèÿ êîíå÷íîãî ïîðÿäêà, ò.å. lim
r→∞

lnA(r)

ln r
= ϱ < +∞ , è êîíå÷íîãî íèæíå-

ãî ïîðÿäêà: lim
r→∞

lnA(r)

ln r
= α > 0 . Òîãäà ñóùåñòâóåò òàêîé îáîáùåííûé

óòî÷íåííûé ïîðÿäîê ρ â ñìûñëå Âàëèðîíà, ÷òî
I1) ρ(r) = ϱ+ψ(r) � àáñîëþòíî íåïðåðûâíàÿ ìîíîòîííàÿ ôóíêöèÿ;

I2) lim
r→∞

ψ(r) = 0, lim
r→∞

A(r)

V (r)
= 1, ãäå V (r) = rρ(r).

Ëèòåðàòóðà

1. G. Valiron. Sur les fonctions enti�eres d'ordre nul et d'ordre �ni et en
particulier les fonctions �a correspondance r�eguli�ere. Annales de la faculte
des sciences de Toulouse, 5: 3 (1913), 117�257.

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò
�24-21-00006, https://rscf.ru/project/24-21-00006/).
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ÂÛ×ÈÑËÅÍÈÅ ÃËÀÂÍÎÃÎ ÇÍÀ×ÅÍÈß ÀÐÃÓÌÅÍÒÀ
ÃÀÌÌÀ-ÔÓÍÊÖÈÈ Â ×ÈÑÒÎ ÌÍÈÌÛÕ ÒÎ×ÊÀÕ

À.Á. Êîñòèí, Â.Á. Øåðñòþêîâ
abkostin@yandex.ru, shervb73@gmail.com

ÓÄÊ 517.581

Êàê èçâåñòíî, ãàììà-ôóíêöèÿ êîìïëåêñíîé ïåðåìåííîé ïðèíèìà-
åò íåâåùåñòâåííûå çíà÷åíèÿ íà ìíèìîé îñè. Îáñóæäàåòñÿ âîïðîñ
î ïðåäñòàâëåíèè ÷åðåç íåñîáñòâåííûé èíòåãðàë ãëàâíîãî çíà÷åíèÿ
àðãóìåíòà ãàììà-ôóíêöèè ÷èñòî ìíèìîé ïåðåìåííîé. Íàðÿäó ñ
òåîðåòè÷åñêèì çàäà÷à èìååò ïðèêëàäíîé èíòåðåñ.
Êëþ÷åâûå ñëîâà: ãàììà-ôóíêöèÿ, èíòåãðàëüíîå ïðåäñòàâëåíèå,
ãëàâíîå çíà÷åíèå àðãóìåíòà.
Calculation of the principal value of the argument of the
gamma function at purely imaginary points

As is known, the gamma function of a complex variable takes non-real
values on the imaginary axis. The issue of representing the principal
value of the argument of the gamma function of a purely imaginary
variable through an improper integral is discussed. The problem has
both theoretical and applied interest.

Keywords: gamma function, integral representation, principal value
of the argument.

Â ðàáîòå [1] äîêàçàíî, ÷òî

y ln y − y − π

4
−

+∞∫
0

g(t) sin(yt) dt ∈ Arg Γ(iy), y > 0, (1)

ãäå ôóíêöèÿ g îïðåäåëåíà ôîðìóëîé

g(t) =

(
1

2
− 1

t
+

1

et − 1

)
1

t
, t > 0, (2)

à Γ � ãàììà-ôóíêöèÿ Ýéëåðà. Äðóãèìè ñëîâàìè, âûðàæåíèå â ëåâîé
÷àñòè (1) äàåò îäíî èç çíà÷åíèé ìíîãîçíà÷íîé ôóíêöèè Arg, âçÿòîé îò
êîìïëåêñíîãî ÷èñëà Γ(iy) ïðè ôèêñèðîâàííîì y > 0.

Ïðè îáñóæäåíèè ïëåíàðíîãî äîêëàäà àâòîðîâ íà ¾Óôèìñêîé îñåí-
íåé ìàòåìàòè÷åñêîé øêîëå¿ â îêòÿáðå 2021 ãîäà, ïîñâÿùåííîãî èíòå-
ãðàëüíûì ïðåäñòàâëåíèÿì ãàììà-ôóíêöèè, Á.È. Ñóëåéìàíîâ îáðàòèë

Êîñòèí Àíäðåé Áîðèñîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÌÃÓ èìåíè Ì.Â. Ëîìîíîñî-
âà (Ìîñêâà, Ðîññèÿ); Andrew Kostin (Lomonosov Moscow State University, Moscow,
Russia)

Øåðñòþêîâ Âëàäèìèð Áîðèñîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÌÃÓ èìåíè Ì.Â. Ëîìî-
íîñîâà (Ìîñêâà, Ðîññèÿ); Vladimir Sherstyukov (Lomonosov Moscow State University,
Russia)
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âíèìàíèå íà ñëåäóþùåå îáñòîÿòåëüñòâî. Ïîñêîëüêó â çàäà÷àõ ìàòåìà-
òè÷åñêîé ôèçèêè (ñì., íàïðèìåð, [2]) ÷àñòî âñòðå÷àþòñÿ ôîðìóëû, ñî-
äåðæàùèå ãëàâíîå çíà÷åíèå àðãóìåíòà arg (·) ∈ (−π, π] ãàììà-ôóíêöèè
â òî÷êàõ ìíèìîé îñè, òî âàæíî óìåòü àíàëèòè÷åñêè âû÷èñëÿòü èëè
îöåíèâàòü ïîäîáíûå çíà÷åíèÿ.

Áóäóò ðàññìîòðåíû ñïîñîáû ïðåäñòàâëåíèÿ âåëè÷èíû arg Γ(iy), ãäå
y > 0, îñíîâàííûå íà (1), (2). Â ÷àñòíîñòè, ìû ïîêàæåì, ÷òî

arg Γ(i) = −1− π

4
−

+∞∫
0

g(t) sin t dt = −1− π

2
+

+∞∫
0

et − 1− t

t2(et − 1)
sin t dt,

îòêóäà

−7

6
− π

4
< arg Γ(i) < −1− π

4
.

Çäåñü

−7

6
− π

4
= −1.952 ... , −1− π

4
= −1.785 ... , arg Γ(i) = −1.872 ...

ñîãëàñíî êîìïüþòåðíûì ðàñ÷åòàì.

Ëèòåðàòóðà

1. Êîñòèí À.Á., Øåðñòþêîâ Â.Á. Îá èíòåãðàëüíûõ ïðåäñòàâëåíè-
ÿõ âåëè÷èí, ñâÿçàííûõ ñ ãàììà-ôóíêöèåé // Óôèìñê. ìàòåì. æóðí.,
13:4 (2021), 51-64.

2. Ñóëåéìàíîâ Á.È. Âëèÿíèå ìàëîé äèñïåðñèè íà ñàìîôîêóñèðîâ-
êó â ïðîñòðàíñòâåííî îäíîìåðíîì ñëó÷àå // Ïèñüìà â ÆÝÒÔ, 106:6
(2017), 375-380.
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ÊÎÝÔÔÈÖÈÅÍÒÛ ÐÀÇËÎÆÅÍÈß ÀÍÀËÈÒÈ×ÅÑÊÎÃÎ
ÏÐÎÄÎËÆÅÍÈß ÔÓÍÊÖÈÉ Ñ ÂÅÙÅÑÒÂÅÍÍÎÉ

ÏÐßÌÎÉ Â ÐßÄ ÝÊÑÏÎÍÅÍÖÈÀËÜÍÛÕ ÌÎÍÎÌÎÂ
À.Ô. Êóæàåâ, arsenkuzh@outlook.com

ÓÄÊ 517.518

Â ðàáîòå àíîíñèðóåòñÿ ðåçóëüòàò îá îöåíêàõ íà êîýôôèöèåíòû ðÿ-
äà ýêñïîíåíöèàëüíûõ ìîíîìîâ ñ ïî÷òè âåùåñòâåííûìè ïîêàçàòå-
ëÿìè. Ïðåäïîëàãàåòñÿ, ÷òî äàííûì ðÿäîì ïðåäñòàâëÿåòñÿ öåëàÿ
ôóíêöèÿ, äî êîòîðîé ïðîäîëæàåòñÿ ôóíêöèÿ èç çàìûêàíèÿ ëè-
íåéíîé îáîëî÷êè ñèñòåìû ýêñïîíåíöèàëüíûõ ìîíîìîâ â îäíîì âå-
ñîâîì ïðîñòðàíñòâå àáñîëþòíî èíòåãðèðóåìûõ ôóíêöèé íà âñåé
÷èñëîâîé ïðÿìîé.

Êëþ÷åâûå ñëîâà: öåëàÿ ôóíêöèÿ, ýêñïîíåíöèàëüíûé ìîíîì, ðÿä
ýêñïîíåíò
The coefficients of decomposition of the analytical continua-
tion of functions with a real line into a series of exponential
monomials

The paper announces a result on estimates for the coefficients of a
number of exponential monomials with almost real indicators. It is
assumed that this series represents an entire function, to which the
function continues from the closure of the linear shell of a system of
exponential monomials in one weight space of absolutely integrable
functions on the real line.

Keywords: mathematics, differential equations, spectral theory.

Ïóñòü Λ = {λk, nk}∞k=1 � ïîñëåäîâàòåëüíîñòü ðàçëè÷íûõ êîìïëåêñíûõ
÷èñåë λk è èõ êðàòíîñòåé nk. Ñ÷èòàåì, ÷òî |λk| ≤ |λk+1| è λk → ∞, k →
∞. Ïî äàííîé ïîñëåäîâàòåëüíîñòè ñòðîèòñÿ ñèñòåìà ôóíêöèé � ýêñïî-
íåíöèàëüíûõ ìîíîìîâ:

E(Λ) =
{
zneλkz

}∞, nk−1

k=1, n=0
, z ∈ C.

Ââåä¼ì ðÿä ãåîìåòðè÷åñêèõ õàðàêòåðèñòèê ïîñëåäîâàòåëüíîñòè Λ.
Ñèìâîëîì n(r,Λ) îáîçíà÷èì ÷èñëî òî÷åê λk (ñ ó÷åòîì èõ êðàòíîñòåé
nk), ïîïàâøèõ â îòêðûòûé êðóã B(0, r), è ïóñòü

n̄(Λ) = lim
r→+∞

n(r,Λ)

r
.

Âåëè÷èíà n̄(Λ) íàçûâàåòñÿ âåðõíåé ïëîòíîñòüþ ïîñëåäîâàòåëüíîñòè Λ.

Êóæàåâ Àðñåí Ôàíèëåâè÷, ê.ô.-ì.í., äîöåíò, ÓÓÍèÒ (Óôà, Ðîññèÿ); Arsen
Kuzhaev (Ufa University of Science and Technology, Ufa, Russia)
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Ñëåäóÿ ðàáîòå [1], áóäåì ãîâîðèòü, ÷òî ïîñëåäîâàòåëüíîñòü Λ ÿâ-
ëÿåòñÿ ïî÷òè âåùåñòâåííîé, åñëè Reλk > 0 (k ≥ 1), Imλk/Reλk →
0, k → ∞.

Ïîëîæèì åùå
m(Λ) = lim

k→+∞

nk
|λk|

,

σΛ(r) = max


∑

|λk|<r,
Reλk>0

Re
nk
λk
,
∑

|λk|<r,
Reλk<0

Re
nk
λk

 .

Ïîìèìî óêàçàííûõ âûøå õàðàêòåðèñòèê, øèðîêîå ïðèìåíåíèå íà-
õîäèò ñâî¼ ïðèìåíåíèå èíäåêñ êîíäåíñàöèè À.Ñ. Êðèâîøååâà SΛ ïîñëå-
äîâàòåëüíîñòè Λ, ââåäåííûé â ðàáîòå [2]:

SΛ = lim
δ→0+

lim
m→∞

1

λm
ln

∣∣∣∣∣∣
∏

λk∈B(λm,δλm),k ̸=m

(
z − λk
3δλk

)nk

∣∣∣∣∣∣ .
Òåïåðü ââåä¼ì â ðàññìîòðåíèå ôóíêöèîíàëüíîå ïðîñòðàíñòâî.

Ïóñòü ρ > 0. Ñèìâîëîì ΩΛ,ρ îáîçíà÷èì ìíîæåñòâî íåîòðèöàòåëüíûõ
âûïóêëûõ ôóíêöèé íà îñè R òàêèõ, ÷òî ω(0) = 0, ω(t) ⩽ ρ|t|, t ⩽ 0,
lim

t→+∞
ω(t)/t = +∞, è, êðîìå òîãî, âûïîëíåíî íåðàâåíñòâî

+∞∫
1

ω(2σΛ(t))

t2
dt < +∞

Ðàññìàòðèâàåòñÿ âåñîâîå ïðîñòðàíñòâî èíòåãðèðóåìûõ ôóíêöèé íà
âåùåñòâåííîé ïðÿìîé:

Lωp =

f : ||f ||ωp,R :=

 +∞∫
−∞

∣∣∣f (t) e−ω(t)∣∣∣p dt


1
p

< +∞

 ,

Ñèìâîëîì W p (Λ, ω) îáîçíà÷èì ïîäïðîñòðàíñòâî, êîòîðîå ÿâëÿåòñÿ
çàìûêàíèåì ñèñòåìû E (Λ) â ïðîñòðàíñòâå Lωp .

Îäèí èç îñíîâíûõ ðåçóëüòàòîâ ðàáîòû [3], ìîæíî ñôîðìóëèðîâàòü
â ñëåäóþùåé òåîðåìû.

Òåîðåìà À ([3], Theorem 1) Ïóñòü ρ > 0, ïîñëåäîâàòåëüíîñòü
Λ = {λk, nk} ïî÷òè âåùåñòâåííàÿ, SΛ > −∞, m (Λ) < +∞, σΛ (r) →
+∞, r → +∞, ω0 ∈ ΩΛ,ρ. Òîãäà êàæäàÿ ôóíêöèÿ f ∈ W p (Λ, ω0) ïðî-
äîëæàåòñÿ äî öåëîé ôóíêöèè F , äëÿ êîòîðîé èìååò ìåñòî ïðåäñòàâ-
ëåíèå â âèäå ðÿäà ýêñïîíåíöèàëüíûõ ìîíîìîâ

∞∑
k=1

nk−1∑
n=0

ak,nz
neλkz, z ∈ C, (1)
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ãäå

ak,n =
1

2π

+∞∫
−∞

Hω,k,n+1 (t) f (t) dt, n = 0, nk − 1, k ≥ 1,

ω (t) = ω0 (t) ïðè t ≤ 0, ω (t) = ω0 (t) + t2 ïðè t > 0, è ôóíêöèè Hω,k,j

îáðàçóþò ñåìåéñòâî ÿäåð áèîðòîãîíàëüíîé ñèñòåìû ôóíêöèîíàëîâ ê
ñèñòåìå ýêñïîíåíöèàëüíûõ ìîíîìîâ E(Λ). Ïðè ýòîì ðÿä ñõîäèòñÿ àá-
ñîëþòíî è ðàâíîìåðíî íà êîìïàêòàõ èç ïëîñêîñòè.

Èç äàííîé òåîðåìû ñëåäóåò, ÷òî åñòü íåîáõîäèìîñòü â ïîëó÷åíèè
îöåíîê íà êîýôôèöèåíòû ïîëó÷åííîãî ðÿäà ýêñïîíåíöèàëüíûõ ìîíî-
ìîâ. Äàííûå îöåíêè ìîæíî èñïîëüçîâàòü, íàïðèìåð, ïðè îöåíêå òèïà
è ïîðÿäêà öåëîé ôóíêöèè, äî êîòîðîé ïðîäîëæàþòñÿ ôóíêöèè èç ïîä-
ïðîñòðàíñòâà W p (Λ, ω). Ðåçóëüòàòû ýòîãî õàðàêòåðà ìîæíî íàéòè â
ðàáîòàõ À.Ô. Ëåîíòüåâà (ñì., íàïðèìåð, [4] (ãë.III, �3, òåîðåìà 3.3.2)).
Ðåçóëüòàòû èç ðàáîò À.Ô. Ëåîíòüåâà ñôîðìóëèðîâàíû äëÿ ñëó÷àÿ ðÿ-
äîâ ýêñïîíåíò, òî åñòü ÷àñòíûì ñëó÷àåì ðÿäîì âèäà (1), â êîòîðûõ
nk = 1, k ∈ N. Äàííûå ðåçóëüòàòû äîïóñêàþò îáîáùåíèå íà ñëó÷àé ðÿ-
äîâ ýêñïîíåíöèàëüíûõ ìîíîìîâ, è îäíèì èç óòâåðæäåíèé, íåîáõîäèìûõ
äëÿ ïîëó÷åíèÿ äàííûõ îáîáùàþùèõ ðåçóëüòàòîâ, ÿâëÿåòñÿ ñëåäóþùàÿ
òåîðåìà, ïðåäñòàâëÿþùàÿ è ñàìîñòîÿòåëüíûé èíòåðåñ.

Òåîðåìà 1. Ïóñòü ρ > 0, ïîñëåäîâàòåëüíîñòü Λ = {λk, nk} ÿâ-
ëÿåòñÿ ïî÷òè âåùåñòâåííîé è òàêîé, ÷òî SΛ > −∞, m(Λ) < +∞,
êðîìå òîãî, ω ∈ ΩΛ,ρ, ω(t) ⩾ t2 ïðè t > 0, è

βk = exp (((1− C)B |λk|σΛ (|λk|) + C1 |λk|)) , j = 1, nk, k ⩾ 1,

C1, C,B > 0 � íåêîòîðûå êîíñòàíòû.

Òîãäà ñóùåñòâóåò êîíñòàíòà D > 0 òàêàÿ, ÷òî êîýôôèöèåíòû ak,n
äîïóñêàþò îöåíêè

|ak,n| ⩽
Dβk||f ||ω1

2π
, n = 1, nk, k ⩾ 1.
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ÒÎ×ÍÛÅ ÍÅÐÀÂÅÍÑÒÂÀ ÒÈÏÀ
ÄÆÅÊÑÎÍÀ-ÑÒÅ×ÊÈÍÀ È ÇÍÀ×ÅÍÈß

ÏÎÏÅÐÅ×ÍÈÊÎÂ ÍÅÊÎÒÎÐÛÕ ÊËÀÑÑÎÂ ÔÓÍÊÖÈÉ Â
ÏÐÎÑÒÐÀÍÑÒÂÅ L2

Ì.Ð. Ëàíãàðøîåâ
mukhtor77@mail.ru

ÓÄÊ 517.5

Ðàññìàòðèâàåòñÿ ýêñòðåìàëüíàÿ çàäà÷à îòûñêàíèÿ òî÷íûõ êîí-
ñòàíò Km,n,r(u) è Xm,n,r,p(u) â íåðàâåíñòâàõ òèïà Äæåêñîíà-
Ñòå÷êèíà â ïðîñòðàíñòâå L2. Íà îñíîâàíèÿ ïîëó÷åííûõ ðå-
çóëüòàòîâ âû÷èñëåíû òî÷íûå çíà÷åíèÿ íåêîòîðûõ èçâåñòíûõ n-
ïîïåðå÷íèêîâ êëàññîâ W (r)

m (u,Φ) è W (r)
m,p(u,Ψ).

Êëþ÷åâûå ñëîâà: íàèëó÷øåå ïðèáëèæåíèå, ìîäóëü íåïðåðûâíîñòè,
ýêñòðåìàëüíàÿ õàðàêòåðèñòèêà, n-ïîïåðå÷íèêè.
Sharp inequalities of Jackson-Stechkin type and widths of
some classes of functions in L2 space

Short abstract: The extreme problem of finding the exact constants
Km,n,r(u) and Xm,n,r,p(u) in Jackson-Stechkin type inequalities in L2

space is considered. Based on the results obtained, the exact values
of some known n-diameters of classes W

(r)
m (u,Φ) and W

(r)
m,p(u,Ψ) are

calculated.

Keywords: best approximation, modulus of continuity, extremal char-
acteristic, n-widths.

Ïóñòü N � ìíîæåñòâî íàòóðàëüíûõ, à Z+ = N ∪ {0} � ìíîæåñòâî
öåëûõ ÷èñåë.

Ïóñòü L2 = L2[0, 2π] � ïðîñòðàíñòâî èçìåðèìûõ ïî Ëåáåãó 2π-
ïåðèîäè÷åñêèõ ôóíêöèé, ó êîòîðûõ íîðìà

∥f∥ =

 1

π

2π∫
0

|f(x)|2dx


1
2

<∞.

×åðåç Tn−1 îáîçíà÷èì ïîäïðîñòðàíñòâî, ñîñòîÿùåå èç âñåâîçìîæ-
íûõ òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ ïîðÿäêà n− 1. Âåëè÷èíà

En−1(f)2 = inf
{
∥f − Tn−1∥ : Tn−1(x) ∈ Tn−1

}
íàçûâàåòñÿ íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè f ∈ L2 ïîäïðîñòðàí-
ñòâîì Tn−1.

Ëàíãàðøîåâ Ìóõòîð Ðàìàçîíîâè÷, ê.ô.-ì.í., äîöåíò, ÀÃÇ Ì×Ñ Ðîññèè (Õèì-
êè, Ðîññèÿ); Mukhtor Langarshoev (Civil Defence Academy of EMERCOM of Russia,
Khimki, Russia)
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×åðåç L(r)
2

(
r ∈ Z+;L

(0)
2 ≡ L2

)
îáîçíà÷èì ìíîæåñòâî ôóíêöèé f ∈

L2, ó êîòîðûõ ïðîèçâîäíûå (r− 1)-ãî ïîðÿäêà àáñîëþòíî íåïðåðûâíû,
à ïðîèçâîäíûå r-ãî ïîðÿäêà f (r) ̸= const ïðèíàäëåæàò ïðîñòðàíñòâó
L2.

Ñèìâîëîì

Ωm(f, τ) =

 1

τm

τ∫
0

· · ·
τ∫

0

∥∆m
h f(·)∥

2dh1 · · · dhm


1
2

,

îáîçíà÷èì îáîáùåííûé ìîäóëü íåïðåðûâíîñòè m-ãî ïîðÿäêà ôóíêöèè
f ∈ L2, ãäå τ > 0, h = (h1, h2, · · ·, hm), ∆m

h
= ∆1

h1
◦ · · · ◦∆1

hm
, ∆1

hj
(f) =

f(·+ hj)− f(·), j = 1,m
Äëÿ ëþáûõ m,n ∈ N, r ∈ Z+, 0 < p ≤ ∞, u ∈ (0, 3π/(4n)] ðàññìîò-

ðèì ñëåäóþùèå ýêñòðåìàëüíûå õàðàêòåðèñòèêè:

Km,n,r(u) = sup
f∈L(r)

2

f(r) ̸=const

En−1(f)2 u∫
0

h(u− h)Ω2/m
m

(
f (r), h

)
dh

m/2
,

Xm,n,r,p(u) = sup
f∈L(r)

2

f(r) ̸=const

En−1(f)2 u∫
0

h(u− h)Ωpm

(
f (r), h

)
dh

1/p
,

ãäå m,n ∈ N, r ∈ Z+, 0 < h ≤ u, 0 < u ≤ 3π/(4n), 0 < p ≤ ∞.
Äëÿ öåíòðàëüíî-ñèììåòðè÷íîãî ïîäìíîæåñòâî N èç L2 ÷åðåç

bn(N, L2), d
n(N, L2), dn(N, L2), λn(N, L2) è πn(N, L2) îáîçíà÷èì ñî-

îòâåòñòâåííî áåðíøòåéíîâñêèé, ãåëüôàíäîâñêèé, êîëìîãîðîâñêèé, ëè-
íåéíûé è ïðîåêöèîííûé n-ïîïåðå÷íèêîâ [1].

Òàêæå ïîëàãàåì

En−1(N) := sup{En−1(f) : f ∈ N}.

Ïóñòü Φ(u) è Ψ(u) � íåïðåðûâíûå âîçðàñòàþùèå íà ïîëóñåãìåíòå 0 ≤
u < ∞ ôóíêöèè òàêèå, ÷òî Φ(0) = 0, Ψ(0) = 0. Äëÿ ïðîèçâîëüíûõ
m ∈ N, r ∈ Z+ è u > 0 ââåäåì â ðàññìîòðåíèå ñëåäóþùèå êëàññû
ôóíêöèé:

W (r)
m (u,Φ) :=

f ∈ L
(r)
2 :

 u∫
0

h(u− h)Ω2/m
m

(
f (r), h

)
dh

m/2

≤ Φ(u)

 ,

W (r)
m,p(u,Ψ) :=

f ∈ L
(r)
2 :

 u∫
0

h(u− h)Ωpm

(
f (r), h

)
dh

1/p

≤ Ψ(u)

 .
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×åðåç h∗ îáîçíà÷èì âåëè÷èíó àðãóìåíòà ôóíêöèè sinh/h, ïðè êî-
òîðîì îíà äîñòèãàåò íà ïîëóñåãìåíòå [0,∞) ñâîåãî íàèìåíüøåãî çíà÷å-
íèÿ. Ïðè ýòîì h∗ åñòü ìèíèìàëüíûé ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ
tg h

h
= 1, 4, 49 < h∗ < 4, 51 (ñì. [2]). Ïîëîæèì(

1− sinh

h

)
∗
:=

{
1− sinh

h
, åñëè 0 ≤ h ≤ h∗; 1− sinh∗

h∗
, åñëè, h ≥ h∗

}
.

Òåîðåìà 1.Ïóñòüm,n ∈ N, r ∈ Z+. Òîãäà äëÿ ïðîèçâîëüíîãî ÷èñëà
0 < u ≤ 3π/(4n) èìååò ìåñòî ñëåäóþùåå ðàâåíñòâî

Km,n,r(u) =
1

nr−3m/2

(
3

n3u3 − 6nu+ 6 sinnu

)m/2
.

Òåîðåìà 2. Ïóñòü m,n ∈ N, r ∈ Z+ è 0 < p ≤ ∞. Òîãäà äëÿ ïðî-
èçâîëüíîãî ÷èñëà 0 < u ≤ 3π/(4n) èìååò ìåñòî ñëåäóþùåå ðàâåíñòâî

χm,n,r,p(u) =
1

2m/2nr

 u∫
0

h(u− h)

(
1− sinnh

nh

)mp/2
dh

−1/p

.

Òåîðåìà 3. Ïóñòü m,n ∈ N, r ∈ Z+ è ôóíêöèÿ Φ(u) óäîâëåòâîðÿ-
åò óñëîâèþ

Φ(u)

Φ(π/n)
≥
{

1

π3 − 6π

}m/2
×

×

{
(n3u3 + 6 sinnu− 6nu)m/2, 0 < u ≤ π/n,

(3π3 − 6π + n3u3 − 3π2nu)m/2, u ≥ π/n.

Òîãäà ñïðàâåäëèâû ðàâåíñòâà

γ2n
(
W (r)
m (u,Φ);L2

)
= γ2n−1

(
W (r)
m (u,Φ);L2

)
=

= En−1

(
W (r)
m (u,Φ)

)
2
=

1

nr−3m/2

{
3

π3 − 6π

}m/2
Φ(π/n),

ãäå γ2n(·) � ëþáîé èç âûøåïåðå÷èñëåííûõ n-ïîïåðå÷íèêîâ.
Òåîðåìà 4. Åñëè ôóíêöèÿ Ψ(u) äëÿ ëþáîãî 0 < u ≤ π/n, 0 < p ≤ ∞

óäîâëåòâîðÿåò îãðàíè÷åíèþ

Ψp(u)

Ψp(π/n)
≥

u∫
0

h(u− h)

(
1− sinnh

nh

)mp/2
∗

dh

π/n∫
0

h
(π
n
− h
)(

1− sinnh

nh

)mp/2
dh

,
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òî äëÿ ïðîèçâîëüíûõ m,n ∈ N, r ∈ Z+ èìåþò ìåñòî ðàâåíñòâà

δ2n
(
W (r)
m,p(u,Ψ);L2

)
= δ2n−1

(
W (r)
m,p(u,Ψ);L2

)
= En−1

(
W (r)
m,p(u,Ψ)

)
2
=

=
1

2m/2nr

 π/n∫
0

h
(π
n
− h
)(

1− sinnh

nh

)mp/2
dh


−1/p

Ψ(π/n),

ãäå δ2n(·) � ëþáîé èç âûøåïåðå÷èñëåííûõ n-ïîïåðå÷íèêîâ.
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Äîêàçàíû êðèòåðèè îãðàíè÷åííîñòè è êîìïàêòíîñòè èí-
òåãðàëüíîãî îïåðàòîðà Õàðäè, äåéñòâóþùåãî â âåñîâûõ ïðî-
ñòðàíñòâàõ Ëîðåíöà. Äëÿ êîìïàêòíîãî îïåðàòîðà ïîëó÷åíû
äâóõñòîðîííèå îöåíêè s-÷èñåë. Íàéäåíû óñëîâèÿ, ïðè êîòîðûõ
êîìïàêòíûé îïåðàòîð ïðèíàäëåæèò îïåðàòîðíûì èäåàëàì,
ïîðîæäåííûì ïîñëåäîâàòåëüíîñòÿìè àïïðîêñèìàòèâíûõ ÷èñåë.
Ïîëó÷åíû îöåíêè íîðì îïåðàòîðà Õàðäè â îïåðàòîðíûõ èäåàëàõ
÷åðåç èíòåãðàëüíûå âûðàæåíèÿ, çàâèñÿùèå îò âåñîâûõ ôóíêöèé
èñõîäíîãî îïåðàòîðà.

Êëþ÷åâûå ñëîâà: îïåðàòîðíûé èäåàë, èíòåãðàëüíûé îïåðàòîð Õàð-
äè, ïðîñòðàíñòâà Ëîðåíöà, àïïðîêñèìàòèâíûå ÷èñëà.
Estimates of the norms of the Hardy operator acting in
Lorentz spaces

The criteria of the boundedness and compactness of the Hardy integral
operator acting in Lorentz weight spaces are proved. For a compact
operator, two-sided estimates of s-numbers are obtained. Conditions
are found under which a compact operator belongs to the operator
ideal generated by sequences of approximation numbers. Estimates
of the norms of the Hardy operator in operator ideals are obtained
through integral expressions depending on the weight functions of the
original operator.

Keywords: operator ideal, Hardy integral operator, Lorentz spaces,
approximative numbers.

Ïóñòü (X,µ) � èçìåðèìîå ïðîñòðàíñòâî ñ ïîëîæèòåëüíîé σ-
àääèòèâíîé ìåðîé µ. Ôóíêöèÿ ðàñïðåäåëåíèÿ f∗ èçìåðèìîé ôóíêöèè
f îòíîñèòåëüíî ìåðû µ îïðåäåëÿåòñÿ ôîðìóëîé (ñì. ìîíîãðàôèþ [1])

f∗(τ) = µ{x ∈ X : |f(x)| > τ} =

∫
{x∈X:|f(x)|>τ}

dµ, τ > 0.

Ëîìàêèíà Åëåíà Íèêîëàåâíà, ä.ô.-ì.í., â.í.ñ., ÂÖ ÄÂÎ ÐÀÍ (Õàáàðîâñê, Ðîñ-
ñèÿ); Elena Lomakina (Computing Center Far Eastern Branch of the Russian Academy
of Sciences, Khabarovsk, Russia)

Äåðåâÿíêî Îëåñÿ Ñåðãååâíà, àñïèðàíò, ñòàðøèé ïðåïîäàâàòåëü, ÄÂÃÓÏÑ (Õàáà-
ðîâñê, Ðîññèÿ); Olesya Derevyanko (Far Eastern State University of Railway Engineering,
Khabarovsk, Russia)
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Äëÿ 1 ≤ p, q < ∞ âåñîâîå ïðîñòðàíñòâî Ëîðåíöà Lp,qω ≡ Lp,qω (R+)
ñîñòîèò èç âñåõ µ-èçìåðèìûõ ôóíêöèé f , äëÿ êîòîðûõ

∥f∥Lp,q
ω

=

(∫ ∞

0

qf∗(t)
q
p tq−1 dt

) 1
q

<∞.

Çàìåòèì òàêæå, ÷òî ∥χ(0,t)∥Lp,q
ω

=
(∫ t

0
ω(τ) dτ

) 1
p
. Äëÿ Lp,qω äâîéñòâåííîå

ïðîñòðàíñòâî îïðåäåëÿåòñÿ ôîðìóëîé

Lp
′,q′
ω =

{
g :
∣∣∣∫ ∞

0

f(x)g(x)ω(x)dx
∣∣∣ <∞ äëÿ âñåõ f ∈ Lp,qω

}

ñ íîðìîé ∥g∥
L

p′,q′
ω

= sup
∥f∥

L
p,q
ω

≤1

∣∣∣∫ ∞

0

f(x)g(x)ω(x)dx
∣∣∣.

Â ïðîñòðàíñòâàõ Ëîðåíöà ñ ïàðàìåòðàìè 1 < s ≤ min(p, q) < ∞ è
1 < r <∞ ðàññìîòðèì îïåðàòîð Õàðäè T : Lr,sv (R+) → Lp,qω (R+) âèäà

Tf(x) = φ(x)

∫ x

0

u(τ)f(τ)v(τ) dτ, x > 0, (1)

ñ ïîëîæèòåëüíûìè âåñîâûìè ôóíêöèÿìè φ ∈ Lp,qω (x,∞), v ∈ L1(0, x)
äëÿ ëþáîãî x > 0.

Èññëåäîâàíèå îãðàíè÷åííîñòè, êîìïàêòíîñòè è ïîâåäåíèÿ àïïðîê-
ñèìàòèâíûõ ÷èñåë â ïðîñòðàíñòâàõ Ëîðåíöà â îáëàñòè èíäåêñîâ 1 <
max(r, s) ≤ min(p, q) < ∞, 1 < max(r, s) ≤ q < ∞ è 1 < p < ∞, ïðîâî-
äèëîñü â ñòàòüÿõ [2]-[4].

Êðèòåðèé êîìïàêòíîñòè îïåðàòîðà (1) ïîëó÷åí â ñëåäóþùåé òåîðå-
ìå.

Òåîðåìà 1. Ïóñòü 1 < s ≤ min(p, q) < ∞, 1 < r < ∞. Îïåðàòîð
T : Lr,sv (R+) → Lp,qω (R+), çàäàííûé ôîðìóëîé (1), êîìïàêòåí òîãäà è
òîëüêî òîãäà, êîãäà A = sup

t>0
A(t) = sup

t>0
∥χ(0,t)∥Lr′,s′

v
∥χ(t,∞)φ∥Lp,q

ω
< ∞

è
lim
t→0+

A(t) = lim
t→+∞

A(t) = 0.

Ïóñòü X,Y � áàíàõîâû ïðîñòðàíñòâà. Ìíîæåñòâî âñåõ ëèíåéíûõ
îãðàíè÷åííûõ îïåðàòîðîâ, äåéñòâóþùèõ èç X â Y îáîçíà÷èì B(X,Y ).
Äëÿ êàæäîãî îïåðàòîðà T ∈ B(X,Y ) åãî n−å àïïðîêñèìàòèâíîå ÷èñëî
îïðåäåëÿåòñÿ ôîðìóëîé

an(T ) = inf
L∈B(X,Y )

{∥T − L∥X→Y : rankL ≤ n− 1}, n ∈ N.

Òåîðèÿ s−÷èñåë ïîäðîáíî èçëîæåíà â ìîíîãðàôèÿõ [5]-[7].
Íà èíòåðâàëå I = [a, b] îïðåäåëèì îïåðàòîð HI : L

r,s
v (I) → Lp,qω (I)

HIf(x) = χI(x)φ(x)

(∫ x

a

f(y)v(y) dy − 1

µ(I)

∫
I

∫ t

a

f(τ)v(τ) dτ dµ(t)

)
.
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Âåðõíÿÿ è íèæíÿÿ îöåíêè ïîâåäåíèÿ ïîñëåäîâàòåëüíîñòè àïïðîêñèìà-
òèâíûõ ÷èñåë îïåðàòîðà T äîêàçàíû â ñëåäóþùåé òåîðåìå.

Òåîðåìà 2. Ïóñòü 1 < s ≤ min(p, q) < ∞, 1 < r < ∞. Ïðåä-
ïîëîæèì, ÷òî îïåðàòîð T : Lr,sv → Lp,qω , îïðåäåëåííûé ôîðìóëîé (1),
êîìïàêòåí. Äëÿ çàäàííîãî 0 < ε < ∥T∥ è öåëîãî ÷èñëà N > 2 ïóñòü
èíòåðâàëû Ik = [ck, ck+1], k = 0, 1, ...N âûáðàíû òàê, ÷òî âûïîëíåíû
ñëåäóþùèå óñëîâèÿ:

sup
0<t<c1

A(t) = sup
cN<t<∞

A(t)=
ε

4
è ∥HIk∥ = ε, k = 1, . . . , N−2, ∥HIN−1∥ ≤

ε. Òîãäà

1

2
c−1
pq εN

1
max(p,q,r)

− 1
s ≤ aN (T ) ≤ ε, åñëè 1 < s ≤ min(p, q) ≤ r <∞,

1

2
c−1
pq εN

1
max(p,q,r)

− 1
s ≤ aN (T ) ≤ N

1
min(p,q)

− 1
r ε, 1 < s ≤ min(p, q) ≤ r<∞,

ãäå êîíñòàíòà cpq = 1 ïðè 1 < q ≤ p < ∞ è cpq =
(
p
q

)1/q (
p′

q′

)1/q′
,

êîãäà 1 < p < q <∞.
Àïðîêñèìàòèâíûå ÷èñëà òåñíî ñâÿçàíû ñ äðóãèìè õàðàêòåðèñòè÷å-

ñêèìè ÷èñëàìè ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ: ÷èñëàìè Êîëìî-
ãîðîâ, Ãåëüôàíäà, Âåéëÿ, Ìèòÿãèíà è äð. Ñîîòíîøåíèÿ ìåæäó îïðå-
äåëåííûìè âûøå ÷èñëàìè îïåðàòîðà T ∈ B(X,Y ) ñì. [5], [6]. Òàêèì
îáðàçîì, ïîëó÷èâ îöåíêè äëÿ àïïðîêñèìàòèâíûõ ÷èñåë, ìû èìååì âîç-
ìîæíîñòü ïîëó÷èòü îöåíêè è äëÿ äðóãèõ õàðàêòåðèñòè÷åñêèõ ÷èñåë
îïåðàòîðà (1) â ïðîñòðàíñòâàõ Ëîðåíöà.

Îïåðàòîð T ∈B(X,Y ) íàçûâàåòñÿ Aα-îïåðàòîðîì, ãäå 0 < α < ∞,
åñëè ïîñëåäîâàòåëüíîñòü åãî àïïðîêñèìàòèâíûõ ÷èñåë {an(T )} ñóììè-
ðóåìà ñî ñòåïåíüþ α. Îáîçíà÷èì

∥T∥Aα
=
∥∥∥{ak(T )}∥∥∥

ℓα(N)
=

(
∞∑
n=1

aαn(T )

)1/α

, 0 < α <∞. (2)

Êëàññ îïåðàòîðîâ Aα ñ êâàçèíîðìîé (2) îáðàçóåò êâàçèíîðìèðîâàí-
íûé îïåðàòîðíûé èäåàë [5, �14.2.1]. Èäåàë Aα êîìïàêòíûõ îïåðàòîðîâ
T ∈ B(H,H) ñ íîðìîé(2) â ãèëüáåðòîâûõ ïðîñòðàíñòâàõ åñòü èäåàë
Øàòòåíà �ôîí Íåéìàíà [8].

Îáîçíà÷èì

Jα =

(∫ ∞

0

(∫ x

0

v(τ) dτ

) α
s′ −1(∫ ∞

x

qtq−1φ∗(t)
q
p dt

)α
q

v(x) dx

)1/α

.

Òåîðåìà 3. Ïóñòü β = s′ max{p,q}
s′+max{p,q} , α > β è Jα < ∞. Òîãäà êîì-

ïàêòíûé îïåðàòîð T : Lr,sv (R+) → Lp,qω (R+) âèäà (1) ïðèíàäëåæèò
îïåðàòîðíîìó èäåàëó Aα è âûïîëíåíà îöåíêà íà íîðìó

∥T∥Aα
=

(
∞∑
n=1

aαn(T )

) 1
α

≪

(∫ ∞

0

∥χ(x,∞)φ∥αLp,q
ω

(∫ x

0

v(τ) dτ

) α
s′ −1

v(x) dx

) 1
α

.
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Î ÌÎÄÅËÈÐÎÂÀÍÈÈ ÏÎÂÅÄÅÍÈß
ÊÐÈÂÎËÈÍÅÉÍÛÕ ËÓ×ÅÉ

Â 2D ÍÅÎÄÍÎÐÎÄÍÛÕ ÑÐÅÄÀÕ
Ñ.Â. Ìàëüöåâà, Å.Þ. Äåðåâöîâ

maltsevasv@math.nsc.ru, eydert@mail.ru

ÓÄÊ 514.86+517.54

Ñòðîÿòñÿ ðèìàíîâû ìåòðèêè, îáîãàùàþùèå àïïàðàò ìàòåìàòè-
÷åñêèõ ìîäåëåé íåîäíîðîäíûõ ñðåä. Ìåòðèêè îáðàçóþòñÿ ïóòåì
ââåäåíèÿ äîïîëíèòåëüíûõ ïàðàìåòðîâ è ïðèìåíåíèÿ êîíôîðìíûõ
îòîáðàæåíèé. Íàéäåíû ãåîìåòðè÷åñêèå õàðàêòåðèñòèêè ñêîíñòðó-
èðîâàííûõ ìåòðèê. Óñòàíîâëåíû ñâÿçè îáðàòíîé êèíåìàòè÷åñêîé
çàäà÷è ñåéñìèêè è çàäà÷è ðåôðàêöèîííîé òîìîãðàôèè.
Êëþ÷åâûå ñëîâà: íåîäíîðîäíàÿ ñðåäà, ðèìàíîâà ìåòðèêà, ãåîäåçè-
÷åñêàÿ, êîíôîðìíîå îòîáðàæåíèå.
Modeling of behavier of refracted rays in 2D inhomogeneous
media

Riemannian metrics are constructed, enriching the tools of mathe-
matical models of inhomogeneous media. Metrics are formed by in-
troducing additional parameters and applying conformal mappings.
Geometric characteristics of the constructed metrics are found. Rela-
tionships between the inverse kinematic problem of seismics and the
problem of refraction tomography are obtained.

Keywords: inhomogeneous medium, Riemannian metric, geodesic,
conformal mapping.

Àïïàðàò äèôôåðåíöèàëüíîé ãåîìåòðèè êàê èíñòðóìåíò ìàòåìàòè÷å-
ñêèõ ìîäåëåé, ðàçðàáàòûâàåìûõ â ðàìêàõ èññëåäîâàíèé íåîäíîðîäíûõ
ñðåä, âîçíèêàåò â ïðåäïîëîæåíèè ëó÷åâîãî ïðèáëèæåíèÿ ïîâåäåíèÿ ðå-
ôðàãèðîâàííûõ ëó÷åé [1], êîòîðûå ïðè ýòîì ìûñëÿòñÿ êàê ãåîäåçè÷å-
ñêèå ëèíèè íåêîòîðîé ðèìàíîâîé ìåòðèêè. Ìåòðèêè ïîëàãàþòñÿ èç-
âåñòíûìè â ïðÿìûõ çàäà÷àõ, è îíè íåèçâåñòíû â îáðàòíûõ çàäà÷àõ.
Íàèáîëåå îáùàÿ ïîñòàíîâêà îáðàòíûõ çàäà÷ òàêîâà, ÷òî ó÷àñòâóþùàÿ
â íåé ðèìàíîâà ìåòðèêà, ñòðîãî ãîâîðÿ, íåèçâåñòíà. Îäíèì èç ïîäõîäîâ
ê èõ ðåøåíèþ ÿâëÿåòñÿ ëèíåàðèçàöèÿ çàäà÷è. Èìåííî, ïðåäïîëàãàåòñÿ,
÷òî ïîâåäåíèå ãåîäåçè÷åñêèõ íåèçâåñòíîé ìåòðèêè ìàëî îòëè÷àåòñÿ îò
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ïîâåäåíèÿ ãåîäåçè÷åñêèõ íåêîòîðîé àïðèîðè çàäàííîé. Â ÷àñòíîñòè, â
êà÷åñòâå òàêîé çàôèêñèðîâàííîé ìåòðèêè ìîæåò áûòü âûáðàíà åâêëè-
äîâà, è åå ãåîäåçè÷åñêèìè, î÷åâèäíî, ÿâëÿþòñÿ ïðÿìûå, à èçó÷àåìûå
�íàñòîÿùèå� ãåîäåçè÷åñêèå íåçíà÷èòåëüíî îòëè÷àþòñÿ îò ïðÿìûõ.

Îïèøåì äâå ìàòåìàòè÷åñêèå ìîäåëè òèïè÷íûõ çàäà÷, âîçíèêàþùèõ
ïðè èññëåäîâàíèè íåîäíîðîäíûõ ñðåä. Â çàäà÷àõ ñåéñìèêè ïëîòíîñòü
óïðóãîé ñðåäû â öåëîì çàìåòíî óâåëè÷èâåòñÿ ñ ãëóáèíîé [2], ïîýòîìó
àïïðîêñèìàöèÿ îòðåçêàìè ïðÿìûõ âîçìîæíà ëèøü â ñèòóàöèè, êîãäà
â êà÷åñòâå ìîäåëè ñðåäû ìîæåò áûòü ïðåäëîæåíà ãîðèçîíòàëüíî ñëîè-
ñòàÿ ñðåäà ñî ñëîÿìè ïîñòîÿííîé ïëîòíîñòè, êîòîðàÿ óâåëè÷èâàåòñÿ ñ
ãëóáèíîé. Åñëè èìåþòñÿ âåñêèå îñíîâàíèÿ ñ÷èòàòü, ÷òî ñâîéñòâà ñðåäû
ìåíÿþòñÿ äîñòàòî÷íî ïëàâíî, òî èñïîëüçóþò ðèìàíîâó ìåòðèêó âèäà

ds2 = n2(x, y)
(
dx2 + dy2

)
, (1)

êîòîðàÿ ïðèåìëåìà äëÿ îïèñàíèÿ ïîâåäåíèÿ ðåôðàãèðîâàííûõ ëó÷åé
êàê ïðîäîëüíûõ, òàê è ïîïåðå÷íûõ ñåéñìè÷åñêèõ âîëí [2]. Íàèáîëåå
ïðîñòàÿ ìåòðèêà âîçíèêàåò â ïðåäïîëîæåíèè, ÷òî ñêîðîñòü ðàñïðîñòðà-
íåíèÿ óïðóãèõ âîëí ëèíåéíî âîçðàñòàåò ñ ãëóáèíîé y ≥ 0 (ðàññìàòðèâà-
åòñÿ äâóìåðíûé ñëó÷àé), òî åñòü ïðè n(x, y) = (ay+b)−1 = v−1(x, y), ãäå
v � ñêîðîñòü ðàñïðîñòðàíåíèÿ (ïðîäîëüíûõ èëè ïîïåðå÷íûõ) ñåéñìè-
÷åñêèõ âîëí, a, b > 0. Ãåîäåçè÷åñêèå òàêîé ìåòðèêè ÿâëÿþòñÿ äóãàìè
îêðóæíîñòåé ñ öåíòðàìè â òî÷êàõ, ïðèíàäëåæàùèõ ïðÿìîé y = −b/a è
ðàäèóñàìè, îïðåäåëÿåìûìè òî÷êàìè ïåðåñå÷åíèÿ îêðóæíîñòåé ñ ïðÿ-
ìîé L = {(x, y) ∈ R2 | y = 0} [3]. Óêàçàííóþ ìåòðèêó, çàäàííóþ â
ïîëóïëîñêîñòè, ìîæíî ñ÷èòàòü àíàëîãîì ïðÿìûõ ïðè ðàñïðîñòðàíåíèè
âîëí â îäíîðîäíîì ïðîñòðàíñòâå, è, ïî àíàëîãèè ñ ïðÿìûìè, îíà ñëó-
æèò ýòàëîííîé ìåòðèêîé ïðè ÷èñëåííîé ðåàëèçàöèè ïðîöåäóðû ëèíåà-
ðèçàöèè îáðàòíîé êèíåìàòè÷åêîé çàäà÷è ñåéñìèêè (ÎÊÇÑ) [4]. ÎÊÇÑ
ñîñòîèò â îïðåäåëåíèè ñêîðîñòåé ïðîäîëüíûõ èëè ïîïåðå÷íûõ âîëí ïî
èçâåñòíûì âðåìåíàì èõ ïðîáåãà ìåæäó èñòî÷íèêàìè è ïðèåìíèêàìè
ñåéñìè÷åñêõ âîëí, ðàñïîëîæåííûõ íà ãðàíèöå ïîëóïëîñêîñòè. ÎÊÇÑ
ìîæåò áûòü ïîñòàâëåíà è â äðóãèõ îáëàñòÿõ R2, à èìåííî â ïîëîñå,
ïîëóïîëîñå, ïðÿìîóãîëüíèêå, ïîëóêðóãå.

Â ìàòåìàòè÷åñêèõ ìîäåëÿõ 2D òîìîãðàôèè â êà÷åñòâå ñòàíäàðò-
íîé îáëàñòè, â êîòîðîé îñóùåñòâëÿþòñÿ èññëåäîâàíèÿ, ÷àñòî âûñòóïàåò
åäèíè÷íûé êðóã B. Ìåòðèêà âèäà (1), íàðÿäó ñ ðèìàíîâîé ìåòðèêîé
îáùåãî âèäà, ìîæåò áûòü îïðåäåëåíà è â ëþáîé íåîãðàíè÷åííîé èëè
îãðàíè÷åííîé îáëàñòè, â òîì ÷èñëå â êðóãå.

Õîðîøèì ïðèìåðîì îäíîé èç ìíîãî÷èñëåííûõ ìàòåìàòè÷åñêèõ ìî-
äåëåé òîìîãðàôèè ÿâëÿåòñÿ ìîäåëü ðåôðàêöèîííîé òîìîãðàôèè òåí-
çîðíûõ ïîëåé [5], â ðàìêàõ êîòîðîé ïðîäîëæàåòñÿ ðàçðàáîòêà ìàòåìà-
òè÷åñêèõ îñíîâ, ïðèáëèæåííûõ ìåòîäîâ è àëãîðèòìîâ îáðàùåíèÿ ëó÷å-
âûõ ïðåîáðàçîâàíèé ìîìåíòîâ òåíçîðíûõ ïîëåé, çàâèñÿùèõ îò âðåìåíè
è ïåðåìåííûõ ôàçîâîãî ïðîñòðàíñòâà.

Ïóñòü ðèìàíîâà ìåòðèêà (gij) ñ ýëåìåíòîì äëèíû

ds2 = gij(x)dx
idxj (2)
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çàäàíà â êðóãåB. Ýêñïîíåíöèàëüíîå ëó÷åâîå ïðåîáðàçîâàíèå âäîëü ãåî-
äåçè÷åñêîé ðèìàíîâîé ìåòðèêè (ÝËÏ) îïðåäåëÿåòñÿ ôîðìóëîé

I
εf(x, η) =

∫ 0

τ−(x,η)

f(γx,ξ(t)) exp
{
−
∫ 0

t

ε(γx,η(s)) ds
}
dt,

ãäå γx,η : [τ−(x, η), 0] → B � ìàêñèìàëüíàÿ ãåîäåçè÷åñêàÿ â B, îïðåäå-
ëÿåìàÿ íà÷àëüíûìè óñëîâèÿìè γx,η(0) = x; γ̇x,η(0) = η; x ∈ ∂B, η �
åäèíè÷íûé âåêòîð, ⟨η , νx⟩ > 0, νx � âíåøíÿÿ íîðìàëü â òî÷êå x ∈ ∂B,
à τ−(x, η) � çíà÷åíèå (îòðèöàòåëüíîå) ïàðàìåòðà t, t ∈ [τ−(x, η), 0],
ãåîäåçè÷åñêîé, ïðè êîòîðîì ãåîäåçè÷åñêàÿ ïåðåñåêàåò ãðàíèöó ∂B âî
âòîðîé ðàç. Ôóíêöèÿ f îïèñûâàåò ðàñïðåäåëåíèå âíóòðåííèõ èñòî÷íè-
êîâ, ε(x) ≥ 0 � êîýôôèöèåíò ïîãëîùåíèÿ. Çíà÷åíèÿ ÝËÏ èçâåñòíû
äëÿ âñåõ x ∈ ∂B è âñåõ âåêòîðîâ η òàêèõ, ÷òî ⟨η , νx⟩ ≥ 0. Òðåáóåòñÿ
ðåøèòü çàäà÷ó èíâåðñèè ÝËÏ ïî åãî èçâåñòíûì çíà÷åíèÿì, âû÷èñëåí-
íûì âäîëü ãåîäåçè÷åñêèõ ìåòðèêè (2).

×èñëåííîå ìîäåëèðîâàíèå è ïðîâåäåíèå âû÷èñëèòåëüíûõ ýêñïåðè-
ìåíòîâ â ðàìêàõ çàäà÷, ïîñòàâëåííûõ â îáëàñòÿõ, çàïîëíåííûõ íåîä-
íîðîäíûìè ñðåäàìè, èñïûòûâàåò îïðåäåëåííûå ñëîæíîñòè èç-çà äåôè-
öèòà êîíêðåòíûõ ðèìàíîâûõ ìåòðèê ñ èçâåñòíûìè õàðàêòåðèñòèêàìè,
êîòîðûå áûëè áû ïðèãîäíû äëÿ èñïîëüçîâàíèÿ â ìîäåëÿõ è òåñòàõ.

Ïðåäëàãàåìûå ñåìåéñòâà ðèìàíîâûõ ìåòðèê ðàñøèðÿþò âîçìîæíî-
ñòè ÷èñëåííîãî ìîäåëèðîâàíèÿ çàäà÷, ïîñòàâëåííûõ â ñëîæíîïîñòðî-
åííûõ íåîäíîðîäíûõ ñðåäàõ. Ïðîâåäåíî îáîáùåíèå ìåòðèê ïîñòîÿí-
íîé êðèâèçíû, çàäàííûõ â êðóãå, è ìåòðèêè ïîñòîÿííîé îòðèöàòåëüíîé
êðèâèçíû, çàäàííîé â ïîëóïëîñêîñòè [6]. Ïðè ýòîì, â çàâèñèìîñòè îò
ââåäåííîãî ïàðàìåòðà, ïîëó÷åííûå îáîáùåíèÿ îáëàäàþò êàê ïîëîæè-
òåëüíîé, òàê è îòðèöàòåëüíîé êðèâèçíîé. Ñëåäóþùèé ýòàï îáîáùåíèÿ
ïîçâîëèë ðàñøèðèòü ñåìåéñòâà ðèìàíîâûõ ìåòðèê ïóòåì èñïîëüçîâà-
íèÿ ïîäõîäÿùèõ êîíôîðìíûõ îòîáðàæåíèé êðóãà íà ïîëóïëîñêîñòü.
Íàèáîëåå óäîáíûìè îêàçàëèñü äðîáíî-ëèíåéíûå îòîáðàæåíèÿ ñ íåñòàí-
äàðòíûì íàáîðîì ïàðàìåòðîâ, ïîçâîëÿþùèå ìåòðèêè, çàäàííûå â ïî-
ëóïëîñêîñòè èëè êðóãå, ïðåîáðàçîâûâàòü äðóã â äðóãà.

Óñòàíîâëåíû ãåîìåòðè÷åñêèå õàðàêòåðèñòèêè ïðåäëîæåííûõ ñå-
ìåéñòâ òðåõïàðàìåòðè÷åñêèõ ðèìàíîâûõ ìåòðèê, çàäàííûõ â ïîëóïëîñ-
êîñòè è êðóãå. Ýòî êîìïîíåíòû ìåòðè÷åñêèõ òåíçîðîâ, ñèìâîëû Êðè-
ñòîôôåëÿ, òåíçîðû êðèâèçíû Ðèìàíà-Êðèñòîôôåëÿ, Ðè÷÷è è ñêàëÿð-
íàÿ êðèâèçíà ìåòðèê-îáðàçîâ (ïðè êîíôîðìíîì îòîáðàæåíèè). Íàé-
äåííûå õàðàêòåðèñòèêè ñåìåéñòâ ïîñòðîåííûõ ðèìàíîâûõ ìåòðèê ïîç-
âîëèëè óñòàíîâèòü ñâîéñòâà äðîáíî-ëèíåéíîãî îòîáðàæåíèÿ ïî îòíî-
øåíèþ ê ïåðåõîäÿùèì äðóã â äðóãà ñèñòåìàì ãåîäåçè÷åñêèõ â ïîëó-
ïëîñêîñòè è êðóãå.

Èñïîëüçîâàíèå àïïàðàòà ÒÔÊÏ ïðè ïîñòðîåíèè êîíêðåòíûõ îòîá-
ðàæåíèÿõ ïîëóïëîñêîñòè â êðóã è îáðàòíî, è ïðåîáðàçóþùèõñÿ ïðè
ýòîì äðóã â äðóãà ñèñòåì ãåîäåçè÷åñêèõ ñîîòâåòñòâóþùèõ ðèìàíîâûõ
ìåòðèê, ïðèâåëî ê îðèãèíàëüíûì ïîñòàíîâêàì ÎÊÇÑ è îáðàòíûõ çà-
äà÷, ïîñòàâëåííûõ â îãðàíè÷åííûõ îáëàñòÿõ íåîäíîðîäíûõ ñðåä. Â
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÷àñòíîñòè, ðå÷ü ìîæåò èäòè î çàäà÷àõ ðåôðàêöèîííîé òîìîãðàôèè.
Ïðåäëîæåíà èíòåðïðåòàöèÿ ÎÊÇÑ ñ âíóòðåííèìè èñòî÷íèêàìè, ïî-
ñòàâëåííîé â ïîëóïëîñêîñòè, êàê âíåøíåé çàäà÷è ðåôðàêöèîííîé òî-
ìîãðàôèè ñ íåïîëíûìè äàííûìè, ïîñòàâëåííîé â êðóãå [7]. Çàäà÷è ðå-
ôðàêöèîííîé òîìîãðàôèè, ñîñòîÿùèå â âîññòàíîâëåíèè òåíçîðíûõ ïî-
ëåé ïî èõ ëó÷åâûì ïðåîáðàçîâàíèÿì âäîëü ãåîäåçè÷åñêèõ, ìîãóò áûòü
ïîñòàâëåíû êàê îáîáùåííûå ÎÇÊÑ â ïîëóïëîñêîñòè ïî âîññòàíîâëå-
íèþ òåíçîðíûõ ïîëåé. Âûÿâëåííûå ñâÿçè ïîñòàíîâîê ÎÊÇÑ è çàäà÷
ðåôðàöèîííîé òîìîãðàôèè ñïîñîáíû âçàèìíî îáîãàòèòü ìåòîäû èõ èñ-
ñëåäîâàíèé.
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Âàæíîé õàðàêòåðèñòèêîé ôóíêöèè êîíå÷íîãî ïîðÿäêà ÿâëÿåòñÿ
ôóíêöèÿ ïëîòíîñòè. Óñëîâèÿ ðàâíîìåðíîñòè â ïðåäåëüíûõ ñîîòíî-
øåíèÿõ åñòü âàæíîå ñâîéñòâî, êîòîðîå ÷àñòî áûâàåò íåîáõîäèìûì
ïðè èñïîëüçîâàíèè ôóíêöèé ïëîòíîñòè. Òåîðåìà 1 ÿâëÿåòñÿ íî-
âîé òåîðåìîé òàêîãî òèïà. Ó íàñ ôóíêöèè ïëîòíîñòè ÿâëÿþòñÿ ρ-
ïîëóàääèòèâíûìè ôóíêöèÿìè îòíîñèòåëüíî ìîäåëüíîé ôóíêöèè
ðîñòà. Âàæíåéøåé õàðàêòåðèñòèêîé ïîëóàääèòèâíîé ôóíêöèè ÿâ-
ëÿåòñÿ å¼ ïðîèçâîäíàÿ â íóëå. Â òåîðåìå 2 ïðåäúÿâëåíû óñëîâèÿ,
îáåñïå÷èâàþùèõ ñóùåñòâîâàíèå òàêîé ïðîèçâîäíîé.

Êëþ÷åâûå ñëîâà: ìîäåëüíàÿ ôóíêöèÿ ðîñòà, ôóíêöèÿ êîíå÷íîãî
ïîðÿäêà, ôóíêöèÿ ïëîòíîñòè.
About density functions

An important characteristic of a function of finite order is the density
function. The uniformity conditions in the limit relations are an im-
portant property that is often necessary when using density functions.
Theorem 1 is a new theorem of this type. In our case, the density
functions are ρ-semi-additive functions with respect to the model func-
tion of growth. The most important characteristic of a semi-additive
function is its derivative at zero. Theorem 2 presents conditions that
ensure the existence of such a derivative.

Keywords: model function of growth , function of finite order, density
function.

Ïóñòü M � ìîäåëüíàÿ ôóíêöèÿ ðîñòà [1,2], ρM � óòî÷íåííûé ïîðÿäîê
îòíîñèòåëüíî M [3], V (r) = Mρ(r)(r). Âàæíóþ èíôîpìàöèþ î ïîâåäå-
íèè f äàþò âåpõíÿÿ ôóíêöèÿ ïëîòíîñòè NM (α) è íèæíÿÿ ôóíêöèÿ
ïëîòíîñòè NM (α) îòíîñèòåëüíî M , êîòîpûå âû÷èñëÿþòñÿ ïî ôîpìó-
ëàì

NM (α) = lim sup
r→∞

f(M (−1)((1 + α)M(r)))− f(r)

V (r)
, α ≥ 0 ,

NM (α) = lim inf
r→∞

f(M (−1)((1 + α)M(r)))− f(r)

V (r)
, α ≥ 0.

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà � 24-21-
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Èç ñâîéñòâ âåpõíåãî è íèæíåãî ïpåäåëîâ è ëåììû 2 èç ðàáîòû [3]
ñëåäóåò ñëåäóþùàÿ ëåììà.

Ëåììà 1. Äëÿ ëþáîé ìîäåëüíîé ôóíêöèè M ñïðàâåäëèâû ñîîòíî-
øåíèÿ

NM (α+ β) ≤ NM (α) + (1 + α)ρNM

(
β

1 + α

)
, (1)

NM (α+ β) ≥ NM (α) + (1 + α)ρNM

(
β

1 + α

)
,

NM (α+ β) ≥ NM (α) + (1 + α)ρNM

(
β

1 + α

)
,

NM (α+ β) ≤ NM (α) + (1 + α)ρNM

(
β

1 + α

)
.

Â ñëåäóþùåé òåîðåìå ïîëó÷åíî óñëîâèå ðàâíîìåðíîñòè ïðè ïðå-
äåëüíîì ïåðåõîäå.

Òåîðåìà 1. Ïóñòü f(r) � êîíå÷íàÿ èçìåpèìàÿ ôóíêöèÿ íà ïîëó-
îñè [0,∞), ψ(α) � íåïpåpûâíàÿ ôóíêöèÿ íà âñåé îñè, ïpè÷åì ψ(0) = 0,
M� ìîäåëüíàÿ ôóíêöèÿ ðîñòà. Ïóñòü äëÿ ëþáîãî α ∈ [0,∞) âûïîë-
íÿåòñÿ íåpàâåíñòâî

lim sup
r→∞

f(M (−1)(1 + α)M(r))− f(r)

V (r)
≤ ψ(α) . (2)

Òîãäà ýòî íåpàâåíñòâî âûïîëíÿåòñÿ pàâíîìåpíî ïî α íà ëþáîì ñåã-
ìåíòå [a, b] ⊂ (0,∞). Åñëè äëÿ íåêîòîðîãî η > 0 íåðàâåíñòâî (2) âû-
ïîëíÿåòñÿ íà ïîëóîñè (−η,∞), òî îíî âûïîëíÿåòñÿ ðàâíîìåðíî íà ëþ-
áîì ñåãìåíòå [0, b].

Äàëåå ôîpìóëèpóåòñÿ îñíîâíàÿ òåîpåìà î ñâîéñòâàõ ρ-ïîëóàääèòèâ-

íûõ ôóíêöèé
(
ìû ñ÷èòàåì

ρ

(1 + α)ρ − 1

∣∣∣
ρ=0

=
1

ln(1 + α)

)
.

Òåîðåìà 2. Ïóñòü NM (α) � ρ-ïîëóàääèòèâíàÿ ôóíêöèÿ, êîòîpàÿ
óäîâëåòâîpÿåò íåpàâåíñòâó (1) ïpè íåêîòîpîì ρ ∈ (−∞,∞).

1. Åñëè âûïîëíÿåòñÿ õîòÿ áû îäíî èç óñëîâèé :
à) ôóíêöèÿ NM (α) èçìåpèìà è óäîâëåòâîpÿåò íåpàâåíñòâó

NM (α) <∞ íà ìíîæåñòâå ïîëîæèòåëüíîé ìåpû,
á) ôóíêöèÿ NM (α) îãpàíè÷åíà ñâåpõó íà ìíîæåñòâå ïîëîæèòåëü-

íîé ìåpû,
òî ñóùåñòâóåò ïpåäåë

H = lim
α→∞

ρNM (α)

(1 + α)ρ − 1
= inf
α>0

ρNM (α)

(1 + α)ρ − 1
.

2. Äëÿ ëþáîé òî÷êè x > 0 ñïpàâåäëèâû íåpàâåíñòâà

ρ

(1 + x)ρ − 1
lim inf
α→x+0

NN (α) ≤ lim inf
α→+0

NM (α)

α
,

ρ

(1 + x)ρ − 1
lim inf
α→x−0

NM (α) ≤ lim inf
α→+0

NM (α)

α
.
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3. Åñëè äëÿ êàæäîãî α > 0 ôóíêöèÿ N(α) ëèáî ïîëóíåïpåpûâíà ñíè-
çó ñëåâà â òî÷êå α, ëèáî ïîëóíåïpåpûâíà ñíèçó ñïpàâà â ýòîé òî÷êå,
òî ñóùåñòâóåò ïpåäåë

NM = lim
α→+0

NM (α)

α
= sup
α>0

ρNM (α)

(1 + α)ρ − 1
.

Äàëåå ðàññìàòðèâàþòñÿ îöåíêè âåëè÷èíû

lim sup
r→∞

1

M(r)V (r)

βr∫
αr

f

(
t

r

)
dν(t)

ïðè ðàçëè÷íûõ îãðàíè÷åíèÿõ íà ôóíêöèè f(t) è ν. Ìû ðàññìàòðèâàåì
èíòåãðàë â ñìûñëå Ñòèëòüåñà è ν � íå îáÿçàòåëüíî ìåðà (ôóíêöèÿ ν
îïðåäåëÿåò êîíå÷íóþ àääèòèâíóþ ìåðó íà ïîëóîñè. Èìååòñÿ â âèäó,
÷òî ýòà ìåðà íå îáÿçàòåëüíî ñ÷¼òíî-àääèòèâíà).

Îäèí èç ðåçóëüòàòîâ â ýòîì íàïðàâëåíèè � ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 3. Ïóñòü f(t) � ïîëîæèòåëüíàÿ íåïpåpûâíàÿ ôóíêöèÿ

íà ñåãìåíòå [α, β], 0 < α < β < ∞, ρ(r) � óòî÷í¼ííûé ïîpÿäîê, ν �
ìåpà íà ïîëóîñè [0,∞), ν(r) = ν([0, r]), |ν(r)| ≤ K1V (r). Ïóñòü îäíà
èç æîpäàíîâûõ êîìïîíåíò ν+, ν− ìåpû ν àáñîëþòíî íåïpåpûâíà è å¼
ïëîòíîñòü íå ïpåâûøàåò K2V (r). Ïóñòü

N(b) = lim sup
r→∞

ν(M (−1)((1 + b)M(r)))− ν(r)

M(r)V (r)
.

Òîãäà ñóùåñòâóåò ïpåäåë

N = lim
b→+0

N(b)

b
, (1)

è âûïîëíÿåòñÿ íåpàâåíñòâî

lim sup
r→∞

1

M(r)V (r)

βr∫
αr

f

(
t

r

)
dν(t) ≤ N

β∫
α

tρf(t) dt .

Çäåñü K1,K2 � íåêîòîðûå ïîëîæèòåëüíûå êîíñòàíòû.
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Íåðàâåíñòâàìè äëÿ ðàçìàõà ìàòðèöû õàðàêòåðèçîâàí ñëåä íà
Mn(C) ñðåäè âñåõ ïîëîæèòåëüíûõ ëèíåéíûõ ôóíêöèîíàëîâ φ ñ
φ(I) = n, ãäå n ≥ 3. Ïîëó÷åíû åùå òðè õàðàêòåðèçàöèè ñëåäà â
ýòîì êëàññå ôóíêöèîíàëîâ φ äëÿ âñåõ n ≥ 2.

Êëþ÷åâûå ñëîâà: ðàçìàõ ìàòðèöû, ñëåä, õàðàêòåðèçàöèÿ ñëåäà.
Characterizations of tracial functionals by inequalities for the
spread of a matrix

Via inequalities for the spread of a matrix we characterize the trace on
Mn(C) among all positive linear functionals φ with φ(I) = n, where
n ≥ 3. We also present three characterizations of the trace in this
class of functionals φ for all n ≥ 2.

Keywords: spread of matrix, trace, trace characterization.

Mn(C) stands for the algebra of n × n complex matrices, Mn(C)+
denotes the subset of positive semi-de�nite matrices for n ≥ 2. A linear
functional φ onMn(C) is said to be positive if φ(A) ≥ 0 for all A ∈ Mn(C)+.
If X ∈ Mn(C), then |X| =

√
X∗X ∈ Mn(C)+. A matrix X ∈ Mn(C) is

normal, if X∗X = XX∗. We assume that n ≥ 3 and for A ∈ Mn(C) with
characteristic roots λ1 = λ1(A), . . . , λn = λn(A) according L. Mirsky [1]
we write

s(A) = max
i,k

|λi − λk|, sR(A) = max
i,k

{ℜλi −ℜλk}.

The number s(A) is called the spread of the matrix A. We denote by E2(A)
the sum of all principal 2-rowed minors of A. If n complex numbers are so
that n− 2 among them are equal to each other and to the arithmetic mean
of the remaining two, according L. Mirsky [1] we say that these n numbers
satisfy condition ℓ. De�ne the Frobenius norm ∥A∥2 = tr(A∗A)1/2.

Theorem 1. For a positive linear functional φ onMn(C) with φ(I) = n
the following conditions are equivalent:

(i) φ = tr;
(ii) s(A)2 ≤ 2∥A∥22 − 2

n
|φ(A)|2 for all A ∈ Mn(C);

(iii) s(A)2 ≤ 2∥A∥22 + |tr(A2)| − 2
n
|φ(A)|2 for all normal matrices A ∈

Mn(C);
(iv) sR(A)2 ≤ ∥A∥22 + ℜtr(A2)− 2

n
(ℜφ(A))2 for all A ∈ Mn(C);

Äàëëóë Ìàðèàíà, àñïèðàíò, Ê(Ï)ÔÓ (Êàçàíü, Ðîññèÿ); Dalloul Mariana,
postgraduate, (Kazan (Volga Region) University, Kazan, Russia)
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(v) s(A)2 ≤ 2
(
1 − 1

n

)
|φ(A)|2 − 4E2(A) for all A ∈ Mn(C) with

λ1, . . . , λn ∈ R;
(vi) s(A)2 ≤ 2φ(A∗A)− 2

n
|tr(A)|2 for all A ∈ Mn(C);

(vii) sR(A)2 ≤ ∥A∥22 + ℜφ(A2)− 2
n
(ℜtr(A))2 for all A ∈ Mn(C).

In what follows we assume that n ≥ 2.

Theorem 2. For a positive linear functional φ onMn(C) with φ(I) = n
the following conditions are equivalent:

(i) φ = tr;

(ii) 4
(
∥A∥22 − 1

n
|φ(A)|2

)
≤ ns(A)2 for even n and for all A ∈ Mn(C)

with real characteristic roots;

(iii)
4n

n2 − 1

(
∥A∥22− 1

n
|φ(A)|2

)
≤ s(A)2 for odd n and for all A ∈ Mn(C)

with real characteristic roots.

Theorem 3. For a positive linear functional φ onMn(C) with φ(I) = n
the following conditions are equivalent:

(i) φ = tr;
(ii)

∑n
k=1 |(Aξk, ξk)| ≤ φ(|A|) for all A ∈ Mn(C) and every orthonormal

basis ξ1, . . . , ξn ∈ Cn;
(iii)

∣∣∣∑n
k=1(Aξk, ξk)

∣∣∣ ≤ φ(|A|) for all A ∈ Mn(C) and every

orthonormal basis ξ1, . . . , ξn ∈ Cn;
(iv)

∑n
k=1 |λk(A)|

p ≤ φ(|A|p) for all A ∈ Mn(C) and every p > 0.

For other trace characterizations see [2-5].
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ÎÄÈÍ ÌÅÒÎÄ ÏÎÑÒÐÎÅÍÈß ÈÄÅÌÏÎÒÅÍÒÎÂ Â
ÓÍÈÒÀËÜÍÎÉ ÀËÃÅÁÐÅ

Ìàõìóä Õàäóð
mahmoud.khadour.991@gmail.com

ÓÄÊ 517.98

Ïðåäëîæåí îäèí ìåòîä ïîñòðîåíèÿ èäåìïîòåíòîâ â óíèòàëüíîé àë-
ãåáðå, èñïîëüçóÿ n ïðîèçâîëüíûõ èäåìïîòåíòîâ èç ýòîé àëãåáðû.
Èññëåäîâàíû ñâîéñòâà ïîëó÷åííûõ èäåìïîòåíòîâ.

Êëþ÷åâûå ñëîâà: óíèòàëüíàÿ àëãåáðà, èäåìïîòåíò, C∗-àëãåáðà,
ñëåä.
One method for constructing idempotents in unital algebra

A method for constructing idempotents in a unital algebra is proposed
using n arbitrary idempotents from this algebra. The properties of the
obtained idempotents are investigated.

Keywords: unital algebra, idempotent, C∗-algebra, trace.

Â òåîðèè îïåðàòîðíûõ àëãåáð áîëüøóþ ðîëü èãðàþò êîíå÷íûå ñóì-
ìû ïîïàðíûõ è òðîéíûõ ïðîèçâåäåíèé èäåìïîòåíòîâ, ñì., íàïðèìåð, [1-
3]. ÏóñòüA � óíèòàëüíàÿ àëãåáðà ñ åäèíèöåé I,A id = {A ∈ A : A2 = A};
A sym = {A ∈ A : A2 = I}. Åñëè A ∈ A id, òî A⊥ := I − A ∈ A id. Ïîëî-
æèì SP := 2P−I äëÿ P ∈ A id. Òîãäà SP ∈ A sym. Çäåñü èçó÷àåòñÿ îäèí
ìåòîä ïîñòðîåíèÿ èäåìïîòåíòîâ âA, èñõîäÿ èç íàáîðà P1, . . . , Pn ∈ A id.

Òåîðåìà 1. Ïóñòü S1, . . . , Sn ∈ A sym. Òîãäà

S = S1 · · ·Sn−1SnSn−1 · · ·S1 ∈ A
sym

è äëÿ Pk := Sk+I
2

∈ A id, k = 1, . . . , n èìååì P := P (P1, . . . , Pn) =
S+I
2

∈
A id. Åñëè φ � êîíå÷íûé ñëåä íà C∗-àëãåáðå A, òî φ(S) = φ(Sn) ∈ R è
φ(P ) = φ(Pn) ∈ R+.

Äëÿ n = 2 ïîëîæèì P := P1, Q := P2 è A(P,Q) := P (P1, P2).

Òåîðåìà 2. Ïóñòü P,Q ∈ A id. Òîãäà
(i) A(P,Q) = Q− 2QP − 2PQ+ 4PQP ∈ A id;
(ii) A(P⊥, Q) = A(P,Q);
(iii) A(P,Q⊥) = A(P,Q)⊥;
(iv) A(P⊥, Q⊥) = A(P,Q⊥) = A(P,Q)⊥;
(v) åñëè PQ = QP = 0, òî A(P,Q) = Q;
(vi) A(P, P⊥) = P⊥, A(P, P ) = P ;
(vii) åñëè PQP = P, òî A(P,Q) = (2P −Q)2;
(viii) åñëè PQ = QP ∈ {P,Q}, òî A(P,Q) = Q;

Õàäóð Ìàõìóä, àñïèðàíò, Ê(Ï)ÔÓ (Êàçàíü, Ðîññèÿ); Khadour Mahmoud,
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(ix) A(P,Q) = (Q− 2PQ)(Q− 2QP );
(x) åñëè φ � êîíå÷íûé ñëåä íà C∗-àëãåáðå A, òî φ(A(P,Q)) = φ(Q).

Ñëåäñòâèå. Åñëè A � óíèòàëüíàÿ àëãåáðà è P ∈ A id, òî îòîáðà-
æåíèå Q 7→ A(P,Q), f(Q) = A(P,Q), óäîâëåòâîðÿåò äëÿ âñåõ P1, P2 ∈
A id è P1P2 ∈ A id ñîîòíîøåíèþ f(P1)f(P2) = f(P1P2), ò.å. f ÿâëÿåò-
ñÿ ìóëüòèïëèêàòèâíûì îòîáðàæåíèåì. Îíî ñîõðàíÿåò äîïîëíåíèÿ
⊥. Åñëè A � óíèòàëüíàÿ C∗-àëãåáðà ñ êîíå÷íûì ñëåäîì, òî f ñîõðà-
íÿåò ñëåäû.

Äëÿ n = 3 ïîëîæèì P := P1, Q := P2, R := P3 è B(P,Q,R) :=
P (P1, P2, P3). Òîãäà

B(P,Q,R) = 16PQRQP − 8PQRQ− 8PQRP − 8PRQP − 8QRQP

+ 4PQR+ 4PRQ+ 4PRP + 4QRQ+ 4QRP + 4RQP

− 2PR− 2QR− 2RQ− 2RP +R ∈ A
id.

Òåîðåìà 3. Ïóñòü A � óíèòàëüíàÿ àëãåáðà è P,Q,R ∈ A id. Òîãäà
(i) B(P⊥, Q,R) = B(P,Q⊥, R) = B(P,Q,R);
B(P⊥, Q⊥, R) = B(P,Q,R);
(ii) B(P,Q,R⊥) = B(P,Q,R)⊥; B(P⊥, Q⊥, R⊥) = B(P,Q,R)⊥;
(iii) åñëè PR = RQ = QR = RP = 0, òî B(P,Q,R) = R;
(iv) B(P, P, P⊥) = P⊥, B(P, P, P ) = P ;
(v) åñëè QRQ = Q,PRP = P, òî
B(P,Q,R) = (2P − I)(2Q− I)R(2Q− I)(2P − I);
(vi) åñëè PR = RQ = QR = RP ∈ {P,Q,R}, òî B(P,Q,R) = R;
(vii) B(P,Q,R) = (4PQ− 2Q− 2P +R)R(4QP − 2Q− 2P +R);
(viii) åñëè φ � êîíå÷íûé ñëåä íà C∗-àëãåáðå A, òî φ(B(P,Q,R)) =

φ(R).
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ÓÄÊ 517.518.4

Ìû èçó÷àåì óñëîâèÿ èíòåãðèðóåìîñòè ôóíêöèé â òåðìèíàõ èõ êî-
ýôôèöèåíòîâ Ôóðüå. Â ÷àñòíîñòè, ïîëó÷åí àíàëîã òåîðåìû Õàðäè-
Ëèòòëâóäà äëÿ òðèãîíîìåòðè÷åñêèõ ðÿäîâ ñ îáîáùåííî ìîíîòîí-
íûìè êîýôôèöèåíòàìè.

Êëþ÷åâûå ñëîâà: òðèãîíîìåòðè÷åñêèå ðÿäû, ïðîñòðàíñòâà Ëåáåãà,
îáîáùåííàÿ ìîíîòîííîñòü.
On Hardy-Littlewood’s theorem

We study integrability conditions of functions in setting of their
Fourier coefficients. In particular, we obtain an analogue of the Hardy-
Littlewood theorem for trigonometric series with general monotone
coefficients.

Keywords: trigonometric series, Lebesgue spaces, general monotonic-
ity.

Ìû ðàññìàòðèâàåì êëàññè÷åñêóþ òåîðåìó Õàðäè-Ëèòòëâóäà (ñì. [5, 12
Ãëàâà]).

Òåîðåìà À.Ïóñòü {ak}∞k=0, {bk}∞k=1 � íåâîçðàñòàþùèå, íåîòðèöà-
òåëüíûå ïîñëåäîâàòåëüíîñòè, è ïóñòü èíòåãðèðóåìàÿ íà [0, 1] ôóíê-

öèÿ f(x) èìååò òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå a0
2
+

∞∑
k=1

(ak cos 2πkx+

bk sin 2πkx). Òîãäà äëÿ âñåõ 1 < p <∞,

∥f∥Lp([0,1]) ≍
a0
2

+

(
∞∑
k=1

kp−2(apk + bpk)

) 1
p

. (1)

Àíàëîãè÷íûé ðåçóëüòàò äëÿ ôóíêöèè f(x) ñ ðÿäîì Ôóðüå
∞∑

k=−∞
cke

2πikx, ãäå {ck}∞k=0, {c−k}∞k=0 � íåâîçðàñòàþùèå, íåîòðèöàòåëü-

íûå ïîñëåäîâàòåëüíîñòè âûãëÿäèò ñëåäóþùèì îáðàçîì:

∥f∥Lp([0,1]) ≍

(
∞∑

k=−∞

(|k|+ 1)p−2|ck|p
) 1

p

, 1 < p <∞. (2)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõñòàí (ïðîåêò �AP22688236).
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Ñîîòíîøåíèÿ (1), (2) áûëè îáîáùåíû âî ìíîãèõ ðàáîòàõ, (ñì. [1-
4] è áèáëèîãðàôèþ â íèõ). Â îñíîâíîì îáîáùåíèå òåîðåìû Õàðäè-
Ëèòòëâóäà ïîëó÷àþò ïóòåì îñëàáëåíèÿ óñëîâèÿ ìîíîòîííîñòè êîýô-
ôèöèåíòîâ Ôóðüå, òåì ñàìûì ðàñøèðÿÿ êëàññ äîïóñòèìûõ ïîñëåäî-
âàòåëüíîñòåé. Â íåäàâíåé ðàáîòå [1] áûëî ïîëó÷åíî ñîîòíîøåíèå (1)
äëÿ ïîñëåäîâàòåëüíîñòåé èç, òàê íàçûâàåìîãî, êëàññà îáîáùåííî ìî-
íîòîííûõ ïîñëåäîâàòåëüíîñòåé GM1, ñîäåðæàùåãî êëàññ ìîíîòîííûõ
ïîñëåäîâàòåëüíîñòåé.

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî ïîñëåäîâàòåëüíîñòü (âîîáùå
ãîâîðÿ, êîìïëåêñíûõ) ÷èñåë {an}∞n=1 ïðèíàäëåæèò êëàññó GM1, åñëè
ñóùåñòâóþò C > 0 è λ > 1, òàêèå, ÷òî äëÿ âñåõ n ∈ N âûïîëíÿåòñÿ
óñëîâèå:

2n∑
k=n

|ak − ak+1| ≤ C

λn∑
k=n

λ

|ak|
k
. (3)

Ñóùåñòâåííûì äîñòèæåíèåì â ðàáîòå [1] çàêëþ÷àåòñÿ â òîì, ÷òî àâòî-
ðû íå íàêëàäûâàþò íà êîýôôèöèåíòû Ôóðüå óñëîâèå íåîòðèöàòåëüíî-
ñòè è ðàññìàòðèâàþò ïîñëåäîâàòåëüíîñòè âåùåñòâåííûõ ÷èñåë, óäîâëå-
òâîðÿþùèõ óñëîâèþ (3).

Ìû ðàññìàòðèâàåì äðóãèå êëàññû îáîáùåííî ìîíîòîííûõ ïîñëåäî-
âàòåëüíîñòåé. Â ÷àñòíîñòè, áûë ðàññìîòðåí ñëåäóþùèé êëàññ.

Îïðåäåëåíèå 2. Áóäåì ãîâîðèòü, ÷òî ïîñëåäîâàòåëüíîñòü êîì-
ïëåêñíûõ ÷èñåë {an}∞n=−∞ ïðèíàäëåæèò êëàññó GM2, åñëè ñóùåñòâóåò
C > 0, òàêîå, ÷òî äëÿ âñåõ n ≥ 0 âûïîëíÿåòñÿ óñëîâèå:∑

[2n−1]≤|m|<2n

|am − am+1| ≤ C sup
[2n−1]≤|m|≤2n

1

|m|+ 1

∣∣∣∣∣
m∑
j=0

aj

∣∣∣∣∣ .
Äëÿ äàííîãî êëàññà áûëà ïîëó÷åíà òåîðåìà.

Òåîðåìà 1. Ïóñòü {ck}∞k=−∞ ∈ GM2, è ïóñòü èíòåãðèðóå-
ìàÿ íà [0, 1] ôóíêöèÿ f(x) èìååò òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå

∞∑
k=−∞

cke
2πikx. Òîãäà äëÿ âñåõ 1 < p <∞,

∥f∥Lp([0,1]) ≍

(
∞∑

k=−∞

(|k|+ 1)p−2|ck|p
) 1

p

, 1 < p <∞.

Çàìå÷àíèå 1. Îñîáåííîñòüþ òåîðåìû 1 ÿâëÿåòñÿ òî, ÷òî êîýô-
ôèöèåíòû {ck}∞k=−∞ êîìïëåêñíîçíà÷íûå. Ïîìèìî ýòîãî â ðàáîòå ìû
ñðàâíèâàåì ðàññìàòðèâàåìûå íàìè êëàññû îáîáùåííî ìîíîòîííûõ ïî-
ñëåäîâàòåëüíîñòåé ñ êëàññàìè, ðàññìîòðåííûõ â ïðåäûäóùèõ ðàáîòàõ.
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Ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóáãàðìîíè÷íîñòè
ôóíêöèé, ïðåäñòàâèìûõ â ìíîãîìåðíûõ ñôåðè÷åñêèõ êîîðäèíà-
òàõ â âèäå ïðîèçâåäåíèÿ ïàðû ôóíêöèé. Óñòàíîâëåíà ñâÿçü òàêèõ
ôóíêöèé ñ ôóíêöèÿìè, âûïóêëûìè îòíîñèòåëüíî ïàðû ôóíêöèé
è ñ ñóáñôåðè÷åñêèìè ôóíêöèÿìè.
Êëþ÷åâûå ñëîâà: ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ, ñóáñôåðè÷åñêàÿ
ôóíêöèÿ, îáîáù¼ííàÿ ïðîèçâîäíàÿ, îáîáù¼ííàÿ ôóíêöèÿ, âûïóê-
ëàÿ ôóíêöèÿ, äèôôåðåíöèàëüíûé îïåðàòîð, âûïóêëîñòü îòíîñè-
òåëüíî ïàðû ôóíêöèé.
On the connection between subharmonic functions with sep-
arated variables and subspherical functions

In this work we consider the necessary and sufficient conditions for
the subharmonicity of functions, representable as a product of two
functions in polydimensional spherical coordinate system. We have
established a connection of such functions with generalized convex
functions and subspherical functions.

Keywords: subharmonic function, subspherical function, generalized
derivative, distribution, convex function, differential operator, gener-
alized convex function.

Òåîðåìà 1. Ïóñòü ôóíêöèÿ u èìååò â n-ìåðíûõ ñôåðè÷åñêèõ êî-
îðäèíàòàõ âèä

u = f(r)g(θ1, θ2, ..., θn−1),

ãäå f ⩾ 0 è îáðàùàåòñÿ â íóëü ëèøü íà ìíîæåñòâå îäíîìåðíîé ìå-
ðû íóëü, íåïðåðûâíà è èìååò ñëàáûå ïðîèçâîäíûå äî âòîðîãî ïîðÿä-
êà âêëþ÷èòåëüíî â èíòåðâàëå (r1, r2), g ⩾ 0 è îáðàùàåòñÿ â íóëü
ëèøü íà ìíîæåñòâå n − 1-ìåðíîé ìåðû íóëü, íåïðåðûâíà è èìååò
ñëàáûå ïðîèçâîäíûå äî âòîðîãî ïîðÿäêà âêëþ÷èòåëüíî íà åäèíè÷íîé
ñôåðå Sn−1 ⊂ Rn. Åñëè íàéä¼òñÿ òàêîå âåùåñòâåííîå ÷èñëî ρ > 0, äëÿ
êîòîðîãî f ÿâëÿåòñÿ Lρ-âûïóêëîé â èíòåðâàëå (r1, r2) ôóíêöèåé, ãäå

Lρ = r2
d2

dr2
+ r(n− 1)

d

dr
− ρ(ρ+ n− 2),
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à g ÿâëÿåòñÿ ρ-ñóáñôåðè÷åñêîé ôóíêöèåé, òî u ÿâëÿåòñÿ ñóáãàðìîíè-
÷åñêîé ôóíêöèåé â øàðîâîì ñëîå, îãðàíè÷åííîì ñôåðàìè ðàäèóñîâ r1 è
r2.

Òåîðåìà 2. Ïóñòü ôóíêöèÿ u èìååò â n-ìåðíûõ ñôåðè÷åñêèõ êî-
îðäèíàòàõ âèä

u = f(r)g(θ1, θ2, ..., θn−1),

ãäå f ⩾ 0 è îáðàùàåòñÿ â íóëü ëèøü íà ìíîæåñòâå îäíîìåðíîé ìå-
ðû íóëü, íåïðåðûâíà è èìååò ñëàáûå ïðîèçâîäíûå äî âòîðîãî ïîðÿä-
êà âêëþ÷èòåëüíî â èíòåðâàëå (r1, r2), g ⩾ 0 è îáðàùàåòñÿ â íóëü
ëèøü íà ìíîæåñòâå n − 1-ìåðíîé ìåðû íóëü, íåïðåðûâíà è èìååò
ñëàáûå ïðîèçâîäíûå äî âòîðîãî ïîðÿäêà âêëþ÷èòåëüíî íà åäèíè÷íîé
ñôåðå Sn−1 ⊂ Rn. Åñëè u ÿâëÿåòñÿ ñóáãàðìîíè÷åñêîé ôóíêöèåé â øà-
ðîâîì ñëîå, îãðàíè÷åííîì ñôåðàìè ðàäèóñîâ r1 è r2, òî íàéä¼òñÿ òà-
êîå âåùåñòâåííîå ÷èñëî ρ, äëÿ êîòîðîãî f ÿâëÿåòñÿ Lρ-âûïóêëîé â
èíòåðâàëå (r1, r2) ôóíêöèåé, ãäå

Lρ = r2
d2

dr2
+ r(n− 1)

d

dr
− ρ(ρ+ n− 2),

à g ÿâëÿåòñÿ ρ-ñóáñôåðè÷åñêîé ôóíêöèåé.

Ëèòåðàòóðà

1. Õåéôèö À.È. Àíàëèòè÷åñêèå ñâîéñòâà ôóíêöèé, âûïóêëûõ îò
ðåøåíèé ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà //
Äèôôåðåíö. óðàâíåíèÿ, 17:6 (1981), 1025-1034

2. Õàáèáóëëèí Á.Í. Òåîðåìà åäèíñòâåííîñòè äëÿ ñóáãàðìîíè÷åñêèõ
ôóíêöèé êîíå÷íîãî ïîðÿäêà ïîðÿäêà // Ìàòåì. ñá., 182:6 (1991), 811-
827

124



ÎÁ ÓÑËÎÂÈÈ ÏÎÄÎÁÈß ÃÈËÜÁÅÐÒÎÂÛÕ
ÏÐÎÑÒÐÀÍÑÒÂ Ñ ÂÎÑÏÐÎÈÇÂÎÄßÙÈÌ ßÄÐÎÌ

Â.Â. Íàïàëêîâ (ìë.), À.À. Íóÿòîâ
vnap@mail.ru, nuyatov1aa@rambler.ru

ÓÄÊ 517.44

Â ðàáîòå ðàññìàòðèâàåòñÿ âîïðîñ: ïðè êàêèõ óñëîâèÿõ äâà ãèëü-
áåðòîâûõ ïðîñòðàíñòâà ñ âîñïðîèçâîäÿùèì ÿäðîì áóäóò ïîäîáíû-
ìè, ò.å. ýòè ïðîñòðàíñòâà ñîñòîÿò èç îäíèõ è òåõ æå ôóíêöèé, è
ñêàëÿðíûå ïðîèçâåäåíèÿ â ýòèõ ïðîñòðàíñòâàõ îòëè÷àþòñÿ íà ïî-
ëîæèòåëüíóþ êîíñòàíòó. Ïðèâîäèòñÿ îáîáùåíèå óñëîâèÿ ñîãëàñî-
âàíèÿ, ââåäåííîå àâòîðàìè ðàíåå.

Êëþ÷åâûå ñëîâà: ãèëüáåðòîâî ïðîñòðàíñòâî ñ âîñïðîèçâîäÿùèì
ÿäðîì, îðòîïîäîáíûå ñèñòåìû ðàçëîæåíèÿ, æåñòêèå èíòåãðàëüíûå
ôðåéìû
On the condition of similarity of Hilbert spaces with a repro-
ducing kernel

The paper considers the question: under what conditions will two
Hilbert spaces with a reproducing kernel be similar, i.e. these spaces
consist of the same functions, and the inner products in these spaces
differ by a positive constant. A generalization of the consistence con-
dition introduced by the authors earlier is given.

Keywords: reproducing kernel Hilbert space, orhosimilal decomposi-
tion systems, integral frames

Îïðåäåëåíèå 1. Ïóñòü H � ãèëüáåðòîâî ïðîñòðàíñòâî, ñîñòîÿùåå
èç ôóíêöèé, çàäàííûõ íà íåêîòîðîì ìíîæåñòâå òî÷åê M ⊂ Cr, r ∈
N, è Ω1 � ïðîñòðàíñòâî ñ ìåðîé µ, p � íåêîòîðîå ïîëîæèòåëüíîå
÷èñëî. Ñèñòåìà ýëåìåíòîâ {e(z, ω}ω∈Ω1 íàçûâàåòñÿ (p, µ) � ôðåéìîì
â ãèëüáåðòîâîì ïðîñòðàíñòâå H åñëè ëþáàÿ ôóíêöèÿ f ⊂ H ïðåä-
ñòàâëÿåòñÿ â âèäå:

p2f(z) =

∫
Ω1

(f, e(·, ω))H e(z, ω) dµ(ω) ∀z ∈M.

Ñëåäóåò çàìåòèòü, ÷òî ïîíÿòèå (p, µ) � ôðåéìà ÿâëÿåòñÿ íåêîòî-
ðûì îáîáùåíèåì ïîíÿòèÿ îðòîïîäîáíûõ ñèñòåì ðàçëîæåíèÿ, ââåäåí-
íûõ Ò.Ï. Ëóêàøåíêî [1].

Çàìå÷àíèå. Ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:

Íàïàëêîâ Âàëåðèé Âàëåíòèíîâè÷, ä.ô.-ì.í., íàó÷íûé ñîòðóäíèê, ÈÌÂÖ ÓÔÈÖ
ÐÀÍ (Óôà, Ðîññèÿ); Valerii Napalkov (Institute of Mathematics, Ufa Federal Research
Centre, RAS, Ufa, Russia)

Íóÿòîâ Àíäðåé Àëåêñàíäðîâè÷, ê.ô.-ì.í., äîöåíò, ÍÃÒÓ èìåíè Ð.Å. Àëåêñåå-
âà (Íèæíèé Íîâãîðîä, Ðîññèÿ); Andrey Nuyatov ( Nizhny Novgorod State Technical
University n.a. R.E. Alekseev, Russia)
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1. ñèñòåìà ýëåìåíòîâ {e(z, ω}ω∈Ω1 ÿâëÿåòñÿ (1, µ) � ôðåéìîì;

2. ñèñòåìà ýëåìåíòîâ {e(z, ω}ω∈Ω1 åñòü îðòîïîäîáíàÿ ñèñòåìà ðàçëîæå-
íèÿ ñ ìåðîé µ íà Ω1;

Îïðåäåëåíèå 2. Ãèëüáåðòîâî ïðîñòðàíñòâî ñ âîñïðîèçâîäÿùèì
ÿäðîì H1 íàçûâàåòñÿ p � ïîäîáíûì ïðîñòðàíñòâó H2, (p > 0), åñëè
ïðîñòðàíñòâà H1, H2 ñîñòîÿò èç îäíèõ è òåõ æå ôóíêöèé, è âûïîë-
íÿåòñÿ ðàâåíñòâî:

(f1, f2)H1 = p2 · (f1, f2)H2 ∀f1, f2 ∈ H1.

Îïðåäåëåíèå 3. Ïóñòü ñèñòåìà ôóíêöèé {e1(·, z)}z∈Ω1 ÿâëÿåòñÿ
(p1, µ) �ôðåéìîì, à ñèñòåìà ôóíêöèé {e2(·, z)}z∈Ω1 ÿâëÿåòñÿ (p2, µ) �
ôðåéìîì. Îïðåäåëèì ñëåäóþùóþ âåëè÷èíó äëÿ ëþáûõ z1, z2 ∈ Ω1:[[
e1(·, z1), e2(·, z2)

]] def
=

=

∫
Ω1

(e1(·, z1), e2(·, ξ))H · (e2(·, ξ), e2(·, z2))H dµ(ξ).

Ëåììà. Åñëè {ej(·, ξ)}ξ∈Ω1 , j = 1, 2 � îðòîïîäîáíûå ñèñòåìû ðàçëî-
æåíèÿ ñ îäíîé è òîé æå ìåðîé µ, ò.å. (1, µ) � ôðåéìû, òî[[

e1(·, z1), e2(·, z2)
]]

= (e1(·, z1), e2(·, z2))H ∀z1, z2 ∈ Ω1.

Òåîðåìà 1. Äëÿ òîãî ÷òîáû ïðîñòðàíñòâî H̃ áûëî p � ïîäîáíûì
ïðîñòðàíñòâó Ĥ, íåîáõîäèìî è äîñòàòî÷íî ñóùåñòâîâàíèå ëèíåéíîãî
íåïðåðûâíîãî âçàèìíî-îäíîçíà÷íîãî îïåðàòîðà A òàêîãî, ÷òî

A : e1(·, z) 7→ e2(·, z) ∀z ∈ Ω1, ∥Af∥H = p · ∥f∥H ∀f ∈ H.

Òåîðåìà 2. Ïóñòü {e1(·, z)}z∈Ω1 � (p1, µ) �ôðåéì, à {e2(·, z)}z∈Ω1 �
(p2, µ) � ôðåéì. Äëÿ òîãî ÷òîáû ïðîñòðàíñòâî H1 áûëî p � ïîäîáíûì
ïðîñòðàíñòâó H2, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû íàøåëñÿ ëèíåé-
íûé íåïðåðûâíûé âçàèìíî îäíîçíà÷íûé îïåðàòîð T : H → H òàêîé,
÷òî âûïîëíåíî óñëîâèå:[[

e1(·, z1), e2(·, z2)
]]

=
1

p2
·
[[
e2(·, z1),Te1(·, z2)

]]
∀z1, z2 ∈ Ω1.

Ïðè ýòîì ñïðàâåäëèâî ðàâåíñòâî p = p1/p2.
Òåîðåìà 2 îáîáùàåò íåêîòîðûå ðåçóëüòàòû ðàáîò àâòîðîâ [2], [3], [4].

Äàëåå ìû ðàññìîòðèì íàáîð ôðåéìîâ. Ïóñòü {ek1(·, ξ)}ξ∈Ω1 , k = 1, n �
íàáîð (p1,k, µk) � ôðåéìîâ, ãäå µk, k = 1, n � íåêîòîðûå ìåðû, çàäàííûå
íà Ω1, a p1,k > 0, k = 1, n � íåêîòîðûå ÷èñëà. Ïóñòü

τ(·, ξ) def=
n∑
k=1

αk · ek1(·, ξ), ξ ∈ Ω1,
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ãäå αk ∈ C k = 1, n ïîäîáðàíû òàê, ÷òîáû ñèñòåìà ôóíêöèé {τ(·, ξ)}ξ∈Ω1

áûëà ïîëíà â ïðîñòðàíñòâåH. Áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàåì αk ̸=
0, k = 1, n. Îïðåäåëèì ïðîñòðàíñòâî H̃:

H̃
def
=
{
f̃ : f̃(z) = (τ(·, z), f)H , (f̃1, f̃2)

def
= (f2, f1)H ∀f1, f2 ∈ H

}
.

Îïðåäåëèì ïðîñòðàíñòâà RKHS Hk
1 :

Hk
1
def
=
{
h : h(z) = (ek1(·, z), fh)H , z ∈ Ω1,

(h1, h2)
def
= (fh2 , f

h
1 )H ∀fh1 , fh2 ∈ H

}
.

Äàëåå ïóñòü {ek2(·, ξ)}ξ∈Ω1 , k = 1, n � íàáîð (p2,k, µk) � ôðåéìîâ, ãäå
µk, k = 1, n � íåêîòîðûå ìåðû, çàäàííûå íà Ω1, a p2,k > 0, k = 1, n �
íåêîòîðûå ÷èñëà. Ïóñòü

η(·, ξ) def=
n∑
k=1

βk · ek1(·, ξ), ξ ∈ Ω1,

ãäå βk ∈ C, k = 1, n ïîäîáðàíû òàê, ÷òîáû ñèñòåìà ôóíêöèé
{η(·, ξ)}ξ∈Ω1 áûëà ïîëíà â ïðîñòðàíñòâå H. Áåç îãðàíè÷åíèÿ îáùíî-
ñòè ñ÷èòàåì βk ̸= 0, k = 1, n. Îïðåäåëèì ãèëüáåðòîâî ïðîñòðàíñòâî ñ
âîñïðîèçâîäÿùèì ÿäðîì Ĥ:

Ĥ
def
=
{
f̂ : f̂(z) = (τ(·, z), f)H , z ∈ Ω1, (f̂1, f̂2)

def
= (f2, f1)H ∀f1, f2 ∈ H

}
.

Îïðåäåëèì ïðîñòðàíñòâà RKHS Hk
2 :

Hk
2
def
=
{
h : h(z) = (ek2(·, z), fh)H , z ∈ Ω1,

(h1, h2)
def
= (fh2 , f

h
1 )H ∀fh1 , fh2 ∈ H

}
.

Ïóñòü íîñèòåëè ìåð µk îáëàäàþò ñâîéñòâîì:

suppµk ∩ suppµj = ∅, k ̸= j, k, j = 1, n.

Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ ñïðàâåäëèâà
Òåîðåìà 3. Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1. ïðîñòðàíñòâî H̃ ÿâëÿåòñÿ p � ïîäîáíûì ïðîñòðàíñòâó Ĥ;

2. íàéäåòñÿ óíèòàðíûé îïåðàòîð T : H → H òàêîé, ÷òî âûïîëíåíî ñëå-
äóþùåå óñëîâèå äëÿ ñèñòåì ôóíêöèé τ è η, ò.å.[[

τ(·, z1), η(·, z2)
]]

=
1

p2
·
[[
η(·, z1),Tτ(·, z2)

]]
∀z1, z2 ∈ Ω1,

ãäå p > 0 � íåêîòîðîå ÷èñëî;
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3. íàéäåòñÿ óíèòàðíûé îïåðàòîð T : H → H òàêîé, ÷òî âûïîëíåíû ñëå-
äóþùèå óñëîâèÿ äëÿ ñèñòåì ôóíêöèé {ek1(·, z)}z∈Ω1 è {ek2(·, z)}z∈Ω1 :

[[
ek1(·, z1), ek2(·, z2)

]]
=
γk · |αk|2

|βk|2 · p2
·
[[
ek2(·, z1),Tek1(·, z2)

]]
∀z1, z2 ∈ Ω1 k = 1, n,

ãäå γk
def
= βk·αk

βk·αk
∈ C, |γk| = 1, k = 1, n;

4. ïðîñòðàíñòâà Hk
1

|βk|·p
|αk|

� ïîäîáíû ïðîñòðàíñòâàì Hk
2 , k = 1, n, ñîîò-

âåòñòâåííî.

Â äîêëàäå îáñóæäàåòñÿ ïðèìåíåíèå ïîëó÷åííûõ ðåçóëüòàòîâ.
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ÍÅÐÀÂÅÍÑÒÂÀ ÒÈÏÀ ÕÀÐÄÈ ÄËß ÎÁÚÅÌÍÎÃÎ
ÐÀÑÑÒÎßÍÈß N-ÌÅÐÍÎÃÎ ØÀÐÀ

Ð.Ã. Íàñèáóëëèí, NasibullinRamil@gmail.com

ÓÄÊ 517.51

Â äàííîé ðàáîòå ðàññìàòèâàþòñÿ íåðàâåíñòâà òèïà Õàðäè â n-
ìåðíûõ øàðàõ. Ïîëó÷åíû òî÷íûå îäíîìåðíûå è ìíîãîìåðíûå
íåðàâåíñòâà ñ äîïîëíèòåëüíûìè ñëàãàåìûìè. Âåñîâûå ôóíêöèè â
ïðîñòðàíñòâåííûõ íåðàâåíñòâàõ çàâèñÿò îò îáúåìíîãî ðàññòîÿíèÿ.
Êëþ÷åâûå ñëîâà: íåðàâåíñòâî Õàðäè, äîïîëíèòåëüíîå ñëàãàåìîå,
îáúåìíîå ðàññòîÿíèå.
Hardy inequalities for volume distance

In this paper Hardy-type inequalities on n-dimensional balls are con-
sidered. We obtain sharp one-dimensional and multidimensional in-
equalities with additional terms. Weight functions in spatial inequal-
ities depend on the volume distance.

Keywords: Hardy’s inequality, additional term, volume distance.

Ïóñòü Ω � îòêðûòîå âûïóêëîå ïîäìíîæåñòâî åâêëèäîâà ïðîñòðàíñòâà
Rn. ×åðåç C1

0 (Ω) îáîçíà÷èì ñåìåéñòâî íåïðåûâíî äèôôåðåíöèðóåìûõ
ôóíêöèé g : Ω → R ñ êîíå÷íûì èíòåãðàëîì Äèðèõëå è êîìïàêòûì
íîñèòåëåì â Ω.

Íåðàâåíñòâà Õàðäè, âåñîâûå ôóíêöèè êîòîðûõ çàâèñÿò îò ðàññòî-
ÿíèÿ äî ãðàíèöû, êîíôîðìíîãî ðàäèóñà èëè ðàññòîÿíèÿ äî íà÷àëà êî-
îðäèíàò, õîðîøî èçâåñòíû (ñì. [1]). Íà îäíîé èç êîíôåðåíöèé Èëüäàð
Õàìèòîâè÷ Ìóñèí ïðåäëîæèë ïîïûòàòüñÿ ïîëó÷èòü íåðàâåíñòâà Õàðäè
â òåðìèíàõ îáúåìíîãî ðàññòîÿíèÿ, ââåäåííîãî Ðèíàäîì Ñàëàâàòîâè÷åì
Þëìóõàìåòîâûì â ñòàòüå [2] (ñì. òàêæå [3]).

Ñëåäóÿ ñòàòüÿì [2] è [3] îáúåìíîå ðàññòîÿíèå ìû áóäåì îáîçíà÷àòü
÷åðåç vd(x,Ω). Ýòà ôóíêöèÿ îïðåäåëÿåòñÿ ïî èíäóêöèè ïî ðàçìåðíîñòè
ïðîñòðàíñòâà. Â îäíîìåðíîì ñëó÷àå, ò.å. åñëè Ω ⊂ R, òî vd(x,Ω) =
dist(x, ∂Ω) � ôóíêöèÿ ðàññòîÿíèÿ îò òî÷êè äî ãðàíèöû îáëàñòè.

Ïóñòü âåëè÷èíà vd(x,Ω) îïðåäåëåíà â ïðîñòðàíñòâå Rn è Ω ⊂ Rn+1.
Âîçüìåì òî÷êó y0 ∈ ∂Ω òàêóþ, ÷òî

inf{|x− y| : y ̸∈ Ω} = |x− y0|.

Åñëè òàêèõ òî÷åê íà ãðàíèöå íåñêîëüêî, òî âîçüìåì ëþáóþ èç íèõ.
×åðåç òî÷êó y0 ïðîõîäèò åäèíñòâåííàÿ îïîðíàÿ ãèïåðïëîñêîñòü, îðòî-
ãîíàëüíàÿ îòðåçêó, ñîåäèíÿþùåìó òî÷êè x è y0. Ãèïåðïëîñêîñòü, ïà-
ðàëëåëüíóþ ýòîé îïîðíîé ãèïåðïëîñêîñòè è ïðîõîäÿùóþ ÷åðåç òî÷êó

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò �
23-11-00066).

Íàñèáóëëèí Ðàìèëü Ãàéñàåâè÷, ê.ô.-ì.í., äîöåíò, ÊÔÓ (Êàçàíü, Ðîññèÿ); Ramil
Nasibullin (Kazan federal university, Kazan, Russia)
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x, îáîçíà÷èì ÷åðåõ P . Ðàçìåðíîñòü âûïóêëîãî ìíîæåñòâà Ω1 = P
⋂
E

ðàâíà n è x ∈ Ω1. Ïî äîïóùåíèþ èíäóêöèè âåëè÷èíà vd(x,Ω1) óæå
îïðåäåëåíà è

vd(x,Ω) = vd(x,Ω1)|x− y0|.
Â îáùåì ñëó÷àå îáúåìíîå ðàññòîÿíèå vd(x,Ω) íå âñåãäà îïðåäåëÿåò-

ñÿ îäíîçíà÷íî. Ïðè ýòîì ðàáîò, ïîñâÿùåííûõ òåìàòèêå íåðàâåíñòâ òè-
ïà Õàðäè äëÿ îáúåìíîãî ðàññòîÿíèÿ, â íàñòîÿùåå âðåìÿ íåò. Ïîýòîìó
ìû ðåøèëè ðàññìîòðåòü íåðàâåíñòâà â ìíîãîìåðíûõ øàðàõ, â êîòîðûõ
îáúåìíîå ðàññòîÿíèå õîðîøî îïðåäåëåíî.

Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî Bn � åäèíè÷íûé n-ìåðíûé øàð è

g ∈ C1
0 (Bn). Òîãäà ñóùåñòâóåò êîíñòàíòà κn > 0 òàêàÿ, ÷òî∫

Bn

g2(x)

(
2−

4
n+1

vd(x,Bn)
4

n+1

+
α2β2q2γ

(vd(x,Bn))
2(2−q)
n+1

+ κn

)
dx ≤

∫
Bn

|∇g(x)|2dx,

ãäå ÷åðåç ∇g(x) îáîçíà÷åí ãðàäèåíò ôóíêöèè, α =
j20
2
, β = π2

4
, q ≈

1.32793 � ïåðâûé ïîëîæèòåëíûé êîðåíü óðàâíåíèÿ

J0

(
α

(
1

β − 1

)q/2)
− qα

(
1

β − 1

)q/2
J1

(
α

(
1

β − 1

)q/2)
= 0

è

γ = min
t∈[0,1]

(2− t)
(n−1))(2−q)

n+1

(β − t)(2+q)
= 0.0578214.

Ïîñòîÿííàÿ 2−
4

n+1 ÿâëÿåòñÿ òî÷íîé.
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Ïîëó÷åíû óñëîâèÿ ρ�òðèãîíîìåòðè÷åñêîé âûïóêëîñòè èíäèêàòî-
ðà ðîñòà h(θ) ñóáãàðìîíè÷åñêîé ôóíêöèè v(z) ôîðìàëüíîãî ïîðÿä-
êà ρ â ïîëóêîëüöå D+(R,α, β).

Êëþ÷åâûå ñëîâà: ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ, ïîëóêîëüöî, ôîð-
ìàëüíûé ïîðÿäîê, èíäèêàòîð ðîñòà.
The main tasks of mathematics

The conditions of the ρ—trigonometric convexity of the growth indi-
cator h(θ) a subharmonic function v(z) of the formal order ρ in the
semicircle D+(R,α, β).

Keywords: subharmonic function, semicircle, formal order, growth in-
dicator.

Ïðèíöèï ìàêñèìóìà ìîäóëÿ ñîñòîèò, êàê èçâåñòíî, â òîì, ÷òî ìî-
äóëü ôóíêöèè f(z) ãîëîìîðôíîé â íåêîòîðîé îáëàñòè è íåïðåðûâíîé
â çàìûêàíèè ýòîé îáëàñòè, ïðèíèìàåò íàèáîëüøåå çíà÷åíèå íà ãðà-
íèöå îáëàñòè. Ýòîò âàæíûé ïðèíöèï áûë ðàñïðîñòðàíåí Ôðàãìåíîì
è Ëèíäë¼ôîì [1] íà òîò ñëó÷àé, êîãäà íåïðåðûâíîñòü ôóíêöèè íàðó-
øàåòñÿ â íåêîòîðûõ èñêëþ÷èòåëüíûõ òî÷êàõ ãðàíèöû, ïðè òîì, îä-
íàêî, óñëîâèè, ÷òî ïðè ïðèáëèæåíèè ê ýòèì òî÷êàì ìîäóëü ôóíêöèè
íå ñëèøêîì áûñòðî âîçðàñòàåò. Íàì ïîíàäîáèòñÿ ñëåäóþùàÿ ôîðìóëè-
ðîâêà òåîðåìû. Äëÿ òîãî ÷òîáû ñôîðìóëèðîâàòü å¼ ââåäåì ñëåäóþùèå
îïðåäåëåíèÿ.

Ïîä áåñêîíå÷íûì ïîëóêîëüöîì â ïîëóïëîñêîñòè C+ := {z ∈ C :
Im z > 0} ñ âåùåñòâåííîé îñüþ R ìû ïîíèìàåì D+(R,φ1, φ2) = {z :
|z| > R, Im z > 0, φ1 < arg z < φ2}.

Îïðåäåëåíèå. Ïóñòü ρ ≥ 0 � ôèêñèðîâàííîå ÷èñëî. ×èñëî ρ íàçû-
âàåòñÿ ôîðìàëüíûì ïîðÿäêîì ñóáãàðìîíè÷åñêîé âD+(R,φ1, φ2) ôóíê-
öèè v(z), åñëè ∃M1,M2 > 0 òàêèå, ÷òî ∀z ∈ D+(R,φ1, φ2) âûïîëíÿåòñÿ
íåðàâåíñòâî

v(z) ≤M1 +M2|z|ρ

Òåîðåìà (Ôðàãìåíòà-Ëèíäåëåôà). Ïóñòü â ïîëóêîëüöå
D+(R,φ1, φ2) çàäàíà ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ v(z), äëÿ êîòîðîé
âûïîëíÿþòñÿ óñëîâèÿ:

Íàóìîâà Àë¼íà Àëåêñàíäðîâíà, àñïèðàíò ÊÃÓ (Êóðñê, Ðîññèÿ); Alena Naumova
(Kursk State University, Kursk, Russia)

131



1) ñóùåñòâóåò ÷èñëî M > 0 òàêîå, ÷òî äëÿ ëþáîãî x ∈ R âûïîë-
íÿåòñÿ íåðàâåíñòâî

lim
z→x,

z∈D+(R,φ1,φ2)

v(z) ≤M,

2) íåêîòîðîå ÷èñëî ρ > 0 ÿâëÿåòñÿ ôîðìàëüíûì ïîðÿäêîì ôóíêöèè
v(z) â D+(R,φ1, φ2),

3) âûïîëíÿåòñÿ íåðàâåíñòâî φ2 − φ1 <
π
ρ
.

Òîãäà ∀z ∈ D+(R,φ1, φ2) âûïîëíÿåòñÿ íåðàâåíñòâî v(z) ≤M .

Îòìåòèì, ÷òî ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Ïóñòü v(z) åñòü ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ ôîðìàëüíî-

ãî ïîðÿäêà ρ â ïîëóêîëüöå D+(R,α, β) è ïóñòü h(θ) = limr→∞
v(reiθ)
rρ

� å¼ èíäèêàòîð ðîñòà (ýòî îïðåäåëåíèå èíäèêàòîðà â D+(R,α, β)).
Òîãäà h(θ) �ρ-òðèãîíîìåòðè÷åñêè âûïóêëàÿ ôóíêöèÿ íà èíòåðâàëå
(α, β).

Äîêàçàòåëüñòâî òåîðåìû àíàëîãè÷íî ñîîòâåòñòâóþùåé òåîðåìå èç
ìîíîãðàôèè Á. ß. Ëåâèíà [òåîðåìà 19, ãëàâà I, 2].
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Ïðèâîäèòñÿ äâóñòîðîííÿÿ îöåíêà äëÿ ìèíèìàëüíîé íîðìû ïðî-
åêòîðà ïðè ëèíåéíîé èíòåðïîëÿöèè íà êîìïàêòå â Rn. Íèæíÿÿ
îöåíêà ïîëó÷àåòñÿ ñ ïðèìåíåíèåì ìíîãî÷ëåíîâ Ëåæàíäðà.
Êëþ÷åâûå ñëîâà: èíòåðïîëÿöèÿ, ïðîåêòîð, íîðìà, ìíîãî÷ëåíû Ëå-
æàíäðà.
Estimates for interpolation projectors and Legendre polyno-
mials

We give two-sided estimates for the minimum projector norm under
linear interpolation on a compact set in Rn. The lower estimate is
obtained by applying Legendre polynomials.

Keywords: interpolation, projector, norm, Legendre polynomials.

Ñòàíäàðòèçîâàííûì ìíîãî÷ëåíîì Ëåæàíäðà ñòåïåíè n íàçûâàåòñÿ
ìíîãî÷ëåí

χn(t) =
1

2nn!

[
(t2 − 1)n

](n)
, t ∈ R.

Ïî ïîâîäó ñâîéñòâ χn ñì., íàïðèìåð, [3]. Ìíîãî÷ëåíû Ëåæàíäðà îðòî-
ãîíàëüíû íà îòðåçêå [−1, 1] ñ âåñîì w(t) ≡ 1. Èçâåñòíî, ÷òî χn(1) = 1,
à åñëè n ≥ 1, òî χn(t) âîçðàñòàåò ïðè t ≥ 1. ×åðåç χ−1

n îáîçíà÷èì
ôóíêöèþ, îáðàòíóþ ê χn íà ïîëóîñè [1,+∞).

Â [1] àâòîðîì ïîëó÷åíà ñëåäóþùàÿ õàðàêòåðèçàöèÿ ìíîãî÷ëåíîâ
χn(t) ÷åðåç îáú¼ìû âûïóêëûõ ìíîãîãðàííèêîâ (äîêàçàòåëüñòâî äà¼òñÿ
òàêæå â [4]). Äëÿ γ ≥ 1 ðàññìîòðèì ìíîæåñòâî

En,γ =
{
x ∈ Rn :

n∑
j=1

|xj |+
∣∣∣1− n∑

j=1

xj

∣∣∣ ≤ γ
}
.

Òåîðåìà 1. Âûïîëíÿþòñÿ ðàâåíñòâà

mesn(En,γ) =
1

2nn!

n∑
i=0

(
n

i

)2

(γ − 1)n−i(γ + 1)i =
χn(γ)

n!
. (1)

Ñîîòíîøåíèÿ (1) ïîçâîëÿþò ïîëó÷èòü íèæíèå îöåíêè íîðì ïðîåê-
òîðîâ ïðè ïîëèíîìèàëüíîé èíòåðïîëÿöèè íåïðåðûâíûõ ôóíêöèé ìíî-
ãèõ ïåðåìåííûõ. Íèæå ìû ðàññìîòðèì ñëó÷àé ëèíåéíîé èíòåðïîëÿöèè

Íåâñêèé Ìèõàèë Âèêòîðîâè÷, ä.ô.-ì.í., äîöåíò, ßðÃÓ èì. Ï.Ã. Äåìèäîâà (ßðî-
ñëàâëü, Ðîññèÿ); Mikhail Nevskii (P.G. Demidov Yaroslavl State University, Yaroslavl,
Russia)
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íà êîìïàêòå â Rn. Çàìåòèì, ÷òî ýòîò ïîäõîä ìîæíî ïåðåíåñòè è íà
èíòåðïîëÿöèþ ñ ïîìîùüþ áîëåå øèðîêèõ ïðîñòðàíñòâ ìíîãî÷ëåíîâ.

Ïóñòü Π1(Rn) � ïðîñòðàíñòâî ìíîãî÷ëåíîâ îò n ïåðåìåííûõ ñòåïå-
íè íå âûøå 1, E � ïðîèçâîëüíûé êîìïàêò â Rn, K = conv(E). Áóäåì
ïðåäïîëàãàòü, ÷òî vol(K) > 0. Ïóñòü òî÷êè x(j) ∈ E, 1 ≤ j ≤ n + 1,
ÿâëÿþòñÿ âåðøèíàìè n-ìåðíîãî íåâûðîæäåííîãî ñèìïëåêñà. Èíòåðïî-
ëÿöèîííûé ïðîåêòîð P : C(E) → Π1(Rn) ñ óçëàìè x(j) îïðåäåëÿåòñÿ

ðàâåíñòâàìè Pf
(
x(j)

)
= f

(
x(j)

)
. Ïîä ∥P∥E áóäåì ïîíèìàòü íîðìó P

êàê îïåðàòîðà èç C(E) â C(E). ×åðåç θn(E) îáîçíà÷èì ìèíèìàëüíóþ
íîðìó ∥P∥E èç âñåõ îïåðàòîðîâ P ñ óçëàìè, ïðèíàäëåæàùèìè E. ×åðåç
simp(E) îáîçíà÷èì ìàêñèìàëüíûé îáú¼ì ñèìïëåêñà ñ âåðøèíàìè â E.

Òåîðåìà 2. Ñïðàâåäëèâû îöåíêè

χ−1
n

(
vol(K)

simp(E)

)
≤ θn(E) ≤ n+ 1. (2)

Ëåâîå íåðàâåíñòâî â (2) äîêàçûâàåòñÿ ñ ïðèìåíåíèåì òåîðåìû 1.
Ïðàâàÿ îöåíêà ïîëó÷àåòñÿ èç ðàññìîòðåíèÿ ïðîåêòîðà, óçëû êîòîðîãî
x(j) ∈ E íàõîäÿòñÿ â âåðøèíàõ ñèìïëåêñà ñ ìàêñèìàëüíûì îáú¼ìîì,
ò.å. îáú¼ìîì, ðàâíûì simp(E). Äîêàçàòåëüñòâà îöåíîê (2) ïðèâîäÿòñÿ
â [4].

Â ñëó÷àå, êîãäà E � n-ìåðíûé êóá èëè n-ìåðíûé øàð, ëåâîå íåðà-
âåíñòâî èç (2) äà¼ò âîçìîæíîñòü ïîëó÷èòü íåóëó÷øàåìûå ïî ðàçìåðíî-
ñòè n îöåíêè âèäà θn(E) ≥ c

√
n. Òî÷íîå çíà÷åíèå θn(B) äëÿ n-ìåðíîãî

øàðà B íàéäåíî â [2].
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ÄÂÓÌÅÐÍÛÕ ÑÈÍÃÓËßÐÍÛÕ ÈÍÒÅÃÐÀËÜÍÛÕ
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ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

Ä.Ì. Îäèíàáåêîâ
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ÓÄÊ 517.968

Â íàñòîÿùåé ðàáîòå óñòàíîâëåíû ýôôåêòèâíûå íåîáõîäèìûå è
äîñòàòî÷íûå óñëîâèÿ íåòåðîâîñòè äâóìåðíûõ ñèíãóëÿðíûõ èíòå-
ãðàëüíûõ îïåðàòîðîâ ñ íåïðåðûâíûìè êîýôôèöèåíòàìè â ëåáåãî-
âûõ ïðîñòðàíñòâàõ ñ âåñîì è äàíà ôîðìóëà äëÿ âû÷èñëåíèÿ èí-
äåêñà.

Êëþ÷åâûå ñëîâà: ñèíãóëÿðíûé èíòåãðàëüíûé îïåðàòîð, èíäåêñ
îïåðàòîðà, ñèìâîë îïåðàòîðà, íåòåðîâîñòü îïåðàòîðà.
ON THE NOETHERICITY AND INDEX OF SOME
CLASSES OF TWO-DIMENSIONAL SINGULAR INTE-
GRAL OPERATORS WITH CONTINUOUS COEFFI-
CIENT

This study examines one of the applications of differential calculus:
a formula for calculating the curvature of a flat curve. In particular,
methods for defining a flat curve are given, and a general formula for
calculating the curvature at a certain point is calculated.

Keywords: singular integral operator, operator index, operator sym-
bol, operator Noethericity.

Ïóñòü D � êîíå÷íàÿ îäíîñâÿçíàÿ îáëàñòü êîìïëåêñíîé ïëîñêîñòè, îãðà-
íè÷åííàÿ çàìêíóòîé êðèâîé Γ.

Â ïðîñòðàíñòâå Lpβ−2/p(D), (1 < p < ∞, 0 < β < 2) ðàññìîòðèì
ñëåäóþùèé äâóìåðíûé ñèíãóëÿðíûé èíòåãðàëüíûé îïåðàòîð

A ≡ a0(z)I + b0(z)K +

2∑′∑
n=−2

(
an(z)I + bn(z)K

)
Sn, (1)

ãäå øòðèõ ó çíàêà ñóììû îçíà÷àåò ïðîïóñê ÷ëåíà n = 0; I � òîæäå-
ñòâåííûé îïåðàòîð, a0(z), b0(z), an(z), bn(z), n = −2,−1, 1, 2, íåïðåðûâ-
íûå â D = D ∪ Γ êîìïëåêñíîçíà÷íûå ôóíêöèè, à îïåðàòîðû K è Sn
äåéñòâóþò ïî ôîðìóëàì

(Kf)(z) = f(z), (Snf)(z) =
(−1)|m||m|

π

∫∫
D

e−2imθ

|ζ − z|2 f(ζ)dsζ ,

Îäèíàáåêîâ Äæàñóð Ìóçîôèðîâè÷, ê.ô.-ì.í., äîöåíò, ôèëèàë ÌÃÓ èìåíè
Ì.Â. Ëîìîíîñîâà â ãîðîäå Äóøàíáå (Òàäæèêèñòàí); Odinabekov Jasur Muzo�rovich
(Dushanbe Lomonosov Moscow State University, Tajikistan)
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Sn = KSnK, θ = arg(ζ − z), z ∈ D;

çäåñü ÷åðòà îáîçíà÷àåò îïåðàöèþ êîìïëåêñíîãî ñîïðÿæåíèÿ, m - öå-
ëîå ÷èñëî, dsζ � ýëåìåíò ïëîñêîé ìåðû Ëåáåãà, èíòåãðàë ïîíèìàåòñÿ â
ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè [1]. Ïîñêîëüêó ñèìâîë îïåðàòîðà
Sn (ñì.[1]) ðàâåí (σ

σ
)n (σ = σ1+ iσ2 ̸= 0), òî, ñîãëàñíî [2], äëÿ íåòåðîâî-

ñòè îïåðàòîðíîé ìàòðèöû íåîáõîäèìî, ÷òîáû detGA(z, t) ̸= 0 äëÿ âñåõ
z ∈ D, |t| = 1, ãäå GA(z, t) ñèìâîë îïåðàòîðà (1):

GA(z, t) =

(
P4(z, t) Q4(z, t)

Q4(z, t) P4(z, t)

)
, (2)

ãäå

P4(z, t) = t
2

2∑
n=−2

an(z)t
2+n, Q4(z, t) = t

2
2∑

n=−2

bn(z)t
2−n,

è äëÿ íåòåðîâîñòè îïåðàòîðà (1) â Lpβ−2/p(D) íåîáõîäèìî, ÷òîáû

detGA(z, t) = |P4(z, t)|2 − |Q4(z, t)|2 ̸= 0 ∀z ∈ D. (3)

Òîãäà èç (3) âûòåêàåò, ÷òî P4(z, t), Q4(z, τ)- åñòü êîìïëåêñíûå ïî-
ëèíîìû ÷åòâåðòîé ñòåïåíè. Ïóñòü qk (k = 1, 2, 3, 4) êîìïëåêñíûå êîðíè
óðàâíåíèÿ P4(z, t) = 0. Ñîãëàñíî

detGA(z, t) > 0, òî åñòü |P4(z, t)| > |Q4(z, t)| ∀z ∈ D (4)

ýòè êîðíè íå ëåæàò íà îêðóæíîñòè |t| = 1, òî åñòü |qk| ̸= 1.
Ââåäåì îáîçíà÷åíèÿ

∆ν = |aν |2 − |bν |2, λνn = aνan − bνbn, µνn = aνbn − bνan,

M = max|t|=1Re
( 4∑
j=1

λjt
j
)
, ν = 0,±1,±2, n = ±1,±2,

ãäå ôóíêöèè λj ÿâíî âûðàæàþòñÿ ÷åðåç êîýôôèöèåíòû îïåðàòîðà (1).
Òåîðåìà. Äëÿ íåòåðîâîñòè îïåðàòîðà (1) â ëåáåãîâûõ ïðîñòðàí-

ñòâàõ Lpβ−2/p(D),
1 < p < ∞, 0 < β < 2 íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèå îäíîãî èç
ñëåäóþùèõ (èñêëþ÷àþùèõ äðóã äðóãà) óñëîâèé

∆0(z) > M(z) +
(
M2(z) +

2∑
n=−2

(|µon(z)|2 − |λon(z)|2)
)1/2

,ïðè ∀z ∈ D, (5)

∆ν(z) > M(z) +
(
M2(z) +

m∑
n=−m

(|µνn(z)|2 − |λνn(z)|2)
)1/2

, ν = ±1,±2,

ν∏
k=1

Q4(τ, qk(τ)) ̸= 0, ïðè ∀ z ∈ D è τ ∈ Γ, (6)
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ãäå qk(τ) � êîðíè óðàâíåíèÿ P4(τ, t) = 0, τ ∈ Γ, |t| = 1, òàêèå,
÷òî |qk(τ)| < 1 äëÿ ∀τ ∈ Γ. Ïðè ýòîì, åñëè âûïîëíåíî (5), òî èíäåêñ
îïåðàòîðà A ðàâåí íóëþ; åñëè âûïîëíåíî (6), òî

κ = 2

ν∑
k=1

IndΓQ4(τ, qk(τ)).
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Â 1964 ã. Ì. Ì. Äæðáàøÿíîì ïðè îáîáùåíèè òåîðèè Ð. Íåâàíëèí-
íû, êðàåóãîëüíûì êàìíåì êîòîðîé ÿâëÿåòñÿ ïîíÿòèå õàðàêòåðè-
ñòè÷åêîé ôóíêöèè, áûëà ââåäåíà α-õàðàêòåðèñòèêà Tα, α > −2, è
ðàññìîòðåí êëàññ Nα àíàëèòè÷åñêèõ â åäèíè÷íîì êðóãå ôóíêöèé
ñ îãðàíè÷åííîé õàðàêòåðèñòèêîé Tα. Â íàñòîÿùåé ðàáîòå ðåøàåò-
ñÿ çàäà÷à ñâîáîäíîé èíòåðïîëÿöèè â êëàññå Nα ïðè óñëîâèè, ÷òî
óçëû èíòåðïîëÿöèè íàõîäÿòñÿ â óãëàõ Øòîëüöà.

Êëþ÷åâûå ñëîâà: èíòåðïîëÿöèÿ, õàðàêòåðèñòèêà Íåâàíëèííû,
ïðîèçâåäåíèÿ Äæðáàøÿíà, óãîë Øòîëüöà.
On interpolation in the Djrbashyan class in a disk

In 1964, in generalizing R. Nevanlinna’s theory, M. Dzhrbashyan in-
troduced the α-characteristic Tα, α > −2. In present work we solve
the problem of free interpolation in M. Dzhrbashyan’s class of analytic
functions in the unit circle with a bounded characteristic Tα under the
condition that the interpolation nodes are in the Stolz angles.

Keywords: interpolation, the Nevanlinna characteristic, the Djr-
bashyan product, the Stolz angle.

Ïóñòü C - êîìïëåêñíàÿ ïëîñêîñòü, D - åäèíè÷íûé êðóã íà C,
H(D) - ìíîæåñòâî âñåõ ôóíêöèé, àíàëèòè÷åñêèõ â D, Tα(r, f) �
α-õàðàêòåðèñòèêà Ì. Ì. Äæðáàøÿíà [1], T (r, f) = T−1(r, f) �
õàðàêòåðèñòèêà Ð. Íåâàíëèííû ôóíêöèè f ∈ H(D) [2].

Tα(r, f) =
r−(α+1)

2π · Γ(α+ 1)

∫ π

−π

(∫ r

0

(r − t)α ln |f(teiφ)|dt
)+

dφ, α > −2,

ãäå a+ = max(0, a), ∀a ∈ R, Γ � ôóíêöèÿ Ýéëåðà.
Ïðè âñåõ α > −2 ðàññìîòðèì êëàññ Ì.Ì. Äæðáàøÿíà [1]

Nα :=

{
f ∈ H(D) : sup

0<r<1
Tα(r, f) < +∞

}
,

Ðîäèêîâà Åâãåíèÿ Ãåííàäüåâíà, ê.ô.-ì.í., äîöåíò, ÁÃÓ èìåíè àêàä. È.Ã. Ïåòðîâ-
ñêîãî (Áðÿíñê, Ðîññèÿ); Eugenia Rodikova (Bryansk State University named after acad.
I.G. Petrovsky, Bryansk, Russia)
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N−1 ñîâïàäàåò ñ êëàññîì Ð. Íåâàíëèííû N . Äëÿ ïðîèçâîëüíîé ôóíê-
öèè f ∈ Nα â êðóãå D ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:

|f(z)| ≤ exp
c(f)

(1− |z|)α+2
,

ïîýòîìó åñëè f ∈ Nα è {zk}+∞
k=1 ⊂ D, òî îïåðàòîð R(f) =

(f(z1), ..., f(zk), ...) îòîáðàæàåò êëàññ Nα â êëàññ âåñîâûõ ïîñëå-
äîâàòåëüíîñòåé

lα =

{
γ = {γk}+∞

k=1 : |γk| ≤ exp
λ

(1− |zk|)α+2
, λ > 0

}
.

Íàñ áóäåò èíòåðåñîâàòü, ïðè êàêèõ óñëîâèÿõ íà ïîñëåäîâàòåëüíîñòü
{zk}+∞

k=1 îïåðàòîð R(f) îòîáðàæàåò êëàññ Nα íà êëàññ lα. Â ýòîì ñëó-
÷àå ïîñëåäîâàòåëüíîñòü {zk}+∞

k=1 íàçûâàþò èíòåðïîëÿöèîííîé ïîñëåäî-
âàòåëüíîñòüþ â êëàññå Nα.

Óãëîì Øòîëüöà Γδ(θ) ñ âåðøèíîé â òî÷êå eiθ íàçûâàåòñÿ óãîë ðàñ-
òâîðà πδ, 0 < δ < 1, áèññåêòðèñà êîòîðîãî ñîâïàäàåò ñ îòðåçêîì reiθ,
0 ≤ r < 1.

Äëÿ ëþáîãî β > −1 ñèìâîëîì πβ(z, zk) áóäåì îáîçíà÷àòü áåñêîíå÷-
íîå ïðîèçâåäåíèå Ì.Ì. Äæðáàøÿíà ñ íóëÿìè â òî÷êàõ ïîñëåäîâàòåëü-
íîñòè {zk}+∞

k=1 (ñì. [1]). Ñïðàâåäëèâà

Òåîðåìà 1. Ïóñòü {zk}+∞
k=1 - ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü

êîìïëåêñíûõ ÷èñåë èç D, ðàñïîëîæåííûõ â êîíå÷íîì ÷èñëå óãëîâ
Øòîëüöà. Ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:

1. {zk}+∞
k=1 - èíòåðïîëÿöèîííàÿ ïîñëåäîâàòåëüíîñòü â êëàññå Nα;

2.
+∞∑
k=1

(1− |zk|)α+2 < +∞,

|π′
α(zn, zk)| ≥ exp

−M
(1− |zn|)α+2

, M > 0.

Îòìåòèì, ÷òî ôóíäàìåíòàëüíûé ðåçóëüòàò â òåîðèè èíòåðïîëÿöèè
ïðèíàäëåæèò Ë. Êàðëåñîíó [3], îïèñàâøåìó èíòåðïîëÿöèîííûå ïîñëå-
äîâàòåëüíîñòè â êëàññå îãðàíè÷åííûõ àíàëèòè÷åñêèõ ôóíêöèé â åäè-
íè÷íîì êðóãå.
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HARDY TYPE INEQUALITIES IN GRAND LEBESGUE
SPACES Lp), 0 < p ≤ 1 FOR QUASI-MONOTONE FUNCTIONS

A. Senouci,
kamer295@yahoo.fr

ÓÄÊ

The aim of this work, is to establish some Hardy type inequalities for
quasi-monotone functions in grand Lebesgue spaces Lp), 0 < p ≤ 1.
Moreover some previous results are deduced as particular cases.

Keywords: inequalities, quasi-monotone functions, Hardy operators,
grand Lebesgue spaces.

In 1992 T. Iwainiec and C. Sbordone ([5]) introduced a new type of function
spaces Lp)(Ω), 1 < p < ∞, where Ω is a bounded open set Ω ⊂ Rn, called
grand Lebesgue spaces. Namely, the grand Lebesgue spaces is de�ned as
the space of the Lebesgue mesurable functions f on Ω such that

∥f∥p) = sup
0<ε<p−1

(
ε

|Ω|

∫
Ω

|f(x)|p−ε dx
) 1

p−ε

<∞, (1)

where |Ω| is the Lebesgue measure of Ω.
These spaces were intensively studied during the last years due to

di�erent applications (see [3] and [4]) and continue to attract attention
of researchers (see [7]and [8] ).

In 2020 R.A. Bandaliev and Safarova K.H. proved the boundedness
of Hardy operator for monotone functions in grand Lebesgue spaces Lp),
0 < p ≤ 1. In this work we are interested in the Hardy inequalities applied
to quasi-monotone functions in grand Lebesgue spaces. All inequalities are
proved with sharp constants ( for details see [6]).

De�nition 1. Let 0 < p ≤ 1. We say that function f belongs to
the grand Lebesgue space Lp)(0, 1) if f is non-negative and Lebesgue
measurable a.e. on (0, 1) for which

∥f∥Lp)(0,1)
= sup

0<ε< p
2

(
ε

∫ 1

0

|f(x)|p−ε dx
) 1

p−ε

<∞. (2)

De�nition 2. Let 0 < p ≤ 1. We denote by Ap the class of measurable
functions f ∈ Lp)(0, 1), such that

∥f∥Ap
= sup

0<ε≤ p
2

(
ε

∫ 1

0

(
xp−ε−1 − 1

)
fp−ε(x)dx

) 1
p−ε

<∞. (3)

Remark 1. In [1] it is proved that for 0 < p ≤ 1 , Lp)(0, 1) is a
quasi-Banach function space .

Abdelkder Senouci (Ibn-Khaldoun University of Tiaret, Algeria)
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The following de�nition is well-known (see [2]).
De�nition 3. We say that a function f is quasimonotone on ]0,∞[, if

for some real number α, xαf(x) is a decreasing or an increasing function
of x. More precisely, given β ∈ R, we say that f ∈ Qβ if x−βf(x) is non-
increasing and f ∈ Qβ if x−βf(x) is non-decreasing.

Throughout this work, we will assume that the functions are non-
negative and Lebesgue measurable on (0,1). We consider the Hardy
operator

(H1f) (x) =
1

x

∫ x

0

f(t)dt.

Theorem 1. Let 0 < p < 1, 0 < ε < p
2
, f ∈ Ap and f ∈ Qβ , β ≥ 0.

Then ∥H1f∥Lp)(0,1)
≤ C ∥f∥Ap

, (4)

If C > 0 is the sharp constant in (4), then(
p

2− p

) 2
p

≤ C ≤ (β + 1)
2
p
−1

(
p

1− p

) 1
p

. (5)

Remark 2. If β = 0 in (4) and (5), we have Theorem 3 of [1].

Theorem 2.Let 0 < p < 1, 0 < ε < p
2
, w(t) =

∫ 1

t

(1−yβ+1)p−ε−1

yβ(p−ε−1)+1 dy,

0 < y < 1 and f ∈ Qβ, β ≥ 0. Then the inequality

∥H1f∥Lp)(0,1)
≤ C ∥f∥Lp),w(0,1) , (6)

holds, where

∥f∥Lp),w(0,1) = sup
0<ε< p

2

(
ε

∫ 1

0

(∫ 1

t

(1− yβ+1)p−ε−1

yβ(p−ε−1)+1
dy

)
fp−ε(t)dt

) 1
p−ε

.

If C > 0 is the best constant in (6), then(p
2

) 2
p ≤ C ≤

(
(β + 1)1−

p
2 p
) 1

p
. (7)

Remark 3. If β = 0 in (6) and (7), we have Theorem 4 of [1].
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Î ËÀÊÓÍÀÐÍÛÕ ÊÂÀÄÐÀÒÓÐÍÛÕ ÔÎÐÌÓËÀÕ ÄËß
ÑÈÍÃÓËßÐÍÎÃÎ ÈÍÒÅÃÐÀËÀ Ñ ßÄÐÎÌ ÊÎØÈ

Þ.Ñ. Ñîëèåâ, su1951@mail.ru

ÓÄÊ 519.644

Ïîñòðîåíû è èññëåäîâàíû (0,2)-ëàêóíàðíûå êâàäðàòóðíûå ôîðìó-
ëû äëÿ ñèíãóëÿðíîãî èíòåãðàëà ñ ÿäðîì Êîøè ñ âåñîâûìè ôóíê-
öèÿìè ßêîáè è Ýðìèòà.
Êëþ÷åâûå ñëîâà: ñèíãóëÿðíûé èíòåãðàë, ëàêóíàðíîå èíòåðïîëè-
ðîâàíèå, êâàäðàòóðíûå ôîðìóëû.
On lacunary quadrature formulas for a singular integral with
a Cauchy kernel

(0,2)-lacunary quadrature formulas for a singular integral with a
Cauchy kernel with Jacobi and Hermite weight functions are con-
structed and studied.

Keywords: singular integral, lacunary interpolation, quadrature for-
mulas.

Ê ïðèáëèæåííîìó âû÷èñëåíèþ ñèíãóëÿðíûõ èíòåãðàëîâ ìîæíî
ïðèìåíèòü ðàçëè÷íûå òèïû ëàêóíàðíîãî èíòåðïîëèðîâàíèÿ, êîãäà îíè
ñóùåñòâóþò è èõ ìîæíî âûïèñàòü â ÿâíîì âèäå. Äëÿ ñèíãóëÿðíûõ èí-
òåãðàëîâ ñ ÿäðîì Ãèëüáåðòà òàêèå êâàäðàòóðíûå ôîðìóëû èññëåäîâà-
ëèñü â ðàáîòå [1]. Íèæå ðàññìàòðèâàþòñÿ (0,2)-ëàêóíàðíûå êâàäðàòóð-
íûå ôîðìóëû äëÿ ñèíãóëÿðíîãî èíòåãðàëà ñ ÿäðîì Êîøè

If = I(f ;x) =

∫ b

a

p(t)
f(t)

t− x
dt, (1)

ïîíèìàåìîãî â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè, ãäå f(x)� çàäàííàÿ
ïëîòíîñòü èíòåãðàëà, à p(x) � âåñîâàÿ ôóíêöèÿ.

Ïóñòü â (1) a = −1, b = 1, −1 < x < 1, p(x) = (1− x)α(1+ x)β , α >
−1, β > −1.

×åðåç H2n−1f = H2n−1(f ;x) îáîçíà÷èì ïîëèíîì ñòåïåíè 2n − 1
(0,2)-èíòåðïîëèðîâàíèÿ, óäîâëåòâîðÿþùèé óñëîâèÿì H2n−1(f ;xk) =
f(xk), H ′′

2n−1(f, xk) = f ′′(xk), ãäå xk(k = 1, n) � íóëè ïîëèíîìà
(1−x2)P ′

n−1(x), à Pk(x) � ïîëèíîì Ëåæàíäðà ñòåïåíè k ñ íîðìèðîâêîé
Pk(1) = 1. Òîãäà

H2n−1f = H2n−1(f, x) =
n∑
k=1

(Ak(x)f(xk) +Bk(x)f
′′(xk)). (2)

Èíòåðïîëÿöèîííàÿ ôîðìóëà (2) ñóùåñòâóåò òîëüêî ïðè ÷åòíîì n,
à êîýôôèöèåíòû Ak(x), Bk(x) ïðèâåäåíû â ðàáîòå [2].

Ñîëèåâ Þíóñ Ñîëèåâè÷, ê.ô.-ì.í., äîöåíò, ÌÀÄÈ (Ìîñêâà, Ðîññèÿ); Yunus Soliev
(MADI, Moscow, Russia)
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Àïïðîêñèìèðóÿ ïëîòíîñòü f(x) èíòåãðàëà (1) ïîëèíîìîì H2n−1f ,
ïîëó÷èì êâàäðàòóðíóþ ôîðìóëó

If = I(H2n−1f ;x) +Rnf =
n∑
k=1

(Ãk(x)f(xk) + B̃k(x)f
′′(xk)) +Rnf, (3)

ãäå Ãk(x) = I(Ak;x), B̃k(x) = I(Bk;x), à Rnf = Rn(f ;x) � îñòàòî÷íûé
÷ëåí.

Êîýôôèöèåíòû Ãk(x), B̃k(x) ìîæíî âû÷èñëèòü òàê æå êàê â ðàáîòå
[3].

Ñ ïîìîùüþ ðåçóëüòàòîâ ðàáîòû [4] äîêàçûâàåòñÿ

Òåîðåìà 1. Ïóñòü f(x) ∈ C(2)[−1, 1], n � ÷åòíîå. Òîãäà

∥Rnf∥C = O

(
lnn

n
ωs

(
f ′′;

1

n

))
, n ⩾ max{4, s+ 2},

ãäå ωs(f, t) � ìîäóëü ãëàäêîñòè s-ãî ïîðÿäêà f íà [−1; 1].

Ïóñòü S2n−1f = S2n−1(f ;x) � ïîëèíîì ñòåïåíè 2n − 1 (0,2)-
èíòåðïîëèðîâàíèÿ ïî íóëÿì ïîëèíîìà ×åáûøåâà ïåðâîãî ðîäà [5].

Òåîðåìà 2. Ïóñòü f (r)(x) ∈ Hα(M, [−1; 1]), r ⩾ 2, 1
2
< α < 1, n �

÷åòíîå. Òîãäà

∥I(f − S2n−1f)∥C = O

(
ln2 n

nr+α−1

)
.

Ïóñòü â (1) a = −∞, b = +∞, p(x) = 1, −∞ < x < +∞. Îáîçíà-
÷èì ÷åðåç B2σ, σ > 0, ïðîñòðàíñòâî Áåðíøòåéíà öåëûõ ôóíêöèé ýêñïî-
íåíöèàëüíîãî òèïà 2σ, îãðàíè÷åííûõ íà äåéñòâèòåëüíîé îñè R. ×åðåç
Fσ(x) = Fσ(f ;x) ∈ B2σ îáîçíà÷èì öåëóþ ôóíêöèþ ýêñïîíåíöèàëüíî-
ãî òèïà, óäîâëåòâîðÿþùóþ óñëîâèÿì Fσ(f, xk) = f(xk), F

′′
σ (f, xk) =

f ′′(xk), xk = kπ
σ
, k ∈ Z. Òîãäà [6]

Fσf = Fσ(f, x) =

+∞∑
k=−∞

(Uσ(x− xk)f(xk) + Vσ(x− xk)f
′′(xk)), (4)

ãäå Uσ(x) = sinσx
σx

(
1− x

∫ x
0

sinσt−σt
σt3

dt
)
, Vσ(x) =

sinσx
2σ

∫ x
0

sinσt
σt

dt.
Çàìåíÿÿ ïëîòíîñòü èíòåãðàëà (1) f ∈ B2σ âûðàæåíèåì (4), ïîëó÷èì

(0,2)-ëàêóíàðíóþ êâàäðàòóðíóþ ôîðìóëó

If = I(Fσ;x) +Rσf =

+∞∑
k=−∞

(Ũσ(x− xk)f(xk) + Ṽσ(x− xk)f
′′(xk)) +Rσf,

ãäå Ũσ(x) = I(Uσ;x), Ṽσ(x) = I(Vσ;x), à Rσf = Rσ(f ;x) � îñòàòî÷íûé
÷ëåí.

Íàéäåíû àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ äëÿ Ũσ(x), Ṽσ(x).
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Òåîðåìà 3. Åñëè f(x) ∈ H
(r)
α (M,R)

⋂
B2σ, r ⩾ 2, 0 < α < 1, σ > 0

è
∑+∞
k=−∞ |f ′′(xk)| = O(σ2−α), òî ∥Rσf∥C = O(σ−r−α+2 lnσ).

Àíàëîãè÷íî ñòðîÿòñÿ êâàäðàòóðíûå ôîðìóëû äëÿ èíòåãðàëà (1) ñ
ïîìîùüþ äðóãèõ òèïîâ ëàêóíàðíîãî èíòåðïîëèðîâàíèÿ.
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ÓÌÅÍÜØÅÍÈÅ ÐÎÑÒÀ
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Á.Í. Õàáèáóëëèí, khabib-bulat@mail.ru

ÓÄÊ 517.555

Àíîíñèðóþòñÿ íåêîòîðûå íîâûå òî÷íûå íåðàâåíñòâà äëÿ (ïëþ-
ðè)ñóáãàðìîíè÷åñêèõ, öåëûõ è ìåðîìîðôíûõ ôóíêöèé, ñâÿçàííûå
ñ ðîñòîì èõ èíòåãðàëüíûõ ñðåäíèõ è õàðàêòåðèñòèêè Íåâàíëèííû.

Êëþ÷åâûå ñëîâà: öåëàÿ ôóíêöèÿ, ìåðîìîðôíàÿ ôóíêöèÿ, õàðàê-
òåðèñòèêà Íåâàíëèííû, ïðîáëåìà Ïýëè, âûìåòàíèå.
Reduction of growth of (pluri)subharmonic and entire func-
tions

We announce some new sharp inequalities for (pluri)subharmonic, en-
tire and meromorphic functions associated with the growth of their
integral averages and Nevanlinna characteristic.

Keywords: entire function, meromorphic function, Nevanlinna char-
acteristic, Paley problem, balayage

Èíòåãðàëüíûå ñðåäíèå ïî îêðóæíîñòÿì ñ öåíòðîì â íóëå ñóáãàð-
ìîíè÷åñêîé íà êîìïëåêñíîé ïëîñêîñòè C ôóíêöèè u îáîçíà÷àåì ÷åðåç

Cu(r) :=
r⩾0

1

2π

∫ 2π

0

u(reiθ) dθ, C+
u (r) :=

r⩾0
max

{
0,Cu(r)

}
.

Ñëåäóþùèé íàø ðåçóëüòàò îòêðûâàåò øèðîêèå ïåðñïåêòèâû äëÿ ðàçâè-
òèÿ êàê â íàïðàâëåíèè óñèëåíèÿ, òàê è îáîáùåíèÿ ðÿäà êëàññè÷åñêèõ è
áîëåå èëè ìåíåå ñîâðåìåííûõ ðåçóëüòàòîâ, îïèñàííûõ â íàøèõ îáçîðàõ
[1�2] è îòðàæ¼ííûõ â ðàáîòàõ ìíîãèõ àâòîðîâ: G. Valiron, A. Whalund,
1929�30; R. Paley, 1932; W. K. Hayman, 1966; Í. Â. Ãîâîðîâ, 1967; Â. Ï.
Ïåòðåíêî, 1968; È. Â. Îñòðîâñêèé, 1970; B. Dahlberg, 1972; M. Ess�en,
1974; Ì. Ë. Ñîäèí, 1983; À. À. Êîíäðàòþê, Ñ. È. Òàðàñþê è ß. Â. Âà-
ñèëüêèâ, 1996; Á. Í. Õàáèáóëëèí, 1993�2002; Á. Í. Õàáèáóëëèí, Ð. À.
Áàëàäàé, 2010; Ð. À. Øàðèïîâ, 1993 è 2010 [3]; A. B�erd�ellima, 2018 [4�5].

Îñíîâíàÿ òåîðåìà (2024 ã.) Äëÿ ëþáîé ñóáãàðìîíè÷åñêîé íà C
ôóíêöèè u ̸≡ −∞ ïðè ëþáîì âûáîðå ÷èñëà p ⩾ 1 íàéä¼òñÿ ñóáãàðìî-
íè÷åñêàÿ íà C ôóíêöèÿ v ̸≡ −∞, ñ êîòîðîé

u(z) + v(z) ⩽
∀z∈C

∫ +∞

0

C+
u

(
t|z|
) p2tp−1

(1 + tp)2
dt, (1)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 24-21-00002).
Õàáèáóëëèí Áóëàò Íóðìèåâè÷, ä.ô.-ì.í., ïðîôåññîð, ÈÌÂÖ ÓÔÈÖ ÐÀÍ (Óôà,

Ðîññèÿ); Bulat Khabibullin (Institute of Mathematics with Computing Centre of the
UFRC of the RAS, Ufa, Russia)

146



à äëÿ ëþáîãî ÷èñëà N ∈ R+ íàéä¼òñÿ òàêàÿ öåëàÿ ôóíêöèÿ h ̸≡ 0, ÷òî

u(z) + ln
∣∣h(z)∣∣ ⩽

∀z∈C

∫ +∞

0

C+
u

(
t
(
|z|+ 1

(2 + |z|)N
)) p2tp−1dt

(1 + tp)2
, (2)

ãäå èíòåãðàëû â ïðàâûõ ÷àñòÿõ íåðàâåíñòâ êîíå÷íû ïðè âñåõ z ∈ C,
åñëè îíè êîíå÷íû ïðè íåêîòîðîì |z| ̸= 0, äëÿ ÷åãî äîñòàòî÷íî∫ +∞

1

C+
u (t)

tp+1
dt < +∞ èëè lim sup

z→∞

lnu+(z)

ln |z| < p.

Ïåðåä èíòåãðàëàìè â ïðàâûõ ÷àñòÿõ íåðàâåíñòâ (1)�(2) íåëüçÿ ïîñòà-
âèòü ìíîæèòåëü < 1, à â ïðàâîé ÷àñòè (2) äîáàâêó 1

(2+|z|)N íåëüçÿ

çàìåíèòü íà óáûâàþùóþ ê íóëþ ïðè z → ∞ áûñòðåå ñòåïåííîé.

Èç îñíîâíîé òåîðåìû âûâîäÿòñÿ å¼ àíàëîã äëÿ ïëþðèñóáãàðìîíè÷å-
ñêèõ íà Cn ôóíêöèé è ðÿä íîâûõ óòâåðæäåíèé äëÿ C è Cn î ñóùåñòâî-
âàíèè ìóëüòèïëèêàòîðîâ, ïîãàøàþùèõ ðîñò öåëîé ôóíêöèè êîíå÷íîãî
ïîðÿäêà, î ïðåäñòàâëåíèè ìåðîìîðôíîé ôóíêöèè êàê ÷àñòíîãî öåëûõ
ôóíêöèé ìèíèìàëüíî âîçìîæíîãî ðîñòà ïî îòíîøåíèþ ê õàðàêòåðè-
ñòèêå Íåâàíëèííû ìåðîìîðôíîé ôóíêöèè, î òî÷íûõ ãðàíèöàõ ðàäèóñà
êðóãà, â êîòîðîì ýêñïîíåíöèàëüíàÿ ñèñòåìà ñ çàäàííûìè ïîêàçàòåëÿìè
ïîëíà è ìèíèìàëüíà ñ òî÷íîñòüþ äî äâóõ ýêñïîíåíò â áàíàõîâûõ ïðî-
ñòðàíñòâàõ ãîëîìîðôíûõ ôóíêöèé â êðóãå, à òàêæå àíàëîã ïîñëåäíåãî
ïî ïîëíîòå ýêñïîíåíöèàëüíûõ ñèñòåì äëÿ êðóãîâûõ îáëàñòåé â Cn.
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Î ÑÓÌÌÈÐÓÅÌÎÑÒÈ ÏÎ ÌÅÐÅ Â ÏÐÎÑÒÐÀÍÑÒÂÅ
ÈÇÌÅÐÈÌÛÕ ÔÓÍÊÖÈÉ
Þ.Õ. Õàñàíîâ, À.Í. Äàâëàòîâ

yukhas60@mail.ru, Davlatov95@mail.ru

ÓÄÊ 517.518

Â ðàáîòå ïðèâåäåíû ðÿä óòâåðæäåíèé, äàþùèõ êðèòåðèé àáñî-
ëþòíîé p�ñóììèðóåìîñòè (1 ≤ p < ∞) â ïðîñòðàíñòâå èçìåðè-
ìûõ ïî Ëåáåãó êîíå÷íûõ ïî÷òè âñþäó íà îòðåçêå [0, 1] ôóíêöèé.
Óñòàíîâëåíà òåîðåìà òèïà Âèõìàííà î ñóììèðóåìîñòè, ò.å. ïîëó÷å-
íû àíàëîãè êëàññè÷åñêèõ òåîðåì î ñóììèðóåìîñòè â ïðîñòðàíñòâå
M(S, µ), ãäå S = [0, 1] è µ � ìåðà Ëåáåãà, à ìíîæåñòâî M(S, µ) ñî-
ñòîèò èç èçìåðèìûõ ïî÷òè âñþäó êîíå÷íûõ íà îòðåçêå [0, 1] ôóíê-
öèé.
Êëþ÷åâûå ñëîâà: èçìåðèìûå ôóíêöèè, ñóììèðóåìîñòü ïî ìåðå, ìå-
ðà Ëåáåãà, ìàòðèöà êîíå÷íîãî òèïà, ñõîäèìîòü ïî ìåðå.
On summability by measure in the space of measurable func-
tions

The paper presents a number of statements that give a criterion for
the absolute p–summability (1 ≤ p < ∞) in the space of Lebesgue-
measurable finite functions almost everywhere on the segment [0, 1].
A Wichmann-type theorem on summability is established, i.e. ana-
logues of classical theorems on summability in the space M(S, µ) are
obtained, where S = [0, 1] and µ is the Lebesgue measure, and the set
M(S, µ) consists of functions that are almost everywhere measurable
and finite on the segment [0, 1].

Keywords: measurable functions, summability by measure, Lebesgue
measure, finite type matrix, convergence by measure.

Ïóñòü ξk(t) (k = 0, 1, 2, . . .) � èçìåðèìûå ôóíêöèè è A = (αnk)- ÷èñëî-
âàÿ ìàòðèöà. Ââåäåì â ðàññìîòðåíèå ïðåîáðàçîâàíèå âèäà

ηn(t) =

∞∑
k=0

αnkξk(t). (1)

Îïðåäåëåíèå 1 [1]. Ãîâîðÿò, ÷òî ïîñëåäîâàòåëüíîñòü èçìåðèìûõ
ôóíêöèé fn(x) (n = 1, 2, . . .) ñõîäèòñÿ ïî ìåðå ê ôóíêöèè F (x), åñëè
äëÿ ëþáîãî σ > 0

lim
n→∞

µ(x : |fn(x)− F (x)| ≥ σ) = 0.

Õàñàíîâ Þñóôàëè Õàñàíîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÐÒÑÓ (Äóøàíáå, Ðåñïóá-
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Îïðåäåëåíèå 2. Ãîâîðÿò, ÷òî ïîñëåäîâàòåëüíîñòü χ = ξk�
ñóììèðóåìà ïî ìåðå ìåòîäîì A èëè A�ñóììèðóåìà ïî ìåðå, åñëè ñõî-
äèòñÿ ïî ìåðå ïîñëåäîâàòåëüíîñòü y(t) = (ηn(t)), êîòîðàÿ îïðåäåëåíà
ðàâåíñòâîì (1).

Ïðîñòðàíñòâî âñåõ A�ñóììèðóåìûõ ïî ìåðå ïîñëåäîâàòåëüíîñòåé
áóäåì îáîçíà÷àòü ÷åðåç FA(M):

FA(M) = {χ = (ξk) : (ηn(t))}

ñõîäèòñÿ ïî ìåðå. Â ÷àñòíîñòè,

F 0
A(M) = {χ = (ξk) : ηn(t) → θ}

ïî ìåðå.
Ïîä ìàòðèöåé Òåïëèöà èëè T�ìàòðèöåé áóäåì ïîíèìàòü ìàòðèöó

A, åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ

sup
n

∞∑
k=0

|αnk| <∞, lim
n→∞

αnk = 0 (k = 0, 1, 2, . . .), lim
n→∞

αnk = 1.

Ìýääîêñ [2] ðàññìàòðèâàë ñóììèðóåìîñòü ïî ìåðå ïîñëåäîâàòåëüíî-
ñòåé òàêèõ èçìåðèìûõ ïî÷òè âñþäó êîíå÷íûõ ôóíêöèÿ ξk, äëÿ êîòîðûõ
íàéäåòñÿ èçìåðèìàÿ ïî÷òè âñþäó êîíå÷íàÿ ôóíêöèÿ ϕ(t), òàêàÿ, ÷òî
|ξk(t)| ≤ ϕ(t). Îí ïîêçàë, ÷òî ηn → ξ ïî ìåðå äëÿ êàæäîé ñõîäÿùåéñÿ ê
ξ ïî ìåðå ïîñëåäîâàòåëüíîñòè {ξk} â òî÷íîñòè òîãäà, êîãäà A = {αnk}
ÿâëÿåòñÿ T� ìàòðèöåé. Îí ïîêàçàë òàêæå, ÷òî åñëè îòêàçàòüñÿ îò ïðåä-
ïîëîæåíèÿ |ξk(t)| ≤ ϕ(t), òî ñóùåñòâóåò ïðîñòðàíñòâî ñ ìåðîé (S,Σ, µ),
T�ìàòðèöà A è ñõîäÿùàÿñÿ ïî ìåðå ïîñëåäîâàòåëüíîñòü èçìåðèìûõ íà
(S,Σ, µ) ôóíêöèé, êîòîðàÿ íå ñóììèðóåìà ìåòîäîì A ïî ìåðå.

Ïóñòü S = [0, 1] åñòü µ�ìåðà Ëåáåãà è M ñîñòîèò èç èçìåðèìûõ ïî-
÷òè âñþäó êîíå÷íûõ íà îòðåçêå [0, 1] ôóíêöèé. Âèõìàíí [3] óñòàíîâèë,
÷òî äëÿ âêëþ÷åíèÿ FA(M) ⊃ F (M) íåîáõîäèìî è äîñòàòî÷íî âûïîëíå-
íèÿ ñëåäóþùèõ óñëîâèé:

1. ñóùåñòâóåò
lim
n→∞

αnk = αk; (2)

2. ñóùåñòâóåò

lim
n→∞

∞∑
n=0

αnk = α; (3)

3. ñóùåñòâóåò

sup
n

∞∑
n=0

|αnk| <∞; (4)

4. ñóùåñòâóåò íàòóðàëüíîå ÷èñëî L òàêèå, ÷òî ÷èñëî îòëè÷íûõ îò
íóëÿ ýëåìåíòîâ ëþáîé ñòðîêè ìàòðèöû A íå ïðåâîñõîäèò ÷èñëà L.

Ìåíèõåñ [4] ïîëó÷èë àíàëîãè÷íûé ðåçóëüòàò äëÿ T�ìàòðèö.
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Â ýòîé çàìåòêå ìû ïîïûòàåìñÿ íàéòè òåîðåì òèïà Âèõìàííà î ñóì-
ìèðóåìîñòè, ò.å. ïîëó÷èòü àíàëîãîâ êëàññè÷åñêèì òåîðåìàì î ñóììè-
ðóåìîñòè â ïðîñòðàíñòâå M(S, µ), ãäå S = [0, 1] è µ � ìåðà Ëåáåãà, à
ìíîæåñòâîM ñîñòîèò èç èçìåðèìûõ ïî÷òè âñþäó êîíå÷íûõ íà îòðåçêå
[0, 1] ôóíêöèé.

Ñëåäóþùàÿ òåîðåìà óñòàíàâëèâàåò íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ A�ñóììèðóåìîñòè ïî ìåðå âñå ñõîäÿùèåñÿ ïî ìåðå ê íóëþ ïî-
ñëåäîâàòåëüíîñòè.

Òåîðåìà 1. Äëÿ âêëþ÷åíèÿ FA(M) ⊃ F 0(M) íåîáõîäèìî è äîñòà-
òî÷íî âûïîëíåíèå óñëîâèé (2), (4) è F = FA(R), à ìàòðèöà A ÿâëÿ-
åòñÿ ìàòðèöåé êîíå÷íîãî òèïà.

Òåïåðü ïðèâîäèì óòâåðæäåíèå, êîòîðîå îáåñïå÷èâàåò A�
ñóììèðóåìîñòè ïî ìåðå ê íóëþ âñå ñõîäÿùèåñÿ ïî ìåðå ê íóëþ
ïîñëåäîâàòåëüíîñòè.

Òåîðåìà 2. Äëÿ âêëþ÷åíèÿ F 0
A(M) ⊃ F 0(M) íåîáõîäèìî è äîñòà-

òî÷íî âûïîëíåíèÿ óñëîâèé (2), (4) ñ αk = 0 (k = 1, 2, . . .) è ÷òîáû
ìàòðèöà A áûëà ìàòðèöåé êîíå÷íîãî òèïà.
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Â ðàáîòå íàéäåíû ðÿä íîâûõ êðèòåðèé ïî âîïðîñàì àáñîëþòíîé
ñõîäèìîñòè äâîéíûõ ðÿäîâ Ôóðüå ïî÷òè-ïåðèîäè÷åñêè â ñìûñëå
Áåçèêîâè÷à ôóíêöèé äâóõ ïåðåìåííûõ, â ñëó÷àå, êîãäà ïîêàçàòåëè
Ôóðüå èìåþò åäèíñòâåííóþ ïðåäåëüíóþ òî÷êó â áåñêîíå÷íîñòè. Â
êà÷åñòâå ñòðóêòóðíîé õàðàêòåðèñòèêè ðàññìàòðèâàåìîé ôóíêöèè,
èñïîëüçóåòñÿ ìîäóëü íåïðåðûâíîñòè âûñøåãî ïîðÿäêà.

Êëþ÷åâûå ñëîâà: ôóíêöèè äâóõ ïåðåìåííûõ, ïî÷òè-ïåðèîäè÷åñêèå
ôóíêöèè Áåçèêîâè÷à, äâîéíûå ðÿäû Ôóðüå, àáñîëþòíàÿ ñõîäè-
ìîñòü, ïðåäåëüíàÿ òî÷êà â áåñêîíå÷íîñòè, êîýôôèöèåíòû Ôóðüå,
ìîäóëü íåïðåðûâíîñòè.
On sufficient conditions for absolute convergence of double
Fourier series of almost periodic Bezikovich functions

The paper examines criteria for the absolute convergence of double
Fourier series almost periodically in the sense of Besicovitch functions,
in the case where the Fourier exponents have a single limit point at
infinity. As an approximation device, i.e. structural characteristics of
the function under consideration, a higher order modulus of continuity
is used.

Keywords: functions of two variables, almost-periodic Bezikovich func-
tions, double Fourier series, absolute convergence, limit point at infin-
ity, Fourier coefficients, modulus of continuity.

Ïóñòü Bp (1 ≤ p ≤ ∞) - ëèíåéíîå ïðîñòðàíñòâî, êîòîðîå ñîñòîèò èç
èçìåðèìûõ ôóíêöèé f(x, y), è äëÿ êîòîðûõ |f(x, y)|p (1 ≤ p ≤ ∞)
èíòåãðèðóåìà â ñìûñëå Ëåáåãà â ïðîñòðàíñòâå R2, ñ êîíå÷íîé íîðìîé

||f ||Bp = DBp{f(x, y)} = { lim
T→∞

1

4T 2

∫ T

−T

∫ T

−T
|f(x, y)|pdxdy}

1
p

(1 ≤ p ≤ ∞), à ïðè p = ∞

Õàñàíîâ Þñóôàëè Õàñàíîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÐÒÑÓ (Äóøàíáå, Ðåñïóá-
ëèêà Òàäæèêèñòàí); Yusufali Khasanov (Russian�Tajik Slavonic University, Dushanbe,
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||f ||Bp = vrai sup
x,y

|f(x, y)| <∞.

Ïðåäïîëîæèì, ÷òî ôóíêöèÿ f ∈ Bp èìååò ôîðìàëüíîå ðàçëîæåíèå
â äâîéíîé ðÿä Ôóðüå

f(x, y) ∼
∞∑

k=−∞

∞∑
l=−∞

ck,le
i(Λkx+λly),

ãäå ck,l = Mxy{f(x, y)e−i(Λkx+λly)} - êîýôôèöèåíòû Ôóðüå, à
{Λk}∞k=−∞, {λl}∞l=−∞ - ïîêàçàòåëè Ôóðüå (ñïåêòð ôóíêöèè), êîòîðûå
èìåþò åäèíñòâåííóþ ïðåäåëüíóþ òî÷êó â áåñêîíå÷íîñòè, òî åñòü

Λ0 = 0, Λ−k = −Λk, |Λk| < |λk+1|, lim
k→∞

Λk = ∞, (1)

λ0 = 0, λ−l = −λl, |λl| < |λl+1|, lim
l→∞

λl = ∞.

Ïóñòü

∆1
δf(x, y) = f(x+ δ, y)− f(x, y), ∆2

rf(x, y) = f(x, y + r)− f(x, y);

ω1(f, h) = sup
x,y

sup
|δ|≤h

|∆1
δf(x, y)|, (2)

ω2(f, η) = sup
x,y

sup
|r|≤η

|∆2
rf(x, y)|, (3)

ω11(f, h, η) = sup
x,y

sup
|δ|≤h

sup
|r|≤η

|∆1
δ∆

2
rf(x, y)|. (4)

Âåëè÷èíû (2) è (3) íàçûâàåòñÿ ÷àñòíûìè, à (4) - ñìåøàííûì ìîäóëÿìè
íåïðåðûâíîñòè ôóíêöèè f(x, y).

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ íåêîòîðûå íîâûå äîñòàòî÷-
íûå óñëîâèÿ àáñîëþòíîé ñõîäèìîñòè äâîéíûõ ðÿäîâ Ôóðüå ïî÷òè-
ïåðèîäè÷åñêèõ ôóíêöèé èç ïðîñòðàíñòâà B2, êîãäà ïîêàçàòåëè Ôóðüå
èìååò åäèíñòâåííóþ ïðåäåëüíóþ òî÷êó â áåñêîíå÷íîñòè (ñì., íàïðèìåð,
[2], [5-6]).

Õîðîøî èçâåñòíî, ÷òî äëÿ ïðîèçâîëüíîé ôóíêöèè f ∈ B2, èìååò
ìåñòî ðàçëîæåíèå â äâîéíîé ðÿä Ôóðüå

∞∑
k=0

∞∑
l=0

Bk,l(ak,l cosΛkx cosλly+ bk,l sinΛkx cosλly+

+ck,l cosΛkx sinλly+ dk,l sinΛkx sinλny), (5)

ãäå

Bk,l = 1, Bk,0 = B0,l =
1

2
, k, l ≥ 1, B0,0 =

1

4
,
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a0,0 =M{f(x, y)},
ak,l =M{f(x, y) cosΛmx cosλly},

bk,l =M{f(x, y) sinΛkx cosλly},

ck,l =M{f(x, y) cosΛkx sinλly},

dk,l =M{f(x, y) sinΛkx sinλly} (k = 1, 2, ..., l = 1, 2, ...),

M{g(x, y)} = lim
T→∞

1

4T 2

∫ T

−T

∫ T

−T
g(x, y)dxdy.

Íèæå ïðèâîäèòñÿ íåêîòîðûå íîâûå ðåçóëüòàòû, êîòîðûå îòíîñÿòñÿ
íàõîæäåíèþ êðèòåðèé àáñîëþòíîé ñõîäèìîñòè ðÿäîâ âèäà (5) ñ èçâåñò-
íûìè êîýôôèöèåíòàìè (ñì., íàïðèìåð, [2] ñòð. 72; [3] ñòð 70-73.).

Òåîðåìà 1. Ïóñòü ñïåêòðû {Λk}∞k=1, {λl}∞l=1 ôóíêöèÿ f ∈ B2 óäî-
âëåòâîðÿåò óñëîâèÿì (1) è Φ(u) > 0, u > 0. Ïóñòü äëÿ íåêîòîðîãî
β ∈ (0, 2) âûïîëíÿåòñÿ óñëîâèå

∞∑
µ=1

∞∑
v=1

[χ(2µπ)− χ(2µ−1π) + 1]1−
β
2 [χ(2νπ)−

−χ(2ν−1π)+1]1−
β
2 ωβ(f, 2−µ, 2−v)ω

β
2
Φ (f, 2−µ, 2−v)Φ− β

2 [ω(f, 2−µ, 2−v)] <∞, (6)

ãäå
ω(f, h, η) = vrai sup

x,y
sup
|δ|≤h

sup
|r|≤η

|∆1
δ∆

2
rf(x, y)|,

ωΦ(f, h, η) = sup
|δ|≤h

sup
|r|≤η

M{|∆1
δ∆

2
rf(x, y)|},

M{g(x, y)} = lim
T→∞

1

4T 2

∫ T

−T

∫ T

−T
g(x, y)dxdy.

Òîãäà ðÿä
∞∑
k=1

∞∑
l=1

(|ak,l|2 + |bk,l|2 + ck,l|2 + |dk,l|2)
β
2 (7)

ñõîäèòñÿ.

Òåîðåìà 2. Ïóñòü ñïåêòðû {Λk}∞k=1, {λl}∞k=1 ôóíêöèÿ f ∈ B2 óäî-
âëåòâîðÿåò óñëîâèÿì (1). Ïóñòü äëÿ íåêîòîðîãî β ∈ (0, 2) âûïîëíÿåòñÿ
óñëîâèå

∞∑
µ=1

∞∑
ν=1

[χ(2µπ)−χ(2µ−1π)+1]1−
β
2 [χ(2νπ)−χ(2ν−1π)+1]1−

β
2 ωβ2 (f, 2

−ν , 2−ν) <∞,

153



ãäå
ω2(f, h, η) = [ sup

|δ|≤h
sup
|r|≤η

M{|∆1
δ∆

2
rf(x, y)|}]

1
2 ,

òîãäà ðÿä (7) ñõîäèòñÿ.
Çàìåòèì, ÷òî ïðèçíàêè àáñîëþòíîé ñõîäèìîñòè êðàòíûõ è äâîéíûõ

ðÿäîâ Ôóðüå ïî÷òè-ïåðèîäè÷åñêèõ ôóíêöèé f ∈ Bp, â çàâèñèìîñòè îò
ïîâåäåíèÿ ïîêàçàòåëåé Ôóðüå, ðàññìîòðåíû â ðàáîòàõ [3],[4].
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PROPERTIES OF THE A(z)�HARMONIC MAJORANT
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We consider A(z)–analytic functions in the case when A(z) is an an-
tianalytic function. Here we will introduce A(z)–harmonic majorants
and we will show their properties.

Keywords: A(z)–analytic functions, A(z)–harmonic functions, A(z)–
subharmonic functions, A(z)–lemniscata.

Let A(z) be an antianalytic function, i.e. ∂A
∂z

= 0 in the convex domain
D ⊂ C; moreover, let |A(z)| ≤ c < 1 for all z ∈ D. The function f(z) is
said to be A(z)�analytic in the domain D if for any z ∈ D, the following
equality holds:

∂f

∂z̄
= A(z)

∂f

∂z
(1)

We denote by OA(D) the class of all A(z)�analytic functions de�ned
in the domain D.

According to, the function ψ (a, z) = z − a+
∫

γ(a,z)

A(τ)dτ is an A(z)�

analytic function.
The following set is an open subset of arbitrary convex domain D:

L (a, r) =

|ψ (a, z) | =

∣∣∣∣∣∣∣z − a+

∫
γ(a,z)

A(τ)dτ

∣∣∣∣∣∣∣ < r

 .

For su�ciently small r > 0, this set compactly lies in D (we denote this
fact by L(a, r) ⊂⊂ D) and contains the point a. This set L(a, r) is called
the A(z)�lemniscate centered at the point a. The lemniscate L(a, r) is a
simply - connected set (see [1]).

Let f = u+ iv.

Theorem 1. (see [3]). The real part of the A(z)�analytic functions of
f(z) ∈ OA(D) satis�es equation

∆Au =
∂

∂z

(
1

1− |A|2

(
(1 + |A|2)∂u

∂z̄
− 2A

∂u

∂z

))
+

+
∂

∂z̄

(
1

1− |A|2

(
(1 + |A|2)∂u

∂z
− 2Ā

∂u

∂z̄

))
= 0 (2)

in the domain of D.

Doctor of Philosophy in Physical and Mathematical Sciences (PhD), senior lecturer
student of Bukhara State University
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In connection with Theorem 1, it is natural to de�ne theA(z)�harmonic
function as follows.

De�nition 1 (see [3]). A double di�erentiable function u ∈ C2(D), u :
D → R is called A(z)−harmonic in the D domain if the D domain if it
satis�es the di�erential equation (2).

The class of A(z)�harmonic functions in the domain of D is denoted
as hA(D). Thus, the real part and hence the imaginary part, of the A(z)�
harmonic function in the domain of D.

Theorem 2 (see [2], on the mean of A(z)�harmonic function in
lemniscate). Let D be a convex domain. Then if u(z) is an A(z)�harmonic
function in lemniscate L(a, r) ⊂ D, then for any ρ < r take place

u(a) =
1

2πρ

∫
|ψ(a,ξ)|=ρ

u(ξ)
∣∣dξ +A(ξ)dξ̄

∣∣, (3)

Using the averaging operator (3), we can determine A(z)�subharmonic
functions.

De�nition 2 (see [2]). The function u(z) : D → [−∞,∞) is called
A(z)�subharmonic in the domain D ⊂ C if it is semi-continuous from
above, lim

w→z
u(w) ≤ u(z), ∀z ∈ D and the inequality of average is valid:

u(a) ≤ 1

2πr

∫
|ψ(a,ζ)|=r

u(ζ)
∣∣dζ +A(ζ)dζ̄

∣∣,
for any �xed point a ∈ D and for any lemniscate L(a, r) ⊂⊂ D, where
r > 0.

The class A(z)�subharmonic in the domain of D functions is denoted
by shA(D).

To do this, we need the concepts of harmonic majorants of subharmonic
functions.

De�nition 3. Let v(z) ∈ shA(L(a, r)). Then A(z)�harmonic in
lemniscate L(a, r) function u(z) ∈ hA(L(a, r)) is called the A(z)�harmonic
majorant of v, if v(z) ≤ u(z), ∀z ∈ L(a, r). Note that if v(z) ∈ shA(D)
and L(a, r) ⊂⊂ D, then the solution of the Dirichlet problem

ω(z) ∈ hA(L(a, r)), ω(z)|∂L(a,r) = v(z)|∂L(a,r)

is the A(z)�harmonic majorant of the function v(z), ω(z) ≥ v(z), ∀z ∈
L(a, r).

Note that if v(z) ∈ shA(D) and L(a, r) ⊂⊂ D, then the solution of the
Dirichlet problem ω(z) ∈ hA(L(a, r)), ω(z)|∂L(a,r) = v(z)|∂L(a,r) is the
A(z)�harmonic majorant of the function v(z), ω(z) ≥ v(z), ∀z ∈ L(a, r).
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Theorem 3. In order to the A(z)�subharmonic function v(z) ∈
shA(L(a, r)) in lemniscate L(a, r) has a harmonic majorant u(z) ∈
hA(L(a, r)), u(z) ≥ v(z), it is necessary and su�cient that the
family of integrals

∫
∂L(a,ρ)

|v(z)|
∣∣dz + A(z)dz̄

∣∣ is uniformly bounded, i.e.

sup
ρ<r

{ ∫
∂L(a,ρ)

|v(z)|
∣∣dz +A(z)dz̄

∣∣} <∞.

Theorem 4. Let u(z) ∈ hA(L(a, r)) be such that
∫

∂L(a,ρ)

|u(z)|
∣∣dz +

A(z)dz̄
∣∣ is uniformly bounded, sup

ρ<r

{ ∫
∂L(a,ρ)

|u(z)|
∣∣dz +A(z)dz̄

∣∣} < ∞.

Then u(z) is represented as the di�erence of two positive A(z)�harmonic
functions, u(z) = u1(z)− u2(z), where u1(z) > 0, u2(z) > 0.
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ÔÓÐÜÅ ËÎÃÀÐÈÔÌÈ×ÅÑÊÎÉ ÔÓÍÊÖÈÅÉ,

ÑÎÄÅÐÆÀÙÅÉ ÄÂÅ ÄÐÎÁÍÎ-ÐÀÖÈÎÍÀËÜÍÛÅ
ÑËÀÃÀÅÌÛÅ
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ÓÄÊ 591.65

Êîíñòàíòà Ëåáåãà Ln êëàññè÷åñêîãî îïåðàòîðà Ôóðüå ðàâíîìåð-
íî ïðèáëèæàåòñÿ ïðîñòîé ëîãàðèôìè÷åñêî-äðîáíî-ðàöèîíàëüíîé
ôóíêöèåé, ñîäåðæàùåé äâà ïàðàìåòðà. Â ïðîöåññå ïîñòðîåíèÿ àï-
ïðîêñèìèðóþùåãî àãðåãàòà èñïîëüçóåòñÿ àëãîðèòì, ïîçâîëÿþùèé
äîâåñòè âåëè÷èíó ïîãðåøíîñòè ïðèáëèæåíèÿ Ln äî 10−8.

Êëþ÷åâûå ñëîâà: îïåðàòîð Ôóðüå, êîíñòàíòà Ëåáåãà, äðîáíî-
ðàöèîíàëüíàÿ ôóíêöèÿ, ïîãðåøíîñòü àïïðîêñèìàöèè.
Approximation of the Lebesgue constant of the Fourier oper-
ator by a logarithmic function containing fractional rational
summands

The Lebesgue constant of the classical Fourier operator is uniformly
approximated by a simple logarithmic-fractional-rational function con-
taining two parameters. In the process of constructing the approxi-
mating aggregate, an algorithm is used to bring the magnitude of the
approximation error Ln up to 10−8.

Keywords: Fourier operator, Lebesgue constant, fractional-rational
function, approximation error.

Îñíîâíîé çàäà÷åé òåîðèè ïðèáëèæåíèÿ ôóíêöèé ÿâëÿåòñÿ ýôôåêòèâ-
íàÿ çàìåíà ýëåìåíòà x ∈ X èç âûáðàííîãî íîðìèðîâàííîãî ïðîñòðàí-
ñòâà áîëåå ïðîñòûìè àãðåãàòàìè u ∈ U ⊂ X, ñîäåðæàùèìè ìàëîå ÷èñëî
ïîäëåæàùèõ îïðåäåëåíèþ ïàðàìåòðîâ. Èçâåñòíî, ÷òî îöåíêà ðàâíîìåð-
íîé ïîãðåøíîñòè ïðè ïðèáëèæåíèè ôóíêöèè x(t) ∈ X = C2π ÷àñòè÷-
íûìè ñóììàìè Ôóðüå Sn(x, t) çàâèñèò îò êîíñòàíòû Ëåáåãà [1]

Ln = ∥Sn∥ =
1

2n+ 1
+

2

π

n∑
k=1

1

k
tg

πk

2n+ 1
(Sn : C2π → C2π, n ∈ N), (1)

êîòîðàÿ èìååò ëîãàðèôìè÷åñêèé ðîñò (Ln ≈ (4/π2) ln(n + a) + b). Äëÿ
ýòîé õàðàêòåðèñòèêè â ïåðâîé ïîëîâèíå äâàäöàòîãî âåêà Ë. Ôåéåðîì,

Øàêèðîâ Èñêàíäåð Àñãàòîâè÷, ê.ô.-ì.í., äîöåíò, ÍÃÏÓ (Íàáåðåæíûå ×åë-
íû, Ðîññèÿ); Iskander Shakirov (Naberezhnye Chelny State Pedagogical University,
Naberezhniye Chelny, Russia)
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Ã. Ñåãå, Ã. Õàðäè ïîëó÷åíû ðàçëè÷íûå ôîðìóëû (âêëþ÷àÿ àñèìïòîòè-
÷åñêèå) è èíòåãðàëüíûå ïðåäñòàâëåíèÿ. Ïðè áîëüøèõ çíà÷åíèÿõ àðãó-
ìåíòà n îíè òðåáóþò áîëüøèõ âû÷èñëèòåëüíûõ çàòðàò, ÷òî àêòóàëè-
çèðóåò çàäà÷ó ïðèáëèæåííîãî îïðåäåëåíèÿ Ln ñ èñïîëüçîâàíèåì ïðî-
ñòåéøèõ àãðåãàòîâ, ñîäåðæàùèõ ìàëîå êîëè÷åñòâî ïîäëåæàùèõ îïðå-
äåëåíèþ ïàðàìåòðîâ âèäà a, b è äð.

Çäåñü ðåøàåòñÿ çàäà÷à ïîñòðîåíèÿ àïïðîêñèìèðóþùåé (1) ïðîñòåé-
øåé ëîãàðèôìè÷åñêî-äðîáíî-ðàöèîíàëüíîé ôóíêöèè âèäà

Ln≈
4

π2
ln(n+ 0.5) + α̃0 +

d1
(n+ 0.5)2

+
d2

(n+ 0.5)4
def
= un(d1, d2) (n ∈ N) (2)

ñ ïîñëåäóþùåé îöåíêîé ñâåðõó íàèëó÷øåãî ïðèáëèæåíèÿ
E = inf

d1,d2
sup
n∈N

|Ln − un(d1, d2)|, ãäå α̃0 = c0 + (4/π2) ln 2 =

1.270353244 . . . (c0 = 0.989431273 . . . � const Âàòñîíà); d1, d2 ïîäëåæà-
ùèå îïðåäåëåíèþ ïîñòîÿííûå. Ñîãëàñíî ðàáîòå [2] (ñì. òåîðåìû 2 è 3)
â ïðàâîé ÷àñòè (2) ïðè ëîãàðèôìè÷åñêîé ñîñòàâëÿþùåé èñïîëüçîâàíû
ïàðàìåòðû a = 0.5, b = α̃0, êîòîðûå ÿâëÿþòñÿ îïòèìàëüíûìè ïðè
îöåíêå êîíñòàíòû Ëåáåãà ñíèçó. Óñòàíîâëåíî òàêæå, ÷òî èñïîëüçîâàíèå
ñäâèãà a = 0.5 àðãóìåíòà n óëó÷øàåò êà÷åñòâî ïðèáëèæåíèÿ íà äâà
ïîðÿäêà, ÷åì â êëàññè÷åñêîì âàðèàíòå (ñëó÷àé a = 0).

Íåèçâåñòíûå ïîñòîÿííûå d1, d2 îïðåäåëèì èç óñëîâèÿ ñîâïàäåíèÿ
ïðàâîé è ëåâîé ÷àñòåé (2) ïðè ïåðâîíà÷àëüíûõ çíà÷åíèÿõ àðãóìåíòà n :
L1 = u1(d1, d2), L2 = u2(d1, d2). Ðåøàÿ ïîëó÷åííóþ ïðè ýòîì ëèíåéíóþ
ñèñòåìó ñ íåíóëåâûì îïðåäåëèòåëåì, ïîëó÷èì:

d1 = d∗1 = 0.002996972641 . . . , d2 = d∗2 = −0.000116069468 . . . . (3)

Â èòîãå äëÿ êîíñòàíòû Ëåáåãà ïîëó÷èëè âïîëíå îïðåäåëåííîå ïðèáëè-
æåííîå ïðåäñòàâëåíèå âèäà Ln ≈ un(d

∗
1, d

∗
2), n ∈ N .

Òåîðåìà. Äëÿ ïðèáëèæåííîãî ðàâåíñòâà (2) ñ âïîëíå îïðåäåëåí-
íûìè êîíñòàíòàìè (3) èìåþò ìåñòî ñëåäóþùèå îöåíêè:

Ln ≥ un(d
∗
1, d

∗
2), n ∈ N ; E < sup

n∈N
|Ln − un(d

∗
1, d

∗
2)| < 0.000000033.

Íàáëþäàåòñÿ âåñîìûé âêëàä äðîáíî-ðàöèîíàëüíûõ ñëàãàåìûõ íà
òî÷íîñòü ðàâíîìåðíîé (äèñêðåòíîé) àïïðîêñèìàöèè êîíñòàíòû Ëåáå-
ãà. Äðóãèìè ñëîâàìè, èçâåñòíûå ðåçóëüòàòû [2] ïî ëîãàðèôìè÷åñêîé
àïïðîêñèìàöèè Ln çäåñü óëó÷øåíû íà ÷åòûðå ïîðÿäêà; à ðåçóëüòàò
ðàáîòû [3] (ñì. òåîðåìó 7), ïîëó÷åííûé ñ èñïîëüçîâàíèåì â (2) îäíîé
äðîáíî-ðàöèîíàëüíîé ñëàãàåìîé, óëó÷øåí ïî÷òè ñòî ñåìüäåñÿò ðàç.
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Â äîêëàäå ðàññìîòðåíû äèôôåðåíöèàëüíûå íåðàâåíñòâà òèïà
Ñ.Í. Áåðíøòåéíà è Â.È. Ñìèðíîâà äëÿ ïðîèçâîëüíûõ ìíîãî÷ëå-
íîâ.
Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå íåðàâåíñòâà äëÿ ìíîãî÷ëå-
íîâ, äèôôåðåíöèàëüíûé îïåðàòîð.
On Bernstein and Smirnov type inequalities for complex
polynomials

The report examines differential inequalities of the S.N. Bernstein and
V.I. Smirnov type for arbitrary polynomials.

Keywords: differential inequalities for polynomials, differential opera-
tor.

Â 1887 ãîäó çíàìåíèòûé õèìèê Ä.È. Ìåíäåëååâ â ñâÿçè ñî ñâîèìè
íàó÷íûìè èññëåäîâàíèÿìè ïîñòàâèë ñëåäóþùóþ çàäà÷ó [1, ãë. IV, � 86].

Äëÿ âåùåñòâåííûõ ìíîãî÷ëåíîâ f ñòåïåíè n, îãðàíè÷åííûõ íà îò-
ðåçêå [a; b] êîíñòàíòîé M , òðåáóåòñÿ äàòü íàèëó÷øóþ îöåíêó |f ′| íà
ýòîì êîìïàêòå. "Ïðîáëåìà Ìåíäåëååâà" ïðèâëåêàëà âíèìàíèå ìíî-
ãèõ ìàòåìàòèêîâ è "âåíöîì" ýòîé äåÿòåëüíîñòè â ïåðèîä äî 1930 ãîäà
â ñëó÷àå êîìïëåêñíûõ ìíîãî÷ëåíîâ, âåðîÿòíî, íàäî ñ÷èòàòü òåîðåìó
Ñ.Í. Áåðíøòåéíà [2].

Â 1964 ãîäó â êíèãå Â.È. Ñìèðíîâà è Í.À. Ëåáåäåâà [3, ãë. V, � 1,
ï. 3, òåîðåìà 1] òåîðåìà Áåðíøòåéíà áûëà óñèëåíà ñëåäóþùèì îáðàçîì:

Äëÿ ôèêñèðîâàííîãî z ∈ C\∆ îáîçíà÷èì Ω|z| - îáðàç êðóãà {t ∈ C :

|t| ≤ |z|} ïðè îòîáðàæåíèè Ψ(t) =
t

1+t ; Sα : f(z) −→ zf ′(z)− nαf(z)

- îïåðàòîð Ñìèðíîâà, α ∈ C.
Òåîðåìà À [3]. Ïóñòü f(z) è F (z) - ìíîãî÷ëåíû, óäîâëåòâî-

ðÿþùèå óñëîâèÿì:

(∗)


1)deg f ≤ degF = n,

2)âñå íóëè F ëåæàò â çàìêíóòîì êðóãå ∆ = {z ∈ C : |z| ≤ 1},
3)|f(z)| ≤ |F (z)| íà ãðàíèöå ∂∆ ýòîãî êðóãà.

Òîãäà äëÿ ëþáîãî z ∈ C \∆ è α ∈ Ω|z|

|Sα[f ](z)| ≤ |Sα[F ](z)|. (1)

Øìèäò Åëèçàâåòà Ñåðãååâíà, àñïèðàíò 3-ãî ãîäà îáó÷åíèÿ, ÏåòðÃÓ (Ïåòðîçà-
âîäñê, Ðîññèÿ); Elizaveta Shmidt (Petrozavodsk State University, Petrozavodsk, Russia)
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Äëÿ ëþáîãî α ∈ int Ω|z| è äëÿ ëþáîãî z ∈ C \ ∆ ðàâåíñòâî â (1)
äîñòèãàåòñÿ òîëüêî äëÿ f = eiγF , γ ∈ R.

Ñ ìîìåíòà ïîÿâëåíèÿ òåîðåìû Áåðíøòåéíà îãðîìíîå êîëè÷å-
ñòâî ïóáëèêàöèé áûëî ïîñâÿùåíî äèôôåðåíöèàëüíûì íåðàâåí-
ñòâàì äëÿ ìíîãî÷ëåíîâ è ñìåæíûì âîïðîñàì. Â ðàáîòå ðàññìîò-
ðåí âîïðîñ: íàñêîëüêî âàæíû âñå òðè ïóíêòà óëîâèé (∗) â òåîðå-
ìå A äëÿ ïîëó÷åíèÿ íåðàâåíñòâà (1) èëè åãî àíàëîãà? Åñëè 1) èëè
2) â óëîâèè (∗) íå áóäóò âûïîëíåíû, ìîæíî ëè ïîëó÷èòü àíàëîã
íåðàâåíñòâà (1) ñ ñîõðàíåíèåì òî÷íîñòè â ýòîì àíàëîãå?

Òåîðåìà 1. Ïóñòü f è F - ïðîèçâîëüíûå ìíîãî÷ëåíû ñòåïå-
íåé m è n, ñîîòâåòñòâåííî, äëÿ êîòîðûõ íà ãðàíèöå åäèíè÷íîãî
êðóãà ∂∆ ñïðàâåäëèâî íåðàâåíñòâî |f(z)| ≤ |F (z)|, îïåðàòîð Sα

è ìíîæåñòâî Ω|z| èçìåíåíèÿ ïàðàìåòðà α - êàê â òåîðåìå À.
Ïóñòü Λ = {z1, . . . , zk} - ìíîæåñòâî âñåõ íóëåé ìíîãî÷ëåíà F ñ
ó÷åòîì èõ êðàòíîñòè, ëåæàùèõ â C \∆; åñëè Λ ̸= ∅, òî îïðåäå-

ëÿåì q(z) =
∏

zj∈Λ

1−zjz
z−zj

, åñëè Λ = ∅, òî ïîëàãàåì q(z) ≡ 1;

l =

{
m− n, åñëè m > n

0, åñëè m ≤ n.

Òîãäà äëÿ z ∈ C \∆ è α ∈ Ω|z| ñïðàâåäëèâî íåðàâåíñòâî:

|Sα[f ](z)| ≤ |Sα[z
lFq](z)|, (2)

ò.å.

|zf ′(z)−mαf(z)| ≤ |z|l|z(F (z)q(z))′ − (mα− l)F (z)q(z)|.

Äëÿ α ∈ int Ω|z| è z ∈ C \∆ ðàâåíñòâî â (2) äîñòèãàåòñÿ òîëüêî

äëÿ ìíîãî÷ëåíîâ f = eiγzlFq, γ ∈ R.
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Èññëåäîâàíû íåëèíåéíûå ñòîõàñòè÷åñêîå óðàâíåíèÿ ïàðàáî-
ëè÷åñêîãî òèïà. Ðàññìîòðåíû ðàçëè÷íûå ñëó÷àè âîçäåéñòâèÿ
øóìà íà ñëàãàåìûå â ïðàâûõ ÷àñòÿõ óðàâíåíèé. Ïîëó÷åíû
òåîðåìû, ñ ïîìîùüþ êîòîðûõ âîçìîæíî ðåøàòü çàäà÷è Êî-
øè äëÿ ðàññìîòðåííûõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà : íåëèíåéíûå ñòîõàñòè÷åñêèå äèôôåðåíöè-
àëüíûå óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà, ñèììåòðè÷íûé èí-
òåãðàë, ñòîõàñòè÷åñêèé èíòåãðàë Ñòðàòîíîâè÷à.

ON NONLINEAR STOCHASTIC PARABOLIC
EQUATIONS

Nonlinear stochastic equations of the parabolic type are investi-
gated. Various cases of noise effects on the terms in the right-
hand sides of the equations are considered. Theorems for consid-
ered problems have been obtained.

Keywords: nonlinear stochastic parabolic equations, symmetric
integral, stochastic Stratonovich integral.

Ïóñòü íà âåðîÿòíîñòíîì ïðîñòðàíñòâå ñ ôèëüòðàöèåé
(Ω,F, (Ft)t∈[0,T ], P ) çàäàí ñëó÷àéíûé ïðîöåññ V (t), t ∈ [0, T ],
ñ íåïðåðûâíûìè ðåàëèçàöèÿìè. Îäíîé èç èññëåäóåìûõ â ðàáîòå
çàäà÷ ÿâëÿåòñÿ çàäà÷à Êîøè äëÿ íåëèíåéíîãî ñòîõàñòè÷åñêîãî
óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà:

u(x, t)− u(x, 0) =

∫ t

0

Gx(u(x, s), x, s, ux(x, s))ds+

∫ t

0

f(x, s, V (s)) ∗ dV (s),

(1)
u(x, 0) = u0(x), (x, t) ∈ R× [0, T ].

Â ñëó÷àå ãëàäêîé ôóíêöèè V (t) èíòåãðàëüíîå óðàâíåíèå â çàäà÷å
(1) ìîæíî çàïèñàòü â ôîðìàëüíîì âèäå:

ut(x, t) = Gx(u(x, t), x, t, ux(x, t)) + f(x, t, V (t)) · V ′(t).

Àáäðàõìàíîâ Ñàìàò Èëäóñîâè÷, ÓÓÍèÒ (Óôà, Ðîññèÿ); Samat Abdrakhmanov
(Ufa University of Science and Technology, Ufa, Russia)
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Âòîðîé èíòåãðàë â ïðàâîé ÷àñòè èíòåãðàëüíîãî óðàâíåíèÿ çàäà-
÷è (1) ÿâëÿåòñÿ ñèììåòðè÷íûì èíòåãðàëîì [1] ïî ïðîöåññó V (t).
Â ñëó÷àå, åñëè V (t) åñòü âèíåðîâñêèé ïðîöåññ, òî ýòîò èíòåãðàë
ñîâïàäàåò ñî ñòîõàñòè÷åñêèì èíòåãðàëîì Ñòðàòîíîâè÷à. Çäåñü
u = u(x, t) ∈ C2,1(R × [0, T ]), � èñêîìàÿ ôóíêöèÿ ïðÿìîé çàäà÷è,
f(x, t, V (t)) � íåëèíåéíûé èñòî÷íèê, çàâèñÿùèé îò ïðîñòðàíñòâåí-
íîé êîîðäèíàòû, âðåìåíè è ñëó÷àéíîãî ïðîöåññà.

Ñëåäóþùàÿ òåîðåìà îáîáùàåò òåîðåìó 4 èç ñòàòüè [2].
Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ:

1. G(z, x, t, µ) ∈ C1,1,0,1(R× R× [0, T ]× R);

2. u0(x) ∈ C2(R);

3. Ôóíêöèÿ f(x, t, v) ∈ C2,1,0(R× [0, T ]×R), ëîêàëüíî ñóììèðóåìà ïî
ïåðåìåííîé v äëÿ âñåõ ôèêñèðîâàííûõ x è t ∈ [0, T ].

Åñëè ôóíêöèÿ F (x, t, V (t)) =
∫ V (t)

V (0)
f(x, t, v)dv äëÿ ëþáûõ ôèê-

ñèðîâàííûõ x è t óäîâëåòâîðÿåò çàäà÷å Êîøè

Ft(x, t, v)|v≡V (t) = Gx(F (x, t, V (t)), x, t, Fx(x, t, V (t))),

F (x, 0, V (0)) = u0(x),

òî ôóíêöèÿ u = u(x, t) = F (x, t, V (t)), åñòü ðåøåíèå çàäà÷è (1).
Â ðàáîòå òàêæå èññëåäîâàíû çàäà÷è Êîøè äëÿ äðóãèõ íåëè-

íåéíûõ ñòîõàñòè÷åñêèõ óðàâíåíèé ïàðàáîëè÷åñêîãî òèïà.

Ëèòåðàòóðà
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Ïðåäëàãàþòñÿ ñïîñîáû ïîñòðîåíèÿ äîïóñòèìûõ ïðîãðàììíûõ
óïðàâëåíèé äëÿ íåëèíåéíûõ íåïðåðûâíî-äèñêðåòíûõ (ãèáðèäíûõ)
äèíàìè÷åñêèõ ñèñòåì ñ ïîñòîÿííûì øàãîì äèñêðåòèçàöèè.

Êëþ÷åâûå ñëîâà: ãèáðèäíàÿ ñèñòåìà, äèñêðåòíàÿ ñèñòåìà, äîïó-
ñòèìîå ïðîãðàììíîå óïðàâëåíèå.
Construction of admissible controls in nonlinear hybrid sys-
tems

Methods for constructing admissible program controls for nonlinear
continuous-discrete (hybrid) dynamic systems with a constant dis-
cretization step are proposed.

Keywords: hybrid system, discrete system, permissible software con-
trol.

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ óïðàâëÿåìîñòè íåëèíåéíûõ
íåïðåðûâíî-äèñêðåòíûõ (ãèáðèäíûõ) äèíàìè÷åñêèõ ñèñòåì âèäà{

x′(t) = f(x(t), y(tk)), t ∈ [tk, tk+1),
y(tk+1) = g(x(tk+1), y(tk), u(tk)), k = 0, 1, 2, ...,

(1)

ãäå tk+1 − tk = h > 0 - ïîñòîÿííàÿ âåëè÷èíà è tk = hk, k = 0, 1, 2, ...,
x ∈ Rn, y ∈ Rm - âåêòîðû ñîñòîÿíèé ñèñòåìû (1), u ∈ Rq - âåêòîð óïðàâ-
ëåíèÿ; f(x, y), g(x, y, u) - íåïðåðûâíî äèôôåðåíöèðóåìûå ïî ñîâîêóïíî-
ñòè ïåðåìåííûõ ôóíêöèè, ïðè÷åì f(0, 0) = g(0, 0, 0) = 0, ò.å. ïðè u = 0
ñèñòåìà (1) èìååò òî÷êó ðàâíîâåñèÿ x = 0, y = 0.

Ïîä ðåøåíèåì ñèñòåìû (1) ïðè âûáðàííîì óïðàâëåíèè u = u(tk),
k = 0, 1, 2, ..., áóäåì ïîíèìàòü ôóíêöèþ z(t) = (x(t), y(t)), ãäå x(t) =
φk(t), y(t) = y(tk) = yk ïðè t ∈ [tk, tk+1), k = 0, 1, 2, ..., ïðè÷åì x(t) =
φk(t) - ðåøåíèå çàäà÷è Êîøè

x′ = f(x, yk), x(tk) = xk, k = 0, 1, 2, . . . .

Ñòàâèòñÿ çàäà÷à ïîñòðîåíèÿ äîïóñòèìûõ ïðîãðàììíûõ óïðàâëåíèé ñ
îãðàíè÷åííîé ýíåðãèåé, ïåðåâîäÿùèõ ãèáðèäíóþ ñèñòåìó (1) èç çàäàí-
íîãî íà÷àëüíîãî ñîñòîÿíèÿ z(0) = z(t0) â çàäàííîå êîíå÷íîå ñîñòîÿíèå

Àêìàíîâà Ñâåòëàíà Âëàäèìèðîâíà, ê.ï.í., äîöåíò, ÌÃÒÓ èì. Ã.È. Íîñîâà
(Ìàãíèòîãîðñê, Ðîññèÿ); Svetlana Akmanova (Nosov Magnitogorsk State Technical
University, Magnitogorsk, Russia)
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z(1) = z(tl), ãäå tl = t0 + lh (l ∈ N), ïðè ýòîì êà÷åñòâî ïðîöåññà óïðàâ-
ëåíèÿ (êîëè÷åñòâî ðàñõîäóåìîé ýíåðãèè) îïðåäåëÿåòñÿ ôóíêöèîíàëîì

I(u) =

l−1∑
k=0

uT (tk)u(tk). (2)

Äëÿ ðåøåíèÿ äàííîé çàäà÷è âûïîëíèì ïåðåõîä îò ñèñòåìû (1) ê ðàâíî-
ñèëüíîé, â åñòåñòâåííîì ñìûñëå, íåëèíåéíîé äèñêðåòíîé ñèñòåìå âèäà

zk+1 = A(h)zk +Buk + ξ(zk, uk, h) , k = 0, 1, 2, . . . , (3)

ãäå

zk =

[
xk
yk

]
, B =

[
O
C

]
, A(h) =

[
eA1h A−1

1 (eA1h − I)B1

A2e
A1h A2A

−1
1 (eA1h − I)B1 +B2

]
,

A1 = f ′
x(0, 0), B1 = f ′

y(0, 0), A2 = g′x(0, 0, 0), B2 = g′y(0, 0, 0), C = g′u(0, 0, 0),

ξ(zk, uk, h) = o(∥zk∥+ ∥uk∥) ïðè ∥zk∥+ ∥uk∥ → 0.

Òîãäà ïîñòàâëåííàÿ çàäà÷à ñâîäèòñÿ ê ïîñòðîåíèþ äîïóñòèìûõ ïðî-
ãðàììíûõ óïðàâëåíèé äëÿ ñèñòåìû (3). Áóäåì ïîëàãàòü, ÷òî ñèñòåìà
ïåðâîãî ïðèáëèæåíèÿ äëÿ (3) óïðàâëÿåìà ïðè íåêîòîðîì h = h0 > 0
[1]. Ó÷èòûâàÿ îñîáåííîñòè ôóíêöèè ξ(zk, uk, h0) è ðàáîòó [2], ìîæíî
äîêàçàòü, ÷òî èòåðàöèîííàÿ ïðîöåäóðà ïîñòðîåíèÿ äîïóñòèìîãî ïðî-
ãðàììíîãî óïðàâëåíèÿ äëÿ ñèñòåìû (3) â íåêîòîðîé îêðåñòíîñòè òî÷êè
z = 0 ñõîäèòñÿ, ò.å. ôóíêöèîíàë (2) óäîâëåòâîðÿåò óñëîâèþ I(u) < +∞,
è íàéäåííîå óïðàâëåíèå ðåøàåò ïîñòàâëåííóþ çàäà÷ó äëÿ ñèñòåìû (1),
åñëè ñîñòîÿíèÿ z(0), z(1) íàõîäÿòñÿ â îêðåñòíîñòè òî÷êè x = 0, y = 0.
Åñëè õîòÿ áû îäíî èç ñîñòîÿíèé z(0), z(1) íàõîäèòñÿ âíå îêðåñòíîñòè
òî÷êè x = 0, y = 0, òî, ñ ó÷¼òîì [3], ïðåäëàãàåòñÿ äðóãîé ïîäõîä ê
ðåøåíèþ ïîñòàâëåííîé çàäà÷è, ïðåäïîëàãàþùèé ïðåäâàðèòåëüíîå ïî-
ñòðîåíèå ñîîòâåòñòâóþùåãî ñòàáèëèçèðóþùåãî óïðàâëåíèÿ äëÿ ñèñòå-
ìû (3).
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Äîêëàä ïðåäñòàâëÿåò ñîáîé îáçîð, ïîñâÿùåííûé ïàðàáîëè÷åñêèì
çàäà÷àì ñî ñâîáîäíûìè ãðàíèöàìè, â êîòîðûõ ïðèñóòñòâóåò îïå-
ðàòîð ñ ðàçðûâíûì ãèñòåðåçèñîì. Íàøà îñíîâíàÿ öåëü - îáñóäèòü
ðàçðåøèìîñòü çàäà÷ ñ ãèñòåðåçèñîì, ñòðóêòóðó ñâîáîäíûõ ãðàíèö
è êà÷åñòâåííûå ñâîéñòâà òàê íàçûâàåìûõ �ñèëüíûõ ðåøåíèé� èç
àíèçîòðîïíîãî ñîáîëåâñêîãî êëàññà W 2,1

q ïðè äîñòàòî÷íî áîëüøèõ
q.

Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâåííî-ðàñïðåäåëåííûé ãèñòåðåçèñ,
ñâîáîäíûå ãðàíèöû, ðåãóëÿðíîñòü, òåîðåìû ñóùåñòâîâàíèÿ.
On the solvability of the problem with hysteresis

In this talk we preset a survey concerning parabolic free boundary
problems involving a discontinuous hysteresis operator. Our main
oblective is to discuss the solvability of such problems, the structure
of free boundaries, and qualitative properties of the so-called “strong
solutions”, belonging to anisotropic Sobolev classes with sufficiently
large q.

Keywords: spatially distributed hysteresis, free boundary, regularity,
existence theorems.

Îáñóäèì çàäà÷ó ñî ñâîáîäíîé ãðàíèöåé, îïèñûâàåìóþ îäíîìåðíûì
óðàâíåíèåì òåïëîïðîâîäíîñòè ñ ðàçðûâíîé è îãðàíè÷åííîé ïðàâîé ÷à-
ñòüþ

∂tu−∆u = f(u). (1)

Äîïîëíèòåëüíî ïðåäïîëàãàåòñÿ ñóùåñòâîâàíèå äâóõ ïîðîãîâûõ çíà÷å-
íèé α < 0 è β > 0 òàêèõ, ÷òî ïðè u ⩽ α ïðîöåññ, îïèñûâàåìûé (1),
íàõîäèòñÿ ïîä âîçäåéñòâèåì ðåæèìà I, ïðè u ⩾ β - ïîä âîçäåéñòâèåì
ðåæèìà II, à ïðè α < u < β ïðîöåññ ìîæåò íàõîäèòüñÿ ïîä âëèÿíèåì
ëþáîãî èç óêàçàííûõ ðåæèìîâ.

Åñëè ïðîöåññ ñàìîðåãóëèðóåòñÿ òàêèì îáðàçîì, ÷òî ðåæèìû ìåíÿ-
þòñÿ ñî II íà I ïðè äîñòèæåíèè ðåøåíèåì u ïîðîãîâîãî çíà÷åíèÿ α è ñ
I íà II ïðè äîñòèæåíèè u ïîðîãîâîãî çíà÷åíèÿ β, òî ãîâîðÿò î ÿâëåíèè
ãèñòåðåçèñà, êîòîðîå çàêëþ÷àåòñÿ â ñâîéñòâå ïðîöåññîâ (ôèçè÷åñêèõ,
áèîëîãè÷åñêèõ, õèìè÷åñêèõ, ñîöèîëîãè÷åñêèõ è ò. ä.), îòêëèêàòüñÿ íà
ïðèëîæåííîå ê íèì âîçäåéñòâèå â çàâèñèìîñòè îò èõ òåêóùåãî ñîñòîÿ-
íèÿ. Ôàêòè÷åñêè ïîâåäåíèå îïèñûâàåìîé ñèñòåìû íà èíòåðâàëå âðåìå-
íè âî ìíîãîì îïðåäåëÿåòñÿ å¼ ïðåäûñòîðèåé.

Àïóøêèíñêàÿ Äàðüÿ Åâãåíüåâíà, ä.ô.-ì.í., ïðîôåññîð, ÐÓÄÍ (Ìîñêâà, Ðîññèÿ);
Darya Apushkinskaya (RUDN University, Moscow, Russia)
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Òàêèì îáðàçîì, îáëàñòü ïåðåìåííûõ (x, t), êîòîðóþ ìû ðàññìàòðè-
âàåì ðàçáèâàåòñÿ íà äâà çàðàíåå íåèçâåñòíûõ ìíîæåñòâà - çîíû àêòèâ-
íîñòè ðåæèìîâ I è II. Ðîëü ñâîáîäíîé ãðàíèöû èãðàåò ãðàíèöà ðàçäåëà
çîí àêòèâíîñòè ðåæèìîâ.

Â ðàìêàõ äîêëàäà ìû îáñóäèì êà÷åñòâåííûå ñâîéñòâà �ñèëüíûõ ðå-
øåíèé� èç àíèçîòðîïíîãî ñîáîëåâñêîãî êëàññà W 2,1

q ïðè äîñòàòî÷íî
áîëüøèõ q, îïèøåì ñòðóêòóðó ñâîáîäíûõ ãðàíèö, óäåëèâ îñîáîå âíè-
ìàíèå òàê íàçûâàåìûì �ñïÿùèì ãðàíèöàì�. È, íàêîíåö, äëÿ êëàññà
òðàíâåðñàëüíûõ íà÷àëüíûõ äàííûõ óñòàíîâèì ðàçðåøèìîñòü çàäà÷è è
ñâîéñòâà ãëàäêîñòè ñâîáîäíûõ ãðàíèö.

Äîêëàä îñíîâàí íà ðåçóëüòàò ðàáîò [1]-[4], ïîëó÷åííûõ ñîâìåñòíî ñ
Í.Í. Óðàëüöåâîé.
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ÑÈÑÒÅÌÛ ÈÍÒÅÃÐÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ Ñ ÏÎ×ÒÈ
ÂÎÇÐÀÑÒÀÞÙÈÌÈ ßÄÐÀÌÈ È ÑÒÅÏÅÍÍÎÉ

ÍÅËÈÍÅÉÍÎÑÒÜÞ
Ñ.Í. Àñõàáîâ,

askhabov@yandex.ru

ÓÄÊ 517.968

Ìåòîäîì âåñîâûõ ìåòðèê èçó÷åíû ñèñòåìû èíòåãðàëüíûõ óðàâíå-
íèé ñ ñóììàðíî-ðàçíîñòíûìè ÿäðàìè è ñòåïåííîé íåëèíåéíîñòüþ,
âîçíèêàþùèõ ïðè ðåøåíèè çàäà÷ ãèäðîàýðîäèíàìèêè è äðóãèõ.
Äîêàçàíû ãëîáàëüíûå òåîðåìû î ñóùåñòâîâàíèè è åäèíñòâåííî-
ñòè ðåøåíèÿ â êëàññå íåïðåðûâíûõ íåîòðèöàòåëüíûõ íà ïîëîæè-
òåëüíîé ïîëóîñè ôóíêöèé. Ïîëó÷åííûå ðåçóëüòàòû îõâàòûâàþò
íå òîëüêî íåóáûâàþùèå, íî è íåêîòîðûå íåâîçðàñòàþùèå è äàæå
íåìîíîòîííûå ÿäðà.

Êëþ÷åâûå ñëîâà: ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé, ñòåïåííàÿ
íåëèíåéíîñòü, ñóììàðíî-ðàçíîñòíûå ÿäðà.
Systems of integral equations with almost increasing kernels
and power nonlinearity

Using the method of weight metrics, systems of integral equations
with sum-difference kernels and power nonlinearity that arise when
solving problems of hydroaerodynamics and others are studied. Global
theorems on the existence and uniqueness of a solution in the class of
continuous functions that are nonnegative on the positive half-axis are
proven. The results obtained cover not only non-decreasing, but also
some non-increasing and even non-monotonic kernels.

Keywords: systems of integral equations, power nonlinearity, sum-
difference kernels.

Â êëàññå Q0,n =
{
u : u = {ui}ni=1, ui ∈ C[0,∞) è ui(x) > 0 ïðè x > 0

}
ñíà÷àëà ðàññìàòðèâàåòñÿ ñèñòåìà óðàâíåíèé ñ ðàçíîñòíûìè ÿäðàìè

uαi (x) =

n∑
j=1

x∫
0

pij(x− t) · uj(t) dt, α > 1 , x > 0 , i = 1, n. (1)

Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèè pij(x) ÿâëÿþòñÿ ïî÷òè âîçðàñòàþùèìè
(ïî Ñ.Í. Áåðíøòåéíó) ñ ñîîòâåòñòâóþùèìè êîíñòàíòàìè Cij ≥ 1 íà
ïîëóîñè [0,∞) (ñì., íàïðèìåð, [1]) è pij(+0) > 0 äëÿ âñåõ i, j = 1, n.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 22-11-00177).
Àñõàáîâ Ñóëòàí Íàæìóäèíîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÌÔÒÈ (Äîëãîïðóäíûé,

Ðîññèÿ), ×ÃÏÓ (Ãðîçíûé, Ðîññèÿ); Sultan Askhabov (Moscow Institute of Physics and
Technology, Dolgoprudny, Russia; Chechen State Pedagogical University, Grozny, Russia)
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Äîêàçûâàåòñÿ, ÷òî åñëè u ∈ Q0,n ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (1), òî
îíî íå óáûâàåò íà [0,∞), ïðè÷åì ñïðàâåäëèâû íåðàâåíñòâà

[
(α− 1)P

αM
n · x

]1/(α−1)

≤ ui(x) ≤

α− 1

α
n

x∫
0

(
n∑

i,j=1

pij(t)

)
dt

1/(α−1

,

ãäå P = min
1≤i,j≤n

pij(0), M = max
1≤i,j≤n

Cij . Òåì ñàìûì óëó÷øàþòñÿ ëåììû

5 è 6 èç [1]. Èñïîëüçóÿ ýòè íåðàâåíñòâà ïîñòðîåí êîíóñíûé îòðåçîê èí-
âàðèàíòíûé îòíîñèòåëüíî íåëèíåéíîãî èíòåãðàëüíîãî îïåðàòîðà, ïî-
ðîæäåííîãî ñèñòåìîé (1), è ìåòîäîì âåñîâûõ ìåòðèê (ñì., íàïðèìåð,
[1], [2]) äîêàçàíà ãëîáàëüíàÿ òåîðåìà î ñóùåñòâîâàíèè è åäèíñòâåííî-
ñòè ðåøåíèÿ ñèñòåìû (1) â êëàññåQ0,n. Ïîêàçàíî, ÷òî íà ëþáîì îòðåçêå
[0, b], ãäå b > 0 åñòü ïðîèçâîëüíîå ÷èñëî, ðåøåíèå ñèñòåìû (1) ìîæåò
áûòü íàéäåíî ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ïèêàðîâñêîãî
òèïà è ïîëó÷åíà îöåíêà ñêîðîñòè èõ ñõîäèìîñòè ê òî÷íîìó ðåøåíèþ.

Äàëåå äàåòñÿ îáîáùåíèå óêàçàííûõ ðåçóëüòàòîâ íà ñëó÷àé ñèñòå-
ìû óðàâíåíèé ñ ïî÷òè âîçðàñòàþùèìè ïîëîæèòåëüíûìè ñóììàðíî-
ðàçíîñòíûìè ÿäðàìè (ÿäðàìè Òåïëèöà-Ãàíêåëÿ):

uαi (x) =

n∑
j=1

x∫
0

[
pij(x− t) + qij(x+ t)

]
· uj(t) dt, α > 1 , i = 1, n. (2)

Â ñëó÷àå 0 < α ≤ 1 ïîêàçàíî, ÷òî ñèñòåìû (1) è (2) èìåþò â êîíóñå
ïðîñòðàíñòâà C[0,∞), ñîñòîÿùåì èç âñåõ íåîòðèöàòåëüíûõ íåïðåðûâ-
íûõ íà [0,∞) ôóíêöèé, ëèøü òðèâèàëüíîå (íóëåâîå) ðåøåíèå: ui(x) ≡ 0
äëÿ ëþáîãî i = 1, n.

Òàêèì îáðàçîì, â ñëó÷àå α > 1 ñèñòåìû íåëèíåéíûõ èíòåãðàëü-
íûõ óðàâíåíèé (1) è (2) êðîìå òðèâèàëüíîãî ðåøåíèÿ ìîãóò èìåòü è
íåòðèâèàëüíûå ðåøåíèÿ, â îòëè÷èå îò ñîîòâåòñòâóþùèõ ñèñòåì ëèíåé-
íûõ (α = 1) óðàâíåíèé, êîòîðûå èìåþò ëèøü òðèâèàëüíîå (íóëåâîå)
ðåøåíèå.
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ABSENCE OF GLOBAL SOLUTIONS TO A SYSTEM OF
HIGH-ORDER SEMILINEAR EQUATIONS WITH A

SINGULAR POTENTIAL
Sh.G. Bagyrov

sh_bagirov@yahoo.com

UDC 517.9

In a cylinder, where the base is the exterior of some compact, a sys-
tem of high-order semilinear equations with a singular potential is
considered. The question of the absence of global solutions is investi-
gated. An exact sufficient condition for the absence of global solutions
is found. The proof is based on the test function method

Keywords: semilinear equation, global solution, critical exponent, test
function method.

Denote: x = (x1, ..., xn) ∈ Rn, r = |x| =
√
x21 + ...+ x2n, R = const > 0,

BR = {x : |x| < R}, B′
R = {x : |x| > R}, B̄′

R = Rn\BR, QR =
BR × (0;+∞), Q′

R = B′
R × (0;+∞), C2,k

x,t (Q
′
R) is the set of functions

twice continuously di�erentiable with respect to x and k times continuously
di�erentiable with respect to t in Q′

R.
In the domain Q′

R we consider the system of equations

∂ku1

∂tk
= ∆u1 +

C1

|x|2 u1 + |x|σ1 |u2|q1
∂ku2

∂tk
= ∆u2 +

C2

|x|2 u2 + |x|σ2 |u1|q2 ,
(1)

with initial conditions

u
(m)
i

∣∣∣
t=0

= umi0(x) ≥ 0, uk−1
i0 (x) ≥ 0, (2)

where n > 2, qi > 1, σi ∈ R, 0 ≤ Ci <
(
n−2
2

)2
, umi0(x) ∈ C(B′

R),

i = 1, 2, m = 0, 1, ..., k − 1.

We are studying the nonexistence of a global solution of problem (1)-(2).
By a global solution of problem (1)-(2) we understand a pair of functions
(u1, u2), such that u1(x, t), u2(x, t) ∈ C2,k

x,t (Q
′
R)
⋂
C1,k−1
x,t (B̄′

R × [0,+∞))
and satisfy the system (1) at every point of Q′

R, the initial condition (2)
for t = 0.

The problems of non-existence of global solutions for di�erent classes
of di�erential equations and inequalities play a key role in theory and
applications. Therefore, they are at constant attention of mathematicians
and a great number of works were devoted to them. See the monograph [1]

Bagyrov Sh.G., Baku State University, Ministry of Science and Education of the
Republic of Azerbaijan Institute of Mathematics and Mechanics
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for the survey of such results. Note that the case Ci = 0 was considered in
work [2], and the case Ci ̸= 0, i = 1, 2, but k = 1 in work [3].

Denote:

Di =

√(
n− 2

2

)2

− Ci,

λ+
i = −n− 2

2
+Di,

λ−
i = −n− 2

2
−Di,

θ1 =
σ1 + 2 + q1(σ2 + 2)

q1q2 − 1
− λ−

1 − 2

k
,

θ2 =
σ2 + 2 + q2(σ1 + 2)

q1q2 − 1
− λ−

2 − 2

k
, i = 1, 2.

Let us consider the functions

ξ1(x) = |x|λ
+
1 − |x|λ

−
1 ,

ξ2(x) = |x|λ
+
2 − |x|λ

−
2 .

It is easy to verify that ξi(x) are the solutions of the equations

∆u+
Ci

|x|2
u = 0

in B′
1.
The following theorem is proved.
Theorem. Let n > 2, σi > −2, 0 ≤ Ci <

(
n−2
2

)2
and max(θ1, θ2) ≥ 0,

i = 1, 2. If u1(x, t) ≥ 0, u2(x, t) ≥ 0 is the solution of problem (1)-(2), then
u1(x, t) ≡ 0, u2(x, t) ≡ 0.

This theorem is proved by the method of test functions of Pohozaev
and Mitidieri [1], using a test function of the form ξiφ(x)T (t), where φ(x),
T (t) are chosen accordingly.
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ÈÑÑËÅÄÎÂÀÍÈÅ ÄÈÍÀÌÈÊÈ ÍÀ×ÀËÜÍÎÉ ÑÒÀÄÈÈ
ÐÀÇÐÓØÅÍÈß ÎÄÍÎÐÎÄÍÎÃÎ ÎÁÐÀÇÖÀ ÏÎÄ

ÒÅÌÏÅÐÀÒÓÐÍÛÌ ÂÎÇÄÅÉÑÒÂÈÅÌ
Î.À. Âàñèëüåâà, À.À. Õîõîíîâ

vasilievaoa@mgsu.ru, blay26@rambler.ru

ÓÄÊ 517.518

Ðàññìàòðèâàåòñÿ ìîäèôèöèðîâàííàÿ ìîäåëü Áàðåíáëàòà. Äàííàÿ
ìîäåëü ïðåäñòàâëÿåò ñîáîé íà÷àëüíóþ êðàåâóþ çàäà÷ó äëÿ ñèñòå-
ìû íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ñ ïîìîùüþ äàí-
íîé ìîäåëè èññëåäîâàíû ñêîðîñòü ðàñïðîñòðàíåíèÿ, òåìïåðàòóðà
è äèíàìèêà íà÷àëüíîé ñòàäèè ðàçðóøåíèÿ îáðàçöà.
Êëþ÷åâûå ñëîâà: ìàòåìàòèêà, äèôôåðåíöèàëüíûå óðàâíåíèÿ, ìà-
òåìàòè÷åñêîå ìîäåëèðîâàíèå.
Investigation of the dynamics of the initial stage of fracture
of a homogeneous specimen under temperature influence

A modified Barenblatt model is considered. This model is an initial
boundary value problem for a system of nonlinear differential equa-
tions. Using this model, the propagation velocity, temperature and
dynamics of the initial stage of sample fracture are investigated.

Keywords: mathematics, differential equations, mathematical model-
ing.

Ðàññìàòðèâàåòñÿ ìîäèôèöèðîâàííàÿ ìîäåëü Áàðåíáëàòà. Ìàòåìàòè÷å-
ñêàÿ ìîäåëü ÿâëÿåòñÿ îäíîìåðíîé â ïðîñòðàíñòâåííûõ ïåðåìåííûõ.
Äàííàÿ ìîäåëü ïðåäñòàâëÿåò ñîáîé íà÷àëüíóþ êðàåâóþ çàäà÷ó äëÿ ñè-
ñòåìû òðåõ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðî-
èçâîäíûõ.

Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (1) ÿâëÿåòñÿ íåëèíåéíîé,
ïîýòîìó äëÿ èññëåäîâàíèÿ íà÷àëüíîé êðàåâîé çàäà÷è èñïîëüçóþòñÿ
÷èñëåííûå ìåòîäû.

dT

dt
= βT (1 + βT (T − 1)divU) + (ϵ△T ),

dU

dt
= − 1

1− ϵ
(1− ϵ+

βT
αl

)∇P + ϵge1 + ϵ△U (1)

dϵ

dt
=

1

2K1ϵ

1

1− ϵ
(−K3(1− ϵ+

βT
αl

)η(T )−kse + (1− ϵ)2(S
dK3

dϵ
+
dK2

dϵ
−

− ϵ2
dK1

dϵ
)(αl(1− ϵ) + βT )

1

β
)divU + div(

D

T
∇µ)
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174



Â êà÷åñòâå îäíîãî èç ÷èñëåííûõ ìåòîäîâ èñïîëüçóåòñÿ ìîäèôèöè-
ðîâàííûé ìåòîä êîíå÷íûõ ðàçíîñòåé âòîðîãî ïîðÿäêà òî÷íîñòè. Ìî-
äåëü ôîðìóëèðóåòñÿ äëÿ çàäàííûõ ïåðåìåííûõ. Íàãðåâ îáðàçöà îñó-
ùåñòâëÿåòñÿ ñ îäíîé ñòîðîíû. Â õîäå àíàëèçà ïîëó÷åííûõ ÷èñëåííûõ
ðåçóëüòàòîâ, áûëî âûÿâëåíî, ÷òî ïðîöåññ äåìîíñòðèðóåò íåëîêàëüíûé
õàðàêòåð
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Î ÑÎÄÅÐÆÀÙÈÕ ËÎÃÀÐÈÔÌÛ ÔÎÐÌÀËÜÍÛÕ
ÐÅØÅÍÈßÕ q-ÐÀÇÍÎÑÒÍÛÕ ÓÐÀÂÍÅÍÈÉ

Í.Â. Ãàÿíîâ, À.Â. Ïàðóñíèêîâà
gajanovnv@gmail.com, aparusnikova@hse.ru

ÓÄÊ 517.929.8

Ðàññìàòðèâàåòñÿ âîçìîæíîñòü íàõîæäåíèÿ ðåøåíèé àëãåáðàè-
÷åñêîãî q-ðàçíîñòíîãî óðàâíåíèÿ â êëàññå ôîðìàëüíûõ ðÿäîâ Äþ-
ëàêà. Ïðèâåäåíû äîñòàòî÷íûå óñëîâèÿ íàëè÷èÿ òàêèõ ðàçëîæåíèé
(äëÿ ðàñøèðåííîãî êëàññà óðàâíåíèé), à òàêæå ïðèìåðû, ïîêàçû-
âàþùèå, ÷òî èìååòñÿ ñâîÿ ñïåöèôèêà ïðè ïåðåíåñåíèè àëãîðèòìîâ
ïîñòðîåíèÿ ôîðìàëüíûõ ðàçëîæåíèé èç äàííîãî êëàññà ñ èìåþ-
ùèõñÿ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà: àñèìïòîòè÷åñêèå ðàçëîæåíèÿ, q-ðàçíîñòíîå óðàâ-
íåíèå, ðÿä Äþëàêà.
Solutions to q-difference equations containing logarithms

We consider the possibility of finding solutions to an algebraic q-
difference equation in the class of formal Dulac series. We give suffi-
cient conditions for the existence of these expansions in the extended
class of such equations, as well as examples, demonstrating that there
are specifics in transferring algorithms for constructing formal ex-
pansions from those available for differential equations to q-difference
equations.

Keywords: asymptotic expansions, q-difference equations, Dulac se-
ries.

Ðàññìàòðèâàþòñÿ q-ðàçíîñòíûå óðàâíåíèÿ [1] � ôóíêöèîíàëüíûå óðàâ-
íåíèÿ, êîòîðûå ñâÿçûâàþò çíà÷åíèå ôóíêöèè â òî÷êàõ z è qkz, k =
1, 2, . . . , n, äëÿ íåêîòîðîãî ôèêñèðîâàííîãî ÷èñëà q ∈ C \ {0, 1}. Äàëåå
òàêæå ïðåäïîëàãàåì, ÷òî qn ̸= 1 ∀n ∈ N.

Ìû èññëåäóåì âîçìîæíîñòü íàõîæäåíèÿ ðåøåíèé àëãåáðàè÷åñêèõ
q-ðàçíîñòíûõ óðàâíåíèé, à òàêæå òàêèõ, ê êîòîðûì ìîãóò áûòü ñâåäåíû
íåêîòîðûå àëãåáðàè÷åñêèå q-ðàçíîñòíûå óðàâíåíèÿ, â êëàññå ôîðìàëü-
íûõ ðÿäîâ Äþëàêà [2], ïðèâîäèì äîñòàòî÷íûå óñëîâèÿ íàëè÷èÿ òàêèõ
ðàçëîæåíèé (ðàñøèðèâ ðàññìàòðèâàåìûé êëàññ óðàâíåíèé). Ïðèâîäèì
ïðèìåðû íàõîæäåíèÿ ðåøåíèé â âèäå ôîðìàëüíûõ ðÿäîâ Äþëàêà â

Ïóáëèêàöèÿ ïîäãîòîâëåíà â õîäå ðàáîòû â ðàìêàõ Ïðîãðàììû ôóíäàìåíòàëü-
íûõ èññëåäîâàíèé Íàöèîíàëüíîãî èññëåäîâàòåëüñêîãî óíèâåðñèòåòà "Âûñøàÿ øêîëà
ýêîíîìèêè"(ÍÈÓ ÂØÝ).

Ãàÿíîâ Íèêèòà Âëàäèìèðîâè÷, ìàãèñòðàíò, ñòàæåð-èññëåäîâàòåëü, ÍÈÓ ÂØÝ
(Ìîñêâà, Ðîññèÿ); Nikita Gayanov (HSE University, Moscow, Russia)

Ïàðóñíèêîâà Àíàñòàñèÿ Âëàäèìèðîâíà, ê.ô.-ì.í., äîëæíîñòè: äîöåíò, ñ.í.ñ., ÍÈÓ
ÂØÝ (Ìîñêâà, Ðîññèÿ); Anastasia Parusnikova (HSE University, Moscow, Russia)
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îïðåäåëåííûõ ñëó÷àÿõ, à òàêæå îöåíêè íà ñòåïåíè êîýôôèöèåíòîâ ðàç-
ëîæåíèé â âèäå ðÿäà Äþëàêà ÷åðåç ñòåïåíè êîýôôèöèåíòîâ íà÷àëüíîãî
îòðåçêà ðàçëîæåíèÿ.

Â ÷àñòíîñòè, äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 1. Óðàâíåíèå

L(σ)y = zM(z, logq z, y, σy, . . . , σ
ny),

ãäå (σy)(z) = y(qz), L(σ) =
∑n
j=0 ajσ

j � ìíîãî÷ëåí îò îïåðàòîðà σ, L ̸≡
0,M ∈ C[z, logq z, y, . . . , yn] � ìíîãî÷ëåí îò n+3 ïåðåìåííûõ, îáëàäàåò
N-ïàðàìåòðè÷åñêèì ôîðìàëüíûì ðåøåíèåì â âèäå ðÿäà Äþëàêà, ãäå
N � êîëè÷åñòâî êîðíåé ìíîãî÷ëåíà L(s), êîòîðûå èìåþò âèä qn, n ∈
N ∪ {0}, ñ ó÷¼òîì èõ êðàòíîñòè.

Ëèòåðàòóðà
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Î ÐÅØÅÍÈÈ ÍÅËÈÍÅÉÍÎÃÎ ÈÍÒÅÃÐÀËÜÍÎÃÎ
ÓÐÀÂÍÅÍÈß ÔÐÅÄÃÎËÜÌÀ ÂÒÎÐÎÃÎ ÐÎÄÀ

ÑÏÅÖÈÀËÜÍÎÃÎ ÂÈÄÀ
Î.Â. Ãåðìèäåð, Â.Í. Ïîïîâ

o.germider@narfu.ru, v.popov@narfu.ru

ÓÄÊ 519.642.4

Â ðàáîòå ïðåäëàãàåòñÿ êîìáèíèðîâàííûé ìåòîä äëÿ ïîñòðîåíèÿ
ðåøåíèé íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà âòî-
ðîãî ðîäà, â êîòîðûõ ÿäðî íå ÿâëÿåòñÿ ãëàäêîé ôóíêöèåé äâóõ
ïåðåìåííûõ èëè ñâîáîäíûé ÷ëåí èíòåãðàëüíîãî óðàâíåíèÿ èìååò
òî÷êó ðàçðûâà ïåðâîãî ðîäà. Ñ ïðèìåíåíèåì ñèñòåìû îðòîãîíàëü-
íûõ íà îòðåçêå [−1, 1] ìíîãî÷ëåíîâ ×åáûøåâà ïåðâîãî ðîäà âûïîë-
íÿåòñÿ àïïðîêñèìàöèÿ ÿäðà â êàæäîé èòåðàöèè ìåòîäà ïîñëåäîâà-
òåëüíûõ ïðèáëèæåíèé. Â êà÷åñòâå òî÷åê êîëëîêàöèé âûáèðàþòñÿ
êîðíè ýòèõ ìíîãî÷ëåíîâ.
Êëþ÷åâûå ñëîâà: íåëèíåéíîå èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà
âòîðîãî ðîäà, ìíîãî÷ëåíû ×åáûøåâà ïåðâîãî ðîäà, ìåòîä êîëëî-
êàöèé, ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé
On the solution of a nonlinear Fredholm integral equation of
the second kind of a special type

The paper proposes a combined method for constructing solutions to
nonlinear Fredholm integral equations of the second kind, in which the
kernel is not a smooth function of two variables or the free term of the
integral equation has a discontinuity point of the first kind. Using a
system of orthogonal on the segment [−1, 1] Chebyshev polynomials
of the first kind, the kernel is approximated in each iteration of the
method of successive approximations. The roots of these polynomials
are chosen as collocation points.

Keywords: nonlinear Fredholm integral equation of the second kind,
Chebyshev polynomials of the first kind, collocation method, method
of successive approximations

Íåëèíåéíûå èíòåãðàëüíûå óðàâíåíèÿ ÿâëÿþòñÿ âàæíûì èíñòðóìåíòîì
äëÿ ìîäåëèðîâàíèÿ ôèçè÷åñêèõ ïðîöåññîâ [1] è [2]. Ðàññìîòðèì ñëåäó-
þùóþ äâóõòî÷å÷íóþ êðàåâóþ çàäà÷ó, êîòîðàÿ ïðåäñòàâëÿåò áîëüøîé
èíòåðåñ â ìàãíèòíîé ãèäðîäèíàìèêå [1], [3] è [4]

d2u(x)

dx2
= expu(x), 0 ≤ x ≤ 1, (1)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 24-21-00381).
Ãåðìèäåð Îêñàíà Âëàäèìèðîâíà, ê.ô.-ì.í., äîöåíò, ÑÀÔÓ èìåíè Ì.Â. Ëîìîíî-

ñîâà (Àðõàíãåëüñê, Ðîññèÿ); Oksana Germider (Northern (Arctic) Federal University
named after M.V. Lomonosov, Arkhangelsk, Russia)

Ïîïîâ Âàñèëèé Íèêîëàåâè÷, ä.ô.-ì.í., ïðîôåññîð, ÑÀÔÓ èìåíè Ì.Â. Ëîìîíîñîâà
(Àðõàíãåëüñê, Ðîññèÿ); Vasilii Popov (Northern (Arctic) Federal University named after
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178



ñ ãðàíè÷íûìè óñëîâèÿìè u(0) = 0 è u(1) = 0. Àíàëèòè÷åñêîå ðåøåíèå
ýòîé äâóõòî÷å÷íîé êðàåâîé çàäà÷è èìååò âèä [3]:

u(x) = − ln 2 + 2 ln

 c

cos

(
c

2

(
x− 1

2

))
 ,

ãäå c � êîðåíü óðàâíåíèÿ c =
√
2 cos(c/4), ïðèíàäëåæàùèé îòðåçêó

[0, π], ñ òî÷íîñòüþ äî 10−10 ðàâíûé c = 1.3360556949.
Èíòåãðèðóÿ óðàâíåíèå (1), ïîëó÷àåì ñëåäóþùåå îäíîðîäíîå íåëè-

íåéíîå èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà âòîðîãî ðîäà [3] è [4]

u(x)−
1∫

0

K(x, y, u(y))dy = 0, 0 ≤ x ≤ 1, (2)

ãäå K(x, y, u(y)) � ÿäðî èíòåãðàëüíîãî óðàâíåíèÿ (2):

K(x, y, u(y)) =

{
−y(1− x) expu(y) 0 ≤ y ≤ x,
−x(1− y) expu(y) x ≤ y ≤ 1.

Ââîäèì íîâûå ïåðåìåííûå x∗ è y∗: x∗ = 2x − 1, y∗ = 2y − 1. Òîãäà
óðàâíåíèå (2) ïåðåïèøåì â âèäå

u(x∗)− 1

2

1∫
−1

K(x∗, y∗, u(y∗))dy∗ = 0, −1 ≤ x∗ ≤ 1. (3)

Ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (3) íàõîäèì ïóòåì ñâåäåíèÿ ê
óðàâíåíèþ òèïà Âîëüòåððà

u(x∗)− 1

2

x∗∫
−1

K1(x
∗, y∗, u(y∗))dy∗ − 1

2

1∫
x∗

K2(x
∗, y∗, u(y∗))dy∗ = 0, (4)

ãäå

K1(x
∗, y∗, u(y∗)) = − (y∗ + 1)(1− x∗) expu(y∗)

4
,

K2(x
∗, y∗, u(y∗)) = − (x∗ + 1)(y∗ − 1) expu(y∗)

4
.

Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèé óðàâíåíèé (3) è (4) äî-
êàçûâàåòñÿ â [5] è [6], ñîîòâåòñòâåííî. Íàéäåì ðåøåíèå óðàâíåíèÿ (4)
ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé [7]

ui(x
∗) =

1

2

x∗∫
−1

K1(x
∗, y∗, ui−1(y

∗))dy∗ +
1

2

1∫
x∗

K2(x
∗, y∗, ui−1(y

∗))dy∗, (5)
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ãäå u0(x
∗) = 0 è i ≥ 1. Ïîëó÷èì ui ìåòîäîì êîëëîêàöèè ñ èñïîëüçîâà-

íèåì ïîëèíîìîâ ×åáûøåâà ïåðâîãî ðîäà [8] è êîðíåé ýòèõ ïîëèíîìîâ
â êà÷åñòâå òî÷åê êîëëîêàöèé. Ïðåäñòàâëÿåì ôóíêöèè K1 è K2 â âèäå
÷àñòè÷íîé ñóììû ðÿäà ïî ïîëèíîìàì ×åáûøåâà

Kl(x
∗, y∗, un,i−1(y

∗)) =

n∑
j=0

al,i−1,j(x
∗)Tj(y

∗) = T(y∗)Al,i−1(x
∗), (6)

ãäå T(y∗) � ìàòðèöà ðàçìåðîì 1× n′ (n′ = n+ 1):

T(y∗) = (T0(y
∗)T1(y

∗) . . . Tn−1(y
∗)Tn(y

∗)) ,

à èñêîìûå ìàòðèöû A1,i−1 è A2,i−1 èìåþò ðàçìåð n′×1 è îïðåäåëÿþò-
ñÿ ñëåäóþùèì îáðàçîì: Al,i−1 = (al,i−1,0 al,i−1,1 . . . al,i−1,n−1 al,i−1,n)

T

(l = 1, 2). Ïîäñòàâëÿÿ êîðíè ïîëèíîìîâ ×åáûøåâà ïåðâîãî ðîäà â (6)
è èñïîëüçóÿ ñâîéñòâî êîíå÷íûõ ñóìì ïðîèçâåäåíèé ýòèõ ïîëèíîìîâ â
âûáðàííûõ òî÷êàõ êîëëîêàöèé, íàõîäèì ìàòðèöû A1,i−1 è A2,i−1 íà
êàæäîé èòåðàöèè i. Ïîäñòàâëÿÿ (6) â (5), ïîëó÷àåì çíà÷åíèÿ ôóíê-
öèè un,i−1 â òî÷êàõ êîëëîêàöèé, íà îñíîâå êîòîðûõ íàõîäèì ôóíêöèþ
un,i−1.

Â ñëó÷àå, êîãäà ñâîáîäíûé ÷ëåí èíòåãðàëüíîãî óðàâíåíèÿ èìååò
òî÷êó ðàçðûâà ïåðâîãî ðîäà, ðàññìîòðèì ñëåäóþùåå íåëèíåéíîå èíòå-
ãðàëüíîå óðàâíåíèå Ôðåäãîëüìà âòîðîãî ðîäà [4]

u(x)−
1∫

0

K(x, y, u(y))dy = b(x), 0 ≤ x ≤ 1,

ãäå K(x, y, u(y)) = xy
√
u(y),

b(x) =


x2 + αx x ≤ 1

2
,

√
x+ αx x >

1

2
.

α = −10 cos 1 +
11√
2
cos

1√
2
− sin2 1

8
+ 6 sin 1− 9 sin

1√
2
.

Ñ èñïîëüçîâàíèåì ìåòîäà ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé è ïîëè-
íîìèàëüíîé èíòåðïîëÿöèè íà êàæäîé èç ÷àñòåé îòðåçêà [0, 1] íàõîäèì
ôóíêöèþ u.

Ïðåäëîæåííûé êîìáèíèðîâàííûé ïîäõîä ïîçâîëÿåò íàõîäèòü ðå-
øåíèÿ èíòåãðàëüíûõ óðàâíåíèé òèïà Ôðåäãîëüìà â îòñóòñòâèè âûïîë-
íåíèÿ óñëîâèÿ ãëàäêîñòè äëÿ ÿäðà èíòåãðàëüíîãî óðàâíåíèÿ è âáëèçè
òî÷åê ðàçðûâà, ïðè ýòîì íåîáõîäèìàÿ òî÷íîñòü äîñòèãàåòñÿ íà îñíîâå
èòåðàòèâíûõ àïïðîêñèìàöèé ÿäðà è ðåøåíèé íåëèíåéíûõ èíòåãðàëü-
íûõ óðàâíåíèé îðòîãîíàëüíîé ñèñòåìîé ìíîãî÷ëåíîâ ×åáûøåâà.
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MOTION OF ANISOTROPIC SPACE CURVES INDUCED BY
THE LANDAU-LIFSHITZ EQUATION
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ÓÄÊ 517.951, 517.957

Motion of anisotropic space curves induced by the Landau-
Lifshitz equation

We study the integrable motion of anisotropic space curves induced by
the Landau-Lifshitz equation (LLE). The geometrical equivalence of
LLE to a class of generalized nonlinear Schrödinger equations is estab-
lished. Using the Sym-Tafel formula, soliton surfaces corresponding to
these dynamics are derived, highlighting the deep connections between
differential geometry and integrable spin systems.

Keywords: integrable systems, Landau-Lifshitz equation, differential
geometry, spin systems, anisotropic curves.

The Landau-Lifshitz equation (LLE) describes the nonlinear dynamics of
spin vectors in anisotropic ferromagnetic materials and is expressed as

St = S ∧ Sxx + S ∧ JS, (1)

where S = (S1, S2, S3) is the unit spin vector, J = diag(J1, J2, J3), and ∧
denotes the cross product. This equation is integrable and connects with
various classical equations, including the Heisenberg ferromagnet and sine-
Gordon equations under speci�c conditions.

The motion of anisotropic space curves associated with LLE is described
using the Frenet-Serret equations:

d

ds

e1e2
e3

 =

 0 κ σ
−κ 0 τ
−σ −τ 0

e1e2
e3

 , (2)
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where κ is the curvature, σ is the geodesic curvature, and τ is the torsion.
The dynamics of these curves are linked to the di�erential geometry
parameters through the system

κt = ω3x − τω2 + σω1, (3)

σt = ω2x − κω1 + τω3, (4)

τt = ω1x − σω3 + κω2, (5)

where ωi are functions involving κ, σ, τ , and their derivatives. This
framework reveals a strong connection between spin dynamics and the
geometry of anisotropic curves.

The nonlinear Schrödinger-like system (NLS) associated with these
dynamics is given by

iqt + qxx − 2rq2 − iR12 = 0, (6)

irt − rxx + 2qr2 − iR21 = 0, (7)

q11x − (qq21 − rq12) = 0, (8)

where r = −q̄, and R12 = q12x + 2qq11, R21 = q21x − 2rq11.
Additionally, the unit length Landau-Lifshitz (ULL) equation is

St = S ∧ Sxx + S ∧ JS, (9)

where J = diag(J1, J2, J3) and J1 ≤ J2 ≤ J3, highlighting the interaction
of spin vectors under anisotropic conditions.

Òåîðåìà 1. The Landau-Lifshitz equation (1.1) is geometrically
equivalent to the nonlinear Schrödinger-like equation (3.9)-(3.11).

This work underscores the deep relationship between LLE and the
di�erential geometry of space curves, o�ering a comprehensive view of
how integrable spin systems and geometric structures are interrelated.
These �ndings contribute signi�cantly to the �eld of mathematical physics,
especially in the study of soliton solutions and integrable deformations.
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Îáñóæäàåòñÿ ìåòîä ïðîäîëæåííîãî îòíîøåíèÿ Ðýëåÿ. Ìåòîä îñíî-
âàí íà èñïîëüçîâàíèè íîâîãî òèïà âàðèàöèîííûõ ôóíêöèîíàëîâ,
êðèòè÷åñêèå òî÷êè êîòîðûõ ñîîòâåòñòâóþò ðåøåíèÿì è áèôóðêà-
öèîííûì òî÷êàì óðàâíåíèé, à òàêæå ñïåêòðàëüíûì òî÷êàì ëè-
íåéíûõ îïåðàòîðîâ. Ïðèìåíåíèå ìåòîäà áóäåò ïðîèëëþñòðèðîâàíî
íà íåëèíåéíûõ óðàâíåíèÿõ â ÷àñòíûõ ïðîèçâîäíûõ, ëèíåéíûõ ñè-
ñòåì, à òàêæå êîíå÷íîìåðíûõ ñèñòåìàõ óðàâíåíèé, âîçíèêàþùèõ
ïðè ðàñ÷åòå ìàêñèìàëüíûõ äîïóñòèìûõ ìîùíîñòåé íàïðÿæåíèé â
ýëåêòðè÷åñêèõ ñåòÿõ (blackout problem).

Êëþ÷åâûå ñëîâà: îòíîøåíèÿ Ðýëåÿ, áèôóðêàöèè, ñîáñòâåííûå çíà-
÷åíèÿ.
Rayleigh’s extended ratio method, applications to linear and
nonlinear problems

We discuss the extended Rayleigh quotient method. The method uses
a new type of variational functionals, the critical points of which cor-
respond to solutions and bifurcation points of equations, as well as
spectral points of linear operators. The application of the method will
be illustrated on nonlinear partial differential equations, linear sys-
tems, and finite-dimensional systems of equations arising in the calcu-
lation of maximum permissible voltage powers in electrical networks
(blackout problem).

Keywords: mathematics, differential equations, spectral theory.

Â äîêëàäå îáñóæäàåòñÿ íîâûé ìåòîä íàõîæäåíèå áèôóðêàöèé âåòâåé
ðåøåíèé ñèñòåì íåëèíåéíûõ óðàâíåíèé è ñîáñòâåííûõ çíà÷åíèé ëèíåé-
íûõ îïåðàòîðîâ. Áóäåò ïðåäñòàâëåíî êðàòêîå ââåäåíèå â ìåòîä ïðîäîë-
æåííîãî îòíîøåíèÿ Ðýëåÿ. Ìåòîä îñíîâàí íà èñïîëüçîâàíèè íîâîãî òè-
ïà âàðèàöèîííûõ ôóíêöèîíàëîâ, êðèòè÷åñêèå òî÷êè êîòîðûõ ñîîòâåò-
ñòâóþò ðåøåíèÿì è áèôóðêàöèîííûì òî÷êàì óðàâíåíèé. Ñ ïîìîùüþ
ýòîãî ìåòîäà ìîæíî íàõîäèòü êàê äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ
ñåäëî-óçëîâûõ áèôóðêàöèé ðåøåíèé ñèñòåì óðàâíåíèé, òàê è âûâîäèòü
âàðèàöèîííóþ ôîðìóëó äëÿ ïðÿìîãî èõ íàõîæäåíèÿ. Ïðèìåíåíèå ìå-
òîäà áóäåò ïðîèëëþñòðèðîâàíî íà íåëèíåéíûõ óðàâíåíèÿõ â ÷àñòíûõ
ïðîèçâîäíûõ, íàõîæäåíèå êîðíåé Ïåððîíà ìàòðèö, à òàêæå ðàñ÷åòå
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ìàêñèìàëüíûõ äîïóñòèìûõ ìîùíîñòåé íàïðÿæåíèé â ýëåêòðè÷åñêèõ
ñåòÿõ, ò.å. ðåøåíèå "blackout problem".
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ÍÅËÈÍÅÉÍÛÅ ÌÎÄÛ Â ÊÂÀÇÈÏÅÐÈÎÄÈ×ÅÑÊÈÕ
ÏÎÒÅÍÖÈÀËÀÕ

Ä.À. Çåçþëèí, Ã.Ë. Àëôèìîâ
d.zezyulin@gmail.com, gal�mov@yahoo.com

ÓÄÊ 517.9

Ðàññìàòðèâàþòñÿ ëîêàëèçîâàííûå ìîäû ñòàöèîíàðíîãî íåëèíåé-
íîãî óðàâíåíèÿ Øðåäèíãåðà ñ äîïîëíèòåëüíûì êâàçèïåðèîäè÷å-
ñêèì ïîòåíöèàëîì. Ñ ïîìîùüþ ÷èñëåííîãî ïðîäîëæåíèÿ ïî íåëè-
íåéíîìó ñîáñòâåííîìó ÷èñëó îïèñàíû áèôóðêàöèè, ñîïðîâîæäàþ-
ùèå ðîæäåíèå ìàëîàìïëèòóäíûõ íåëèíåéíûõ ìîä ó êðàåâ ëàêóí
ëèíåéíîãî ñïåêòðà.

Êëþ÷åâûå ñëîâà: êâàçèïåðèîäè÷åñêèå ïîòåíöèàëû, íåëèíåéíûå
ìîäû, áèôóðêàöèè.
Nonlinear modes in quasiperiodic potentials

We consider localized modes for a stationary nonlinear Schrödinger
equation with an additional quasiperiodic potential. Using the numer-
ical continuation in the nonlinear eigenvalue, we describe bifurcations
of small-amplitude nonlinear modes near the edges of the spectal gaps
of the underlying linear problem.

Keywords: quasiperiodic potentials, nonlinear modes, bifurcations.

Ìû èçó÷àåì îáîáùåííîå íåëèíåéíîå óðàâíåíèå Øðåäèíãåðà âèäà

iΨt = −Ψxx + v0[cos(2x) + cos(2φx+ θ)]Ψ + |Ψ|2Ψ. (1)

Ýòî óðàâíåíèå îïèñûâàåò ìàêðîñêîïè÷åñêóþ äèíàìèêó êîíäåíñàòà
Áîçå-Ýéíøòåéíà, óäåðæèâàåìîãî ñóïåðïîçèöèåé äâóõ îïòè÷åñêèõ ëî-
âóøåê. Â ñîîòâåòñòâóþùåì ôèçè÷åñêîì êîíòåêñòå ìîäåëü (1) èçâåñòíà
êàê óðàâíåíèå Ãðîññà-Ïèòàåâñêîãî. Äëÿ ñòàöèîíàðíûõ ëîêàëèçîâàí-
íûõ ìîä, äîïóñêàþùèõ ïðåäñòàâëåíèå Ψ(x, t) = e−iµtψ(x), ãäå µ ∈ R
è ψ(x) ýòî âåùåñòâåííàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ ëîêàëè-
çàöèè: limx→±∞ ψ(x) = 0, óðàâíåíèå (1) ñâîäèòñÿ ê âèäó

−ψxx + v0[cos(2x) + cos(2φx+ θ)]ψ + ψ3 = µψ. (2)
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Â íàøåé ðàáîòå èçó÷àåòñÿ ñëó÷àé êâàçèïåðèîäè÷åñêîãî ïîòåíöè-
àëà, ñîîòâåòñòâóþùèé ñèòóàöèè, êîãäà φ ýòî èððàöèîíàëüíîå ÷èñëî;
ïàðàìåòð θ ∈ [0, 2π) çàäàåò ôèêñèðîâàííûé ôàçîâûé ñäâèã ìåæäó îï-
òè÷åñêèìè ëîâóøêàìè, è êîýôôèöèåíò v0 > 0 çàäàåò àìïëèòóäó êâàçè-
ïåðèîäè÷åñêîãî ïîòåíöèàëà. Êóáè÷åñêèé ÷ëåí ψ3 ñîîòâåòñòâóåò íåëè-
íåéíûì âçàèìîäåéñòâèÿì ìåæäó àòîìàìè êîíäåíñàòà. Áåç íåãî çàäà÷à
ñòàíîâèòñÿ ëèíåéíîé.

Â òî âðåìÿ êàê ïîëíîñòüþ îïèñàòü ìíîæåñòâî ëîêàëèçîâàííûõ ìîä
ïîêà íå ïðåäñòàâëÿåòñÿ âîçìîæíûì, â ýòîé ðàáîòå ìû ðàññìàòðèâàåì
áîëåå ÷àñòíóþ çàäà÷ó, à èìåííî, èçó÷àåì âîçíèêíîâåíèå ìàëîàìïëèòóä-
íûõ ðåøåíèé (òî åñòü |ψ| ≪ 1) ïðè îïðåäåëåííûõ çíà÷åíèÿõ ïàðàìåòðà
µ, êîòîðûå ñîîòâåòñòâóþò êðàÿì ùåëåé â ñïåêòðå ñîîòâåòñòâóþùåé ëè-
íåéíîé çàäà÷è.

Çàäà÷à ïðåäñòàâëÿåò îñîáûé èíòåðåñ ïî ñëåäóþùåé ïðè÷èíå. Èç-
âåñòíî, ÷òî ëèíåéíûé ñïåêòð ÷èñòî ïåðèîäè÷åñêèõ ïîòåíöèàëîâ ìîæåò
áûòü ïîëíîñòüþ îïèñàí ñ ïîìîùüþ òåîðèè Ôëîêå-Ëÿïóíîâà, à âîçíèê-
íîâåíèå íåëèíåéíûõ ìîä â ùåëÿõ (ëàêóíàõ) ïåðèîäè÷åñêèõ ïîòåíöè-
àëîâ äîñòàòî÷íî õîðîøî èçó÷åíî. Îäíàêî ëèíåéíûé ñïåêòð êâàçèïå-
ðèîäè÷åñêîãî ïîòåíöèàëà óñòðîåí ãîðàçäî áîëåå ñëîæíûì îáðàçîì [1-
3]. Îí íå ïîä÷èíÿåòñÿ òåîðåìå Ôëîêå, èìååò ôðàêòàëüíóþ ñòðóêòóðó
è, âîîáùå ãîâîðÿ, âêëþ÷àåò êàê ýêñïîíåíöèàëüíî ëîêàëèçîâàííûå ñîá-
ñòâåííûå ôóíêöèè (â íèæíåé ÷àñòè ñïåêòðà), òàê è äåëîêàëèçîâàííûå
ñîáñòâåííûå ôóíêöèè (â âåðõíåé ÷àñòè ñïåêòðà). Â ðåçóëüòàòå êàðòè-
íà áèôóðêàöèé ìåæäó ëèíåéíûìè è íåëèíåéíûìè ìîäàìè îêàçûâàåòñÿ
îñîáåííî ñëîæíîé è ïîêà íå äî êîíöà èçó÷åííîé.

Çàäà÷à ðàññìàòðèâàåòñÿ ñ ïîìîùüþ ïîäõîäà, îñíîâàííîãî íà èñ-
ïîëüçîâàíèè ðàöèîíàëüíîãî ïðèáëèæåíèÿ: ïðè ýòîì èððàöèîíàëüíîå
÷èñëî φ ïðèáëèæàåòñÿ îáûêíîâåííîé äðîáüþ: φ ≈ p/q, ãäå p è q ýòî
âçàèìíî ïðîñòûå öåëûå ÷èñëà. Â íàøåé ðàáîòå èñïîëüçóåòñÿ èððàöè-
îíàëüíîå ÷èñëî φ, ðàâíîå çîëîòîìó ñå÷åíèþ φ = (1 +

√
5)/2 ≈ 1.618.

Òîãäà ïîñëåäîâàòåëüíîñòü îïòèìàëüíûõ ïðèáëèæåíèé óëó÷øàþùåéñÿ
òî÷íîñòè çàäàåòñÿ îòíîøåíèÿìè ñîñåäíèõ ÷èñåë Ôèáîíà÷÷è:

φ ≈ . . . ,
55

34
,

89

55
,

144

89
, . . . (3)

Çàìåíÿÿ ÷èñëî φ äðîáüþ p/q, ìû ñâîäèì óðàâíåíèå (2) ê ïåðèîäè÷åñêîé
çàäà÷å, ãäå ïåðèîä ðàâåí πq. Ýòà çàäà÷à äîïîëíÿåòñÿ ïåðèîäè÷åñêèìè
ãðàíè÷íûìè óñëîâèÿìè ψ(−πq/2) = ψ(πq/2).

Ñôîðìóëèðîâàííàÿ òàêèì îáðàçîì çàäà÷à ðåøàëàñü ÷èñëåííî, è
èçó÷àëèñü áèôóðêàöèè íåëèíåéíûõ ìîä, âîçíèêàþùèå ïðè ïîñòåïåí-
íîì èçìåíåíèè íåëèíåéíîãî ñîáñòâåííîãî ÷èñëà µ. Ðàññìàòðèâàëèñü
íåëèíåéíûå ìîäû, ôîðìèðóþùèåñÿ â ùåëÿõ ëèíåéíîãî ñïåêòðà, ãäå
âîçáóæäåíèå ëèíåéíûõ ìîä ïîäàâëåíî è â ðåçóëüòàòå íåëèíåéíûå ìî-
äû îêàçûâàþòñÿ íàèáîëåå óñòîé÷èâûìè.

Çàìåòèì, ÷òî, íåñìîòðÿ íà ïåðèîäè÷åñêèå ãðàíè÷íûå óñëîâèÿ,
ñôîðìóëèðîâàííàÿ çàäà÷à ïîçâîëÿåò àäåêâàòíî îïèñàòü íåëèíåéíûå
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ìîäû, õîðîøî ëîêàëèçîâàííûå âíóòðè ïðîìåæóòêà [−πq/2, πq/2], òàê
êàê äëÿ òàêèõ ðåøåíèé ðàçíèöà ìåæäó ïåðèîäè÷åñêèìè è íóëåâûìè
ãðàíè÷íûìè óñëîâèÿìè ïðåíåáðåæèìî ìàëà.

Îñíîâíûå ðåçóëüòàòû íàøåé ðàáîòû ìîæíî îïèñàòü ñëåäóþùèì îá-
ðàçîì. Óñòàíîâëåíî, ÷òî âîçíèêíîâåíèå ñåìåéñòâ íåëèíåéíûõ ìîä ó
êðàÿ ñïåêòðàëüíîé ùåëè ìîæåò ñëåäîâàòü ðàçëè÷íûì ñöåíàðèÿì â çà-
âèñèìîñòè îò ñòðóêòóðû ñïåêòðà âáëèçè ýòîãî êðàÿ, à òàêæå â çàâèñè-
ìîñòè îò ñòåïåíè ëîêàëèçàöèè ëèíåéíûõ ñîáñòâåííûõ ôóíêöèé âáëèçè
áèôóðêàöèè. Ïðè óâåëè÷åíèè íåëèíåéíîãî ñîáñòâåííîãî ÷èñëà µ ïàðû
÷åòíûõ è íå÷åòíûõ ìîä, âîçíèêàþùèå â ñèììåòðè÷íîì ñëó÷àå ïðè íó-
ëåâîì ñäâèãå θ = 0, ìîãóò ïðåòåðïåâàòü áèôóðêàöèè ïîòåðè ñèììåòðèè
òèïà ¾âèëêà¿, â ðåçóëüòàòå êîòîðûõ âîçíèêàþò íîâûå ñåìåéñòâà íåñèì-
ìåòðè÷íûõ ðåøåíèé. Äðóãîé ñöåíàðèé ôîðìèðîâàíèÿ íåëèíåéíûõ ìîä
çàêëþ÷àåòñÿ â âîçíèêíîâåíèè áèôóðêàöèè òèïà ¾ñåäëî-óçåë¿, â ðåçóëü-
òàòå êîòîðîé îäíîâðåìåííî ðîæäàåòñÿ ïàðà íîâûõ ñåìåéñòâ. Áèôóðêà-
öèè ïîñëåäíåãî òèïà ñòàíîâÿòñÿ íàèáîëåå òèïè÷íûìè â ñëó÷àå, êîãäà
ðàññìàòðèâàåòñÿ àñèììåòðè÷íûé ñëó÷àé ñ ïðîèçâîëüíûì (íåíóëåâûì)
ôàçîâûì ñäâèãîì θ ̸= 0. Â ýòîì ñëó÷àå âîçíèêíîâåíèå ëîêàëèçîâàííûõ
ìîä â ñïåêòðàëüíûõ ùåëÿõ ïðîèñõîäèò â ðåçóëüòàòå êàñêàäà áèôóðêà-
öèé ¾ñåäëî-óçåë¿.

Íàøè ðåçóëüòàòû ïîçâîëÿþò îáíàðóæèòü îáùèå çàêîíîìåðíîñòè,
ñîïðîâîæäàþùèå âîçíèêíîâåíèå ìàëîàìïëèòóäíûõ íåëèíåéíûõ ìîä, è
óêàçûâàþò íà âçàèìîñâÿçü ìåæäó ôðàêòàëüíûì ëèíåéíûì ñïåêòðîì è
ñëîæíî óñòðîåííûì ìíîæåñòâîì ëîêàëèçîâàííûõ íåëèíåéíûõ ñîñòîÿ-
íèé.
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Î ÑÒÎÕÀÑÒÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈßÕ
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Èññëåäîâàíû óðàâíåíèÿ Êëåéíà-Ãîðäîíà ñ ïðîñòðàíñòâåííûì øó-
ìîì â âèäå ñòîõàñòè÷åñêèõ èíòåãðàëîâ. Îñîáîå âíèìàíèå óäåëÿåò-
ñÿ óðàâíåíèÿì ñèíóñ-Ãîðäîíà è äâîéíîãî ñèíóñ-Ãîðäîíà. Ñôîðìó-
ëèðîâàíû òåîðåìû, ïîçâîëÿþùèå ñòðîèòü àíàëèòè÷åñêèå ðåøåíèÿ
äëÿ óðàâíåíèÿ Êëåéíà-Ãîðäîíà ñ øóìîì.

Êëþ÷åâûå ñëîâà: Óðàâíåíèå Êëåéíà-Ãîðäîíà, óðàâíåíèå ñèíóñ-
Ãîðäîíà, óðàâíåíèå äâîéíîãî ñèíóñ-Ãîðäîíà, ñòîõàñòè÷åñêèå äèô-
ôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ, ñèììåòðè÷-
íûé èíòåãðàë, ñòîõàñòè÷åñêèé èíòåãðàë Ñòðàòîíîâè÷à.
On stochastic Klein-Gordon and sine-Gordon equations

The Klein-Gordon equations with spatial noise in the form of stochas-
tic integrals are investigated. Particular attention is given to the sine-
Gordon and double sine-Gordon equations. Theorems are formulated
which allow for the construction of analytical solutions to the Klein-
Gordon equation with noise.

Keywords: Klein-Gordon equation, sine-Grodon equation, double
sine-Grodon equation, stochastic partial differential equations, sym-
metric integral, stochastic Stratonovich integral.

Ïóñòü íà ôèëüòðîâàííîì âåðîÿòíîñòíîì ïðîñòðàíñòâå
(Ω,F, (Fx)x∈[0,X],P) çàäàí Fx-èçìåðèìûé ñëó÷àéíûé ïðîöåññ V (x).

Èññëåäóåòñÿ çàäà÷à Êîøè äëÿ ñòîõàñòè÷åñêîãî óðàâíåíèÿ Êëåéíà-
Ãîðäîíà âèäà

ut(x, t)− ut(0, t) =

∫ x

0

g(u(y, t)) ∗ dV (y),

u(x, 0) = µ(x), ut(x, 0) = ν(x), (x, t) ∈ [0, X]× R+,

(1)

ãäå g(u) � íåêîòîðàÿ íåëèíåéíàÿ ôóíêöèÿ, à èíòåãðàë â ïðàâîé ÷àñòè �
ñèììåòðè÷íûé èíòåãðàë [1] ïî ïðîöåññó V (x). Åñëè V (x) ÿâëÿåòñÿ âè-
íåðîâñêèì ïðîöåññîì, òî ñèììåòðè÷íûé èíòåãðàë ñîâïàäàåò ñî ñòîõà-
ñòè÷åñêèì èíòåãðàëîì Ñòðàòîíîâè÷à. Â ñëó÷àå ãëàäêîé ôóíêöèè V (x)
óðàâíåíèå (1) ìîæíî çàïèñàòü â âèäå

uxt = g(u)V ′(x).

Çîòîâà Åêàòåðèíà Èãîðåâíà, ÓÓÍèÒ (Óôà, Ðîññèÿ); Ekaterina Zotova (Ufa
University of Science and Technology, Ufa, Russia)
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Ïîëîæèì F (u, a) =
√∫ u

a
g(z) dz, ãäå a � íåêîòîðàÿ êîíñòàíòà, è

ââåäåì îáîçíà÷åíèå [F (u, a)]−1 = 1
F (u,a)

.

Òåîðåìà. Ïóñòü [F (u, a)]−1 � ëîêàëüíî ñóììèðóåìàÿ ôóíêöèÿ ïî
ïåðåìåííîé u. Ðåøåíèå çàäà÷è Êîøè äëÿ ñòîõàñòè÷åñêîãî óðàâíåíèÿ
Êëåéíà-Ãîðäîíà (1) îïðåäåëÿåòñÿ èç ñîîòíîøåíèÿ

±
∫ u

b

[F (z, a)]−1 dz =
√
2C−1(Ct+ V (x)), (2)

ãäå C è b - êîíñòàíòû, îïðåäåëÿåìûå íà÷àëüíûìè óñëîâèÿìè.

Çàìå÷àíèå. Ïóñòü äëÿ çàäà÷è (1) âåðíî, ÷òî g(u) = sin(u), u ∈
(0, 2π), cos(a) = 1. Òîãäà äëÿ ñòîõàñòè÷åñêîãî óðàâíåíèÿ ñèíóñ-Ãîðäîíà
ñ ïðîñòðàíñòâåííûì øóìîì

ut(x, t)− ut(0, t) =

∫ x

0

sin(u(y, t)) ∗ dV (y)

ðåøåíèå (2) âêëþ÷àåò â ñåáÿ êèíêîîáðàçíîå ðåøåíèå

u(x, t) = 4 arctan(exp(±
√
C−1(Ct+ V (x)) + γ)),

ãäå C, γ � êîíñòàíòû.

Â ðàáîòå òàêæå èññëåäîâàíû óðàâíåíèå Êëåéíà-Ãîðäîíà ñî ñëó-
÷àéíîé ôàçîâîé ñêîðîñòüþ, çàâèñÿùåé îò ïðîñòðàíñòâà, è óðàâíåíèå
äâîéíîãî ñèíóñ-Ãîðäîíà ñ ðàçëè÷íûì âîçäåéñòâèåì ïðîñòðàíñòâåííîãî
øóìà. Â ñëó÷àÿõ óðàâíåíèé ñèíóñ-Ãîðäîíà è äâîéíîãî ñèíóñ-Ãîðäîíà
óäàåòñÿ âûäåëÿòü êèíêîîáðàçíûå ðåøåíèÿ.
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ÄÈÍÀÌÈÊÀ ÊÈÍÊÎÂ ÓÐÀÂÍÅÍÈÉ ÑÈÍÓÑ-ÃÎÐÄÎÍÀ
È φ4 C ÏÐÎÑÒÐÀÍÑÒÂÅÍÍÛÌÈ ÍÅÎÄÍÎÐÎÄÍÎÑÒßÌÈ

Ä.Ê. Êàáàíîâ,
Å.Ã. Åêîìàñîâ,Ê.Þ. Ñàìñîíîâ,Ì.È. Ôàõðåòäèíîâ
danya.kabanov.95@mail.ru, ekomasoveg@gmail.com,
k.y.samsonov@gmail.com, fmi106tf@gmail.com

ÓÄÊ 530.182.1

Â ðàáîòå áûëè ðàññìîòðåíû óðàâíåíèÿ ñèíóñ-Ãîðäîíà è φ4 â ìî-
äåëè ñ äâóìÿ è òðåìÿ òî÷å÷íûìè è ïðîòÿæ¼ííûìè ïðèìåñÿìè.
×èñëåííî èññëåäîâàíà âîçìîæíàÿ äèíàìèêà êèíêîâ, íàéäåíû ðàç-
ëè÷íûå òèïû ëîêàëèçîâàííûõ íà ïðèìåñÿõ âîëí.
Êëþ÷åâûå ñëîâà: óðàâíåíèå ñèíóñ-Ãîðäîíà, óðàâíåíèå φ4, êèíê,
áðèçåð.
Dynamics of kinks of sine-Gordon and φ4 equations with spa-
tial inhomogeneities

The work considered the sine-Gordon and φ4 equations in models with
two and three point and extended impurities. The possible dynamics
of kinks are studied numerically, and various types of waves localized
on impurities are found.

Keywords: sine-Gordon equation, φ4 equation, kink, breather.

Èññëåäîâàíèå íåëèíåéíûõ âîëíîâûõ ïðîöåññîâ, îïèñûâàåìûõ óðàâíå-
íèÿìè òèïà Êëåéíà-Ãîðäîíà (ÓÊÃ), ÿâëÿåòñÿ âàæíîé îáëàñòüþ òåî-
ðåòè÷åñêîé è ìàòåìàòè÷åñêîé ôèçèêè. Â ÷àñòíîñòè, óðàâíåíèå ñèíóñ-
Ãîðäîíà è ìîäåëü φ4 ïðåäñòàâëÿþò ñîáîé çíà÷èìûå ïðèìåðû ÓÊÃ, êî-
òîðûå ïîçâîëÿþò èññëåäîâàòü ëîêàëèçîâàííûå âîëíû � ñîëèòîíû è èõ
âçàèìîäåéñòâèÿ, âîçíèêàþùèå ïðè ìîäåëèðîâàíèè ðàçëè÷íûõ ôèçè÷å-
ñêèõ ÿâëåíèé îò êâàíòîâûõ ñèñòåì äî êîñìîëîãèè [1,2].

Äëÿ áîëåå òî÷íîãî îïèñàíèÿ ôèçè÷åñêèõ ñèñòåì ÷àñòî òðåáóåòñÿ
ìîäèôèêàöèÿ ÓÊÃ, êîòîðàÿ ìîæåò âêëþ÷àòü â ÓÊÃ äîïîëíèòåëüíûå
÷ëåíû, ó÷èòûâàþùèå âëèÿíèå âíåøíèõ ïîëåé è ñèë, ÷ëåíû îïèñûâà-
þùèå ïîòåðè ýíåðãèè â ñèñòåìå è íåîäíîðîäíîñòü ñðåäû. Íåîäíîðîä-
íîñòü ñðåäû ìîæåò áûòü ó÷òåíà ÷åðåç ïðîñòðàíñòâåííûå çàâèñèìîñòè
â êîýôôèöèåíòàõ óðàâíåíèÿ, òàê íàçûâàåìûå ïðèìåñè.

Â íàøåé ðàáîòå áûëè ðàññìîòðåíû óðàâíåíèÿ ñèíóñ-Ãîðäîíà è φ4 â
ìîäåëè ñ äâóìÿ è òðåìÿ òî÷å÷íûìè è ïðîòÿæ¼ííûìè ïðèìåñÿìè [3,4].

Êàáàíîâ Äàíèèë Êîíñòàíòèíîâè÷, ìàã. 1 ã.î. ÔÒÈ, ÓÓÍèÒ (Óôà, Ðîññèÿ); Daniil
Kabanov (Ufa University of Science and Technology, Ufa, Russia)
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×èñëåííî èññëåäîâàíà âîçìîæíàÿ äèíàìèêà êèíêîâ, íàéäåíû ðàçëè÷-
íûå òèïû ëîêàëèçîâàííûõ íà ïðèìåñÿõ âîëí.

Ñ ïîìîùüþ ìåòîäà êîëëåêòèâíûõ ïåðåìåííûõ áûëî ïîêàçàíî, ÷òî
çàäà÷ó î äèíàìèêå ëîêàëèçîâàííûõ âîëí íà ïðèìåñÿõ ìîæíî ïðåîá-
ðàçîâàòü â çàäà÷ó î ñâÿçàííûõ îñöèëëÿòîðàõ ñ íåëèíåéíîé ñâÿçüþ. Â
ðåçóëüòàòå èññëåäîâàíèé îáíàðóæåíî, ÷òî ïðîòÿæåííàÿ ïðèìåñü âåäåò
ñåáÿ àíàëîãè÷íî èçâåñòíûì òî÷å÷íûì ïðèìåñÿì, êîòîðûå îïèñûâàþò-
ñÿ ñ ïîìîùüþ äåëüòà-ôóíêöèè. Òàêæå áûëà îïðåäåëåíà ñòðóêòóðà è
äèíàìè÷åñêèå õàðàêòåðèñòèêè ëîêàëèçîâàííûõ íåëèíåéíûõ âîëí, êàê
ñîëèòîííîãî, òàê è áðèçåðíîãî òèïîâ.
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Â äàííîé ðàáîòå ðàçâèâàåòñÿ àíàëèòè÷åñêèé ìåòîä ðåøåíèÿ ýâî-
ëþöèîííûõ óðàâíåíèé òèïà Áþðãåðñà â áàíàõîâîì ïðîñòðàíñòâå.
À, èìåííî, ïîñëå èñêóññòâåííîãî ââåäåíèÿ â óðàâíåíèå ìàëîãî ïà-
ðàìåòðà ïðè íåëèíåéíîì ñëàãàåìîì îïðåäåëÿþòñÿ óñëîâèÿ, ïðè
êîòîðûõ ñóùåñòâîâóåò àíàëèòè÷åñêîå ïî ýòîìó ïàðàìåòðó ðåøå-
íèå.

Êëþ÷åâûå ñëîâà: ýâîëþöèîííàÿ çàäà÷à, óðàâíåíèå Áþðãåðñà, ε-
ðåãóëÿðíîå ðåøåíèå.
The small parameter method in the theory of nonlinear evo-
lutionary Burgers type equations

In this paper the analytical method for solving evolutionary Burgers
type equations in a Banach space is developed. A small parameter is
artificially introduced into the equation to the nonlinear term. The
conditions for existing the analytical on the small parameter solution
are deduced.

Keywords: evolutionary problem, Burgers equation, ε-regular solu-
tion.

Ïóñòü â áàíàõîâîì ïðîñòðàíñòâå E çàäàíà íà÷àëüíàÿ çàäà÷à äëÿ óðàâ-
íåíèÿ òèïà Áþðãåðñà:

∂tu+ εB(u,Hu) = Au, t ∈ (0, T ],
u
∣∣
t=0

= u0,
(1)

ãäå A è H � ëèíåéíûå îïåðàòîðû; B � áèëèíåéíûé îïåðàòîð.
Ïóñòü äëÿ çàäà÷è (1) âûïîëíÿþòñÿ óñëîâèÿ:

1◦. Îïåðàòîð A : E → E � íåîãðàíè÷åííûé çàìêíóòûé.
2◦. Îïåðàòîð A ÿâëÿåòñÿ èíôèíèòåçèìàëüíûì ãåíåðàòîðîì ñèëüíî
íåïðåðûâíîé ïîëóãðóïïû U(t).
3◦. Áèëèíåéíûé îïåðàòîð B ÿâëÿåòñÿ îãðàíè÷åííûì.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÍÔ (ïðîåêò � 23-21-00496).
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Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (1) â âèäå ôîðìàëüíîãî ðÿäà ïî
ñòåïåíÿì ìàëîãî ïàðàìåòðà:

ur(t, ε) = u0(t) + εu1(t) + . . .+ εnun(t) + . . . . (2)

Åñëè ðÿä (2) ïîäñòàâèòü â óðàâíåíèå (1) è ïðèðàâíÿòü êîýôôèöèåí-
òû ïðè îäèíàêîâûõ ñòåïåíÿõ ε, òî ïîëó÷èòñÿ ñëåäóþùàÿ ñåðèÿ çàäà÷:

∂tu0 = Au0, u0

∣∣
t=0

= u0,

∂tu1 = Au1 −B(u0, Hu0), u1

∣∣
t=0

= 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

∂tun = Aun −
n−1∑
k=0

B(uk, Hun−k−1), un
∣∣
t=0

= 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(3)

Îïðåäåëåíèå. Åñëè ðÿä (2) ñ êîýôôèöèåíòàìè, îïðåäåëÿåìûìè
èç ñåðèè (3), ñõîäèòñÿ ðàâíîìåðíî íà îòðåçêå [0, T ] â íåêîòîðîé îêðåñò-
íîñòè òî÷êè ε = 0, òî åãî ñóììà ur(t, ε) íàçûâàåòñÿ ε-ðåãóëÿðíûì ðå-
øåíèåì çàäà÷è Êîøè (1).

Òåîðåìà 1. Åñëè H � íåîãðàíè÷åííûé çàìêíóòûé îïåðàòîð ñ îá-
ëàñòüþ îïðåäåëåíèÿ DH ⊃ DA, âûïîëíåíåíû óñëîâèÿ 1◦ − 3◦ è îïåðà-
òîð A èìååò íåïðåðûâíûé îáðàòíûé îïåðàòîð, òî ε-ðåãóëÿðíîå ðå-
øåíèå ur(t, ε) ñóùåñòâóåò, åäèíñòâåííî è ñîâïàäàåò ñ òî÷íûì ðåøå-
íèåì u(t, ε) çàäà÷è (1).

Òåîðåìà 2. Åñëè H � îãðàíè÷åííûé îïåðàòîð è âûïîëíåíåíû óñëî-
âèÿ 1◦−3◦, òî ε-ðåãóëÿðíîå ðåøåíèå ur(t, ε) ñóùåñòâóåò, åäèíñòâåííî
è ñîâïàäàåò ñ òî÷íûì ðåøåíèåì u(t, ε) çàäà÷è (1).

Â ðàáîòàõ [1], [2] èññëåäîâàëîñü ïðèáëèæåíèå òî÷íûõ ðåøåíèé ýâî-
ëþöèîííûõ çàäà÷ ε-ðåãóëÿðíûìè. Â òîì ÷èñëå, åñëè â çàäà÷å (1) H �
íåîãðàíè÷åííûé çàìêíóòûé îïåðàòîð ñ îáëàñòüþ îïðåäåëåíèÿ DH ⊃
DA è âûïîëíåíû òîëüêî óñëîâèÿ 1◦ − 3◦, òî å¼ ðåøåíèå ìîæíî ïðè-
áëèçèòü ε-ðåãóëÿðíûìè ðåøåíèÿìè çàäà÷ (1) ñ ïîñëåäîâàòåëüíîñòüþ
îãðàíè÷åííûõ îïåðàòîðîâ {Hm}∞m=1, ñèëüíî ñõîäÿùèõñÿ ê H.
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Ë.Ì. Êîæåâíèêîâà
kosul@mail.ru

ÓÄÊ 517.956.25

Â ðàáîòå ðàññìàòðèâàåòñÿ êâàçèëèíåéíîå ýëëèïòè÷åñêîå óðàâíå-
íèå âòîðîãî ïîðÿäêà ñ ïåðåìåííûìè ïîêàçàòåëÿìè íåëèíåéíîñòåé
è ñóììèðóåìîé ïðàâîé ÷àñòüþ. Óñòàíîâëåíî ñâîéñòâî óñòîé÷è-
âîñòè ëîêàëüíûõ ðåíîðìàëèçîâàííûõ ðåøåíèé ðàññìàòðèâàåìîãî
óðàâíåíèÿ â ïðîèçâîëüíîé îáëàñòè. Êàê ñëåäñòâèå äîêàçàíî ñóùå-
ñòâîâàíèå ëîêàëüíîãî ðåíîðìàëèçîâàííîãî ðåøåíèÿ âî âñåì ïðî-
ñòðàíñòâå Rn.
Êëþ÷åâûå ñëîâà: êâàçèëèíåéíîå ýëëèïòè÷åñêîå óðàâíåíèå, ñóùå-
ñòâîâàíèå ðåøåíèÿ, ëîêàëüíîå ðåíîðìàëèçîâàííîå ðåøåíèå, ïåðå-
ìåííûé ïîêàçàòåëü, íåîãðàíè÷åííàÿ îáëàñòü
Local renormalized solution of an elliptic equation with vari-
able exponents in the space Rn

The paper considers a quasilinear elliptic equation of the second or-
der with variable exponents nonlinearity and a summable right-hand
side. The property of stability of local renormalized solutions of the
considered equation in an arbitrary domain is established. As a con-
sequence, the existence of a local renormalized solution in the entire
space Rn is proven.

Keywords: quasilinear elliptic equation, existence of the solution, local
renormalized solution, variable exponent, unbounded domain

Ïîíÿòèå ðåíîðìàëèçîâàííûõ ðåøåíèé ÿâëÿåòñÿ ìîùíûì èíñòðó-
ìåíòîì äëÿ èçó÷åíèÿ øèðîêèõ êëàññîâ âûðîæäàþùèõñÿ ýëëèïòè÷å-
ñêèõ óðàâíåíèé ñ äàííûìè â âèäå ìåðû. Ïåðâîíà÷àëüíîå îïðåäåëåíèå
ïðèâåäåíî â ðàáîòå [1] è ðàñïðîñòðàíåíî Ì.Ô. Áèäî-Âåðîí [2] â ëîêàëü-
íóþ è î÷åíü ïîëåçíóþ ôîðìó äëÿ óðàâíåíèÿ ñ p-ëàïëàñèàíîì, ïîãëî-
ùåíèåì è ìåðîé Ðàäîíà µ:

−∆pu+ |u|p0−2u = µ, p ∈ (1, n), 0 < p− 1 < p0. (1)

Â ÷àñòíîñòè, Ì.Ô. Áèäî-Âåðîí äîêàçàëà ñóùåñòâîâàíèå â ïðîñòðàí-
ñòâå Rn ëîêàëüíîãî ðåíîðìàëèçîâàííîãî ðåøåíèÿ óðàâíåíèÿ (1) c µ ∈
L1,loc(Rn).

Êîæåâíèêîâà Ëàðèñà Ìèõàéëîâíà, ä.ô.-ì.í., ïðîôåññîð, ÑÔ ÓÓÍèÒ (Ñòåðëèòà-
ìàê, Ðîññèÿ); Larisa Kozhevnikova (Sterlitamak Branch of Ufa University of Science and
Technology, Sterlitamak, Russia)
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Â äîêëàäå ïîíÿòèå ëîêàëüíîãî ðåíîðìàëèçîâàííîãî ðåøåíèÿ àäàï-
òèðóåòñÿ íà óðàâíåíèå c ïåðåìåííûìè ïîêàçàòåëÿìè ðîñòà:

−div a(x,∇u) + b(x, u,∇u) = f, x ∈ Ω, f ∈ L1,loc(Ω), (2)

ãäå îáëàñòü Ω ⊂ Rn, n ≥ 2, ìîæåò áûòü íåîãðàíè÷åííîé (â òîì ÷èñëå
è ñîâïàäàòü ñ Rn).

Óñëîâèå P . Ïðåäïîëàãàåì, ÷òî ôóíêöèè

a(x, s) = (a1(x, s), . . . , an(x, s)) : Ω× Rn → Rn,

b(x, s0, s) : Ω× Rn+1 → R,
âõîäÿùèå â óðàâíåíèå (2), êàðàòåîäîðèåâû. Ïóñòü ñóùåñòâóþò íåîòðè-
öàòåëüíàÿ ôóíêöèÿ Φ ∈ Lp′(·),loc(Ω), ïîëîæèòåëüíûå ÷èñëà â, a òàêèå,
÷òî ïðè ï.â. x ∈ Ω, äëÿ âñåõ s, t ∈ Rn ñïðàâåäëèâû íåðàâåíñòâà:

|a(x, s)| ≤ â
(
|s|p(x)−1 +Φ(x)

)
;

(a(x, s)− a(x, t)) · (s− t) > 0, s ̸= t;

a(x, s) · s ≥ a|s|p(x).

Çäåñü s · t =
n∑
i=1

siti, s = (s1, . . . , sn), t = (t1, . . . , tn).

Êðîìå òîãî, ïóñòü ñóùåñòâóåò íåîòðèöàòåëüíàÿ ôóíêöèÿ Φ0 ∈
L1,loc(Ω), íåïðåðûâíàÿ íåóáûâàþùàÿ ôóíêöèÿ b̂ : R+ → R+, ïîëîæè-
òåëüíîå ÷èñëî b0 òàêèå, ÷òî ïðè ï.â. x ∈ Ω, äëÿ âñåõ s0 ∈ R, s ∈ Rn
ñïðàâåäëèâû íåðàâåíñòâà:

|b(x, s0, s)| ≤ b̂(|s0|)
(
Φ0(x) + |s|p(x)

)
;

b(x, s0, s)s0 ≥ b0|s0|p0(x)+1, p(·)− 1 < p0(·).
Ïðè ýòîì ïðåäïîëàãàåì, ÷òî ôóíêöèè p, p0 ∈ C(Ω) è p ïîä÷èíÿåòñÿ
óñëîâèþ ∃ C > 0 : |p(x)− p(y)| ≤ − C

ln|x−y| , x, y ∈ Ω, |x− y| ≤ 1
2
,

1 < p− ≤ p+ < n, p− = inf
x∈Ω

p(x), p+ = sup
x∈Ω

p(x).

Ñëåäóÿ [3], [4], ââåäåì îáîçíà÷åíèÿ: q0(·) = p∗(·)
p′+

, q1(·) = q0(·)
q0(·)+1

p(·),

q2(·) = q0(·)
q0(·)+1

p′(·), q3(·) = q0(·)
p(·)−1

, q4(·) = p0(·)
1+p0(·)

p′(·), ãäå p′+ =
p−
p−−1

.
Ïóñòü âûïîëíåíî äîïîëíèòåëüíîå óñëîâèå

p(·)− 1 < q0(·).

Òîãäà ìîæíî îïðåäåëèòü q′2(·) = q0(·)p(·)
q0(·)+1−p(·) .
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Îïðåäåëèì ñðåçêó Tk(r) = max(−k,min(k, r)). ×åðåç Lip0(R) îáî-
çíà÷èì ïðîñòðàíñòâî âñåõ ëèïøèöåâûõ íåïðåðûâíûõ ôóíêöèè íà R,
ïðîèçâîäíàÿ êîòîðûõ èìååò êîìïàêòíûé íîñèòåëü.

Îïðåäåëåíèå. Èçìåðèìàÿ êîíå÷íàÿ ïî÷òè âñþäó ôóíêöèÿ u :
Ω → R íàçûâàåòñÿ ëîêàëüíûì ðåíîðìàëèçîâàííûì ðåøåíèåì óðàâ-
íåíèÿ (2), åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

a) Tk(u) ∈W 1
p(·),loc(Ω) ïðè ëþáîì k > 0;

b) b(x, u,∇u) ∈ L1,loc(Ω);

c) |∇u|p(·)−1 ∈ Lq(·),loc(Ω), 1 ≤ q(·) ≪ q2(·);

d) |u|p(·)−1 ∈ Lq(·),loc(Ω), 1 ≤ q(·) ≪ q3(·);

äëÿ ëþáîé ôóíêöèè h ∈ Lip0(R) è ëþáîé ôóíêöèè φ ∈W 1
r(·)(Ω), r(·) ≫ q′2(·),

c êîìïàêòíûì íîñèòåëåì òàêîé, ÷òî φh(u) ∈W 1
p(·)(Ω), èìååì:∫

Ω

(b(x, u,∇u)− f)h(u)φdx +

∫
Ω

a(x,∇u) · (∇uh′(u)φ+∇φh(u))dx = 0.

Àâòîðîì óñòàíîâëåíî ñâîéñòâî óñòîé÷èâîñòè ëîêàëüíûõ ðåíîðìà-
ëèçîâàííûõ ðåøåíèé óðàâíåíèÿ (2).

Òåîðåìà 1. Ïóñòü ïîñëåäîâàòåëüíîñòü ôóíêöèé {fξ}ξ∈N ⊂
L1,loc(Ω) ñõîäèòñÿ ñèëüíî ê f â L1,loc(Ω) è {uξ}ξ∈N ïîñëåäîâàòåëü-
íîñòü ëîêàëüíûõ ðåíîðìàëèçîâàííûõ ðåøåíèé óðàâíåíèÿ

−div a(x,∇uξ) + b(x, uξ,∇uξ) = fξ, x ∈ Ω.

Òîãäà ñ òî÷íîñòüþ äî ïîäïîñëåäîâàòåëüíîñòè uξ ñõîäèòñÿ ïî÷òè
âñþäó â Ω ê u � ëîêàëüíîìó ðåíîðìàëèçîâàííîìó ðåøåíèþ óðàâíåíèÿ
(2).

Cëåäñòâèåì ðåçóëüòàòà óñòîé÷èâîñòè ÿâëÿåòñÿ òåîðåìà ñóùåñòâîâà-
íèÿ.

Òåîðåìà 2. Ïóñòü f ∈ L1,loc(Rn), òîãäà ñóùåñòâóåò ëîêàëüíîå
ðåíîðìàëèçîâàííîå ðåøåíèå óðàâíåíèÿ (2) â Rn.
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INTRINSIC LOCALIZED MODES IN DNLS-TYPE
EQUATIONS WITH COMPETING NONLINEARITIES

Ï.À. Êîð÷àãèí, Ô.Õ. Àáäóëëàåâ Ã.Ë. Àëôèìîâ,
olimp-pako@yandex.ru, fatkhulla@yahoo.com,

gal�mov@yahoo.com

ÓÄÊ 517.9

Ðàññìàòðèâàþòñÿ îáîáùåíèÿ äèñêðåòíîãî íåëèíåéíîãî óðàâíåíèÿ
Øðåäèíãåðà ñ íåëèíåéíîñòüþ, ïðåäñòàâëåííîé äâóìÿ ñòåïåííûìè
÷ëåíàìè, èìåþùèìè ðàçíûå çíàêè. Èññëåäóåòñÿ óñòîé÷èâîñòü ëî-
êàëèçîâàííûõ ðåøåòî÷íûõ ìîä, à òàêæå èõ áèôóðêàöèè ïðè èçìå-
íåíèÿ ïàðàìåòðà ñâÿçè. Âûäåëåíû íåêîòîðîå ñâîéñòâà ýòèõ íåëè-
íåéíûõ ìîä, ÿâëÿþùèåñÿ îáùèìè äëÿ âñåõ ðàññìîòðåííûõ íåëè-
íåéíîñòåé äàííîãî òèïà.
Êëþ÷åâûå ñëîâà: íåëèíåéíûå ìîäû, áèôóðêàöèè.

We consider generalized discrete nonlinear Schrödinger equation with
nonlinearity in the form of two powers that have opposite signs (so
called “competing nonlinearity”). We study the stability of localized
lattice modes and their bifurcations that occur when the coupling
constant varies. It is shown that some properties of these modes are
commun for all the nonlinearities that have been considered.

Keywords: nonlinear modes, bifurcations.

Consider the lattice equation

i
dΨn
dt

+ C (Ψn+1 − 2Ψn +Ψn−1) + κ |Ψn|pΨn − γ |Ψn|q Ψn = 0, (1)

where n = 0,±1,±2, . . .. Here κ, γ are positive constants, p, q ∈ N
and q > p. Eq. (1) is a generalization of classical Discrete Nonlinear
Schr�odinger (DNLS) Equation that has been studied since 50-es due to
numerous physical applications. A signi�cant di�erence between DNLS and
Eq. (1) is that the nonlinearity in Eq. (1) is not cubic but consists of two
competing powers of di�erent signs (competing nonlinearity). The most
studied example of an equation of this kind is the so-called cubic-quintic
DNLS equation (DNLS-CQ equation). It corresponds to p = 2, q = 4 in
Eq. (1) [1,2]. The applications of DNLS-CQ equation includes nonlinear

Êîð÷àãèí Ïàâåë Àíàòîëüåâè÷, ìàãèñòðàíò, ÍÈÓ ÌÈÝÒ (Ìîñêâà, Ðîññèÿ); Pavel
Korchagin, Master Student, MIET University (Zelenograd, Moscow, Russia)

Àáäóëëàåâ Ôàòõóëëà Õàáèáóëàåâè÷, ä.ô.-ì.í, ïðîôåññîð, ÔÒÈ ÀÍ Óçáåêèñòàíà
(Òàøêåíò, Óçáåêèñòàí); Fatkhulla Abdullaev, Physical-Technical Institute of Uzbekistan
Academy of Sciences, (Tashkent, Uzbekistan)

Àëôèìîâ Ãåîðãèé Ëåîíèäîâè÷, ä.ô.-ì.í., ïðîôåññîð, ÍÈÓ ÌÈÝÒ (Ìîñêâà, Ðîñ-
ñèÿ); ÈÌÂÖ ÓÔÈÖ ÐÀÍ (Óôà, Ðîññèÿ); Georgy Al�mov, MIET University (Zelenograd,
Moscow, Russia); Institute of Mathematics with Computing Centre, Subdivision of the
Ufa Federal Research Centre, Russian Academy of Sciences (Ufa, Russia)
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optics and the theory of Bose-Einstein condensate (BEC). It is known,
that DNLS-CQ supports multistability of discrete solitons [1], mobility of
discrete formations and other interesting features [2].

Our study has been motivated by two models that have now received
wide discussion in BEC theory. It is recognized nowadays that a mixture
of two BECs trapped in a deep optical lattice in presence of quantum
�uctuations is described by the Gross-Pitaevskii equation (GPE) with
additional term corresponding to the repulsion of atoms. In 1D case the
governing equation reads, [3,4],

i
dΨn
dt

+ C (Ψn+1 − 2Ψn +Ψn−1) + κ |Ψn|Ψn − γ |Ψn|2 Ψn = 0, (2)

where n = 0,±1,±2, . . .. Eq. (2) is a particular case of Eq. (1) with p = 1
and q = 2. In The 3D case the model can be reduced to 1D-lattice equation

i
dΨn
dt

+ C (Ψn+1 − 2Ψn +Ψn−1) + κ |Ψn|2 Ψn − γ |Ψn|3 Ψn = 0, (3)

that is also a version of Eq. (1) with p = 2, q = 3.
In our study we concentrate on solutions of Eq. (1) that are localized on

�nite number of lattice sites and have the form of stationary oscillations,

Ψn(t) = eiµtun, (4)

(so called intrinsic localized modes, ILM). From (1) and (4) after some
algebra we arrive at the equation

C (un+1 − 2un + un−1)− un + |un|p un − γ |un|q un = 0, (5)

were C, γ and un have been rescaled. The boundary conditions are

un → 0, n→ ±∞. (6)

It is straightforward to show that the condition (6) implies that un can be
regarded as real.

In the limit C = 0 there is no coupling between the sites (so called
anticontinuum limit, (ACL)). Then the amplitudes un are the roots of the
equation

−u+ up+1 − γuq+1 = 0. (7)

If

0 < γ < γ∗ ≡
(
p

q

)
·
(
q − p

q

) q−p
p

,

then Eq. (7) has �ve roots: u = 0, u = ±a and u = ±A, where a,A > 0.
Introduce the codes of the solutions in ACL as follows: for n-th site, we
mark the situation un = 0 by symbol 0, un = ±a by symbols a± and
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code
stability,
C ≪ 1

Continuation and bifurcations

(a+) stable
no bound for continuation if 0 < γ < γa+ ;
merge with (A+) if γa+ < γ < γ∗.

(A+) stable
merge with (a+A+a+) if 0 < γ < γA+ ;
merge with (a+) if γA+ < γ < γ∗.

(A+A+) stable
merge with (a+A+A+a+) if 0 < γ < γA+A+ ;
merge with (a+a+) if γA+A+ < γ < γ∗.

(A+A−) unstable
merge with (a+A+A−a−) if 0 < γ < γA+A− ;
merge with (a+a−) if γA+A− < γ < γ∗.

(A+a+) unstable merge with (a+A+) if 0 < γ < γ∗;

(A+a−) stable
merge with (a+A+a−) if 0 < γ < γA+a− ;
merge with (a+A−) if γA+a− < γ < γ∗.

(a+a+) unstable
no bound for continuation if 0 < γ < γa+a+ ;
merge with (A+A+) if γa+a+ < γ < γ∗.

(a+a−) stable
merge with (a+a+a−a−) if 0 < γ < γa+a− ;
merge with (A+A−) if γa+a− < γ < γ∗.

Òàáëèöà 1: The bifurcations of C-parametrized branches of ILM with codes
of length 1 and 2 and their stability in the limit of small coupling.

un = ±A by symbols A±. We label ILM solutions in ACL by codes that
are sequences of these symbols. For instance, the code

A = (. . . , 0, 0, a+, A−, a+, 0, 0, . . .)

means that the amplitudes of all sites are zero, except three of them that
are u−1 = a, u0 = −A and u1 = a.

When C > 0 the ILM can be continued from the ACL, giving rise to C-
parametrized branches of solutions. We label these branches with the codes
that they have in ACL. To shorten the notations, we cut o� in�nite number
of zero symbols left the �rst nonzero symbol and right to the last nonzero
symbol. So, we keep only �nite number of symbols; the code A becomes
(a+, A−, a+). We call the length of the code the number of symbols in the
truncated code. For instance, the code A is of the length 3.

• First, we consider the ILMs with codes of length 1 or 2. There
are 8 such ILMs, up to symmetries. Each of them was continued
numerically for C > 0 by means of the method of pseudoarclength
continuation [5]. In the process, we analysed linear stability of the
computed ILMs. Three cases were studied: (i) p = 1, q = 2; (ii) p = 2,
q = 3; (iii) p = 2, q = 4 (the DNLS-CQ equation).

The results are commun for all the three cases. For instance,
in all the three models the branch (A+a+) merge with its mirror
counterpart (a+A+) at some critical value of C and disappear. In
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other cases the continuation depends on γ (see the Table ). For each
ILM there exist a threshold value of γ (denoted in Table by γa+ ,
γA+ etc), that separates the ways of continuation. The threshold value
depends on the case (i), (ii) or (iii), but the codes of the branches to
merge are the same for all the three cases (i),(ii) and (iii).

• Second, we studied in more detail the branch (a+). In all
the three cases we observed symmetry-breaking bifurcation. This
phenomenon just has been reported on for the cases (i) and (iii), but
not for the case (ii). This bifurcation is closely related to the snaking
phenomenon and to the situations when the Peierls-Nabarro barrier
vanishes.

• Third, we address the question of stability for the ILM with long
codes of repeating symbols. We show that the ILM with the codes

(A+A+ . . . A+A+) and (a+a− . . . a+a−)

are stable for any choice of p and q, at least for su�ciently small C.

Ëèòåðàòóðà
1. Carretero-Gonzales R., Talley J. D., Chong C. and Malomed B.

A. Multistable solitons in the cubic-quintic discrete nonlinear Schrodinger
equation// Physica D, 216 (2006), 77-89.

2. Maluckov A., Hadzievski L., Malomed B.A. Dark solitons in
dynamical lattices with the cubic-quintic nonlinearity// Phys. Rev. E, 76,
(2007) art. 046605.

3. Fei-yan Zhao, Zi-teng Yan, Xiao-yan Cai et al. Discrete quantum
droplets in one-dimensional lattices // Chaos, Solitons and Fractals, 152
(2021), art. 111313.

4. Kusdiantara R., Susanto H., Adriano F.T., Karjanto N. Analysis of
multistability in discrete quantum droplets and bubbles // Chaos, Solitons
and Fractals, 187 (2024), art. 115410.

5. Doedel E.J. Numerical Continuation Methods for Dynamical
Systems// in: Lecture Notes on Numerical Analysis of Nonlinear Equations,
Springer, Dordrecht (2007), pp.1-49.

202



ÊÂÀÇÈÊËÀÑÑÈ×ÅÑÊÈÅ ÐÅØÅÍÈß ÍÅËÎÊÀËÜÍÎÃÎ
ÍÅËÈÍÅÉÍÎÃÎ ÓÐÀÂÍÅÍÈß ØÐÅÄÈÍÃÅÐÀ Ñ

ÍÅÝÐÌÈÒÎÂÎÉ ×ÀÑÒÜÞ, ÀÑÑÎÖÈÈÐÎÂÀÍÍÛÅ Ñ
ÄÈÍÀÌÈÊÎÉ ÊÂÀÇÈ×ÀÑÒÈÖ
À.Å. Êóëàãèí, À.Â. Øàïîâàëîâ,
aek8@tpu.ru, shpv@mail.tsu.ru

ÓÄÊ 517.955.8

Ïðåäëàãàåòñÿ ïîäõîä ê ïîñòðîåíèþ êâàçèêëàññè÷åñêè ñîñðåäî-
òî÷åííûõ àñèìïòîòè÷åñêèõ ðåøåíèé íåëîêàëüíîãî íåëèíåéíîãî
óðàâíåíèÿ Øðåäèíãåðà ñ íåýðìèòîâîé ÷àñòüþ, êîòîðûå ñóùå-
ñòâåííûì îáðàçîì ó÷èòûâàþò äàëüíîäåéñòâóþùèé õàðàêòåð ñàìî-
äåéñòâèÿ. Äëÿ ýòîãî ââîäèòñÿ "êëàññè÷åñêàÿ ìåõàíèêà" íåñêîëü-
êèõ êâàçè÷àñòèö, òðàåêòîðèè êîòîðûõ çàäàþò îáëàñòü ëîêàëèçà-
öèè ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: êâàçèêëàññè÷åñêîå ïðèáëèæåíèå, êâàçè÷àñòèöû,
îòêðûòàÿ ñèñòåìà, íåëîêàëüíàÿ íåëèíåéíîñòü
Semiclassical solutions to the nonlocal nonlinear Schrödinger
equation with a non-Hermitian term associated with the dy-
namics of quasiparticles

The approach to constructing the semiclassically concentrated asymp-
totic solutions for the nonlocal nonlinear Schrödinger equation with a
non-Hermitian term is proposed, which essentially considers the long-
range self-action. The ”classical mechanics” of few quasiparticles is
introduced for that purpose. Their trajectories determine the local-
ization domain of solutions.

Keywords: semiclassical approximation, quasiparticles, open system,
nonlocal nonlinearity.

Íåëèíåéíîé óðàâíåíèå Øðåäèíãåðà (ÍÓØ) � øèðîêî èñïîëüçóåìàÿ
ìîäåëü êîëëåêòèâíûõ âîçáóæäåíèé â íåëèíåéíûõ ñðåäàõ. Äëÿ îïèñà-
íèÿ îòêðûòûõ ñèñòåì â îïåðàòîð ÍÓØ ââîäÿòñÿ íåýðìèòîâûå ñëàãàå-
ìûå [1]. Òàêèå ìîäåëè ïðèìåíÿþòñÿ äëÿ îïèñàíèÿ äèññèïàòèâíûõ ýô-
ôåêòîâ â áîçå-ýéíøòåéíîâñêîì êîíäåíñàòå (ÁÝÊ), à òàêæå äëÿ îïè-
ñàíèÿ ðàñïðîñòðàíåíèÿ îïòè÷åñêèõ èìïóëüñîâ â íåëèíåéíûõ ñðåäàõ ñ
èñòî÷íèêîì, ïîòåðÿìè è óñèëåíèåì. Íåëîêàëüíàÿ ëèíåéíîñòü ïðè ýòîì
îïèñûâàåò äàëüíîäåéñòâóþùåå ìåæ÷àñòè÷íîå âçàèìîäåéñòâèå â ñëó÷àå

Èññëåäîâàíèå âûïîëíåíà çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà � 23-71-
01047, https://rscf.ru/project/23-71-01047/.
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ÁÝÊ, ëèáî íåëîêàëüíûé ýôôåêò Êåððà â ñëó÷àå ìîäåëåé â îïòèêå. Ïðè
ýòîì ïîñòðîåíèå òî÷íûõ àíàëèòè÷åñêèõ ðåøåíèé òàêîãî ìîäåëüíîãî
óðàâíåíèÿ îáû÷íî ÿâëÿåòñÿ êðàéíå ñëîæíîé ìàòåìàòè÷åñêîé çàäà÷åé,
ïîýòîìó ïðèõîäèòñÿ ïðèáåãàòü ê ÷èñëåííûì èëè àñèìïòîòè÷åñêèì ìå-
òîäàì. Â äàííîé ðàáîòå ìû ïðåäëàãàåì èñïîëüçîâàòü èäåè ìåòîäà êîì-
ïëåêñíîãî ðîñòêà Ìàñëîâà [2] äëÿ ïîñòðîåíèÿ òàêèõ àñèìïòîòè÷åñêèõ
ðåøåíèé. ×òîáû òàêîé ïîäõîä ìîã ó÷èòûâàòü ïîâåäåíèå ÿäðà íåëè-
íåéíîñòè íà âñåì åãî íîñèòåëå, à íå òîëüêî â îêðåñòíîñòè íåêîòîðîé
öåíòðàëüíîé òî÷êè, ââîäÿòñÿ òàê íàçûâàåòñÿ êâàçè÷àñòèöû, "êëàññè-
÷åñêèå òðàåêòîðèè" êîòîðûõ îïðåäåëÿþò îáëàñòü ëîêàëèçàöèè, íåêî-
òîðûì îáðàçîì ðàñïðåäåëåííóþ â ïðîñòðàíñòâå [3,4].

Ðåøàåòñÿ çàäà÷à Êîøè äëÿ n-ìåðíîãî óðàâíåíèÿ ñëåäóþùåãî âèäà:{
− iℏ∂t +H(ẑ, t)[Ψ]− iℏΛH̆(ẑ, t)[Ψ]

}
Ψ(x⃗, t) = 0,

H(ẑ, t)[Ψ] = V (ẑ, t) + κ
∫
Rn

dy⃗Ψ∗(y⃗, t)W (ẑ, ŵ, t)Ψ(y⃗, t),

H̆(ẑ, t)[Ψ] = V̆ (ẑ, t) + κ
∫
Rn

dy⃗Ψ∗(y⃗, t)W̆ (ẑ, ŵ, t)Ψ(y⃗, t),

Ψ(x⃗, t)
∣∣∣
t=0

= ψ(x⃗).

(1)

ãäå x⃗, y⃗ ∈ Rn, ẑ = (ˆ⃗px, x⃗), ŵ = (ˆ⃗py, y⃗), ˆ⃗px = −iℏ∇x, à V , V̆ , W è W̆ �
ïñåâäîäèôôåðåíöèàëüíûå îïåðàòîðû ñ ãëàäêèìè ñèìâîëàìè.

Ïîñòðîåííûå àñèìïòîòè÷åñêèå ðåøåíèÿ óäîâëåòâîðÿþò ñâîéñòâó

lim
ℏ→0

⟨Ψ|Â|Ψ⟩(t, ℏ) =
K∑
s=1

µs(t)A(Zs(t), t, 0),

⟨Ψ|Â|Ψ⟩(t, ℏ) =
∫
Rn

Ψ(x⃗, t, ℏ)ÂΨ∗(x⃗, t, ℏ)dx⃗,

(1)

ãäå Â = A(ẑ, t, ℏ)� ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð. Ôóíêöèÿ Zs(t)
îïðåäåëÿåò òðàåêòîðèþ s-îé êâàçè÷àñòèöû, à µs(t) � åå "ìàññó". ×èñëî
K èìååò ñìûñë êîëè÷åñòâà êâàçè÷àñòèö.

Ïðåäëàãàåìûé ôîðìàëèçì ïðîèëëþñòðèðîâàí íà ïðèìåðå ÍÓØ ñ
ïåðèîäè÷åñêèì ïîòåíöèàëîì ëîâóøêè, äèïîëü-äèïîëüíûì âçàèìîäåé-
ñòâèåì è ôåíîìåíîëîãè÷åñêèì çàòóõàíèåì.
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Îáñóæäàåòñÿ çàäà÷à î áèôóðêàöèè öèêëîâ íà áåñêîíå÷íîñòè â ñè-
ñòåìàõ, ñîäåðæàùèõ îäíîðîäíûå âåêòîð-ïîëèíîìû ÷åòíîãî ïîðÿä-
êà. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ òàêîé áèôóðêàöèè, èçó÷àþòñÿ
ñâîéñòâà âîçíèêàþùèõ ðåøåíèé.

Êëþ÷åâûå ñëîâà: äèíàìè÷åñêàÿ ñèñòåìà, áèôóðêàöèÿ Àíäðîíîâà-
Õîïôà, áèôóðêàöèÿ íà áåñêîíå÷íîñòè, îäíîðîäíàÿ íåëèíåéíîñòü.
On bifurcations of cycles at infinity in systems with homoge-
neous non-linearities

Here the problem of bifurcations of cycles at infinity in systems having
homogeneous vector-polynomials of even order is discussed. Sufficient
conditions of occurence of such bifurcation are obtained, and proper-
ties of corresponding solutions are studied.

Keywords: dynamical system, Andronov-Hopf bifurcation, bifurcation
at infinity, homogeneous non-linearity.

Ðàññìàòðèâàåòñÿ çàâèñÿùåå îò ïàðàìåòðà α íåëèíåéíîå äèôôåðåíöè-
àëüíîå óðàâíåíèå.

dy

dt
= A(α)y + αa2q(y) , y ∈ RN (N ⩾ 2) , (1)

â êîòîðîì A(α) -� êâàäðàòíàÿ ìàòðèöà, à ôóíêöèÿ a2q(y) ÿâëÿåòñÿ îä-
íîðîäíûì âåêòîð-ïîëèíîìîì ÷åòíîãî ïîðÿäêà 2q.

Ïóñòü ìàòðèöà A(α) ïðè α = α0 èìååò ïðîñòûå ñîáñòâåííûå çíà-
÷åíèÿ ±iω0, ω0 > 0. Â ýòîì ñëó÷àå α0 áóäåò òî÷êîé áèôóðêàöèè Àí-
äðîíîâà�Õîïôà ñèñòåìû (1): ñóùåñòâóþò αn → α0 è Tn → T0 òàêèå,
÷òî ïðè α = αn ñèñòåìà (1) èìååò íåíóëåâîå Tn-ïåðèîäè÷åñêîå ðåøåíèå
y = yn(t) òàêîå, ÷òî max

t
∥yn(t)∥ → 0 ïðè n→ ∞. Çäåñü T0 = 2π

ω0
.

Íàðÿäó ñ áèôóðêàöèåé Àíäðîíîâà�Õîïôà â ñèñòåìå (1) âîçìîæåí
è äðóãîé ñöåíàðèé áèôóðêàöèè. À èìåííî, ãîâîðÿò, ÷òî çíà÷åíèå α0

ÿâëÿåòñÿ òî÷êîé áèôóðêàöèè ñèñòåìû (1) íà áåñêîíå÷íîñòè, åñëè ñó-
ùåñòâóþò αn → α0 è Tn → T0 òàêèå, ÷òî ïðè α = αn ñèñòåìà (1) èìååò
Tn-ïåðèîäè÷åñêîå ðåøåíèå y = yn(t) òàêîå, ÷òî min

t
∥yn(t)∥ → ∞ ïðè

n→ ∞.
Îáà óêàçàííûõ ñöåíàðèÿ áèôóðêàöèé ðåàëèçóþòñÿ ïðè íåêîòîðûõ

äîïîëíèòåëüíûõ óñëîâèÿõ îòíîñèòåëüíî ïðàâîé ÷àñòè ñèñòåìû (1). Ïðè

Êóíãèðîâ Ìàìóð, ÓÓÍèÒ (Óôà, Ðîññèÿ); Mamur Kungirov (Ufa University of
Science and Technology, Ufa, Russia)
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ýòîì äëÿ ðåàëèçàöèè êëàññè÷åñêîé áèôóðêàöèè Àíäðîíîâà�Õîïôà äî-
ñòàòî÷íî òðàíñâåðñàëüíîãî ïåðåõîäà ïàðû ñîáñòâåííûõ çíà÷åíèé ìàò-
ðèöû A(α) ÷åðåç ìíèìóþ îñü. Ñöåíàðèé áèôóðêàöèè íà áåñêîíå÷íî-
ñòè òðåáóåò òàêæå äîïîëíèòåëüíûõ óñëîâèé îòíîñèòåëüíî íåëèíåéíî-
ñòè a2q(y). Â íàñòîÿùåì äîêëàäå îáñóæäàþòñÿ òàêèå óñëîâèÿ.

Òàê êàê ìàòðèöà A0 = A(α0) èìååò ïðîñòûå ñîáñòâåííûå çíà÷åíèÿ
±iω0, òî íàéäóòñÿ íåíóëåâûå âåêòîðû e, g, e∗, g∗ ∈ RN òàêèå, ÷òî

A0(e+ ig) = iω0(e+ ig), A∗
0(e

∗ + ig∗) = −iω0(e
∗ + ig∗) ;

çäåñü A∗
0 � òðàíñïîíèðîâàííàÿ ìàòðèöà.

Ïîëîæèì

γ1 = (A′e, e∗) + (A′g, g∗), γ2 = (A′, g∗) + (A′g, e∗) ;

çäåñü A′ = A(0) Èçâåñòíî [1], ÷òî åñëè γ1 ̸= 0, òî α0 ÿâëÿåòñÿ òî÷êîé
áèôóðêàöèè Àíäðîíîâà�Õîïôà óðàâíåíèÿ (1).

Ïîëîæèì

f3(t) = F2(t)

∫ t

0

e(1−t)T0A0a2q(e(t))dt ,

ãäå F2(t) = T0a
′
2qx(e(t), α0)e

T0A0t; çäåñü a′2qx(e(t), α0) � ìàòðèöà ßêîáè
âåêòîð-ôóíêöèè a2q(e(t), α0). Äàëåå ïîëîæèì

b3 = T0

∫ 1

0

e(1−t)T0A0f3(t)dt , α2 = − ω0

πγ1
(b3, e

∗) .

Òåîðåìà 1. Ïóñòü γ1 ̸= 0 è α2 ̸= 0 . Òîãäà çíà÷åíèå α = α0 ÿâëÿåòñÿ
òî÷êîé áèôóðêàöèè ñèñòåìû (1) íà áåñêîíå÷íîñòè.
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Â íàñòîÿùåé ðàáîòå ïîëó÷åíà ñèñòåìà ñàìîñîãëàñîâàííûõ
èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé â ðàìêàõ ïîäõîäà Ïàðèçè
ïðèìåíèòåëüíî ê ìîäåëè Áëþìà-Êàïïåëÿ. Äàííàÿ ñèñòåìà óðàâ-
íåíèé íàöåëåíà íà îïèñàíèå ôèçè÷åñêîé ïðîáëåìû îáðàçîâàíèÿ
ñïèí-ñòåêîëüíîé ôàçû ïðè ââåäåíèè ìàãíèòíûõ èîíîâ Fe â äè-
õàëüêîãåíèä TaS2(Se2), êîãäà äîïèðóåìûå èîíû æåëåçà ìîãóò ïå-
ðåõîäèòü â íèçêîñïèíîâîå íåìàãíèòíîå ñîñòîÿíèå.

Êëþ÷åâûå ñëîâà: ôèçèêà, ñïèí-ñòåêëà, ìîäåëü Áëþìà-Êàïïåëÿ,
ïîäõîä Ïàðèçè.

Ðàññìàòðèâàåòñÿ íåìàãíèòíûé ñëîèñòûé ìàòåðèàë TaS2(Se2), â êîòî-
ðûé âíåäðÿþòñÿ ìàãíèòíûå èîíû Fe. Ýòè èîíû ïðè ââåäåíèè ìîãóò êàê
çàìåñòèòü àòîì â óçëå, òàê è ðàñïîëîæèòüñÿ ìåæäó ñëîÿìè ñîåäèíåíèÿ.
Ñîîòâåòñòâåííî èîí çàéìåò íèçêîñïèíîâîå ñîñòîÿíèå èëè âûñîêîñïèíî-
âîå èç-çà íàëè÷èÿ ëîêàëüíûõ êðèñòàëëè÷åñêèõ ïîëåé.

Òàêóþ ñèñòåìó ìîæåò îïèñàòü ìîäåëü Áëþìà-Êàïïåëÿ, êîòîðàÿ
âêëþ÷àåò â ñåáÿ ïàðíûå âçàèìîäåéñòâèÿ ñïèíîâ, Çååìàíîâñêîå ñëàãàå-
ìîå è ëîêàëüíîå êðèñòàëëè÷åñêîå ïîëå, óïðàâëÿþùåå ñïèíîâûì ñîñòî-
ÿíèåì

Ĥ = −
∑
(ij)

JijSiSj −
∑
i

hiSi −
∑
i

∆iS
2
i . (1)

Äëÿ îïèñàíèÿ ñïèí-ñòåêîëüíîé ôàçû ïðèìåíÿëñÿ ïîäõîä Ïàðèçè. Â ðå-
çóëüòàòå ïîëó÷åíà ñâîáîäíàÿ ýíåðãèÿ ðàññìàòðèâàåìîé ìîäåëè è çà-
ìêíóòàÿ ñèñòåìà èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ âñåõ âõî-
äÿùèõ â íåå ïåðåìåííûõ.

Ëÿõîâ Àëåêñåé Äìèòðèåâè÷, àññèñòåíò, ÓðÔÓ èìåíè Á.Í. Åëüöèíà (Åêàòåðèí-
áóðã, Ðîññèÿ); Alexey Lyahov (Ural Federal University, Ekaterinburg, Russia)
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Ïðèâåäåì ÿâíûå âûðàæåíèÿ. Ñâîáîäíàÿ ýíåðãèÿ

βf =
βJ0
2
m2 +

(βJ2)

4
µ2 +

(βJ)2

2

1∫
0

dxq2(x)

− 1

2π
√
q̃(0)F

∫∫
dydz e

− (y − h)2

2q̃(0) e
− (z − µ̃)2

2F φ(0, y, z). (2)

Óðàâíåíèÿ äëÿ âõîäÿùèõ ôóíêöèé èìåþò âèä
Ṗ =

˙̃q

2
Pyy − x ˙̃q(Pφy)y,

P (0, y, z) = 1

2π
√
q̃(0)F

e
− (y − h)2

2q̃(0) e
− (z − µ̃)2

2F .

(3)

 φ̇ = − 1
2
˙̃q
(
xφ2

y + φyy
)
,

φ(1, y, z) = ln(1 + 2ezch(y)).
(4)

Ïàðàìåòðû ïîðÿäêà îïðåäåëÿþòñÿ âûðàæåíèÿìè
m =

∫∫
dydz P (0, y, z)φy(0, y, z),

µ =
∫∫

dydz P (0, y, z)φz(0, y, z),

q(x) =
∫∫

dydz P (x, y, z)φ2
y(x, y, z).

(5)

Ãäå q̃ = β2J2q + β2σ2
h, F = β2σ2

∆, h = βh0 + βJ0m, µ̃ = β2J2

2
µ + β∆0 −

β2J2

2
q(1). Âåëè÷èíû J , J0, h0, ∆0, σh, σ∆ ÿâëÿþòñÿ âõîäíûìè ïàðàìåò-

ðàìè çàäà÷è, β = 1
KT

- îáðàòíàÿ òåìïåðàòóðà.
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INTEGRABLE MOTION OF TWO INTERACTING CURVES
AND RELATED SPIN SYSTEMS

Zh. Myrzakulova, Z. Zakariyeva, R. Myrzakulov
zhrmyrzakulova@gmail.com, zaruet.zakarieva@gmail.com,

rmyrzakulov@gmail.com

ÓÄÊ 517.951, 517.957

We investigate the integrable two-layer generalized Heisenberg ferro-
magnet equation and establish its connection to the differential geom-
etry of curves. Through this relationship, we identify the geometric
counterpart of the two-layer spin system, which corresponds to the
two-component Korteweg-de Vries equation.

Keywords: integrable systems, Heisenberg ferromagnet equation, dif-
ferential geometry, spin systems, coupled curve dynamics.

ÈÍÒÅÃÐÈÐÓÅÌÎÅ ÄÂÈÆÅÍÈÅ ÄÂÓÕ ÂÇÀÈÌÎ-
ÄÅÉÑÒÂÓÞÙÈÕ ÊÐÈÂÛÕ È ÑÂßÇÀÍÍÛÅ Ñ ÍÈÌ
ÑÏÈÍÎÂÛÅ ÑÈÑÒÅÌÛ

Èññëåäîâàíà èíòåãðèðóåìàÿ äâóõñëîéíàÿ ìîäåëü îáîáùåííîãî
ôåððîìàãíåòèêà Ãåéçåíáåðãà (HFE) è óñòàíîâëåíà å¼ ñâÿçü ñ äèô-
ôåðåíöèàëüíîé ãåîìåòðèåé êðèâûõ. ×åðåç ýòó ñâÿçü îïðåäåëåí
ãåîìåòðè÷åñêèé àíàëîã äâóõñëîéíîé ñïèíîâîé ñèñòåìû, êîòîðûé
ñîîòâåòñòâóåò äâóõêîìïîíåíòíîìó óðàâíåíèþ ÊäÔ

Êëþ÷åâûå ñëîâà: èíòåãðèðóåìûå ñèñòåìû, óðàâíåíèå ôåððîìàãíå-
òèêà Ãåéçåíáåðãà, äèôôåðåíöèàëüíàÿ ãåîìåòðèÿ, ñïèíîâûå ñèñòå-
ìû, äèíàìèêà ñâÿçàííûõ êðèâûõ.

We explore a 2-layer extension of the Heisenberg ferromagnet equation,
given by

At = A ∧Axx + u1Ax + v1H1 ∧A, (1)

Bt = B ∧Bxx + u2Bx + v2H2 ∧B, (2)

where A = (A1, A2, A3) and B = (B1, B2, B3) are unit spin vectors
associated with two interacting space curves.

This work was supported by the Ministry of Science and Higher Education of the
Republic of Kazakhstan. (Grant � AP14971227).

Zhaidary Myrzakulova, PhD, Senior Lecturer, L.N. Gumilyov ENU (Astana,
Kazakhstan); Ìûðçàêóëîâà Æàéäàðû (ÅÍÓ èìåíè Ë.Í Ãóìèëåâà, Àñòàíà, Êàçàõ-
ñòàí)
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Kazakhstan); Çàêàðèåâà Çàðóåò (Çàïàäíî-Êàçàõñòàíñêèé óíèâåðñèòåò èìåíè Ì. Óòå-
ìèñîâà, Îðàë, Êàçàõñòàí,)
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Kazakhstan); Ìûðçàêóëîâ Ðàòáàé (ÅÍÓ èìåíè Ë.Í Ãóìèëåâà, Àñòàíà, Êàçàõñòàí)
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The motion of these curves is governed by the Frenet-Serret equations,
which describe the relationship between the tangent (e1), normal (e2), and
binormal (e3) vectors

d

dx

e1e2
e3

 =

 0 κ 0
−κ 0 τ
0 −τ 0

e1e2
e3

 , (3)

where κ is the curvature and τ is the torsion of the curve. For the interacting
curves, represented by vectors A and B, we extend this framework with a
coupled system of Frenet-Serret equations for each curvee1e2
e3


x

=

 0 κ1 0
−κ1 0 τ1
0 −τ1 0

e1e2
e3

 ,

l1l2
l3


x

=

 0 κ2 0
−κ2 0 τ2
0 −τ2 0

l1l2
l3

 . (4)

Here, κ1 and κ2 are the curvatures, and τ1 and τ2 are the torsions of
the two interacting curves associated with the vectors A and B.

The equivalent di�erential system derived from the 2-layer HFE
corresponds to a set of coupled equations that describe the dynamics of
the curvatures κ1 and κ2

κ1t + κ1xxx + 3[(κ1 + κ2)κ1]x = 0, (5)

κ2t + κ2xxx + 3[(κ1 + κ2)κ2]x = 0. (6)

These equations highlight the interaction between the curvature
components of the two curves, o�ering a geometric interpretation of the
underlying integrable system.
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ÏÎÑÒÐÎÅÍÈÅ ÐÅØÅÍÈÉ ÀÍÀËÎÃÎÂ ÂÐÅÌÅÍÍÛÕ
ÓÐÀÂÍÅÍÈÉ ØÐÅÄÈÍÃÅÐÀ, ÑÎÎÒÂÅÒÑÒÂÓÞÙÈÕ
ÏÀÐÅ ÃÀÌÈËÜÒÎÍÎÂÛÕ ÑÈÑÒÅÌ H

5
2+

3
2 È H

5
2+2

Â.À. Ïàâëåíêî, mail@pavlenko.school

ÓÄÊ 517.925

Ñòðîèòñÿ ïàðà ñîâìåñòíûõ ðåøåíèé àíàëîãîâ âðåìåííûõ
óðàâíåíèé Øðåäèíãåðà, îïðåäåëÿåìûõ ãàìèëüòîíèàíàìè

H
5
2
+ 3

2
sk (s1, s2, q1, q2, p1, p2)(k = 1, 2) ãàìèëüòîíîâîé ñèñòåìû

H
5
2
+ 3

2 , è ïàðà ñîâìåñòíûõ ðåøåíèé àíàëîãîâ âðåìåííûõ
óðàâíåíèé Øðåäèíãåðà, îïðåäåëÿåìûõ ãàìèëüòîíèàíàìè

H
5
2
+2

sk (s1, s2, q1, q2, p1, p2)(k = 1, 2) ãàìèëüòîíîâîé ñèñòåìû
H

5
2
+2. Îáå ãàìèëüòîíîâû ñèñòåìû ïðèâåäåíû â ñòàòüå Êàâàìóêî

[1]. Äàííûå àíàëîãè óðàâíåíèé Øðåäèíãåðà ïðåäñòàâëÿþò ñîáîé
ëèíåéíûå ýâîëþöèîííûå óðàâíåíèÿ ñ âðåìåíàìè s1 è s2, êàæäîå
èç êîòîðûõ çàâèñèò îò äâóõ ïðîñòðàíñòâåííûõ ïåðåìåííûõ.

Êëþ÷åâûå ñëîâà: Ãàìèëüòîíîâû ñèñòåìû, óðàâíåíèÿ Ïåíëåâå, âðå-
ìåííûå óðàâíåíèÿ Øðåäèíãåðà, ìåòîä èçîìîíîäðîìíûõ äåôîðìà-
öèé.
Construction of solutions of analogues of the nonstationary
Schrödinger equations corresponding to a pair of Hamilto-

nian systems H
5
2
+ 3

2 and H
5
2
+2

A pair of simultaneous solutions of analogues nonstation-
ary Schrödinger equations, defined by the Hamiltonians

H
5
2
+ 3

2
sk (s1, s2, q1, q2, p1, p2)(k = 1, 2) of the Hamiltonian system

H
5
2
+ 3

2 , and a pair of simultaneous solutions of analogues analogues
nonstationary Schrödinger equations, defined by the Hamiltonians

H
5
2
+2

sk (s1, s2, q1, q2, p1, p2)(k = 1, 2) of the Hamiltonian system H
5
2
+2

are built in this paper. Both Hamiltonian systems are given in
Kawamuko’s paper [1]. These analogues of the Schrödinger equations
are linear evolutionary equations with times s1 and s2, each of which
depends on two spatial variables.

Keywords: Hamiltonian systems, Painleve-type equations, nonstation-
ary Schrödinger equations, isomonodromic deformation method.

Íàðÿäó ñ øåñòüþ êëàññè÷åñêèìè ÎÄÓ Ïåíëåâå â ïîñëåäíèå äåñÿòèëå-
òèÿ âñå áîëüøèé èíòåðåñ âûçûâàþò íåëèíåéíûå ÎÄÓ áîëåå âûñîêîãî
ïîðÿäêà, êîòîðûå òàêæå èíòåãðèðóþòñÿ ìåòîäîì ÈÄÌ. Íà ñåãîäíÿ, â
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÷àñòíîñòè, èçâåñòåí êîíå÷íûé ñïèñîê ñîâìåñòíûõ ïàð ãàìèëüòîíîâûõ
ñèñòåì ÎÄÓ

(qj)
′
sk = (Hsk )

′
pj , (pj)

′
sk = −(Hsk )

′
pj (k = 1, 2) (j = 1, 2)

ñ ãàìèëüòîíèàíàìè Hsk (s1, s2, q1, q2, p1, p2), êàæäîå èç êîòîðûõ åñòü
óñëîâèå ñîâìåñòíîñòè äâóõ ëèíåéíûõ ñèñòåì ÎÄÓ âèäà

V ′
sk = LskV, V ′

η = AV,

ãäå êâàäðàòíûå ìàòðèöû Lsk è A îäèíàêîâîé ðàçìåðíîñòè è ðàöèî-
íàëüíû ïî ïåðåìåííîé η. Ýòîò ñïèñîê âûïèñàí â ñòàòüå Êèìóðû, ñì.
[2]. Ïîçäíåå Êàâàìóêî äîïîëíèë ýòîò ñïèñîê, ñì. [1].

Â íàñòîÿùåé ðàáîòå áóäóò ïîñòðîåíû ðåøåíèÿ óðàâíåíèé âèäà

kΨ′
τ1 = H

5
2
+ 3

2
1 (τ1, τ2, x1, x2,−k

∂

∂x1
,−k ∂

∂x2
)Ψ,

kΨ′
τ2 = H

5
2
+ 3

2
2 (τ1, τ2, x1, x2,−k

∂

∂x1
,−k ∂

∂x2
)Ψ,

kΨ′
τ1 = H

5
2
+2

1 (τ1, τ2, x1, x2,−k
∂

∂x1
,−k ∂

∂x2
)Ψ,

kΨ′
τ2 = H

5
2
+2

2 (τ1, τ2, x1, x2,−k
∂

∂x1
,−k ∂

∂x2
)Ψ,

Ýòè óðàâíåíèÿ è ÿâëÿþòñÿ àíàëîãàìè âðåìåííûõ óðàâíåéíèé Øðåäèí-
ãåðà. Àâòîðó óäàëîñü ïîñòðîèòü òîëüêî äëÿ ñëó÷àÿ k = 1. Äëÿ ñëó÷àÿ
k = iℏ íå óäàëîñü. Åñëè áû óäàëîñü, òî ýòî óæå áûëè íå àíàëîãè, à
íàñòîÿùèå óðàâíåíèÿ Øðåäèíãåðà.
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ÃÅÎÌÅÒÐÈß ÊÎÍÔÎÐÌÍÎ ÏËÎÑÊÈÕ
ÃÀÐÌÎÍÈ×ÅÑÊÈÕ ÏÐÈÁËÈÆÅÍÍÎ

ÒÐÀÍÑÑÀÑÀÊÈÅÂÛÕ ÌÍÎÃÎÎÁÐÀÇÈÉ
À.Ð. Ðóñòàíîâ, Ñ.Â. Õàðèòîíîâà

aligadzhi@yandex.ru, hcb@yandex.ru

ÓÄÊ 514.7

Â ðàáîòå ïîëó÷åíà ïîëíàÿ êëàññèôèêàöèÿ êîíôîðìíî ïëîñêèõ
ãàðìîíè÷åñêèõ ïðèáëèæåííî òðàíññàñàêèåâûõ ìíîãîîáðàçèé. Äî-
êàçàíî, ÷òî òàêîå ìíîãîîáðàçèå íåíóëåâîé õàðàêòåðèñòèêè ÿâëÿåò-
ñÿ ëèáî ïðîñòðàíñòâîì ïîñòîÿííîé îòðèöàòåëüíîé êðèâèçíû, ëè-
áî îáðàçîì ïðîèçâåäåíèÿ øåñòèìåðíîé ñôåðû, ñíàáæåííîé ïðè-
áëèæåííî Êåëåðîâîé ñòðóêòóðîé, íà âåùåñòâåííóþ ïðÿìóþ ïðè
êàíîíè÷åñêîì êîíöèðêóëÿðíîì ïðåîáðàçîâàíèè; à ïðè íóëåâîé õà-
ðàêòåðèñòèêå � ëîêàëüíî ýêâèâàëåíòíî ïðîèçâåäåíèþ n-ìåðíîãî
êîìïëåêñíîãî ïðîñòðàíñòâà íà âåùåñòâåííóþ ïðÿìóþ.

Êëþ÷åâûå ñëîâà: ïî÷òè êîíòàêòíîå ìåòðè÷åñêîå ìíîãîîáðàçèå,
ãàðìîíè÷åñêîå ïðèáëèæåííî òðàíññàñàêèåâî ìíîãîîáðàçèå, òåíçîð
êîíôîðìíîé êðèâèçíû.
Geometry of conformally flat harmonic nearly trans-Sasakian
manifolds

In this work, a complete classification of conformally flat harmonic
nearly trans-Sasakian manifolds is obtained. It is proved that such
manifold of nonzero characteristic is either a space of constant neg-
ative curvature or is the image of the product of a six-dimensional
sphere equipped with an nearly Kähler structure and a real line under
a canonical concircular transformation. And a conformally flat har-
monic nearly trans-Sasakian manifold of characteristic zero is locally
equivalent to the product of an n-dimensional complex space and the
real line.

Keywords: almost contact metric manifold, harmonic nearly trans-
Sasakian manifold, conformal curvature tensor.

An almost contact metric (AC- for short) structure on a manifold M
is a quadruplet (ξ, η,Φ, g = ⟨·, ·⟩) of tensor �elds on M , where ξ is a vector
�eld called characteristic, η is a di�erential 1-form, called contact, Φ is an
endomorphism of the module X(M) of smooth vector �elds of M , called a
structural endomorphism, g = ⟨·, ·⟩) is a Riemannian metric. In this case:

1) η(ξ) = 1; 2) Φ(ξ) = 0; 3) η ◦ Φ = 0; 4) Φ2 = −id+ ξ ⊗ η;

Ðóñòàíîâ Àëèãàäæè Ðàáàäàíîâè÷, ê.ô.-ì.í., ÍÈÓ ÌÃÑÓ (Ìîñêâà, Ðîññèÿ);
Aligadzhi Rustanov (National Research Moscow State University of Civil Engineering,
Moscow, Russia)

Õàðèòîíîâà Ñâåòëàíà Âëàäèìèðîâíà, ê.ô.-ì.í., äîöåíò, ÎÃÓ (Îðåíáóðã, Ðîññèÿ);
Svetlana Kharitonova (Orenburg State University, Orenburg, Russia)
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5) ⟨ΦX,ΦY ⟩ = ⟨X,Y ⟩ − η(X)η(Y ); X,Y ∈ X(M).
A manifold admitting an AC-structure is called an almost contact

metric manifold (AC-manifold for short).
An AC-structure is called a nearly trans-Sasakian (NTS- for short)

if its linear extension belongs to the class W1 ⊕W4 of almost Hermitian
structures in the Gray-Hervella classi�cation [1].

An AC-manifold endowed with an NTS-structure is called an NTS-
manifold.

An NTS-structure is called eigen if it is equipped with a closed contact
form.

An eigen NTS-structure with a harmonic contact form is called
harmonic, and the number χ = − 1

2n
δη is its characteristic.

For an eigen NTS-manifold the full group of structural equations take
the form [1]:

1) dθa = −θab ∧ θb + Cabcθb ∧ θc + χδab θ
b ∧ θ;

2) dθa = θba ∧ θb + Cabcθ
b ∧ θc + χδbaθb ∧ θ;

3) dθ = 0;
4) dθab + θac ∧ θcb = (Aadbc − 2CadhChbc)θ

c ∧ θd,
where Aadbc is a class of functions on the space of the associated G-

structure, serving as components of the so-called curvature tensor of the
associated Q-algebra [2], or the structure tensor of the second kind, and

1)Aad[bc] = 0; 2)A
[bd]
ac = 0; 3)(Aadbc ) = Abcad; 4)C [abc] = Cabc, C[abc] =

Cabc.
Besides,
1)dCabc + Cdbcθad + Cadcθbd + Cabdθcd = Cabcdθd + χCabcθ;
2)dCabc − Cdbcθ

d
a − Cadcθ

d
b − Cabdθ

d
c = Cabcdθ

d + χCabcθ; 3) dχ = 0,
where Cabcd, Cabcd are suitable functions on the space of the associated

G-structure, and Ca[bcd] = 0; Ca[bcd] = 0.
Recall [3] that the essential nonzero components of the Riemann-

Christo�el tensor of a harmonic NTS-manifold on the space of an associated
G-structure have the form:

1) Ra
b̂cd

= 2CabhChcd − 2χ2δa[cδ
b
d]; 2) R

â
bĉd̂

= 2CabhC
hcd − 2χ2δ

[c
a δ

d]
b ;

3) Râbcd = −2Cab[cd]; 4) R
a
b̂ĉd̂

= −2Cab[cd]; 5) Ra00b = χ2δab ;

6) Râ
00b̂

= χ2δba; 7) R
0
a0b̂

= −χ2δba; 8) R
0
â0b = −χ2δab ;

9) Ra
bcd̂

= Aadbc − CadhChbc − χ2δac δ
d
b .

Additionally, we have the relations obtained from them considering the
symmetry properties. The rest of the components vanish.

The components of the Ricci tensor of a harmonic NTS-manifold on
the space of an associated G-structure have the form [3]:

1) S00 = −2nχ2; 2) Sab̂ = Abcac − 3CbcdCdca − 2nχ2δba;
3) Sâb = Aacbc − 3CacdCdcb − 2nχ2δab .
The rest of the components vanish.
The scalar curvature of a harmonic NTS-manifold is
r = 2Aabab − 6CabcCcba − 2n(n+ 1)χ2.
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Every Kenmotsu manifold is a harmonic NTS-manifold of characteristic
χ = −1, and every closely cosymplectic manifold is a harmonic NTS-
manifold of characteristic χ = 0.

Lemma. Let M be a harmonic NTS-manifold. Then C = Cabab is non-
negative. Moreover, C = 0 if and only if M is an AC-manifold obtained
from a cosymplectic manifold by a canonical concircular transformation.

The main invariant of the pseudo-Riemannian manifold (Mn, g) is the
Weyl tensor W of conformal curvature [1]:

W (X,Y )Z = R(X,Y )Z+ 1
n−2

{⟨X,Z⟩ ricY −⟨Y,Z⟩ ricX+S(X,Z)Y −
S(Y,Z)X}+ r

(n−1)(n−2)
(⟨Y,Z⟩X − ⟨X,Z⟩Y ),

or, in terms of its covariant components,
Wijkl = Rijkl+

1
n−2

(Silgjk+Sjkgil−Sikgjl−Sjlgik)+ r
(n−1)(n−2)

(gikgjl−
gilgjk).

Here ricX is the Ricci operator.
The non-zero components of the Weyl tensor for a harmonic NTS-

manifold on the space of the associated G-structure are the following:
1) W0a0b̂ = −W0ab̂0 = Wa0b̂0 = −Wa00b̂ = W0b̂0a = −W0b̂a0 = Wb̂0a0 =

−Wb̂00a = R0a0b̂ −
1

2n−1
(S00δ

b
a −Sab̂) +

r
2n(2n−1)

δba = −χ2δba +
1

2n−1
{Abcac −

3CbcdCdca}+ r
2n(2n−1)

δba;

2) Wabcd = Rabcd = −2Cab[cd];
3) Wabĉd̂ = Wĉd̂ab = Rabĉd̂ + 1

2n−1
(Sad̂gbĉ + Sbĉgad̂ − Saĉgbd̂ −

Sbd̂gaĉ)+
r

2n(2n−1)
(gaĉgbd̂−gad̂gbĉ) = 2CabhC

hcd−2χ2δ
[c
a δ

d]
b + 1

2n−1
{(Adhah−

3CdhgCgha−2nχ2δda)δ
c
b+(Achbh−3CchgCghb−2nχ2δcb)δ

d
a−(Achah−3CchgCgha−

2nχ2δca)δ
d
b − (Adhbh − 3CdhgCghb − 2nχ2δdb )δ

c
a}+ r

2n(2n−1)
(δcaδ

d
b − δdaδ

c
b);

4) Wab̂cd̂ = −Wab̂d̂c = −Wb̂acd̂ = Wb̂ad̂c = Rab̂cd̂ + 1
2n−1

(Sad̂gb̂c +

Sb̂cgad̂) −
r

2n(2n−1)
gad̂gb̂c = −Abdac + CbdhChac + χ2δbcδ

d
a + 1

2n−1
{(Adhah −

3CdhgCgha − 2nχ2δda)δ
b
c + (Abhch − 3CbhgCghc − 2nχ2δbc)δ

d
a} − r

2n(2n−1)
δdaδ

b
c;

5) Wâb̂ĉd̂ = Râb̂ĉd̂ = −2Cab[cd].
The meaning of vanishing the Weyl tensor W of a pseudo-Riemannian

manifold of dimension over three is well known: this is equivalent to the
conformal plane of the manifold [4]. Recall that a pseudo-Riemannian
manifold (M, g) is called conformally �at if the metric g in some
neighborhood of each pointm ∈M admits a conformal transformation into
a �at metric. Every two-dimensional Riemannian manifold is conformally
�at [5].

Theorem. A conformally �at harmonic NTS-manifold of nonzero
characteristic is either a space of constant negative curvature or is the image
of the manifold S6 ×R under the canonical concircular transformation. A
conformally �at harmonic NTS-manifold of characteristic zero is locally
equivalent to the manifold Cn ×R.
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ÎÁ ÈÍÒÅÃÐÈÐÓÅÌÛÕ ÐÅÄÓÊÖÈßÕ ÍÅËÈÍÅÉÍÛÕ
ÓÐÀÂÍÅÍÈÉ ÒÈÏÀ ÄÂÓÌÅÐÈÇÎÂÀÍÍÎÉ ÖÅÏÎ×ÊÈ

ÒÎÄÛ
À.Ó. Ñàêèåâà

alfya.sakieva@yandex.ru

ÓÄÊ 517.518

Ïðåäëàãàåòñÿ àëãîðèòì ïîñòðîåíèÿ ïîëíûõ íàáîðîâ õàðàêòåðè-
ñòè÷åñêèõ èíòåãðàëîâ ñèñòåì óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà ñ
èñïîëüçîâàíèåì ïàð Ëàêñà. Ýôôåêòèâíîñòü àëãîðèòìà ïðîèëëþ-
ñòðèðîâàíà íà íåñêîëüêèõ ïðèìåðàõ.

Êëþ÷åâûå ñëîâà: èíòåãðèðóåìîñòü ïî Äàðáó, ïðîèçâîäÿùàÿ ôóíê-
öèÿ èíòåãðàëîâ, ïàðû Ëàêñà, óðàâíåíèÿ òèïà Ëèóâèëëÿ, öåïî÷êà
Âîëüòåððû
On integrable reductions of two-dimensional Toda-type lat-
tices

An algorithm for constructing complete sets of characteristic integrals
of systems of hyperbolic type equations using Lax pairs is proposed.
The effectiveness of the method is illustrated by several examples.

Keywords: Integrability in sense of Darboux, Generating function of
integrals, Lax pairs, Liouville type equations, Volterra chain.

Äèôôåðåíöèàëüíî-ðàçíîñòíûå óðàâíåíèÿ âèäà:

un,xy = f(un+1, un, un−1, un,x, un,y). (1)

àêòèâíî èçó÷àþòñÿ â òå÷åíèå ïîñëåäíèõ äâóõ âåêîâ, íà÷èíàÿ ñ ðàáîò
Ï.Ñ.Ëàïëàñà. Çàäà÷à î ïîëíîì îïèñàíèè âñåõ èíòåãðèðóåìûõ óðàâíå-
íèé âèäà (1) ê íàñòîÿùåìó âðåìåíè ÿâëÿåòñÿ îòêðûòîé. Â ðàáîòàõ [1]-[3]
áûë íàéäåí ïîëíûé ñ òî÷íîñòüþ äî òî÷å÷íûõ çàìåí ïåðåìåííûõ ñïè-
ñîê èíòåãðèðóåìûõ öåïî÷åê, êîãäà ïðàâàÿ ÷àñòü óðàâíåíèÿ ÿâëÿåòñÿ
êâàçèëèíåéíîé ïî ïðîèçâîäíûì, òî åñòü èìååò âèä:

un,xy = A1un,xun,y +A2un,x +A3un,y +A4, (2)

ãäå êîýôôèöèåíòû Ai = Ai(un+1, un, un−1), i = 1, 2, 3, 4 ÿâëÿþòñÿ ãëàä-
êèìè ôóíêöèÿìè äèíàìè÷åñêèõ ïåðåìåííûõ. Ïðèâåäåì ïîëó÷åííûé â
ýòèõ ðàáîòàõ ñïèñîê:

1) un,xy = eun+1−2un+un−1 ,

2) un,xy = eun+1 − 2eun + eun−1 ,

3) un,xy = eun+1−un − eun−un−1 ,

Ñàêèåâà Àëüôèÿ Óðàëîâíà, ê.ô.-ì.í., í.ñ., ÈÌÂÖ ÓÔÈÖ ÐÀÍ (Óôà, Ðîññèÿ);
Alfya Sakieva (Institute of Mathematics with Computing Centre - Subdivision of the Ufa
Federal Research Centre of RAS, Ufa, Russia)
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4) un,xy = (un+1 − 2un + un−1)un,x,

5) un,xy =
(
eun+1−un − eun−un−1

)
un,x,

6) un,xy = αnun,xun,y, αn = 1
un−un−1

− 1
un+1−un

7) un,xy = αn(un,x + u2
n − 1)(un,y + u2

n − 1)− 2un(un,x + un,y + u2
n − 1).

Äëÿ èäåíòèôèêàöèè è êëàññèôèêàöèè èíòåãðèðóåìûõ ïî Äàðáó ñè-
ñòåì óðàâíåíèé èñïîëüçóåòñÿ àëãåáðàè÷åñêèé êðèòåðèé, îñíîâàííûé íà
ïîíÿòèè õàðàêòåðèñòè÷åñêîé àëãåáðû Ëè. Õàðàêòåðèñòè÷åñêèå àëãåá-
ðû ïðåäñòàâëÿþò ñîáîé êîíñòðóêòèâíûé, íî òðóäîåìêèé ìåòîä ïîñòðî-
åíèÿ ïîëíûõ íàáîðîâ èíòåãðàëîâ. Öåëü íñòîÿùåé ðàáîòû ñîñòîèò â òîì,
÷òîáû ðàçðàáîòàòü ýôôåêòèâíûé àëãîðèòì äëÿ ïîñòðîåíèÿ ïðîèçâîäÿ-
ùåé ôóíêöèè õàðàêòåðèñòè÷åñêèõ èíòåãðàëîâ äëÿ ñèñòåì ãèïåðáîëè-
÷åñêèõ óðàâíåíèé, ïîëó÷åííûõ èç öåïî÷åê ïðèâåäåííîãî âûøå ñïèñêà
ïóòåì íàëîæåíèÿ ãðàíè÷íûõ óñëîâèé îáðûâà, ñîõðàíÿþùèõ èíòåãðè-
ðóåìîñòü. Àëãîðèòì îñíîâàí íà èñïîëüçîâàíèè ïàðû Ëàêñà. Îòìåòèì,
÷òî äëÿ öåïî÷êè 3) ðàññìàòðèâàåìàÿ çàäà÷à î ïîñòðîåíèè èíòåãðàëîâ
áûëà ðåøåíà â ðàáîòå [4]. Â ðàáîòå [5] íàéäåíû ïîëíûå íàáîðû èíòå-
ãðàëîâ äëÿ óðàâíåíèé 6) è 7) ïðåäñòàâëåííîãî âûøå ñïèñêà, à òàêæå
äëÿ öåïî÷êè Âîëüòåððû

an,y = an (bn − bn+1) , bn,x (an−1 − an) . (3)
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ÎÁ ÈÍÒÅÃÐÀËÀÕ ÄËß ÈÍÒÅÃÐÈÐÓÅÌÛÕ ÏÎ ÄÀÐÁÓ
ÓÐÀÂÍÅÍÈÉ Â ×ÀÑÒÍÛÕ ÏÐÎÈÇÂÎÄÍÛÕ

Ñ.ß. Ñòàðöåâ
startsev@anrb.ru

ÓÄÊ 517.957

Ðàññìàòðèâàåòñÿ ñâîéñòâî, êîòîðîå èìååòñÿ ó íåêîòîðûõ èç ôóíê-
öèé îò x, y, u(x, y) è êîíå÷íîãî ÷èñëà ïðîèçâîäíûõ ∂iu/∂xi. Èíòå-
ãðàëû ìèíèìàëüíîãî ïîðÿäêà äëÿ èíòåãðèðóåìûõ ïî Äàðáó óðàâ-
íåíèé uxy = F (x, y, u, ux, uy) îáëàäàþò óêàçàííûì ñâîéñòâîì. Äî-
êàçàíî, ÷òî åñëè ôóíêöèÿ g îáëàäàåò ýòèì ñâîéñòâîì è ñóùåñòâóåò
óðàâíåíèå, äëÿ êîòîðîãî g ÿâëÿåòñÿ èíòåãðàëîì, òî ýòî óðàâíå-
íèå èíòåãðèðóåìî ïî Äàðáó (ò.å. äîïóñêàåò èíòåãðàëû è ïî äðóãîé
õàðàêòåðèñòèêå). Ïîýòîìó åñëè g ÿâëÿåòñÿ èíòåãðàëîì ìèíèìàëü-
íîãî ïîðÿäêà äëÿ èíòåãðèðóåìîãî ïî Äàðáó óðàâíåíèÿ, òî ëþáîå
óðàâíåíèå, äîïóñêàþùåå èíòåãðàë g, òàêæå èíòåãðèðóåìî ïî Äàð-
áó.
Êëþ÷åâûå ñëîâà: íåëèíåéíûå ãèïåðáîëè÷åñêèå óðàâíåíèÿ â ÷àñò-
íûõ ïðîèçâîäíûõ, èíòåãðèðóåìîñòü ïî Äàðáó.
On integrals of Darboux integrable partial differential equa-
tions

We consider an property defined for functions on x, y, u(x, y) and
a finite number of the derivatives ∂iu/∂xi. Integrals of the small-
est orders for Darboux integrable partial differential equations uxy =
F (x, y, u, ux, uy) possess the above property. We prove the following
proposition: if a function g has the above property and there exists
an equation for which g is an integral, then this equation is Darboux
integrable (i.e. admits integrals in another characteristic too). In par-
ticular, if g is an integral of the smallest order for a Darboux integrable
equation, then any equation admitting the integral g is also Darboux
integrable.

Keywords: nonlinear hyperbolic partial differential equations, Dar-
boux integrability.

Îáîçíà÷èì ÷åðåç Dx è Dy ïîëíûå ïðîèçâîäíûå ïî x è y ñîîòâåò-
ñòâåííî, à ÷åðåç A � ìíîæåñòâî âñåõ ôóíêöèé, çàâèñÿùèõ îò x, y,
u(x, y) è êîíå÷íîãî ÷èñëà ïðîèçâîäíûõ ui := ∂iu/∂xi. Íàñòîÿùàÿ ðà-
áîòà ïîñâÿùåíà ôóíêöèÿì g ∈ A, äëÿ êîòîðûõ ñóùåñòâóåò îïåðàòîð
S =

∑r
j=0 αjD

j
x, αj ∈ A, αr ̸= 0, òàêîé åãî êîìïîçèöèÿ g∗ ◦ S ñ ïðîèç-

âîäíîé Ôðåøå

g∗ =
∂g

∂u
+

∞∑
i=1

∂g

∂ui
Di
x
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ôóíêöèè g ìîæåò áûòü âûðàæåíà ÷åðåç x, g è åå ïîëíûå ïðîèçâîäíûå
Di
x(g) äëÿ ïðîèçâîëüíîé ôóíêöèè u(x, y). Çàìåòèì, ÷òî ýòî ñâîéñòâî

ÿâëÿåòñÿ ñâîéñòâîì ñàìîé ôóíêöèè g è íèêàê íå èñïîëüçóþò êàêîå-
ëèáî äèôôåðåíöèàëüíîå óðàâíåíèå íà ôóíêöèþ u.

Êàê ïîêàçàíî â [1], èíòåãðàëû íàèìåíüøèõ ïîðÿäêîâ äëÿ èí-
òåãðèðóåìûõ ïî Äàðáó óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ uxy =
F (x, y, u, ux, uy) îáëàäàþò óêàçàííûì âûøå ñâîéñòâîì. Îñíîâíûì ðå-
çóëüòàòîì íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ïî÷òè îáðàòíîå óòâåðæäåíèå:
åñëè ôóíêöèÿ g îáëàäàåò óêàçàííûì âûøå ñâîéñòâîì è ñóùåñòâóåò
óðàâíåíèå, äëÿ êîòîðîãî g ÿâëÿåòñÿ èíòåãðàëîì (ò. å. Dy(g) = 0 íà
ðåøåíèÿõ óðàâíåíèÿ), òî ýòî óðàâíåíèå äîïóñêàåò èíòåãðàëû ïî äðó-
ãîé õàðàêòåðèñòèêå òîæå è, ñëåäîâàòåëüíî, ÿâëÿåòñÿ èíòåãðèðóåìûì
ïî Äàðáó. Â ÷àñòíîñòè, åñëè g ÿâëÿåòñÿ èíòåãðàëîì íàèìåíüøåãî ïî-
ðÿäêà äëÿ èíòåãðèðóåìîãî ïî Äàðáó óðàâíåíèÿ, òî ëþáîå óðàâíåíèå,
äîïóñêàþùåå òîò æå èíòåãðàë g, òàêæå èíòåãðèðóåìî ïî Äàðáó.

Ýòè ôàêòû ìîæíî èñïîëüçîâàòü äëÿ ïðîâåðêè óæå èçâåñòíûõ ñïèñ-
êîâ èíòåãðèðóåìûõ ïî Äàðáó óðàâíåíèé íà ïîëíîòó è äëÿ íàõîæäå-
íèÿ íîâûõ èíòåãðèðóåìûõ ïî Äàðáó óðàâíåíèé. Òàêæå íåëüçÿ èñêëþ-
÷àòü, ÷òî çàäà÷à êëàññèôèêàöèè èíòåãðèðóåìûõ ïî Äàðáó óðàâíåíèé
ìîæåò áûòü ñâåäåíà ê êëàññèôèêàöèè íåêîòîðîãî ñïåöèàëüíîãî ïîä-
êëàññà ôóíêöèé, îáëàäàþùèõ âûøåóêàçàííûì ñâîéñòâîì.

Âûøåèçëîæåííîå áîëåå ïîäðîáíî ðàññìîòðåíî â [2].
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Èññëåäóåòñÿ âëèÿíèå çàòóõàþùèõ ñòîõàñòè÷åñêèõ âîçìóùåíèé ñ
îñöèëëèðóþùèìè êîýôôèöèåíòàìè íà ãàìèëüòîíîâû ñèñòåìû íà
ïëîñêîñòè. Îïèñûâàþòñÿ ðàçëè÷íûå äîëãîâðåìåííûå àñèìïòîòè-
÷åñêèå ðåæèìû â âîçìóùåííûõ óðàâíåíèÿõ è óñëîâèÿ èõ ñòîõà-
ñòè÷åñêîé óñòîé÷èâîñòè.
Êëþ÷åâûå ñëîâà: àñèìïòîòè÷åñêè àâòîíîìíàÿ ñèñòåìà, ñòîõàñòè-
÷åñêîå âîçìóùåíèå, óñòîé÷èâîñòü, ôóíêöèÿ Ëÿïóíîâà, ôàçîâûé
çàõâàò, ôàçîâûé äðåéô.
Bifurcations in Hamiltonian systems with decaying stochastic
perturbations

The influence of damped stochastic perturbations with oscillating co-
efficients on Hamiltonian systems in the plane is investigated. Various
long-term asymptotic regimes in the perturbed equations and the con-
ditions for their stochastic stability are described.

Keywords: asymptotically autonomous system, stochastic perturba-
tion, stability, Lyapunov function, phase-locking, phase-drifting.

Ðàññìàòðèâàåòñÿ êëàññ àñèìïòîòè÷åñêè àâòîíîìíûõ ñèñòåì äèôôåðåí-
öèàëüíûõ óðàâíåíèé íà ïëîñêîñòè ñ îñöèëëèðóþùèìè êîýôôèöèåíòà-
ìè. Ïðåäïîëàãàåòñÿ, ÷òî ïðåäåëüíàÿ ñèñòåìà ÿâëÿåòñÿ ãàìèëüòîíîâîé
ñ óñòîé÷èâûì ðàâíîâåñèåì. Îáñóæäàåòñÿ âëèÿíèå ìóëüòèïëèêàòèâíûõ
ñòîõàñòè÷åñêèõ âîçìóùåíèé òèïà áåëûé øóì íà óñòîé÷èâîñòü ñèñòåìû
ïðè óñëîâèè, ÷òî èíòåíñèâíîñòü âîçìóùåíèé çàòóõàåò ñî âðåìåíåì, à
÷àñòîòà óäîâëåòâîðÿåò ðåçîíàíñíîìó óñëîâèþ. Îïèñûâàþòñÿ âîçìîæ-
íûå àñèìïòîòè÷åñêèå ðåæèìû äëÿ âîçìóù¼ííûõ òðàåêòîðèé è èõ çà-
âèñèìîñòü îò ñòðóêòóðû è ïàðàìåòðîâ âîçìóùåíèé. Ïîêàçûâàåòñÿ, ÷òî
óñëîâèÿ óñòîé÷èâîñòè çàâèñÿò êàê îò ðåàëèçóåìîãî ðåæèìà, òàê è îò
ñêîðîñòè çàòóõàíèÿ âîçìóùåíèé. Â ÷àñòíîñòè, äîêàçûâàåòñÿ âîçìîæ-
íîñòü óñòîé÷èâîãî ôàçîâîãî çàõâàòà â êîëåáàòåëüíûõ ñèñòåìàõ çà ñ÷¼ò
øóìà. Ïðåäëàãàåìûé àíàëèç îñíîâàí íà êîìáèíàöèè ìåòîäà óñðåäíå-
íèÿ è ïîñòðîåíèÿ ñòîõàñòè÷åñêèõ ôóíêöèé Ëÿïóíîâà.
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ÎÁ ÎÁÎÁÙÅÍÍÎÌ ÓÐÀÂÍÅÍÈÈ ÊÎÐÒÅÂÅÃÀ � ÄÅ
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ÓÄÊ 519.21, 517.957, 517.955.2
Ðàçðàáîòàí àíàëèòè÷åñêèé ìåòîä ðåøåíèÿ îáîáùåííîãî ñòîõàñòè-
÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ Êîðòåâåãà � äå Ôðèçà
(GKdV) ñ øóìîì â äèñïåðñèè, êîòîðûé ñâîäèòñÿ ê ðåøåíèþ íåëè-
íåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ è ëèíåéíîãî óðàâíåíèÿ
Êîðòåâåãà � äå Ôðèçà. Íà îñíîâå ðàçðàáîòàííîãî ìåòîäà ïðîâå-
äåíî êîìïüþòåðíîå ìîäåëèðîâàíèå ïðîöåññà.

Êëþ÷åâûå ñëîâà: îáîáùåííîå óðàâíåíèå Êîðòåâåãà � äå Ôðè-
çà (GKdV), ñòîõàñòè÷åñêîå äèôôåðåíöèàëüíîå óðàâíåíèå (ÑÄÓ),
óðàâíåíèå äëèííîé âîëíû, îáîáùåííîå ñòîõàñòè÷åñêîå óðàâíåíèå
ÊäÔ ñ øóìîì â äèñïåðñèè, äèñïåðñèÿ âîëí
On the generalized Korteweg –de Vries equation with noise
in the dispersion term

An analytical method for solving the generalized stochastic Korteweg
– de Vries (GKdV) differential equation with noise in the dispersion
is developed, which reduces to solving nonlinear partial differential
equation and linear Korteweg – de Vries equation. On the basis of the
developed method the computer simulation of the process was carried
out.

Keywords: generalized Korteweg – de Vries (GKdV) equation,
stochastic differential equation (SDE), long wave equation, general-
ized stochastic equation KdV with noise in the dispersion, dispersion
of waves

Ââåä¼ì îáîáùåííîå óðàâíåíèå Êîðòåâåãà � äå Ôðèçà

ut + (f(u))x + [1 + V ′(t)]uxxx = 0, u(x, 0) = u0(x), (1)

(x, t) ∈ R× [0, T ], ñ øóìîì, êîòîðûé âîçäåéñòâóåò íà äèñïåðñèîííûé
÷ëåí óðàâíåíèÿ, îïðåäåëÿþùèé ñëó÷àéíóþ ïðèðîäó ðàññåèâàíèÿ âîëí.
Ïîä øóìîì V (t), V (0) = 0 ìû ïîíèìàåì ëèáî íåïðåðûâíóþ ôóíêöèþ,
ëèáî ïðîèçâîëüíûé ñëó÷àéíûé ïðîöåññ ñ íåïðåðûâíûìè ðåàëèçàöèÿ-
ìè. Íàñ áóäåò èíòåðåñîâàòü çàäà÷à Êîøè äëÿ ñòîõàòè÷åñêîãî GKdV ñ
êîýôôèöèåíòàìè, çàâèñÿùèìè îò âðåìåíè.
Øàã 1. Òàê êàê â óðàâíåíèè (1) ïðîèçâîäíàÿ V (t) ìîæåò íå ñóùåñòâî-
âàòü, òî ñ öåëüþ ïðèäàòü óðàâíåíèþ ìàòåìàòè÷åñêèé ñòðîãèé âèä, ïðî-
âåäåì ñëåäóþùèå ðàññóæäåíèÿ. Ðåøåíèå óðàâíåíèÿ (1) áóäåì èñêàòü â

Ñó÷êîâà Äèëàðà Àéðàòîâíà, àñïèðàíò ïî íàïðàâëåíèþ ïîäãîòîâêè "Ìàòåìàòè-
÷åñêîå ìîäåëèðîâàíèå, ÷èñëåííûå ìåòîäû è êîìïëåêñû ïðîãðàììÓÓÍèÒ (Óôà, Ðîñ-
ñèÿ); Dilara Suchkova (Ufa University of Science and Technology, Ufa, Russia)
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âèäå u(x, t) = u(x, t, V (t)), ïîýòîìó óðàâíåíèå ñëåäóåò ïåðåïèñàòü ñëå-
äóþùèì îáðàçîì:

d(u)t + [(f(u))x + uxxx]dt+ uxxx ∗ dV (t) = 0, u(x, 0, V (0)) = u0(x),

êîòîðîå ñ ó÷åòîì ôîðìóëû äëÿ äèôôåðåíöèàëà ñ ñèììåòðè÷íûì èíòå-
ãðàëîì [1] (u)tdt = utdt+ uv ∗ dV (t) ïðèìåò âèä

[ut + (f(u))x + uxxx]dt+ [uv + uxxx] ∗ dV (t) = 0. (2)

Ïóñòü ôóíêöèÿ (òðàåêòîðèÿ ñëó÷àéíîãî ïðîöåññà) V (t) íèãäå íå äèô-
ôåðåíöèðóåìà. Òîãäà â ñèëó ëåììû î ðàâåíñòâå äâóõ èíòåãðàëîâ [1]
óðàâíåíèå (2) ðàâíîñèëüíî äâóì ñîîòíîøåíèÿì:

ut(x, t, v)|v=V (t) + f(u(x, t, V (t)))x + uxxx(x, t, V (t)) = 0, (3)

uv(x, t, v)|v=V (t) + uxxx(x, t, V (t)) = 0. (4)

Âû÷èòàÿ èç óðàâíåíèÿ (3) óðàâíåíèå (4), ïîëó÷èì ñëåäóþùèå ñîîòíî-
øåíèÿ:

ut − uv + (f(u))x = 0, (5)

uv + uxxx = 0, (6)

Îò (5) è (6) ïåðåéäåì ê äâóì äåòåðìèíèðîâàííûì óðàâíåíèÿì íà ôóíê-
öèþ u(t, x, v), ïîëîæèâ v = V (t) â (5) è (6).
Øàã 2. Òåïåðü ìû áóäåì ðàññìàòðèâàòü òîëüêî äåòåðìèíèðîâàííûå
âàðèàíòû óðàâíåíèé (5) è (6). Íàì íåîáõîäèìî óáåäèòüñÿ, ÷òî íàé-
äåòñÿ ôóíêöèÿ u(t, x, V (t)), êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì îäíîâðåìåííî
äâóõ óðàâíåíèé.

Ïóñòü g(x, t) åñòü ïðîèçâîëüíîå ðåøåíèå óðàâíåíèÿ ÊäÔ gt + ggx +
gxxx = 0. Èçâåñòíî, ÷òî ðåøåíèå çàäà÷è Êîøè u∗(x, t, 0) = g(x, t) äëÿ
ëèíåàðèçîâàííîãî óðàâíåíèÿ ÊäÔ (6) âûðàæàåòñÿ ÷åðåç ôóíêöèè Ýéðè
[2], âîñïîëüçîâàâøèñü ýòèì ôàêòîì, çàïèøåì ðåøåíèå óðàâíåíèÿ (6)

u∗(x, t, V (t)) = π−1/2(3V (t))−1/3

+∞∫
−∞

Ai

(
x− y

(3V (t))1/3

)
g(y, t) dy,

ãäå Ai(z) = 1
π

∞∫
0

cos
(
y3

3
+ yz

)
dy åñòü ôóíêöèÿ Ýéðè.

Øàã 3. Ïîêàæåì, ÷òî ôóíêöèÿ

u(x, t, v) = π−1/2(3v)−1/3

+∞∫
−∞

Ai

(
x− y

(3v)1/3

)
g(y, t) dy, (7)

óäîâëåòâîðÿåò óðàâíåíèþ (5). Çàìåòèì, ÷òî ââèäó (7)

ut(x, t, v) = π−1/2(3v)−1/3

+∞∫
−∞

Ai

(
x− y

(3v)1/3

)
gt(y, t) dy =
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= π−1/2(3v)−1/3

+∞∫
−∞

Ai

(
x− y

(3v)1/3

)
[−(f(g(y, t)))y − gyyy(y, t)] dy.

Â ñèëó ñâîéñòâ ïðåîáðàçîâàíèÿ Ýéðè ïðàâàÿ ÷àñòü ðàâåíñòâà çàïèøåò-
ñÿ â âèäå −(f(u(x, t, v)))x − uxxx(x, t, v). Ñ ó÷åòîì (6), ïîëó÷èì

ut(x, t, v) + f(u(x, t, v))x − uv(x, t, v) = 0.

Çíà÷èò ðåøåíèå ÊäÔ ñ øóìîì äàåòñÿ ôîðìóëîé (7).

Òåîðåìà. Ïóñòü V (t), t ∈ [0, T ], V (0) = 0, � íåïðåðûâíàÿ ôóíêöèÿ,
à g(x, t) ëþáîå ðåøåíèå óðàâíåíèÿ ÊäÔ gt+ggx+gxxx = 0. Òîãäà ñîîòíî-
øåíèå (7) ïðè v = V (t) îïðåäåëÿåò ðåøåíèå ñòîõàñòè÷åñêîãî óðàâíåíèÿ
ÊäÔ (2).
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Â äîêëàäå îáñóæäàþòñÿ íåëèíåéíûå èíòåãðèðóåìûå ãèïåðáîëè÷å-
ñêèå óðàâíåíèÿ ñîëèòîííîãî òèïà âèäà:

uxy = F (u, ux, uy). (1)

Èç ðåçóëüòàòîâ ðàáîòû [1] ñëåäóåò, ÷òî ñ òî÷íîñòüþ äî òî÷å÷íûõ ïðåîá-
ðàçîâàíèé ïåðåìåííûõ ñóùåñòâóåò ðîâíî ïÿòü óðàâíåíèé òàêîãî òèïà:

uxy = sin(u); (2)

uxy = f(u)
√

1 + u2
x, f

′′ = γf, γ = const; (3)

uxy =
√
ux

√
u2
y + 1; (4)

uxy =
√
u2
x + 1

√
u2
y + 1; (5)

uxy =
√
℘(u)− µ

√
u2
x + 1

√
u2
y + q. (6)

Ìû ïðåäïîëàãàåì, ÷òî äëÿ ëþáîãî èíòåãðèðóåìîãî óðàâíåíèÿ âè-
äà (1), íå èìåþùåãî íåòðèâèàëüíûõ õàðàêòåðèñòè÷åñêèõ èíòåãðàëîâ,
ïîñëåäîâàòåëüíîñòü ïðåîáðàçîâàíèé Ëàïëàñà, ñâÿçàííàÿ ñ åãî ëèíåà-
ðèçàöèåé

vxy + avx + bvy + cv = 0, (7)

ãäå

a = − ∂F

∂ux
, b = − ∂F

∂uy
, c = −∂F

∂u
, (8)

äîïóñêàåò ðåäóêöèþ âèäà

v[m+1] = α[−k]v[−k] + α[−k+1]v[−k+1] + · · ·+ α[m]v[m], (9)

v[−k−1] = β[−k]v[−k] + β[−k+1]v[−k+1] + · · ·+ β[m]v[m], (10)

ãäå m, k � öåëûå ÷èñëà, òàêèå, ÷òî m ⩾ 1, k ⩾ 1; êîýôôèöèåíòû αj , βj
çàâèñÿò îò äèíàìè÷åñêèõ ïåðåìåííûõ u, ux, uy, . . .. Êðîìå òîãî, òðå-
áóåòñÿ, ÷òîáû α[−k] è β[m] íå îáðàùàëèñü â íóëü îäíîâðåìåííî. Òîãäà
ñèñòåìà óðàâíåíèé (9) è (10) îáðàçóåò ïàðó Ëàêñà äëÿ óðàâíåíèÿ (1),

Ôàéçóëèíà Êèðà Èãîðåâíà; Kira Faizulina (Institute of Mathematics, Ufa Federal
Research Centre, Russian Academy of Sciences, Ufa, Russia)

Õàêèìîâà Àéãóëü Ðèíàòîâíà; Aigul Khakimova (Institute of Mathematics, Ufa
Federal Research Centre, Russian Academy of Sciences, Ufa, Russia)
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êîòîðàÿ îòëè÷àåòñÿ îò îáû÷íîãî ïðåäñòàâëåíèÿ ïàðû Ëàêñà. Èç êî-
òîðîãî ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ìîæíî âûâåñòè êàê
îïåðàòîðû ðåêóðñèè â õàðàêòåðèñòè÷åñêèõ íàïðàâëåíèÿõ, òàê è îáû÷-
íóþ ïàðó Ëàêñà.

Â ñòàòüå [2] ýòà ãèïîòåçà áûëà äîêàçàíà äëÿ óðàâíåíèé (2) è (3), â
[3] � äëÿ óðàâíåíèé (4) è (5), äëÿ ïîñëåäíåãî óðàâíåíèÿ (6) ýòî óòâåð-
æäåíèå áûëî äîêàçàíî â [4] è äëÿ âñåõ óðàâíåíèé áûëè íàéäåíû ïàðû
Ëàêñà è îïåðàòîðû ðåêóðñèè â îáîèõ õàðàêòåðèñòè÷åñêèõ íàïðàâëåíè-
ÿõ x è y.
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Î ÏÎÑÒÐÎÅÍÈÈ ÐÅØÅÍÈÉ ÍÅËÈÍÅÉÍÛÕ
ÈÍÒÅÃÐÈÐÓÅÌÛÕ ÓÐÀÂÍÅÍÈÉ Â ×ÀÑÒÍÛÕ
ÏÐÎÈÇÂÎÄÍÛÕ ÏÐÈ ÏÎÌÎÙÈ ÎÄÅÂÀÞÙÈÕ

ÖÅÏÎ×ÅÊ
È.Ò. Õàáèáóëëèí, À.Ð. Õàêèìîâà

habibullinismagil@gmail.com, aigul.khakimova@mail.ru

ÓÄÊ 517.518

Â äîêëàäå îáñóæäàþòñÿ ñäâîåííûå ñèñòåìû òèïà óðàâíåíèÿ Äýâè-
Ñòþàðòñîíà, ÿâëÿþùèåñÿ ïðîñòðàíñòâåííî-äâóìåðíûìè îáîáùå-
íèÿìè óðàâíåíèé êëàññà íåëèíåéíîãî óðàâíåíèÿ Øðåäèíãåðà.
Ñäâîåííûå ñèñòåìû ïðåäñòàâëÿþò ñîáîé ñèììåòðèè íåëèíåéíûõ
äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíåíèé, íàçûâàåìûõ öåïî÷êà-
ìè. Ïðåäëàãàåòñÿ ìåòîä ïîñòðîåíèÿ ÿâíûõ ÷àñòíûõ ðåøåíèé ñäâî-
åííûõ ñèñòåì ïîñðåäñòâîì êîíå÷íî-ïîëåâûõ ðåäóêöèé äâóìåðèçî-
âàííûõ öåïî÷åê.

Êëþ÷åâûå ñëîâà: ìíîãîìåðíûå èíòåãðèðóåìûå óðàâíåíèÿ, ïàðû
Ëàêñà, âûñøèå ñèììåòðèè, ñîëèòîííûå ñèñòåìû, îäåâàþùèå öå-
ïî÷êè, õàðàêòåðèñòè÷åñêèå èíòåãðàëû.
On the construction of solutions of nonlinear integrable par-
tial differential equations using dressing chains

The paper discusses coupled systems of the Davey-Stewartson type,
which are spatially two-dimensional generalizations of equations of
the class of nonlinear Schrödinger equations. Coupled systems are
symmetries of nonlinear differential-difference equations called chains.
A method is proposed for constructing explicit particular solutions of
coupled systems by means of finite-field reductions of two-dimensional
chains.

Keywords: multidimensional integrable equations, Lax pairs, higher
symmetries, soliton systems, dressing chains, characteristic integrals.

Â ðàáîòå À.Á.Øàáàòà è Ð.È.ßìèëîâà [1] áûëà îáíàðóæåíà òåñíàÿ ñâÿçü
ìåæäó äâóìåðèçîâàííûìè öåïî÷êàìè ñëåäóþùèõ äâóõ òèïîâ

un,xy = f(un+1, un, un−1, un,x, un,y) (1)

è
un,y = p(un)(vn+1 − vn) vn,x = q(vn)(un − un−1) (2)

Õàáèáóëëèí Èñìàãèë Òàëãàòîâè÷, ä.ô.-ì.í., ïðîôåññîð, ã.í.ñ., ÈÌÂÖ ÓÔÈÖ ÐÀÍ
(Óôà, Ðîññèÿ); Ismagil Habibullin (Institute of Mathematics with Computing Centre -
Subdivision of the Ufa Federal Research Centre of RAS, Ufa, Russia)

Õàêèìîâà Àéãóëü Ðèíàòîâíà, ê.ô.-ì.í., ñ.í.ñ., ÈÌÂÖ ÓÔÈÖ ÐÀÍ (Óôà, Ðîññèÿ);
Aigul Khakimova (Institute of Mathematics with Computing Centre - Subdivision of the
Ufa Federal Research Centre of RAS, Ufa, Russia)
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è ñäâîåííûìè ñèñòåìàìè â ÷àñòíûõ ïðîèçâîäíûõ. Ïðè ýòîì ñäâîåííûå
ñèñòåìû îïðåäåëÿþòñÿ ÷åðåç âûñøèå ñèììåòðèè äëÿ (1) èëè (2), à ñà-
ìè äèñêðåòíûå ìîäåëè ÿâëÿþòñÿ èòåðàöèÿìè ïðåîáðàçîâàíèÿ Áåêëóí-
äà ñïåöèàëüíîãî âèäà äëÿ ñäâîåííîé ñèñòåìû. Îíè òàêæå íàçûâàþòñÿ
îäåâàþùèìè öåïî÷êàìè äëÿ ñäâîåííûõ ñèñòåì.

Äëÿ õîðîøî èçâåñòíîé öåïî÷êè Âîëüòåððû

uny = un(vn − vn+1), vnx = vn(un−1 − un), (3)

ñäâîåííàÿ ñèñòåìà èìååò ñëåäóþùèé âèä

un,t = uxx +
(
u2 + 2uV

)
x
, Vy = vx

vn,t = −vxx +
(
V 2)

y
+ (2uv)x.

Ïîëüçóÿñü èíòåãðèðóåìûìè ïî Äàðáó êîíå÷íî-ïîëåâûìè ðåäóêöèÿìè
îäåâàþùåé öåïî÷êè ìîæíî ïîëó÷èòü ÿâíûå ÷àñòíûå ðåøåíèÿ ñîîòâåò-
ñòâóþùåé ñäâîåííîé ñèñòåìû. Ïðèìåð òàêîãî ðåøåíèÿ ïðèâîäèòñÿ â
òåîðåìå íèæå.

Òåîðåìà 1. Ïðåäïîëîæèì, ÷òî ôóíêöèÿ S(x, t) ÿâëÿåòñÿ ïðîèç-
âîëüíûì ðåøåíèåì óðàâíåíèÿ òåïëîïðîâîäíîñòè St = Sxx ïóñòü ïðè
ýòîì F (y) ïðîèçâîëüíàÿ ãëàäêàÿ ôóíêöèÿ. Òîãäà ôóíêöèè

u(x, y, t) = − ∂

∂x
ln(S(x, t) + F (y)),

v(x, y, t) =
∂

∂y
ln(S(x, t) + F (y)),

V (x, y, t) =
∂

∂x
ln(S(x, t) + F (y))

çàäàþò ðåøåíèå ñäâîåííîé ñèñòåìû, ïðåäúÿâëåííîé âûøå.

Ëèòåðàòóðà

1. Shabat A.B., Yamilov R.I. To a transformation theory of two-
dimensional integrable systems // Phys. Lett., A, 227:1-2 (1997), 15-23.
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ÍÅËÈÍÅÉÍÛÉ ÈÇÃÈÁ ÁÀËÊÈ
À.Ã. Õàêèìîâ

hakimov@anrb.ru

ÓÄÊ 539.311

Ïðåäñòàâëåíà àíàëèòè÷åñêàÿ ãåîìåòðè÷åñêè íåëèíåéíàÿ ìîäåëü
ãèáêîãî îäíîñëîéíîãî ãðàôåíà èëè ãèáêîé áàëêè ñ ó÷åòîì äåé-
ñòâèÿ ñðåäíåãî äàâëåíèÿ, äëÿ êîòîðîé ñôîðìóëèðîâàíà â áåçðàç-
ìåðíîì âèäå êðàåâàÿ çàäà÷à è ïîëó÷åíû òî÷íûå àíàëèòè÷åñêèå
îáùèå ðåøåíèÿ â ýëëèïòè÷åñêèõ ôóíêöèÿõ, îïèñûâàþùèå ôîðìû
äåôîðìèðîâàíèÿ ãèáêîé áàëêè.

Êëþ÷åâûå ñëîâà: îäíîñëîéíûé ãðàôåí, öèëèíäðè÷åñêèé èçãèá,
ôîðìà, óñèëèÿ, èçãèáàþùèé ìîìåíò.
Nonlinear bending of a beam

An analytical geometrically nonlinear model of flexible single-layer
graphene or flexible beam is presented, for which a boundary value
problem is formulated in dimensionless form and exact analytical gen-
eral solutions are obtained in elliptic functions describing the defor-
mation forms of the flexible beam.

Keywords: single-layer graphene, cylindrical bending, shape, forces,
bending moment.

Êàê îòìå÷åíî â ðàáîòå Ì.À. Èëüãàìîâà, íà÷èíàÿ ñ îáîáùàþùèõ ðà-
áîò ïî òåîðèè òîíêèõ ïëàñòèí è îáîëî÷åê Ðýëåÿ (Ñòðåòò Äæ.Â.), Ëÿâà
(Ëÿâ À.) ïîïåðå÷íàÿ ðàñïðåäåëåííàÿ ñèëà ïðèíèìàåòñÿ ðàâíîé q = p1
� p2, ãäå p1 è p2 � èçáûòî÷íûå äàâëåíèÿ íà ïîâåðõíîñòè, ïåðïåíäèêó-
ëÿðíûå ïëîñêîñòè èçãèáà. Ýòè äàâëåíèÿ p1 è p2 ïîëîæèòåëüíû, åñëè
îáùåå äàâëåíèå ïðåâûøàåò àòìîñôåðíîå äàâëåíèå p0, îòðèöàòåëüíû
ïðè ìåíüøåì çíà÷åíèè îáùåãî äàâëåíèÿ, ÷åì p0. Ó÷åò ðàçíîñòè ïëî-
ùàäåé âûïóêëîé è âîãíóòîé ïîâåðõíîñòåé, ïîÿâëÿþùåéñÿ ïðè èçãèáå
ñòåðæíÿ è öèëèíäðè÷åñêîì èçãèáå ïëàñòèíû, ïðèâîäèò ê âûðàæåíèþ,
êîòîðîå ïðèâîäèòñÿ â [1], îòêóäà ñëåäóåò, ÷òî ðàñïðåäåëåííàÿ ïîïåðå÷-
íàÿ ñèëà, âîçíèêàþùàÿ ïðè èçãèáå â ðåçóëüòàòå îáðàçîâàíèÿ ðàçíîñòè
ïëîùàäåé âûïóêëîé è âîãíóòîé ÷àñòåé ïîâåðõíîñòè íàïðàâëåíà â ñòî-
ðîíó âîãíóòîñòè.

Â ñòàòüå [2] èññëåäóþòñÿ çàäà÷è ñòàòè÷åñêîé è äèíàìè÷åñêîé óñòîé-
÷èâîñòè òîíêîãî ãèáêîãî ñòåðæíÿ ïîä äåéñòâèåì îñåâîãî ñæàòèÿ ñ òî÷-
íûì ó÷åòîì ãåîìåòðè÷åñêîé íåëèíåéíîñòè è ïðèâîäèòñÿ îáçîð ðàáîò ïî
íåëèíåéíûì çàäà÷àì, òåîðèè è ðàñ÷åòó ãèáêèõ óïðóãèõ ñòåðæíåé.

Ðàáîòà ïðîâåäåíà â ïîðÿäêå âûïîëíåíèÿ ãîñóäàðñòâåííîãî çàäàíèÿ (�0246-2023-
0015).

Õàêèìîâ Àêèì Ãàéôóëëèíîâè÷, ê.ô.-ì.í., äîöåíò, ÈÌåõ ÓÔÈÖ ÐÀÍ (Óôà, Ðîñ-
ñèÿ); Akim Khakimov (Ufa Mavlyutov Institute of Mechanics Ufa Federal Research Centre
of the Russian Academy of Sciences, Ufa, Russia)
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Èñïîëüçóÿ ñîîòíîøåíèÿ

u =
a

R
, ξ =

s

a
, x =

x∗

a
, y =

y∗

a
, t =

Ta2

D
, q =

Qa2

D
, m =

Ma

D
,

α = a2
(

1

2R2
0

+
T0

D

)
, β =

Pha2

D
,

ïîëó÷åíî äèôôåðåíöèàëüíîå óðàâíåíèå öèëèíäðè÷åñêîãî èçãèáà îäíî-
ñëîéíîãî ãðàôåíà ïîä äåéñòâèåì ñðåäíåãî äàâëåíèÿ

d2u

dξ2
+
u3

2
− (α+ β)u = 0,

ðåøåíèå êîòîðîãî èìååò âèä

u (ξ) = m0ηsn

[
1

2
Im0ξ + arcsn

(
1

η
, η

)
, η

]
, η =

1

m0

√
4 (α+ β)−m2

0.

Çäåñü E, ν, h - ìîäóëü óïðóãîñòè, êîýôôèöèåíò Ïóàññîíà è òîëùèíà
îäíîñëîéíîãî ãðàôåíà, D - öèëèíäðè÷åñêàÿ èçãèáíàÿ æåñòêîñòü , RN -
ðàäèóñ êðèâèçíû â íåäåôîðìèðîâàííîì íà÷àëüíîì ñîñòîÿíèè, T,Q,M
- óñèëèå íàòÿæåíèÿ, ïåðåðåçûâàþùàÿ ñèëà è èçãèáàþùèé ìîìåíò,R, s -
ðàäèóñ êðèâèçíû â äåôîðìèðîâàííîì ñîñòîÿíèè è äëèíà äóãè ïîïåðå÷-
íîãî ñå÷åíèÿ, x∗, y∗ - ðàçìåðíûå êîîðäèíàòû, a - õàðàêòåðíûé ðàçìåð,
P - äàâëåíèå â îêðóæàþùåé ñðåäå, m0 - áåçðàçìåðíûé èçãèáàþùèé
ìîìåíò â òî÷êå O.

Âëèÿíèå ñðåäíåãî äàâëåíèÿ íà ôîðìó ïîïåðå÷íîãî ñå÷åíèÿ è ðàñ-
ïðåäåëåíèå óñèëèé è èçãèáàþùåãî ìîìåíòà óâåëè÷èâàåòñÿ ñ óâåëè÷å-
íèåì òîëùèíû ãèáêîé áàëêè.
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ÍÀÃÐÓÆÅÍÍÎÃÎ ÓÐÀÂÍÅÍÈß ÌÊÄÔ Ñ

ÑÀÌÎÑÎÃËÀÑÎÂÀÍÍÛÌ ÈÑÒÎ×ÍÈÊÎÌ Â ÑËÓ×ÀÅ
ÏÐÎÑÒÛÕ ÑÎÁÑÒÂÅÍÍÛÕ ÇÍÀ×ÅÍÈÉ

Ó.À. Õîèòìåòîâ, Ø.Ê. Cîáèðîâ
x_umid@mail.ru, shexzod1994@mail.ru

ÓÄÊ 517.957

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ íàãðóæåííîãî
ìîäèôèöèðîâàííîãî óðàâíåíèÿ Êîðòåâåãà-äå Ôðèçà ñ ñàìîñîãëà-
ñîâàííûì èñòî÷íèêîì â ñëó÷àå ïðîñòûõ ñîáñòâåííûõ çíà÷åíèé.

Êëþ÷åâûå ñëîâà: Íàãðóæåííîå ìîäèôèöèðîâàííîå óðàâíåíèå
Êîðòåâåãà-äå Ôðèçà, ñàìîñîãëàñîâàííûé èñòî÷íèê, ðåøåíèÿ Éî-
ñòà, äàííûå ðàññåÿíèÿ.
On finding a solution to the Cauchy problem for a loaded
mKdV equation with a self-consistent source in the case of
simple eigenvalues

In this paper, the Cauchy problem for the loaded modified Korteweg-
de Vries equation with a self-consistent source is considered in the case
of simple eigenvalues.

Keywords: Loaded modified Korteweg-de Vries equation, self-
consistent source, Jost solutions, scattering data.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ñèñòåìà óðàâíåíèé

ut + 6u2ux + uxxx +Q(u(x1, t))ux(x, t) =
2N∑
k=1

Bk(u(x2, t))
(
Φ2
k1 − Φ2

k2

)
L(t)Φk = ξkΦk, k = 1, 2, . . . , 2N, x ∈ R

(1)

ãäå Q(y) è Bk(z) k = 1, 2Nìíîãî÷ëåíû îò y è z ñîîòâåòñòâåííî. Êðîìå
òîãî, Φk = (Φk1(x, t), Φk2(x, t))

T � ñîáñòâåííàÿ âåêòîð-ôóíêöèÿ îïåðà-
òîðà L(t) ñîîòâåòñòâóþùàÿ ñîáñòâåííîìó çíà÷åíèþ ξk. Óðàâíåíèå (1)
ðàññìàòðèâàåòñÿ ïðè íà÷àëüíîì óñëîâèè

u(x, 0) = u0(x). (2)

Ïðè ýòîì íà÷àëüíàÿ ôóíêöèÿ u0(x) (−∞ < x < ∞) îáëàäàåò ñëåäóþ-
ùèìè ñâîéñòâàìè:

Õîèòìåòîâ Óìèä Àçàäîâè÷, ä.ô.-ì.í., äîöåíò, ÓðÃÓ (Óðãåí÷, Óçáåêèñòàí);
Hoitmetov Umid (Urgench State University, Urgench, Uzbekistan)

Cîáèðîâ Øåõçîä Êó÷êàðáîé óãëè, àñïèðàíò, ÓðÃÓ (Óðãåí÷, Óçáåêèñòàí); Sobirov
Shekhzod (Urgench State University, Urgench, Uzbekistan)
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1)
+∞∫

−∞

(1 + |x|)|u0(x)|dx <∞; (3)

2) Îïåðàòîð L(0) = i

(
d
dx

− u0(x)
−u0(x) − d

dx

)
èìååò ðîâíî 2N ïðîñòûõ

ñîáñòâåííûõ çíà÷åíèé ξ1(0), ξ2(0), . . . , ξ2N (0) è íå èìååò ñïåêòðàëüíûõ
îñîáåííîñòåé.

Äëÿ îïðåäåëåííîñòè áóäåì ñ÷èòàòü, ÷òî ñóììà, ó÷àñòâóþùàÿ
â ïðàâîé ÷àñòè (1), âõîäÿò ñíà÷àëà ÷ëåíû ñ Im ξk > 0, k = 1, 2, . . . , N.
Òàêæå ïðåäïîëàãàåòñÿ, ÷òî

+∞∫
−∞

Φk1Φk2dx = Ak(t), k = 1, 2, . . . , 2N (4)

ñ çàäàííûìè íåíóëåâûìè ôóíêöèÿìè Ak(t), êîòîðûå óäîâëåòâîðÿþò
óñëîâèÿì

Āk(t) = Ak(t), ξ̄k = −ξk, k = 1, 2, . . . , N.

Ïðåäïîëîæèì, ÷òî ôóíêöèÿ u(x, t) îáëàäàåò òðåáóåìîé ãëàäêîñòüþ è
äîñòàòî÷íî áûñòðî ñòðåìèòñÿ ê ñâîèì ïðåäåëàì ïðè x→ ±∞, ò.å.

+∞∫
−∞

(
(1 + |x|)|u(x, t)|+

3∑
k=1

∣∣∣∣∂ku(x, t)∂xk

∣∣∣∣)dx <∞, k = 1, 2, 3. (5)

Îñíîâíîé öåëüþ ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå ïðåäñòàâëåíèé äëÿ ðå-
øåíèÿ u(x, t), Φk(x, t), k = 1, 2, . . . , 2N çàäà÷è (1)-(5) â ðàìêàõ ìåòîäà
îáðàòíîé çàäà÷è ðàññåÿíèÿ äëÿ îïåðàòîðà L(t).
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Îïèñàíû òèïè÷íûå ñ òî÷êè çðåíèÿ ìàòåìàòè÷åñêîé òåîðèè êàòà-
ñòðîô îñîáåííîñòè ðåøåíèé ñèñòåìû óðàâíåíèé ãèäðîäèíàìè÷å-
ñêîãî ãðàíè÷íîãî ñëîÿ ïðè ñòðåìëåíèè âÿçêîñòè ê íóëþ.

Êëþ÷åâûå ñëîâà: ìàòåìàòèêà, äèôôåðåíöèàëüíûå óðàâíåíèÿ,
óðàâíåíèÿ ãèäðîäèíàìè÷åñêîãî ãðàíè÷íîãî ñëîÿ, òåîðèÿ îñîáåí-
íîñòåé, òåîðèÿ êàòàñòðîô.
On singularities of solutions to hydrodynamic boundary layer
equations with viscosity tending to zero

The paper describes typical singularities of solutions of the system of
equations of the hydrodynamic boundary layer as viscosity tends to
zero, from the point of view of the mathematical theory of catastro-
phes.

Keywords: differential equations, hydrodynamic boundary layer equa-
tions, singularity theory, catastrophe theory.

Îïèñàíû òèïè÷íûå ñ òî÷êè çðåíèÿ ìàòåìàòè÷åñêîé òåîðèè êàòàñòðîô
îñîáåííîñòè òèïà ñêëàäêè ðåøåíèé ñèñòåìû óðàâíåíèé ãèäðîäèíàìè-
÷åñêîãî ãðàíè÷íîãî ñëîÿ ïðè ñòðåìëåíèè âÿçêîñòè ê íóëþ

vvx + hvy = 0, vx + hy = 0

â îáðàçå ïðåîáðàçîâàíèÿ Ëåæàíäðà.
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Â ïðåäëàãàåìîì ñîîáùåíèè ðàññìàòðèâàåòñÿ íåêîòîðàÿ ñè-
ñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïðîèçâîëüíûì ÷èñëîì
íåçàâèñèìûõ êîìïëåêñíûõ ïåðåìåííûõ â êëàññå âåùåñòâåííî-
àíàëèòè÷åñêèõ ôóíêöèé. Ðàññìàòðèâàþòñÿ ñëó÷àè, êîãäà óñëîâèÿ
ñîâìåñòíîñòè ñèñòåìû âûïîëíÿþòñÿ òîæäåñòâåííî, è îñîáåííîñòè
â óðàâíåíèÿõ ñèñòåìû óñòðàíÿþòñÿ, à ðåøåíèÿ íàõîäèòñÿ â îïðå-
äåë¼ííîì âèäå.
Êëþ÷åâûå ñëîâà: âåùåñòâåííî-àíàëèòè÷åñêèå ôóíêöèè, óñëîâèÿ
ñîâìåñòíîñòè ñèñòåìû, ÷àñòíûå ðåøåíèÿ, îñîáûå ðåøåíèÿ, àíà-
ëèòè÷åñêîå ïðîäîëæåíèå, ñìåùàííûå ïðîèçâîäíûå, ìíîãîîáðàçèÿ
ðåøåíèé.
Representations of solutions of one class of systems of differ-
ential equations in
the complex plane

In the proposed communication we consider some system of differential
equations with an arbitrary number of independent complex variables
in the class of real-analytic functions. The cases when the jointness
conditions of the system are fulfilled identically and the singularities
in the equations of the system are eliminated and the solutions are in
a certain form are considered.

Keywords: real-analytic functions, coexistence conditions of the sys-
tem, partial solutions, special solutions, analytic continuation, shifted
derivatives, manifolds of solutions.

Ïî àíàëîãèè ñ [1-2] ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé
âèäà:

∂W
∂z̄1

= f1(z,z̄;W )

(z̄2−z̄
(0)
2 )m

, ∂W
∂z̄2

= f2(z, z̄;W ), ∂W
∂z̄3

=

f3(z,z̄;W )

(z̄1−z̄
(0)
1 )m

, . . . , ∂W
∂z̄n

= fn(z,z̄;W )

(z̄n−1−z̄
(0)
n−1)

m
, (1)

fk ∈ RA(Π2n),W ∈ RA(Π0
2n+1), z = (z1, . . . , zn), z̄ = (z̄1, . . . , z̄n),m ≥

0, k = (1, n− 1),
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â êëàññå âåùåñòâåííî-àíàëèòè÷åñêèõ ôóíêöèé.

Åñëè íåèçâåñòíàÿ ôóíêöèÿ ñèñòåìû (1) è åå ÷àñòíûå ïðî-
èçâîäíûå â äàííîé îáëàñòè îãðàíè÷åíû, è ñóùåñòâóþò ïðåäåëû

lim
z̄k→z̄

(0)
k

[
(z̄k − z̄

(0)
k )n ∂W

∂z̄k

]
= 0, k = (1, n− 1), òîãäà ñîãëàñíî îáîáùå-

íèþ ëåììû Ìèõàéëîâà Ë.Ã. [3], ñóùåñòâóþò íåêîòîðûå ÷àñòíûå, ëèáî
îñîáûå ðåøåíèÿ ýòîé ñèñòåìû, â âèäå W = pk (z1, z̄1, z2, z̄2, . . . , zn, z̄n)

Àíàëèòè÷åñêè ïðîäîëæàÿ ôóíêöèè ñèñòåìû óðàâíåíèé (1), ïîëó-
÷èì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé [4], âèäà:

∂W
∂ς1

= f1(z,ς;W )

(ς2−ς
(0)
2 )m

, ∂W
∂ς2

= f2(z, ς;W ), ∂W
∂ς3

= f3(z,ς;W )

(ς1−ς
(0)
1 )m

, . . . , ∂W
∂ςn

=

fn(z,ς;W )

(ςn−1−ς
(0)
n−1)

m
. (2)

Ïðèðàâíèâàÿ ñìåøàííûå ïðîèçâîäíûå âòîðîãî ïîðÿäêà, ñèñòåìû
äèôôåðåíöèàëüíûõ óðàâíåíèé (2), ïîëó÷àåì ñîîòíîøåíèÿ, êîòîðûå áó-
äåì íàçûâàòü óñëîâèÿìè ñîâìåñòíîñòè ñèñòåìû. Åñëè ýòè óñëîâèÿ ñîâ-
ìåñòíîñòè âûïîëíÿþòñÿ, íî íå òîæäåñòâåííî, òî íàõîäÿòñÿC2

n ôóíêöèé
óäîâëåòâîðÿþùèå ýòè ñîîòíîøåíèÿ. Åñëè õîòÿ áû îäíà èç ýòèõ ôóíêö-
öé óäîâëåòâîðÿåò ñèñòåìå (2), òî îíà áóäåò íåêîòîðûì ÷àñòíûì, ëèáî
îñîáûì ðåøåíèåì ýòîé ñèñòåìû.

Åñëè óñëîâèÿ ñîâìåñòíîñòè ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé
(2) âûïîëíÿþòñÿ òîæäåñòâåííî, òîãäà èíòåãðèðóÿ âòîðîå-ðåãóëÿðíîå
óðàâíåíèå ñèñòåìû, ïîëó÷åííûé ðåçóëüòàò ïîäñòàâèì âî âñåõ óðàâíå-
íèÿõ ñèñòåìû (2). Ïîñëå ÷åãî, óáåäèìñÿ, ÷òî â ïîëó÷åííûõ óðàâíåíèÿõ
ñèñòåìû îñîáåííîñòè ïî ïåðåìåííûì ςk(k ̸= 2) óñòðàíÿþòñÿ. Äàëåå, èí-
òåãðèðóÿ ïîëó÷åííóþ ñèñòåìó óðàâíåíèé, íàéäåì íåïðåðûâíóþ âî âñåé
îáëàñòè ìíîãîîáðàçèÿ ðåøåíèé ñèñòåìû óðàâíåíèé (1), îïðåäåë¼ííîé
ôîðìóëîé.

Ïî àíàëîãèè ñ ñèñòåìîé óðàâíåíèé (1) ìîæíî ðàññìîòðåòü ñèñòåìû
âèäà:

∂W
∂z̄1

= f1(z,z̄;W )
(z̄2)m

, ∂W
∂z̄2

= f2(z, z̄;W ), ∂W
∂z̄3

= f3(z,z̄;W )
(z̄2)m

, . . . , ∂W
∂z̄n

=
fn(z,z̄;W )

(z̄2)m

∂W
∂z̄1

= f1(z,z̄;W )

(z̄n−z̄0n)m
, ∂W

∂z̄2
= f2(z,z̄;W )

(z̄n−1−z̄0n−1)
m , . . . ,

∂W
∂z̄n−1

=

fn−1(z,z̄;W )

(z̄1−z̄01)m
, ∂W

∂z̄n
= fn(z, z̄;W )

è ïîäîáíûå èì äðóãèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé. Äëÿ
òàêèõ ñèñòåì ðàññìîòðåíû âîïðîñû ñóùåñòâîâàíèÿ ìíîãîîáðàçèÿ èõ ðå-
øåíèé, êîòîðûå âûðàæàþòñÿ ÷åðåç îäíó ïðîèçâîëüíóþ àíàëèòè÷åñêóþ
ôóíêöèþ ïðîèçâîëüíîãî ÷èñëà íåçàâèñèìûõ êîìïëåêñíûõ ïåðåìåííûõ,
à òàêæå èññëåäóåòñÿ ñóùåñòâîâàíèå ÷àñòíûõ è îñîáûõ ðåøåíèé.
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